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In the life-cycle analysis, the total cost of damage caused by earthquakes is a significant but highly uncer-
tain component. In the current literature, the seismic risk analysis is largely limited to the evaluation of
the average cost of damage, which is not informative about the full extent of variability in the cost. The
paper presents a systematic development of the stochastic modeling of seismic risk analysis problem and
reformulates the damage cost analysis as a superposition of compound Poisson processes. An explicit
analytical solution for the distribution of damage cost is derived in form of a recursive equation. The
proposed approach extends the capability of the existing framework of seismic risk analysis, which
can be used to optimize initial design and retrofitting of structures.
� 2017 The Authors. Published by Elsevier Ltd. This is anopenaccess article under the CCBY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

1.1. Background

With the advent of probabilistic modeling of structural safety
problems in 1960s and 70s, the risk-based calibration and
optimization of design codes became an important area of research
in structural engineering. Comprehensive studies by Whitman
et al. [1] and Whitman and Cornell [2] laid the foundation of the
seismic risk analysis and design of structures that are likely to face
multiple seismic events during the service life. This framework,
which still serves as a basis for modern code development [3],
embodies the following key ideas:

� The two most basic goals of seismic design were recognized as
minimizing the likelihood of costly repairs and avoiding the loss
of life [4, p. 18].

� Stochastic modeling of earthquake occurrences as the homoge-
neous Poisson process accompanied by a random variable
representing the ground motion intensity [5].

� The probability distribution of annual maximum of the ground
motion intensity as a basis to evaluate structural reliability. This
is to meet the objective of life safety.
� The expected cost of losses caused by seismic events as a mea-
sure of seismic risk, which in turn relates to the economic effi-
ciency of a design.

� Optimization of seismic resistance by balancing the initial cost
premium for improving the resistance against the future
expected cost of damage. This guiding principle serves as a basis
for code development.

In recent years, the move towards the performance-based
design has prompted the development of more and more refined
models for life cycle cost analysis in which the seismic damage cost
is an important but fairly uncertain element. Note that he term
damage cost includes all the losses that could incur due to loss of
services, damage to contents and cost of repairing and restoring
the damaged structure.

In the current literature, the life cycle analysis is almost exclu-
sively focussed on the evaluation of expected (or average) cost of
seismic damage. The expected cost is not informative about the
extent of losses, given that a large variance is associated with
the damage cost [6]. It means that an exclusive reliance on the
expected cost for optimizing a design would not yield a realistic
result due to large variability potentially associated with an out-
come. Instead, an upper percentile of the cost would be a more
meaningful bound of the risk, such as the Value at Risk (VaR) used
in the financial literature. In spite of this limitation of the expected
cost measure, the evaluation of probability distribution of damage
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Nomenclature

SMRF steel moment resisting frame
DCPP Diablo Canyon power plant
PSHA probabilistic seismic hazard analysis
RV random variable
CDF cumulative distribution function
POE probability of exceedance

PDF probability density function
PMF probability mass function
F cdf function
iid independent and identically distributed
HPP homogeneous Poisson process
d unit cost of damage
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cost has not been tackled in the seismic literature. It could well be
a result of a presumption that the simulation-based method is the
only way to determine the cost distribution, and that the computa-
tional burden associated with simulation makes it impractical tool
foe seismic risk analysis.

Thus, the primary goal of this study is to present a clear exposi-
tion of the stochastic modeling of seismic risk analysis that leads to
an analytical expression for the probability distribution of total
cost of seismic damage. This distribution can be used to evaluate
a probabilistic bound on risk, which could serve as a basis to opti-
mize design and retrofitting options for structures.

The approach taken in this paper is to draw a parallel between
the seismic risk analysis and the theory of stochastic renewal pro-
cess. This understanding provides new interpretations and insights
Fig. 1. Example building fo
which are necessary to derive the full distribution of the damage
cost.

1.2. A motivating example

The analytical formulations presented in this paper are aimed to
analyze practical examples like the seismic damage cost for a 20-
storey steel moment resisting frame (SMRF) building, as shown
in Fig. 1. The building was designed as a standard office building
sitting on stiff soil. It has a fundamental period of 4.0 s. Other struc-
tural details can be found elsewhere [7].

The building is (hypothetically) situated at a site of the Diablo
Canyon power plant (DCPP) in California. This site is in the proxim-
ity of the Hosgri, Los Osos, San Luis Range, and Shoreline faults, as
r seismic risk analysis.



Fig. 3. Seismic hazard curve at the DCPP site (spectral acceleration at 4 s period of
the structure).

Fig. 4. Stochastic modeling of a recurring hazard.
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shown in Fig. 2. It is vulnerable to seismic damage by 13 potential
sources, the parameters of which are complied by Wang [8] from a
number of references. The ground-motion prediction equations
given by Abrahamson and Silva [9] were used in probabilistic seis-
mic hazard analysis (PSHA) [8]. The ground motion hazard is quan-
tified in terms of the spectral acceleration at the fundamental
period of 4 s. The seismic hazard curve resulting from all seismic
sources is shown in Fig. 3.

The objective of the analysis is to determine the probability dis-
tribution of the damage cost over a 50 year service life of the build-
ing. A complete solution of this problem is presented in Section 7 of
the paper.

1.3. Technical problem definition

The stochastic model of a recurring hazard like earthquake
includes two random variables, the time (T) between events and
the magnitude of hazard (X). Moreover, the cost of damage result-
ing from an event, (C), being a function of X, is also taken as a ran-
dom variable. Thus, a recurring hazard can be modelled as a
sequence of random vectors ðTi;XiÞ; i ¼ 1;2; . . ., which is techni-
cally referred to as a marked point process (see Fig. 4). The number
of events, NðtÞ, in a time interval ð0; t� is also a stochastic variable,
since it is a function of Ti.

This stochastic model is intended to derive the two important
quantities. The first is the maximum hazard magnitude in a time
interval ð0; t�:
XmaxðtÞ ¼ maxðX1; . . . ;XNðtÞÞ; ðif NðtÞ P 1Þ ð1Þ

The probability distribution of XmaxðtÞ is required for structural
reliability analysis.

The other quantity of interest is the cumulative or total damage
cost resulting from all possible hazardous events in ð0; t�, i.e.,
Fig. 2. Seismic sources for the DCPP site.
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YðtÞ ¼
XNðtÞ
i¼1

Ci ð2Þ

The expected value of total damage cost, E YðtÞ½ �, is commonly
known as ‘‘risk”.

In the seismic risk analysis, NðtÞ is modelled as a homogeneous
Poisson process for which the distribution of XmaxðtÞ and the risk,
E YðtÞ½ �, are available in explicit analytical forms.

The paper shows that the distribution of YðtÞ can as well be
derived in analytical terms, without the recourse to a simulation
method. In addition, the paper clarifies several aspects of the cur-
rent practice of seismic risk analysis.

Since a realistic analysis involves multiple seismic sources, the
paper shows that the effect of multiple sources can be reduced to
an equivalent single compound process via a superposition princi-
ple. This is a significant innovation of this study.
1.4. Background literature

Although there is a substantial body of literature on seismic risk
and life cycle cost analysis of different types of structures, this Sec-
tion refers to few key studies that are relevant to fundamental
developments of the probabilistic methodology.

The maximization of expected utility as a basis to optimize the
structural design was formulated by Esteva [10], who proposed
expected discounted cost as a measure of the utility. The next com-
prehensive study on this topic was presented by Rosenblueth [11],
who introduced a more general stochastic renewal process for esti-
mating theexpecteddiscounted losses causedby stochastic hazards.
The problem of optimum design of structures under dead, live and
seismic loads was analyzed by Rosenblueth [12]. These studies
firmly established the expected cost as a basis for optimization that
is still continued to be used in the literature [13]. Application of the
expected loss analysis to performance based design was presented
by Krawinkler et al. [14]. In a series of papers, Rackwitz and his co-
workers applied the renewal process model to a more general class
of problems in which the effects of degradation, maintenance and
societal benefits were included in life cycle cost analysis [15–17].
They presented formulations of increasing refinements for the eval-
uation of expected discounted cost over an infinite time horizon.

A few exceptions to the universal use of expected cost are seen
in the work of Goda and Hong [18], who applied the Monte Carlo
simulation method to evaluate the mean, standard deviation and
probability distribution of the cost. Porter et al. [19] evaluated
the variance of discounted damage cost. The expected utility anal-
yses of different design options and risk mitigation programs were
presented by mitigation programs were presented by Cha and
Ellingwood [20].

There has been a great deal of theoretical and experimental
research to understand the damaging effects of earthquakes and
their relation to various types of losses and costs of repair. This
has led to the development of more realistic models for the dam-
age cost analysis [21,22]. The relation of seismic damage to eco-
nomic losses was explored by Martins et al. [23]. Life-cycle
analysis of steel buildings exposed to wind and seismic hazards
was presented by Mahmaoud and Cheng [24], which was based
on the expected cost formulation of Kang and Wen [25]. A study
by Gosh and Padgett [26] considered the effect of aging and
reported that seismic losses are significantly increased as a result
of deterioration of structures. In addition to risk analysis, some
researchers are focussing on the resilience in terms of recovery
of operation followed by an earthquake [27].

Based on the review, it is concluded that the evaluation of the
probability distribution of damage cost has not yet been analyzed
in a comprehensive manner the seismic literature.
1.5. Organization

The paper is organized as follows. Section 2 presents the basic
terminology and concepts of the stochastic process models, such
as marked and compound processes. Section 3 shows that the
homogeneous Poisson process is a special case of a renewal process
for which several analytical results can be derived. Section 4 pre-
sents the main result of this paper by deriving the probability dis-
tribution of a compound Poisson process. Section 5 is a key part of
this paper, as it connects the analytical results presented in Sec-
tions 2–4 to the evaluation of seismic risk in a practical setting,
which considers multiple seismic sources affecting the site and
the structure. This Section presents a novel approach to analyse
this problem in a single step via the superposition properties of
the compound Poisson process. Section 6 summarizes the applica-
tion of analytical results presented in the paper to seismic risk
analysis. Section 7 presents the solution of a practical example of
risk analysis, which was introduced in Section 1.2. The last Sec-
tion summarizes the key findings of this study.

2. Stochastic point processes: key concepts

In this Section, key concepts of the theory of stochastic point
processes are reviewed that serve as a foundation of the seismic
risk analysis.

2.1. Basic terminology

A random variable (RV) is denoted by a capital roman letter,
such as X, and its cumulative distribution function (CDF) is denoted
as FXðxÞ ¼ P X 6 x½ �. The complementary CDF or probability of
exceedance (POE) function is defined as FXðxÞ ¼ 1� FXðxÞ. The
probability density function (PDF) of a continuous RV is denoted
as f XðxÞ and the same notation is adopted for the probability mass
function (PMF) of a discrete RV.

The sum of n independent and identically distributed (iid) ran-
dom variables, X1; . . . ;Xn, is denoted as, Sn ¼ X1 þ X2 þ � � � þ Xn. The
probability distribution of this sum is given by an n-fold
convolution:

FSi ðxÞ ¼ P X1 þ X2 � � � þ Xn 6 x½ � ¼ FðnÞ
X ðxÞ; ð3Þ

which can be recursively evaluated as [28]:

FðnÞ
X ðxÞ ¼

Z x

0
Fðn�1Þ
X ðx� yÞ dFXðyÞ; ðn P 1Þ ð4Þ

Note that Fð1Þ
X ðxÞ ¼ FXðxÞ, Fð0Þ

X ðxÞ ¼ 1, and dFXðxÞ ¼ f XðxÞdx when

the probability density of X exists. For n � 1, a convolution, FðnÞ
X ðxÞ,

is not easy to compute due to numerical difficulties associated with
the evaluation of a higher order recursive integral.

2.2. Point process, counting process and renewal process

Mathematically, a (simple) point process is a random and
strictly increasing sequence, S0 ¼ 0 < S1 < S2 < � � �, of positive
RVs without a finite limit point i.e. lim Sn ! 1 as n ! 1. A point
process can be equivalently represented by a sequence of random
inter-occurrence time (Fig. 5) T1; T2; . . ., with Tn ¼ Sn � Sn�1. The
arrival time of an ith event, Si, can be written as a partial sum,
Si ¼ T1 þ T2 � � � þ Ti.

The number of events in the time interval ð0; t�, denoted as
NðtÞ; t > 0, is referred to as the counting process associated with
the partial sums Si, i P 1. It is defined in terms of an indicator func-
tion as, NðtÞ ¼ P1

i¼11fSi6tg. Note that an indicator function is defined
as, 1A ¼ 1 if A is true, otherwise 1A ¼ 0 . Since the events fNðtÞ ¼ ig



Fig. 5. A schematic of the renewal process.

Fig. 7. A sample path of a compound renewal process.
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and fSi 6 t < Siþ1g are identical, the marginal PMF of NðtÞ can be
written as

f NðtÞðiÞ ¼ P NðtÞ ¼ i½ � ¼ P Si 6 t < Siþ1½ � ¼ FSi ðtÞ � FSiþ1
ðtÞ; i ¼ 0;1; . . .

ð5Þ
A point process is called an ordinary renewal process if the inter-

occurrence times T1; T2; . . .,form a sequence of non-negative, iid
RVs with a distribution FTðtÞ. The word ‘‘renewal” implies that
the process is reset after each occurrence of the event of interest.

The renewal function, KðtÞ, is a key summary measure of the
renewal process, and it is defined as the expected number of
renewals in a time interval ð0; t�. The renewal function is evaluated
via an integral equation [28]:

KðtÞ ¼ FTðtÞ þ
Z t

0
Kðt � yÞ dFTðyÞ:

The renewal rate is the expected number of renewals per unit
time, i.e., kðtÞ ¼ dKðtÞ=dt.

2.3. Marked renewal processes

A marked renewal process, as shown in Fig. 6, is defined as a
sequence of iid random vectors ðTi;XiÞ, i ¼ 1;2; . . . [29,
Section 6.2, p. 321]. The maximum hazard magnitude, XmaxðtÞ, in
a interval, ð0; t� is defined as

XmaxðtÞ ¼
maxðX1; . . . ;XNðtÞÞ; if NðtÞ P 1;
0 if NðtÞ ¼ 0

�
ð6Þ

Using the total probability theorem, the distribution of XmaxðtÞ
can be written as

FXmax ðx; tÞ ¼
X1
n¼1

P maxðX1; . . . ;XnÞ 6 x;NðtÞ ¼ n½ � þ P NðtÞ ¼ 0½ � ð7Þ
2.4. Compound renewal processes

The cumulative effect of a marked renewal process in ð0; t� is
called the compound renewal process, YðtÞ, as defined by (2). Its dis-
tribution can be written using the total probability law for any
y > 0 as:

P YðtÞ 6 y½ � ¼ P SX
NðtÞ 6 y

h i

¼ P NðtÞ ¼ 0½ � þ
X1
n¼1

P SX
n 6 y;NðtÞ ¼ n

h i
ð8Þ
Fig. 6. An example of a marked renewal process.
where SX
n ¼ Pn

i¼1Xi;n P 1. A sample path of a compound process is
shown in Fig. 7. If Ti and Xi are independent, the following expres-
sion can be obtained:

FYðtÞðyÞ ¼¼ f NðtÞð0Þ þ
X1
n¼1

FðnÞ
X ðyÞf NðtÞðnÞ ð9Þ

The above expression is not suitable to compute the distribu-
tion of YðtÞ, as it involves an infinite sum of n-fold convolutions.

2.5. Remarks

The distributions associated with renewal processes, as
described in this Section, do not admit any analytical solutions
when T and X follow general types of probability distributions.
For example, the renewal function involves an infinite sum of con-
volutions of T. The compound process, in addition includes an infi-
nite sum of convolutions of X, which are not easy to compute.
Nevertheless, the Poisson process is a special case for which several
analytical solutions can be obtained, as shown in the later parts of
the paper.
3. Models based on the homogeneous Poisson process (HPP)

3.1. Renewal process

The homogeneous Poisson process (HPP) is the simplest and
most widely used renewal process in which the time between
events is an exponentially distributed RV with the distribution,
FTðtÞ ¼ 1� e�kt . The distribution of NðtÞ is explicitly given by the
Poisson PMF,

P NðtÞ ¼ n½ � ¼ f NðtÞðnÞ ¼
ðktÞne�kt

n!
; n ¼ 0;1;2; . . . ð10Þ

This can be written in a recursive form as

f NðtÞð0Þ ¼ e�kt

f NðtÞðnÞ ¼ kt
n f NðtÞðn� 1Þ; n P 1

(
ð11Þ

All statistical moments of an HPP can be conveniently derived
from the method of the Laplace transform. The renewal function
is given as, E NðtÞ½ � ¼ KðtÞ ¼ kt with a constant renewal rate, k.

3.1.1. The decomposition property
Suppose events are generated by an HPP, ðNðtÞ; kÞ, and on arrival

of each event, there is a probability p of the event being recorded.
In this manner, the original process is decomposed into two sets,
recorded and not recorded events.
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The decomposition property means that random selections
from a Poisson process of rate k are equivalent to a Poisson process
with rate kp [29, Chapter V].

3.2. Marked Poisson process

The seismic risk analysis is based on this stochastic representa-
tion of a single seismic source, which has potential to generate
seismic waves in a given time interval. The seismic hazard curve,
HðxÞ, is defined as the rate of occurrence of earthquakes exceeding
certain magnitude, x. Based on the decomposition property of the
Poisson process, it can be written as

HðxÞ ¼ k FXðxÞ ¼ k ð1� FXðxÞÞ ð12Þ
Substitution of the basic properties of HPP into Eq. (7) leads to a

rather well known result for the distribution of maximum value:

FXmax ðx; tÞ ¼
X1
n¼1

FXðxÞð Þn ðktÞ
n

n!
e�kt þ e�kt ¼ e�ktFX ðxÞ: ð13Þ

This distribution corresponds to annual maximum value when
t ¼ 1 [5, Eq. (22)]:

FXmax ðx;1Þ ¼ e�k FX ðxÞ ¼ e�HðxÞ; ð14Þ
which is directly related to the hazard curve defined by Eq. (12).

It is important to point out that this distribution has an atom at
0, i.e., FXmax ðx ¼ 0; t ¼ 1Þ ¼ e�k. Using a first order approximation,
ea � 1þ a when a � 1, the distribution of annual maximum value
can be approximated as FXmax ðx;1Þ � 1� k FXðxÞ, such that its POE
function can be approximated by the hazard curve as

FXmax ðxÞ � kFXðxÞ; or FXmax ðxÞ � HðxÞ ð15Þ
3.2.1. Remarks
The approximation of the annual maximum distribution by the

hazard curve is quite commonly used in the seismic risk analysis.
This concept is so ingrained in the practice that the hazard curve,
HðxÞ, has taken the place of the probability distribution, and
dHðxÞ=dx is treated as probability density, which is technically
incorrect.

It is important to clarify that FXmax ðx;1Þ is a probability, whereas
HðxÞ� a rate, which are two different quantities. The approximate
equivalence between them holds only in a numerical sense, not in
any conceptual sense. This misconception can be a source of error
in the analysis of total damage cost.

3.3. Compound Poisson process: computation of risk

Using Eq. (9), the distribution of the compound Poisson process
can be written as

FYðtÞðyÞ ¼¼ e�k t þ
X1
n¼1

FðnÞ
X ðyÞ ðktÞn

n!
e�kt ð16Þ

This expression is not suitable to compute the distribution, as it
involves an infinite sum of n-fold convolutions. However, the
moments of YðtÞ can be easily derived from the method of Laplace
transform [28]. Especially, the expected value has a fairly simple
expression, E YðtÞ½ � ¼ k tE X½ �. This simplicity is one of the main rea-
sons for popular use of the HPP model in the probabilistic life-cycle
analysis.

4. Probability distribution of the compound Poisson process

As discussed earlier, an analytical solution for the distribution
of a general compound process can not be derived. However, the
compound Poisson process admits a solution based on the proper-
ties of the Poisson distribution and the discrete convolution. This
Section shows that a simple recursive equation can be derived to
compute the distribution of YðtÞ. This recursion scheme works
when X is a discrete RV or it is a suitably discretized representation
of a continuous RV [30].

Suppose X represents the monetary loss due to a single event
and it has a PMF

PðX ¼ idÞ ¼ f XðidÞ; i ¼ 0;1;2; . . . ;

where d is the unit cost, say a thousand dollar. Based on the discus-
sion of Section 2.1, the PMF of the partial sum, Sn ¼ Pn

i¼1Xi, n P 1,
can be written as

f ðnÞX ðidÞ ¼
Xi

j¼0

f ðn�1Þ
X ðði� jÞdÞf XðjdÞ ð17Þ

Note the convention used here, f ð0ÞX ðidÞ ¼ 0 if i– 0 and

f ð0ÞX ð0Þ ¼ 1. The PMF, f YðtÞðidÞ; i P 0, can be written using the total
probability law as

f YðtÞðidÞ ¼
X1
n¼0

P Sn ¼ id½ �f NðtÞðnÞ ¼
X1
n¼0

f ðnÞX ðidÞf NðtÞðnÞ ðfor i P 0Þ

ð18Þ
For a non-zero value of YðtÞ ¼ id, the PMF can be written as

f YðtÞðidÞ ¼
X1
n¼1

f ðnÞX ðidÞf NðtÞðnÞ ðfor i 	 1Þ ð19Þ

Substituting the recursive relation for f NðtÞðnÞ from Eq. (11) leads
to

f YðtÞðidÞ ¼
X1
n¼1

kt
n

f ðnÞX ðidÞ f NðtÞðn� 1Þ ð20Þ

For a discrete convolution, the following relation is useful [28]:

1
n
f ðnÞX ðidÞ ¼

Xi

j¼1

j
i
f XðjdÞ f ðn�1Þ

X ðði� jÞdÞ; ðfor i;n P 1Þ: ð21Þ

Substituting this relation back into Eq. (20) leads to

f YðtÞðidÞ ¼ kt
X1
n¼1

f NðtÞðn� 1Þ
Xi

j¼1

j
i
f XðjdÞ f ðn�1Þ

X ðði� jÞdÞ

Changing the order of summation in the above equation leads to

f YðtÞðidÞ ¼ kt
Xi

j¼1

j
i
f XðjdÞ

X1
n¼1

f ðn�1Þ
X ðði� jÞdÞ f NðtÞðn� 1Þ ð22Þ

From the definition of the compound sum given in Eq. (18), the
second summation term is equal to f YðtÞðði� jÞdÞ. Thus, the final
recursive expression is obtained as

f YðtÞðidÞ ¼ kt
Xi

j¼1

j
i f XðjdÞf YðtÞðði� jÞdÞ ; ðfor i P 1Þ ð23Þ

This relation is also known as Panjer’s recursion in the insur-
ance literature, which was applied to reliability engineering prob-
lems by Noortwijk and van der Weide [30]. This expression can be
easily programmed in a spreadsheet package.

The original derivation of the formula was based on the method
of the probability generating function [31, Chapter 5]. In contrast,
the derivation in this Section is based on probabilistic arguments,
which provide more insight about the properties of the compound
process. Therefore, a notable contribution of this paper is to
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present a clear and detailed exposition of the recursion method
that is not available in the earthquake engineering literature.

5. Superposition properties of marked and compound Poisson
processes

5.1. General

So far in the paper, the analysis of a single process has been dis-
cussed. However, in a realistic seismic risk analysis, a structure is
likely to be affected by multiple seismic sources, each modelled
as a marked Poisson process. Therefore, the overall seismic risk is
a combination or probabilistic sum (or convolution) of the damage
cost resulting from each seismic source. A naive way to solve this
problem would be to calculate the distribution of cost using Eq.
(23) for each of the m sources, and then compute another m-fold
convolution to obtain the distribution of the total cost. Obviously,
this is not an attractive proposition for the analysis. Furthermore,
source-by-source cost analysis may not be possible, as the seismic
hazard curve is typically computed by a software which provides
only an aggregated curve combining the effect of all sources.

This paper shows that an elegant, single-step solution of this
problem can be found using the superposition properties of the
marked and compound Poisson processes, which are not well
known to the seismic community, or at least not utilized by them
thus far. In other words, by a single application of the recursion
equation, Eq. (23), total damage cost resulting from multiple seis-
mic sources can be computed.

Suppose an ith seismic source is modelled as a marked Poisson
process, ðNiðtÞ;XiÞ, in which ðNiðtÞ; kiÞ is an HPP with rate ki and Xi

is the mark with a distribution FXi
ðxÞ. The compound process asso-

ciated with this source is defined as YiðtÞ ¼
PNiðtÞ

k¼1 Xik. Thus, the
superposition principle means that these m processes can be
replaced by a single equivalent HPP, ðNsumðtÞ; ksumÞ, a single marked
HPP, ðNsumðtÞ; ZÞ and a single compound process, YsumðtÞ. The occur-
rence rate of the aggregated process is given as

ksum ¼
Xm
i¼1

ki: ð24Þ

The parameters of all the three equivalent processes are sum-
marized in the following Section.

5.2. Superposition of marked processes

In the superimposed marked HPP, the mark, Z, represents the
ground motion intensity of an earthquake generated by any one
of m marked processes, which has a mixed distribution given as

FZðzÞ ¼ 1
ksum

Xm
i¼1

kiFXi
ðzÞ ð25Þ

The aggregated hazard curve can be defined similar to Eq. (12)
as

HsumðzÞ ¼ ksum FZðzÞ ¼ ksum �
Xm
i¼1

kiFXi
ðzÞ; ðHsumð0Þ ¼ ksumÞ ð26Þ

Thus, the distribution of Z can be directly obtained from the
hazard curve as

FZðzÞ ¼ 1� 1
ksum

HsumðxÞ ð27Þ

Following Eq. (14), the distribution of annual maximum value is
given as

FZmax ðx;1Þ ¼ e�HsumðxÞ ð28Þ
It is very important to note that the distribution of intensity of a
single event, Z in Eq. (27), is distinct from the distribution of annual
maximum value, Zmaxðx;1Þ. given by Eq. (28).

5.3. Superposition of compound processes

The aggregated compound process is defined as
YsumðtÞ ¼

Pm
i¼1YiðtÞ, which is equivalent to a single compound pro-

cess associated with the marked Poisson process, ðNsumðtÞ; ZÞ, in the
following way

YsumðtÞ ¼
XNsumðtÞ

k¼1

Zk; ðNsumðtÞ > 0Þ ð29Þ

The probability distribution of YsumðtÞ can be computed from
the recursion equation, Eq. (23).

6. Application to seismic risk analysis

This Section clearly lays out the steps to apply the analytical
results presented in the previous Sections for the evaluation of
seismic risk.

6.1. Probabilistic seismic hazard analysis (PSHA)

PSHA is a well-established methodology for estimating the
ground-motion hazard at a site of interest by considering contribu-
tions of all sources of seismicity.

The earthquake occurrence rate associated with an ith source is
denoted as ki and the ground motion parameter as Xi. The distribu-
tion of Xi is determined as functions of seismicity parameters, e.g.,
the source distance, R, and the earthquake magnitude, M. Such
functions are also referred to as the ground motion prediction
equations. Without going into details of PSHA, the distribution of
Xi is derived using the total probability theorem as

FXi
ðxÞ ¼

Z
M

Z
R
P Xi 6 xjm; r½ �f RðrÞf MðmÞdrdm ð30Þ

The main outcome of PSHA is an overall seismic hazard curve,
HsumðxÞ, aggregating the effect of all sources, as defined by Eq.
(26). In practice, computer programs are available to generate
the hazard curve for any given site.

The distribution of ground motion intensity can be directly
obtained by normalizing the seismic hazard curve, as given by
(27). This distribution is a starting point of the damage cost
analysis.

6.2. Structural response analysis

The next task in seismic risk analysis is to estimate the building
response in terms of a suitable parameter, such as the maximum
inter-story drift (D).

The structural response is generally given as a conditional dis-
tribution, FDjZðdjzÞ, of the drift given a ground motion intensity
level. It is typically estimated by dynamic analyses of the structure
subjected to representative earthquakes. The overall distribution of
drift is obtained from the total probability theorem as

FDðdÞ ¼
Z
Z
FDjZðdjzÞdFZðzÞ ð31Þ
6.3. Damage cost due to a single seismic event

The building damage cost, C, given the occurrence of an earth-
quake is a function of the extent of structural damage (D), which



Table 1
The relation of the building damage factor to the maximum inter-story drift [25].

Level Drift Ratio (%) Damage State Range of Damage Factor (%)

1 < 0:2 none 0
2 0.2–0.5 slight 0–1
3 0.5–0.7 light 1–10
4 0.7–1.5 moderate 10–30
5 1.5–2.5 heavy 30–60
6 2.5–5.0 major 60–100
7 > 5:0 destroyed 100
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in turn depends on the earthquake intensity. There are different
ways to estimate the distribution of C.

In the first method, the damage cost is derived as a function of
the drift using experience based rules, such as those given in
Table 1 [25, Table 3.5, p. 48]. Note that this information is based
on extensive research undertaken by the Federal Emergency Man-
agement Agency [32]. In this Table, the drift is related to the dam-
age factor, which is a fraction of the total cost of replacing the
building. By a combined use of the drift distribution, FDðdÞ, and
Table 1, a discrete distribution of the damage factor, FCðcÞ, can be
constructed.

The second approach is to relate the drift to the cost by an
empirical relation, such as [3]:

lnC ¼ aþ b lnDþ �

where � is the error of regression. Such relations are generally
developed based on simulation results or damage data from past
earthquakes.

A more detailed approach is based on the concept of seismic
vulnerability, which is a distribution of the cost conditioned on
the ground motion parameter, i.e, FCjZðcjzÞ. The vulnerability func-
tion is typically estimated by structural dynamic simulations com-
bined with a sophisticated model of damage of different elements
of the building [19]. Once the vulnerability model is given, the final
distribution of the cost per seismic event can be obtained by the
total probability theorem as

FCðcÞ ¼
Z
Z
FCjZðcjzÞdFZðzÞ ð32Þ
Fig. 8. Cumulative probability distribution of the spectral acceleration of any
random earthquake.
6.4. Total cost of seismic damage

The final step is to evaluate the distribution and moments of the
total damage cost, YsumðtÞ, over the service life of the structure. For
this purpose, the recursion equation, Eq. (23), is solved with the
distribution of C in a discrete form. The seismic risk is calculated
as the expected cost of damage: E YsumðtÞ½ � ¼ lCksum t where lC is
expected losses per event.

The discretization of the distribution of C is not an onerous task.
Rather, it is natural to represent the cost in a convenient unit of
thousand or hundred dollars. The reason is that a large uncertainty
associated with damage induced by an earthquake precludes the
estimation of the cost in a very fine details or small units. A contin-
uous distribution can be discretized by any of the methods illus-
trated by Noortwijk and van der Weide [30].

6.4.1. Remarks
To determine the distribution of C, the starting point must be

the distribution of Z, not that of Zmax. The reason is that Zmax is a
maximum value of several possible earthquakes in a given time
interval. Thus, using Zmax in the life cycle analysis would lead to
the distribution of ‘‘maximum” damage cost that could incur under
multiple seismic events, not the cumilative cost due to all possible
events in the given interval.
Since the derivative of the hazard curve, dHðxÞ=dx, is related to
Zmax, its use in the damage cost analysis is technically incorrect.
7. Practical example: seismic risk analysis

This Section presents the seismic risk analysis of a 20-storey
steel moment resisting frame (SMRF) supporting an office building,
which was introduced in Section 1.2 (see Fig. 1).
7.1. Seismic hazard analysis

The building is situated at the Diablo Canyon power plant
(DCPP) in California. The seismic sources affecting the site are
shown in Fig. 2 and resulting seismic hazard curve, HsumðxÞ, is plot-
ted in Fig. 3. The total annual frequency of occurrence of earth-
quakes at this site was estimated as ksum ¼ 0:106 events per year.

The ground motion parameter, Z, is the spectral acceleration at
the first period (4 s) of the structure. Its distribution, FZðzÞ, is calcu-
lated from the hazard curve using Eq. (27) displayed in Fig. 8.

The probability distribution of annual maximum spectral accel-
eration is calculated using Eq. (28) shown in Fig. 9. This distribu-
tion has an atom of 0.899 at Z ¼ 0. In other words, 0.899 is the
probability of no occurrence of any earthquake in any one year
period.
7.2. Probabilistic response analysis

Bazzurro and Cornell [33] evaluated the nonlinear seismic
response of the building and showed that the maximum inter-
story drift, D, can be modelled by a lognormal distribution with
the logarithmic mean given as (at 2% damping):

llnD ¼ �2:32þ 0:7 lnðZÞ ð33Þ
The logarithmic standard deviation of the drift was estimated as

rlnD ¼ 0:37. The probability distribution of drift, D, was computed
using Eq. (31), and the resulting POE curve of the drift is plotted
in Fig. 10.



Fig. 9. Cumulative probability distribution of annual maximum spectral
acceleration.

Fig. 10. Probability of exceedance (POE) of maximum inter-story drift for a 20-story
SMRF structure.

Fig. 11. Distribution of the normalized cost (or

82 M.D. Pandey, J.A.M. van der Weide / Structural Safety 72 (2018) 74–83
7.3. Normalized damage cost due to a single earthquake

The damage cost, C, is presented in a normalized form known as
the damage factor. The distribution of C is constructed using the
drift POE curve given in Fig. 10 and the relationship between the
drift and the damage factor given in Table 1.

Given that a range of drift, d1 < D 6 d2, results in the damage
factor in the range, c1 < C 6 c2, the corresponding probabilities
can be related as, P c1 < C 6 c2½ � ¼ P d1 < D 6 d2½ �. For example,
the drift ratio in the range of 0.7% to 1.5% can result the damage
factor in the range of 10% to 30%, as shown in Table 1. From the dis-
tribution given in Fig. 10, P 0:7% < D 6 1:5%½ � ¼ 0:0529, such that
P 10% < C 6 30%½ � ¼ 0:0529.

It was decided to discretize the damage factor between 0 and
100% in increments of 5%. The total probability in any interval,
P c1 < C 6 c2½ �, was equally distributed among all the discretized
values contained in the interval. For example, the damage factor
in the range 10% to 30% has 6 discrete values and each of them
are assigned an equal probability of 0.0529/6 = 0.0132. With this
kind of judgement, the probability mass function of the damage
factor, f CðcÞ, was constructed, as shown in Fig. 11.

7.4. Total cost of seismic damage

The final step is to compute the distribution of the total cost (in
terms of the damage factor) over a 50 year service life of the struc-
ture using the recursion equation, Eq. (23), with ksum ¼ 0:106 and
t ¼ 50 year. The result of the computation is shown in Fig. 12.

The expected value of the damage factor, i.e., the seismic risk, is
estimated as 16% over a 50 year period. There is roughly 33% prob-
ability that the damage factor would exceed the mean value. The
95th percentile of the damage factor is 55%, which is an upper
bound estimate of the the damage cost.

It is clear that the average value of damage cost is not a realistic
estimate of actual potential of losses, as there is a high probability
the actual damage cost would exceed the average value. With the
full distribution of cost a more realistic upper bound can be esti-
mated, which is the main advantage of the proposed approach.
8. Summary and conclusions

Although there is a substantial body of literature on the seismic
life cycle analysis, the evaluation of probability distribution of total
cost of seismic damage has not been tackled in a rigorous manner.
The paper attempts to fill in this gap by presenting a systematic
development of stochastic modeling of seismic risk analysis that
damage factor) due to a single earthquake.



Fig. 12. Normalized seismic damage cost over a 50 year period.
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leads to the distribution of cost without a recourse to a simulation-
based method.

Since the pioneering work of Cornell [5], the seismic reliability
analysis is based on the distribution of the maximum of a marked
Poisson process. The present paper extends this thinking further to
show that the total cost of seismic damage is a compound Poisson
process, for which an analytical solution is possible. The paper
shows how to use the superposition property of the compound
Poisson process to account for the effect of multiple seismic
sources in a single step of the analysis.

The probability distribution of total damage cost is computed
by a discrete recursion equation. The proposed approach does
not require any new information, other than what is contained in
a standard seismic analysis, namely, hazard curve, structural
response function, and the vulnerability or cost function.

A practical example is presented to illustrate all the steps of the
proposed method. The expected damage factor of a 20-story frame
structure is estimated as 16% of the replacement cost and the 95th
percentile of damage factor as 55%.

The study brings the following new elements to the seismic
damage cost analysis:

� A rigorous formulation of the life cycle cost of damage in terms
of the compound renewal/Poisson process.

� A clear and self-contained exposition of the recursion method
based on probabilistic arguments, which is is amenable to struc-
tural reliability community.

� The simplification of the damage cost analysis involving multi-
ple seismic sources via the principle of superposition of com-
pound Poisson processes.
It must be emphasized that the recursion formula by itself has
little practical value. It is the combination of the superposition
property with recursion formulas, as proposed in the paper,
leads to an efficient and practical solution of the problem.

� An illustration of a conceptual inaccuracy due to an inadvertent
use of the hazard curve or the distribution of annual maximum
ground motion intensity in the ldamage cost analysis.
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