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OPTIMAL CONTROL PROBLEMS WITH SET-VALUED CONTROL
AND STATE CONSTRAINTS*

7ZSOLT PALEST AND VERA ZEIDAN?

Abstract. In this paper a general optimal control problem with pure state and mixed control-
state constraints is considered. These constraints are of the form of set-inclusions. Second-order
necessary optimality conditions for weak local minimum are derived for this problem in terms of the
original data. In particular the nonemptiness of the set of critical directions and the evaluation of its
support function are expressed in terms of the given functions and set-valued maps. In order that
the Lagrange multiplier corresponding to the mixed control-state inclusion constraint be represented
via an integrable function, a strong normality condition involving the notion of the critical tangent
cone is introduced.
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1. Introduction. Consider the following optimization problem:
(P) Minimize F(z) subject to G(z) € Q, H(z) =0,

where I': D >R, G:D—- X, H:D —Y,and X, Y, Z are Banach spaces, D C Z
is nonempty and open, and Q C X is a closed convex set with nonempty interior.

The prototype of such problems arises, for instance, in optimal control theory
with control and/or state constraints in the inclusion form z(t) € Q(¢).

Better understanding of optimality conditions is an ongoing topic of research for
several researchers. This question is of great value in theory and in applications.
Usually, such conditions must be given in terms of the original data of the problem
and, in the context of necessity, are expected to be as strong as they can be.

In 1988, Kawasaki [Kaw88al, [Kaw91] discovered, for the problem (P), where Q
is a cone, second-order necessary conditions that contain an extra term manifest-
ing the presence of infinitely many inequalities in the constraint G(z) € Q. This
phenomenon is known as the “envelope-like effect” and extends the results found in
[BT80] and [BTZ82]. Such a result was generalized by Cominetti in [Com90]. Both
results assumed a Mangasarian—Fromovitz-type condition.

In [PZ94a] the authors generalized the results of [Kaw88a], [Kaw91], [Kaw92], and
[Com90] to the nondifferentiable case without assuming a Mangasarian-Fromovitz
condition. The second-order admissible variation set used therein (defined first by
Dubovitskii and Milyutin in [DM63] and [DM65]) is described in the following defini-

tion.
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DEFINITION. Let X be a normed space, Q C X, x € Q, and d € X. A wvector
v € X 1s called a second-order admissible variation of Q at x in the direction d if
there exists € > 0 such that

r+ed+e*(v+u)EQ forall 0<e<g, Jul| <& ueX.

The set of all such variations is denoted by V(x,d|Q). It follows directly from the
definition that V (z,d|Q) is an open set. If Q is also convez, then V(x,d|Q) is convex
as well.

In order to derive meaningful second-order optimality conditions, it is necessary
to select directions d that guarantee the nonemptiness of V(x,d|Q). Such directions
d € X are labeled as the critical directions of Q at x and form a set called the critical
direction cone to Q at x. Throughout this paper, this cone will be denoted by C'(z|Q).
It can be easily seen that C(x|Q) is a convex cone if Q is convex.

Define

S(2]Q) == cone(Q — 2) == {A(g — ¥) | g € Q. A > 0}

and its closure

T(z|Q) := cone(Q — ) = cl 5(z|Q).

If Q is convex, then for the nonemptiness of V it is necessary, but not sufficient,
that the interior of Q be nonempty and that d belong to T(z|Q). However, the
nonemptiness of V is assured if intr Q # () and d € S(x|Q). Therefore, for convex Q,
we have

5(z1Q) € C(#]Q) C T(z|Q).

In the applications, when the inequality-type constraint is expressed in terms of
several inclusions and inequalities, it is useful to know the following easy-to-establish
product rules:

k k
CllQ =[[C@IQ)  and  V(z,dQ)=]]V(widilQ),

=1

where Qg, ..., Qy are subsets of vector spaces, Q := Q1 XX Q, x = (z1,...,2k) €
Q, d=(di,...,d;) € C(z]|Q).

In order to recall the first- and second-order necessary conditions for (P) obtained
in [PZ94a, Corollary 2] and in [PZ96], we need to introduce the following notation
and notions.

e A point Z € D is called an admissible point for (P) if G(Z) € Q and H(Z) =0
hold. A point z € D is a solution (local minimum) of the problem if it is
admissible and there exists a neighborhood U of Z such that F'(z) > F(%) for
all admissible points z € U.

e A point z € D is called a regular point for (P) if F, G, and H are strictly
Fréchet differentiable at z and the range of the linear operator H'(Z) is a
closed subspace of Y.

Let z be an admissible regular point for (P) and d € Z.

o A vector 6z € Z is called a critical direction at z for (P) if

F'(3)62 <0, G'(3)8zeCGRE)Q), H'(2)sz=0.



336 ZSOLT PALES AND VERA ZEIDAN

e A vector 6z € Z is called a regular direction at Zz for (P) if the second-order
directional derivative of L := (F, G, H),

~ iy T
L/(3,62) = lim 2L(z +eb6z) — L(Z) —eL!(Z)62
e—0+ 52

9

exists.
Clearly, the zero vector is always a regular critical direction at z for ().
Now we are ready to state a particular case of the result of [PZ94a, Corollary 2].
THEOREM 1.1. Let Z be a regular local solution of the above problem (P). Then,
for all regular critical directions 6z, there correspond Lagrange multipliers A > 0,
x* € X* and y* € Y* (which depend on 6z) such that at least one of them is
different from zero and the following relations hold:

(1.1) z" € N(G(2)|Q),
(1.2) AF'(2)z + (2%, G (2)2) + (y*,H'(Z)2) =0  for z€ Z,
and

(1.3) AF"(2,62) + (z*,G"(2,62)) + (y*, H"(Z,62)) > 26*(z*

V(G(2),G'(2)62|Q)).

(Here 6* denotes the support functional defined by §*(2*|V) = sup,cy (2*, v)
for (* € X*), and N(z|Q) denotes the adjoint cone of T(x|Q), that is, the cone of
outward normals to the set Q at the point x.)

As we have seen, the criticality of 6z requires that d € C(z|Q), where x := G(2)
and d := G'(2)6z. However, in order that d be in C(z|Q), it is only necessary
that Q have a nonempty interior and that d belong to T'(z|Q). If d € S(z|Q),
then V(z,d|Q) is nonempty and V(z,d|Q) = cone(cone(intr Q — z) — d) (cf. [PZ9a,
Theorem 4]). In this case the right-hand side in the second-order condition (1.3)
vanishes. However, examples are provided by Kawasaki [Kaw88a] which show that
the necessary conditions with extra term, that is, when d € T'(x|Q), handle situations
that cannot be handled with previous results where d is taken from S(z|Q). Thus,
one has to also consider directions d € T'(x|Q) \ cone(Q — z). In this important case
two questions naturally arise from Theorem 1.1:

(i) How can we check the nonemptiness of V(z, d|Q); that is, how can the critical

cone C(z|Q) be characterized in terms of Q?
(ii) How can we evaluate the support function of V(z,d|Q)?
A significant setting is the case when Q is a subset of C(7,R") defined by

(1.4) Q=selc(Q) ={ze€CT,R") |z(t) €Qt) forallt €T },

where () is a lower semicontinuous set-valued map whose images are closed, convex
sets with nonempty interior, and T is a compact Hausdorff space. The importance of
this type of constraint stems from control problems with state constraints.

Another case of interest is when Q is a subset of £°(,R?) defined by

(1.5) Q =sel(Q) :={ 2 € L¥(QRY) | z(t) € Q(t) forae. teQ},

where @) is a measurable set-valued map whose images are closed and have nonempty
interior, and (€2, A, v) is a complete finite measure space. This type of constraint is
typical for control constraints in control problems.
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The main goal of this paper is to investigate these two types of constraints so
that the application of Theorem 1.1 to optimal control problems leads to weak-local
optimality necessary conditions that are phrased in terms of the original data; part of
these results is announced in [PZ01]. However, given the fact that the state variable
x and the control variable u belong to different spaces, it has been known for a long
time (see, e.g., [PZ94b, Theorem 3]) that to obtain a result for an optimal control
problem by applying an abstract result like Theorem 1.1, one should first derive a
specialized version of that abstract result that takes into account the distinct features
of each of these variables. Such a result has been developed in [PZ94b] and will be
recalled in the next section.

Since, for control problems, the constraint set Q could be a product of different
types of constraints, that is, endpoint set-inclusion, control and state set-inclusion,
therefore, we shall need the following sum rule for the extra term in (1.3):

8 (z*|V (2,d|Q)) Zé* TV (@i, di Qi)

where Qg, ..., Qy are subsets of vector spaces, Q := Q1 X+ X Q, x = (v1,...,2k) €
Q,d=(dy,...,d) € C(2]|Q), and z* = (27, ..., z}).

The paper is divided as follows. In section 2, auxiliary results needed for the
main result are presented. In particular, when Q is given by (1.4) or (1.5), we recall
the characterizations of both normal and critical cones (N(z|Q) and C(z|Q)), and
the evaluation of the support function of V(z,d|Q) in terms of the images of the set-
valued map Q. Also, we state a special version of Theorem 1.1 which is tailored for
the abstract control setting and which will be used later in proving the main result.
However, when Q is given by (1.5), the multiplier z* in Theorem 1.1 corresponding to
the set inclusion constraint is in general in (£L°°(€2,RY))*. Therefore, it is important
in this case to obtain a reasonable sufficiency criterion for z* to be represented by an
integrable function. This is accomplished in section 3 by using a uniform solvability
criterion. In section 4, the results of the preceding sections are used to obtain second-
order necessary conditions for optimality in a general optimal control problem with
control and state set-valued constraints. These conditions are phrased in terms of
the critical tangent cone. A specialization of Theorem 4.1 to the case of inequality
constraints is presented in Corollary 4.1. Therein, only the extra term corresponding
to the pure-state constraints remains present. This term is phrased in terms of the
function o defined in (2.14). Finally, a numerical example is provided at the end of
section 4 in order to illustrate the utility of these results.

2. Auxiliary results. When dealing with control problems, there are two spe-
cial cases for X and Q where the characterization of the critical cone C(z|Q) and the
evaluation of the support function of V(x,d|Q) are imperative.

The first setting considers X = C(T,R*), where T' = (T, p) is a compact metric
space, and Q : T — 28" is a lower semicontinuous set-valued function whose images
are closed and convex with nonempty interior. Define the Q C C(T,R") as the set of
continuous selections of @) by

(2.1) Q =selc(Q) :={zx € C(T,R") | z(t) € Q(¢) for t € T'}.

Then selc(Q) is a closed convex set of C(T,R").
Regarding Q = sel¢ (@), a thorough study of convex analysis concepts (normal
and tangent cones, support function, etc.) was developed in [PZ99a]. For instance, if
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we denote by % the Radon—Nikodym derivative of p with respect to |u|, it is shown
that

(2.2)

€ N(z|selc(Q)) if and only if (t) € N(z(¢)|Q(t)) for p-ae. teT.

alal
d|ul

Results concerning the second-order admissible variations, critical cone, and ap-
plication to abstract optimization were derived in [PZ98]. The nonemptiness of the
interior of the images of the set-valued function @ implies, by [PZ99a, Theorem 4.2],
that selc(Q) has a nonempty interior, too. A characterization of the set of critical
directions is offered by the following results from [PZ98, Theorem 3.5, Lemmas 3.6
and 3.8]. Note that condition (2.3) below needs to be verified for £ € R”, i.e., over a
finite-dimensional space.

THEOREM 2.1. Let x € selg(Q). Then d € C(T,R*) is in the critical cone
C(z|selc(Q)) if and only if there exists a constant M > 0 such that, for allt € T,

(2.3)
(&,d(1)* < ME|(6*(E]Q()) — (&, 2(t)))  whenever &€ R and (€,d(t)) > 0.

A consequence of Theorem 2.1 concerns the connection between C'(z|selc(Q)) and
the set-valued mapping ¢ — C(x(¢)|Q(¢)). From Theorem 2.1 applied to Q := Q(t),
T = {t}, and d = d(t) (where t is kept fixed), it results that d(t) € C(z(t)|Q(t))
is equivalent to the fact that (2.3) holds for some constant M; > 0. Therefore,
Theorem 2.1 can be reformulated as follows:

A continuous function d belongs to C(z|selc(Q)) if and only if

(2.4) d(t) € Cz(®)|Q())  (teT),
and the corresponding constants My from (2.3) can be chosen to be uniformly bounded.

When (2.3) is valid for some constant M and for all ¢t € T', then we say that (2.4)
holds uniformly int e T.

The second special setting is when X = L°(Q,R"), where (2, A, v) is a complete
finite measure space, and @ : © — 28" is a measurable set-valued function whose
images are closed sets with nonempty interior and sel, (@) is defined by

Q =selo(Q) := {z € L®(Q,RY) | z(t) € Q(¢) for a.e. t € Q}.

For this case, the concept of convex analysis was studied in [PZ99b], [PZ99c]. In
particular, for z € selo(Q) and for ¢ € L1(Q,RY),

(2.5)
p € N(z|sel(Q)) if and only if  ¢(t) € N(z(t)|Q(¢)) for a.e. t € Q.

For the second-order admissible variations, critical cone, and the application to second-
order optimality conditions in an abstract setting, results were obtained in [PZ00].

In order that the interior of sely,(Q) be nonempty it is necessary and sufficient
(by [PZ99c, Theorem 3]; see also [PZ99b]) to assume that @ satisfies

(2.6) Ir > p >0 and, for a.e. t € Q, 3z, € RY such that B,(z¢) C Q(t) N By,
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where B,(x) stands for the ball centered at x of radius p, and B, stands for the ball
centered at 0 of radius r.

The following consists of a characterization of C'(z|sel(Q)). It provides a veri-
fiable condition over a finite-dimensional space. As was the case in Theorem 2.1 for
the space of continuous functions, (2.7) below is to be checked for elements £ € RY
even though the underlying space is L>°(Q,R7).

THEOREM 2.2. Let Q : Q — 287 be a measurable set-valued map whose images
are closed conver sets and satisfy (2.6). Let x € seloo(Q) and d € L°(Q,RY). Then
d € C(x|selo(Q)) if and only if there exists a constant M > 0 such that, for a.e.
t € Q, the following condition is valid:

(2.7)
(£,d(1))* < ME|(6*(E|Q()) — (&, 2(t)))  whenever &€ R and (€, d(t)) > 0.

From Theorem 2.2 it readily follows that, for a.e. t € Q, d(t) € C(x(¢)|Q(¥)) if and
only if (2.7) holds for some M; > 0 on the domain indicated. Therefore, Theorem 2.2
can be rephrased as

A bounded measurable function d belongs to C(x|sels(Q)) if and only if
(2.8) d(t) € C(z(t)|Q(t)) for a.e. (t € Q),

and the corresponding constants My from (2.7) can be chosen to be uniformly bounded
on a set of full measure.

When (2.7) is valid for some constant M and for a.e. t € €, then we say that
(2.8) holds almost uniformly on Q.

The rest of this section is devoted to recalling the results on the calculation of
the support functional to the second-order admissible variation set of sel¢(Q) and
seloo (@), respectively.

We introduce the following notation. Let ) be a subset of RY, x € @, and d € R".
Denote

(€, d)?

E(z,dQ)(§) = 4(¢, x) — 6*(€|Q)]

Note that E(z,d|Q)(§) is well defined, because (¢, x) — 6*(£|Q) # 0 if and only if
& ¢ N(z|Q). If d € T(x|Q) and (£,d) > 0, then & ¢ N(z|Q); hence, in this case,
E(z,d|Q)(¢) is defined for (¢, d) > 0.

Set

for ¢ € R” such that £ & N(z|Q).

dt:={¢eRY|({,d)=0}, d”:={(€R"|(d) >0},
and define from R” to the extended reals the function
liminf F(z,d|Q)(¢) if £ € N(z|Q)Nd+,
(2.9) E(z,d|Q)(§) =1 i<

400, otherwise.

One can see that €(z,d|Q)(-) is a positively homogeneous and also lower semicontin-
uous function on R\ {0}.

Define the convex regularization @ &(x, d|Q)(-) to be the largest lower semicon-
tinuous convex function below &(x,d|Q)(+); that is,

0 &(z,d|Q) (&) =sup{ (&) | ¢ : RY — [—00, 0] is convex and lsc,
o(¢) < &(z,d|Q)(¢) V¢ € R”\ {0} }.
It results that o &(x, d|Q)(-) is also sublinear.
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The following result offers an evaluation of the support function of the set
V(z,d|sel(Q)) at linear functionals that can be represented in terms of integrable
functions (cf. [PZ00, Corollary 2.7]).

THEOREM 2.3. Let Q be a closed convex set—valued measurable set-valued map
on Q, z € sel(Q), and d € C(z|sel(Q)), and let ¢ € LY(Q,RY). Then

(210) 5 (¢|V(w, dlsel (@)= / @& (1), d(1)|Q(1)) ((t)) dv(h).

A common type of constraint is when @ comes from inequality constraints, that
is, when Q(t) = R” for all ¢ € Q. In this case the description of the critical cone and
the evaluation of the support function simplify drastically.

COROLLARY 2.1. Let z € sel(RY). Then a bounded measurable function d =
(di,...,dy) : Q=R is in C(z|sel(RY)) if and only if

(i) there exists a constant M > 0 such that, for all i = 1,...,7 and for a.e.
t €, d?(t) < —Muz;(t) whenever z;(t) <0 and d;(t) > 0 hold;

(i) for a.e. t € Q with x;(t) = 0, we have d;(t) < 0.

Furthermore, let € seloo(RY), d € C(z]seloo(RY)), and let ¢ : Q@ — R be an
integrable function such that T (t)z(t) = 0 and T (t)d(t) = 0 for a.e. t € Q. Then

(2.11) 5 (p|V (z, d| seloo (RY))) = 0.

Proof. Using the product rule for the critical cone and the first part of [PZ94b,
Lemma 7], we get that the inclusion d € C'(z|selo (RY)) is characterized by conditions
(i) and (ii).

Observe that the nonnegativity of ¢ and the conditions ¢’z = 0 and ¢7d = 0
yield that ¢lz; = 0 and pfd; = 0 for all i = 1,...,7 almost everywhere in Q.
Thus, applying the sum rule for the evaluation of the support function of second-
order variation sets and the second part of [PZ94b, Lemma 7], the second statement
of the corollary will follow. 0

The analogous result for the case of Q = sel¢(Q) requires more involved notions
(see [PZ98]). Let T be a compact metric space, and let Q : T — 2% be a set-
valued function whose images are closed and convex sets with nonempty interior. Let
z € selg(Q) and d € C(z]selo(Q)). Denote by d# : T — 28" the following set-valued
function:

d#(t) = { € € R" | 3, — t, 3, — £ with &, € d(t,)” Vn }.

Define
(2.12)

iminf_E(e(s). d(s)|Q(s)) () if € € Na(0)]Q() N d(t)- 1 a# 1),
E(z, dl@)(t,0:=1 “°™ if € € N((D)]Q(t) Nd(t)* \ d# (1),

400, otherwise.

Define the convex regularization ¢6 E(x, d|@)(:,) to be the largest lower semicontin-
uous function ¢ : T x R* — [—00, c0] below E(z, d|Q)(:,) such that, for each ¢t € T,
the function £ — (¢, &) is convex on R”.

In the following result (cf. [PZ98, Theorem 3.10]), we describe how the support
functional of V(x,d|sel¢(Q)) can be evaluated in terms of ¢o E.
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THEOREM 2.4. Let T be a compact metric space, and let Q : T — 28" be a
lower semicontinuous set-valued function whose images are closed and convexr with
nonempty interior. Let x € selc(Q), d € C(x|selc(Q)), and let p be a bounded
vector-valued Borel measure on T. Then

213) 8 (u[V(e.d|sele(Q))) = /T S E(x, d|Q) (t,d‘ﬁ'(t)) dlpal (1),

where %(-) is the Radon—Nikodym derivative of u with respect to its total variation
[l
For given continuous functions a,b: T — R, define o, : T — [—00, 00] by
b2

lim inf (T) if te Ta:O,b:O n 8(Ta<0’ b>0);

(2.14)  0qp(t) = () 20 by > 0 4a(T) .
0 if teTa—0,b—0\0(Ta<o,b>0),
400, otherwise,

where

Tucobeo = {t € T|a(t) =0, b(t) =0},  Taco.ps0:={t € T|a(t) <0, b(t) > 0}.

COROLLARY 2.2. Let x = (21,...,xx) € selc(R%). Then a continuous function
d=(dy,...,dg): T — R* is in C(z|selc(R")) if and only if

(i) there exists a constant M > 0 such that, for alli =1,...,k and for allt € T,

d?(t) < —Muz;(t) whenever x;(t) <0 and d;(t) > 0 hold;

(i) for allt € T with x;(t) =0, we have d;(t) < 0.
Furthermore, let x € selc(R"), d € C(x|selc(R%)), and let p = (pa,..., 1) be a
bounded wvector-valued Borel measure on T with nonnegative components such that
suppp; C {t € T|x;(t) =0, d;(t) =0} for alli=1,...,5. Then

(2.15) O ]V (o ) selc (R5)) = 3 /T 0o as (8) dpa (8).

Proof. Using the product rule for the critical cone and [PZ98, Corollary 4.2(i)],
we get that the inclusion d € C(z|selc(R%)) is characterized by conditions (i) and
(ii).

Applying the sum rule for the evaluation of the support function of second-order
variation sets and [PZ98, Corollary 4.2(iv)], the second statement of the corollary will
also follow. O

In the rest of this section we present second-order optimality conditions for the
following abstract control problems, which are a special form of the problem (P). This
problem allows the distinction between the control and the state variables:

Assume that X, U, Y, V, and W are Banach spaces (over R), and D C X x U
is nonempty and open. Let F: D - R, G: D -V H: D —-W,K:D — Y, and,
further, that Q C V is a closed convex set with nonempty interior. The problem (%)
is to minimize F(z,u) in (x,u) € D subject to

(i) G(z,u) € Q (Banach space—valued mixed state-control inequality and con-

trol set constraint),

(ii) H(z,u) =0 (Banach space-valued mixed state-control equality),

(iii) K(z,u) =0 (control system).
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The admissibility and optimality of a pair (x,u) € D is defined similarly to that
of problem (P).

The second constraint G(z,u) € Q is able to handle Banach space—valued inequal-
ities and control set constraint as well. For instance, if Q is a closed convex cone with
nonempty interior, then introducing the ordering <qin Vbyz <qy < z—-y € Q,
one can see that our first constraint can be rewritten as G(z,u) <q 0. On the other
hand the constraints u € @ or z € @, where @ is a convex set with nonempty inte-
rior, are obviously a particular case of (i). In this case problem (P) specializes to the
mixed problem dealt with in [IT79, section 1.1.3, p. 70]. However, both the regularity
assumptions and the results are of a different nature from those in our case.

At this stage one cannot make any difference between the mixed state-control
equality and control system constraints. However, the difference becomes clear when
evoking the regularity conditions stated below.

A pair (z,u) € D is called regular for problem (P) if the following conditions are
satisfied:

(R1) G is strictly Fréchet differentiable at (z,4);

(Rs) H is strictly Fréchet differentiable at (Z, @) and the partial Fréchet derivative
H,(Z,w) : U — W has the full rank property; that is, it has a bounded right
inverse;

(R3) K is strictly Fréchet differentiable at (Z,%) and the equation is an abstract
control system at (Z,u); i.e., the partial derivative K, (Z, @) is a Fredholm
operator and K, (Z,u) is compact.

We note that when K fulfills the above assumption at each point of D, then the
equation K = 0 will be called a (global) control system. It is worth noting that if K
is continuously Fréchet differentiable on D, K, is a Fredholm operator, and D is a
connected set, then ind K, is constant on D and hence the index of a control system
could be defined.

We indicate by ® the evaluation of the function ® at (Z,u).

Let (Z,u) be a regular admissible pair for problem (P). A direction (éz,déu) €
X x U is called regular for our problem (P) at (Z,u) if

(R4) the second-order directional derivatives G/ (§z,6u), H” (6z,6u), and K’ (6z,6u)
of G, H, and K, respectively, exist at (z,u) in the direction (6z, du).

A direction (6z,6u) € X x U is called critical for (P) at (z,u) if

(Cy) F.éz + F,bu <0;

(Cy) Gz + Guéu € C(G|Q), Hybz + Hydu = 0, K6z + K, 6u = 0.

One can check that (6z,6u) = (0,0) is always a regular and critical direction at
(z,u) for (P).

The next result is the multiplier rule for problem (P) obtained in [PZ94b, Theorem
3.

THEOREM 2.5. Let (Z,4) be a regular solution for problem (P). Then, for every
reqular critical direction (6x,6u) € X x U, there exist Lagrange multipliers v* € V*,
w* € W*, and y* € Y* such that at least one of them is different from zero and the
following relations hold:

(2.16) (v*,v) <0 for veQ-G, (v*, Gz + Gy du) =0,
(2.17) AF, +0* 0 G, +w* o Hy +y* 0K, =0,

(2.18) )\f‘u+v*oau+w*oﬁu—|—y*of(u:0,
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and

MF (62, 6u) + + (v* , G (6z, 6u )Y+ (w* JH (62 ,ou)) + (y *,K"(éw,éu»

+ (w
(2.19) > 25" (v* |V (G, Gpb + GudulQ)).

3. Uniform solvability criteria. In the next result, we characterize the solv-
ability of a system of linear equations over cones in different ways.

THEOREM 3.1. Let G € RY*™, H € R**™ and D € RY*9 be matrices and let
C C R? be a closed conver cone. Then the following four statements are equivalent to
each other:

(i) For all vectors v € RY and w € R?, there exist a € R™ and ¢ € C such that

(3.1) v=Ga— Dc and w = Ha.
ii eRY, n € R, then
If¢eeR R®, th
(3.2) EG+nTH=0 and  £T'DeC°

are valid if and only if (£,m) = (0,0). (Here C° denotes the polar cone of
C.)

(iii) There exists a constant T > 0 such that
(3.3) [€7G+n"H]> + [dist(¢" D, CO)? > 7|(&, > ((&;m) € RY x R).

(iv) The matriz H is of full rank and there exist two maps a : RY x R® — R™,
c:RY x R — RY and a constant p > 0 such that

(3.4)
Ga(v,w) — De(v,w) =v, Ha(v,w)=w, c(v,w)eC  ((v,w)eRY xR,

and |[(HH")™Y| < p,

la(v,w)| < p[IG] + IH|]I(v, w)],
(3.5)
le(v,w)| < plID|(v,w)]  ((v,w) € R x R).

Moreover, if (iil) holds, then p can be chosen such that p < 1/7.

Remark 3.1. As we shall soon see in the proof below, the equivalence (i) <
(ii) <= (iii) and the implication (iv) = (i) are straightforward. Note that the
equivalence between (i) and (iv) could be obtained via an open-mapping theorem for
convex processes (i.e., the Robinson—Ursescu theorem). However, the main contribu-
tion of Theorem 3.1 lies in the implication (iii) = (iv), and more specifically in the
fact that the constant p turns out to be less than or equal to 1/7, where 7 is the
constant in (3.3). This fact becomes crucial when applying the result of Theorem 3.1
to data that consist of essentially bounded matrix-valued functions.

Proof. (i) <= (ii). Assume that (i) is true and let £ € RY and n € R® such that
(3.2) holds. Let v € RY and w € R? be arbitrary. By (i), there exist a € R™ and
¢ € C such that (3.1) holds. Multiplying these equations by & and 7, respectively, we
get

v+ nTw=€6"Ga—€"'De+nTHa=—£"De > 0.

Hence £Tv 4+ nTw > 0 for all v and w. This implies that £ = 0 and n = 0.
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Conversely, assume that (ii) holds but (i) is not true. Then the set
K :={(Ga—Dc,Ha) |a € R™, ce C}

is a proper subcone of R x R®. Thus, there exists (£,7) # (0,0) such that (£,7) €
—K°, that is,

¢'(Ga— Dec)+n"Ha >0

for all @ € R™, ¢ € C. This yields the fact that (3.2) is valid. Hence, by (ii), £ =0
and 7 = 0. The contradiction shows that (ii) implies (i).
(ii) <= (iii). If (ii) holds, then

e(&,n) = 1"G+n"H? + [dist(¢7D,C°))* > 0

for all (&,n) # (0,0). Hence, the infimum of ¢ on the unit sphere of RY x R, which we
denote by 7, is positive. Using quadratic homogeneity, the statement of (iii) follows.
The reverse implication holds trivially.

Thus, we have obtained that conditions (i), (ii), and (iii) are equivalent.

(iii) = (iv). Putting £ = 0 into (3.3), we get

mTHP? >rin?,  ie, nTHHTn>r7n*> (neR®).

Hence, HH? is positive definite, invertible, and ||[(HHT)™!| < p, where p := 1/7.

Let v € RY and w € R? be fixed arbitrarily. Using the equivalence of (i) and (iii),
we can see that there exist x € R™ and y € C such that Gz — Dy = v and Hx = w.
Thus, the following optimization problem has a unique solution (z,y):

1
(3.6) §(Hm||2 + |ly[|*) — min w.I.t. Gx—Dy=v, Hzx=w, yeC.

(The uniqueness follows from the strict convexity of the objective function.) Hence,
there are multipliers A > 0, £ € R, n € R®, and ¢ € C°, not all zero, such that

(3.7) Mol +¢7G+n"H =0, M —€"D+¢T =0, (Ty=o0.

If X were zero, then TG +nTH = 0 and ¢7'D € C°, which, due to (3.3), yields ¢ = 0,
1n = 0. Thus also ¢ = 0, which is a contradiction. Thus, we may assume that A = 1.
Then

—(&n) (v,w)=—€"(Gx — Dy) —n"Hz = —("G+n"H)x + (y" + M)y
= "G +n"HP + |y* = [6"G+n"H? + |DT¢ - (?
> [€7G + 0" H? + [dist(¢7 D, C°)* > 7|(&n) .

Using the Cauchy—Schwarz inequality, this yields

(Ell(o,w)| > 7|2 de, (€ n)] < pllo,w)].
Hence
(3.8) x| = [GT¢+ H | < p[IGI| + | HI[]| (v, w)|
and
(3.9)

P =" (DTe~ Q) = [y"DTE < WIIDIlEl = |yl < |DIlEl < pll DIl (v, w)].
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Define a(v,w) and c(v,w) (for fixed v € RY and w € R?) to be, respectively, the
solutions = and y of the optimization problem (3.6). Then the feasibility of (x,y)
yields (3.4); furthermore, the estimates (3.8) and (3.9) imply (3.5).

Finally, we note that the implication (iv) = (i) is obvious. Thus the proof of
the theorem is complete. 0

Now we apply the implication (iii) = (iv) of the above result to essentially
bounded matrix functions G, H, and D, where C is the nonnegative orthant in
RY?. Below, B denotes the o-algebra of Borel sets. The notation ™ stands for the
nonnegative part of a real number z, that is, T := max(0, z).

THEOREM 3.2. Let (2, A,v) be a finite measure space, G :  — R"*™ H:Q —
R®>™  and let di,...,dq : Q@ — R be bounded measurable functions. Assume that
there exists a constant T > 0 such that, for a.e. t € Q,

(310) |ECW +THOP + Y [€ )] zrlenP  (6n) e B <R,
i=1

Then HHT : © — R%*% has a bounded measurable inverse, and there exist A x B x B-
measurable maps a : Q x RY x R® — R™ and ci,...,cq: QX RY x R? — [0,00) and a
constant R > 0 such that, for a.e. t € Q,

(3.11)

G(t)a(t,v,w) =v + Zci(tm,w)di(t), H(t)a(t,v,w) =w ((v,w) € RY x R®),
and

(3.12)

la(t,v,w)| < R|(v,w)], ci(t,v,w) < R|(v,w)| (v,w) eRYxR®, i=1,...,q).

Proof. Set p:=1/r,

C:=R% ={c=(c1,...,¢q) | c1,...,¢q4 > 0},
and  D(t) := (di(t),...,dq(t)) (teQ).

Define the set-valued map ® on  x RY x R?® by

®(t,v,w):={(a,c) e R™ x C': H(t)a = w, G(t)a — D(t)c = v,
lal < p[lIGlos + [ H o] (v, )], le| < pl| D] (v, w)[}.

We show that, for a.e. t € 2, for all v € R, and for all w € R?, the set ®(¢,v,w) is
nonempty.
Without loss of generality, we may assume that

IGON <1Glloes  NHON < [MH oo, DO < [[D]loc,

and (3.10) is valid for all ¢ € Q. (In fact, (3.10) is valid on a subset of €, which is of
full measure and which we do not relabel.)
Since C° = {(c1,...,¢¢) | c1,...,¢q < 0}, then

q

dist(z,C°) = Z(xj)Z

i=1
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Thus (3.10) yields, for all ¢ € €,
€7G ) +n" HO)P + [dist(€"D(1), ) = 7l(€,m)>  ((€,m) €RY x R).

Whence, by Theorem 3.1 and Remark 3.1, for each ¢ € Q, H(t) is of full rank, and
there exist two mappings a; : RY x R® — R™ and ¢; : RY x R® — RY such that

G(t)ar(v,w)—D(t)cs(v,w)=v, H(t)as(v,w)=0, c;(v,w)eC  ((v,w)ERYxRY),

(3.13) \HOHOT) ] <.
and
ar(o, 0)] < o[G0 + [1Hlloc] (v ).
(3.14) ei(v.w)] < pIDllcl @) ((v,) € BT x BY),

Thus, with a := a;(v,w) and ¢ := ¢;(v,w), we have that (a,c) € ®(¢,v,w), whence
the nonemptiness of ®(¢, v, w) follows.

Furthermore, ® is A x B x B-measurable with closed images. Hence, by the
measurable selection theorem, there exists an A x B x B-measurable function (a,c) :
QxR x R® — R™ x RY such that

(a(t,v,w), c(t,v,w)) € ®(t,v,w) ((t,v,w) € 2 x RY x R®).

Therefore, ¢ has nonnegative components and together with a satisfies the relations
(3.11) and (3.12), where R := pmax(||G|loc + [|H ||oos || D||c0)-

Using (3.13), it follows that the function matrix—valued B defined by B(t) =
HT(t)(H(t)HT (t))~! is an essentially bounded right inverse of H. 0

4. Main results. We consider the optimal control problem
Minimize £(z(0),z(1))

(i) a(z(0),z(
b

1)) € R,
(i) (x(0),2(1)) =0,
(CP) wbioct o (i) &) = f(t,2(t),u(t)) for a.e. t € [0,1],
) (iv) gt z(t),u(t)) € Q(t) for ae. t € [0,1],
(v) h(t,z(t),u(t)) = 0 for a.e. t € [0,1],
(vi)  k(t,z(t)) € S(t) for t € [0, 1],

where « : [0,1] — R™ is absolutely continuous, u : [0,1] — R™ is essentially bounded
measurable, and the ranges of the functions ¢, a, b, f, g, h, and k are, respectively, in
R, R, R*, R, R7, R%, and R”. Furthermore, R is a subset of R", and @ and S are
set-valued maps with images in R” and R".

The set-valued maps @ and S will be assumed in (Rj5) to take convexr values,
while no convexity is imposed on the functions g and k. Hence, the forms of the
constraints (iv) and (vi) considered here are more general than the traditional forms:
u(t) € Q(t) and z(t) € S(t). Indeed, the present constraints permit us to consider,
for instance, inequality constraints g(¢, z(t),u(t)) < 0 and k(t,z(t)) < 0 without any
convexity assumptions on the functions g and k.

The Hamiltonian function associated to (CP) is

H(t,z, u,p,0,0) == p" f(t,z,u) + " g(t,z,u) + VT h(t,z, u).



OPTIMAL CONTROL PROBLEMS WITH SET-VALUED CONSTRAINTS 347

If (x,u) satisfy (i)—(vi), then it is said to be admissible for (CP). Given an
admissible arc (Z,4), we denote by F' the evaluation of a given function F along
(z,u). For instance, a := a(Z(0),Z(1)) and g is defined by g(t) := g(t, 2(¢),u(t)).

To formulate the optimality concept and the regularity assumptions for problem
(€P), introduce the following notion: If 7' is a subset of [0,1] and @ : [0,1] — R¥ is
an arbitrary function, then the e-tube on T around @ is the set

T (0;T) :={(t,w) e T xR¥ | jw — w(t)] < e fort € T}.

When T = {t} is a singleton, then {w | (t,w) € T.(w;{t})} will be denoted by
T (@(1)),

A pair (Z,u) provides a weak-local minimum for (CP) if there exists an ¢ > 0
such that for all admissible pairs (x,u) € T.(Z,u;0,1]), we have £(x(0),z(1)) >
2(Z(0),2(1)).

In [OS95] and [MOS98] optimality conditions for the Pontryagin minimum were
obtained in the absence of pure-state constraints and when the mixed state-control
constraints take the form of equality and inequality.

Denote by L the class of Lebesgue-measurable subsets in [0, 1], and by B the class
of Borel-measurable subsets in a metric space.

A pair (Z,u) is called regular for (CP) if there exists an € > 0 such that the
following conditions are satisfied:

(R1) The functions ¢, a,b are defined on T.(z;{0,1}) and are strictly Fréchet dif-
ferentiable at the point (Z(0),z(1)).

(R2) The functions f, g, h are defined on T.(Z, u; [0, 1]), are £ x B x B-measurable,
and the maps

(z,u) = f(t,2,u)

ADd @) o) b)) (@) € TG, 80))

~

are strictly Fréchet differentiable at the point (Z(t),a(t)), L'-uniformly and
L°-uniformly, respectively, for a.e. ¢ € [0, 1]. Furthermore, it is also assumed
that f, fm and fu are integrable functions, and g, ﬁ, G ﬁm Gu, and hy are
essentially bounded measurable functions.

(R3) The functions g and h satisfy the following strong normality condition: There
exist a constant 7 > 0 and bounded measurable functions di,...,d, €
T(g| selo (Q)) such that, for a.e. t € [0,1],

(4.2)

[€7Gu®) + 1" hu (O + 3 (€ aw)*] 2 riEnP (& B xR,

(R4) The function k defined on T.(7;[0,1]) is Borel-measurable, and the map
(4.3) x+— k(t,x) (z € T.(Z(1)))

is strictly Fréchet differentiable at the point Z(¢) uniformly in ¢ € [0, 1]. Fur-
thermore, it is also assumed that ¥ and Eg; are continuous functions.

(R5) The set R C R" is closed convex and has nonempty interior; the set-valued
maps Q : [0,1] — 28" and S : [0,1] — 2®" take closed convex values with
nonempty interior and are measurable and lower semicontinuous, respectively.
Moreover, @ also satisfies condition (2.6).
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We note that, in (R3), a sufficient condition in order that ds, . .., d,€ T(g] selso (Q))
be valid is that di,...,d; € C(g]seloc(Q)) be satisfied. This latter condition holds
if and only if di(t),...,dq(t) € C(g(¥)|Q(t)) almost uniformly in ¢, that is, if there
exists a constant M > 0 such that, for all i =1,...,q and for a.e. t,

(4.4) [€7d;(1)]* < MIE|(6%(€]Q(#)) — £7(1))

whenever ¢ € RY satisfies £7d;(t) > 0.
A pair (6z,6u) is said to be critical for (CP) at (z,w) if éx : [0,1] — R™ is

absolutely continuous, éu : [0,1] — R™ is essentially bounded measurable, and

(Cy) éxoéa:( )—&—leéx( ) <0;

(C2) @y 62(0) + aq, 62(1) € C(a|R);

<C3) bwo ( )+b$16x( ) AO;

(Cy) 6z(t) = fo(t)6x(t) + fu(t)du(t) holds for a.e. t € [0, 1];

(C5) Gu(t)0z(t) + gu(t)ou(t) € C(g(¢)|Q(t)) almost uniformly in ¢ € [0,1]; that is,

there exists a constant M > 0 such that, for a.e. t € [0,1],

(4.5) (€752 (8)82(t) + € gu(Dou(r)]” < MIE|(5*(€lQ(1) — €7g(1))

whenever ¢ € RY satisfies 7, (t)6z(t) + €1 g, (t)6u(t) > 0;

(Co) ha(t)6(t) + hy(t)5u(t) = 0 holds for a.e. t € [0, 1];

(C7) Ew(t)éx(t) € C(k(t)|S(t)) uniformly in ¢ € [0,1]; that is, there exists a con-
stant M > 0 such that, for all ¢ € [0, 1],

(4.6) [(Tha()62(8)] < MIC|(8°(C1S(8)) — CTR(2))

whenever ¢ € R* satisfies (Tk, (t)oz(t) >0
A critical arc (6z, 6u) is called regular for (CP) at (Z,u) if

(Re) 7, @, and b are twice directionally differentiable at (z(0),Z(1)) in direction
(62(0), 62:(1));

(R7) for a.e. t € [0,1], the maps in (4.1) are twice directionally differentiable at
(Z(t), u(t)) in direction (8z(t), su(t)) L1- and L>-uniformly in ¢, respectively;

(Rg) for all t € [0,1], the map (4.3) is twice directionally differentiable at Z(¢) in
direction 6z(t) uniformly in ¢.

The following result consists of necessary conditions for optimality in (CP). Its
proof makes use of all the results of sections 2 and 3 and applies the argument followed
in [PZ94b)].

THEOREM 4.1. Let (Z,u) be a regular weak local minimum for the problem
(CP). Then, for every reqular critical arc (6x,bu), there exist constants A € R,
a = (ag,...,ap) € R", B = (01,...,08s) € R®, an absolutely continuous function
p: [0,1] — R™, two integrable functions ¢ : [0,1] — RY and ¢ : [0,1] — R?, and a

Borel regular vector-valued measure p = (1, ..., ps), not all zero, such that A > 0,
(4.7) a € N(@|R), AT (A 62(0) + @y, 6(1)) = 0,
(4.8)

p(t) e NGDIQW), " ()(Ga(D)82(t) + Gubu(t)) =0 for a.e. t €10,1],

(4.9) dCTZ(t) e N(k(t)|S(#)), (CZZ')T@) ke ()82(t) =0 for p-ace. t € [0,1],
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(410)  p7(t) = =5 (t.p(t) + /]t , RE(s)du(s), o(t), (8))  for ace. t€[0,1],

(4.11) —p"(0) = Mg + 7y + 870, + ( / Ef(t)du(t))T,

[0,1]

(4.12) P ( )—)\Eml +aT Ay, +5 1 s

~

(4.13) J—Cu(t,p(t)+ A , Ef(s)du(s),<p(t),¢(t)) =0 forae telo1],

and
(4.14)
(" + a3+ 575 (60(0), (V) + | R (6 8(0))dlt)

0

1?(” , @fsd s), , :6x(t), bu(t) )d
w T (p [ R, o), e ) )
> 2608 (3.3 (2(0).5a(D) ) (@) + 2 | @E(E Eobl$) (1. 700

+2/0 T E(g(t), Gu ()6 (t) + Gu(H)8u(t)|Q()) (0 (1)) dt,

where H" denotes the second-order strong directional derivative of H with respect to
the variable (x,u).

Proof. First we are going to apply the result of Theorem 2.5, which is a special
case of [PZ94b, Theorem 3]. Introduce the following spaces

X = C(R"), U =Ly :=L%R™M), Y =R’ x {y € C(R™) | y(0) = 0},
Vi=R" x €(R") x L7, W= Lg°
(where we suppress [0,1] in this notation) and denote, for (z,u) € X x U,

F(z,u) = £(z(0),2(1)),

G(z,u)(t) := k(t,z t)) ,
olt, x(t), u(t)
H(z,u)(t) := h(t, 2(t), u(t)),
(2(0), (1))
Klewlt) = (fo (F(r, 5(r), u(r))dr — a(t) + 2(0) )
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Then, with this notation, our control problem (CP) is equivalent to the abstract
control problem (P) in section 2.

The regularity condition (Rs) yields that the set Q defined above is closed, convex,
with nonempty interior.

Let € > 0 be the constant for which the regularity assumptions of the arc (Z, %)
are satisfied and define

D:={(z,u) e X xU |||z —2| <e, [|[u—1le <&}

Then D is an open subset of X x U, and the functions F, G, H, K are defined on D.
Since the arc (Z,u) satisfies the regularity conditions (Ry), (Rz), and (Ry) for (CP),
the functions F, G, H, and K are strictly Fréchet differentiable at (Z, %), whence we
have the following relations:

and

~ 0
Kl u)t):= < S Fulryurydr )

b(a(0), 2(1) )

IA(T T, U = DN
Al < Jo(fa(r)2(r)dr — x(t) + 2(0)

We need to show that the partial Fréchet derivatives IA(m and Ku of the mapping
K are Fredholm and compact operators, respectively. Since K, is a Volterra integral
operator, it is compact. On the other hand, the operator K, is the sum of a compact
(Volterra integral) operator and the operator F': X — Y defined by Fz(t) := —z(t)+
x(a), which is clearly a Fredholm operator. Therefore, by [PZ94b, Lemmas 3 and 5],
K, is also Fredholm. Thus, for (R1)—(R3) to hold, it remains to show that H, has a
bounded right inverse. The strong normality condition, i.e., (R3), and Theorem 3.2
yield that the function ?Luﬁf : [0,1] — R® has a bounded measurable inverse, and
hence the linear operator B : W — U defined by

(Buw)(t) := L () (A (DAL (1) w(t) (¢ € [0,1))

is a bounded linear right inverse for H, (Z, u).

Hence, the arc (Z, @) is a regular arc with respect to the problem (P).

Now we prove that the pair (6z,du) is a regular and critical arc for (P) at the
point (Z,u) where F, G, H, and K are defined above. The regularity assumptions
(Rg)—(Rs) imposed on (6z,6u) yield that the functions F, G, H, and K are twice
directionally differentiable at (Z,%) in the direction (6x, du); that is, (R4) holds. Note
that (C1) implies (Cy). Using (C7) together with Theorem 2.1, (C5) together with
Theorem 2.2, and (C3), then applying the product rule, we can see that

G.bz + Gubu € C(G|Q);

that is, the second-order variation set V(é, G.oz + éu5u|Q) is nonempty. Further-
more, (C3), (C4), and (Cg) yield that

ﬁméx + ﬁuéu =0, IA{I(Sx + Kuéu =0.
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Then (Cs) is satisfied, and hence (6z, fu) is a regular and critical arc for (P) at the
point (Z,u).

Therefore, the statement of Theorem 2.5 can also be applied to produce multipliers
A >0, v = (v],v3,v3) € V*, w* € W* and v* = (y7,y3) € Y*, not all zero,
satisfying (2.16)—(2.19). The first and second components v and vj of v* can be
identified, respectively, by a vector a € R" and (due to the Riesz representation
theorem) by a bounded signed R*-valued Borel measure p. For the third component,
we have vj € (Li’f’)* Then (2.16) yields that

(a, 1 05) € N(GIQ) = N(@R) x N(E|selc(S)) x N (Gl seloe (Q))

and

(4.15) o (G, 6x(0) 4 Gy, 62(1)) + /[0 . (Ex(t)éz(t))Td,u(t)—l—@;,ﬁx&c + Gubu) = 0.

Therefore, we get that the first equation of (4.7) is valid and that u € N(E| selg(9)),
which, via (2.2), yields the first equation of (4.9); furthermore,

(4.16) i € N(§]seloe(Q)).

The first component y; of y* can be identified by an element 8 € R?, and, by the
Riesz representation theorem, there exists a bounded signed R"—valued measure v
with ©({0}) = 0 such that yj is represented via v; that is, for y € C(R") with
y(0) = 0, we have

(5y) = /[ )

Define p : [0,1] — R™ by
p(t) = v(]t,1]).

Clearly, p(1) = 0, and p is of bounded variation (and hence it is also bounded). Then,
by standard argument (see, e.g., [PZ94b, p. 441]), we get that, for x € C(R™) and
ue Loe,

(4.17)

" Roa) = 07 (bay2(0) + o) + [ T F st~ [ o @au(t) + 57 0)(0)
0 0

(1.13) W R = [ OLOu,

and

(4.19)  (y*, K" (8x,6u)) = 670" (62(0) + 62(1)) + /0 L) f (t: 52(t), Su(t))dt.

Using (4.18), equation (2.18) reduces to

(4.20) (V5 Gurs) + (w*, hyu) + /0 PO fuu)dt =0  (ueL).
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We are going to show that v and w are represented via integrable functions.
To achieve this goal, we shall apply Theorem 3.2. Observe that condition (4.2) is
equivalent to (3.10), where G and H are replaced by g, and /ﬁu, respectively, and
di,...,dq are the functions of hypothesis (R3) of the theorem. Thus, by Theorem 3.2,
//7\,“715 has a bounded measurable inverse and there exist £ x B x B-measurable functions
a:[0,1] x RY x R® = R™ ¢y,...,¢,:[0,1] x RY x R® — [0, 00[ and a constant R > 0
such that, for a.e. t € [0, 1],

(4.21)

g]\u(t)a(tavaw) =v+ Zci(tavaw)di(t)v Eu(t)a(tvvaw) =w ((v,w) ERY x R§)7
and

(4.22)

la(t, v, w)| < R|(v,w)], ci(t,v,w) < R|(v,w)| (v,w) eRYxR®, i=1,...,q).

Let (v,w) € L5° x Lg° be fixed. Set

i) = ci(t, o), w(t)  (tel0,1],i=1,...,q).

Then, due to the second inequality in (4.22), a and ¢; are bounded measurable func-
tions. Thus A is defined on £5° x L§° with a range in L7, Since selw(Q) is decom-
posable, T(g] sel(Q)) is an L-cone, and we have that

q
Zcidi € T(gseloo(Q))-
i=1
Hence, by (4.21),
(4.23) guA(v,w) —v € T(g]selo(Q)), EUA(U, w) =w ((v,w) € L7 x L§°).
Using (4.16), the first inclusion in (4.23) yields that
(v3, gul(v,w)) < (v3,0)  ((v,w) € LT X L§%).

Now, substituting © = A(v, w) into (4.20) and using also the second relation in (4.23),
we get that

(4.24)

~

5.0 + () + [T OFalt 00wt =0 (0.0) € £5 X L),
Putting w = 0, we deduce that
5.0 < | [ pOROatt o000 < [ pOIL@IRROE  ©c L)
0 0

Hence, v} is L'-continuous; i.e., for any bounded (in L5°) sequence (v;) that converges
almost everywhere to zero, we have that (v}, v;) tends to zero. Therefore, by the
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Yosida-Hewitt representation theorem, there exists an integrable function ¢ : [0,1] —
RY such that

(4.25) (v3,v) = /0 el (tyv(t)at (v e L)

Arguing analogously for w*, (4.24) also yields the existence of an integrable function
1 : [0,1] — R? such that

(4.26) (w*, w) = /O DTOwl)d (0 e LF),

By (2.5), we have that (4.16) is equivalent to the first equation of (4.8). Furthermore,
(4.15) and conditions (C2), (C5), and (C7) combined with the first equations of (4.7)—
(4.9) yield the second equations of (4.7)—(4.9).

Using the representations of vj and w* and (4.17), equation (2.17) can be rewrit-
ten in the following way:

For all x € C(R™),

(4.27) 1
(Mg + 0%y + 6y + 57(0))2(0) + (M, + 0T, + 700, (1) — / 2T (1) dw(t)
0

1 R 1 ~ .
+ / O (£)dp(t) + / o7 (030 (1) + 7 (b () + BT (1) Fu (1)) 2(t)dt = 0.
0 0
Set

/ EL(t)du(t) for t € [0, 1],
p(t) == t
m p(0) = (1) - EL (a1} fort—1,

Observe that (4.27) is also true for all functions = of the form z(¢) = Zxq(t), where
) is a subinterval of [0,1] and Z € R™ is arbitrary.
First taking € := {1}, it follows from (4.27) that

(M, + 0T, + 078, )~ w({1) + L (Da({1)) =0

hence

~r T
p(1) = v({1}) = KX u({1}) = (N, + 0%, + 675,
which is exactly (4.12).
With the substitution x(t) := Zx 0} (t) (z € R"), we deduce from (4.27) that

Ay + T, + 8750, +70) + ([ R @autt) + R ©u(0)) =0

10,1]

since v({0}) = 0. This yields (4.11).
Finally, we put x(t) := Zx)-,11(t) into (4.27), where € R™ and 7 € [0, 1] are fixed
arbitrarily. Then we obtain, for all 7 € [0, 1], that

~ ~ —~ T
My, +ala,, + 870, + (/] ]kf(t)d/t(t) —v(]r, 1]))
7,1

+ [ 1T @050 + 0T @ha(0) + 57 (O )] e = 0
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Using (4.12) and the definitions of p, p, and the Hamiltonian 3, the above equation
can be rewritten as

1
Ty =pT(1 Helt, E{sd s), , d T€10,1]).
PO ="+ [ 6(ep0+ [ HOee000)d e

It follows from the above equation that p is absolutely continuous, and after differen-
tiation, we obtain (4.10).
Now we consider (2.18). Using (4.18), (4.25), and (4.26), equation (2.18) can be

rewritten as

/0 [T (D7) + T (Oha(t) + 5" (O fu®]ult)dt =0 (u€ L).

This is equivalent to

[ o(entos [ R, 0.0t =0 (e L)

By a standard argument, the above equation yields (4.13).
Now, (2.19) becomes

(N + AT + BT (82(0), 6x(1)) + /O 1 K (t; 62(t))dp(t)

o [ (et + [ B0 0038000, 000 )

> 26" (v* |V(é, G,z + éu6u|Q))
= 26" (|V (@, Gy 62(0) + G, 62(1)|R)) + 26 (1| V (K, k16| selc(S)))
+26% (03] V(3 Gob2 + Gubulselo(Q)))

since Q is the Cartesian product of three sets and therefore the sum rule applies. Now,
the second and third terms on the right-hand side can be computed via Theorems 2.4
and 2.3, respectively. The first term can also be calculated via Theorem 2.5, where
the measure space 2 is chosen to be the singleton {0} with A = {{0}}, v»({0}) = 1.
Thus the above inequality yields (4.14). a

Now we consider a special case (CP) of problem (CP), where
(4.28) R=R", and  Q(t) =R, S(t) =RE for all t e [0,1].

In this case, we intend to simplify the results given by Theorem 4.1. Then (Rj) is
automatically satisfied. The focus is on reformulating conditions (R3), (Cs), (Cs),
and (C7), and, in Theorem 4.1, conditions (4.7), (4.8), (4.9), and (4.14).

Condition (R3) is replaced by the following:

(R3) There exist bounded measurable functions dy,...,d, € L5° and a constant
M such that, for almost all ¢t € [0,1] and for alli =1,...,¢, j =1,...,7,
d3;(t) ~
(4.29) 0] >—-M whenever g;(t) <0 and d;;(t) > 0,
9j
(4.30) d;j(t) <0 whenever g;(t) =0.

Furthermore, there exists a constant 7 > 0 such that, for a.e. ¢t € [0, 1], (4.2)
is satisfied.
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Remark 4.1. It follows from Corollary 2.1 that if ds,...,d, satisfy (4.29) and
(4.30), then di, ... ,dq € C(g]selss(Q)); therefore, they also belong to T'(g]sels (Q)).
Taking the choice ¢ = 2v, d; = (d; 1, . ..,d; ), where d; ; is defined by

di,j — { V —Yi, =17, dnyri,j _ { —V 9, =17,

0’ Z;éj, O’ Z;é] (’1’7]:17"'77)’

we can see that di, ..., day satisfy (4.29) and (4.30). In this case, (4.2) is equivalent
to the following quadratic inequality: for a.e. ¢ € [0, 1],

.
431) € + 0" R (@) = D0 = TIE P (€ n) €RY X RY).
i=1

Introducing the notation

Gu(t) V—q1(t) ... 0

I 2 R R =
=150 o . o |
hsu(t) 0 0

we can rewrite (4.31) as

€ NI () ZrlEn? (@) R R,
Therefore, it is necessary and sufficient that
det(J(t)JT(t)) >7  for ae. t€[0,1].

This latter condition appeared among the assumptions of Theorem 5 in [PZ94b].
The conditions (Cs), (Cs), and (C7) are replaced by the following;:
(Ca) @j.py02(0) 4 Gy 2, 62(1) < 0 whenever @; =0 (i =1,...,7).
(55) Foralli=1,...,,

(4.32) Giw(t)0(t) + G50 (t)6u(t) <0 whenever g;(t) =0,
and there exists a constant M > 0 such that, for a.e. t € [0, 1],

(9,0 (1) (t) + Giu(t)6u(t)]?
(4.33) —3i(t)
whenever g;(t) <0, Gi»(t)0x(t) + Giw(t)ou(t) > 0.

<M

(C7) Foralli=1,...,x,

~

(4.34) kio(t)6x(t) <0 whenever ki(t) =0,
and there exists a constant M > 0 such that, for all ¢ € [0, 1],
,];iz 5 t 2 ~ ~

[hia (t)8(t)]” <M whenever k;(t) <0, k;,(t)0z(t) > 0.
(T

‘)
4.35 ~
39 ki)
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Using these new conditions, the statement of Theorem 4.1 simplifies to the fol-
lowing result (cf. [PZ94b, Theorem 5]).

COROLLARY 4.1. Let (Z,u) be a regular weak local minimum for problem (é\(/P)
Then, for every regular critical arc (6x,6u), there exist constants A € R, a =

(a1,...,0.) € R", and B = (B1,...,0s) € R®, an absolutely continuous function
p:[0,1] — R™, two integrable functions ¢ : [0,1] — RY and ¢ : [0,1] — R®, and a
Borel regular vector-valued measure p = (1, ..., pix), not all zero, such that A > 0,
(4.36) a>0, aTa =0,
(4.37) o(t) >0, T ()gt)=0  for a.e. t €[0,1],
1 ~

(4.38) 5> 0, / R (6)du(t) = 0,

0
(4.10), (4.11), (4.12), (4.13) hold, and
(4.39)
()\EH‘FOéTAH—i'ﬁT/\”)((S.T / /4;” t; (5.23 dﬂ( )

+ / 3 (1p(t) + [ B @0, 0,010 82(0), u(t) ) d > > / o1 7 (D dui(t),

where 04 ts defined by (2.14).

Remark 4.2. In the very special case when g(t, z,u) = u, the first-order necessary
conditions in the above corollary form a special case of [Cla83, Theorem 5.2.1] and
[Gir72]. On the other hand, when no state constraints are present, the first-order part
of this corollary generalizes the results in [MOS98] and [0S95]. When only equality
control constraints are present, the statement of Corollary 4.1 has its exact parallel
in [ZZ88] for the case where the state is piecewise smooth and the control is piecewise
continuous.

Proof. Define R, @, and S by (4.28). Using the product rule and Theorem 2.2, it
follows that (}?3) implies (R3). Slmﬂarly, due to the product rule and Theorems 2.2
and 2.1, it follows that conditions (Cy), (Cs), and (C+) are equivalent to (C), (Cs),
and (C’7), respectively. Thus, all the assumptions of Theorem 4.1 are satisfied, and
hence we also have its conclusions.

We can see that (4.7), (4.8), and (4.9) are equivalent to (4.36), (4.37), and (4.38),
respectively. By the second part of Corollary 2.1, the first and third terms on the
right-hand side of (4.14) vanish. By Corollary 2.2 the second term of (4.14) reduces
to the right-hand side of (2.15). Therefore, (4.14) reduces to (4.39). O

5. Example. Consider the problem

Minimize x3(1)

(t) = uy(t) for ae. t € [—1,1],
Za(t) = ug(t) for a.e. t € [—-1,1],
(€) wbiect to Z5(t) = 23(t) + C(t)ua(t) for ae. t € [—1,1],
) 21(—1) = 2o(—1) = 23(—1) = 0,
xl(l) = xg(].) = 0,
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where

) ::{ 0 if t € [-1,0),

-1 if t € [0,1].
The Hamiltonian of this problem is
J_C(t7 Zz, U,p) = prur +P2U2 +p3(50? + C(t)UQ)

This problem is a special case of ((,35)), where (i), (iv), and (v) are absent and, for
2T = (21,29, 23) and u? = (uy,us), we have

bT(l'(—l),:U(l)) = (I'T(_l)axl(l)axQ(l))a fT(t7x,u) = (ul,u2,xi’ + C(t)UQ)’

E(t,z) = —x9 — (21 — )% — 22,

One would like to find out whether the admissible pair (z;%)7 = (0,0,0;0,0) is
a good candidate for weak local minimality in (€). For this reason, we shall check
whether the first- and second-order necessary conditions presented by Corollary 4.1
hold true for this candidate.

We have k(t) = —t2 and k,(t) = (2t, —1,0). Now set

A:=1, pT(t):=(0,1,1), pu:= 8 (the Dirac measure concentrated at 0).

Then, by replacing the left endpoint 0 of the base interval in Theorem 4.1 and Corol-
lary 4.1 by —1, one can check that these multipliers (that are not all zero) uniquely
(up to a nonzero constant multiple) satisfy (4.10), (4.13), and (4.38). By choosing the
multipliers (51, ..., 05) (that correspond to the endpoint conditions) properly, (4.11)
and (4.12) can also be satisfied.

Define, for ¢ € [—1, 1],

ST (t) = (6z1(t), 6xa(t), 6z3(t)) := (1 — |t],0,0)
and  SuT'(t) = (bus(t),bua(t)) := (—sign(t),0).

It follows that this choice of éx satisfies (4.34) and, for M = 4, (4.35). One can also
check that all the remaining criticality conditions (and regularity conditions) are also
satisfied. Therefore, (6, 6u) is a regular critical direction for problem (C).
It remains to check the inequality (4.39). Note that the first and the third terms
there vanish. Using the definition of O % oe in (2.14), inequality (4.39) simplifies to
—4[621(0)]* > —2[621(0))?,

which fails to hold, since 6x1(0) = 1. Therefore, given that the conclusion of Corol-
lary 4.1 is not valid, the pair (z;7)T = (0,0,0;0,0) is not a weak local minimum for

@).
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