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We show that a large contribution to tensor modes during inflation can be generated by a spectator
scalar field with speed of sound lower than unity.

The existence of gravitational waves (GW’s) is a ro-
bust prediction of general relativity [1]. Several detectors
varying in range and sensitivity currently exist which are
probing the sky in search for such a signal. However hard
the detection might prove to be, there is no shortage in
the literature of possible mechanisms as to how to gen-
erate gravitational waves. The timing might also vary:
in the early universe for example, GW’s could have been
produced by bubble collisions during first order phase
transitions [2, 3], by cosmic defects [4, 5], as well as after
inflation, during the reheating stage [6]. Quite in general,
the study of gravitational waves represents a formidable
window on the physics of early universe.

In this paper we focus on the tensor modes production
during inflation. It is well known that during inflation
scalar and tensor modes are generated by initial quantum
fluctuations at small scales at the linear level [7]. In
particular, tensor modes are generated with an amplitude
proportional to the Hubble rate H during inflation and
they might show up in the B-mode polarization of the
cosmic microwave background radiation anisotropies [8,
9] which is one of the main targets of the Planck mission
[10]. Within single-field models of inflation, there is a
well-defined prediction for the tensor-to-scalar ratio, r ∼
ε, where ε, defined by the relation Ḣ = −εH2, is one of
the slow-roll parameters.

Nevertheless, and most likely, the inflaton field was not
the only scalar field dynamically excited during the in-
flationary stage. On the contrary, when rooted in high
energy physics models, active scalar fields are ubiquitous
during inflation, the only condition being that their mass
is smaller than the Hubble rate H during the inflationary
stage. As examples one might think of supergravity and
(super)string models where there are a large number of
moduli fields; another example is to be found in the the-
ories of extra-dimensions where Kaluza-Klein excitations
appear.

In this paper we are concerned with what is called a
spectator field σ, that is, a light field that plays no role
whatsoever in the inflationary dynamics, neither at the
background level (it does not give a significant contribu-
tion to the energy density during or after inflation) nor at
the level of generating the final curvature perturbations
(which we assume to be predominantly sourced by the
inflaton field). In principle, whenever there are two or
more fields one should worry, alongside adiabatic fluctu-
ations, also about isocurvature perturbations which have

been shown in some cases to contribute to the power
spectrum. However, isocurvature modes survive only if
the extra degrees of freedom (other than the inflaton) are
stable or if they decay very late, e.g. when the baryon
number is well defined. In all that follows, the spectator
role of σ is that of a field which does not in any way drive
the inflationary dynamics, not the background, nor the
fluctuations.

The only non-trivial property we are assuming is that
the spectator field has a speed of sound, cs, smaller than
unity. The corresponding action for fluctuations reads

Sδσ =

∫
d3xdτa4

[
1

2a2
(
δσ′2 − c2s(∇δσ)2

)
− V(2)

]
, (1)

where a(τ) is the scale factor in terms of the conformal
time τ and the superscript ′ stands for derivative with
respect to it. An action which describes a theory with
cs < 1 such as this one is a familiar sight within the
so-called P (X,φ) theories [11, 12], with φ being a scalar
degree of freedom and where X = (1/2)gµν∂µσ∂νσ, and
cs = ∂XP/(∂XP +2X∂2XXP ). Let us give another exam-
ple of how the condition cs < 1 might be implemented.
Consider a term such as[

(gµν + ∂µφ∂νφ)/(1 + ∂µφ∂
µφ)
]
· ∂µσ∂νσ ; (2)

this non-minimal coupling also generates for σ an effec-
tive gµν which supports cs 6= 1. For other, similar, real-
izations see [13].

The precise value of cs depends then on the specific
mechanism generating it. One can, however, provide
some comments on general grounds. Whenever a sig-
nal is enhanced by a small speed of sound, observations
do of course provide an immediate lower bound on cs.
From a more formal perspective, one should be aware
that a very small cs, and therefore an almost null gra-
dient term in (Eq. 1), implies, within an effective field
theory approach, that more terms in the expansion are
needed (a new, non-linear dispersion relation would also
be a consequence) for a gradient-like term to appear.

In models where the cs < 1 requirement is on the in-
flaton side (P (X,φ), effective theories of inflation [14],
etc..) a cs close to zero also raises concerns as to the va-
lidity of perturbation theory [15]. This is because inter-
actions with increasingly higher space derivatives (each
additional derivative comes with cs at the denominator
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which competes with the H/M expansion parameter, M
being the mass of the underlying theory) would become
the leading term, to the detriment of the perturbative
expansion. As we shall see, in order to obtain σ-sourced
tensor-to-scalar ratio which is comparable to the usual
one, it suffices to require cs < 10−2, a condition which
does not force us into the perilous terrains of the region
in the theory parameters space highlighted above.

Upon solving the equation of motion in Eq. (1), one
ought to normalize the wavefunction according to the
prescription that guarantees the usual commutation re-
lations to hold also in curved space time (cfr [16]). This
will univocally fix the k, cs exponent. The properly nor-
malized wavefunctions of the σk are given by

δσk =
H

(kcs)
3/2

(1 + ikcsτ) e−ikcsτ (3)

and its power spectrum on super-Hubble scales during
inflation is

Pδσ =
k3

2π2
|δσk|2 =

1

c3s

(
H

2π

)2

. (4)

The assumption that the contribution to the curva-
ture perturbation ζ mainly comes from the inflaton field
amounts to imposing that

rσζσ ∼< ζinf , (5)

where rσ ≈ ρσ/ργ is the ratio between the energy density
of the spectator field and the total density at the time of
the decay of the field σ, which we assume to take place
during the radiation phase after inflation.

If we suppose that the potential of the spectator field

is simply V (σ) = m2σ2/2, then ζσ ' (2/3)(H/2πc
3/2
s σ)

and ζinf ∼ (H/2πε1/2Mp), where σ is the vacuum expec-
tation value of the spectator field and Mp is the reduced
Planck scale. Eq. (5) imposes

cs &

(
rσε

1/2Mp

σ

)2/3

. (6)

Henceforth, we assume that the spectator field decays
promptly after inflation, in other words we require rσ ∼<
1. This is a condition which is our own input here but
is not particularly stringent even if σ ∼ Mp. At the
same time, this assumption will also also suppress the
non-Gaussianity induced by the spectator field

NG ∼ 〈ζζζ〉
〈ζζ〉2

∼ r3σ
P2
δσ/σ

P2
inf

∼ r3σε
2

c6s

(
Mp

σ

)4

.
1

rσ
, (7)

where in deriving the last relation we have used the con-
dition (6). Despite the passive role as far as the scalar

modes are concerned, the spectator field might have a
role in generating tensor modes at second-order if cs � 1.

The contribution from the energy-momentum tensor
that is not projected away when looking for the source of
gravitational waves (transverse, traceless) is proportional
to c2s(∇σ)2. The equation of motion for the tensor modes,
sourced by the scalars at second-order, then reads

h′′ij + 2Hh′ij −∇2hij = −4
c2s
M2

p

T̂ `m
ij ∂`δσ∂mδσ, (8)

where H = a′/a and T̂ `m
ij is the standard projector oper-

ator expressed in terms of the polarization vectors ei(~k)

and ei(~k) orthogonal to ~k

T̂ `m
ij =

∑
λ=±

∫
d3k

(2π)3
ei
~k·~x eλij(

~k)eλ`m(~k),

e+ij(
~k) =

1√
2

(
ei(~k)ej(~k) + ei(~k)ej(~k)

)
,

e−ij(
~k) =

1√
2

(
ei(~k)ej(~k) + ei(~k)ej(~k)

)
. (9)

The point is that, despite one has to pay a second-order
effect, the contribution to the tensor modes is inversely
proportional to (some power of) cs. This happens be-
cause the spectator field fluctuations freeze-in at a co-
moving length scale k−1 ∼ csτ which is much smaller
than the comoving Hubble radius. Notice that the gener-
ation of tensor modes at second-order either through the
curvature perturbation themselves [17, 18] or through the
curvaton field [19, 20] has been studied in the literature.

First, we look at the classical solution by using the
appropriate Green’s function gk(τ, τ ′) for the equation

g′′k + 2Hg′k + k2gk = δ(τ − τ ′). (10)

The solution takes the form

gk(τ, τ ′) =
1

2k3τ ′ 2
e−ik(τ+τ

′)
[
e2ikτ (1− ikτ)(−i+ kτ ′)

+ e2ikτ
′
(1 + ikτ)(i+ kτ ′)

]
θ(τ − τ ′), (11)

where for a(τ) = −1/Hτ we have assumed the usual
inflationary behavior. The general solution for hk(τ) is
then

hk(τ) =
1

a(τ)

∫ τ

dτ ′a(τ ′)gk(τ, τ ′)S~k(τ ′), (12)

with

S~k(τ) =
4c2s
M2

p

∑
λ=±

∫
d3p

(2π)3
eλ `m(~k) p`pmδσpδσ|~k−~p|, (13)

S~k(τ) being the Fourier transform of the source. We now
explicitly write the source in Fourier space and proceed
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to quantization. What we are after is the tensor power
spectrum

Ph =
k3

2π2

∑
λ=±

|hk|2. (14)

Proceeding in the standard fashion, one obtains

Ph =
32

π

c4s
M4

p

k3

a2(τ)

∫ ∞
0

dp

∫ 1

−1
d cos θ p6 sin4 θ

×
∣∣∣∣∫ τ

−∞
dτ ′a(τ ′)gk(τ, τ ′)σp(τ ′)σ|~k−~p|(τ

′)

∣∣∣∣2 .(15)

We perform first the τ integral below and then tackle
the calculation over the momentum. The conformal time
integral can be performed analytically, we give the ex-
plicit result just below. The change of variables p ≡
ky/cs; |~k − ~p| ≡ kx/cs has been employed,

Ph =
2H4

c4sM
4
p

∫ ∞
1+cs

2

dy

∫ y+cs

|y−cs|
dx

y2

x2

(
1−

(
c2s − x2 + y2

)2
4 c2s y

2

)2

∣∣∣∣∣e−iz (1 + x2 + y2
)

(−i+ z)Ei [−i(−1 + x+ y)z]

+e−i(x+y)z ·

(
−2i(x+ y)

(
−1 + x2 + y2

)
− 4xyz

(−1 + x+ y)(1 + x+ y)

+ei(1+x+y)z
(
1 + x2 + y2

)
(i+ z)

× Ei [−i(1 + x+ y)z]

)∣∣∣∣∣
2

× 1

π
.

(16)

Note that, after the change of variables, the cs depen-
dence inside the integral is simply encoded within just
one factor, it is a contribution originating from the an-
gular sin4 θ term. The time dependence is accounted for
by the variable z ≡ kτ. Schematically, we can write Eq.
(16) as

Ph =
H4

c4sM
4
p

∫ ∞
1+cs

2

dy

∫ y+cs

|y−cs|
dx

F (x, y, z, cs)

(x+ y − 1)
. (17)

This simple compact expression shall suffice for our
upcoming discussion on the momentum integral. The
function F encodes the τ -integral result and should be
thought of as a well behaved function in the (x, y) plane
so that all the focus is on the denominator. In previous
analysis, see for instance Refs. [17–19], the sound speed
cs was equal to unity, meaning that the set of (x, y) points
for which the divergence in the denominator played a
role was zero measure and therefore unimportant. In our
case things are quite different, as an entire interval in the
plane makes the denominator vanish. Indeed, the general
expression for the denominator above is

x+ y − 1 =
1

|~k|

[
cs

(
|~p|+ |~p− ~k|

)
− |~k|

]
(18)

and, when cs < 1, it becomes possible to cross the x+y =
1 line. This fact has a simple physical interpretation that
will help us handle the integrals in Eq. (16).

Our setup consists of two types of particles, gravitons
and the spectator fluctuations, with different speeds of
sound. It is a known effect that, given the appropri-
ate interaction, the slower particle can radiate (think of
Cherenkov radiation). In our case what takes place is
that the graviton is sourced by the σ-particles. That is
why the resonances show up in what is basically the gravi-
ton two-point function. This σ-radiation could be treated
as it is normally done with soft photons: by summing up
all their loop contributions and showing the result is fi-
nite.

One might also take a different approach, by making
use of a natural cutoff for these modes; quite simply, the
suggestion comes from the cs = 1 discussion above: one

simply needs to require csp + cs|~k − ~p| ≥ k. This condi-
tion is clearly automatically satisfied if cs = 1, it is indeed
the Cauchy-Schwarz inequality in that case. One could
in principle later calculate the exact effect of these reso-
nances but, considering we are interested in the graviton
two-point function, it is expected that the σ-radiation is
resummed into a finite, small contribution. In what fol-
lows we opt for the “hard cut off” solution. One might
object that, in forbidding access to the region comple-

mentary to csp+cs|~k−~p| ≥ k we are not simply disposing
of the resonance, but also of the small (x, y) region where
the resonance itself is not present. It is straightforward to
show (we verified this numerically for the whole interval
of cs values) that the contribution of that region repre-
sents a small correction to the overall numerical result.

Another fact which is suggestive of this resonance in-
terpretation is that the appearance of the spike in the
integral can be controlled by varying the lower τ integra-
tion extremum. If we set the generic lower bound (one
eventually sets it to be −∞, projecting onto the vacuum
via the (1− iε) factor) to be −M , as M increases, we see
the appearance with time of the spike. This suggests it
takes time for the effect to build up, as one would expect.

Having discussed above how to deal with the analytical
τ integration we now take on the rest numerically, see Fig.
1. What we are after is the c−ns dependence, something
which is ultimately responsible for the enhancement ef-
fect on the gravitational waves spectrum. Naively, from
simple counting arguments one would conclude that the
enhancement is of order 1/c4s. Performing the numerical
integration slightly modifies this educated guess: we have
found that, to a good approximation, n ' 18/5, see Fig.
2.

It is also useful to point out that, once all variables are
taken to be dimensionless, the k-dependence disappears,
as it should. The final power spectrum of tensor modes
on super-Hubble scales generated by the spectator field
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FIG. 1: The normalized tensor mode power spectrum as a
function of (−kτ). Either k or τ can be kept fixed, both
choices will generate the behavior above.

is nearly scale-invariant and its amplitude is

Ph = c
H4

c
18/5
s M4

p

, (19)

where a careful inspection of the numerical results re-
veals that the numerical factor is c ' 3. Notice also that
this result might change if more than one spectator field
is present; roughly, one would have to multiply by the
number of fields. For instance, if the spectator fields be-
long to a O(N)-multiplet and such a symmetry is not
broken, one should multiply the result (19) by a factor
N if all the corresponding sound speeds are of the same
order of magnitude (otherwise the dominant contribution
would come from the smallest of the sound speeds).

We pause here to comment more on the time-
dependence of our result and on the precise dynamics
of the generation of the signal. Up until Eq. (17) the
time variable is z which accounts for the full analyti-
cal temporal dependence in our setup. Upon performing
the numerical integration one realizes that the signal is
sourced up to horizon (Hubble radius) exit, with by far
the leading contribution being at horizon crossing. After-
wards, the signal reaches a plateau so that, if one is after
the late-time result, it shall suffice to consider any late
time z and the time dependence automatically drops out,
just as in Eq. (19). Hints of this behavior are already vis-
ible in Fig.1 with an inside-the-horizon oscillating profile
and an outside plateau. Performing the full calculation
confirms the expectations.

One can also calculate the ratio (Tσ/S) between the
tensor mode power spectrum sourced by the spectator

FIG. 2: The normalized tensor mode power spectrum as a
function of cs on super-Hubble scales (red triangles) with su-

perimposed the function with scaling c
−18/5
s .

field and the curvature perturbation power spectrum
Pζ = (H2/2M2

pε)

Tσ
S

=
Ph
Pζ

=
c εH2

2 c
18/5
s M2

p

. (20)

This ratio is larger than the standard tensor-to-scalar
ratio T/S = 16ε in single-field models of inflation, where
the tensor modes are generated at the linear level, if cs ∼<
(H/Mp)5/9 ∼< 10−2 where we have used the upper bound

H ∼< 1014 GeV set by the Planck data on the Hubble rate
during inflation [21].

One might also want to see how the tilt of the pertur-
bation of the spectator field propagates (quadratically)
onto the tensor mode spectrum. So far we have analyzed
the generation of tensor modes in a de Sitter set-up with
a massless spectator field. Taking into account that in-
flation takes place during a quasi de Sitter stage and
that the spectator field has a tiny mass m, it is easy to
convince oneself that the tensor modes power spectrum
receives a small tilt

nT ∼ 2

(
2m2

3H2
− 2ε

)
− 18

5

ċs
Hcs

, (21)

where we have taken into account that the sound speed
might also slowly vary during inflation. The spectrum
can therefore be blue, contrary to the spectral index from
the standard contribution which is always red, nT = −2ε.

Our results might be soon relevant as the next Planck
data release (see also [22–25] ), about one year from now,
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is supposed to focus on the B-mode polarization of the
cosmic microwave background anisotropies and this ob-
servable might turn out to be a way of testing, albeit
indirectly, the presence of spectator fields during the in-
flationary epoch. For a recent study of different mecha-
nisms of gravitational waves production during inflation
see [26, 27].
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