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Abstract

An axiomatic approach is applied to the problem of extracting a ranking of
the alternatives from a pairwise comparison ratio matrix. The ordering induced
by row geometric mean method is proved to be uniquely determined by three
independent axioms, anonymity (independence of the labelling of alternatives),
responsiveness (a kind of monotonicity property) and aggregation invariance, which
requires the preservation of group consensus, that is, the pairwise ranking between
two alternatives should remain unchanged if unanimous individual preferences are
combined by geometric mean.
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1 Introduction

Preferences of decision makers are often represented by pairwise comparisons when numer-
ical answers to questions like "How many times alternative i is better than alternative 57’
are collected into a positive reciprocal matrix (Saaty, 1980). The basic issue in this field is
to derive weights from a given set of comparisons, which can be used for measuring the
importance of certain decision options, or for determining a ranking of the alternatives.
Naturally, the assignment of weights is not necessarily based on the pairwise comparisons
paradigm (see, e.g., Janicki and Soudkhah (2014)), even though we will use this approach
throughout the paper.
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Since one can choose among a plethora of weighting methods, an axiomatic approach is
worth to consider for this purpose. Introduction and justification of reasonable properties
may reveal the advantages and disadvantages of certain procedures, and the axioms may
even characterize, uniquely determine the weights.

Probably the first work on this topic, Fichtner (1984) characterized the row geometric
mean — sometimes called logarithmic least squares — method (Rabinowitz, 1976; Crawford
and Williams, 1980, 1985; De Graan, 1980) by using four axioms, correctness in the
consistent case, comparison order invariance, smoothness and power invariance. Further-
more, the eigenvector method (Saaty, 1980) is uniquely determined by correctness in the
consistent case, comparison order invariance, smoothness and rank preservation (Fichtner,
1986), that is, it can be obtained with changing only one property in the previous result.

From this set of axioms, correctness in the consistent case and comparison order
invariance are almost impossible to debate. Nevertheless, there exists a goal-programming
method satisfying power invariance and a slightly modified version of smoothness besides
these two basic axioms, which possesses the additional property that the presence of a
single outlier cannot prevent the identification of the correct priority vector (Bryson, 1995).
Cook and Kress (1988) approached the problem by focusing on distance measures in order
to get another goal programming method on an axiomatic basis.

Smoothness and power invariance can be entirely left out from the characterization of
the row geometric mean method. Barzilai et al. (1987) substitute them with a consistency-
like axiom by introducing two procedures which are required to result in the same preference
vector: (1) some pairwise comparison matrices are aggregated to one matrix and the
solution is computed for this matrix, (2) the priorities are derived separately for each matrix
and combined by the geometric mean. We think it is not a simple condition immediately to
adopt. Barzilai (1997) replaced this axiom and comparison order invariance with essentially
demanding that each individual weight is a function of the entries in the corresponding row
of the pairwise comparison matrix only. Joining to Dijkstra (2013), we are also somewhat
uncomfortable with this premise. Csatd (2018c¢) characterizes row geometric mean by
assuming the weight vector to be independent of an arbitrary multiplication of matrix
elements along a 3-cycle by a positive scalar.

To conclude, the problem of weight derivation seems to be not finally settled by previous
axiomatizations. Therefore we want to provide a characterization of the row geometric
mean ranking from the perspective of group decision making.

Focusing on the ranking is a departure from the existing literature, which requires
some explanation. First, similarly to the case of inconsistency indices (Csatd, 2018a,b), our
setting probably makes the axioms more easy to motivate and the result to understand.
Second, weighting methods are often used only to determine a ranking of the alternatives
(Saaty and Hu, 1998). Third, the main result essentially depends on an axiom called
aggregation invariance (Csatd, 2017), that is, the pairwise ranking between two alternatives
should remain unchanged if unanimous individual preferences are combined by geometric
mean. According to our knowledge, this property does not have an equivalent form for
ratings, while similar conditions have been extensively used in social choice theory (Young,
1974; Nitzan and Rubinstein, 1981; Chebotarev and Shamis, 1998; van den Brink and
Gilles, 2009; Gonzalez-Diaz et al., 2014; Csat6, 2018d,e). Furthermore, since the exact
meaning of aggregation invariance is determined by the aggregation procedure of pairwise
comparison matrices, our axiomatization practically follows from the central work of Aczél
and Saaty (1983) on synthesizing ratio judgements.

Other axioms used in the characterization are relatively straightforward: anonymity



is probably the most natural independence property, while responsiveness is a standard
monotonicity condition directly implied by the representation of decision makers’ prefer-
ences.

Presenting an axiomatic characterization does not mean that we accept all properties
involved as wholly justified and unquestionable. However, if one agrees with our axioms,
then geometric mean remains the only choice. Consequently, using any other method
requires explaining the violation of at least one axiom.

The paper has the following structure. Section 2 defines pairwise comparison matrices,
weighting and ranking methods. Section 3 recalls the axioms introduced in Csaté (2017),
and presents three new properties. Some connections among these requirements are
revealed in Section 4. Section 5 analyses the rankings induced by the eigenvector and
row geometric mean methods with respect to the axioms. Section 6 provides the main
result, a characterization of the row geometric mean ranking. Finally, our contributions
are summarized in Section 7.

2 Preliminaries

Let R and R*" be the set of positive (with all elements greater than zero) vectors of size
n and matrices of size n X n, respectively. Let N = {1,2,... n} be the set of alternatives.

Definition 2.1. Pairwise comparison matriz: Matrix A = [a;;] € R is a pairwise
comparison matriz if a; = 1/a;; for all 1 < 4,7 <n.

The set of pairwise comparison matrices of size n x n is denoted by A™*".

Let 1 € A" be the pairwise comparison matrix with all of its elements equal to 1.

A pairwise comparison matrix A € A™*" is said to be consistent if a;; = a;ja;; for all
1 <1,7,k <n. Otherwise, it is inconsistent.

Definition 2.2. Weight vector: Vector w = [w;] € R} is a weight vector if Y7, w; = 1.
The set of weight vectors of size n is denoted by R".
Definition 2.3. Weighting method: Mapping f : A™*" — R™ is a weighting method.

A weighting method assigns a weight vector to every pairwise comparison matrix.

Several weighting methods have been suggested in the literature, see Choo and Wedley
(2004) for an overview. We discuss only two of them, which are probably the most popular.
The eigenvector method has also been addressed in the paper that introduced the crucial
axiom of our characterization (Csato, 2017). The row geometric mean method is in the
focus of the discussion.

Definition 2.4. Eigenvector method (EM) (Saaty, 1980): The eigenvector method is the
mapping A — wZM(A) such that

AWM (A) = A WM (A),

where A\.x denotes the maximal eigenvalue, also known as principal or Perron eigenvalue,
of (positive) matrix A.



Definition 2.5. Row geometric mean method (RGM) (Rabinowitz, 1976; Crawford and
Williams, 1980, 1985; De Graan, 1980): The row geometric mean method is the mapping
A — wlSM(A) such that the weight vector wf“M(A) is the unique solution of the

following optimization problem:
[log aij — log (Zﬂ . (1)
=1 =1 W

RGM seeks for a weight vector that generates the consistent pairwise comparison
matrix which is the closest to the pairwise comparison matrix A if the metric of logarithmic
least squares is applied. Therefore it is often called the logarithmic least squares method.

The name row geometric mean originates from the formula of the solution to (1), which

min
wWER™ 5

is
noglm

wfM(A) = =

2 =1 [ ay

Weighting methods are often used to derive a ranking of the alternatives. Ranking >
is a weak order on the set of alternatives N, so it is complete (for all 4,7 € N: ¢ = j or
i = 7) and transitive (for all i, 7,k € N: i = j and j > k implies i > k).

The asymmetric and symmetric parts of a ranking > will be written as > and ~,
respectively: ¢ > j if and only if 7 = j and not j = 4, ¢ ~ j if and only if ¢ > j and j = 1.

The set of possible rankings on n alternatives is denoted by 23".

Definition 2.6. Ranking method: Mapping g : A"*"™ — R" is a ranking method.

A ranking method assigns a ranking of the alternatives to every pairwise comparison
matrix. We use the convention that >% is the ranking assigned by ranking method g for
pairwise comparison matrix A € A™*".

All weighting methods induce a ranking method, for instance:

e the eigenvector ranking method is denoted by =FM where i =& j if and only if
wiM(A) = wiM (A);

e the row geometric mean ranking method is denoted by =M where i =8“M j if

and only if w/*“M(A) > wlM(A).

i

3 Axioms

The six properties discussed here concern ranking methods, that is, they only deal with
the relative importance of alternatives. Some earlier works have used similar axioms
for rankings. Saaty and Vargas (1984) introduce the properties strong and weak rank
preservation. Genest et al. (1993) examine the effect of a coding parameter for ordinal
preferences on the ordering of alternatives from EFM. Csat6 and Rényai (2016) discuss a
condition on the ranking of alternatives derived from an incomplete pairwise comparison
matrix. Pérez and Mokotoff (2016) show an example of strong rank reversal in group
decision making by EM.
First, let us briefly recall three axioms from Csaté (2017).

Axiom 3.1. Anonymity (ANO): Let A = [a;;] € A™*" be a pairwise comparison matrix,
o : N — N be a permutation on the set of alternatives, and o(A) = [o(a);;] € A™" be
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the pairwise comparison matrix obtained from A by this permutation such that o(a);; =
Us(i)o(j)- Ranking method g : A" — R" is anonymous if i =3 j <= o(i) ig(A) a(7)
forall 1 <i,5 <n.

ANO demands the ranking of alternatives to be independent of their labels, which is
important because the 'names’ of the alternatives can be arbitrary. This property was used
under the name comparison order invariance by Fichtner (1984) for weighting methods.

Definition 3.1. Aggregation of pairwise comparison matrices: Let AN = {ag)} e AV,

AR = [ag)} e A AW = [al(-f)] € A™" be any pairwise comparison matri-
ces. Their aggregate is the pairwise comparison matrix A @ A®@ @ ... ¢ AW =
[kag)agy”a% c Anxn

Aggregation is equivalent to taking the geometric mean of all corresponding matrix
elements. Aczél and Saaty (1983) show geometric mean to be the only reasonable ag-
gregation procedure, the unique quasiarithmetic mean satisfying reciprocity and positive
homogeneity. According to reciprocity, the aggregated matrix is a pairwise comparison
matrix, too, while positive homogeneity means that multiplying all individual preferences
by the same positive scalar leads to an appropriate change in the aggregated preferences.

Axiom 3.2. Aggregation invariance (AI): Let AW, A A® ¢ A"*" be any pairwise
comparison matrices. Let g : A"*" — QR" be a ranking method such that i =9 ., j for
all 1 < ¢ < k. g is called aggregation invariant if i tim@A(g)@“@A(k) 7, furthermore,
i >i<1)@A<2>@..@A(k> g if i =%« j for at least one 1 < ¢ < k.

Al is an intuitive condition of group decision making: if individuals unanimously agree
that alternative ¢ is not worse than 7, this relation should be preserved when their opinions
are combined, i.e., it should also be reflected by the collective preferences.

Note that aggregation invariance does not allow for different weights of decision makers.
However, if the weights are rational numbers, then A is equivalent to this more general
requirement.

Pérez and Mokotoff (2016) introduced a weaker property called group-coherence for
choice where alternative ¢ should have the highest priority in each pairwise comparison
matrices.

Definition 3.2. Opposite of a pairwise comparison matriz: Let A = [a;;] € A™*" be a
pairwise comparison matrix. Its opposite is the pairwise comparison matrix A~ € A"*"
such that a;; = 1/a;; = ay; for all 1 < i, 5 < n.

Taking the opposite is equivalent to reversing all preferences of the decision-maker,
and transposing the original pairwise comparison matrix.

Axiom 3.3. Inversion (INV): Let A € A"*" be a pairwise comparison matrix. Ranking
method g : A" — R" is invertible if i =% j <= i < _jforall 1 <i,j<n.

Inversion implies that a reversal of all preferences changes the ranking accordingly.
An equivalent version of INV for weighting methods has been implicitly investigated in
Johnson et al. (1979), and introduced under the name scale inversion in Barzilai (1997).
An analogous axiom is invariance under inversion of preferences for inconsistency indices
(Brunelli, 2017), which requires the inconsistency of an arbitrary pairwise comparison
matrix and its opposite to be the same.

The three properties below are probably first presented here.



Axiom 3.4. Rational scale invariance (RSI): Let A, A" € A™™ be two pairwise
comparison matrices such that al(;”) = af; forall 1 <14,7 < nand k € Qy is a positive
rational number. Ranking method g : A™" — R" is called rational scale invariant if

imR ] = 0 T

Rational scale invariance is an adaptation of power invariance (Fichtner, 1984) for
ranking methods: the ordering of the alternatives does not change if a different scale is
used for pairwise comparisons. For example, when only two verbal expressions, 'weakly
preferred’ and ’strongly preferred’ are allowed, the ranking is required to be the same if
these preferences are represented by values 2 and 3, or 4 and 9, respectively. This property
has been implicitly investigated in Genest et al. (1993).

RST demands the invariance only in the case of a positive rational exponent. Naturally,
one can define it for all positive real numbers, but this weaker form will be enough for us.

Axiom 3.5. Independence of irrelevant comparisons (I1C): Let A, A" € A" be two
pairwise comparison matrices and 1 < 4, j, k, ¢ < n be four different alternatives such that
A and A’ are identical but aj, # axe (aj, # an). Ranking method g : A™*" — R" is
called independent of irrelevant comparisons if i =% j <= i =%, j.

IIC implies that 'remote’ comparisons — not involving alternatives ¢ and j — do not
affect the pairwise ranking of 7 and j. It has a meaning if n > 4. Analogous axioms are
extensively used in social choice theory, for example, in Arrow’s impossibility theorem
(Arrow, 1950).

Sequential application of independence of irrelevant comparisons may lead to any
pairwise comparison matrix A € A™", for which @z, = ag if {g,h} N {i,5} # 0, but all
other elements are arbitrary.

Axiom 3.6. Responsiveness (RES): Let A;A’ € A™™ be two pairwise comparison
matrices and 1 < i,j < n be two different alternatives such that A and A’ are identical
but aj; > a;; (aj; < a;). Ranking method g : A™" — R is called responsive if
iR =00 ]

Responsiveness is a natural monotonicity condition, similar to positive responsiveness
(van den Brink and Gilles, 2009) and positive responsiveness to the beating relation
(Gonzalez-Diaz et al., 2014): if alternative 7 is ranked at least as high as alternative j,
then it should be ranked strictly higher when their comparison a;; changes in favour
of alternative i. An analogous axiom monotonicity on single comparisons is used for
inconsistency indices by Brunelli and Fedrizzi (2015), where the authors provide a further
discussion of its origin.

To conclude, all of our six axioms have a parallel version in different topics such as
social choice theory or measurement of inconsistency.

4 Implications among the axioms
In this section, some implications among properties presented in Section 3 will be revealed.
Lemma 4.1. ANO and Al imply INV .

Proof. Let g : A™*™ — 9R" be a ranking method satisfying ANO and AI. Assume to
the contrary that there exist alternatives ¢ and j with a pairwise comparison matrix A



such that ¢ =% j and ¢ =% _ j. Consider the aggregated pairwise comparison matrix
A + A~ = 1. Anonymity implies ¢ ~§ j, while aggregation invariance leads to i =9 j, a
contradiction. See also Csat6 (2017, Lemma 4.1). O

Remark 4.1. ANO and INV do not imply Al.

Remark 4.1 is verified by a counterexample.

Example 4.1. Consider the ranking method based on arithmetic means: g : A™*" — R"
such that ¢ =% j if Y} jauw > Y} aj It is anonymous and invertible, but not
aggregation invariant as the following matrices show:

1 4 4 1 1/4 4
AV =11/4 1 9 and A@ =1 4 1 1 |, therefore
1/4 1/9 1 1/4 1 1
1 1 4
B=AYVgpA® =] 1 1 3
1/4 1/3 1

Here 1 <9 1) 2 because of Y73, al) =9<1025 =57, al) and 1 <A@ 2as Y al?) =

5.25 < 6=3"_,a%)), but 1 =% 2 since Y0, by = 6 > 5 = 30, boy.

Remark 4.2. AI and INV do not imply ANO.

Remark 4.2 is verified by a counterexample.

Example 4.2. Consider the ranking method based on the first column: g : A" — R"
such that ¢ =% jif a;; > a;1. It is aggregation invariant and invertible, but not anonymous.

Lemma 4.2. ANO and Al imply RSI.

Proof. Consider two pairwise comparison matrices A, A% € A™" and a ranking method
g : A" — R"™ with ¢ =% j. It can be assumed without loss of generality that x = k//
and 0 < k </, k,0 € Z. Then aj; = aZ/Z is the geometric mean of k pieces of a;; and ¢ — &
pieces of 1 for all 1 < i, < n. In other words, A® =A@ ---GAG1®---P 1, where
the number of A-s is k& and the number of 1-s is k — £ in the aggregation. Since i = j
due to anonymity, ¢ tgA(ﬁ) 7 is implied by aggregation invariance, thus ¢ is rational scale
invariant. u

Note that the proof of Lemma 4.2 does not work directly if the exponent is allowed to
be irrational.
Remark 4.3. ANO and RSI do not imply Al.

Remark 4.3 is verified by a counterexample.
Example 4.3. Consider the ranking method based on the product of favourable compar-

isons: g : A™*™ — R" such that i =% j if it 051 @ik > HZ:Laijl a;. It is anonymous
and rational scale invariant, but not aggregation invariant as the following matrices show:

12 1/9 1 1/8 9
AWV =11/2 1 1 and A@ =1 8 1 1 |, therefore
9 1 1 1/9 1 1



1 1/2 1
B=ADVaoA®=| 2 1 1
1 1 1

Here 1 > ) 2 because 2 > 1 and 1 =% ) 2 as 9 > 8, but 1 <3 2 since 1 < 2.

Remark 4.4. AI and RS do not imply ANO.

Remark 4.4 is verified by a counterexample.

Example 4.4. Consider the ranking method based on the first column: g : A" — R"
such that ¢ =% j if a;; > aj;. It is aggregation invariant and rational scale invariant, but
not anonymous.

Lemma 4.3. ANO and AI imply 11C.

Proof. Assume to the contrary, and let A, B € A™*™ be two pairwise comparison matrices
and 1 <1, j,k,¢ <n be four different alternatives such that A and B are identical except
for by # age, furthermore, g : A" — R" is a ranking method with ¢ =% j but i <% j.

An anonymous and aggregation invariant ranking method is invertible according to
Lemma 4.1, hence i >%_ j. Denote by 0 : N — N the permutation o (i) = j, o(j) = 1,
and o(k) = k for all k # ¢, j. Anonymity leads to i >§(B) 4, while 4 if’,(A)_ j because of
ANO and INV.

Consider the pairwise comparison matrix C = A @& B~ @ 0(A)~ © o(B). Its elements
cgn, are as follows:

e {g,h} N{i,j} # 0: it can be assumed without loss of generality that g = i.

Then ¢;;, = {*/a,-h 1/ag, - 1/ajy - aj, = 1 since by, = aip, [0(a)],;, = ajn, and
[0(0)];1, = bjn =

d {g7h} N {Zvj} - @ and |{g7h} N {k7£}| S I: Cgh = dagh ' 1/a’gh ’ 1/a9h ’ agh =1
since by, = agp, [cr(a)]gh = agp, and [a(b)]gh = byp, = Qjp.

e [{g,h}N{k,(}| =2: it can be assumed without loss of generality that g = k and
h = ¢. Then Cry = dakg . 1/bk4 . 1/CLM . bkg =1.

Consequently, C = 1, hence anonymity implies i ~& j. However, i = j from aggregation
invariance, which is a contradiction. O

Remark 4.5. ANO and I1C' do not imply Al.

Remark 4.5 is verified by a counterexample.

Example 4.5. Consider the ranking method based on arithmetic means: g : A™*" — R"
such that i =% 7 if Y0, ay > >3, ajk. It is anonymous and independent of irrelevant
comparisons, but not aggregation invariant (see Example 4.1).

Remark 4.6. Al and I1C do not imply ANO.
Remark 4.6 is verified by a counterexample.
Example 4.6. Consider the ranking method based on the first column: ¢ : A™*" — R"

such that ¢ =% j if a;; > aj;. It is aggregation invariant and independent of irrelevant
comparisons, but not anonymous.



Figure 1: Relations between ANO, AI, and a third axiom

(a) Third axiom: INV
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~ -
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(b) Third axiom: RSI
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~ -

RST

(¢) Third axiom: IIC
ANO Al
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Main results of this section are summarized in Figure 1. On Figure 1.a, it can be
seen that area A is covered by the circle of axiom INV | in other words, ANO and Al
imply INV (Lemma 4.1). Furthermore, the sets denoted by B and C are non-empty
according to Remarks 4.1 and 4.2, respectively. Analogously, since ANO and Al imply
RSI (Lemma 4.2), area D on Figure 1.b is covered by the circle of axiom RS/, and the
sets denoted by E and F' are non-empty according to Remarks 4.3 and 4.4, respectively.
Finally, area GG on Figure 1.c is covered by the circle of axiom /IC' due to Lemma 4.3, and
the sets denoted by H and I are non-empty according to Remarks 4.5 and 4.6, respectively.

5 Analysis of two ranking methods

In the following, we continue the investigation of the ranking methods presented in
Section 2, with respect to Axioms 3.1-3.6.

Proposition 5.1. The eigenvector ranking method satisfies ANO but violates AI, INV,
RSI, and I1C.

Proof. See Csat6 (2017, Lemma 4.2) for ANO.
Violation of INV has been proved first probably in Johnson et al. (1979) and discussed
in Csaté (2017, Lemma 4.3). It implies the violation of Al because of Lemma 4.1.

For rational scale invariance, we use an example of Genest et al. (1993), adapted from
Kendall (1955):

L2 2 12 2 2 " 0.2286
/2 1 1/2 2 2 1/2 0.1430
_ | Y22 L 2 2 2 EM ~ ] 0.2102 _
A=1 /2 1/2 1 1/2 1/2 leads to W™ (A) = | " o0) | while
/2 12 12 2 1 2 0.1430
12 2 12 2 1/2 1 | 0.1430 |
1 4 4 1/4 4 4] [ 0.2640
1/4 1 1/4 4 4 1/4 0.1267
a4 1 4 44 - 0.2261
¥ = EM (A (2)) —
AV = 414 14 1 1/4 1/4 results in - w”" (A'Y) = 01207 |
/4 14 44 1 0.1267
[ 1/4 4 1/4 4 1/4 1 | 0.1267 |




therefore 2 =% 4 but 2 <¥ 4.

Breaking of I1C can be verified by the following matrices:

1 1 1 3 0.3254
11 21 o, e | 0.2855 .
A= L1211 leads to  w"" (A) = 0.2034 | while
/31 1 1 0.1858

1 1 1 3 0.2880

, 11 2 C mmoan | 02017
A’ = 12 1 4 results in - w”" (A') = 0.9855
1/3 1 1/4 1 0.1347

Pairwise comparison matrices A and A’ differ only in the comparison of alternatives 3
and 4, but 1 =&M 2 and 1 <EM 2. O

On the basis of Proposition 5.1, eigenvector ranking method is placed somewhere in the
region C' on Figure 1.a, in the region F' on Figure 1.b, and in the region I on Figure 1.c.

Proposition 5.2. The row geometric mean ranking method satisfies ANO, AI, INV,
RSI, IIC, and RES.

Proof. The anonymity of row geometric mean ranking is obvious.
Aggregation invariance: Take some palrvvlse comparlson matrices AW, AG®) AWK ¢

A" such that i =RGM 4, that is, Hm al >, Jm ) for all 1 < ¢ < k. It implies

\/He i Zm > \/Hk ) ]m7 Wthh is equivalent to i >_A(1)@A(2)@ SAK) 7. Fur-
thermore, if ¢ >—RGM j, that is, T > [ ) for at least one 1 < ¢ < k, then

A(Z) m=1 zm m=1 ]m

\/HZ IHm 1 zm > \/Hf 1Hm 1 jm? SO 1 >-A(1)69A(2)€B DA ) j
Inversion, rational scale invariance and independence of irrelevant comparisons: They
immediately follow from ANO and Al according to Lemmata 4.1, 4.2, and 4.3, respectively.
Responsiveness: Let A, A’ € A™*™ be two pairwise comparison matrices and 1 < i, 75 <
n be two different alternatives such that A and A’ are identical but a - > a;;. Assume that

>—RGM J, namely, [Tp_; aix > [Ti—q @k Then [T, al, > TTi—; aix > Hk 165k > Tli—y Jk,
therefore i =REM 5 O

On the basis of Proposition 5.2, row geometric mean ranking method is placed some-
where in the region A on Figure 1.a, in the region D on Figure 1.b, and in the region G
on Figure 1.c.

It is known that EM and RGM are equivalent if n < 3 (Crawford and Williams,
1985). Hence the counterexample for 77C' in Proposition 5.1 is minimal with respect to the
number of alternatives. However, it remains to be seen whether the eigenvector ranking
method satisfies RST for n =4 and n = 5.

The eigenvector ranking method is not analysed with respect to responsiveness here.

6 A characterization of the row geometric mean rank-
ing method

It has been presented in Section 5 that the ranking induced by row geometric mean is
compatible with the six properties introduced in Section 3. Lemmata 4.1, 4.2, and 4.3
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have also revealed that ANO and Al are powerful axioms. According to our central result,
they, together with RES, characterize this specific ordering.

Theorem 6.1. The row geometric mean ranking method is the unique ranking method
satisfying anonymity, aggregation invariance and responsiveness.

Proof. Row geometric mean ranking method satisfies ANO, Al and RES due to Proposi-
tion 5.2.

Take an arbitrary pairwise comparison matrix A € A™*" and an anonymous, aggrega-
tion invariant and responsive ranking method g : A"*"™ — R". It can be assumed without
loss of generality that 1 =E“M 2 because row geometric mean ranking satisfies ANO. It is
enough to show that 1 =% 2 and 1 =% 2 if 1 =E&M 2,

Assume that 1 ~FM 2 namely, [I7_y ai; = II}—; ag;. If n =2, then A =1, therefore
anonymity provides that 1 ~% 2.

For n > 3, the proof is based on the following idea. As a first step, some transformations
will be made in order to get a pairwise comparison matrix where the ranking according to
g can be deduced from anonymity in the second step, while in the third part it will be
proved that the pairwise ranking of alternatives 1 and 2 is not influenced by the previous
transformations. Only the anonymity and aggregation invariance of g will be used in this
process.

I. Consider the pairwise comparison matrix B € A™*" such that b;; = a;; and

byj = agj forall 1 < j <mnbut by =1if 3 <k, ¢ <n. Note that B= A if n = 3.
Let 0, : N — N be the permutation o,,(1) = 1, 0,,(2) = 2, and o,,(k) =
3+ [(m+k—3)mod (n—2)] for all 3 < k < n where 0 < m < n — 3. For
instance, 01(3) = 4, 01(4) = 5, and o1(n) = 3 if n > 5. Let 0,,(B) be the
pairwise comparison matrix obtained from B by permutation ,,. It is clear that
oo(B) = B.
Consider the pairwise comparison matrix C = 0¢(B) @ 0;(B) ® 02(B) & --- &
on—3(B) € A", Its elements in the upper triangle — which uniquely determine
a pairwise comparison matrix due to its reciprocity — are cjo = ajs, Cc1p =
"Ilj_gare for all 3 <k < n, cop = "Ilj5a2 forall 3 <k <mn,and ¢y =1
for all 3 < k,¢ < n. Note that C =B if n = 3.

Define the pairwise comparison matrix D € A™*™ such that dio = 1, dyp, =
1/ ("Il ayy) for all 3 < k < n, dy = 1/ (»F/TTj_ ay) for all 3 < k < n,
and dp, = 1 for all 3 < k,/ <n.

Consider the pairwise comparison matrix E = C @ D. Its elements are e;5 =
Vaie = a, e = "’mforall3§k§n,egk: "o for all 3 < k < n, and
exe = 1 for all 3 < k, ¢ < n as the geometric means of its row elements are ones.

II. Tt is shown that 1 ~% 2 ~§ - -+ ~& n. Anonymity implies 3 ~g, 4 ~§ -+ - ~% n.

Let 012 : N — N be the permutation oy 5(1) = 2, 012(2) = 1, and 0y 5(k) = k for
all 3 <k <n. Let o1 2(E) be the pairwise comparison matrix obtained from E by
the permutation o 2. Note that oy 2(E) = E~. Ranking method g is anonymous
and aggregation invariant, so it satisfies inversion according to Lemma 4.1. If
1>% 3 and 2 >% 3, then ANO implies 2 >—ff1,2(E) 3, but INV results in 2 <%_ 3,
a contradiction. If 1 <§ 3 and 2 < 3, then ANO implies 2 <7 g 3, but INV
results in 2 >-%_ 3, a contradiction.
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Due to the anonymity of the ranking method g, it can be supposed without loss
of generality that 1 =g (3 ~% 4 ~% -+ ~%& n) =% 2. Let 09,, : N — N be the
permutation 09,,(1) = 1, 02,,(2) = m, oa,m(m) = 2, and 09,,(¢) = ¢ for all
¢ #m,3 < ¢ <nwhere 3 <m <n. Let 09,,(E) be the pairwise comparison
matrix obtained from E by the permutation oy .

It can be checked that [o12(€)];; = [023(€)];; [02.4(€)]; - - [o2n(e)],; for all 1 <
i, < n, in other words, oy ,(E)/"=2) = g, 3(E) @ 094(E) @ - -+ @ 09,(E).
Anonymity implies 1 >32YW(E) 2 for all 3 < m < n, therefore aggregation invariance
leads to 1 >(972’3(E)@@A(E)@.,_@@’R(E) 2, and rational scale invariance (an immediate
consequence of ANO and Al according to Lemma 4.2) results in 1 >f_172 (®) 2- But
INV and 1 > 2 also leads to 1 <%,_ 2, which is a contradiction.

To summarize, we have derived 1 ~% 2 ~§ 3 ~% - -+ ~%& n.

III. Anonymity implies 1 ~{) 2 since dis = 1 and dyy = dy, for all 3 < k < n, which
means 1 ~& 2 because 1 ~f 2, E = C ® D and g is aggregation invariant.
Furthermore, permutation o,,, used in the definition of pairwise comparison
matrix B, does not affect alternatives 1 and 2, therefore 1 ~§ 2. ANO and
Al also imply independence of irrelevant comparisons (see Lemma 4.3), hence
1~4 2.

We have verified up to this point that 1 ~§“M 2 implies 1 ~% 2. If 1 =E¢M 2
namely, [T7_; ai; > I}—; agj, then consider the pairwise comparison matrix A" € A"

where aj, = age for all 1 < k,¢ < n except for a}, = G12\/H?:1 agj/ ITj=; ar; as well as

ah, = ag \/ [T}—; a1;/ ITj—, ag; in order to preserve reciprocity. Therefore

a/ o al; 7 =1 J o == - ,
jl;ll 15 H J H] . al] H J H] | Go; H 2]
and it has been proved above that 1 Ni, 2. So 1 =% 2 due to the responsiveness of g. [

Example 6.1. As an illustration of the proof of Theorem 6.1, it is worth to consider the
pairwise comparison matrices used in the derivations, which are as follows for n = 4:

1 a12 ais a14 1 12 @13 Q14
1/a12 1 a3 Qg4 1/a12 1 ag ag
A. - s B = O B g ,
1/(113 1/&23 1 asyq 0( ) 1/@13 1/&23 1 1
1/@14 1/0,24 1/@34 1 1/0,14 1/@24 1 1
1 a2 a4 Aa13

o 1/a12 1 G24 Q23
al(B)_ 1/(1,14 1/&24 1 1 ’

1/(113 1/&23 1 1

1 a2 V013014 /013014
1/axs 1 V023024 /A23024
1/1/0/13&14 1/,/a23a24 1 1 ’

1/«/&13&14 1/«/(1,230,24 1 1

C=0¢B)@o(B) =

12



1 1 1/\/a12a13a14 1/\/61126l136l14

D= 1 1 \/Glz/\/a23a24 \/a12/\/a23a24
V12013015 +/A23024/ /012 1 1
V012013014 +/Q23024/ /012 1 1

Recall that o = /a5, hence

1 1 1

0 E & Lo v e

_ o a Vo e = ¢ Ve Ve
E=CaoD Ja L1 o1 | 012(E) =E~ = = va 1 1 |

va =11 = va 11

1 1 1 1

s T LT s T

@ = | VO L w L m e | VO v

7 L Ja 1 ya ’ va 11 L

va 1 o= 1 L Va Ja 1

All three properties used in the proof of Theorem 6.1 are necessary according to the
following result.

Proposition 6.1. ANO, Al, and RES are logically independent axioms.

Proof. 1t is shown that there exist ranking methods, which satisfy exactly two properties
from this set of three, but differ from the row geometric mean ranking method (and
therefore they are guaranteed to violate the third axiom):

ANO and AI: flat ranking method, g : A" — PR" such that i ~% j for all
alternatives i, 7 € N and any pairwise comparison matrix A € A"*";

ANO and RES: row arithmetic mean ranking method, g : A™*" — R" such

that i = 7 for all alternatives 7, j € N and for any pairwise comparison matrix
A e AWMAE YT ag > Y00 ajg;

Al and RES: a ranking method based on indices, g : A™*" — R" such that

i =% j for all alternatives 7,5 € N and for any pairwise comparison matrix
AecAmifi <.

]

Figure 2 summarizes our findings from Theorem 6.1 and Proposition 6.1. First, the
three axioms meet at a unique point, denoted by the dot, since there is a unique ranking
method, the one induced by row geometric mean, that satisfies all of them. Second, the
intersection of any two properties, denoted by the labels J, K, and L, is non-empty.

It is clear that ANO, Al and negative responsiveness (requiring the implication
i <A J =i <% j under the conditions of Axiom 3.6) are also independent and uniquely

determine the ordering opposite to the row geometric mean ranking. Naturally, this
observation has only a technical sense.
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Figure 2: Relations between ANO, AI, and RES

RGM

RES

7 Discussion

We have examined the problem of extracting a ranking of alternatives from a reciprocal
pairwise comparison ratio matrix. A characterization of the ordering induced by row
geometric means has been presented, which shows that a unique ranking can be derived
by requiring anonymity, aggregation invariance, and responsiveness. It is a solid argument
in favour of this particular method.

We do not suggest to accept the three axioms immediately. However, ANO and RES
seem to be difficult to debate, whereas Al follows from a well-known result of synthesizing
ratio judgements (Aczél and Saaty, 1983). Perhaps it is not only a coincidence that row
geometric mean has a number of other favourable properties (see, e.g. Barzilai et al. (1987);
Barzilai (1997); Dijkstra (2013); Csaté (2015); Lundy et al. (2017); Csaté (2018c)).

There are some obvious topics for further research. It is worth to consider whether
certain axioms (especially aggregation invariance) can be substituted in our main theorem.
Responsiveness of the eigenvector ranking method has been not discussed here. Several
other methods can be analysed with respect to these axioms. Finally, an extension to the
incomplete case, when some elements of the pairwise comparison matrix may be missing,
deserves a thorough investigation. Row geometric mean method has been defined on this
more general domain by Bozoki et al. (2010) on the basis of optimization problem (1),
without affecting at least one desirable property of the procedure (Bozoki and Tsyganok,
2017).

Acknowledgements

We are grateful to Sandor Bozoki and Matteo Brunelli for useful advice. We thank two

anonymous referees for beneficial remarks and suggestions.
The research was supported by OTKA grant K 111797 and by the MTA Premium Post
Doctorate Research Program.

14



References

Aczél, J. and Saaty, T. L. (1983). Procedures for synthesizing ratio judgements. Journal
of Mathematical Psychology, 27(1):93-102.

Arrow, K. J. (1950). A difficulty in the concept of social welfare. Journal of Political
Economy, 58(4):328-346.

Barzilai, J. (1997). Deriving weights from pairwise comparison matrices. Journal of the
Operational Research Society, 48(12):1226-1232.

Barzilai, J., Cook, W. D., and Golany, B. (1987). Consistent weights for judgements
matrices of the relative importance of alternatives. Operations Research Letters, 6(3):131-
134.

Bozoki, S., Fiilop, J., and Rényai, L. (2010). On optimal completion of incomplete pairwise
comparison matrices. Mathematical and Computer Modelling, 52(1-2):318-333.

Bozoki, S. and Tsyganok, V. (2017). The logarithmic least squares optimality of the
geometric mean of weight vectors calculated from all spanning trees for (in)complete
pairwise comparison matrices. Manuscript. arXiv: 1701.04265,

Brunelli, M. (2017). Studying a set of properties of inconsistency indices for pairwise
comparisons. Annals of Operations Research, 248(1):143-161.

Brunelli, M. and Fedrizzi, M. (2015). Axiomatic properties of inconsistency indices for
pairwise comparisons. Journal of the Operational Research Society, 66(1):1-15.

Bryson, N. (1995). A goal programming method for generating priority vectors. Journal
of the Operational Research Society, 46(5):641-648.

Chebotarev, P. and Shamis, E. (1998). Characterizations of scoring methods for preference
aggregation. Annals of Operations Research, 80:299-332.

Choo, E. U. and Wedley, W. C. (2004). A common framework for deriving preference values
from pairwise comparison matrices. Computers & Operations Research, 31(6):893-908.

Cook, W. D. and Kress, M. (1988). Deriving weights from pairwise comparison ratio

matrices: An axiomatic approach. European Journal of Operational Research, 37(3):355—
362.

Crawford, G. and Williams, C. (1980). Analysis of subjective judgment matrices. Interim
report R-2572-AF, Rand Corporation, Santa Monica.

Crawford, G. and Williams, C. (1985). A note on the analysis of subjective judgment
matrices. Journal of Mathematical Psychology, 29(4):387-405.

Csato, L. (2015). A graph interpretation of the least squares ranking method. Social
Choice and Welfare, 44(1):51-69.

Csato, L. (2017). Eigenvector Method and rank reversal in group decision making revisited.
Fundamenta Informaticae, 156(2):169-178.

15


http://arxiv.org/abs/1701.04265

Csaté, L. (2018a). Axiomatizations of inconsistency indices for triads. Manuscript. arXiv:
1801.03355.

Csaté, L. (2018b). Characterization of an inconsistency ranking for pairwise comparison
matrices. Annals of Operations Research, 261(1-2):155-165.

Csatd, L. (2018c). A characterization of the Logarithmic Least Squares Method. Manuscript.
arXiv: 1704.05321.

Csaté, L. (2018d). An impossibility theorem for paired comparisons. Manuscript. arXiv:
1612.00186.

Csato, L. (2018e). Some impossibilities of ranking in generalized tournaments. Manuscript.
arXiv: 1701.06539.

Csaté, L. and Rényai, L. (2016). Incomplete pairwise comparison matrices and weighting
methods. Fundamenta Informaticae, 144(3-4):309-320.

De Graan, J. G. (1980). Extensions of the multiple criteria analysis method of T. L. Saaty.
Report, National Institute for Water Supply, Voorburg.

Dijkstra, T. K. (2013). On the extraction of weights from pairwise comparison matrices.
Central FEuropean Journal of Operations Research, 21(1):103-123.

Fichtner, J. (1984). Some thoughts about the mathematics of the Analytic Hierarchy
Process. Technical report, Institut fir Angewandte Systemforschung und Operations
Research, Universitat der Bundeswehr Miinchen.

Fichtner, J. (1986). On deriving priority vectors from matrices of pairwise comparisons.
Socio-Economic Planning Sciences, 20(6):341-345.

Genest, C., Lapointe, F., and Drury, S. W. (1993). On a proposal of Jensen for the analysis
of ordinal pairwise preferences using Saaty’s eigenvector scaling method. Journal of
Mathematical Psychology, 37(4):575-610.

Gonzalez-Diaz, J., Hendrickx, R., and Lohmann, E. (2014). Paired comparisons analysis:
an axiomatic approach to ranking methods. Social Choice and Welfare, 42(1):139-169.

Janicki, R. and Soudkhah, M. H. (2014). On classification with pairwise comparisons,
support vector machines and feature domain overlapping. The Computer Journal,

58(3):416-431.

Johnson, C. R., Beine, W. B., and Wang, T. J. (1979). Right-left asymmetry in an
eigenvector ranking procedure. Journal of Mathematical Psychology, 19(1):61-64.

Kendall, M. G. (1955). Further contributions to the theory of paired comparisons. Bio-
metrics, 11(1):43-62.

Lundy, M., Siraj, S., and Greco, S. (2017). The mathematical equivalence of the "spanning
tree” and row geometric mean preference vectors and its implications for preference
analysis. Furopean Journal of Operational Research, 257(1):197-208.

Nitzan, S. and Rubinstein, A. (1981). A further characterization of Borda ranking method.
Public Choice, 36(1):153-158.

16


https://arxiv.org/abs/1801.03355
https://arxiv.org/abs/1801.03355
http://arxiv.org/abs/1704.05321
http://arxiv.org/abs/1612.00186
http://arxiv.org/abs/1612.00186
https://arxiv.org/abs/1701.06539

Pérez, J. and Mokotoff, E. (2016). Eigenvector priority function causes strong rank reversal
in group decision making. Fundamenta Informaticae, 144(3-4):255-261.

Rabinowitz, G. (1976). Some comments on measuring world influence. Conflict Management
and Peace Science, 2(1):49-55.

Saaty, T. L. (1980). The Analytic Hierarchy Process: Planning, Priority Setting, Resource
Allocation. McGraw-Hill, New York.

Saaty, T. L. and Hu, G. (1998). Ranking by Eigenvector versus other methods in the
Analytic Hierarchy Process. Applied Mathematics Letters, 11(4):121-125.

Saaty, T. L. and Vargas, L. G. (1984). Inconsistency and rank preservation. Journal of
Mathematical Psychology, 28(2):205-214.

van den Brink, R. and Gilles, R. P. (2009). The outflow ranking method for weighted
directed graphs. Furopean Journal of Operational Research, 193(2):484-491.

Young, H. P. (1974). An axiomatization of Borda’s rule. Journal of Economic Theory,
9(1):43-52.

17



	1 Introduction
	2 Preliminaries
	3 Axioms
	4 Implications among the axioms
	5 Analysis of two ranking methods
	6 A characterization of the row geometric mean ranking method
	7 Discussion
	Acknowledgements
	References

