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Limit theorems for normalized nearly critical branching
processes with immigration

By Maérton Ispany

Abstract. Functional limit theorems are proved for a sequence of Galton—Watson
processes with immigration, where the offspring mean tends to its critical value 1 under
weak conditions for the variances of offspring and immigration processes. In the limit
theorems the norming factors depend on these variances, respectively.

1. Introduction

In this paper we consider a sequence of branching processes with im-
migration (SBPI) (ngn))keha n € N, given by the recursion

X,
X,in) = Z 5,@ + E]gn) for k,neN, Xé") =0, (1)
j=1

where {f,irz), sl(ﬂn) : k, j,n € N} are independent, nonnegative, integer valued
random variables such that {flgnj) : k, j € N} and {61(:') : k € N} for each n € N
are identically distributed. For a fixed n € N we can interpret X ,gn) as the size of
the k' generation of a population, where f,gnj) is the number of offsprings of the
)

contributing to the k" generation. Athreya and Vidyashankar [3] provides a

7 individual in the (k — 1)%* generation and E,(Cn is the number of immigrants
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short overview concerning these processes. A number of new developments and
applications can be found in Athreya and Jagers [2], and Haccou et al. [5].

We assume that m,, := E{Y’l), Ap = Esgn), 02 = Var{f’l), b2 = Vars&") exist
and finite for all n € N. The cases when the offspring mean is less, equal or larger
than one are referred to subcritical, critical or supercritical, respectively. If
m,, tends to 1 as n — oo then the SBPI is called nearly critical. This concept is

introduced in the next more precise definition.

Definition 1.1. A SBPI defined by (1) is called nearly critical with rate
a€Rifm, =1+an ! +o(n"1) asn — oco.

This definition has been suggested by Chan and Wei [4] for the first time in
case of AR(1) models.
Introduce the random step functions

XMWty =X for teRy, neN,

where |- | denotes the lower integer part. We investigate, after appropriate normal-
ization, the asymptotic behaviour of the processes X(") as n — co. One can see
that the necessary norming factor and the possible limit process strongly depend
on the variance conditions that are supposed to hold for the offspring and immi-
gration processes. In order to cover as many cases as possible such normalizing
factors are used which depend on the variance of the offsprings or immigrations.
If both the offspring and the immigration variances tend to non—zero finite limits
then we say that the SBPI fulfills the standard variance conditions. This case has
been investigated by Wei and Winnicki [16], and Sriram [15].

In this paper, some non—standard cases, where these variances are asymp-
totically small or large, are also investigated. In Theorem 2.1, where the first
two moments of the immigration are under the control of the offspring variance,
we prove that the limit process is a square-root type diffusion process defined
by (4), the norming factor being (no2)~!. If the offspring variances behave like
a power function then we have Theorem 2.5 as a corollary of Theorem 2.1, and
we obtain a similar limiting diffusion process in (6). Finally, if the offspring vari-
ances are asymptotically small, more precisely 02 = o?n=! + o(n™!) as n — oo
with some o > 0, then with the norming factor (nb2)~'/2 the limit process will
be an Ornstein—Uhlenbeck type process defined by (8), see Theorem 2.9 and its
consequence, Theorem 2.12.

Note that convergence of finite dimensional distributions of a SBPI has been
investigated by Kawazu and Watanabe [11], and Aliev [1]. Functional limit the-
orems have been proved by Wei and Winnicki [16], Sriram [15], and Li [12].
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The first attempts to deal with the non—standard case were Ispdny et al. [7, 8],

where conditions 02 = 0?n~! + o(n~!) and b2 = b? + o(1) as n — oo with some
o2,b% > 0 have been supposed. The cases of increasing or decreasing (in the mean)
non-homogeneous immigration have been studied by Rahimov [14, Chapter III].

Theorem 2.5 and 2.12 can be extended by using regularly varying functions.

2. Limit theorems for nearly critical SBPI

In the sequel, let (X,E”'))kem, n € N, denote a nearly critical SBPI with
parameters My, An, 02, b2, n € N, and rate a € R. The first theorem covers the
case where the offspring variances are strictly positive and the first two moments
of the immigration are under the control of the offspring variance. Introduce the
function

t
w(t) = )\/ e**ds, teRy. (2)
0
Theorem 2.1. Suppose that o2 > 0 for all n € N, and
(i) E (|5§TL1) - m"|21{\€§ﬁ)—mn\>9nai}) =o0(02) asn — oo for all § > 0,

(i) A\ = Ao2 +0(02) as n — oo for some A > 0,

4

) asn — 0.

(iii) b2 = o(no
Then
(71(72)71 EXM(t) — u(t) as n — 0o (3)
for allt € Ry, and
(71(72)71 xm 2, x as n — oo,

that is, weakly in the Skorokhod space D(Ry,R), where (X(t))
solution of a stochastic differential equation (SDE)

dX(t) = (A + aX(t)) dt + /X4 (t) AW (1), teR,, (4)

with initial condition X(0) = 0, where x, := max{z,0} and (W (t))ier, is a
standard Wiener process. Moreover,

ter, 19 the unique

(nai)fl (X(") — EX(")) 2.X  as n— oo,

where (éi’v(t)) is the unique solution of a SDE

teRy

AdX(t) = aX(t) dt +\/ (X (t) + p(t)) L dW(t),  teR,, (5)

with initial condition X (0) = 0.
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Remark 2.2. Tt is well known that the SDE (4) has a unique global strong
solution for every given initial value. Moreover, X (t) > 0 almost surely for all
t € Ry. Thus, we can replace Xy (t) by X(t) under the square root. (See,
e.g., Ikeda and Watanabe [6, Example IV.8.2].) The process (X(t))telR+ is called
square-root process or Cox—Ingersoll-Ross model in financial mathematics, see

Musiela and Rutkowski [13, p. 290].

Remark 2.3. Condition (i) is, in fact, the Lindeberg condition for the trian-
gular system {ffz)/(noi) :neN,1<i<n,1<j<|no2|}. Note that the
average size of the nth population at time n is u(1)no2. Plainly, if there exists
v > 0 such that n’”ai(l_W)EKﬁ? — mp|?t7 — 0 as n — oo, then condition (i) is

satisfied. Note that no Lindeberg condition is needed for the immigration process.

Ezample 2.4. Let P(fﬁ) =n) =an"? P(fﬁ) =k,) = k!, and P( 5”1) =

n

0)=1—k,;!—an 2 for all n € N, where o € Ry and k, € N, n € N, such that
k, — 0o as n — oo. We have that m, = 1+an~! and 02 =k, +a— (1 +an™1)?
for all n € N. Condition (i) fulfills since {|¢\") —m,| > #no2} is empty for all

sufficiently large n if 8 > 0 is fixed. Moreover, suppose that gﬁ”) has Poisson

distribution with parameter A, such that A, = Ak, + o(k,) with some A > 0,
thus conditions (ii) and (iii) hold. Then the norming factor is (nk,)~!, and the
limit process is given by (4).

In particular, if the variance of the offspring distribution is a power function
we obtain the following limit theorem.
Theorem 2.5. Suppose that there exists ¢ > 0 such that
(i) 02 = o%n? + o(n?) as n — oo with some o > 0,
(ii) E (|5§71) - mn|21{‘5§ﬁ)7mn‘>9n1+g}) =o0(n?) asn — oo for all § > 0,
(iii) Ay, = An? + o(n?) as n — oo with some A > 0,
(iv) b2 = o(n't2¢) as n — cc.
Then

n-taym 2,y as n — oo,

where (X (t)) is the unique solution of a SDE

teRy
AX(t) = (A + aX (1) dt + o /Xy () dW (1),  teR,, (6)

with initial condition X(0) = 0, where (W (t))icr, is a standard Wiener process.
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Remark 2.6. In case of 9 = 0 the theorem is a generalization of the Sriram’s
theorem, see [15, Theorem 3.1]. Moreover, condition (ii) is weaker than Sriram’s
one (see [15, Section 3]) where n'/?

Plainly, if there exists v > 0 such that

rate is supposed in the indicator function.

R DT — =0 as 0 — oo, g

then condition (ii) is satisfied. The centered sequence n~(1+@) (X — Ex (™),
n € N, converges weakly to a process (X(t))
a SDE

teR, which is the unique solution of

AdX(t) = aX(t)dt + o\ (X(t) + p(t)) L dW (), teR,,  X(0)=0.

Ezample 2.7. Let P( ﬂ) =0)=1-n"1 P( ﬂ) =n)=n""'foralln €N,
and suppose that aﬁ”’ has Poisson distribution with parameter An with some
A > 0. Since {|§§TL1) —my| > On'Te} is empty for all sufficiently large n condition

(ii) holds. Then the norming factor is n=2 and the limit process is the unique
solution of a SDE

AX() = Adt + VX () dW (),  X(0) =0.

Ezxample 2.8. If fﬂ) has a Poisson distribution with parameter 1 + an™1,

where o € R, then m,, = 02 = 1 + an~!. Thus, the model is nearly critical, the
condition (i) holds with 62 = 1 and g = 0, moreover the Lyapunov condition (7)
fulfills with v = 2 implying (ii). Let P(sgn) =0)=1-n"tlnn and P(egn) =
[MIn"'n]) = n~'Inn for all n € N with some A > 0. It is easy to see that
conditions (iii) and (iv) holds. However b2 — oo as n — oo, thus [15, Theorem
3.1] can not be applied. The limit process of this sequence of branching processes
will be the square-root process (6).

If the sequence of offspring variances tends to 0 with speed n~! then the
norming factor depends on the immigration variance and we have Ornstein—
Uhlenbeck process as a fluctuation limit.

Theorem 2.9. Suppose that b2 > 0 for all n € N such that nb? — oo as
n — oo, and

(i) 02 =o*n~1 +o(n=1) as n — oo with some o > 0,

(ii) E (|§§?1) — m"|21{\§§ﬁ)—mn\>9\/ﬁi}) =o(n~t) asn — oo for all 0 > 0,

(iii) A, = Ab2 + 0o(b2) as n — oo for some A > 0,
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(iv) E (|5§n) - )\n|2]1{|€(n)7)\ |>0\/W}) =o0(b?) asn — oo for all § > 0.
1 n n
Then
(nb2)~1/2 (X(") - EX(")) 2X as n — oo,

where (i; (t)) is an Ornstein—Uhlenbeck type process defined by the SDE

teER L

dX(t) = aX(t)dt + /o2u(t) + 1AW (¢ X(0) =0, (8)
where (W (t))ier, is a standard Wiener process, and p is defined by (2).
Remark 2.10. If bi — b2 as n — oo with some b > 0, then we have that
n~12(xMm — Ex™) L, X asn — 0o, where (f(t))teuh is an Ornstein—
Uhlenbeck type process defined by the SDE

AdX(t) = aX(t) dt 4+ b\/o?pu(t) + 1AW (¢ X (0) = 0.
Thus, Theorem 2.9 is a generalization of [8, Theorem 2.2]. Moreover, if the
offspring distributions are Bernoulli distributions with mean 1 — an~! then con-
ditions (i) and (ii) are fulfilled, see Ispdny et al. [7] for details.

Remark 2.11. Conditions (ii) and (iv) are the Lindeberg conditions for the tri-
angular systems {fi(z)/\/nb% :neN;1<4,5<n}and {E§n)/\/nb% meN, 1<
j < n}, respectively. Plainly, if there exists v > 0 such that n1*7/2b;(2+7)E|§§7'1) —
my|*t7 — 0 and n*7/2b;(2+ﬂy)E|€§n) —An|?tY — 0 as n — oo then conditions (ii)
and (iv) are satisfied.

In particular, if the variance of the immigration distribution is a power func-
tion we obtain the next limit theorem.

Theorem 2.12. Suppose that there exists o > —1 such that

(i) 02 =o?n~! +0o(n~t) as n — oo with some o > 0,
(il) Ap = An2 + o(n?) as n — oo with some A > 0,
(iii) b2 = b*n + o(n®) as n — oo with some b > 0,
(iv) E (|51 =l ]1{|e<1">_>\n|>9n(1+g)/2}) = o0(n?) asn — oo for all § > 0.
Then
n*(Hg)/Q(X(”) - EX(”)) 2x as m — 0o,

where (2? () is an Ornstein—-Uhlenbeck process defined by the SDE

teRy

dX(t) = aX(t) dt + /o2 u(t) + b2 AW (t) X(0) =0, (9)

where (W (t))ier, is a standard Wiener process.
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Remark 2.13. Note that in this case no Lindeberg condition is needed for
the offspring distributions. Condition (iv) is the Lindeberg condition for the
triangular system {egn)/n(lﬂ’)/2 :n €N, 1 <j <n}. If there exists v > 0 such

that n=e~(1+07/2E[{™ _ X, |2#7 = 0 as n — oo then condition (iv) is satisfied.

Example 2.14. If fﬁ) has a Bernoulli distribution with mean 1 —an~!, where
a>0,and P(e{"” =0) =1—n"1In?n and P(c{") = [bnln""n]) = n"'In?n for
all n € N with some b > 0, then conditions of Theorem 2.12 hold with ¢ = 1.

3. A general functional limit theorem

First we need the following definitions and notations. Let (Q, F,F,P) be
a stochastic basis, i.e. (£, F,P) is a probability space and F = (Ft)t€R+ is a
filtration on it with Fy = {0,Q}. Let O be the optional o-field on  x Ry
generated by all cadlag adapted processes. Let P C O be the predictable o—
field on Q x R generated by the collection of sets A x (s,t], where 0 < s < ¢t
and A € F,;. Denote by V the set of all real-valued processes (L{ (t)) ter, OB
(Q,F,F,P) that are cadlag adapted, U(0) = 0, and whose paths t — U(w, t) are
of locally finite variation for all w € Q. A random measure p := {u(w;dt,dx) :
w € Q}, where p(w;-) is a nonnegative Borel measure on R} x R satisfying
w(w; {0} x R) = 0 for all w € €, is called optional (predictable) if the integral
process I/f(w;t) = fg Jg f(w; s, z)p(w; ds,dx) is O-measurable (P-measurable)
for all integrable O ® B(R)-measurable (P ® B(R)-measurable) function f. A
random measure v is called the compensator measure of p if it is predictable
and If(-;00) = I/J:(-;oo) for every nonnegative P ® B(R)-measurable f. The
compensator measure is unique up to a P-null set.

A function h : R — R is said to be a truncation function if it is bounded,
continuous with compact support satisfying h(z) = z in a neighbourhood of 0.
Let X = (X(t, f,u))temg,weQ be a semimartingale and define the process X, (t) :=
X(t) = > [AX(s) — h(AX(s))], t € Ry, where AX(t) = X(t) — X (t—) if
t > 0 and AX(0) := 0. Then X}, is a special semimartingale with canonical
decomposition X, = Xg + M}, + By, where Xg is Fp—measurable, M}, is a local
martingale with M, (0) = 0 and By, € V is predictable, see Jacod and Shiryaev
[10, Lemma I1.4.24]. Let ¢, denote the Dirac measure at point a € Ry x R.

Definition 3.1. A triplet (B,C,v) is called a characteristic of a semi-
martingale X with respect to h if (i) B = By, is a predictable process in V,
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(if) C = (X°, X°), where X¢ is the continuous martingale part of X, is an in-
creasing continuous process in V, and (iii) v is the compensator of the random
measure f(w;-) = Y Tiax(s,w)£0}10{(s,AX (s,w))} associated to the jumps of X.
The process C(t) := C’(t)—i—fg Jo W (@)v(ds,dx) =3, (B(s)— B(s—))* t € Ry,
is called the modified second characteristic of X.

We recall that each semimartingale defined on (2, F,F,P) has a character-
istic (B, C,v) associated with a truncation function h. Moreover, C and v are
unique if h is fixed. (See Jacod and Shiryaev [10, Section II.2a].) We assume that
each semimartingale U considered in this paper starts from zero, i.e. U(0) = 0.
Denote by II(B, C,v) the martingale problem associated with the characteristic
(B,C,v). A real-valued process (Z/{(t))teR+
lem if it is a semimartingale on the basis (Q, F, F, P) with characteristic (B, C, v)

is a solution of this martingale prob-

relative to the truncation function h.
The next theorem provides sufficient conditions in terms of characteristics
for the weak convergence of semimartingales to a limiting semimartingale.

Theorem 3.2. For each n € N, let (Z/I(")(t))telR+ be a sequence of semi-

martingales with characteristics (B, 0 (™). Assume that the martingale

problem T1(0, C,0), where C' is a cadlag adapted and increasing process with

C(0) =0, has a locally unique solution for all deterministic initial condition. Let

(U(t))ter, be a solution with U(0) = 0, and assume that there exists a function

o : DRy, R) — D(R4, R) such that C = ®(U). Suppose that for each T > 0,

(i) there is an increasing continuous function ¢, : Ry — R for all a > 0 such

that ®(z)(t) — @(x)(s) < pa,7(t) —@a,r(s) forall0 < s <t < T if |z] 00 < a,
z € D(R4,R) (local strong majoration hypothesis),

(ii) the functions x — ®(z)(t) are Skorokhod—continuous for all 0 <t < T (local
continuity condition),

(iii) sup ‘B(”)(t)‘ L0asn— 00,
]

tel0,T
(iv) sup ‘5(”)(25) —dU™)(t) P 0asn— 00,

te[0,T]
(v) v ([0,T] x {z : || > 6}) . 0asn— oo forall 0> 0.
Then

um™ 2y as n — oo.

PROOF. The proof is based on a general limit theorem of Jacod and Shiryaev
[10, Theorem IX.3.39] and a standard localization procedure, see Ispdny and Pap
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[9]. Note that the local condition on big jumps holds trivially since the third
characteristic of the limiting semimartingale is zero. O

In the sequel, we suppose that (U(t))ier, is a diffusion process with zero
drift, i.e. it is a weak solution of a SDE

dU) = G U)W (),  teRy, (10)

where G : Ry x R — R is a Borel function and (W (t));er, is a standard Wiener
process. If SDE (10) has a unique weak solution (U(t));cr, with ¢/(0) = 0, then
it is a semimartingale with characteristic

B(t)=0, C(t)= /()'GQ(s,u(s))ds, ([0,1] x A) =0,

where A is a Borel set and ¢ € Ry. (See Jacod and Shiryaev [10, Section III.2¢].)
Thus C = ®(U), where the function ® : D(R;,R) — D(R4,R) is defined by
O(z)(t) == fg G*(s,x(s))ds, z € C(R4,R). One can easily check that assumptions
(i) and (ii) of Theorem 3.2 hold with ¢, 7 := SUpy<4<p SUP| <o G*(t, ). Clearly,
there exists A > 1 such that h(x) = x for |z| < 1/A, h(z) = 0 for || > A, and
|h(z)| < A for all x € R. Thus, |h(z)| < A%|z| if |z| > 1/A. Hence we may throw
off the truncation function, and for martingale differences Theorem 3.2 can be
simplified in the following way, see [9, Corollary 2.2].

Corollary 3.3. Let G : R x R — R be a continuous function. Assume
that the SDE (10) has a unique weak solution with U(0) = ug for all ug € R. Let

(U(t))ter, be a solution with U(0) = 0. For each n € N, let (U,gn))keN be a se-

quence of martingale differences with respect to the natural filtration (f;in))kem’

ie. BV = o{U™, . UMY, B | F) = 0 and E(UYP? | FY) < oo
for all k € N. Let

|nt]
U@ =>"U",  teRy, neN
k=1

Suppose that, for each T > 0,
[nt] t
0 sup |SE(WP 1A - [ G ) Lo
te[0,T] |11 0
[nT ] o
(i) > E (U1 o0 psgy | FLL) 0 for all 6> 0
k=1
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asn — o0o. Then
um™ 2y as n — oo.

Condition (ii) is the conditional Lindeberg condition for the triangular system
(U™ k,neN}.

4. Proof of the main theorems

In the proofs we apply the following simple formulas and recursions for mo-

ments and covariances of a branching process with immigration.

Lemma 4.1. Let (Xy)rez, be a branching process with immigration defined
by recursion (1) with moments m, o2, X and b*>. Then, for all k € N,

k—1 k—1 \g2 k=l k=2
EX, =AY mf, Vaer:b2Zm”+—12mmef.
=0 £=0 m+li=Z =

Moreover, for all k,¢ € 7,
Cov(Xg, X¢) = m!F=Var X rp.
Furthermore, for all k € 7,
E(M7 | Fr-1) = 0> Xpo1 + b7
Remark 4.2. The expectation EXj; and the variance VarXj; are monoton

increasing in k.

Remark 4.3. In order to prove (3) we note that

1 |nt]

t
sup |— E m;fk—/ e”*¥ds| — 0 as n — 0o
tel0,T] | 1 0

for each fixed » € R. Thus, by Definition 1.1, condition (ii), and Lemma 4.1
we have (3). Moreover, the convergence in (3) is uniform on each finite interval
[0,7], T > 0.

The technique of the proofs of the main theorems is the so—called “martingale
method” initiated by Stroock and Varadhan, see Jacod and Shiryaev [10] for
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details. Namely, let F, k") denote the o—algebra generated by the random variables
XM, x™ X" for n € Nand k € Z,. Plainly,

M™M= XM B | FD) = X - ma X - A, R neN,

defines a martingale difference sequence (M ,g")) with respect to the filtration

(n)
("Tk ) keZy
and a centered random variable, which are independent, as follows

kEN
for all n € N. Note that M, ,5") can be decomposed into a random sum

0
M = 5" e e —ma XY - A= N 0, (11)
j=1
where
X
N = Y —ma), o =
j=1

Then we define a suitable sequence of random step functions and we prove weak
convergence of this sequence to a continuous process applying a general functional
limit theorem of Section 3. Finally, by recursion

k
X —EX( = ma (X - EX) M =S mk I (12)
j=1
we show that X" is a function of the introduced random step function for all
n € N, and a continuous mapping type argument yields the desired convergence.

PROOF OF THEOREM 2.1. Introduce the random step functions

|nt]
NO@) =3 "m "M for teRy, neN,
k=1

and let N () := (no2) Le®N™(t) + u(t), t € Ry, n € N. Finally, let us
introduce the stochastic process N(t) := e™ (X (t) — u(t)), t € Ry. By Itd’s

formula we have that (./\/(t))telR+ satisfies the SDE

AN(1) = e~/ IN(E) + u()= AW (), teRs,  N(0)=0.  (13)

Note that, since e** N (t) + u(t) = X(t) > 0 almost surely for all t+ € R, we can
replace the non—negative part by the original value under the square root. We
will prove

(naz)_l./\/'(”) PN as n— oo (14)

n
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applying Corollary 3.3 for &/ = N and Uk") = (no2)7! ’kM(") If (N(t ))teR+
satisfies the SDE (13) then X'(¢) := e N () + pu(t), t € Ry, satisfies the SDE (4).
Thus, the SDE (13) has a unlque strong solution With N(0) = z for all z € R.

The coefficient function G(t,z) := e~ *"\/(e®x + u(t))+, t € Ry and x € R, is
continuous. It suffices to show that

[nt]

t
S mE(() A = [ s 0. 15)
— 0

sup
te[0,T) opn? 1
1 & (n) )\ P
s > (M)’ L a0 gy | Fr) 0 (16)
k=1

asn — oo for all "> 0 and 6 > 0.
Ifte[l/n,(£+1)/n), L € Zy, then by (12) and Lemma 4.1 we have

L
N (t) = (nag)—l eatm;ZXén) . (ngi)_l A, et Zm;k T ult)

Since |(a + b)4+ — a| < |b] for any a € Ry and b € R, we have

[nt)
’_/\7_&") (t) — (no2)~ e i L””anzj (noi)_l Ane® Z m k-
k=1

for all t € R;. On the other hand, by Lemma 4.1, we obtain

|nt] |nt] 2 |nt]

1 - n ok g (n by -
oin? > m QkE((M( ) | 7 ) = 02 2 Zm X T I > mi

k=1 n k=1

Thus, in order to prove (15) it is enough to show that

|nt] - b2 |nt]
DW= sup m72Rx M m; 2k
' tefo,7] | oAT” ,; - odn? kZ:l
L m q4| P
- e [ns] X|_nlsj ds| — 0, (17)
onn Jo
[nt]

(na neo‘t Z m,,

)dt — 0 (18)

T
D7(72) — / 672005
) 0
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as n — oo. To prove (17) we note that

+ |nt] 1/n
_ —LneJ (n) _ —k+1 (n) e—alk=1)/n Tas
Ae XLnstS Zm X A ¢ ds
t
+mylnt x e ™ ds
[nt]/n
Thus, we have
( L RN o AR
1) < n) x (n | T kX" L 22
DY) < o 3 AN e e {4 2

where the third term on the right hand side tends to 0 by condition (iii) and
Remark 4.3, and

1/n
d;ﬂn) = m—Qk _ m;k+1e—a(k—1)/n,n/ e~ dsl .
0

n

One can easily see that
lim  max d,(cn) =
n—o0 1<k<|nT|
Thus, in order to prove (17) it is enough to see that (02n?)~ ZLHTJ Xk 1 s
n)

stochastically bounded and (o2n®)™! maxi<y<|n7) m;kX,g L. 0asn — .

The first statement follows by the Markov inequality since

[nT]

(m) (n)
Z EX,") < —EXWJ,

02 n?

where the right hand side is bounded by (3). To prove the second statement we
note that, by (12),

k
Mt X = 3w M 4 e
j=1

for all k,n € N. By Definition 1.1 we obtain that nlnm, — a as n — oo, hence
C :=sup,cy |nlnm, —a| < co. Thus, we have

e(|a\+C)TEX(")

max kX(n) < Z }M(T’ T

lgkgLnTj
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By the Lyapunov and the Cauchy—Schwarz inequalities we obtain

1 |nT | [nT| 1/2 [nT| 1/2

—j n — 1 n)\ 2
s > m (M Z m# || s Y E(M)
n't =1 LS

The sequence ( -1 ZL"TJ ~2 )n N is bounded by Remark 4.3. Moreover, by
Lemma 4.1 and Remark 4.2, we have

[InT| [InT| (n) 2
1 (2 _ 1 ) o) o LEX|ry  TOZ
oind ; E(Mj ) = oind ; (U EXj1+0 ) o2n? + oin?’

where the second term on the right hand side tends to 0 by condition (iii). Thus,

by Markov’s inequality, in order to prove the second statement it is enough to see
that (UTQLnQ)_lEXfZ)TJ — 0 as n — oo, which follows from (3).
To prove (18) consider the estimation

[nt]

t T
Z m - / e”*ds / e “tdt
0 0

k=1

‘/ 7005/ 7asdsdt

Hence, condition (ii) and Remark 4.3 imply (18).

To prove (16) we apply inequality ﬂ{‘y+z|>9} < ]1{|y‘>9/2} + ]1{|Z\>9/2}7
where Y and Z are random variables, and decomposition (11). Thus, it suffices
to show that

D,(f) §ﬁ sup E
On telo, 1) |

[nT]
i 1 2k (R
Ly = oin? >’ E((Cr(l)k) {165 [>0no2mk} f’g*)l) 0 9
k=1 ’

asn — oo for all 7,0 > 0 and 4,5 = 1,2, where CT(:) = N,g") nd C(Q) 5,(6").

(n)
Introduce the random variable S’,(Cn) = Ej(:kfl(fﬁ) —my,) for all k,n € N. In
case of i = j = 1 we have to prove that A,, — 0 and B,, — 0 as n — oo, where

[nT| X,
— —2k (n)
Ap = U4n2 E m, B E: €55 m|? ]1{|s(”>|>emgng} ’
[nT ] XM
o —2k _
Bn’ T 0—4n2 Z E Z flv] )]1{|S]E">|>0naflmﬁ}

=2 j=1
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Applying again the above mentioned 1nequahty for the indicator functions of

random variables 5;”} —my, and S ,gnj : Ze ( 1 e — my,) we obtain

[nT]

721@ (n) 2
An < *04n2 ; EXpr <|£ — M| l{liﬂ)—mnbanagmg/z})

nT] x™, (20)

—2k 2
m, "E —my,|°1
04 5 § Z 617 — mal {IS() [>6n02mk /2}

Since mE > exp{—T(|a|+ C)} for all 1 < k < |[nT|, n € N, and, by Remark 4.2,
[nT| [nT|

02n2 Z m72kEX(” InT] Z m72k

where the right hand side is bounded by Remark 4.3, the first term in (20) tends
to zero by condition (i). The second term in (20), by the Markov inequality, can

be majorized by

[nT]

4 —akg (x (™) 4 (n) (n) —ak
Todmt Z E(x(™)” < ot ((EX ()2 + Varx (1)) ; m;
which tends to 0 as n — oo. Let V Z Z ( - mn)(fﬁ) —mp),

k,n € N. Then E(V,™)2 = (¢4 /2)E (X,g@l(x,g@l 1)) for al k,n € N. By the
Cauchy—Schwarz inequality and the Markov inequality we have

[InT| 1/2
Bl <5 3 my 2 (E()2P(1S| > ono2md) )
2\ o 3k (5 M\ 2g 5 (0 /2
903n3 Zm ’ ( (X)) EX, )
212 () (n) 2 m \/? &8 -3k _,
<o ((Var(xX(y) + EX())EX 1) Zm

as n — 0o by Lemma 4.1, Remark 4.2 and 4.3. To prove (19) in case of i = 1 and
7 =2 let us use the inequality

n)\ 2 n — — — — n
(V)15 oy | P ) < 67202 m 202X,
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Thus, by Remark 4.2, we have

« o< Ui gy «—
—4k n n —1k _,
" Z m, "EX; | < e EX nT| Z m,,
as n — oo by condition (iii) and Remark 4.3. To prove the casesi = 2 and j = 1,2
we note that L2! and L2? can be majorized by o, *n=2b2 ZLTP m;2*, which

tends to 0 by condition (iii) and Remark 4.3. Consequently, we proved (14)

1,2 b2

E(L,?) 9206

By recursion (12) it is easy to see that
X (1) — EX™ (1) = mlnt) () (m) .

Thus, (no2) 'X™ tends to the process X (t) := e™N(t) + pu(t), t € R, as
n — oo in the Skorokhod space. Since p satisfies the ordinary differential equation
du(t) = (A + ap(t))dt with initial condition p(0) = 0, It6’s formula yields

(N () + (1)) = (A + (™ N (1) + pu(t))) dt + e AN(2),

which agrees with the SDE (4). Finally, (no2)~1(X(™ — EX(™) tends to the
process X (t) := e“*N(¢), t € Ry, as n — oo which satisfies SDE (5). O

PROOF OF THEOREM 2.5. By Theorem 2.1 (no2)~1x™ 25 X" agn — oo,

where (X'(t)) is the unique solution of a SDE

teRy

dX'(t) = (N + X' (1)) dt + /XL (t) AW (2), teR,,

with initial condition X’(0) = 0, where ' := lim,,_, oo A /02 = A\/0? by conditions
(i) and (iii). Thus, n~(+te0x(®) L, 52X as n — oco. Introduce the process
X = 02X’. Then, by Itd’s formula, we have that the process (X(t))teR+ satisfies
SDE (6). O

PRrROOF OF THEOREM 2.9. The proof is based on the martingale central
limit theorem similarly to the proof of [8, Theorem 2.2.8]. Define the random
step functions

Lnt]
MM (¢ ZM(") for te Ry, neNlN. (21)

We prove that (nb2)~1/2M™) 2, Masn — 0o, where (M (t))t6R+ is a Wiener

process M(t) = W(T(t)), t € Ry, with T(¢t) := 2f0 s)ds +t, t € Ry,
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(W(t)) teR, is a standard Wiener process. By the martingale central limit theo-
rem we have to prove that

Lnt)

1 n n

T2 E((ar")’ }féf)l) - T(1), (22)
n k=1
1 |nt] (12 . o

) > E((A4k' ) 1{m45”|>evﬁﬁz}‘~¢k;1) —0 (23)
" k=1

asn — oo for all t € Ry and 6 > 0.
By Lemma 4.1, in order to prove (22) we have to show that

5 |nt] t
7;‘7"2 Z EX,gri)l — 02/ wu(s)ds as n — 0o, (24)
0

n k=1

9 nt]

Var<ZT"% Z X]gi)1> —0 as n — oo. (25)
k=1

Since (nb2) 'EX E:Z | — u(t) as n — oo uniformly on each finite interval (0,77,

T > 0, by condition (i) we have (24). To prove (25) we apply (12)

|nt] - - |nt]—1 |nt]—1 o
(X -EX) = > mbian,
k=1 =1  k=j

Thus, by Lemma 4.1 and Remark 4.2, we have

2

o Int] [nt] 233 2)2

n (n) 1 k (noy) (n) (noy,)

Var(nb2 ) Xkl) sty > mn <(nb2)2 EX Tty + 2 )
n k=1 k=0 n n

where the right hand side tends to 0 by Remark 4.3 and conditions of the theorem.

To prove the Lindeberg condition (23) it suffices to check that, for all § > 0
and t € Ry,

[nt]
. L (i) 2
Ly = @ kZ_l E((ka) 1{\42{@»9,/%3}

.7:,&71)1) L as n—oo (26)

if 4,7 = 1,2, where Q(v}), = N,g") and (7(72,1 = 5,(:'). The proof of (26) in cases of
i =7 =1and i # j is similar to one of (19) in these cases. Finally, in case of
i =j =2 (26) agrees exactly with Lindeberg condition (iv). O
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PROOF OF THEOREM 2.12. By Theorem 2.9 (nb2)~1/2(x(™ — Ex(™) 2,
X' as n — oo, where (X'(t))
by the SDE

dX'(t) = aX'(t) dt + /o2 (t) + 1dW(t),  X'(0) =0,

with 1/(t) := (A/b2) [J e**ds, t € Ry. Thus, n=(1+)/2 (x(m) — Exm) 2, p7
as n — oo. The process X := bX’ clearly satisfies SDE (9). O

teR, is an Ornstein—Uhlenbeck type process defined

Acknowledgement. The author would like to thank G. Pap and both referees
for their constructive suggestions on the original version of the paper. The first
referee’s comments greatly improved the conditions of Theorem 2.1.
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