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—— Abstract

We study modal team logic MTL, the team-semantical extension of classical modal logic closed
under Boolean negation. Its fragments, such as modal dependence, independence, and inclusion
logic, are well-understood. However, due to the unrestricted Boolean negation, the satisfiability
problem of full MTL has been notoriously resistant to a complexity theoretical classification.

In our approach, we adapt the notion of canonical models for team semantics. By construc-
tion of such a model, we reduce the satisfiability problem of MTL to simple model checking.
Afterwards, we show that this method is optimal in the sense that MTL-formulas can efficiently
enforce canonicity.

Furthermore, to capture these results in terms of computational complexity, we introduce a
non-elementary complexity class, TOWER(poly), and prove that the satisfiability and validity
problem of MTL are complete for it. We also show that the fragments of MTL with bounded
modal depth are complete for the levels of the elementary hierarchy (with polynomially many
alternations).
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1 Introduction

It is well-known that non-linear quantifier dependencies, such as w depending only on z
in the sentence Vx JyVz Jw ¢, cannot be expressed in first-order logic. To overcome this
restriction, logics of incomplete information such as independence-friendly logic [19] have
been studied. Later, Hodges [20] introduced team semantics to provide these logics with a
compositional interpretation. The fundamental idea is to not consider only plain assignments
to free variables, but instead whole sets of assignments, called teams.

In this vein, Vadnénen [38] expressed non-linear quantifier dependencies by the depen-
dence atom =(x1,...,Zn,y), which intuitively states that the values of y in the team must
depend only on those of x1,...,x,. Logics with numerous other non-classical atoms such
as independence L [9], inclusion C and exclusion | [7] have been studied since, and have
found manifold application in scientific areas such as statistics, database theory, physics,
cryptography and social choice theory (see also Abramsky et al. [1]).
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Table 1 Complexity landscape of propositional and modal logics of dependence (xDL), indepen-
dence (xIL), inclusion (xInc) and team logic (*TL). Entries are completeness results unless stated
otherwise.

Logic Satisfiability Validity References
PDL NP NEXPTIME [26, 36]
MDL NEXPTIME NEXPTIME [33, 11]

PIL NP NEXPTIME-hard, in TT¥  [13]

MIL NEXPTIME M¥-hard [23, 10]

Plinc EXPTIME co-NP [13]

Minc EXPTIME co-NEXPTIME-hard [16]

PTL ATIME-ALT (exp, poly) ATIME-ALT (exp, poly) [12, 14]
MTLr  ATIME-ALT(exp,,,poly) ATIME-ALT(exp,,,poly) Theorem 6.1
MTL TOWER(poly) TOWER (poly) Theorem 6.1

Team semantics have also been adapted to a range of propositional [39, 12], modal [35],
and temporal logics [25]. Not only have propositional dependence logic PDL [39] and modal
dependence logic MDL [35] been extensively studied, but propositional and modal logics of
independence and inclusion as well [23, 13, 18, 11]. Here, the non-classical atoms, such as the
dependence atom, range over whole formulas. For example, the instance =(p1, . .., pn, Qunsafe)
of a modal dependence atom may specify that the reachability of an unsafe state depends
on an “access code” p; ---p, (and on nothing else), but instead of exhibiting the explicit
function in question, it only stipulates the existence of such.

Most team logics lack a Boolean negation, and adding it as a connective ~ usually increases
both the expressive power and the complexity tremendously. The respective extensions
of propositional and modal logic are called propositional team logic PTL [12, 40, 14] and
modal team logic MTL [31, 22]. By means of the negation ~, these logics can express all
the non-classical atoms mentioned above, and in fact are expressively complete for their
respective class of models [22, 40]. For these reasons, they are both interesting and natural
logics.

The expressive power of MTL is well-understood [22], and a complete axiomatization was
presented by the author [27]. Yet the complexity of the satisfiability problem has been an open
question [31, 22, 6, 15]. Recently, certain fragments of MTL with restricted negation were
shown ATIME-ALT (exp, poly)-complete using the well-known filtration method [28]. In the
same paper, however, it was shown that no elementary upper bound for full MTL can be estab-
lished by the same approach, whereas the best known lower bound is ATIME-ALT (exp, poly)-
hardness, inherited from the fragment PTL [14]. Analogously, the best known model size
lower bound is — as for ordinary modal logic — exponential in the size of the formula.

Contribution. We show that MTL is complete for a non-elementary class we call
TOWER(poly), which contains, roughly speaking, the problems decidable in a runtime that is
a tower of nested exponentials with polynomial height. Likewise, we show that the fragments
MTL; of bounded modal depth & are complete for a class we call ATIME-ALT (expy 1, poly)
and which corresponds to (k + 1)-fold exponential runtime and polynomially many alterna-
tions. These results fill a long-standing gap in the active field of propositional and modal
team logics (see Table 1).
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In our approach, we consider canonical or universal models. Loosely speaking, a canonical
model satisfies every satisfiable formula in some of its submodels, and such models have been
long known for, e.g., many systems of modal logic [2]. In Section 3, we adapt this notion for
modal logics with team semantics, and prove that such models exist for MTL. This enables
us to reduce the satisfiability problem to simple model checking, albeit on models that are of
non-elementary size with respect to |®| + k, where ® are the available propositional variables
and k is a bound on the modal depth.

Nonetheless, this approach is essentially optimal: In Section 4 and 5, we show that MTL
can, in a certain sense, efficiently enforce canonical models, that is, with formulas that are of
size polynomial in |®|+ k. In this vein, we then obtain the matching complexity lower bounds
in Section 6 by encoding computations of non-elementary length in such large models.

To the author’s best knowledge, the classes ATIME-ALT (exp,,, poly) and TOWER (poly)
have not explicitly been considered before. However, there are several candidates for other
natural complete problems. More precisely, there exist problems in TOWER(poly) that are
provably non-elementary, such as the satisfiability problem of separated first-order logic [37],
the equivalence problem for star-free expressions [34], or the first-order theory of finite
trees [4], to only name a few.

Another example is the two-variable fragment of first-order team logic, FOQ(N). It is
related to MTL in the same fashion as classical two-variable logic FO? to ML. Due to a
reduction from MTL to FO?(~) (see [29]), the satisfiability and validity problems of FO?(~)
are TOWER (poly)-complete problems as a corollary of this paper, while its fragments FOi(N)
of bounded quantifier rank k& are ATIME-ALT (exp,, ;, poly)-hard.

Due to space constraints, several technical proofs (which are marked with (%)) are omitted
or only sketched. They can be found in the full version of this paper [30].

2 Preliminaries

The power set of a set X is P(X). We let | X| denote the length of the encoding of a formula
or structure X. The sets of all satisfiable resp. valid formulas of a given logic £ are SAT(L)
and VAL(L), respectively.

We assume the reader to be familiar with alternating Turing machines [3]. We assume all
reductions in this paper implicitly as logspace reductions <!°8.

The class ATIME-ALT (exp, poly) contains the problems decidable by an alternating
Turing machine in time 2P(™ with p(n) alternations, for a polynomial p. It is a natural
class that has several complete problems [13, 21, 14]. Here, we generalize it to capture the
elementary hierarchy expy,(n), defined by expy(n) := n and expy(n) := 2P,

» Definition 2.1. For k > 0, ATIME-ALT(exp,,, poly) is the class of problems decided by an
alternating Turing machine with at most p(n) alternations and runtime at most exp (p(n)),
for a polynomial p.

Note that setting k = 0 or k = 1 yields the classes PSPACE and ATIME-ALT (exp, poly),
respectively [3]. If k is replaced by a polynomial instead, we obtain the following class.

» Definition 2.2. TOWER((poly) is the class of problems that are decided by a deterministic
Turing machine in time expp(n)(l) for some polynomial p.

Note that a similar class, TOWER, is defined by replacing p by an arbitrary elementary
function [32]. By contrast, to the author’s best knowledge, TOWER(poly) has not yet
been explicitly studied. The reader may verify that both ATIME-ALT (exp;,, poly) and
TOWER(poly) are closed under polynomial time reductions (and hence also <1°8).
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Modal team logic

We fix a countably infinite set PS of propositional symbols. Modal team logic MTL, introduced
by Miiller [31], extends classical modal logic ML as in the following grammar, where ¢ denotes
an MTL-formula, o an ML-formula, and p € PS.

pi=r~ploApleVe O] O0p|a
az=-a|aAalaVa|Ox|Qalp| T

The set of propositional variables occurring in ¢ € MTL is denoted by Prop(y).

We use the common abbreviations L := =T, a = §:= —~aV f and a < 8 := (a A
B) V (ma A ). For easier distinction, we have classical formulas denoted by «, 3,7, ... and
reserve @, 1,4, ... for general team-logical formulas.

The modal depth md(€) of an (ML or MTL) formula 6 is recursively defined:

md(p) :=md(T) =0

md(~p) i=md(=p) = md(p)

md(p A ¢) :=md(p V ¢) := max{md(p), md()}
md(Qp) =md(dyp) :=md(p)+1

ML and MTLy are the fragments of ML and MTL with modal depth < k, respectively. If
the propositions are restricted to a fixed set ® C PS as well, then the fragment is denoted
by ML}, or MTLE, respectively.

Let ® C PS be a finite set of propositions. A Kripke structure (over ®) is a tuple
K= (W,R,V), where W is a set of worlds, (W, R) is a directed graph, and V': & — B(W) is
the valuation. Occasionally, by slight abuse of notation, we use the mapping V=1: W — (®)
defined by V=Y (w) := {p € ® | w € V(p)} instead of V| i.e., the set of propositions that are
true in a given world.

If w e W, then (IC,w) is called pointed structure. ML is evaluated on pointed structures
in the classical Kripke semantics. By contrast, MTL is evaluated on pairs (K,T), called
structures with teams, where T'C W is called team (in K).

Every team T has an image RT :={v |w € T, (w,v) € R} , and if w € W, we simply
write Rw instead of R{w}. R'T is inductively defined as R’T := T and R""'T := RR'T. A
successor team of T is a team S such that S C RT and T'C R™'S, where R™! := {(v,w) |
(w,v) € R}. Intuitively, S is formed by picking at least one successor of every world in T'.

The semantics of MTL can now be defined as follows.!

K,T)E « & YweT: (K,w)Ea if @ € ML, and otherwise as
JE~M & (K,T)F Y,
YEYADs (K, T)Eyand (K, T)E 6,
YEYVO< IS, U C T such that T =SUU, (K,S)E, and (K,U) E 6,
YEOY < (K,5)E ¢ for some successor team S of T,

We often omit I and write T'F ¢ or w F «.

L Often, the “atoms” of MTL are restricted to literals p, —p instead of ML-formulas a. However, this
implies a restriction to formulas in negation normal form, and both definitions are equivalent due to the
flatness property of ML (cf. [22, Proposition 2.2]).
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An MTL-formula ¢ is satisfiable if it is true in some structure with team over Prop(y),
which is then called a model of ¢. Analogously, ¢ is valid if it is true in every structure with
team over Prop(ip).

Note that the empty team is usually excluded in the above definition, since most ~-free
logics with team semantics have the empty team property, i.e., the empty team trivially
satisfying every formula [35, 23, 18]. However, this distinction is unnecessary for MTL: ¢ is
satisfiable iff T V ¢ is true in some non-empty team?, and ¢ is true in some non-empty team
iff ~1 A ¢ is satisfiable.

The modality-free fragment MTLq syntactically coincides with propositional team logic
PTL [12, 14, 40]. The usual interpretations of the latter, i.e., sets of Boolean assignments,
can easily be represented as teams in Kripke structures. For this reason, we identify PTL
and MTLg in this paper.

Note that the connectives V, — and — are not the usual truth-functional connectives
on the level of teams, i.e., Boolean disjunction, implication and negation. The exception
are singleton teams, on which team semantics and Kripke semantics coincide. Using A and
~ however, we can define Boolean disjunction @1 @ g := ~(~p; A ~ps) and implication
P1 > P2 = ~p1 @ pa.

The notation (¢ is defined via (0% := ¢ and 01y := OO, and analogously for (.

To state that at least one element of a team satisfies & € ML, we write Ea := ~—«. That the
truth value of « is constant in the team is expressed by the constancy atom =(a) = a @ —a.

The well-known bisimulation relation #f fundamentally defines the expressive power of
modal logic [2] and plays a key role in our results.

» Definition 2.3. Let & C PS and k& > 0. For i € {1,2}, let (K;,w;) be a pointed
structure, where K; = (W;, R;,V;). Then (Ki,w;) and (Ko, w2) are (®,k)-bisimilar, in
symbols (K1, w1) =F (Ka,ws), if
Vp e ®:wy € Vi(p) & wy € Va(p),
and if £ > 0,
Vv € Rywy: Jug € Rows: (Kq,v1) ﬁfﬂ (K2, v2) (forward condition),
Vg € Rows: Jv € Rywy: (Ki,v1) =F | (K2, v2) (backward condition).

The notion of bisimulation was also lifted to team semantics by Hella et al. [17]:

» Definition 2.4 (cf. [17, 23, 22]). Let ® C PS and k > 0. For ¢ € {1,2}, let (K;,T3)
be a structure with team. Then (K;,77) and (Ko, Ty) are (@, k)-team-bisimilar, written
(’Cl,T1) \:‘3 (ICQ,TQ), if

Yw, € T1: Jwg € Ty : (Kl,wl) \ﬁ% (ICQ,U)Q),

Ywge € Ty: Jwy € Ty : (ICl,wl) \:‘% (K27w2).

If no confusion can arise, we will also refer to teams Ty, T» that are (®, k)-team-bisimilar
simply as (®, k)-bisimilar. The proofs of the following propositions are straightforward and
can be found in the full version [30].

» Proposition 2.5 (x). Let ® C PS be finite, and k > 0. Fori € {1,2}, let (K;,w;) be a
pointed structure, where K; = (W;, R;, V;). Then the following statements are equivalent:
1. Va e MLY: (K1, w1) E a < (Kyyws) E a,

2. (ICl,wl) ‘jg (ICQ,U)Q),

2 In team semantics, T V © is not tautologically true, but rather existentially quantifies a subteam.
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3. (Ki{wi}) =5 (K2, {wa}).

Moreover, if k > 0, they are equivalent to:
4, (ICl,wl) :‘g) (ICQ,U)Q) and (’Clalel) ‘:\ﬁ—l (’CQ,RQ’U)Q).

As a result, the forward and backward condition from Definition 2.3 can be equivalently
stated in terms of team-bisimilarity of the respective images. On the level of teams, a similar
characterization holds:

» Proposition 2.6 (x). Let ® C PS be finite, and k > 0. Let (K;,T;) be a structure with
team for i € {1,2}. Then the following statements are equivalent:

1. Vae MLY: (K1, Th) Fa < (Ko, Th) F a,

2. Vo e MTLE: (K1, Th) E ¢ < (Ko, To) E o,

3. (K1, Ty) =% (Ko, T2),

3 Types and canonical models

Many modal logics admit a “universal” model, also called canonical model. Given a canonical
model K, and a satisfiable formula (or set of formulas), the latter is then also true in some
point of K. See also Blackburn et al. [2, Section 4.2] for the explicit construction of such a
model for ML.

Unfortunately, a canonical model for ML is necessarily infinite, and consequently imprac-
tical for complexity theoretic considerations. Instead, we define (P, k)-canonical models for
finite ® C PS and k € N, which are then proved canonical for the fragment MLE. However,
by Proposition 2.5, the size of a (®, k)-canonical model is necessarily at least the number of
equivalence classes of ﬁg.

The equivalence classes of ﬁ% are proper classes. However, speaking about teams would
require sets of such classes. For this reason, we inductively define types, which properly
reflect bisimulation, but exist as sets. We usually refer to types as 7.

» Definition 3.1. Let ® C PS be finite. The set of (®, k)-types, written AL, is defined
inductively as AJ := PB(®) x {0} and AE,, = P(P) x P(A}).

Let (K,w) = (W, R,V,w) be a pointed structure. Then its (®, k)-type, written [, w]},
is the unique (®',A’) € A? such that V="' (w) = @ and, in case k > 0, additionally
Ve AP i e ANNe Fve Rw: [Ko]f =1,

Given a team T in K, the types in T are denoted by [K, T[]} := {[K,w]} | w € T}.

For a type 7 = (', A’), we define shorthands ®, := ® and Rt := A.

Intuitively, the first component @, consists of the propositions which any model of type
must satisfy in its root, and R is the set of types which any model of type 7 must contain
in the image of its root. Roughly speaking, ®. reflects the first condition of Definition 2.3,
propositional equivalence, while R7 reflects the forward and backward conditions.

Every type 7 € Af is satisfiable in the sense that there is at least one pointed structure
(K, w) such that [KC,w]{ = 7.

The following assertions are straightforward to prove by induction, and ascertain that
types properly reflect the notion of bisimulation.

» Proposition 3.2 (x). Let ® C PS be finite and k > 0. Then (K,w) =% (K',w’) if and
only if [K,w]t = [K',w']§, and (K, T) =% (K',T') if and only if [K,T]¢ = [K', T']}.

We are now ready to state the formal definition of canonicity:
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» Definition 3.3. A structure with team (K, T) is (®, k)-canonical if [IC, T]F = Af.

In the following, we often omit ® and K and write only [w]j or [T, and simply say that T
is (®, k)-canonical if K is clear.

It is a standard result that for every ® and k > 0 there exists a (9, k)-canonical model
(cf. Blackburn et al. [2]), or in other words, that the logic ML} admits canonical models.

Canonical models in team semantics

The logic MTL is significantly more expressive than ML [22]. Nonetheless, we will show that
every satisfiable MTLf—formula can be satisfied in a (®, k)-canonical model. In other words,
the canonical models of MTL and ML} actually coincide.

» Theorem 3.4. Let (K,T) be (®, k)-canonical and ¢ € MTLy. Then ¢ is satisfiable if and
only if (KK, T")E ¢ for some T' CT.

Proof. Assume (KC,T) and ¢ are as above. As the direction from right to left is trivial,
suppose that ¢ is satisfiable, i.e., has a model (I, 7). As a team in K that satisfies ¢, we
define

T = {wET ‘ K, wl € [[I@,T]]f}

By Proposition 2.6 and 3.2, it suffices to prove [K, T]]f = [K,T"]§. Moreover, the direction
D7 is clear by definition. As T is (®, k)-canonical, for every 7 € [K, T]]ﬁ there exists a world
w € T of type 7. Consequently, [K, ¢ C [K, T]¢. <

How large is a (®, k)-canonical model at least? The number of types can be written via
the function expj, which is defined by

expy(n) ==n, expry,(n) =mn- 9expg(n)

Observe that this function resembles exp,(n) (cf. p. 3) except for an additional factor of n in
every “level” of the nested exponents. By Definition 3.1, we immediately obtain:

» Proposition 3.5. |Af| = exp; (2!®!) for all k > 0 and finite  C PS.

Next, we present an algorithm that solves the satisfiability and validity problems of
MTL and its fragments MTL; by computing a canonical model. Let us first explicate this
construction in a lemma.

» Lemma 3.6. There is an algorithm that, given ® C PS and k > 0, computes a (P, k)-
canonical model in time polynomial in |AF|.

Proof. Let K = (W, R, V) be the computed structure. The idea is to construct sets Ly U
LiU-- ULy =W of worlds in stage-wise manner such that L; is (®, i)-canonical.

For Lg, we simply add a world w for each ® € B(®) such that V1 (w) = @'

For i > 0, we iterate over all L' € P(L;_1) and &’ € P(P) and insert a new world w
into L; such that Rw = L’ and again V~!(w) = ®. An inductive argument shows that L;
is (®,4)-canonical for all i € {0,...,k}. As k < |A%|, and each L; is constructed in time
polynomial in |[A®| < |A®|, the overall runtime is polynomial in |AP]. <

The next lemma allows, roughly speaking, to replace a polynomial of exp;, by simply
expy,, with only polynomial blowup in its argument.

30:7
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» Lemma 3.7. For every polynomial p there is a polynomial q such that p(expj(n)) <
expy(¢((k+1)-n)) for allk >0 and n > 1.

Proof. For p(n) bounded by cn?, with ¢,d € N, let q(n) := cdn? + ¢ (cf. [30]). <
» Theorem 3.8. SAT(MTL;) and VAL(MTL;) are in ATIME-ALT (expy_ 1, poly).

Proof. Consider the following algorithm. Let ¢ € MTL, be the input, n := |p|, and
® := Prop(p). Construct deterministically, as in Lemma 3.6, a (®, k)-canonical structure
(K, T) = (W,R,V,T) in time p(|A¢]) for a polynomial p.

By a result of Miiller [31], the model checking problem of MTL is solvable by an alternating
Turing machine that has runtime polynomial in |¢| + ||, and alternations polynomial in |¢|.
We call this algorithm as a subroutine: by Theorem 3.4, ¢ is satisfiable (resp. valid) if and
only if for at least one team (resp. all teams) T C T we have (K,T") E ¢. Equivalently, this
is the case if and only if (IC,T) satisfies T V ¢ (resp. ~(T V ~¢)).

Let us turn to the overall runtime. K is constructed in time polynomial in |[Af| =
exp} (2/®)) < expy 1 (|®]) < expj ;(n). The subsequent model checking runs in time poly-
nomial in [K[ + n, and hence polynomial in exp;, ,(n) as well. By Lemma 3.7, we obtain a
total runtime of exp;,,(¢((k +2) - n)) for a polynomial q. <

The upper bound for MTL can be proved similarly, since k := md(y) is polynomial in |p|.
Moreover, the alternations can be eliminated with additional exponential blowup.

» Corollary 3.9. SAT(MTL) and VAL(MTL) are in TOWER (poly).

4 Efficiently expressing bisimilarity

Kontinen et al. [22] proved that MTL is expressively complete up to bisimulation, i.e., it can
define every property of teams that is closed under =} for some finite ® and k. Two such
team properties are in fact (®, k)-bisimilarity itself — in the sense that two worlds in a team
have the same type — as well as (®, k)-canonicity. Consequently, these properties are defined
by I\/ITLE—formulas. However, by a simple counting argument, formulas defining arbitrary
team properties are of non-elementary size w.r.t. ® and k in the worst case.

From now on, we always assume some finite & C PS and omit it in the notation, i.e., we
write k-canonicity, k-bisimilarity, =, and so on.

In this section, we present an “approximation” (in a sense we clarify below) of k-bisimilarity
that can be expressed in a formula yj that is of polynomial size in ® and k. Likewise, in
Section 5 we present a formula canony of polynomial size that expresses k-canonicity. Finally,
in Section 6, we apply xx and canony in order to prove the lower bound for Corollary 3.9,
i.e., TOWER(poly)-hardness of SAT(MTL) and VAL(MTL) (and an analogous result for
Theorem 3.8). Here, the idea is to enforce a sufficiently large structure with canon; and then
to encode a non-elementary computation into it. Clearly, x; and canony being polynomial
in ® and k is crucial for the reduction.

Scopes

To implement k-bisimilarity, we pursue a recursive approach. In the spirit of Proposition 2.5,
the (k + 1)-bisimilarity of two points w, v is expressed in terms of k-team-bisimilarity of Rw
and Rv. Conversely, to verify k-team-bisimilarity of Rw and Rv, we proceed analogously to
the forward and backward conditions of Definition 2.3 and reduce the problem to checking
k-bisimilarity of pairs of points in Rw and Rwv.
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Figure 1 Example of subteam selection in the scope aa.

A clear obstacle is that MTL cannot speak about two teams Rw, Rv simultaneously, let
alone check for bisimilarity. Instead, we consider a team that is the “marked union” of Rw
and Ruv.

More generally, for all formulas oo € ML we define the subteam T, :={w e T |wkF o }.

The corresponding “decoding” operator
a—=p:=-aV(aAp)

was considered by Kontinen and Nurmi [24] and Galliani [8]. Here, o — ¢ is true in T if
and only if T, F ¢.

Now, instead of defining an n-ary relation on teams, a formula ¢ can define a unary
relation — a team property — parameterized by “marker formulas” aq,...,a, € ML. We
emphasize this by writing ¢(a1, ..., ay).

This is the “approximation” mentioned earlier: In order to compare Rw and Rv, we
require that Rw = T, and Rv = T} for some team 7" and distinct o, 8 € ML. It will be
useful if the “markers” are invariant under traversing edges in the structure:

» Definition 4.1. Let K = (W, R, V) be a Kripke structure. A formula a € ML is called a
scope (in K) if (w,v) € R implies w F a & v F . Two scopes a, (3 are called disjoint (in K)
if W, and Wy are disjoint.

In order to avoid interference, we always assume that scopes are formulas in MLSDS\(I),
i.e., they are always purely propositional and do not contain propositions from .

It is desirable to be able to speak about subteams in a specific scope. Formally, if S
is a team, let T§ := T, U (T, N S). For singletons {w}, we simply write T3 instead of
T{aw}. Intuitively, T is obtained from 7' by “shrinking” the subteam 7, down to S without
impairing T'\ T,, (see Figure 1 for an example).

The following observations are straightforward:

» Proposition 4.2 ([30]). Let «, 8 be disjoint scopes and S,U,T teams in a Kripke structure
K =(W,R,V). Then the following laws hold:

1. Distributive laws: (TN S)q =To NS =TNSe =T NSy and (TUS)e =TqUS,.
Disjoint selection commutes: (Tg‘)g = (Tg)g

Disjoint selection is independent: ((Tg‘)g)a =T,NS.

Image and scope commute: (RT), = (R(Ta))a = R(Ty,).

Selection propagates: If S C T, then R(Tg‘) = (RT)%s-

Accordingly, we write R'T,, instead of (R'T), or R*(Ty) and Tg''g? for (Tg')s?.

LA ol

Subteam quantifiers
We refer to the following abbreviations as subteam quantifiers, where o € ML:

ﬂgap::a\/gp V(%gp:: ~3§~<p
3, ¢ =35 [Ea A V5 (Ea — ¢)] Yy ¢ i=~3hp
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Figure 2 As z violates the backward condition, xg(«, 3) detects a =o-free subteam, refuting
191
3(\35X0(a7 ﬁ)

Intuitively, they quantify over subteams S C T, (in case of 35 /V5) or over worlds w € T,
(for 3% /V%), and require that the shrunk team T resp. T satisfies .

» Proposition 4.3 (x). 35,V$, 3L, VY have the following semantics:
TE3p e ISCT,:T§Fe TE3p o wel,: T Fy
TEVop & VSCTa: T Ep TEVY © YweT,: T F ¢

Proof sketch. Here, we sketch only the existential cases, as the universal ones work dually.
The formula Elg v = aV g allows to split T into subteams U; C T, and Us, where Us; F .
As U must contain 1., clearly it is of the form 7§ for some S. Conversely, every team of
the form T¢ induces a splitting of 1" into Uy, Uz as above.

The singleton quantifier, 31, states that for some non-empty U C T, it holds that TS F o
for every non-empty S C U. This is equivalent to T{; F ¢ being true for some singleton
UCT,. |

Implementing bisimulation

Finally, we have all ingredients to implement k-bisimulation in the following inductive manner:

Xo(a, B) == (aV B) = /\ =(p)

ped

Xk+1(a7ﬁ) = XO(aa ﬁ) A DXZ(CY, 6)

Xi(a, B) = (ma A —p) @ (Ea NEB A N[(a @0)V (Ea AESA Nﬂéﬂlﬁxk(a,ﬂ))])
Here, < is defined as on p. 9. Let us prove that these formulas define bisimulation:

» Theorem 4.4 (x). Let k > 0. For all Kripke structures K, teams T in IC, disjoint scopes
o, B in K, and points w € T, and v € T it holds:

Tﬁf E xk(o,B) if and only if w =yv,
T E xi(a,B) if and only if To =Ts.
Moreover, both xi(«a, ) and x;(c, B) are MTLg-formulas that are constructible in space
O(log(k + |®| + |a| +|8])).

Proof sketch. By induction on k. First, the formula yo(«, 8) expresses w =( v when
evaluated on a team 72, By the semantics of <, xo(c, ) is true if and only if {w, v} F =(p)

w,v
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Figure 3 Visualization of the 3-staircase for ® = (), where the subteam T, is i-canonical with
offset 3 — 1.

for all p € ®. By definition of =(-), then wE p < vE p for all p € ¥, i.e., w =¢ v. For xx11,
recall that w =1 v is equivalent to w =¢ v and Rw =} Rv. Consequently, xx+1 defines

(k + 1)-bisimilarity on points under the assumption that xj defines k-bisimilarity on teams.

Finally, xj(a, ) checks T,, = T3 as follows. If at least one of these teams is empty,
then it is easy to see that xj acts correctly. For non-empty T;, and T, the idea is to isolate
any single point z € T, U T that serves as a counter-ezample against [T, ]x = [T3]x by, say,

[2]k € [T8]x \ [Talk. We erase T \ {z} from T using the disjunction V, as T\ {2} F a @ 3.

The remaining team is exactly 7%, in which Hiﬂéxk(a,ﬁ) fails (see Figure 2). The case
(2] € [Talk \ [T3]x is detected analogously. Moreover, the formulas can be constructed in

logspace in a straightforward manner, and md(xx) = md(x;) = k. <

Let us again stress that y; implements only an approzimation of =y, as it relies on
scopes to be labeled in the structure correctly.

5 Enforcing a canonical model

As discussed before, we now aim at constructing an MTLg-formula that is satisfiable but
permits only k-canonical models. For k = 0, Hannula et al. [13] defined the PTL-formula

max(X) := ~ \/ =(x)
zeX

and proved that T F max(®) if and only if T is O-canonical, i.e., contains all Boolean
assignment over ®. We generalize this for all k, i.e., construct a satisfiable formula canony
that has only k-canonical models.

Staircase models

Our approach is to express k-canonicity by inductively enforcing i-canonical sets of worlds
for i =0,...,k located in different “height” inside the model. For this purpose, we employ
distinct scopes sg, ..., 5k (“stairs”), and introduce a specific class of models:

» Definition 5.1. Let k,7 > 0 and let (IC, T') be a Kripke structure with team, C = (W, R, V).
A team T is k-canonical with offset i if for every 7 € Ay, there exists w € T with [Riw]x = {7}.

(K,T) is called k-staircase if for all i+ € {0,...,k} we have that T, is i-canonical with
offset k — 1.

30:11
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A 3-staircase for ® = () is depicted in Figure 3, which is easily adapted for ® # () and
arbitrary k. In particular, it is a directed forest, which means that its underlying undirected
graph is acyclic and all its worlds are either roots (i.e., without predecessor) or have exactly
one predecessor. Moreover, it has bounded height, where the height of a directed forest is
the greatest number h such that every path traverses at most h edges.

» Proposition 5.2. For each k > 0, there is a finite k-staircase (KC,T) such that sq, ..., Sk
are disjoint scopes in K, and K is a directed forest with height at most k and its set of roots
being exactly T.

Observe that a model being a k-staircase is a stronger condition than k-canonicity.

» Corollary 5.3. Every satisfiable MTLy-formula has a finite model (K, T) such that K is a
directed forest with height at most k and its set of roots being exactly T .

Enforcing canonicity

In the rest of the section, we illustrate how a k-staircase can be enforced in MTL inductively.

For & = §, the inductive step — obtaining (k + 1)-canonicity from k-canonicity — is
captured by the formula V& 3}3 Ox; (e, B). It states that for every subteam T C T, there
exists a point w € Ty such that [RT'], = [Rw]k. Intuitively, every possible set of types is
captured as the image of some point in Ts. As a consequence, if T}, is k-canonical with offset
1, then T will be (k + 1)-canonical.

Note that the straightforward formula (0¥*max(®) expresses O-canonicity of R¥T', but not
0-canonicity of T with offset k (consider, e.g., a singleton T'). Instead, we use the formula

max-off;(3) := f — (()i'l' A (Dimax({))) A Vé Di/\ :(p)>.

ped

It states that R'T} is O-canonical, but that R'w admits only one propositional assignment
for each w € T. In this light, k-canonicity with offset 4 is altogether defined as follows:

pb(B) == 35 max-off;(53)
Phyr(, 8) = V5 35 (ph(8) A OV} Oxji(a, B))

k
canony, := pk(sp) A /\ P (S 1, 5m)
m=1

» Theorem 5.4 (x). Let k > 0. The formula canony is an MTLy-formula and constructible
in space O(log(|®| + k)).

Moreover, if K is a Kripke structure with disjoint scopes sq, . . ., 5k, then (K,T) F canony
if and only if (K, T) is a k-staircase.

Proof sketch. By induction on k. We sketch the induction step.

Suppose T, is k-canonical with offset i + 1. For each S C T,, the formula p};_i_l(oz,ﬁ)
quantifies a subteam U C T} that is 0-canonical with offset ¢. Additionally, it also forces all
points in R‘U (and hence at least one point of every O-type) to mimic the k-types of RiT1S
in all points of their image. Together, this results in (k 4 1)-canonicity with offset i. <

It remains to demonstrate that the restriction of the s; being scopes a priori can be
omitted, since we can, in a sense, define it in MTL as well. For this, let ¥ C PS be disjoint
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from ®. Then the formula below ensures that ¥ is a set of disjoint scopes “up to height k7,
which is sufficient for our purposes.

k
scopes, (V) := /\ =z Ay) A /\ ((ac AOZ)V (~x A Di—w)).

r,ycv i=1
z#yY

» Lemma 5.5. If ¢ € MTLy, then ¢ is satisfiable if and only if p AOFF L is satisfiable.

Proof. As the direction from right to left is trivial, assume that ¢ is satisfiable. By Corol-
lary 5.3, it then has a model (IC,T) that is a directed forest of height at most k. But then
(K,T) E O L since RFFIT = () and (K, 0) satisfies all ML-formulas, including L. <

» Theorem 5.6. canon; A scopes,({5o,...,5:}) A OFL L is satisfiable, but has only k-
staircases as models.

Proof. By combining Proposition 5.2, Theorem 5.4 and Lemma 5.5, the formula is satisfiable.
Since in every model (K, T') the propositions s, ..., s, must be disjoint scopes due to (OF*!
and scopes,,, we can apply Theorem 5.4. <

Let us stress that the formula canon; is again only an approximation of k-canonicity,
since the scopes sg, ..., 5,1 are necessary for the construction as well. However, both
and canony being efficiently constructible is crucial for our main result in the next section.

6 Complexity lower bounds

In this section, we provide the matching lower bounds for Theorem 3.8 and Corollary 3.9:

» Theorem 6.1. SAT(MTL) and VAL(MTL) are complete for TOWER(poly). For all k > 0,
SAT(MTLy) and VAL(MTLy,) are complete for ATIME-ALT (expy,, 1, poly).

The above complexity classes are complement-closed, and MTL and MTLy are closed
under negation. For this reason, it suffices to consider SAT(MTL) and SAT(MTLy). Moreover,
the case k = 0 is equivalent to SAT(PTL) being ATIME-ALT (exp, poly)-hard, which was
proven by Hannula et al. [14]. Their reduction works in logarithmic space.

Consequently, the result boils down to the following lemma:

» Lemma 6.2. If L € TOWER(poly), then L <% SAT(MTL).
Ifk>1 and L € ATIME-ALT (exp,,, ;, poly), then L <!%¢ SAT(MTLy,).

We devise for each L a reduction x — ¢, such that ¢, is a formula that is satisfiable if and
only if x € L. By assumption, there exists a single-tape alternating Turing machine M that
decides L (for L € TOWER(poly), w.l.o.g. M is alternating as well). Then M = (Q,T,J),
where @ is the disjoint union of Q3 (exzistential states), Qv (universal states), Qacc (accepting
states) and Qi (rejecting states). Also, Q) contains some initial state go. I' is the finite tape
alphabet, b the blank symbol, and  the transition relation.

We design ,, in a fashion that forces its models (K, T') to encode an accepting computation
of M on z. Let us call any legal sequence of configurations of M (not necessarily starting
with the initial configuration) a run. Then, similarly as in Cook’s famous theorem [5], we
encode runs as square “grids” with a vertical “time” coordinate and a horizontal “space”

coordinate in the model, i.e., each row of the grid represents a configuration of M.
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W.lo.g. M has runtime at most N and tape cells {1,...,N}. A run of M is then a
function C: {1,...,N}?> = T U(Q xT'). In M’s initial configuration, for instance, we have
C(1,1) = (g0, 1), C(i,1) = x; for 2 < i <n,and C(i,1) =b for n <i < N.

Due to the semantics of MTL, such a run must be encoded in (K, T') very carefully. We let
T contain N2 worlds w;, ; in which the respective value of C(i, j) is encoded in a propositional
assignment. However, we cannot simply pursue the standard approach of assembling a
large N x N-grid in the edge relation R in order to compare successive configurations; by
Corollary 5.3, we cannot force the model to contain R-paths longer than |¢,].

Instead, to define grid neighborship, we let w; ; encode ¢ and j in its type. More precisely,
we impose a linear order < on Ay that is defined by an MTLg-formula (. Then, instead
of using O and ¢, we examine the grid by letting (; judge whether a given pair of worlds
is deemed (horizontally or vertically) adjacent. Analogously to xj, we also define an order
<} on teams via a formula (;. Since order is a binary relation, the formulas are once more
parameterized by two scopes:

GolorB) = \/ [(a= =) A B=p) A A\ (aV B) = =(q)]
peP qeP

Ck—‘—l(aaﬂ) = CO(CV7B) © (XO(aaﬂ) A DC;(OZ,B))

Crlo, B) == 3L, (Fhxw(sk: B)) A (~Fhxk(sk, @)
A (@ B) A @V B) v (Yhup~Gulsra v 8)) )

We refer the reader to the full paper [30] for the proof that there exist orders < and <j;
on Ay and P(Ay) that are defined by ¢; and ¢ in the following sense:

» Theorem 6.3 (x). Letk > 0, and (K,T) be a k-staircase with disjoint scopes «, 3, s, - . . , Sk
IfweT, andv € Tg, then

Tl‘jf E C(a,B) if and only if [w]g <k [v]k,
T F (Ga,B) if and only if [Ta]r <k [Ts]x-

Furthermore, both (i (, B) and (e, B) are MTLy-formulas that are constructible in space
O(log(k + |®] + [af 4 B]))-

Encoding runs in a team

Next, we discuss in more detail how runs C: {1,...,N}? - T'U (Q x I') are encoded in a
team T. Given a world w € T, we partition the image Rw with two special propositions
t¢ ® (“timestep”) and p ¢ @ (“position”). Then we assign to w the pair £(w) := (4, j) such
that [(Rw)]x—1 is the i-th element, and [(Rw)p]x—1 is the j-th element in the order <y _;.
We call the pair £(w) the location of w (in the grid).

Accordingly, we fix N := [B(Af_,)|. For the case of fixed k, M has runtime bounded by
expy1(g(n)) for a polynomial g. Then taking ® := {p1,...,py(n)} yields a sufficiently large
coordinate space, as

expyy 1 (9(n) = expy 1 (|®]) = 20P-1(2"1) < goxpia () — 9l = (A2 )]

by Proposition 3.5. Likewise, if in the second case M has runtime bounded by expy,,(1),
we let @ := ) and compute k := g(|z|) + 1, but otherwise proceed identically.
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Next, let Z be a constant set of propositions disjoint from ® that encodes the range of
C' via some bijection ¢: £ = T'U (Q x I'). If a world w satisfies exactly one proposition p
of those in Z, then we define c¢(w) := ¢(p). Intuitively, ¢(w) is the content of the grid cell
represented by w.

Using ¢ and ¢, the function C' can be encoded into a team T as follows. First, a team T
is called grid if every point in T satisfies exactly one proposition in =, and if every location
(i,5) € {1,...,N}? occurs as ¢(w) for some point w € T. Moreover, a grid T is called
pre-tableau if for every location (i,5) and every element p € = there is some world w € T
such that ¢(w) = (4,j) and w E p. Finally, a grid T is a tableau if any two elements w,w’ € T
with ¢(w) = £(w') also agree on E, i.e., c(w) = c¢(w').

Let us motivate the above definitions. Clearly, the definition of a grid 1" means that T’
captures the whole domain of C, and that ¢ is well-defined on the level of points. If T is
additionally a tableau, then c is also well-defined on the level of locations. In other words,
every tableau T induces a function Cr: {1,...,N}? — T'U(Q x I') via Cz(i,j) := c(w),
where w € T is arbitrary such that ¢(w) = (4, 7). Finally, a pre-tableau is, roughly speaking,
the “union” of all possible C. In particular, given any pre-tableau, the definition ensures
that arbitrary tableaus can be obtained from it by the means of subteam quantification 3<
(cf. p. 9).

A tableau T is legal if Cr is a run of M, i.e., if every row is a configuration of M, and if
every pair of two successive rows represents a valid §-transition.

The idea of the reduction is now to capture the alternating computation of M by nesting
polynomially many quantifications (via 3 and V<) of legal tableaus, of which each one
is the continuation of the computation of the previous one. For this purpose, we devise
formulas such as ¥pre-tableau () and Yiega1 () that express that Ty, is a pre-tableau, or a legal
tableau, respectively. These formulas rely on canony to achieve a sufficiently large team, and
on (i resp. ¢ for accessing adjacent grid cells in order to verify the transitions between
configurations.

Due to space constraints, we cannot present their implementation here. Instead, we refer
the reader to the appendix or the full version of the paper [30] for details.

7 Concluding remarks

In Theorem 6.1, we settled the open question of the complexity of MTL and established
TOWER(poly)-completeness for its satisfiability and validity problem. Likewise, the frag-
ments MTL, are proved complete for ATIME-ALT (expy,_ 1, poly), the levels of the elementary
hierarchy with polynomially many alternations.

As our main tool, we introduced a suitable notion of canonical models for modal logics
with team semantics. We showed that such models exist for MTL and MTLy, and that some
satisfiable MTLy-formulas of polynomial size have only k-canonical models.

Our lower bounds carry over to two-variable first-order team logic FO?(~) and its fragment
FO?(~) of bounded quantifier rank k as well [29]. While the former is TOWER (poly)-
complete, the latter is ATIME-ALT (exp,,, 1, poly)-hard. However, no matching upper bound
for the satisfiability problem of FO? (~) exists.

In future research, it could be useful to further generalize the concept of canonical models
for other logics with team semantics. Do logics such as FO%(N) permit a canonical model
in the spirit of k-canonical models for MTLy, and does this yield a tight upper bound on
the complexity of their satisfiability problem? How do MTL; and FOi(w) differ in terms of
succinctness?
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A Details of the reduction (Lemma 6.2)

In the appendix, we present our lower bound in detail:

» Lemma 6.2. If L € TOWER(poly), then L <9 SAT(MTL).
If k>0 and L € ATIME-ALT (exp;,, poly), then L <28 SAT(MTLy).

We describe the reduction z — ¢,. In what follows, let n := |z|. The correctness proof
for the reduction will be built on several claims. These claims are not hard to derive, and for
detailed proofs of all steps we refer the reader to the full version of the paper [30].

An discussed in Section 6, we choose to represent a location (7, ) in a point w as a pair
(A, A") by stipulating that A’ = [(Rw)¢]x—1 and A" = [(Rw)p]k—1, where t (“time”) and p
(“position”) are special propositions in PS \ ®. To access the two components of a encoded
location independently, we introduce the operator [g ¢ := (@ A =q) V ((a = q) A1), where
q € {t,p} and o € ML. It is easy to check that T"F [g 4 iff T} F ¢.

In order to compare the locations of grid cells, for q € {t,p} we define the formulas
93 (o, B), which tests whether the location in Ty, is less than the one in Tz w.r.t. its -
component (assuming singleton teams T, and Tj), and 2 («, ) which checks for equality
of the respective component:

VL (a, B) = O[G1¢ 1 (o, B) Y8(a, B) = OIg13xk-1(a, B)

For this purpose, % is built upon the formula ¢;_; from Theorem 6.3, while ¢ checks for
equality with the help of xj_; from Theorem 4.4.

» Claim (a). Let K be a structure with a team T and disjoint scopes a and .
Suppose w € Ty, and v € T, where L(w) = (iy, juw) and £(v) = (iy, ju). Then:

T&’f F ﬂ’tz(a»ﬁ) Sy =y Tg’f FYL(a,B) € juw = jo-
Moreover, if «, B, 80, .. .,5, are disjoint scopes in K and (K, T) is a k-staircase, then:
TOP B, B) & iy < iy ToE YR (o, B) © ju < jo-

Next, we construct formulas that check whether a given team is a grid, pre-tableau, or a
tableau, respectively. To check that every location (i, j) € {1,..., N}? of the grid occurs as
£(w) of some w € T, we quantify over all pairs (A’, A”) € P(A_1)%. To cover all these sets
of types we can quantify, for instance, over the images of all points of T,,. As we cannot
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pick two subteams from the same scope at once, we enforce a k-canonical copy TS;c of T;, in
the spirit of Theorem 5.4:

k
canon’ := /\ K (S 1, Sm) A Po(Sk—1,55)

» Claim (b). If so,...,5k, 8}, are disjoint scopes in IC, then (IC,T) E canon’ if and only if
(K,T) is a k-staircase and Ty, is k-canonical.

Moreover, canon’ A scopesy,({so, . - ., 5k, 5, }) ADFTLL is satisfiable, but is only satisfied by
k-staircases (IC,T) in which both Ty, and Ty, are k-canonical. Furthermore, both formulas
are constructible in space O(log(|®| + k)).

The next formulas define grids resp. pre-tableaus.

Ppair(@) = O [([¢ X1 (58, @)) A (15 Xi—1 (5%, @))]
Pgria(a) := (a — \/ e /\ ﬁe')) /\V1 Vl 3L Ypair (@)

e€= ez
e'#e

wpre-tableau( ) wgrld /\ vl Vl /\ 31 wpalr (Oé — 6))

ect

In all subsequent claims, we always assume that T is a team in a Kripke structure
such that (K, T) satisfies canon’ A [0F+1 1. Moreover, all stated scopes are always assumed
pairwise disjoint in K (as we can enforce this later in the reduction with scopesy(---)).

» Claim (c). T F ¢gra(a) if and only if Ty, is a grid and T E Ypre-tabican(@) if and only if
T, is a pre-tableau.

The other special case of a grid, that is, a tableau, requires a more elaborate approach to
define in MTL. The difference to a grid or pre-tableau is that we have to quantify over all
pairs (w,w’) of points in T, and check that they agree on Z if ¢(w) = ¢(w’). However, as

discussed before, while V! can quantify over all points in a team, it cannot quantify over pairs.

As a workaround, we consider not only a tableau T,, but also a second tableau that acts as a
copy of T,,. Formally, for grids T,,, T, let T, ~ T3 denote that for all pairs (w,w’) € T,, x T
it holds that ¢(w) = ¢(w’) implies ¢(w) = c(w’).

As ~ is symmetric and transitive, T, ~ T in fact implies both T, ~ T, and Ty ~ T, and
hence that both T, and T} are tableaus such that Cr, = Cr,, where Cr,,Cr,: {1,.. ., N}? —
I'U(Q x T') are the induced runs as discussed on p. 15.

wtablcau(a) = wgrid (05) A El»%g 'l/)grid (’70) A 7/’: (a; ’YO)
Un(eB) =9i5h ((WL(a.B) A vt 9) — Qv B) = o))

In the following claim (and in the subsequent ones), we use the scopes vo,71,72,... as
“auxiliary pre-tableaus”. Later, we will also use them as domains to quantify extra locations
or rows from. (The index of ~; is incremented whenever necessary to avoid quantifying from
the same scope twice.) For this reason, from now on we always assume, for sufficiently large

i, that T, is a pre-tableau. This can be later enforced in the reduction with ¥pre-tableau(7Vi)-

» Claim (d). T F ¢apiean(@) if and only if Ty, is a tableau.
For grids T, Tp, it holds T F ¥~ (av, ) if and only if T, = Tp.
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To ascertain that a tableau contains a run of M, we have to check whether each row indeed is
a configuration of M and whether consecutive configurations adhere to the transition relation
d of M. For the latter, in the spirit of Cook’s theorem [5], it suffices to consider all legal
windows in the grid, i.e., cells that are adjacent as follows, where ej1,...,eg € T U (Q x T'):

€1 €2 €3

€4 €5 €6

If, say, (¢,a,¢',a’,R) € Q xT' x Q x ' x {L, R, N} is a transition — M switches to state
¢’ from g, replacing a on the tape by a’, and moves to the right — then the windows obtained
by setting e; = e4 = b, ea = (q,a), e5 = d’, e3 =, eg = (¢, V') are legal for all bt € T.
Using this scheme, § is completely represented by some constant finite set win C =6 of tuples
(e1,...,eq) that represent the allowed windows in a run of M.

Let us next explain how adjacency of cells is expressed. Suppose that two points w € Ty,
and v € T are given. That v is the immediate (t- or p-)successor of w then means that no
element of the order exists between them. Simultaneously, w and v have to agree on the
other component of their location, which is expressed by the first conjunct below. Formally,
if qe {t,p} and g€ {t,p} \ {q}, then we define:

gucc(aaﬁ) = wi(a?ﬁ) A ¢fl< (a7ﬁ) A Naflyo (wi(aa’YO) A ¢l (’707 B))
» Claim (e). If w e T, and v € Tg, then:
T E huee(@, ) & 3i,j € {1,...,N}: £(w) = (i, j) and €(v) = (i + 1, j)
To F (@, ) & 3i,j € {1,...,N}: £(w) = (i, §) and €(v) = (i,j + 1)

succ

In this vein, we proceed by quantifying windows in the tableau T, by quantifying elements
from siz tableaus 7T',,,...,T,, that are copies of T,,. For this purpose, we abbreviate

B0 =35, gria (i) Aba(, %) A

Intuitively, under the premise that 7., is a pre-tableau and T, is a tableau, it “copies the
tableau T, into T',,” by shrinking T, accordingly. This is proven analogously to Claim (d).
The next formula states that the picked points are adjacent as shown in the picture below:

Gwindow (V1 5%6) =\ Bluce(VirVi43) A Vhuce(71,72) A Bhce(V2,73)
i€{1,2,3}

Based on the above two, the formula defining legal tableaus follows.
1plegal(a) = '(/)tableau(a) A 3:71& te H:ZQ 91 A2 A3

We check that no two distinct cells in any row both contain a state of M:
Oy =V V2, (W;(W’hw) AR (11,72)) —

/\ N((’Yl ¢ Hai,a1)) A (2 = ¢ Hga, aQ)))

(g1,a1),(g2,a4)€EQXT

We also check that every row contains a state. Intuitively, V}h fixes some row and El,ly2 P (v1,72)
searches that particular row for a state:

=¥, 3, vt n @) (e eaa)
(g,)€QxT
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Finally, every window must be valid:

6
7-93 = vrlyl e vrly(; (wwindow(’yla e 7’76) - @ /\('71 — 61))
1

(e1,.--,e6)EWin =
» Claim (f). T F Yegai(c) iff Tw is a legal tableau, i.e., Cr, exists and is a run of M.

To now encode the initial configuration on input x = x; - - - z,, in a tableau, we access the
first n cells of the first row and assign the respective letter of x, as well as the initial state to
the first cell. Moreover, we assign b to all other cells in that row. For each q € {t,p}, we can
check whether the location of a point in T}, is minimal in its g-component:

min (@) = ~3 9% (70, )

This enables us to fix the first row of the configuration:

7/}illput(a) = 3:1(1 e El::il 3’171 T El}y,, ;tnin(’yl) A 1/)1'11111(71) A (71 — Cil(qoa xl))

/\ lbsucc(%—la%) A (71 — Cil(zi))

1=2
AL ((wé(%mnﬂ)) AYE (Yny s1)) = (g1 = c‘l(b)))

» Claim (g). Let T,, be a tableau. Then T E ipu(c) if and only if Cr, (1,1) = (qo, 1),
Cr, (1,i) =x; for2 <i<mn, and Cr (1,7) =b forn <i < N.

Until now, we ignored the fact that M alternates between universal and existential
branching polynomially often. To simulate this, we quantify polynomially many tableaus in
an alternating fashion, each containing a part of the computation of M.

Each of these tableaus should possess a tail configuration, which is the configuration
where M either accepts, rejects, or alternates from existential to universal branching or vice
versa. Formally, a number ¢ € {1,..., N} is a tail index of C if there exists j such that either
1. C(i,j) has an accepting or rejecting state,

2. or C(i,7) has an existential state and and there are i’ < ¢ and j' with a universal state in

(i, ),

3. or C(i,7) has a universal state and there are i’ < i and j/ with an existential state in

c@, 5.

The least such i is called first tail index, and the corresponding configuration is the first tail
configuration.

The idea is that we can split the computation of M into multiple tableaus if any tableau
(except the initial one) contains a run that continues from the previous tableau’s first tail
configuration.

We formalize the above as follows. Assume that Ty, is a tableau, and that T = {w} with
(w) = (i,7) for some i. Then the formula . (e, B) is meant to be true if and only if the
i-th row of Cr, is a tail configuration. Roughly speaking, with the parameters a and 8 we
pass to Y@, 8) a tableau (viz. T,) and the index of a row (viz. 7). By using the shortcut

Q'-state(B) := @(5 — ¢ Y(q,a)),
(g,0)€Q’'XT

we check if a given singleton T3 = {w} encodes an accepting, rejecting, existential, universal,
or an arbitrary state by setting @’ to Qacc, Qrej, @3, @v or Q, respectively. As a result, we
can define:

Yhirst-tail (@, B) 1= Yeait (@, B) A NE'lyl (7/’:(717 B) A wcaﬂ(a,’h))
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Uiail (o, B) = 3,700‘ Eli YL(a, B) A Q-state(a) A [Qaec—state(a) @ Qrej-state(a) @
& (wl (70, @) A (Q3-state(a) A Qv-state(7p)) @ (Qv-state(a) A Q;—state(*yo))ﬂ

» Claim (h). Suppose that Ty, is a tableau, Tg = {w}, and {(w) = (i, 7).
Then T E (e, B) if and only if i is a tail index of Cr,; and T F Yfipst-tai(cs, B) if and
only if i is the first tail index of C'r, .

Formally, given a run C of M that has a tail configuration, C' accepts if the state ¢ in its
first tail configuration is in Qacc, C' rejects if ¢ € Qrej, and C' alternates otherwise. That a
run of the form Cr, accepts resp. rejects is expressed by

1l)acc(a) = 3720( El}m Qacc'State(’YQ) A wﬁrst—tail(a7 ’72)7
Yrej (@) = El:;l E|,1Y2 Qrej‘State(’YZ) A Vfirst-tail (@, 72).-

In this formula, first the tableau Ty, is copied to T, to extract with 3! the world
carrying an accepting/rejecting state, while ¥g,sttail (v, 72) ensures that no alternation or
rejecting/accepting state occurs at some earlier point in Cr, . If the first tail configuration of
the run contains an alternation, and if the run was existentially quantified, then it should be
continued in a universally quantified tableau, and vice versa. The following formula expresses,
given two tableaus Ty, T3, that C'r, is a continuation of Cr,, i.e., that the first configuration
of Cr, equals the first tail configuration of C'r, . In other words, if i is the first tail index of
Cr,, then Cr, (i,j) = Cr,(1,7) for all j € {1,...,N}.

'l/)cont (Oé, /6) = 3}72 wﬁrst—tail(a, '}/2) A VéV}g
|:( Itnln(ﬁ) A wtz(aa’)é) A ¢§(a7ﬁ)) - /\ (Oé \Y B) — :(e)

ecE

The above formula first obtains the first tail index ¢ of Cr, and stores it in a singleton
y € Ty,. Then for all worlds w € T, and v € T, where v is t-minimal (i.e., in the first row)
and w is in the same row as y, and which additionally agree on their p-component, the third
line states that w and v agree on =. Altogether, the i-th row of Cr, and the first row of Cr,
then have to coincide.

The number of alternations is polynomially bounded, i.e., M performs at most r(n) — 1
alternations for a polynomial r. In other words, we require at most r = r(n) tableaus, which
we call ai,...,a,. In the following, the formula %4, ; describes the behaviour of the i-th
run. W.l.o.g. 7 is even and ¢y € 3. We may then define the final run by

Grang = 95, [ (V1egat(@r) A Yeont(@r1,00) ) = (~Mrei(@r) A thucelan) ).
For 1 < i < r and even i, let

Yruni 1= V5, | (Vregar(@) A toons (@im1,00)) = (~rei (06) A (o) @ Yruninn) )
and for 1 <7 < r and odd ¢

runs = 3, [Yregar (@5) A eons (@i1,00) A~y (@5) A (Vace @) @ Wi ) |-

Analogously, the initial run is described by

wrun,l = Elgl (wlegal(al) A q/}input (al) A Nwrej (al) A (wacc(al) @ ¢run,2>)
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Let us state the set ¥ C PS of all relevant scopes and the set ¥/ C ¥ of scopes that
accommodate pre-tableaus:

U={s |0<i<k}U{sp} U{v|0<i<n+1} U {a;|1<i<r}

Ui={y]0<i<n+1}U{a;|1<i<r}

W.lo.g. n > 5, as v1,...,7 are always used. Then we ultimately define

0, 1= canon’ A scopes; (V) A /\ Ypre-tableau(P) A Yrun 15
pew’

which is an MTLg-formula since we deliberately omitted the conjunct O0**1 L here. However,
by Lemma 5.5, ¢, is satisfiable if and only if ¢, AO**! L is satisfiable. Finally, it is not hard
using the above claims to prove that ¢, A OFF! L is satisfiable if and only if M accepts .
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