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Abstract

The aim of this thesis is to derive new gradient estimates for parabolic equations. The
gradient estimates found are independent of the regularity of the initial data. This
allows us to prove the existence of solutions to problems that have non-smooth, con-
tinuous initial data. We include existence proofs for problems with both Neumann and
Dirichlet boundary data.

The class of equations studied is modelled on mean curvature flow for graphs. It
includes anisotropic mean curvature flow, and other operators that have no uniform
non-degeneracy bound.

We arrive at similar estimates by three different paths: a 'double coordinate’ ap-
proach, an approach examining the intersections of a solution and a given barrier, and
a classical geometrical approach.
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Chapter 1

Preface

Mean curvature flow

Let {M;} be a family of hypersurfaces, each smoothly embedded in R*+! and indexed
by t € [0, T]. We say M, is moving by mean curvature flow when

o _

6tH’

where H is the mean curvature vector at z € M;.

In the last twenty-five years, this flow has been the subject of concerted study, as
have other geometric flows such as the Ricci flow and Gauss curvature flow. Notable
results have included Grayson’s proof that the curve shortening flow (which is mean
curvature flow, reduced to one space dimension) shrinks embedded curves to a spher-
ical point [17] and Huisken'’s proof that convex surfaces become spherical under mean
curvature flow [18].

If we observe that H = A,r,z, where Ay, is the Laplace-Beltrami operator on the
manifold M;, then it seems natural to consider mean curvature flow as the heat flow
for manifolds.

Unlike classical heat flow, this is a nonlinear operator, but it still has some of the
same attributes; in particular, this flow exhibits a smoothing property. In [14], Ecker
and Huisken showed that if the initial surface is given by a locally Lipschitz graph, then
there exists a smooth solution for positive times. In this thesis, this result is extended
to non-Lipschitz initial conditions.

Mean curvature flow and parabolic differential equations

Chapter 2 is a short introduction to parabolic differential operators and some key re-
sults in mean curvature flow.

11
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If M; is locally represented as graphu for some u : Q x [0,7] — R, then u will
satisfy the parabolic equation

?9_’: = /1 + |Duf?div <\/—1—%) = (5“ - %) Djju.
This places mean curvature flow in the setting of classical parabolic partial differential
equations, the framework for most of this thesis.
Motivated by this setting, we examine other parabolic operators that have similar
diffusion properties to mean curvature flow. This includes anisotropic mean curvature
flow, a generalization of mean curvature flow arising in many physical applications.

Gradient estimates using a ‘double coordinates’ approach

In this thesis three distinct methods are used for deriving gradient estimates. The first
of these is introduced in Chapter 3. It originated with Kruzkov in [22]. Given a parabolic
equation in one space dimension

up = F (Ugg, Ug, u, T, t)
one can form an evolution equation for the difference w(z, y,t) = u(z,t) — u(y, t),
wy = F (Ugz, Uz, u(T), T, 1) — F (uyy, uy, u(y),y,1) -

Under favourable conditions on F, one can use the maximum principle and an appro-
priate barrier to find estimates for w that depend on |z — y|. Letting |z — y| — 0 will
then give a gradient estimate for .

In this thesis, Kruzkov’s method is extended by making use of the full Hessian

[Dzw] _ [wwx wzy]

Wyz  Wyy

rather that just the diagonal elements w,, and wy,. In the one-dimensional case this
is of little importance, but in the higher-dimensional case it gives us greater scope to
choose barriers.

In Chapter 3, we also describe a barrier which begins with an unbounded gradient,
but instantly becomes smooth.

Such barriers allow estimates that are independent of initial gradient bounds, and
that therefore may be used to prove the existence of solutions to parabolic equations
with continuous initial data. This is one of the main features of the gradient estimates
in this thesis.
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The ‘double coordinate’ method is extended to higher dimensions in Chapter 5 for
a class of operators that have similar diffusion to the mean curvature flow.

As this class includes anisotropic curvature flow, this is a significant improvement
to the existing regularity theory.

Gradient estimates are found for both entire periodic solutions and boundary value
problems.

Existence results

The gradient estimates of Chapters 3 and 5 may be used to extend standard existence
results.

We do this for a class of parabolic equations in the one dimensional case in
Chapter 4; for mean curvature flow with Neumann boundary conditions in Chapter
6; and for mean curvature flow with Dirichlet boundary conditions in Chapter 7.

Gradient estimates by counting intersections

The second technique for finding gradient estimates is found in Chapter 8, and it in-
volves examination of the intersections between a given solution « and a barrier ¢.

In [5], Angenent proved that the number of points in the zero set — the set where
u(z,t) = 0 — of a solution to a parabolic equation in one space dimension is non-
increasing.

This is applied to the difference u — . The intersections of » and ¢ are the zeroes

of u — ¢, and so Angenent's results allow us to show that u and ¢ do not develop new
intersections as they evolve.

When two functions intersect only once, the gradient of one of them dominates the
gradient of the other at that point. Tailoring the barriers gives us estimates for u,(z, )
in terms of the height of u(z, t), the time ¢, and (in the case of bounded domains) the
distance of z from the boundary. Again, there is no dependence on an initial gradient
estimate.

As Angenent’s results are limited to equations in one space dimension — it is
difficult to imagine what a generalization of these results to higher dimensions would
look like — this technique applies only to parabolic operators in one space dimension.

These methods will apply to a wide range of parabolic operators, provided that

suitable barriers exist. In particular, we can apply this method to the class of operators
studied in Chapter 4.
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Gradient estimates using a geometric approach

The third method for finding gradient estimates, in Chapter 9, is a rather geometrical
approach found in the classic Ecker—Huisken curvature flow papers [18], [13], [19],
[20] and [14].

A maximum principle is applied to the difference Z = v — ¢, where v is a “gradient
function” (for example, v = /1 + [DuJ?), and ¢ is a barrier. In contrast to the earlier
two approaches, this creates a direct estimate for the gradient Du itself, rather than for
the difference u(z) — u(y).

We apply this to the mean curvature flow (re-creating some of the results obtained
in earlier chapters) and also to the anisotropic mean curvature flow, under some re-
strictions on the degree of anisotropy allowed. Results for entire periodic solutions
and strictly interior results are found in both cases. The estimates found are again
independent of initial gradient bounds, but dependent on the height.

Appendices

An inventory of standard results for parabolic partial differential equations, relevant to
the existence results in Chapters 4, 6 and 7, is included for the convenience of the
reader. There is also a nomenclature listing.



Chapter 2

Mean curvature flow and parabolic
equations

2.1 Parabolic equations

Anoperator P : Rx S"xR"* x RxQ — Rx [0,T] is considered parabolic on a domain
when

P(z+aa'r+n,paanit) > P(z’r’p’q7m’t)

for any positive definite n € S, positive number o, and any (z,r,p, g, z,t) in the do-
main. Here, S™ is the set of n x n symmetric matrices.

In this thesis we look only at operators of the form
Pu = P(—uy, D*u, Du,u, z,t) = —u; + F(D*u, Du, u, , t).

If F is differentiable with respect to the first variable, then P will be parabolic if the

matrix of derivatives F, = [ oF
ori;

If we can write F(r,p,q,7,t) = a¥(p,q,%,t)r;; + b(p,q,z,t) for some symmetric
a:R* xR xQx[0,T] =+ S then we call the operator quasilinear. 1t is to quasilinear
operators that we will pay most attention in the following pages.

] is positive definite.

In this case, F, = [a¥] and so the operator is parabolic on S if [a¥(p, ¢, z,t)] is
positive definite for all (p, ¢, z,t) € S, where S is a subset of R* x R x Q x [0, T].

We denote the maximum and minimum eigenvalues of [a¥(p, g, z,t)] (or F,) by
A(p, g, z,t) and A(p, g, z,t).

If the ratio A/ is bounded on S, then P is called uniformly parabolic on S.

An operator is parabolic with respect to a function « when P(D?u, Du,u, z,t) is
parabolic.

15
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When ) # 0 — for example, when a¥ (Du, u, z,t) = |Du|P~16%, as in the parabolic
p-Laplacian equation — such an operator is called degenerate.

The key to much of the theory used here is the Comparison Principle. As presented
in [25]:

Theorem 2.1 (Quasilinear comparison principle 1). Suppose that P is a quasilinear
parabolic operator

Py = —u; + " (Du,u, z,t) Diju + b(Du,u, z,1).

Letw and v be in C*1(Q\ PQ) N C(Q) and let P be parabolic with respect to either u
orv. Thenif Pu> Pv inQ\ PQ andifu <v onP, thenu < v in Q.

Here P denotes the parabolic boundary
P(Qx[0,T]) :=Q x {0} uoQ x [0,T).

The proof of this theorem is simple, and is an excellent illustration of later arguments.

Proof: Suppose that there is an interior point z, at time ¢, > 0 where u = v for
the first time. Since this is an internal maximum of w = u — v, Dw = Du(zg,t9) —
Du(zg,tp) = 0 and D;;w = D;ju — D;;v must be negative semi-definite. Now,

Wy = up — Uy
= —Pu+ o (Du, u, z, t)D;ju + b(Du, u, ,t)
+ Pv — a¥(Dv,v, z, t)Dyjv — b(Dv, v, ,t)
< a¥(Du, u, z, t)D;jw.

However, as this is the first such maximum we must have w, > 0, which give us a
contradiction. It follows that u < v. O

We also use the following form, again as in [25]:

Theorem 2.2 (Quasilinear comparison principle 2). Suppose that P is a quasilinear
parabolic operator

Pu = —uy +a"(Du,z, t)Diju + b(Du,u, z,t),

and that there is an increasing function k(M) such that b(p,q,z,t) + k(M)q is a de-
creasing function of g on Q x [- M, M] x R for any M > 0. If u and v are functions in
C21(Q) N C(Q) with Pu > Pv inQ\ PQ andu < v on PR, and if P is parabolic with
respect to either v orv, thenu < v in Q.
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2.2 Mean curvature flow

If our family of hypersurfaces M is also a family of embeddings F; : M™ — R*t1, then
we can write mean curvature flow as

E
5 F=H 2.1)

where H is the mean curvature vector at F;(z) € M;. In the case that M; can be
written locally as a graph over a set Q € R*, we write Fy(z) = (z,u(z,t)), and can
calculate geometric quantities such as the upwards unit normal

(—Du,1)

1+ [Duf?’

the metric on the surface
9ij = (Sij + DiuDju,

the second fundamental form
hoi = D%
Y 1+ [Du?’

and the mean curvature

i3 . Du
H= g"]hij = —div (—m) .

The mean curvature vector is H = Hv, and so (if we remove movement tangential
to the surface) mean curvature flow for graphs is given by

Ou Du D;uDju
= 2 di - = V=6, - """ | D..u.
Y vV 1+ |Dul?div ( R |Du|2) ( i T [DU|2) iU
In the case when n = 1, this reduces to curve-shortening flow

a_u_ Uz
ot 1+u2’

With reference to the previous section, note that the largest and smallest eigenval-
ues for mean curvature flow for graphs are A = 1 and A = (1 + |p|?)~!, so it will be
uniformly parabolic only when the gradient is bounded.

Whether studied in a geometric setting as (2.1), or as a special case of a quasilin-
ear parabolic differential equation as (2.2), the comparison principle has been crucial.
Applied to mean curvature flow, it gives:
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Theorem 2.3. Let M; and M| be two smooth compact surfaces moving under mean
curvature flow. If they are disjoint at the initial time, they are disjoint at later times.

We can also make similar comparisons between surfaces with boundaries, and be-

tween other quantities (such as the gradient function v = /1 + |Du|? ). The following
theorem from [14] is one such result.

Theorem 2.4 (Interior gradient estimate). Suppose that u satisfies the mean curva-
ture flow equation (2.2) on a cylinder Bg(yo) % [0,T]. Then we have an estimate for
the gradient at the center of the ball at later times:

V1 +|Du(yo, 1)

2

C.

<Cp sup +/1+|Du(y,0)|?exp -—3( sup U(y,t)-U(yo,t)> ,
y€BR(yo) R? \ Br(yo)x[0,T]

where C; and C, depend only on n.

We will also use the following a priori estimates for higher derivatives, from the
same paper:

Theorem 2.5 (C? interior estimate for mean curvature flow). Suppose that u satis-
fies (2.2) on Br(yo) % [0,T]. Then for arbitrary 0 < § < 1 the estimate

sup 14RO <) —)F (7)) s (L4 Du?
Bgr(yo) R t/ Br(yo)x[0,t)

holds for all0 < t < T. Here |A|*> = hijhxigtk g*.

Theorem 2.6 (C* interior estimate for mean curvature flow). Suppose that u sat-
isfies (2.2) on Bg(yo) % [0,T]. Then form > 0 and arbitrary 0 < § < 1 we have the
estimate

sup |VmA|2(t) <cm(l— 92)"2 (—2— + —) ,
By (o) Rt

where c,,, is a constant depending on n,m and suppg,, (,0)x[o,q(1 + [ Dul?)}/2,
A bound on |A| gives a bound on |u|g2, since (using coordinates in which h is
diagonal)
|A|2 — hijhklgikgkl
= hiig™* g* hy

1
> A+ DuPR Z(hii)2

1
> —— sup|Dj;ul?
pa (1+'D'U,|2)3 Sgpl ’LJ'U" )
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where we have used that the smallest eigenvalue of g%/ is (1 + | Du|?)~!. So,
|Dijul < (1+|Duf?)*?|4],

and in a similar manner, bounds on derivatives of | A| give bounds on higher derivatives
of u.

These estimates may be used to show long-time existence results, such as the
following from [13]:

Theorem 2.7. If uy is a locally Lipschitz, entire graph over R™, then there is smooth
solution to (2.2) for allt > 0.

In the following pages, we will derive new existence results of this sort.



Chapter 3

Gradient estimates for parabolic
equations of curve shortening
flow type in one space dimension

In this chapter we outline gradient estimates for a class of parabolic equations in one
space dimension.

This chapter takes inspiration from the work of Huisken in [21], where he inves-
tigated embedded plane curves evolving by curve shortening flow by looking at the
evolution equation for the quotient of d(p, q), the distance between two points p and ¢
in the metric of the plane, and I(p, q), the length of curve between p and ¢. This intro-
duced a double set of space coordinates (those around the point p and those around
the point g). At a maximum point, the first and second derivative conditions give strong
conditions at both p and g, allowing close examination of all possible situations. An
application of the maximum principle resulted in a new proof of Grayson’s theorem
regarding the evolution of embedded curves.

In this chapter, we follow the approach of Kruzkov in [22] (and well described in
Lieberman’s book [25], chapter X, section 6).

If u(z,t) solves a parabolic partial differential equation in one space variable, then
v(z,y,t) = u(z,t)—u(y,t) solves a parabolic equation in two space variables, for which
we can seek a barrier.

In the paper cited, Kruzkov was interested in fully nonlinear equations
Ut = F(uxmyumau’x’t)
with uniform parabolicity condition

0
—_— > .
3TF(r,p,q,:v,t) >A>0

21
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In this section, we do not require uniform parabolicity, but in order to show existence
of the barriers, we will require a scaling similar to that of the curve shortening flow

equation
Uzy

Ut = T———>
14 ug?’

in that %1;- ~ |p|~2 for large |p|.

We begin with a description of the ideas motivating the method. The notation ’
will indicate derivatives with respect to the space variable, which | hope | will use only
where this is unambiguous.

3.1 Outline of the ‘double coordinate’ method
Consider a smooth . : R x [0,T") — R satisfying

up = a(Ug, U, T, t)Ugy + b(ug)

u(z,0) = up.
LetZ:Rx R x (0,7) — R be given by

Z(.’E, Y, t) = u(ya t) - u(:z:,t) - ¢(|y - .’Bl,t),

where ¢ is some smooth function.
Suppose now that Z attains a maximum at some point (z, y, t), with y > z. At the
maximum point, the first derivatives are zero, and so

0=2;,= —-U,(.’L‘,t) + ¢,(y - Z, t)

(3.1)
0=2y= u,(y’t) - ¢I(y - z,t).

Similarly, the matrix of second order partial derivatives is non-positive, by which we
mean that for all v € R?, vT[D?Z]v < 0, where [D?Z] is the Hessian matrix

Zz:c Zzy

(3.2)
Zyz’ Zyy

_ [—u”(w, H-¢'y-zt)  Pu-z1 |
¢"(y — =z,t) u"(y,t) — ¢"(y — z,1)

If we now consider the evolution equation satisfied by Z,

%f_ = w(y,t) — wi(2,t) — de(ly — 2, 1)

=a (’U,y, u(y, t)a Y, t) 'U'yy(y, t) —a (uza u(:z:,t), T, t) 'U':ca:(x’ t)
+b(uy) — b(uz) — ¢i(ly — I, 1);
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and if we take this at the local maximum we have

86_? =a (¢',u(y, )Y, t) (Zyy + ¢”) —-a (¢’, u(z,t), z, t) (_me _ ¢II)

+b(¢") — b(¢') — de(ly — z|,t)
Zag ZWD
Zyz Zyy

= trace ( I:a (¢',u(z,t), z,t) c]
+a (8w ),9,1) " +a (¢, u(, ), 2,8) ¢ = (c1 + 28" = ¢,

C2 a (¢,’u(ya t)aya t)

for some ¢; and c,. If the first matrix above is positive semi-definite, then as [D?7] is
negative semi-definite, the trace above is non-positive and

2 < ' a (¢, ule),2,8) + a (¢ ulyt),1.8) — 1 — 2] — e

A useful choice for ¢; and ¢, that makes the first matrix positive semi-definite is ¢; =
—a (d’” u(m, t)a z, t)’ C2 = —a (¢’, U(y, t), Y, t); then

'aa—f' S 2(0' (¢,7u($,t)v$1 t) +a (¢',u(y, t)a Y, t) )¢” - ¢t' (33)

The idea now is to choose ¢ in a way so that at the local maximum, Z; < 0. We
begin by observing that for simple equations, a solution to a simplified version of the
equation itself is acceptable for use as the barrier ¢.

Remark: We could simplify the method by choosing ¢; = ¢z = 0, in which case the
factor of 2 is absent from (3.3). The use of cross-derivatives will be important when
we extend this method to higher dimensions.

3.2 An estimate for periodic solutions
Theorem 3.1. Suppose v : R x [0,T) — R is a Hy, periodic and bounded solution of
Ut = a(Us)Uss + b(Uz) (3.4)
with initial condition
u(+,0) = ug,

with u(z,t) = u(z + L,t) andoscu(-,t) < M.
Ifo: R x(0,T) — R is a solution of

wr > a(‘Pz)‘Pmm
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with the initial and boundary conditions

p(z,t) > 1ast — 0 forz >0,
©(0,t) =0 fort > 0,
o(z,t) > 1asz — oo fort > 0,

then

ly —z| 4t
otz - ulys 0] < g (21, 20
Proof: Following on from the previous remarks, we set
Z(z,y,t) = u(y,t) — u(z,t) - $(ly — zl,¢)

and choose ¢(z,t) = Mp(z/M,4t]M?).
Ast— 0, ¢ — M forall z # 0, and so Z(z,y,0) < 0.
As u is periodic, Z(z,y,t) = Z(z + L,y + L,t) and so Z is periodic over strips

{(z,y):2nL <y+z<2(n+1)L}.

Within each strip, Z(y,y,t) = 0 and

™ h . \
\“\ \\ ™ Z(z,y, t) = u(y,t) - ’u‘(x?t) —¢<M-¢—-0
N \\\ ) ™ ~
\\ \Q ‘\\ 3 . . . .
\ as |y — z| — oo, so Z attains its spatial maximum in
AN A e . . .
AN R each strip, and hence in the entire plane, for each
. N
N t > 0. We can calculate
h%S \_, {"‘4\
s \:\ N
N X by = 4 z 4t
t — M‘Pt Ma M2
Figure 3.1: Z is periodic over 4 o n
g P > —a(¢)p
strips
/ "
= —a(d )M
a6 Mg
= 4a(¢')¢",

and in particular at a maximum point (z, y,t) with
z # y and Z non-negative, equation (3.3) becomes

Ba—f < da(¢')¢" — ¢; < 0.

Therefore, at such a maximum point Z is non-increasing in time and so Z < 0.
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The reason for the restriction z # y is that ¢ is not differentiable here. When the
maximum /s attained at such a point, then Z(z, z,t) = 0, so in either case Z < 0 for all
t. The result follows. O

We can find explicit estimates for more general equations by choosing an explicit
barrier.

3.3 Description of a barrier

This barrier, v, will be used often.
Let @ be the fundamental solution to the heat equation,

o(y,t) = —\1/? exp (:%yi> :

so that ®,, = 4c®;, where c is a positive constant and ¢ > 0. Implicitly define (2, t) by
z=®(¢p - 1,t) — B(¢ + 1,¢).

This function has the property thatas ¢ — 0,

1 2>0,
Y(z,t) =
-1 z<0.
and that 4(0,t) = 0 for all ¢t > 0.
We can calculate
1

’(/) - Qy("p - 1st) - q)y(¢ + 1at)’
d)" == ("'b,)3 [q)’.‘/‘!/("/’ - 1’t) - q)yy(w + lit)] )

and (third derivatives are included for completeness but not used until a later chapter)

"o__ (7/}”)2 Y _ _
P = 3—‘—‘1/), (W) [Pyyy (¥ — 1,1) — @y (¥ + 1, )],
while

W _ D —1,6) = B+ 1,0
ot q)y(’(ﬁ—l,t) ‘—‘I)y(’l/I-}-].,t)'
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Routine calculations yield

4cy 2cy? 2
Qo = [ T] exp (‘T) ! (35)
1 2cy? cy?
q’t—azé/—z[ 1+T]exp(‘7
The partial differential equation satisfied by 1 is
o _ 19"
ot dcy?

3.4 An explicit estimate for periodic equations
Theorem 3.2. Letu: R x [0,T) — R be a H, solution of

up = a(Ug, U, Z, t)Ugy + b(ug)

U(',O) = Ug

where ug is continuous; both uy and a are periodic, uy(z + L) = uo(z), a(p,q,z,t) =
a(p,q,z + L,t) (and therefore u is also periodic); oscu(-,t) < M; and where we can
find positive constants A and P such that

a(p,q,z,t)p? > A forall |p| > P. (3.6)
Then there is aT' > 0 such that fort € (0,T'],
|us| < C1VE(1 + 1) exp(Ca /1),
where T', C; and C, are dépendent onM, A andP.

Proof: Let Z be as before, with ¢(z,t) := 2M+(z/2M,t/4M?) for the + defined in
Section 3.3, with the constant ¢ given by ¢ = max (135, CP?), where C will be chosen
later.

Consider the region

G::{(m,y,t):OSy—.’L‘SzM(t),O §t§26M2/3},
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where z)/(t) satisfies ¢(2p(t),t) = M. Explicitly,

4M?

zm(t) = [exp(—cM?/t) — exp(—9cM?/t)] . (3.7)

Vi

Figure 3.2: The (periodic) region G at some time ¢

As before, Z is periodic over strips parallel to y + z = 0 and so it attains its maximum
on G. We first show that Z < 0 on the boundary of G.

Fory—z#0,ast—0,¢—>2Mandso Z <0.

Aty —z =0, ¢(0,t) = 0forallt > 0, and so Z(z,z,t) = 0. Aty — z = zp(¢),
¢(zpm,t) = M andso Z < 0.

Now suppose that Z attains a maximum on the interior of G.

It follows from (3.3) that at the maximum,

—aéf— S 2 [a (¢',u(w, t),.’L’, t) +a (¢l’ u(y’ t)aya t)] ¢” - ¢t
2o (Fyulentht) +o (Fuln )] S — o

Y oaty ' o
= oap |20 (¥, ulz,1),2,1) + 20 (¥, u(y, 1), 3,1) 4C¢,2]'

The second derivative
P == (W) (B (¥ — L,t/4AM?) — pyy (9 + 1,¢/4M?)]

is negative, as ¢’ is positive, and the part inside the square brackets [-] is positive in
Gift <2cM?/3="T".
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We can estimate

12 . 12
>
¥" 2 infy

v

sup Dy (¢ — 1,8/4M?) — &y (3 + 1,t/4M?)
0<9<1/2
0<t<T’

-2
>( sup  sup |®y(y — 1,t/4M?)| + |y (v + 1, t/4M2)|)

0<9<1/2 0<t<T!
- 13 §C(¢ - 1)2)

-

o, (w41, 5c(0+ 1?)

> sup
0<y<1 /2

2¢~3/2 2e~3/2 2
su
O<¢<‘i/2 @Iy —1F /3w + 1P

2 3352
= p?

where the last line follows by choosing C = 3352 /(2¢?®) and recalling that ¢ > CP2.
Now we can use the condition (3.6), controlling the degeneracy of q, to estimate

I R ’ 1

o
M 1/),2 401/}/2

IA

2
0

IA

as ¢ > (164)~!. So, Z; < 0 at an internal maximum, Z < 0 on the boundary, and so
Z <0ond@.

Explicitly, for (z,y,t) € G, Z < 0 means

) - ) < 20y (U )

t
<l|y-—
lv ””'suw <2M 4M2)
t

t3/2 4cM?
- |y - zI4C(2M)3 €Xp ( n ) ’ (38)

which is an estimate for the difference quotient |u(z,t) — u(y, t)|/|z — yl.
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We can obtain an estimate for (z,y,t) ¢ G, y > z by observing that for z > zj/(t),

u(y,t) - u(:z:,t) - % < U(yat) - ’U,(.’L‘,t) -M<O0

so thatas |y — z| > zum(2),

u(y, 1) - u(z,t) < M'Ayl—(‘tf' < Iy - ol exp (——) . (3.9)

So far, we have estimates for when y > z. We can find identical estimates for the
region where y < z by reflecting in the line z — y = 0.

Letting y — z in the estimates for the difference quotients (3.8) and (3.9) gives the
result. OJ

Comparing ¢ with the special barrier 1 gives us a gradient estimate for solutions
of quasilinear equations with this scaling. We will use this estimate in Chapter 5.

Corollary 3.3 (Gradient estimates for the barrier ¢). Let ¢ be a smooth solution of

Pt S a(‘pla 2 Z,t)(P”,
on (0,00) x (0,T), with the initial and boundary conditions

¢(2,0) =1 fort >0 and z # 0,
¢(0,t) =0 fort > 0,
p(z,t) > 1asz — oo fort > 0.

If
a(p,r,z,t)p* > A> 0 forall|p| > P >0,

then there is aT' > 0 such that fort € (0,T")
¢'(0,8) < C1Vit(1 +t) exp (Ca/t)

where T',C, and C, depend on A and P.

Proof: We apply the comparison principle to ¢ and ¢¢(z,t) := e(1 +1t) +2¢(z/2,t/4),
where 7 is as in Section 3.3 with the constant ¢ = (44)~!.

The barrier 4¢ dominates ¢ on (0, 00) x {0} and {0} x [0, T].

Choose T' > 0 and z; so that on (0,2z;) x (0,7"), ¥¢" < 0, ¥¢ > P and at 2,
P(21,t) > 1 2 p(z1,1).



30

Then Py = —p; + a(¢’, ¢, z,t)¢” > 0 and

Pt = —e— P +a(y, ¥, z,1)9"

= —€- (:f,)Q i - a('l)bI: "/"e,-’ﬂ, t)]

<0,

so Theorem 2.1 implies that 4¢ > ¢ on (0,21) x (0,7") foralle > 0, and as ¢ — 0,
90 > . Since ¥°(0,t) = (0, ) this gives us the boundary gradient estimate

©'(0,1) < 9'(0,£/4) < C1vVi(1 + t)exp (Ca/t).

3.5 Interior estimates for non-periodic equations with b = 0

Theorem 3.4. Letu: Q x [0,T] — R be a H, solution to
ut = a(Ug, U, T, t) gz,

where Q1 C R is an open interval and where there are positive constants A and P so
that
a(p,q,z,t)p?> > A forall|p| > P. (3.10)

Ifoscax o,y u < M, then we can find an estimate for0 <t < T'

v (z,t)] < C1vVE(1 +t)exp (Q),

t
where T', Cy and C, are dependent on A, P, M and dist(z, 0Q).
We modify the previous proof, introducing a new boundary in the z, y coordinates,

since we no longer have compactness of the domain through periodicity. We will seek
to avoid a maximum of Z occurring on the new boundary.

Proof: Firstly, suppose that Q@ = (-1, 1).
We consider the sub-region

G :={(z,y,t) € (-1,1)2x [0,T"]: 0<t<T' <T,jy+2z| <1,0<y—z < zp(t) },

where z,(t) is as before in (3.7) and 7" is chosen so that zy,(t) < 1 fort < T".
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Define Z on G by
Z(CII, Y, t) = u(y’ t) - 'U:(:L‘, t) - ¢($7 Y, t)

In order to avoid a positive maximum of Z on the boundary, we will ensure that ¢
satisfies

* ¢(z,y,0) > Mfory #z
* ¢(z,y,t) 2 Mfor |y — z| = 2 ()
o ¢(z,z,t) >0fort >0

o ¢(z,y,t) > Mfor|y+z| =1

N, * I
'\ 4
oo’ Vd
A 3 e
\\X+ Vs
N ANt
/1":’ AN e
+/ ¢ \(
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Figure 3.3: The region G at some time ¢

We choose ;
_ y—c¢ ¢t _ 2
where 1 is the explicit barrier defined in Section 3.3, for positive constants ¢ and +.
We will also choose g with |3| < 1/2 later.

This ¢ satisfies the first three conditions. In order to fulfill the final condition, choose
v=M/(1-2|8|)% Thenat |z +y| =1,

Yz +y =282 (v(z+yl -2B8)° =v(1-28)%= M.
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Now suppose that Z first reaches a positive maximum at an internal point (z, y,t) €
G. As usual, we calculate that at this point first derivatives are zero

0=2,= —u’(a:, t) + ?,b’ - 2’)’(-'13 +y-— 213)a
0= 2, = w/(y,t) ¥ — 29(z +y - 26),

and the matrix of second derivatives is negative semi-definite

0> [zm Zay
- Zyx Zyy

_ | () - gy - 2 ¥ -2 |
¥’ =27 u'(y,1) — 539" — 2

We use these in the evolution equation for Z

07z
E = a’(uy’ u(y)’ Y, t)uyy - a’(um U(.’L‘),:L‘, t)u:z;z — ¢t

= a(uy’u(y)’ Y t) [Zyy + géM— + 27] —a (uz,u(x)a x, t) [_Zx:r; - 21/)% - 2')’]
_ e

2L — (a(uy, u(y), 1) + 0(ua, u(2), 3,) Z

T (aluy, u(®), 9, ) + alug, u(z), 7,1) (——1 - 27)

2M
= trace ([ a(uz, u(x);x, t)  —a(ug, w(z),,t)| | Zue Zzy])
—a(uy, u(y),y,t)  aluy,uw(y),y,t) | | Zyz Zyy
1pll " wt
+ 2a(uy, u(y), ¥, t) 575 + 2a _ Y

oM (uz,u(x),w,t)m—

2M
< [2a(uy,u(y),y, 1) + 2a(ug, u(=), 7, 1) -

’l/)”
4c¢’2:| oM’
the last line applying at the internal maximum. As before, ¢ < 0fort < T' <

2cM? /3. The first derivative condition for Z implies that u, = ¢’ — 2y(z +y — 25) and
uy = + 2y(z +y — 25) and so

max(|ugl, [uy[) > 4| > P, (3.11)

where the final inequality comes from choosing ¢ > C P? as in the previous section.

We can then exploit (3.10), the condition on q;

24
2a (uy, w(y), y,t) + 2a (ug, u(z), z,t) > 5
max (|ug|, [uy])
> 2A
(|9 + 2]z +y - 28))*

This is greater than 1/4cy’? whenever (v8Ac—1)|y/| > 4, so we use (3.11), the lower
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bound on |¢'|, and choose

(4y + P)? 4M 2
> = _
€= TgApe a=2p) " ¥) sap

Now Z; < 0 at interior maxima, and so the parabolic maximum principle ensures
that Z < 0ongG.
For points outside G, butin the rectangle |y + z| < 1, z2p(t) <y —z < 1,
Mly — x|
zm(t)

<—\/—Z—e cM? ly — z|

u(y: t) - U(.’L‘, t) <M<

t
We can repeat both these estimates for a reflected region where z > y; putting them
all together gives

— — )2 2
ol t) — ) < 20ty (22, L) ME Uy AL (D)) s,

Now, for |y| < 1/2, set 8 = y and let z — y to give a gradient estimate at y

' ' t L/?_ cM?

< $3/2 4cM? N Vi ox cM?
= 943 PP\ T oM P\ )

For the case of a general interval Q = [z, z3], we can rescale around a pointy €
by using scaled coordinates z = 2(z — y)/dist(y, 092). We obtain the estimate

, 2 $3/2 dcM? cM?
< -
vy )l < dist(y, 99) [24cM3 exp | = | + Mviexp (=~ ),

where ¢ depends on A, P, M, and dist(y, Q). O

3.6 A generalisation to fully nonlinear equations

In this section we consider equations of the form
ut = F(ugg, g, u, 7, 1), (3.12)

where F: R3 x Q x [0,T] - Ris CL.
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Let u be a smooth solution to (3.12). As before, define

Z('Ta Y, t) = u(y, t) - U((E, t) - ¢(|y - xlvt)a

and suppose it first becomes non-negative at some point (z, y, t), with y > z. First and
second derivatives of Z will satisfy (3.1) and (3.2), but the evolution equation for Z will
be given by

aa—f = w(y,t) — w(z,t) — de(ly — z|,t)

= F(uyya uy,U(y),y, t) - F(umxa Ug, u(.’IJ), :L',t) - ¢t(|y - .’El,t)
= /01 %—f(suyy + (1 — 8)ugg, suy + (1 — 8)ug, su(y) + (1 — s)u(z), sy + (1 — s)z, t)ds
= ¢(ly — =, 7)

1
= [uyy — Ugsz) A %—'l:- (styy + (1 — S)uzg,...)ds
1
+ [uy — u,,]/o g—i (styy + (1 — 8)ugs,...) ds
1
+ [u(y) - u()] /0 %—I; (stgy + (1 = 8)tgas ...) ds

1
=2 [ G (st (= S)uzs,..) ds = lly = 1)

=t +2 - +(1- ...)d
race ([62 a] [ Zys Zyy]) ¢ o or (suyy + (1 = 8)ugq, ... ) ds

1oF
~ (et et =it [ Go (st (1= use,.) ds
1
F
+ly—al [ G (st (1= SJuzs,...) ds,
0 oz
where we have used that v, = u, at a spatial maximum, and have abbreviated
Lor
/0 W(suyy—i—(l—s)um,...)ds:a
and where we have added and subtracted (c; + ¢3) Z,, for some ¢, c,. If we choose
Cl =C = —a

the first matrix above is positive semi-definite. Since the matrix of second derivatives
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is negative semi-definite, we have

BZ LoF
ot ¢” or o= (Suyy + (1 = 8)ugg, ... ) ds — ¢4

+ ¢/ a (suyy )Ua:za )dS
+[y—a:]/0 &—(suyy—}— (1= s)ugg,...)ds.

If we make quite harsh restrictions on F, then we can use our explicit barrier to find
an analogue of Theorem 3.2 for periodic nonlinear equations.

Theorem 3.5 (Nonlinear version of Theorem 3.2). Letu : R x (0,7) — R be a C?
solution of

Ut = F(uzzyuma u, t)

u('? 0) = Ug

where vy is continuous and periodic, ug(z + L) = uo(z), (and therefore u is also peri-
odic); oscu(-,t) < M; where we can find positive constants A and P such that

%i—?‘(’l",p, q, t)p2 > A for all Ipl > P;

and where 66—1; <0.
Then there is aT’ > 0 such that fort € (0,T],

luz| < C1v/t (1 +t) exp(Ca/t),
where T', C, and C, are dependenton M, A and P.

Proof: The proof is the same as that of Theorem 3.2, including the choice ¢(z,t) =
2M+(z/2M,t/4M?), but instead of using inequality (3.3) for interior maximum points,
we have

at—¢ll/aF d+¢/BF Nds — ¢y

" A _ ¢”
> ¢ ¢,2 4C¢’2

<0,

where the omitted argument of the derivatives of F, denoted by (...), is (suy, + (1 -
8)Ugg, Sty + (1 — s)ug, su(y) + (1 — s)u(z), sy + (1 — 8)z,t). O



Chapter 4

An existence result for a parabolic
equation in one space dimension

Although this is a standard result (see Theorem 12.25 of [25]), for completeness we
sketch a short time existence result in the one-dimensional case, where the spatial
domain is = (zo,z1) C R, and the initial and boundary data is continuous.

The parabolic equation is

Ut = a(um)uam7t)uxz) (4'1)
with initial and boundary data prescribed by
u(z,t) = uo(z,t) for (z,t) € P(Q x [0,T). 4.2)
We require that a > 0 is in H,(K) for all bounded X C Rx R x Q x [0, T] and some
a€ (0,1).
This implies that for every such K we can find positive Ax and Ax such that

Xk < a(p,g,2,t) < Ak, when (p,g,z,t) € K. (4.3)

When we can find bounds of this type that depend only on the gradient, we will
write

A(K) < a(p, g, 2,t) < A(K), for |p| < K. (4.4)

Suppose also that there are positive constants A and P such that
a(p,q,z,t)p> > A >0, for |p| > P. (4.5)
The first part of this chapter is a survey of the main steps needed to find the exis-

37
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tence result for the Cauchy-Dirichlet problem with H; g initial and boundary data. We
follow the treatment in Lieberman [25].

These results mean that when we approximate continuous initial data by smooth
initial data, a solution will exist for the approximate initial data. In the later parts of the
chapter, we use the gradient estimate established in Chapter 3 to find uniform gradient
estimates for ¢ > 0. This will gives us a solution for ¢ > 0; in order to show that this
approaches the initial data as ¢ — 0, we will need some displacement estimates which
limit the distance a function can travel in a given time.

4.1 Existence of solutions with H;,; initial and boundary
data

Theorem 4.1. Consider the Cauchy-Dirichlet problem given by (4.1) and (4.2), where
0<B<1l. v

Suppose that ug is defined on the parabolic boundary P (Q x [0,T]) and uy €
Hi415(P). Also, suppose that either ug is time-independent, or else there are con-
stants A and P such that (4.5) is satisfied.

Then there is a smooth solution u € C?+! (Q x (0,T)) N C (2 x [0, T7)).

This solution has a gradient bound |u|, 55/, < C where C depends on |ug|116,5/2
,3, M, A and diam .

The proof of this result follows a standard pattern for showing existence — a bound
on sup |u|; a bound on sup | Du|; a Hélder gradient bound |Dul,; and then the applica-
tion of a fixed point theorem. These steps are sketched by the following results.

We begin by using the comparison principle to bound |u|.

Lemma 4.2 (A bound on sup |u|). /fu is a smooth solution of (4.1), (4.2) inQ x [0, T,
then
sup_|u(z,t)| < sup|uol.
Qx[0,T

Proof idea: Set k = supug™ and apply the comparison principle (Theorem 2.1) to
wvand kon E := {(z,t) € @ x [0,T] : u(z,t) > 0}. Since k > u on JF, it follows that
k > uon all of E and so on all of  x [0, T].

Similar steps can be followed to find that infq (o rju > infuy™ , completing the
result. O

We begin our gradient estimates with a boundary gradient estimate.

Lemma 4.3 (Boundary gradient estimate). Let 0 < 8 < 1. If u is a smooth solution
of (4.1), (4.2) in Q x [0,T), and either u, is time-independent or else a satisfies the
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condition (4.5), then
sup IU(.’II, t) - u(y) 3)‘ <L

@peoaxpr 1@t = (y,s)| ~
(y,8)€0N%[0,t]

where L depends only on osc u, |uo|14s,4/28nd B.

In fact, we can relax the regularity requirements on the initial and boundary data
and still find a continuity estimate on the boundary.

A modulus of continuity is a concave, continuous function w : Rt — R*, with
w(0) = 0. This w is @ modulus of continuity for a function g at y if

l9(z) — 9(v)| < w(|z - yl)

for all z in the domain of g. It is a modulus of continuity for g if the above relationship
also holds for all y in the domain of g.

A modulus of continuity can be defined for every continuous function on a closed
bounded set.

Lemma 4.4 (Boundary continuity estimate). Let u satisfy (4.1), (4.2), where uy has
modulus of continuity w, and suppose there are positive constants y. and P so that

lp|A(p, g, 7, t) + 1 < pa(p, g, z,t)p? (4.6)

whenever |p| > P.
Then u has a modulus of continuity on the boundary

lu(e, ) — u(y, 1) < W (lz - yl)
forz € Q andy € 99, where w* can be determined by w, supp |ug|, 2, and a.

Equipped with the boundary gradient estimate, we can now find a global gradient
estimate. In this one-dimensional case, the global gradient estimate is the result of
Kruzkov mentioned in Chapter 3. '

Lemma 4.5 (Global gradient estimate). /f » is a smooth solution of (4.1), (4.2) in
Qx [0, T) with an oscillation boundosc v = M, and a Lipschitz estimate on the parabolic
boundary |u(z,t) — u(y,t)| < L|z — y| for all (z,t) € P( x [0,T]) andy € 2, then

sup |ug| < 2L.
Qx[0,T]

Lemma 4.6 (Global Holder gradient estimate). Suppose that u satisfies (4.1), (4.2)
in Q x [0,T), where there are positive constants A\x and Ax such that whenever
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(,0,5,1) in the sot K := { (p,q,2,1) : Ip| < K la| < M,z € Q1 € [0,T]},
AK: S a(paqa z, t) S AIC-

Ifu e C**1(Q x [0,T]) NC(Q x [0,T)), set M = sup |u| and K = sup |Du|. Then
there are positive constants « and C determined by 3, A\, Ax and diam Q such that

[Dula < C (sup |u] + sup | Du| + |uoly45,5/2)

Now that we have bounds for |u|; 14 q/2, We can apply the following existence the-
orem, which is derived from a fixed point theorem.

Lemma 4.7 (Existence theorem). Let v be in H, s forsome § € (0,1)

If there is a constant M independent of e such that any solution of (4.1), (4.2) on
Q x [0,€) satisfies
[ul145,5/2 < Ms,

then there is a solution of the Cauchy-Dirichlet problem (4.1), (4.2) in 2 x [0, T].

4.2 Displacement estimates

The following estimates for the displacement suffered in a given interval of time by a
function moving under a parabolic flow apply to any strictly parabolic operator satisfy-
ing bounds of the form (4.3) or (4.4).

Lemma 4.8 (Displacement estimate for Lipschitzinitial data). Letu : Ox[0,7] - R
satisfy (4.1), where Q C R, and a has bounds of the form (4.4).

Suppose that u has initial data whose graph lies below a cone centred at some
point h
u(z,0) < L|z — h|

and, in the case that Q) # R, whose boundary data lies below the same cone
u(z,t) < Llz — h|, z € oN.

Then, at later times,

w(z, ) < L(z — h)Exf (%) + 2L\/§ exp (— (1.4_/\?)2) , 4.7)

where A = A(L) is given by (4.4).
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Proof: For some small e > 0, set

v(z,t) = L(z — h)&xf (\/H_Ze(ac - h)) + L\/t:; exp (—C(it;—eh—)i) ,

which satisfies the heat equation
— Uzz
4c

and approaches the cone of gradient L centredath as ¢t + € — 0.

Ut

Figure 4.1: The barrier v(-, t)

Note that v(z,0) > L|z — A, that [vg(z,¢)| = L |8rf (z,/c"/(t+e))| < L and that
Vg > 0, SO

vt — a,('vz,'v, z, t)v.’l:a: 2 Ut — |S;-1p G(Pa v,Z, t)'Uz:c
p|<L

> v — A(L)'Um:c
=0

where we choose ¢! = 4A(L).

The estimate follows by applying the comparison principle (Theorem 2.2) to show
that u(z,t) < v(z,t), and then letting e — 0.

O

Now, we apply this to three different cases, firstly when v initially satisfies a Holder
condition and when we have polynomial growth in A, secondly when u(-,0) has a
modulus of continuity, and thirdly when v is initially bounded by a step function.

Corollary 4.9 (Displacement estimate for Hélder initial data). Letw : Rx [0,T] — R
satisfy (4.1). Suppose that a not only satisfies (4.4), but more specifically has at most
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polynomial growth, so that
a(p,q,z,t) < A(1+ K™) for|p| < K (4.8)

where A and m are positive constants. Also, suppose that u(-,0) satisfies a Hélder
condition around some point h

u(h,0) —u(z,0)| < Llz — hl|*, 0<a<l.
|u(

Then, at later times,
|u(h,0) — u(h,t)] < c(e, m,L,f\)thl(!l-“).

Proof: For simplicity, assume h = 0 and u(h,0) = 0. The initial data is bounded

Figure 4.2: The bounding cusp is itself bounded above by cones

above by cones centred at k and indexed by k, the (positive) z-coordinate of the point
of contact with the bounding cusp L|z|%, so

u(z,0) < L|z|* < aLk® Yz + L(1 — a)k®.

The estimate (4.7) taken at z = 0 is then

u(0,t) < 2Lak®™! (1 + (LE*1)™)Y? \/% +L(1 - a)k®
and optimizing over k gives
u(0,t) < ¢(a, m, L,f&)t”m‘(!l-“) .

a

Corollary 4.10 (Displacement estimate for continuous initial data). Suppose that
u: R x [0,7] — R satisfies (4.1) and (4.4), where u has initial data with a modulus of
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continuity w at a point h

|U’(h) 0) - ’U,(:E,O)l Sw (I'T - h’|) .

Then
|u(h,0) — u(h,t)| < c(t)

where c is dependent on w and A, and where c¢(t) — 0 ast — 0.

Proof: For simplicity, assume h = 0 and u(k,0) = 0. Consider the cones
Cr(e) = cx (|2] = k) + w(k)

indexed by k& > 0, the (positive) z-coordinate of a point of contact with w. As w is
concave it has both left and right derivatives, and we can choose the slope of the cone
¢r = w' (k). Then

u(z,0) = u(z,0) — u(0,0) < w(|z|) < W'_(k) (|z| — k) + w(k) = Ci(z).
Now we have a cone as an upper boundary, we can use estimate (4.7)atz =0

u(0,t) < 2uw' (k) 'i\;t - w(k)k + w(k),

where A = A(w’_(k)) is given by (4.4). Minimize this over k to get the displacement
bound

c(t) == I{:I>li(‘) (2w'_(k) -j; - (k)k + w(k)) .

In order to show that¢(t) —» 0ast — 0, let § > 0. As w is concave and positive, it
has positive left derivative and for £ > 0 we have

0 < w (k)k < w(k).
And as w is continuous,
0 < lim o’ (k)k < lim w(k) = 0.
k—0 k—0

Choose k = ks so that w(ks) — w' (ks)ks < 8. Choose 7 so that

Jis 81/ A (v (ks))

2w’ (ks)y/m ’

B
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thenforallt < T,

) < 2wl (k )\/ " (ks)ks + w(ks) < 26,

and so ¢(t) — 0. O
Set ¢ to be the maximal monotone graph

+1, z>0
o(z)=<[-1,1], z=0 (4.9)
-1, z<0

which we will refer to as the step “function”.

Corollary 4.11 (Displacement estimate for step functions). If u satisfies (4.1) and
(4.4), and is initially bounded by a step function

u(z,0) < co(z),’

u(z, t)<m1n{|ic|\/z—c,c},

where A = A(2c/|z)) as in (4.4).

thenforz <0

Proof: Near some point h < 0, u(-,0) satisfies a Lipschitz condition
u(z,0) < L*z — K| — ¢

where L* = 2¢/|h)|.

Lemma 4.8 then gives that

h 4c [At (z — h)?
< — —_— — —_
u(z,t) mf |hlé’rf (2\/_) + mV exp( i )

and if we let h = z then we find that for z < 0,

@n_% A—-c

The final result is found by comparison to the constant function ¢. O
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gradient of cone is 2¢c / Inl

[
Ihi

Figure 4.3: Cone bounding the step function

Remark: If o satisfies the condition (4.8), then

u(z,t) < C(c, A)e ™2\ /g|z|~1™/2 —¢.

4.3 Existence of solutions with continuous initial data

Theorem 4.12. Consider the Cauchy-Dirichlet problem given by (4.1) and (4.2). If
up € C(P(Q2 x [0,T])) and if there are constants A and P such that (4.5) holds, then
(4.1), (4.2) has a solutionu € C?*1 (Q x (0,T)) N C (2 x [0,T]).

The first step in the proof of the above is to approximate g by uf in C*, so that
SUPgeq |u§ — uo| < €.

Lemma 4.13 (Existence of solutions with approximate boundary data). For all
€ > 0, there exist solutions u¢ : Q x [0,T] — R to (4.1) with boundary data u§ These
solutions are in C**1 (2 x [0,T]) N C (2 x [0,T]).

Proof: As u§ is in the Holder space H; g, this is a consequence of Theorem 4.1. O

Lemma 4.14 (Existence of uniform oscillation bound). Foralle > 0,

osc u® < 4 (sup |ug|) .

Proof: For any fixed ¢, set k = sup u§* and apply the comparison principle (Theorem
21)tokanducon E = {(z,t) € 2 x [0,T] : ué(z,t) > 0}. Since k > uf on JE, it
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follows that k > € on all of E and hence on all of  x [0, T], and so

sup [uf(z, )| < sup |uf| < 2 (sup|uol),
Qx[0,7]

where the last inequality will hold for small enough e.
This leads to a uniform oscillation bound for u¢, which we denote by M —

oscuf < 4sup|ug| =: M.

a
Theorem 3.4 gives a uniform gradient bound on interior sets, up to some time
T' > 0. Forty € (0,7"/2),

C:
Uzl x (to,17) < C1vto(1 + to) exp (_t_oz) =: L(to),

where T', C; and C, are dependenton A, P, M and dist(Q', 69).

Lemma 4.15 (Higher regularity on interior sets). On interior sets ' x (2ty,T') we
can estimate higher derivatives

[ul24kta < C
where C depends on dist(Y, 89), diam(RQ?), to, 4, P, |al, and M.

Proof: Once we have an oscillation bound M and a gradient bound L(tp), (4.3) im-
plies uniform parabolicity. A uniform Hélder gradient bound on interior sets results
from Theorem 12.2 of [25]. In particular, on interior sets and when T"/2 > ¢y > 0,

[uetc]a;ﬂ'x(%o,T’) < Cmin {diSt(Q,7 aQ), \/t_O} - )
where both a and C depend on Ax and Ak, given by (4.3), with
K ={(p,¢,2,t) : Ip| < L(to),lq| < M,z € Q, and t € [0, T]}

and C also depends on L(t) + M, and diam (2.

Equipped with a Holder gradient bound, we can treat the equation as a uniformly
parabolic equation with Hlder continuous coefficients, and use standard results, such
as Theorem A.4, to find that u€ is uniformly bounded in Ho o (Q' X (2t9,T")).

From here, it is possible to use the bootstrapping method to obtain interior esti-
mates for all higher derivatives.

O

Corollary 4.16. On any interior setQ) x (to, T'), there exists a subsequence converging
to some u that also solves the partial differential equation (4.1).
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In order for this u to be a solution of the Cauchy-Dirichlet problem, we need to
show that u attains the initial and boundary data.

Lemma 4.17 (Convergence to initial data). On any spatially interior set ',

sup |u(z,t) — ug(z)] > 0ast— 0.
zeV

Proof: Let z be any pointin §'. Let w be a modulus of continuity for uy.
We can off-set u¢ by defining

w(y, ) := u(y, t) — u’(,0) + uo (),
so that wé(z,0) = ug(z). Let u be the limit of a subsequence u¢, as in Corollary 4.16.

|u(z,1) = uo(2)| = lim |u(z,t) — uo()|
= lim [w (2, 1) + u(z,0) ~ 2uo(2)|
< lim (" (2,1) — wo(z)| + [u(2,0) ~ uo(z)])

— 1 € — apn€ 3 € —
= P_I)% |w (.’12, t) w (x’ 0)| +l_l_% |u ({E,O) uO(x)I

The second of these terms is zero. To estimate the first term, note that the approxi-
mations u¢(-, 0) satisfy the same the same continuity condition as ug, and therefore so
does w*(:,0), with |w(0, z) — w(0, y)| < w(|z —yl), for all z,y € Q. Corollary 4.10 then
gives the estimate

|wé(z,t) — w(z,0)| < c(t),
where ¢ depends only on the exact forms of w and Ax (given in (4.3)). In particular, ¢

is independent of = and ¢, and as ¢(t) — 0 as t — 0, the result follows. O

More specific continuity-in-time estimates are given by the continuity of the initial
data and the upper growth bound of 4. If, for example, the initial data is Hélder contin-
uous

|luo(z) — uo(y)| < Ljz - y|*
and a has polynomial growth in the gradient term, satisfying (4.8) for constants A and
m, then Corollary 4.9 indicates that ¢(t) = C(a, m, L, [X)|t|2+m?1-u5.

Lemma 4.18 (Convergence to boundary data). We can continuously extend u(-,t),
defined on the interior of Q) at time t, to Q. Moreover, u = uq on the boundary.

Proof: We need to show that for y € 09, lim,_,y u(z,t) = uo(y, t).
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We note that our parabolic equation satisfies condition (4.6), since

2
lplA(p, 4, 7) + 1 = Iplla(p, g,5)| + 1 < Zalp|?

for [p| > P, using (4.5).
Let w be a modulus of continuity for ug. As each u§ has at least the same modulus
of continuity as uy, Lemma 4.4 gives us an estimate uniform in ¢ and e,

|uf(2,t) - u3(y, )| < w*(|z = ).

Then for a point y € 02 and fixed ¢,
sup |u(z,t) —uo(y,t)| = sup |limu(z,) — uh(y,t) + up(y,t) — uo(y, )|
Br(y)nQ Br(y)n €0

< sup w*(jz -yl
Br(y)NQ

= w*(r)

soas|z—y| = 0, w*(Jz—y|) = 0and u(z,t) — uo(y,t) — thatis, we can continuously
extend u to ug on 80 for¢ > 0. O

4.4 Existence of entire solutions with stepped initial condi-
tions

Consider equation (4.1), under the conditions on a given by (4.3) and (4.5).

Lemma 4.19. There exist entire solutions to this equation with the periodic, crenellated
initial data

gr(z) = Mo (sin(mz/R)),

where o is given by (4.9).

I [ T I I O O

Proof: If we let g¢ be the smooth mollification of gg, then for |z| < R,

Mo(z —€) < ¢°(z) < Mo(z +¢).
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Theorem 4.1 ensures that there is a smooth solution ¢ to 4.1 with initial condition
9¢, with a Holder gradient bound dependent on €. The gradient bound in Theorem 3.2
is independent of ¢; for t € (0,T"),

|lug| < C1VE (1 + t) exp(Ca/t)

where T’, C; and C, are dependent on M, A and P, but not R. Higher gradient
bounds for ¢t > 0 follow from the interior estimate (4.15) and we can find a subsequence
converging to ug which also solves the equation on [t, T"].

To show convergence of ug to the initial data, suppose that —-R/2 < z < 0. Asin
Section 4.2, we can bound the initial data g¢ by cones centred at h € (—R/2, —€) —

M
gf(z) < m|$ —h| - M.

Applying Lemma 4.8 to this, and setting h = z, we find that for —R/2 < z < —e¢,

ue(x’t) S ﬂ é—‘é_ ,
lz+eV m

where A = A (M/|z + ¢€|) as in (4.3) and so we have the estimate

[ur(z,8) - gr(2)| = |limu(z,8) + M|

_ v (R
EEAES

A similar estimate holds for all z # nR, and so for all x > 0, we can find ¢ (dependent
on z) such that |ug(z,t) — gr(z)] < p. O

Corollary 4.20. There exists an entire solution to this problem with the initial data
uo(z) = Mo(z).
This solution has a gradient estimate fort < T':
|uz| < C1VE(1 + 1) exp(Ca/t),
where T', C, and C, are dependent on M, A and P.

Proof: Take the limit of the solutions ug given by the previous lemma as R — oo. O



Chapter 5

Gradient estimates for parabolic
equations in higher dimensions

In this chapter we extend the methods of Chapter 3 to higher dimensions.

Consider a smooth solution v : R* x [0,7] —» Rto
u; = a*(Du,t) Diju + b(Du, t), (5.1)

where A(p,t) = [a¥(p,t)] is a symmetric, positive semi-definite n x n matrix that is
smoothly dependenton (p,t) € R* x (0, T].

Define

T
alp,t)i=pl2 inf ABDY

veSmup#0 (v p)? (5-2)

Compare this definition to that of the Bernstein £ function, (see Chapter 10 of [16])

. g(p, q,T, t) = aij(p’q7$’t)p‘ipj'

Clearly, a(p)|p|? < € and if A, A are the smallest and largest eigenvalues of A, then for
p#0,

£
£ <A
p|?2 —

The middle inequality here becomes an equality when p is an eigenvector of A.

A<alp) <

Our aim is to reduce the n-dimensional problem to a parabolic equation in one
space dimension; we can do this if a(p) is bounded below by a positive function of |p|.
We will call this

~

a(s) := peRinrzllf;':s a(p). (5.3)

For the existence of specific barriers we will require a control on the degeneracy of

51
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A — the existence of positive constants Ay and P such that

a(s)s? > Ag for s > P. (5.4)

Example 1: If p is an eigenvector of A(p), then a(p) is the associated eigenvalue.

Example 2: As a specific example of the above, if a¥/ is of the form

60) = acalp) (89 - 1) + aa() 22 (5:5)
|| ||
for functions ay, ag : R* — R, with ag > 0 and ay, > 0, then a(p) = ap(p)-
In the mean curvature flow case, a,, = 1 and

1

ao(p) = a(p) = TR

Example 3: In the most general situation, if vix(p) are the non-null eigenvectors of
A(p) with eigenvalues \x(p) > 0, then

2\ -1
o) {|p|2 (T 922) ifpe (NllA()
0 otherwise.

Example 4: In the case that A is positive definite, all eigenvalues are positive and

__Ipl®
a(p) - pA_]_p'

As Example 2 shows, A need not be positive definite.

Example 5:  An elliptic operator [a¥/] is called of mean curvature type if there are
positive constants A, A so that

Am (p)€i€; < a¥(p, g, 2)&:€; < Am¥ (p)&it,

where m* are the coefficients of mean curvature flow [15, 27, 16]. For such equations,
one can (under some conditions, particularly on the shape of the boundary) find apriori
estimates on | Du in terms of |u|. It is therefore interesting to note that if [a%/] satisfies
only the lower inequality above, then it also satisfies (5.4).

Example 6: If one may be forgiven for referring to a future section, note that if
the flow is the anisotropic mean curvature flow (9.5) of Section 9.1, then Lemma 9.5
implies that &(|p|) > Ao|p|?> when F(p) > P. The function F will be positive and
homogeneous of order one, so that ¢;|p| < F(p) < ca|p|.

Thus, anisotropic mean curvature flow satisfies conditions (5.3) and (5.4).
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5.1 Reduction to a one-dimensional problem

Letu : R* x (0,7] — R satisfy (5.1), where A = [a¥] is a symmetric, positive semi-
definite matrix with « > 0.

In the following, we generalise the calculations of Section 3.1 to higher dimensions.
As in the one-dimensional case, we begin our discussion by defining

Z(‘T’ Y, t) = U(y, t) - ’U,(SC, t) - ¢(|y - .’1?|,t),
where ¢ : R x [0,T] — R is a C? function that will be chosen later.
At an internal maximum point of Z, the first derivative conditions are

yz__xz—

D,:Z = —D;ju(z,t) — Dgi¢(ly — 7|),t) = —Dju(z,t) + ¢ =0
Iy - .'ﬂl (5 6)
i _ x'i )
DyZ = Duuyt) = Dydlly—zht) = Diuly,t) — 1 — o =

The second derivatives of Z are

Dz‘ij = _uij(xat) - Dz‘wj¢(ly - IL‘I,t)
W -2 - ¢ (5.._ (yi-xi)(yj—w"))
ly — = ly —z| \'” ly — z|?
Dyiij = u’ij(yi t) - Dy‘yj¢(ly - xl’t)
-y —a)) 4 (y' — %)y - 27)
= u;i(y, 1) - n(y —2)(yY -z _ (5,,_
zJ(y )~ ¢ |y _ 37|2 |y — wl 1j |y _ -77|2
Dziij = _Dx‘yqu(ly - wl’t)
u (Y — o)y — 29) ¢’ ( (v — 2*)(yf — 27 ))
— + 6 —_
A R -] \ ¥ PETIE

= —uj(z,t) — ¢"

and at a maximum point, the matrix [D2Z] must be negative semi-definite.
The evolution equation for Z is

07z
_B—t = ut(y7 t) - ’U,t(:E, t) - ¢t

= a"(Dyu, t)u;;(y, t) + b(Dyu, t) — ¥ (Dyu, t)uij(,t) = b(Dyu,t) —
= a"(Dyu,t) [Dyiyi Z + Dysyi $(ly — zl,1)] + b(Dyu, t)

— a¥(Dgu,t) [~ Dyigi Z — Dyigip(ly — xl, )] — b(Dyus, t)

— ¢t + 269 Dy Z + 2¢9 Dy d(ly — 1, 1)
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)y —2?) 4 (' — )y’ — 27)
o e (6 - )
y' —a*)(y’ - 2f)
ly — z|?

¢ (5“ (-2 —z‘j))]

ly—a| \¥ ly — z|?
+ b(Dyu,t) — b(Dzu,t) — ¢t + 267 Dyiys Z
y' —2')(y —2) ¢'(%_wtwmw~ﬁ0y

ly — z|? y — x| ly — z|?

.. 1 —_
= a¥(Dyu,1) [Dyiij +¢" €

- a”(Dyu,t) [—Dxisz - ¢"(

+ 202‘7 [_¢Il (

where we add and subtract cross derivative terms with yet-to-be-chosen coefficients
cd. lif we write ¢ = (y—z)/|y—z|, and assume that we are at an internal maximum, then
(5.6) implies that D;u(z,t) = ¢'¢; = D;u(y, t), and we can continue the calculation:

87 .. g g
S = (6 )Dys 7 + a6 ) Dy 7 + 267 Doy 7

+ ¢ (2a9(4'€)&; — 2¢9¢:¢5) + 2|y<,zi 2 (a¥(¢'€) — ) (85 — &&5)

+ b(¢,£7t) - b(¢’£a t) - ¢t
_ A(¢I§) ¢ 2 1 (T _¢T
= trace ({ oT AWE) D Z) +2¢" (¢TA¢ — T C¢)

/

42 (trace A — ¢T A¢ — traceC + £7C¢) — ¢,

1y — z|
The idea now is to choose the off-diagonal block C = [c¢¥] in such a way that the
2n x 2n matrix

A=
cT 4

AC’}

is positive semi-definite, leaves the coefficient of ¢” positive and sets the coefficient of
#'/ly — z| to zero.

The first and third of these requirements imply that C is given by ¢/ = a¥(¢'¢,t) —
c&;&; for some ¢ > 0. We can check that

TAE—€TCE=¢c>0
and that

trace C — fTCﬂf = trace[aij - Cfifj] - §j(aij - C&‘fj)fi
= trace A — ¢T A¢.

If we set ¢ = 2a(d'¢, t), with a defined by (5.2), this maximizes the coefficient of
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¢", while keeping A’ positive semi-definite. For any v, w € R®,
(T, wh)A' (:;) = vT Av + wT Aw + 20T Cw
= T Av + wT Aw + 20T Aw — 4a(¢ - v)(€ - w)
= (v+w)TA('u+w) - o:[({-v+w)2 - ({-’u—'w)2]

> (w+w)T A + w) — € - v +w)?
> 0.

At the maximum point of Z, we find that

0z

T <4e(#6)¢" - b

In this way, we have reduced our problem to finding ¢ that satisfies the above
equation, or, if we can find a lower bound on «a dependent only on |p|, as in (5.3), then

4a(4)¢" - $: <0,

We will use the results of Chapter 3 to do this.

5.2 Estimates for periodic solutions

The following theorem is an analogue of Theorem 3.2 for higher dimensions. In the
special case of mean curvature flow, this is joint work with Ben Andrews.

Let a be defined by (5.2).

Theorem 5.1. Letu : R" x [0,T] — R be a smooth solution to

%—? = a¥(Du, t)u;j + b(Du, )

U(.’I), 0) = ’U,()(«’D)

where uy is smooth with oscillation bound oscug < M, and is also spatially periodic,
uo(z) = ug(z +T'), for some lattice I

Suppose that a(p) = a(|p|) > 0 for all p.

If o : R x [0,T) is a smooth solution to the auxilliary one-dimensional equation

Pt = 46‘('90,"7:)90”1 (5.7)
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and satisfies the boundary conditions

}gr&(p(z,t) =1forz#0
©(0,t) =0forallt >0 (5.8)

zll,rf,lo o(z,t) > 1 forallt >0

then

lu(y, ) — u(z, )] < My ('yﬂ‘;',#) .
Corollary 5.2. If there are positive constants A, and P so that
&(lp|)|pl? > Ao for |p| > P, (5.9)
then there is aT' > 0 such that fort € (o, ',
|Du| < C1v/H(1 + 1) exp(Ca/t),
where T, C, and Cy dependonn, M, Aq, and P.

Proof of Theorem 5.1. The proof of this is substantially the same as the proof of
Theorem 3.2, the gradient estimate for periodic, one-dimensional equations.
As in the previous pages, let ’

Z(z,y,t) = u(y,t) — u(z,t) - ¢y — 2|, 1),

and choose ¢(z,t) = My (2/M,t/M?), so that Z(z,y,0) < 0.
As u is periodic over the lattice I" = (L4,..., L,), Z is periodic over regions

{(z,y,t) € R?™ x [0,T): 2nL; — z; < y; < 2(n+ 1)L; — z; }.

On any one of these regions, note that Z(y,y,t) = 0 and that Z(z,y,t) < M —¢ > 0
as |y; — z;| — oo, s0 Z attains a spatial maximum on the region (and hence on the
entire domain R2").

If there is a maximum point (z,y) at some t, € (0,7") with z # y, then at this point
Z is smooth and

0z . - o o

22 <« ! "_ < mi_ 2t _o.

- <4a(#0)9" - o < 4ally) s - 7L =0

If z = y at the maximum point, then here Z(z,z,t) = 0 and in either case, Z < 0. The
estimate for |u(y, t) — u(z, t)| follows. O

Proof of Corollary 5.2: If & satisfies the degeneracy condition (5.9), then for small
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times the gradient of ¢ may be estimated by Corollary 3.3. Letting z — y gives that
|Du(y, t)| < ne'(0,¢)
< CIViE(1 +t) exp(Ca/t).

d

5.3 Estimates for boundary value problems

In the special case of mean curvature flow the following theorem is joint work with Ben
Andrews.

Theorem 5.3 (Neumann problem). Let Q C R* be a convex domain with C? bound-
ary, and let u be a smooth solution of

ou _
ot
Dyu(z,t) =0, forz € Q,t > 0.

a¥(Du)u;; + b(Du, t)

If i and o satisfy the same conditions as in Theorem 5.1, then for any x andy in ,

|u(y9t) - u(a:, t)l < ‘P(Iy - .’Dl,t),

where oscuy = M.
Furthermore if a¥ satisfies the degeneracy condition (5.4), then fort € (0,T') a
short-time gradient bound holds:

|Du(z, )] < C1vE(1 + t) exp(Ca/t) for (z,t) € Q x (0,T'] (5.10)

where T', C, and C, dependonn, M, Ay, and P.

Proof: As in the previous proof, set
Z = u(y,t) - u(z,t) - Mo (jy — z|/M,t/M?).

Note that Z < 0 whent = 0.

For any ¢t > 0, suppose that (z,y) is a spatial maximum of Z. We will consider
the possibility that z and y are both interior points, that y is a boundary point and so
is z, or that y is a boundary point while z is not (the converse follows without loss of
generality).

If both z and y are interior points, then the arguments of Theorem 5.1 apply and
Z < 0 at this point.
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Consider the case that y is on the boundary 92. If we take derivatives at y that
are in directions p, that have no component normal to the boundary, then as before
Dy, Z(z,y,t) = 0. On the other hand, let v, be the outward unit normal at y. The
outwards-pointing derivative of Z here is

d y—z
—Z(z,y + sy, t) = vy - Du(y,t) — ¢’ ‘v
a2 A P ’ ly—zf
T
=0-¢ ‘v
ly—=z Y
<0,

where we have used the boundary condition D, u(y,t) = 0 and that as (2 is convex,
(y—z)-v>0.

This inequality cannot be strict, for if it is, then there is a small s > 0 such that
Z(.’L‘,y - SVy,t) > Z(ma Y, t)

which would contradict that (z, y) is @ maximum of Z. Therefore

d
—Z(z,y + suy, t)

ds =0,

s=0

and indeed D, Z(z,y,t) = 0.

Now consider the position of z. If it is on the boundary, let v, be the outward unit
normal at z, and so

= —v; - Du(z,t) + go’u Vg

d
—Z(z + svg,y,t) P

<
ds 0,

5=0
Again, this inequality cannot be strict if (z,y) is to be a maximum of Z, so the outward
derivative %Z (z + svg, y,t) o = 0. As before, other non-normal derivatives are also
zero, 8o D, Z(z,y,t) = 0.

So, when both z and y are boundary points, DZ = 0 and [D%Z] is negative semi-
definite. We can argue as before that Z; < 0.

In the case that z is an interior point, D,Z = 0 and so DZ = 0, [D?Z] is negative
semi-definite here, and Z; < 0.

It follows that Z < Oforall ¢ > 0. O

The highly geometric nature of mean curvature flow allows us to relax the condi-
tions on the convexity of the boundary. In the following theorem we consider domains
that are merely mean-convex. This means that at every point on the boundary, the
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sum of the principal curvatures of 9 is positive:

Under the assumption of convexity (rather than mean-convexity), the following the-
orem is joint work with Ben Andrews.

Theorem 5.4 (Dirichlet problem for mean curvature flow). Let Q) C R" be a mean-
convex domain with a C* boundary, and let . be a smooth solution of the mean curva-
ture flow for graphs

Ou _ D;uDju
ot <6” 1+ |Du|2) Diju,

with prescribed boundary values

u(z,t) =0 forz € 90, t >0,

u(-,0) = ug.

If ¢ is a smooth solution to curve shortening flow

/1

o P
L)

with boundary conditions given by (5.8), then there is an estimate

t

|y — =]
—_— < LA

where M = sup |uo|.

Proof: We find a boundary gradient estimate by defining a new Zg on Q x (0,7
which incorporates the distance to the boundary

d t
Zp(y,t) == u(y,t) —2Mey (W’ 4_M2> ,

where d(y) = dist(y, 89) is a C? function in the neighbourhood of the boundary
Q\ QF .= {y € Q: dist(y,00) < R}.

Here, R = (supyq ki)' and «; are the principal curvatures of Q. This close to the
boundary, each point y has a unique closest point z € 6Q.
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Choose T" > 0 so thatfor 0 < ¢t < T", if 0 < d < Rthen ¢ (d/(2M), t/(4M?)) > 0,
and if d > R then ¢ (d/(2M),t/(4M?)) > 1.

Att =0, Zg < 0forall y € Q. For y on the boundary, Zg(y,t) = 0 — 2Mp < 0.
For t < T' and points at least distance R from the boundary, y € QF, Zg(y,t) <
u(y,t) — M <0.

We can find spatial derivatives for Zg:

Dyi ZB = Dyi‘u - (p’Did
"

Dyiyj Zp = Dyiyj'u — %W—DidDjd — (p'Dijd.

Now suppose that y is an interior maximum of Zg at some time ¢t < T'. At this
point, DZp = 0 and [D%Zp] is negative semi-definite, so

92 _, _ ¢t
ot T oM
= mi(p'Dd) | D, s Zp + ‘p”DdD id+¢' Dyd| — 2
vy oM 44 T oM
1 Soll ,
=Dy 2 + gy Ty + ¢/ Did = o

where we have used that | Dd| = 1 and D;dD;;d = 0.
As in Lemma 14.17 of [16],

n—1

trace[ D%d(y)] = Z T
i=1 ¢

where k; are the principal curvatures of 9 at z, the closest pointon 9Q to y. If d < R,
then k;d < 1 and

n—1

Zl—ﬁ,, Znt<0

=1

the last inequality resulting from the mean-convexity of Q2. Then

BZB 1 ‘P” ! Pt
—_ = i d — —— < 0.

It follows that Zg < 0 for t < T, and so for all z € 9Q and y € Bg(z),

u(y, t) — u(z, t) < 2Myp (di“(y’ ) ¢t ) < 2Myp (l’” — 4l L) . (5.11)

2M  4M? 2M ' 4AM?

This gives us an estimate on the boundary. We complete our proof by using the
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same Z as before:

lz—yl ¢
Z(a:,y,t):u(y,t)—u(m,t)—2M<,o( oM )4—]—‘4—2 .

Once again, Z(z,y,0) < 0, and when both z and y are on the boundary, Z(z,y,t) =
—2Mp < 0. If z is a boundary point and y is an interior point (or vice-versa), then

Z(z,y,1) = u(y,t) — u(z,t) - 2My ("'” —yl L) <0

2M T 4AM?

by (5.11).
Finally, if (z,y) is a maximum of Z at some time ¢ < T', where both z and y are

interior, then as in Section 5.2 aa—f < 0 at this point, and so Z < 0 forallt < T'. The
estimate follows. OJ

Remark: We can use these methods to find gradient estimates for equations of more
general form.

For the Dirichlet problem with conditions on a% given in Theorem 5.1, and u = 0
on 91, we can find estimates of the type in Theorem 5.4 for convex Q.

If ¥ has the form (5.5), then we can find estimates of this type on domains that
are merely mean-convex.
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Application of gradient estimates
to the Neumann problem

In this chapter we use the gradient estimate derived previously to establish the exis-

tence of solutions to the mean curvature flow equation with Neumann boundary con-
ditions

ou _ - DiuDju s
ot (5’ 1+ |Du|2) Dijuin 2 (0,7}, (6.1)
Dyu(z,t) =0forz € 0N andt € (0,T)
’LL(-,O) = Ug, (62)

where Q C R" is a compact, open convex domain with C2*t* boundary 99, and uy €
C(Q). The outward unit normal on the boundary is v.

This extends Huisken’s result in [19] showing the existence of smooth solutions to
(6.1) for initial data with greater regularity.

Theorem 6.1 (Huisken). Let Q be a bounded domain in R* with 9Q € C?t*. If
ug € C**+*(Q) satisfies D,uq = 0 on 0%, then (6.1), (6.2) has a smooth solution on
Qx(0,7).

Note that while this theorem makes no restriction on the convexity of 2, the main
result of this chapter does.

Theorem 6.2. Let 2 C R™ be a smoothly bounded, open, convex domain, and let
ug € C(). Then the Neumann problem (6.1) has a smooth solution fort > 0, which

converges uniformly to uy ast — 0, at a rate dependent on the modulus of continuity
of ug-

63
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6.1 Some remarks about changes of coordinates that
straighten boundaries

A similar discussion of boundary curvatures and the distance function may be
found in Appendix 14.6 of [16]. Consider a bounded domain @ C R" with bound-
ary 99). The boundary is said to be C** if for each boundary point z; we can find a
Ck+e mapping f : R*~! — R which has the boundary in a neighbourhood of z; as its
graph.

Set

R:= %sup {r:If dist(z,dQ) < r then z has a unique closest point zo € Q2 }. (6.3)

If Q is convex, then we can take

1

R:= - inf ——1—,
2 zeon  ki(x)
1<i<n—1

where k; are the principal curvatures of 992.

On balls Br(z) centred on the boundary, we introduce a change of coordinates
U : Bp = 09 x [—R, R] such that if the new coordinates are denoted y = (7,y") =
W, ..., " 19", ¥(z) = (7,y"), and I : 0Q — R* is the immersion of the boundary
into R*, then d(z, 00Q) = d(z,I(7)) = y". In other words, I(7) is the closest point to =
on 92 and y™ is the signed distance between z and 7, being positive if z ¢ Q, zero if
z € 012, and negative otherwise.

The inverse transformation is easier to work with, being given by ¥~1(g,y") =
I(g) + v(7)y™, where v is the outward-pointing unit normal to 992.

As the boundary in the new coordinates is simply 4" = 0, this is referred to as a
boundary-straightening transformation.

- N
‘(;\/ ™~ N / °"P‘['J'-)= (3‘,3‘1
Xy = N/ 3“{

4
! H"{g \

\ /I 'S

If the graph I(g) = (¥',...,y™ ", f(¥)) is a local immersion of the boundary, then
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the outward unit normal is given by
/1 T |Df|2 ayla ) ayn—l’ ’

and on ¥(Bg(zg)) we have

)

-1 -
[D\I‘ ]Z - ayi
5g'+yng—';- fori,j=1,...,n—1
= gf;+y”%—‘;; forj=nandi=1,...,n—1; (6.4)

VI fori=n,

so eigenvalues for [D¥ 1] are 1 —y"k; (1+|Df[?)~12,...,1 = y"kn—1(1 + |Df|?) "2,
and lie between % and g on Bg. The curvatures of the boundary, «;, are given by the
eigenvalues of [D?f].

Also, second derivatives are

4 .
82%yi .
y";,;;:—yx— fori,j,k # n,
62 32 n . .
By'aé,k +y" 3y1gyk forj=nandik #n,

[qu,—l]gk = W %r;.f, fori #nand k = n,
g_zfl;_ fori =nandk # n,
L0 fori =n,k =n.

The smoothness of this change of coordinates is dependent on the smoothness of
the boundary: if 09 is C*¥to+2 then D&~ is C*+e,

When u is defined in the old coordinates on R”?, in the new coordinates we can
define a new function

v(y,t) = u(T " (y), t).

First derivatives are related by D;v(y,t) = [D¥1)¥Dyu(¥~1(y),t), and second
derivatives by [D?v];; = [DU P [DY 1 [D?ulp + (Dpmu)[D*T 2.
Putting this all together, we notice that if u satisfies (6.1) then v satisfies
u(y,t) = m¥((DU]Dv) ([DU[DWE[D ] + (Dy)[ D))

= *(Dv,y)[D*v]u + b(Dv,y)  fory e ¥(Qr), (6.5)

Dpu(y,t) =0 aty" =0. (6.6)

. . .. .. ik 591
where the mean curvature operator is abbreviated as mii(p) = §% — ¢ 1f|p| , and we
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write

a*(p,y) : = m (DU]p)[ DVL[DVE,

N (6.7)
b(p,y) : = m¥ ((DU]p) (p.)[D* ;.

Once we have straightened out the boundary, we will find it useful later on to define
a reflection p in the boundary that extends v outside Q:

3(y,1) == v(p(y), 1) fory € Br

where p(y) = (v',...,3" 1, —|y"]).
Let Qr be the intersection of a parabolic cylinder with the domain of interest:

Qr(zo,t0) = {(.’B,t) €0 x [O,T] 1T € BR(mo),t € (to - R2,t0) })

When v satisfies (6.5) on Qg, 9 will satisfy

Bt(y,t) = ve(p(y), 1)
H(Du(p(y), 1), p(¥))[D*v(p(y), )]k + b(Dv(p(y), 1), p(y))
a’“‘([Dp]Dv(y, ), p(y))[Dpli Dol [D*5(y, t))ij + b([DP] D5 (y, 1), p(y))

@ (D, y)[D?5]x + b(DD,y) (6.8)

a

on Bg x (t; — R%,t;) where [Dp] = diag(1,...,1, —y"/ly"|).
The regularity of the coefficients of the reflected equation is estimated:

Lemma 6.3. /fv is a C'*+® function on Qr, with D,v(%,0) = 0, then the coefficients for
the reflected equation

a9(D#,y) = o™ ([Dp) D3, p(y))[Dpli[ DL,
b(D#,y) = b([Dp]D?, p(y))

satisfy Holder estimates

1aij|a;BRx(t1—R2) < 2|aij|Cl;QR (1 + |DU|¢1;QR) )
Ibla;BRX(tl—Rz) < 2|bICI;QR (1 + ‘DvlaﬂQR)

forsome 0 < o < 1.

Proof: In general, if a function is defined piecewise on a convex domain U divided

hi(z z e U
h(.’l)) = { 1( ) '

h2(.’1:) z € Us
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and is continuous across any shared boundary U; N U, then if hy is C® on U; and hy
is C® on Uy, it follows that his C* on U = Uy U Us.

We can see this by letting z; and z, be in U; and U, respectively. We can find
a point z in the shared boundary U; N U, directly between the two, with |y — z| =
ly — 2| + |z — =

Then

|h(z) — h(y)| < |h(z) — h(2)| + |h(z) — h(y)|
= |h1(z) = h1(2)] + |ha(2) — ha(y)|
<Clz —2*+Clz — y|*
=C(s%z —y|* + (1 - )%y — z|%)
= 20|z —y|*

fors=|z—z|/|lz -yl < 1.

This observation applies to both 4 and D% — as D,v = 0 on the boundary, D¢ =
[Dp][Dv] is continuous across the boundary, even though [Dp] itself is not — and so
D is C°.

Itis clear that (D%, y) = b ({Dp) D3, p(y)) = b(Dv, p(y)) is continuous, and b shares
the same regularity as b.

As
i a’? ([Dp}D(y, t), p(y)) for1<i,j<n—1lori=j=n,
a’(Dv,y) = .
—[yL,,la” ([Dp)Do(y,t),p(y)), fori+#nandj=n orvice-versa,

we only need to check whether the terms in the off-diagonal block @™ are continuous.
These are given by

a™™(D3, y)
_ _l_n_la ((Dp) D3 (y, t), p(y))
_ |‘y@7/z| " ([DY)[Dp]D¥) [DY,[ D]}

_ =0 (ipupage - 2787 (DYIDADI), (DYDADY), DYDY
y"| 1+ |[D¥][Dp| D3|

P gkeo8 [ DU)L[Dpl}, ;5[ D15 Dpl, D[ D] [DY]F

ly™| 1+ |[DY][Dg] D3|
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n—1n-—1
y" ka 18 - " B
d DU D.45[DY)#D
|y"|1+|[D\I'][Dp]Dv|2 20 (ZZ[ 1aD,3[D¥]3 D,

ka8 y=1 ,u=1
n n-1 n
| Z[D\II]VDW[D\I:] Dy — Iy Z[D\If]”Dnv[D\If]‘/;Duu
'7_ u=1

+ (DY, nﬁ[D‘I’]Ean:) [DYLIDYTL,

(here there is no summation over n).

Between the third and the fourth line, we have used that [D¥~1]; is tangent to the
boundary while [D¥~!]; is normal to the boundary (see equation (6.4)), so for i # n,
we have 3", [DT1¥[DU-1k = 0. It follows that [D¥]i [DT]} = 0.

In the last step, the second, third and fourth terms are zero (and so continuous) on
the boundary, as D, 4(7,0) = 0. The first term is zero due to the presence of

> ([DY];Dyw) [DY]} =0,
l

since u # n.
So, both &%/ and b are continuous across the boundary.

It follows from the first observation that the Hdlder constant of @ on Bg(y1) x (t; —
R2,t,) is the same as that of o’/ on Qr(y1,t); and if we consider o/ (Dv(y),y) as a
function of y, then we find that

|aij(D'i}(')a ')la < 2|aij(Dv('), ')Ia
— 2 sup ¥ (Dv(21), 21) — a¥ (Dv(22), 22)]

21,22 |21 — zo|®

[le¥(Dv(z1), 1) = ¥ (Dv(a1), )|

< 2su
= 17 — 2]

+1a%(Do(21), ) — 0¥ (Do(z2), )|
< 2sup|a”(Dv(21), )la

+ supla J( 29)|c1 sup |Dv(z1) — Dv(22)]

21,22 - zzla

< 2|a¥|c1 (1 + | Dvla) -
Similarly, if we consider b(D%,y) as a function of y, we find that

6(D#(-),)|a < 216(Dv("),")la
< 2blen (1+ | Dola).
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O

6.2 Existence of solutions with continuous initial data and
Neumann boundary conditions

We begin our proof of Theorem 6.2 by approximating the continuous initial data by
mollified functions that will satisfy the requirements of Theorem 6.1, being smooth and
satisfying the Neumann boundary condition.

Lemma 6.4. There exists an approximating sequence u§ € C*(Q) with u§ — ug in
C(Q), Dyu§ = 0 on 09, and ut > u? > uy whenevere; > ;.

Proof: Let By be a ball centred on the boundary. We work in the new coordinates
on ¥(Bg), and write vg(y) = uo (¥} (y)).

Remembering that 7y, denotes the extension by reflection of vy, define the mollified
function

W (y) = 7e % 50 () = / ne(y — 2)o0(2)dz,
2€¥(BR)

where we use the usual mollifier

1
ey = oo () A1
0 otherwise,

and n¢(z) = ;1?77(%)

This approximation has all the usual qualities of mollifications: v§ € C*®(¥(Bg)®),
where U(Bg)¢ = {y € ¥(Bg) : dist(y,0Y(Bgr)) > €} ; and since 9y € C(¥(Bg)),
v§ — o uniformly on compact subsets of ¥(Bg).

In addition, each v§ satisfies the Neumann condition D,v§(y) = 0 for y € 9@ N
¥(BRg)¢, since

Dys(y) = Da / ne(2)7o(y - 2)dz
2€B¢(0)

- /‘ZEBe(O) Ne(2) Dy (y — 2)dz + _/zeBe(O) Ne(2) Dniio(y — z)dz
2n20 z"<0

Recalling the relationship between the reflected and original functions, (y — z) =
vo(y! — 21,..., =]y — 2|), we observe that when y € 89, y™ = 0 and D, dy(y — 2) =
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%Dnvo(yl —21,...,—|2"|). Consequently,
Dai(0) = [y ) Te®) Doy’ = 21, ="z
z">0
_ 1_ .1 _ | —
[y TDw0! = 2 —la iz = 0
z"<0
as the mollifier has the symmetry n(z,...,2") = n(z},..., —2").

This is only a local approximation, but in the next step we extend it to the entire
domain, taking care to preserve the Neumann boundary condition.

Let the set of boundary-centred balls { Br(z;) }i=1,~ be a finite cover of the bound-
ary 99 with the property that the set of balls of half the radius { Bg/,(:) }i=1,~ is also
a cover. On each ball Bg(z;) we can define the approximation vf ; := v§ as described
above.

Now, define a new cover of Q by the sets
; . _ _ R
W' :={z € Br(;) : if ¥(z) = (7,y"), theny € ¥(Bg/s(z;)) and |y"| < ) }.

The cover is completed by W0 := {z € Q : dist(z,09) > R/4}.

Note that Bg/y(zi) C Wt C Bg(z;) and so this is indeed a cover; also, vg,; 1S
defined on Wt. On W° we define the usual mollification with no reflection, which we
call “8,0'

Let £; be a partition of unity with respect to the sets {Bry2(z:) N 002} which cover
the boundary; that is, 0 < &,(z) < 1 for z € Bgja(z:) N 09, £; € C§°(Bge N 09) (that
is, compactly supported with respect to 9Q), and 3" ¢;(z) = 1 for all z € 9Q.

In the new coordinates on Br(z;), we could write §; = £,(y?,...,y""1), since ¢; is
defined only on the boundary. We can extend ¢; to all of Br/y(zi) by setting &;(z) :=
Ei(\I/(IL')l, ey lI’(:E)n_l)'

Let ¢ : R — R be a smooth cut-off function satisfying

- 1 |d
C(d)={ 4l <
0 ldl>

We will set ¢(z) := ((d(z, 8R)) where d(-, 89) is the signed distance function.

Nl e

Now, we claim that the functions ¢;(z){(z) and 1 — {(z) are a partition of unity with
respect to the sets {Wi N Q} and WO. Firstly, all functions are smooth and compactly
supported on their respective domains (but they are not zero on the external boundary
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o). Secondly, if z € Q, then
> &@)(@) + (1= (@) = 1.

This is because if dist(z, Q) > R/2 then {(z) = 0, while if dist(z,dQ) < R/2 then
z has a unique closest boundary point z;. In the latter case ¢&;(z) = &;(z) and
T E@)C(e) + (1 - ((2)) = ((a) TiEi(a0) + (1 - ¢(2)) = 1 as & is a partition of
unity on the boundary.

This construction ensures that D, (¢(z)&;(z)) = 0 when z € 9Q and so if we define
our global approximation as

$)—§:& ((2)vp,:(¥(2)) + (1 - (())up 0 (),

we find that u§ — ug uniformly in C(2), and each u§ € C®(Q2) satisfies D, u§ = 0 on
on.

We can ensure that this sequence is monotone in ¢, in the sense that ug' (z) <
ug?(z) whenever €; < e; by restricting to a subsequence and off-setting if necessary.
O

The result of Huisken mentioned at the start of this chapter now implies that there
is a smooth solution u€ to (6.1) with u¢(-,0) = u§.

Lemma 6.5. The approximate solutions u¢ have a uniform height bound

sup_[u] < supug],
@x[0,T]

Proof: As the mollification v is created by a local averaging of uo,
sup |u(+,0)| < sup |uol.
Q Q

Suppose at some time ¢ > 0 and point z;, u¢ equals |up|. From the Comparison
Principle (Theorem 2.2), z; can be assumed to be a boundary point. The Neumann
condition D,u¢ = 0 implies that Du¢ = 0 and so [D?wu¢] is negative semi-definite at this

€

point; it follows that aalt < 0 and so u¢ is not increasing at this point. O

This height estimate is of course also an oscillation bound
|u(z, ) — u(2,t)| < 2luol-

We are now in a position to use the gradient estimate of Theorem 5.3. For some
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T > 0, there is a gradient bound
|Duf(z,t)| < L(t) fort € (0,T) and z € Q, (6.9)
where L(t) and T are dependent on n and supg, |ug|.

Lemma 6.6. Higher derivatives of u¢ are uniformly bounded on the interior, with

k-1

1 1 2
IDAulregeny < ek, Lto) (5 + 5 ) (6.10)

forty >ty >0andallk =1,2,..., where Q" is the interior set { z € Q : dist(z, 0Q) >

r}.

Proof: This is an application of the Ecker-Huisken interior curvature estimate de-
scribed in Theorem 2.6, originally in the paper [14].

We apply it to the interior of Q (with § = 0 and k£ = m + 2) to find bounds on all
higher derivatives.

This estimate provides no information as we approach the boundary. However,
our uniform gradient bound L(t,) ensures that the evolution equation is uniformly
parabolic, since for ¢t > t,

m¥(Duf)&;€; > T ID 1T Dup — ¢ > mkfl?

As we have uniform parabolicity for strictly positive times, extending regularity up
to the boundary is a routine application of known results. This is the subject of Lemma
6.7 —Lemma 6.9.

We begin by showing that a function with a Hélder estimate on the boundary of a
region, and a strictly interior gradient estimate, has a global Holder estimate. We plan

to apply this to finding a Holder estimate for the gradient Du.

Lemma 6.7. Let Q be a convex domain. If f : Q x [0,T] — R has a Hélder oscillation
bound on the boundary

osc f < Clto)r® forall zy € O andty > r2,
Qr(-'b‘o,to)

where C(t) is non-increasing in t; and gradient bounds on the interior

1 1 1/2
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and

1 1
401 << g + )

then we can find an o' > 0 such that for all z,y € Q and s,t € (0,T],

f(@,8) = f(y,8)] < Cllz — y| + [t — s|"/%)*

where C depends on min{t, s}, diam 2, ¢ and «, and o/ depends on c..

Proof: We split the difference in the obvious way

1f (z,8) = fy, )| <1 (2, 8) — fy, ) + 1F (v, 8) = £ (9, ), (6.11)

and look at the first term.

Without loss of generality, set d = dist(y, Q) < dist(z,99), and y, to be the
closest point to y in 012, so that |y — yo| = d.

If we are close to the boundary, so that d < |z — y|, then

| (,t) = f(w, )] < |f(2,t) = F(yo, )| + 1 f (w0, 8) — f(3,8)]

< osc f+ osc

Q|z—yo) (Wost+z—10[2) Qly—yol (Wost+ly—yol?)
< C(t+ |z — yol*)|z — yol* + C(t + Iy — %)y — w0|®
<O [lz = yl* +ly — yol*] + C()|y — yol®
<20(t)|z - y|* + Ct)|y — =|*
<alz -y

where we have used that |y — yo| = dist(y, Q) < |z — y|, and have set ¢; = 3C(t).
If we are further from the boundary, so that d > |z — y|, then for some ¢ € (0, 1),

1 2 1—¢
) lz - yl]

€
< 0sc c| ————=+
[le—vol(yo,t+|z"y0|2) f] [ (dlSt(y’ aQ)2

(1 1 -
<[ot+1e - wPle - i) ¢~ (F+1) T lo-ul™
<Ot flo = yl* + ly - gol] < (d + /) g -y~

< 2ec(t)e (dae+e—1 + daet(e—l)/2) I"B _ yll—e

If(xa t) - f(y7t)| = If(wa t) - f(y,t)l6 lf($7t) - f(y’t)ll—.S

ok | =

-

wl

< calz —y|'7,
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setting e = 1/(a+ 1) so that ae + € — 1 =0, and ¢ = 2°C(¢)¢ (1 + (diam Q)*<¢(¢-1)/2),
Now consider the second term of (6.11), and suppose without loss of generality
that s < ¢. As before, set d = dist(y, 92) and yy € 9.
If we are close to the boundary, so that d < 1/t — s, then

|f(y,2) — f(y,8)| < osc

QF(yo,t)
Ct)[t — |2

= c3|t — s|°‘/ 2
Otherwise, if d > v/t — s, then

1f(,) = Fy,8)| = |f(y,t) — Fy, )1 (9, 8) — Fly,8)[*H

[Qf(zﬁ,t) I (@ +3)e-o]

)
< [C(®)d*T* 1u(1 %)1 g

It — s H

< C(t)hetH (d"‘“ 201w 4 —d ) |t — |t

where p = 2/(a+2) so that ap—2(1—p) = 0, and ¢, = C(s) c! 7# (1 4 (diam Q)+ s#~1).
We find the final estimate by choosing C' = sup{c1,c2,¢3,c4} and o/ = min{l — ¢,
2 — 2u} = min{a/(a +1),2¢/(a +2)} = a/(a +1).0

Lemma 6.8. The gradient Du® is Hélder continuous, with bound
|Du6|a,a/2 <C

onQ x [t,T), fort >ty > 0 and some o > 0, where C = C(n, L(tp), |t — to|, 2, |0Q|c2)-

Proof: We can use the Hélder gradient estimate near a flat boundary from Theorem
A.1, but we will need to work locally with v¢(y,t) = u¢(¥~1(y),t) in the flat-boundary
coordinates.
The gradient bound (6.9) for u¢ implies that
|Dv¥lg, < L(to)|D¥ ™5, < L(to)|0Qc2

on the cylinder Q,(y1,t1) for some r < R to be chosen later, and where y; € Q2 and
t1 > to + 2.

On Q,, ¢ satisfies the evolution equation (6.5). To check that the coefficients
a** and b (given by (6.7)) satisfy the conditions of Theorem A.1, we note that: a'¥ is
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uniformly parabolic, since for £ € R?,

a'*&& = mY ([DY] Do) (DY, [DTIFE L,

1
2 Ty mapeE P
1
> o oulél
L+ Ay 1PV

1 2\?
2 1+ 4L(ty)2 (5) &F
> o(L(to)) €[

where X\ py) and Apy are the smallest and largest eigenvalues of [D¥], which are
bounded between 2/3 and 2 on Bg; |a'*| is bounded above, as

|m* ([DY] Dv)[DYL[DTIE| < |Appyl;

and a'* has bounded derivative with respect to the gradient, for if we write ¢ = [D¥]p,
then a*(p,y) = m%(¢)[DY]L[DY]} and

Balk( ,

y) dm(q) 8g°
e [DY]L DY

d¢P  ap>
(e +8a) | 2qsag (DT
1+1q? (1+1q1%)? “

- pulput {

< 4|DY?
< 4/09/3,.

It is straightforward to bound the lower-order term in the equation —

mi (DY) Dv¢)[D?V)3: Dyvé| < L(to)|D?*¥| < L(t)|09cs.
J

Finally, we need an oscillation bound smaller than o for a'*(p, -) on @, but since

0a* (p,y) _ 9mY([D¥p) 8([DUP) 1 vtttk o id O Lk
dy ¢ gy PP+ mIS ([D‘I’]j[D‘I’]i)
< C|D*¥||DY|
< 010902,

we find that oscg, (4, +) 6% (p,-) < rC|D?¥||D¥|. By choosing r small enough, we can
ensure that this is less than o.
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Now Theorem A.1 implies that for all s < r there is some o/ > 0 so that

s\«
€ < — €
osc Dvt<c (r) (%src Dv¢ + L(t0)|BQ|Czr)

<c(2)" (Lto) + Lito)ID?¥Ir)

<es®r (1 +7).

where ¢(L(to),n, |D¥|, | D?T|).

This boundary oscillation estimate for Dv¢ on Q,(y;,t1) forall s < r < R and
t1 > to +r2, together with the interior gradient bounds given by Lemma 6.6, means we
can use Lemma 6.7 to give a global Hélder bound for Dv¢ and hence for Du¢. O

Lemma 6.9. We can find bounds for u¢ in Ha,, (Q x (t,T1])

[ul2+a148 < C,
fort >ty > 0, where C = C(n, L(ty), |t — to|, |02, @).

Proof: To establish this, it is possible to use boundary estimates for the Neumann
problem, but instead our approach is to use the reflection 4¢ on Br(y1) % [to,T] — a
domain that extends beyond Q — which satisfies the reflected evolution equation (6.8),
and apply the interior estimate from Theorem A.4.

We need to check that equation (6.8) satisfies the conditions of Theorem A.4.

In Lemma 6.3, we showed that the coefficients in equation (6.8) have regularity
estimates

Ia‘ijla;B,-x(tl—rZ) < 2|a'ij|CI;Qr (1 + IDUGIG;Qr)
|b|a;B,-x(t1—-r2) < 2|b|Cl;Q, (1+ IDUGIOI;Qr) )

and in Lemma 6.8 we found a uniform global bound for | Dv¢|, o/2:0x(,1) fOr t > to.
Our gradient estimate ensures that a is uniformly parabolic for ¢ > .
Applying Theorem A.4 results in the bound

|5€|2+a,1+a/2;QR/3 < CIﬁEIO;an/a’

where C is dependent on the dimension n, R (which is determined by |0Q|s2), the
ellipticity constant of 4%/ (dependent on L(t,)), the Hlder exponent «, and the bound
on the a norm of the coefficients (which is bounded by |Dv¢|, /). Thatis, C =
C(n, L(to), |0 c2, o).

We can repeat this over the entire boundary, and together with the interior estimate
(6.10), this gives us the claim. O
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Lemma 6.10. The sequence of approximate solutions u¢ converges

lim |u¢ — u ' 19— 0
lim| l2+a! 1+ar /2

tosomewu € Hyyo 0N 2 X (b, T), forallty > 0.

Proof: The uniform Hs,,(Q x (to, 7)) bounds on the u¢ ensure that there is a conver-
gent subsequence (for a slightly smaller o/ < «); the disjointness of initial data u§ (and
hence the disjointness of u¢(:,t)) implies that the entire sequence must converge, and
so this limit is unique. The limit u is in Ha o (Q x (to, T)) (and is C* on the interior, by
virtue of the interior estimate in Lemma 6.6).

It also satisfies D,u = 0 on the boundary, and so is a solution to the Neumann
problem given by (6.1).00

Lemma 6.11. This solution u converges to uy in C(?) ast — 0. The convergence is
uniform in time, and if ug € C*(Q) thenu € H,(Q x [0,T7).

Proof: Let § > 0 be fixed. Our aim is to show that we can find ¢; so that for all
t e (0, tg),

sup |u(z,t) — ug(z)| < 4.

€N

The modulus of continuity for ug is

w(r) ;== sup |uo(z) —uo(y)l-

|z—y|=r

Recall the approximate solutions u¢, converging uniformly
|u¢(:,t) —u(-,t)) > 0ase—0

for all t > 0. The approximations at the initial time have (at least) the same modulus of
continuity as ug:

u(z,0) — u(y,0)] < w(lz —yl).

Fix z to be any point in the interior of . We can define a new solution to (6.1) by
off-setting u¢ around uy(2):

wé(z,t) := u(z,t) — ué(2,0) + ug(2),

so that we(z,0) = ug(z).
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~ '{"{)

"u,(;:)
Figure 6.1: The modulus of continuity bounds ug

Then, for t > 0, we have
|u(2,1) — uo(2)| = lim [u(2, 1) — uo(2)|
= lim |wé(z,t) + u®(2,0) — 2up(2)|
e—0

< lim (Jw*(2, 1) = uo(2)] + |u*(2,0) = uo(2)]) - (6.12)

To estimate the first term of this, we observe that every w¢(-,0) is inside the ‘enve-
lope’ given by the continuity condition,

—w(|z — z|) + uo(2) < w(z,0) < w(|z — z|) + uo(2).

U§ r

‘.a @(z, w24 e i)

Figure 6.2: Spheres above and below w¢ or ug
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Above and below this envelope, we can place two spheres of radius r centred at
(z,u0(2) £ [r + w(r)]). At¢ = 0, the spheres and the graph of w¢(-,0) are completely
disjoint. The spheres are also completely disjoint from the graph of ug.

The evolution of spheres under mean curvature flow is well-known — the centre
remains fixed and the radius shrinks from the initial radius r(0) = ro, with

r(t) =4/ — 2nt

until the sphere disappears at time ¢ = r3/2n.

The parts of these spheres closest to the graph of w¢ — the lower part of the upper
sphere and the upper part of the lower sphere — are

SH(z,t) := ug(2) + 1o + wlre) — Vr(t)2 — |z — 2|2,
S7(z,t) := ug(z) — ro — w(re) + /r(t)2 — |z — 2|2

Suppose that one of these spheres and w* first touch at some time ¢ > 0. From
the Comparison Theorem 2.2, we know that at this time there must be an intersection
occurring on the boundary of , say at z; € 99 (this doesn’t rule out other intersections
occurring simultaneously on the interior). _

This intersection on the boundary is an extreme point of St/ (-, t) — we(-, t) (either
a minimum of St — w¢ or a maximum of §— — w¢).

Therefore the sign on the outward derivative of the intersecting sphere at this point
is known — either

D, (S*(z1,t) — w(z1,t)) < 0andso D,St(zy,t) <0,

or else
D, (8~ (z1,t) — w*(z1,t)) > 0 and so D, S~ (z1,t) > 0,

where we have used that w¢ satisfies the Neumann condition D,w¢ = 0 on the bound-
ary.
On the other hand, we can explicitly calculate the gradients of the spheres —

i N P . I

D;S*(z,t) =
S 1) r2 — |z — 22 T2 — |z — 2|2

The convexity of 2 means that for any z € £ and z; on the boundary, v-(z; —z) > 0,
and the inequality is strict if z is in the interior of 2. Hence the sign of the normal
derivative is known —

D,S%(z1,t) >0, D,S™(z1,t) <0.
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Between these two observations, it must be the case that the intersecting sphere
has a flat normal gradient —

D,,S+(.'L‘1,t) =0 or D,S5 (z1,t)=0,

and so v-(z; —z) = 0, which in turn implies that z is on the boundary of 2, contradicting
our original assumption that z was an interior point. It follows that such spheres,
centred on interior points, never touch the graph of w¢ for the duration of the spheres’
existence, until t = rZ/2n.

In particular, above the point z the surfaces move by no more than r + w(r) in the
time ¢ € (0,72/2n). We can choose r > 0 so that § = r + w(r), and a corresponding
ts = r2/2n, ensuring that

|w(z,t) — up(2)| <7+ f(r)=6for0 <t <ts,

where t is dependent on § and w alone.
This estimate is independent of z and ¢, so

251% |wé(z,t) —up(2)] < 6.

We still need to estimate the second part of equation (6.12), |u¢(2,0) — ug(2)|-
However the convergence here is uniform (for z € ), so that

sup |u(z,t) — up(2)| < & + sup lim |u®(z,0) — ug(2)| = 6
z€N zeQ €0

for 0 < t < t5, and so uis in C([0,T); C(Q2)), with u(-,0) = up.
This is also an estimate for the smoothness in time of the convergence; we can
consider § = §(t), with
sup |u(z,t) — up(2)| < 4(t)
2€QN

by setting ¢ = r2/2n, so that » = v/2nt and thus §(t) = v/2nt + w(v/2nt). The con-
vergence in time that this gives is at best like t1/2 — which is in concordance with the
result for initial data with a Lipschitz bound. In that case, w(r) = |r| and the conver-
gence is C%t1/2 in time (Theorem 3.5 of [20]).

In the case that the initial data has a Hélder gradient bound, w(r) = |r|®, then the
convergence to the initial data is as t1/2 + t/2 ~ ¢2/2, [

Remark: While we have mined the rich theory arising from mean curvature flow
to find this result, there are similar results for other equations of the type studied in
Chapter 5, and we expect to be able to find similar existence results.

In particular, one can find short-time existence results for anisotropic mean cur-
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vature flow with a zero Neumann boundary condition and continuous initial data on
Q x [0, T}, for convex .



Chapter 7

Existence of solutions to the
Dirichlet problem for mean
curvature flow

In this chapter we use the gradient estimate to establish existence of solutions to the
Cauchy-Dirichlet problem with zero boundary data.

Theorem 7.1 (Existence of solutions to the Dirichlet problem). Let 2 be a domain
in R™, with C? boundary 02 that has non-negative mean curvature. If uy € C°(Q) and
ug = 0 on 99, then the problem

ou D,-uDju

E = (51] b —1_-|—-_ID—’U,I—2-) Diju, (71)
u(z,t) =0 forxz e o, t>0,
u(',O) = Uo,

has a smooth solution fort > 0 which converges uniformly to uy ast — 0.

The existence of solutions to the mean curvature flow problem with prescribed
boundary values was considered by Lieberman in [24] (and by Huisken in [19], where
the long-time behaviour of solutions was also studied).

Lieberman considered time-dependent boundary data ug € Hi4+o (P(Q2 x [0,T1])),
with a Lipschitz bound (in time) on 9Q x [0, T]. The following theorem may be found
as Theorems 12.10 and 12.18 of [25].

Theorem 7.2 (Lieberman). LetQ c R* be a domain with C? boundary, and letu, be a
function defined on the boundary, with vy € H14q (P(2 x [0,T])) for some 0 < o < 1.
Then if the mean curvature H of 95} is non-negative, there exists a solution to (7.1)

83
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with initial and boundary data
u(z,t) = up(z,t) for (z,t) € P(Q x [0,T}).
Moreover, such a solution satisfies
[Du]p < c,

where c and B depend on |ug|;4q,q/2-

The proof of Theorem 7.1 is very similar to that for the Neumann problem, Theo-
rem 6.2. We will use the boundary-straightening change of coordinates described in
Section 6.1, and the corresponding vo(y, t) := uo(¥~1(y), t).

Lemma 7.3. There exists an approximating sequence u§ € C*(Q2) with u§ = 0 on 69
and u§ — ug in C(R2).

Proof: Let By be a boundary centred ball, where R is given by (6.3). We will define
a local approximation on By and then put similar local approximations together to give
a global one.

In Section 6.1 we defined 7, to be a reflection across the boundary; this time, we
let 3y be the odd reflection over the boundary

. up (I71(g,9™)) ify" <0,
Mw=—%wumm= 0 if y» = 0, (7.2)
—ug (T71(g, —y™)  ify" >0,

Mollifying this in the standard way

W) =nerin= [ ndy= )iz (7.3)
2€Y(BR)

we note that v§ — vy uniformly on subsets of ¥(Bg), and we can check that if y" =
0, then v¢(y) = 0. Returning to the original coordinates, set u§(z) := v§{(¥(z)) on
an Br(z1)-

Now, cover 992 by N such boundary-centred balls Bg(z1),...,Br(zx) on which
are defined approximations s, ..., uS. Complete the cover of Q by the set QF/2 .=
{z € Q: dist(z, Q) > R/2}. On this interior set let u§,, ; be the usual mollification of
UQ-

If {&}i=1,n+1 is & partition of unity with respect to these sets, then the sum u§ =

N+ ¢;ug converges uniformly to ug on 2 and also has u§ = 0 on 9.

We can restrict this to a subsequence v, where |up — ufi| < 27 (but retain the

notation u§ for the subsequence). If we off-set each member of the subsequence, by
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replacing u¢ by u€ + 3(27%), then this is a completely disjoint subsequence that still
converges to uy as 1 — oco. U
As the boundary values

u¢ = u§ on Q x {0},
u¢ = 0on o x [0,T),
arein Hy1, on P(Q2 x [0, T]), Theorem 7.2 ensures that a solution with these boundary

values for (7.1) exists. Denote these approximate solutions by u¢.
The gradient estimate derived for the Dirichlet problem in Theorem 5.4 implies that

| Dus(-,t)| < C1vVt (1 + t) exp(Ca/t) := L(t),
for constants C; and C, dependent only on osc u§ < osc ug.

Lemma 7.4. The approximate solutions u¢ have a Hélder gradient bound
lu(-,t)lc= < C,
fort >ty > 0, where C is dependent on L(ty),|t1 — to|, n, |0Q|c2, and diam Q.

Proof: If we revert to v¢ in the straightened-boundary coordinates satisfying (6.5) on
Qr, Theorem A.2 gives an oscillation bound for the gradient on the boundary-centred
cylinder Q,(x1,t;) fort; > to+r*andr < R —

osc Dv¢ < er?,
where ¢ and o depend on n, |a¥|c1, |b], Agi; @nd Agi;, where o'/ and b are the coeffi-
cients of (6.5), as in (6.7). These last four are in turn dependent on L(ty) and |0Q|c2.
On the interior we have the bounds on higher derivatives given by Lemma 6.6

m+1

1 1 2
D™ (o) < el 20) (e * 7o) - 7

With m = 0, this is a gradient bound for Du.
These can be linked together using Lemma 6.7 to find a global Hélder bound

|Du|a';Qr(a:1,t1) < C)

where o/ = a/(a + 1) and C additionally depends on |t — ¢;| and diam Q. O
Now, if we consider the approximate solutions to begin at some time #; > £, with the
initial data u*(-, t;), the uniform Hoélder gradient bound on u¢(-, ¢;) means that Theorem
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7.2 gives a Holder gradient bound

|u6|1+ﬂ;Qx[t1 T < Ca

for all t; > ¢ > 0, where C and 8 depend on L(ty),|t1 — tol, n, |09|c2, and diam .
With these uniform estimates for positive times, there must be a convergence sub-
sequence in Hy1p(Q X [t1,T]) for some g’ < 8. If we off-set the initial data as men-
tioned in Lemma 7.3, the convergence of the subsequence implies the convergence of
the entire sequence to a limit u, defined on all Q for ¢ > 0. Finally, the interior bounds
(7.4) mean that on the interior, u is smooth.
We now need to show that u(-,t) — up as ¢t — 0.

Lemma?7.5. Ast — 0,

sup |u(z,t) — up(z)| = 0.
z€eN

Furthermore, u has a modulus of continuity in time dependent only on that of u.

Proof: As in the proof of Lemma 6.11, fix 2z to be any point in the interior of Q and
set

wé(z,t) := uf(z,t) — u(2,0) + ug(2),

so that w is a solution to (7.1) with w®(z,0) = up(z) and wé(z,t) = —u(z,0) + ug(2)
on the boundary.
Let w be a modulus of continuity for up and hence for w(-,0), so that

—w(|z — z|) + uo(2) < w¥(z,0) < w(|z — z|) + uo(2).

Above and below these two bounds, we can place two spheres of radius r centred
at (z,uo(2) £ [r + w(r)]). Att = 0, the spheres and the graph of w¢(-,0) are completely
disjoint. The spheres are also completely disjoint from the graph of ug(-).

As they evolve under mean curvature, the parts of these spheres closest to the
graph of w¢ — the lower part of the upper sphere and the upper part of the lower
sphere — are

St(z,t) :=ug(2) +r+w(r) — /12 = 2nt — |z — 22,
S7(z,t) := ug(2) — r — w(r) + /12 — 2nt — |z — 2|2.

Initially S — w® is positive: suppose that t € (0,72/2n) is the first time that S+ — w*
decreases to zero. The comparison principle (Theorem 2.2) means that this occurs at
some point z; on the boundary. On the boundary,

4
dt

St —wf) = = -0>0
( w) V2 = 2nt — |21 — 22
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(since w* is constant on the boundary) and so this cannot be the first zero point; it
follows that S+ — w* > 0 for the duration of the sphere’s existence.

The same argument shows that S~ — w¢ < 0.

We can conclude that the w® move at most by r + w(r) in the time ¢ € (0,72/2n).

This estimate is independent of z and ¢, so this implies that w¢(-,t) — wuo and
that u € C(Q x[0,7]). Furthermore, if ug € C*(), then u € H, (2 x[0,T]) U
C*®((Qx(0,77). 0O



Chapter 8

Gradient estimates found by
counting intersections

In the paper [5], Angenent proved a series of results regarding the finiteness and non-
proliferation of the zeroes of a parabolic equation in one space dimension.

A zero of v(-,t) is simply a point z where v(z,t) = 0. A multiple zero is a point
where both v and v, vanish. In contrast to earlier results, Angenent did not exclude
multiple zeroes from the zero set, defining the zero set as

z(t)={z €R:v(z,t) =0}.

In the following, z(t) is often used as shorthand for the counting measure H° (z(t)).

These zero-counting results have been influential in many different areas, and have
been used for geometric flows by Angenent himself, in [6], [8], [7], and [2], the last with
Altshuler and Giga. Many others working in the area have also used these results.

Unlike approaches that depend more explicitly on the maximum principle, this tech-
nique seems limited to equations in one dimension. The gradient estimates found do
not depend on the initial gradient, but do depend explicitly on the height: the smallest
gradient estimates are found for when the height is largest.

This work originates in an idea of Ben Andrews; also, this approach to finding
gradient estimates has been independently used by Nagase and Tonegawa in the
forthcoming paper [26].

8.1 Counting zeroes

The estimates in this chapter rely on Theorem D of Angenent’s paper:

89
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Theorem 8.1 (Angenent). Letv : [zo, ;1] x [0,T] — R be a solution of
vy = a(z, t)vzg + b(z, t)vg + c(z, t)v.
such that there are no zeroes on the boundaries
v(z;,t) # 0, 1=0,1.
Let a, b, c satisfy

a positive;
a, !, a¢, ag, and az, bounded;
b, by and b, bounded;
¢ bounded.
Then if vy, v, and v,, are continuous on (zg,z1) x [0, T,
o fort > 0, z(t) is finite

o if % is a multiple zero of v att then for all t; < t < to, we have z(t1) > z(t2).

Consider a fully nonlinear equation on a domain 2 x [0, T'], where Q is a connected

subset of R,
Ut = F(uzz’uw7u’$at)a (81)

where F is parabolic, by which we mean that
iF(r z,t) >0
ar )p) q? bl

for all (r,p, ¢, z,t) € R® x Q x [0, T].
Suppose that » and ¢ are smooth solutions of (8.1), with

'ul, I'U':l:|, |'U':c:c|7 Iutl <Gy
and

l‘Pl’ I‘P:z:l, |‘pm:|: l‘ptl S Cl-

Then we can form the difference w := u — ¢ satisfying the evolution equation

Wt = Ut — Pt

= F(u:c:c; Ugy U,y $,t) - F(‘me, Pz, P, T, t)
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1
d
= / 7 —F(sugg + (1 — 8)@zz, suz + (1 — )@z, su+ (1 — 8)p, z,t)ds

1
/ )ds (Uge — Poz) +/0 %F( . )ds (uz — 9g)
1
+/0 %F(...)ds (u— o)
= A(z, t)wyy + B(z, t)wg + C(z, t)w, (8.2)

where the omitted argument of the derivatives of F, denoted by (...), is always
(suzgz + (1 — 8)@zz, sug + (1 — 8)@z, su+ (1 — s), z,t). In the last line,

1
Az, t) := /0 —B%F(sum + (1 = 8) gz, Suz + (1 — 8)pg,su+ (1 — )@, z,t)ds  (8.3)
1
B(z,t) = /0 %F(Su:cx + (1 = 8)Puz, sug + (1 — 8)pz, su+ (1 — s)p,z,t)ds  (8.4)

and

1o
C(z,t) :== / -a—(;F(sum + (1 = 8)pzz, suz + (1 — 8)pg, su+ (1 — s)p,z,t)ds. (8.5)
0
In order to use Angenent’s theorem, we need to establish that:
e A, A1 A, A;, and A, are bounded,
e B, B; and B, are bounded
e and C is bounded on 2 x [0, T7.

LetK = { (T)p7Qa$at) € Rs X 2 x [07T] : Irlx lpIaIQ| < Cl }

If %—r is continuous, then there are positive constants Ax and Ax for which

0< A < %g— < Ak forall (r,p, q,z,t) € K. (8.6)

Bounds on A and A~! follow from this:

A < Ax, ATt < (8.7)
A, is given by
02F O%F
A= /0 Or2 5 () [suget + (1 — 8)@zat] + %( ) [suot + (1 — 8)pai]

0’F 5?F
+ 3r8q(’ ) [sug+ (1= s)er] + 5@( .. )ds,
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and so oF
|At| < ar - (Cl + |u:1:xt7 Ugt, Prat, Wmtle[o,T]) . (88)
Similarly,
L ’F &F
Ap = ; W( ) [sugze + (1 — 8)0zzz] + %( ) [suzz + (1 — 8)pzz]
0%F 8%F
+ 8r8q(' ) [sug + (1= 8)es] + m( .. )ds,
SO
oF
|A | < 3’!” Cl(IC)(Cl + lumzx,‘Pa:mmlﬂx[O,T])~ (8.9)
Az is given by
1 33F
Az = ; or3 ( ) [suzzm + (1 - S)szz]z
OF
+2 Zrop ——(---) [SUzzz + (1 — 8)Pzzz] [SUzz + (1 — 8)Pzz]
OBF
+ 2527(9— (...) [Suzzz + (1 — 8)@zzz] [suz + (1 — 8)@y]
BF
+ 232 o1 (--.) [sUzzz + (1 — 8)@zzz] + Ry

O%F
+ "6'7'3( . ) [suzzmm +(1- 3)90::::::1:1:] + Ra ds,

where R; and R, are combinations of terms involving second and first derivatives of
oF .
—— respectively. Consequently,

or
oF
'A:ca:| < 3 (lumzw"Pmmmlnx[O,T] -+ 01)2
T lexk)
oF
+ —8—- (luwza::m Przzr, Uzza, (szzlﬂx[o,T] + 01) . (810)
e

The bounds for B, its derivatives, and C follow in a similar manner:

1 2 0’F
Bt = A %(. .. ) [Su;cxt + (1 ‘szt] + -5 apz [S'U;g;t + (1 - 3)‘Pzt]

?F ?F

+ Bqu( ) [sut + (1 — s) tpt]—f-a Bt( .. )ds,

so that
OF

B <
| By | Fr

(C1 + |ugat, <Pzzt|nx[o,T]) ; (8.11)
CH(K)
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while
' 9°F 0%F
B; = 0 6p6r ( e ) [sumz:c + (1 - S)SO:E.'L‘E] + a_pg( . ) [.sum + (1 - S)(Pa:x]
0°’F 0’F
8p3q(' o) [sug + (1 — 8)pg] + b_pc')_z( .. )ds,
so that
OF
|BZ| < op (Cl + I'U':c:c:c|ﬂ><[0,T] + |‘Pmm|ﬂx[0,T]) . (8.12)
Plevx)
and finally
15
|C(z,t)| = / %F(sum + (1 = 8)@pgg, suz + (1 — 8)@z, su+ (1 — 8)p, z,t)ds
0
oF
<|l= . 8.13
<%, (8.19)

It is clear that we will be able to apply Angenent’s result to a smooth solution of a
nonlinear parabolic equation u; = F, when F satisfies the parabolicity condition (8.6)

and both %g and F are C? on the bounded domain K.

These conditions are not optimal — for example, in estimate (8.13) above, it is
sufficient if %—s is L! along line segments in K — however, they are enough to allow a
theorem for intersections of two solutions rather than zeroes of one solution.

Theorem 8.2 (Intersection-counting theorem). Letu and ¢ : [zo,z1] X [0,T] — R be
solutions of

Uy = F(uzz;uz’u: Eat)’

which do not intersect on the boundaries
U(l’i,t) # (P(mi,t), 1= 07 17 te [07 T]
Ifu and ¢ are C? on (zg,z1) x [0, T

lulcz, |@le2 <,

and if F' is parabolic

0
E;F(Tap,qax)t) > 0
and if both F and %17[; are C? on

K={(rpge¢zt) e R xQx[0,T]:|r||p|,lgl <1},
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then fort > 0 the number of intersections of u and ¢ are finite; and if z is an intersection
ofu and p att then for allt; < t < ty, the number of intersections at t, is strictly less
than the number of intersections at t5.

Proof: We apply Theorem (8.1) to the difference w = u — ¢ which satisfies equation
(8.2). O

8.2 Gradient estimates for equations in one space dimen-
sion

In this chapter we seek interior estimates for bounded solutions of parabolic equations
on connected domains Q x [0, T]. When two functions intersect at a single point, then
the gradient of the one that is smaller on the left of the intersection will dominate the
gradient of the one that is smaller on the right.

The main idea is that optimal regularity of u(z,?) is found by comparison to the
solution of the same parabolic equation with initial data Co, where o is the maximal
monotone graph

+1, z>0
o(z) ={[-1,1], =0 (8.14)
-1, z<0

which we will refer to as the step “function”.

Figure 8.1: The step function o

The method can be broken into the following steps:

e Creation of family of barriers {¢%*} with ¢%*(z,t) approaching Co(z — s) as
t,e >0
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¢ Show that for all (z,t) in a subdomain of Q x [0, T7], and for all k € [-M, M], we
can find an s such that ¢%*(z,t) = k

o Show that |¢%*| > M at the boundaries of Q

e Then use the Angenent result to count the intersections of « and ¢%*. For small
enough ¢, there will be only one intersection, and so a gradient bound will follow.

We begin by looking at a simple estimate for entire solutions on R, then find more
specific estimates, firstly for the heat equation

1

Ut = 4_cucca:a (8.15)

and then for a nonlinear problem.

The following theorem says that if a solution with the step function as initial condi-
tion exists, then it will serve as a barrier for other solutions.

Theorem 8.3. Consider the parabolic equation
up = Fugz, ug,u), (8.16)
where F satisfies (8.6). Let u be a solution of (8.16) on R x (0, T] that has a bound
lul < M,

and has a uniform gradient bound att = 0.

Suppose there exists a solution to (8.16) on R x (0, T] which is smooth fort > 0,
and has initial condition

¢(z,0) = (M + 1)o(z)

Figure 8.2: Evolution of a step function under curve shortening flow
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and boundary condition
lim ¢(z,t) = (M + 1)o(z).

|z]—00

Then there is a gradient estimate

uz(a:, t) < ‘pa:(z’ t)

where z is chosen so that p(z,t) = u(z,t).

Proof: Leta family of barriers indexed by (z, 7) be given by ¢*7(z,t) := p(z—2z,t+7)
forall z € R and 7 > 0. Each of these satisfies (8.16), and is smooth on R x [0, 7.

As u(-,0) has a uniform gradient bound, there exists a 7' > 0 such that not only do
u(-,0) and =7 (-,0) intersect only once, but also, u(-,0) and ¢=7(-,0) intersect only
once for all 7 € (0,7'].

Let (z1,t1) be fixed. For each 7 < 7/, there exists z such that ©*7(z1,t) =
u(zy,t1).

Now, apply Angenent’s theorem to w = u — ¢*7 on some region [—R, R] x [0,%]
containing z; and which is sufficiently large enough that for all ¢ € [0,¢1], ¢*" (R, t) >
M and ¢*"(—R,t) < —M. The last conditions ensure that w has no zeroes on the
boundary.

As w has only one zero at ¢t = 0, it has no more than one zero for all ¢; as w
is positive at £ = —R and negative at x = —R, it has exactly one zero for all t. In
particular the zero at (z,t;) is the only zero, and

forz >z, ©*"(z,t1) > u(z,t1),
forz <z, "7 (z,t) <u(z,t1),

from which we find a gradient estimate:
uz(z1,41) < "7 (z1, 1)

This holds for all 7 € (0, 7;) and so letting 7 — 0 gives the result. O
The following theorem describes an explicit barrier in the case of the heat equation.

Theorem 8.4 (Gradient estimate for the heat equation). Let Q = [z¢,z;] and u :
Q x [0,T] — R be a smooth solution to the heat equation (8.15) with a height bound
|u| < M and Lipschitz bound Lip u(-,0) < oo.

Then fort > 0,

[ € exo [ —ert-1 (2)°
ug(z,t) <2N ﬂtexp< Erf (N) ),
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where

This leads to an estimate for an entire solution.

Corollary 8.5. Letu : R x [0,T] — R be a smooth solution of the heat equation (8.15)
with |u| < M.

Then fort > 0,

[ exo (—ere-1 ()
ug(z,t) < 2M 7rtexp( Exf (M))

Proof: Theorem 8.4 applies on any interval [~ R, R]; let R — oo to find the result. O
Proof of Theorem 8.4: Without loss of generality, let Q = [—d, d].

For some € € (0,¢), |s] < d and N > M to be chosen later, we can define the

barrier o)/
€ (5. 1) = _ /_c_) Z 2N [ETVEE g
¢*%(z,t) := N&rf ((a: s) tve) = 77 )y e ¥ dy,

which satisfies the heat equation (8.15) on @ x [0,T]. Ast+ ¢ — 0, p*°(z,t) —
No(z — s), where ¢ is the step function (8.14).

Choose ¢, small enough, such that for any |s| < d and e < ¢ there is only one
intersection of u(:,0) and ¢**(-,0). This is possible as u(-,0) has a uniform gradient
bound.

Now, let (,f) € £ x (0,T) be fixed, and consider i := u(%,t). The bound on u
implies that @ € (- M, M).

t+e
c

~ -1 -
N=M [srf (%%iﬁ)l . (8.17)

If we choose s = % —

Erf~1 (@t/N), then p%%(%, %) = @. Also choose
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With these choices, we can check that

t+
c

I (T & Y V)
-t G (0212

Is| < 13| + £ |Exf (@/N)|

<3|+ t+e \/E(d: |Z[)
¢ 2v/t+e€
= jal + L5121
2
< d;

and that on the boundaries || > M whenever ¢ < , since

|o®* (d, t)| = NExf (| +td— 8|/ ——

t+e€
/ C

+d - %+ \/tteerf-l (u/N)
— T — _1 77
> Né&rf (|:i:d Z| ronp o |8rf (u/N)I)

c t+e
. c t+e. .
> N&rf ((d— EDR /H—e ~ ‘/H—et’)rf 1 (M/N))

and if we use (8.17) for (d — |Z|), then this is

_ t+e,. .4 _ t+e, .1
= Né&rf <2”——t+€8rf (M/N) Ht_'_egrf (M/N))
> M.

We can now apply the intersection counting Theorem 8.2 with w = u — ¢%%, with
the previous calculation ensuring that there are no intersections on the boundary, and
with the coefficients in equation (8.2) givenby A = 1, B = 0 and C = 0. Since there
is only one intersection at the initial time, there is never more than one intersection at

later times (in particular, for our given (z, £), there is no other intersection at time £ than
the one at %).
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It follows that

fory >, ¢%(y,t) > u(y,?),
fory <z, ©%*(y,?) < uly,i),

from which we find a gradient estimate:
ug(%,1) < 9“°,(%,1).
This holds for any smaller e > 0, so letting ¢ — 0 gives the final result. O

This method applies to all parabolic operators for which we can find solutions that
have the step function as the initial condition.

When a quasilinear parabolic equation satisfies the conditions of Section 4.4, we
can use the solutions with stepped initial data, whose existence was shown in that
chapter.

Let a > 0 be in Hy(K) for all bounded X C R x R x Q x [0,T], and some o €
(0,1). This implies that for every such K we can find positive Ax and Ax such that
Ax < a(p,q,z,t) < Ag, when (p,q,z,t) € K.

Since we will be looking at bounded solutions in €, the bound on the gradient is
the pertinent bound on K; we highlight this by writing:

MK) < a(p,q,z,t) < A(K), when |p| < K, (8.18)

where we assume that |¢| < M, z € Qand t € [0,T].
Also, suppose that there are positive constants A and P such that

a(p,q,z,t)p> > A >0, for |p| > P. (8.19)
Theorem 8.6. Letwu : 2 x [0,T] — R be a smooth solution to
up = a(ug, U, T, t)Ugy, (8.20)

where a satisfies (8.18) and (8.19).

Letu be bounded, |u(z,t)| < M.

Let ¢* solve (8.20) on R x (0,T), with ¢*(-,t) = 2Mo(z — s) ast — 0, where o is
the step function (8.14), and where s is chosen so that u(z,t) = ¢*(z, t).

Ift < c dist(z,dQ)? /A (cM /dist(z, 5Q)), where A(-) is given by (8.18), then

uz(2,1) < ¢ (1),

That is, the gradient of u is bounded by the gradient of the barriers, at the same
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height.

Remark 1: We can replace o(z — s) by o(s — z) here, in which case we find that
uz(2,1) 2 ¢3(z, ).

Remark 2: If a has polynomial growth, so that A(K) < ¢(1 + K9) for some ¢ > 0,
then the interior region on which we can find bounds of this form is given by ¢ <
c dist(z, Q)21 M ~9/2, for some constant c.

Remark3: IfQ = RinTheorem 8.6, then the gradient bound applies forall ¢t € (0, T.

Proof of Theorem 8.6:

We initially assume that @ = [-d, d]. We will derive a gradient bound at a single
point (0,t), and then generalize it to interior points on a general domain.

As u is smooth there are bounds on the first derivative and on higher derivatives

lua:| <e, quxautaua:taua:xw,u:cza:wa'U'a:a:tl <eco.
For0 < e < ¢ << d/4, let ¢¢ be the standard mollification of ¢
0 1= 2Mn, * o,

where ¢ is the step function (8.14).
Choose ¢, small enough so that for all € < ¢y, ¢¢ satisfies a gradient estimate from
below:
l€,(x)| > c1 whenever |¢f(z)| < M. (8.21)

Now, for fixed ¢, define a family {¢**},5<4/2 Of barriers, each of which solves (8.20)
on R x [0, 7] (for some 7 to be decided later) with initial condition

¢*(2,0) = ¢z — 3).

The existence of such solutions follows from Corollary 4.20, which applies as a satis-
fies (8.19).
Standard results give

02| < es(e)
€

S, €8 €,8 €5 €5 €8
I‘pz’a:’ Prrzs Poraes Pt > Pix > ‘Pa:’a:tl < 64(6)'

To avoid intersections of » and the barriers occurring on the boundary, we need to
show that |o%°| > M when z € {—d, d}.
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Each barrier in the family is initially bounded above by a step function
©*°%(z,0) < 2Mo(z — s +¢€)
and so Corollary 4.11 provides an estimate forz < s — ¢

8M At
&g 1) < — 2 _opm
14 (m’)_lx—s+e| m ’

where A = A(4M/|z — s + €|).
In particular, at z = —d,

8M At
©3(~d, t) < ————1/ = — 2M.
" )—|——d—s+e| s

As|s| < d/2 and e << d/4,

1 4 4M 16 M
—_— < = d —— | <A ——].
|-—d—s+e|<d an A(I—d—s+e|>_A( d )

d?n

If we choose 7 = —— where A = A(16M/d), then
322A
o (~dt) < 2 Aoy
S_Ma

whenevert < 7.
A similar calculation for the other boundary point z = d gives that

p*(d,t) > M

whent < T.
Let € be fixed.
For each s € [-d/2,d/2], we can define w := u — ¢** satisfying

wi = Awgy + Bwg + Cw

on [-d,d] x [0,7]. Here, A is given by setting %—f(r, p,q,z,t) = a(p,q,z,t) in (8.3),

oF

B by setting oF = ria(p, q,z,t) in (8.4), and C by setting 3 = ra%a(p, g,z,t) in

Op Op
(8.5).

Let K = {(p,q,,1) : |p| < c1 +c3(e),|gl < M,z € Q,t € [0,7] }.
A AL Ay Ay, Age, B, By, B, and C are bounded by constants dependent on c;,
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Ml
S

Figure 8.3: A family of barriers

ca, c3(€), ca(€), A(er + c3(€)), A(c1 + ca(e)) and |a|cz(x), @s in (8.7)—8.13).

Since |u| < M, and at the boundary |¢%*| > M, w is never zero on the boundary.

In particular, w(—d, t) = u(—d, t) —“*(—d,t) > 0 and w(d, t) = u(d,t) —p*(d,t) <
0, so there is always at least one zero of w. The lower gradient bound (8.21) implies
that there is at most one zero of w at the initial time.

Then the intersection counting theorem (Theorem 8.2) implies there is exactly one
zeroof wforall t <.

In the following lemma we show that given (z, t) — or more specifically, (0,t) — we
can find s such that (0,¢) is a zero of w = u — ¢** . We will then return to the proof of
Theorem 8.6.

Lemma 8.7. Lete < ¢y andt < 7 be fixed. For each k € [—M, M], there exists an
s € [-d/2,d/2] such that
©**(0,t) = k.

Proof: Firstly, we check that p©%4/2(0,t) < —M and ¢~%/2(0,t) > M. Using Corol-

lary 4.11,
8M /At
€,d/2 < — —_—
o) < lz—d/2+¢€V « 2M

for z < d/2 — ¢, where A = A(4M/|z — d/2 — ¢€|). Since |d/2 —¢|~! < 4/d, atz =0 we
have

32M [At
€,d/2 L 4= =
e®4(0,t) < 7 - 2M
< -M.

It can similarly be shown that ¢&~%/2(0,¢) > M.
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As ¢%(-,0) is continuous in s, and a is a continuous operator, ¢%°(0,t) is also
continuous in s. In particular, {¢**(0,1)};5<a/2 is onto [-M, M]. O
Continuation of the proof of Theorem 8.6: Lett¢ < 7 be given. From the previous

lemma, there exists s such that (0, t) = u(0,t). This is the only intersection point of
u and ¢*, and so

fory >0, ©**(y,t) > u(y,t),
fory <0, ¢“°(y,t) <u(y,t),

from which we find the gradient estimate:

. uly,t) —u(0,t
we0) = iy 208 =200
€,8 _ A8
< 1im ? (y,t) — ¢°(0,2)
y—0 Yy

= (pe,sx(o’ t)‘

This estimate holds for all € € (0, €].
If we let € — 0, we firstly have that

)8 K]
e = ¢,

where ¢® is the solution to (8.20) with discontinuous initial data 2Mo(z — s); and
secondly thatforall t < 7,

um(O, t) g (P;(O, t)’

where s is chosen so that (0, t) = ¢*(0, t).

Now we turn to the general domain with Q = [z9,z;]. Given z € Q, set d :=
d’m

i Mt ——————

dist(z,09Q). Ift < 32A(24Md)

domain [z — d, z + d] to find the given result. O

then we can repeat the same calculation on the small



Chapter 9

Estimates for isotropic and
anisotropic mean curvature flow

9.1 A gradient estimate for mean curvature flow

This section follows the style established in papers such as [13] and [14], in partic-
ular the local gradient estimates of Section 2 of the latter paper. Ecker and Huisken
consider the evolution of a hypersurface by mean curvature

SFp0) =Hp1,  pel, ©1)

where F : M™ x [0, T] — R**! is the immersion of the manifold M™ at each time ¢t and
H is the mean curvature vector.

M can be written as a graph when a fixed vector w € R**! can be found so that
for a choice of unit normal v,

(v,w) >0

everywhere. Equivalently, (v,w)~! is bounded above. The existence of an upper
bound for this quantity and its analogue for anisotropic mean curvature flow is the
subject of this chapter.

Given the image F(p, t) of a point p € M, its coordinate vector is x(p, t). The height
of M above the hyperplane defined by w is denoted by

u = (X,w).
The gradient function is given by

v=(v,w)"! =+/1+|Dul?

105
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We recall the evolution equations from [13]:

Lemma 9.1. /f M, satisfies (9.1) then

d 2
(EZ - A)IXI = 2"7.,

d
(—d—i—A)u—O,

a 1 A2 — 9=11T0|2
(dt A)v— |[Al*v — 2071 V%,

where A is the Laplace-Beltrami operator on M; and A = {h;;} is the second funda-
mental form.

We derive a gradient estimate for periodic entire graphs, followed by an interior
estimate. Estimates of this type have also been recently found by Colding and Mini-
cozzi [12] in the isotropic case using similar techniques, although without the explicit
dependence on the height of the graph that the following estimates display.

Theorem 9.2 (Estimate for periodic mean curvature flow). Let F be a smooth, en-
tire solution to mean curvature flow (9.1) which is a periodic graph over a hyperplane,
in that u(y, t) = u(y+ L, t) for a fixed point L in the hyperplane, and has a height bound

|luj < M. Then
_ 2
v S t1/2 exp (%)

for0 <t < T, wherec andT' dependon M.

Proof: Define a new quantity
Z :=v - p(u,t)

where ¢ is a smooth positive function on [- M, M| x (0,T") chosen so that ¢ — oo as
t — 0. This means that Z is strictly negative initially, regardless of the initial gradient.
The evolution equation for ¢ is given by

d
(5 -8) 0= v puuval? ©2)
and we can use this with the identities from Lemma 9.1 to find that
(% - A) Z = —|A|Pv - 207 V) — 1 + 0w VUl

Now, suppose (z, t) is the first point at which Z becomes non-negative. Since Z is



Chapter 9: Estimates for isotropic and anisotropic mean curvature flows 107

periodic, this is an internal spatial maximum, and (spatial) first deriatives are zero:
0=VZ=Vv—-Vy,

SO

A
@ ¢

v V]2 =
and the evolution equation at this point is

4 APy — 2% |2 2
dt—A Z = —|A]*v 2(,0 |Vul® — ¢ + uu| Vul®.

A good choice for ¢ that will allow us to make the final terms negative is ¢(u,t) =
1/®(u,t), where @ solves the heat equation &, = ¢®" for some ¢ < 1. In this case

‘Pl — _@—Z(DI
¢" =207%(9")? - 729",
o = -0,

and the equation satisfied by ¢ is

2
Ui So

pr =cp —2c—.
: 0

The final three terms of the evolution equation have become

2 q)lz q)n @// (1)12
—2% Val? = 1 + pual Vul? = =225 [Vl + ez — 25 [Vul’ + 225 [V’
@Il
32 (C— Vel )
@Il 9
=32 (c—1+2?%).
In the last line we have used that, with respect to a local orthonormal frame on M;,
Vu = (e;,w)e;, While w has unit length with 1 = |w|? = 3%, |(ei, w)es|? + [(v, w)v|?: it
follows that

|Vu|2 = Z<eiaw)2 =1- (V,w)z = (1 - ,vl_z) = (1 - ®2) )

=1

the last equality holding only at a maximum point.
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If we let @ be a fundamental solution of the heat equation

u 2
O (u,t) = %exp <—c%> , (9.3)

we can choose T’ and ¢ depending only on M so that ® > 0andc— 1+ ®2 < 0 for
t<T.

So, at the first interior point where Z =0, Z, <0andso Z <0fort < T'. O

Theorem 9.3 (Interior estimate for mean curvature flow). Let F be a smooth solu-
tion to mean curvature flow (9.1) which is a graph over a ball in the hyperplane Bg(0).
Then we have the interior estimate

cq(u + 2M)?

< $9/2
v<t exp( v

) (R? — 2nt — |x|? + )1

for0 <t < T, whereq > 1, c, andT' depend on M and R.

Proof: We replace ¢ in our previous definition of Z by ¢/n:

where a smooth positive function n is chosen so that Z < 0 on the boundary of a ball
of shrinking radius B /z—5;, and, as before, ¢ > 0 is chosen so that Z < 0 at the
initial time.

In particular, choose n = R? — 2nt — |x|2 + u2. The evolution equation for 7, is given
by
d 2
(a‘z —A) n= —2|V’U,| s

and we can use this, the identities from Lemma 9.1, and the evolution equation for ¢
(9.2) to find that

d _ 1
(EE - A) Z = —|APPv — 207 Vw|? - n (0t — Yuu| Vul?)
4 2 Pu 14 2

Now, suppose (z,t) is an internal point of this domain at which Z first becomes
non-negative.



Chapter9: Estimates for isotropic and anisotropic mean curvature flows 109

At an internal spatial maximum of Z, VZ = 0 so

bl
Ui

2

Use this to replace the v~} |Vv|2 term in the evolution equation, so that at this point

d
(% - A) Z = —|Av - 2% (‘ou |Vul? - 2‘°‘°“w vn+ |vn| )
1

(0t = Puu|Vul )_2<p |Vul? —2('0"Vu Vn+2 3|Vm2

|

1
= —l4pu- 1 (sot — pulVul? + 2| Vuf? %)

2|Vul? % + Z%Vu - Vn.

We can bound the Vu - Vi term by a v~! term, since (using a local orthonormal
frame {e;})

Vu-Vn = V{x,w) -V (=(x,x) + (x,w)?)
= (Vix,w)e: - (~2(x, Vix)e; + 20x, w) (V5% w)e;)
= (e, w)e; - (—2(x, ej)e; + 2(x, w){ej, w)e;)
= g(ei, w) (—2(x, €5) + 2(x, w){e;,w)) ,

and
i . DyuDju
1 — §t _ 1 J
97 =9 1+ [Dul?
(eia (.d) = Diu

(e;,x) = x; + uD;u
so that (writing z for x — uw, the position in the hyperplane)

2
Vu-Vn=-2(Du,z) + 2%%%?'—
(Du, z)
1+ |Duj?
||

Y ol N
T /14 |Duf?

R2 — 2nt

=-2

<2
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With this we estimate the term in the evolution equation—
Pu |¢ou]
25Vu-Vn<4—R. (9.4)
n? on
The evolution equation itself becomes

d 2 2 ¥
= < — _ I
(dt A) Z < —|A|*v - 2|Vuy| 7

1 902 l()oul
— = ot — uulVu]? + 2|Vu> & — 4RTE )
= (e pualvup + 210" £ - 4512

This time, we choose
p(u,t) = (u,t)™?

for some g > 1, where & still satisfies the heat equation ®; = ¢®”. Then

(P, = _qQ_q_lq),,
0" =q(qg+1)2797(@)? - q@ 719",
pr = —g® Iy,

so that the equation satisfied by ¢ is
1 (Plﬁ
=c "—c(1+—> .
Pt P 7)o
The final term in the evolution equation is

2
©r — Puu|Vul? + 2| Vul? %‘ - 4R|—%‘|

n

P ¢I2 |®I'
=4z (—c+Ivuf?) + Ger IV (4= 1) - 4Rg 2

q)ll lq)l| I@II
= q&ﬁ (—-C‘l‘ 1-— qu) + Q‘? ((q et 1)(1 - qu)m —4R y

where we have used |Vu|® = 1 —v=2 = 1 — ®%4. The first term above is positive if,

as in the previous case, ®” > 0 and ¢ — 1 + ®%9 < 0. The second term is positive if ¢
satisfies AR
P
>14+ —.
12T o)

Choose @ to be a fundamental solution of the heat equation, as in the previous
proof —

D(u,t) = ——l—exp (—c

(u:t2M)2)
7 ).

4t
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Now we can choose some ¢ < 1 and 7" small so that ®” > 0and ® < (1 —¢) < 1 for
t < T'. Here, T' is dependent on M and c only. We can also find ¢ dependent on 717,
M, c and R, satisfying

4RPIt! + SRT' <
B(1-0%) = T eMI-(1—-¢2) = 7T

1+

At an internal maximum of Z, Z;, < 0 and the result follows. [

9.2 Gradient estimates for anisotropic mean curvature
flows

A more general case of curvature flows is that of anisotropic mean curvature flow.
This has been specifically studied by Aimgren, Taylor and Wang [1], Gurtin and An-
genent[9], and Andrews [3, 4], among others. The anisotropic surface energy arises in
applications from materials science, such as crystalline growth and phase changes; it
also arises in Finsler geometry [11] (on a Finsler manifold, at each point only a normed
space is defined, rather than an inner product space as on a Riemannian manifold).

In this section, we use the framework and notation of [4].

As before, we consider surfaces that can be written (either entirely or locally) as
graphs, so that M; = {(z*,...,z",u(z',..., 2™, 1))} = graphu(z, ).

The equation for motion of the graph by anisotropic mean curvature is derived in
[4]; in the present work, we set the homogeneous degree zero “mobility factor” m to
be identically 1, and so

ug = F(Du)DYF|,, uij, (9.5)

where u;; = D2u(e;, e;), With respect to some basis for the tangent space {ey, ..., e, }.
The function F : R* — R is defined by F(pi,...,ps) = F(pi¢* — ¢°), where
{¢°,4%,...,4"} is a basis for the cotangent space V*, with dual basis for V = Rr+!
given by {eg,e1,...,e,}, and where F : V* — R is a positive convex function that is
homogeneous of degree one, F(\w) = AF(w) for A > 0. The unit ball of F

FY1):={weV*: Flw) =1}
must be strictly convex. We also require that F is at least C3.
Differences between the isotropic and anisotropic cases

The introduction of the unspecified anisotropic F into the flow has the effect of high-
lighting the special nature of the isotropic case, when F(p;¢* + po¢°) = (X1, p%)l/ 2,
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One immediately notices that in the isotropic case, the term with third derivatives
arising in the evolution equation is zero. In (9.21), this is the term

DF|,(¢*) D (FD?F)|, (¢™, ¢", ¢ )i uij.
This absence of third derivatives is apparent in the third identity of Lemma 9.1 —

d — 142 —1{T,(2.
<dt A>'v— |Al*v — 207 V|

the left-hand side involves second derivatives of the gradient so we might expect to see
some derivatives of curvature in the right hand side — instead we see only curvature
terms and first derivatives of the gradient function.

The second difference is that there is no estimate of the form

C
N < —
Vu Vn_v,

as in (9.4) for the isotropic case. An equivalent estimate in the anisotropic context
would be: given ¢ = 37, ¢;4%, find ¢ = ¢(g) so that

F(p~¢°) FD*F| _ () < c(q)

forall p = 3°7 | pi¢’. This is certainly true if we restrict p to the unit ball, F(p) = 1. If
we replace p by sp (s is a scalar), the putative estimate would be

F(sp—¢°) FD’F| _, (sP,9) < c(q).

Rewriting the left-hand side using homogeneity gives us

sF(B - ¢°/s) FD*F|,_,/ (#°,9) < clg).

As s increases, the left-hand side is converging to a constant defined on the unit ball,
F(p) FD2F|ﬁ (¢°, q), multiplied by s. Unless F(p) FDQFL3 (#°, q) is zero , the left-hand
side will not remain bounded by the right-hand side as s — oco. The estimate will not
hold without further restrictions on F.

Calculating with the homogeneous function F

We make some observations about properties arising directly from the homogeneity
and convexity of F, and introduce some notation.

Let {¢°,...,¢"} be a basis for the cotangent space V* dual to {ey,...,e,}, the
basis for the tangent space V. Both V* and V are copies of R**1.
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For p = p;¢* (all repeated indices are summed from 1 to n unless indicated other-
wise) we will write

z:=p—¢°.

In general we will prefer to write all derivatives of F in a form that is homogeneous
of degree zero, that is, as DF, FD?F, or F2D3F. This means that we can evaluate
them on the unit ball, or scale as we wish — for example, we can use FD2F'|p
instead of FD2F| tp—g0"

Homogeneity also means that some derivatives in the radial direction disappear —
forall w € V*,

—¢0/t

DF| (w) = F(w) (9.6)
FD?*F|, (w,") = FD*F|,(-,w) =0 (9.7)
D(FD*F)|_ (w,-,") =0. (9.8)

The strict convexity of the unit ball of F means that for all w,r € V* on the unit ball,
with r # +w,
D*F|  (r,r) > 0.
As F is homogeneous, all the level sets of F are also strictly convex, so this holds for
all non-zero w.
We denote by ~ the removal of a component in the direction of z from ¢*, k =
0,...,m,
:f;k = ¢k - ckza

where c* is such that #* is tangent to the unit ball of F,

0= DF|_(¢")
= DF|, (¢" - c*2)
= DF| (¢*) - ¥ DF|, (2)
= DF|, (¢*) - FF(2).

We have used (9.6) in the last line. It follows that

+_ DF|, ("
R

In the next two lemmas, we show that the coefficients of the evolution operator
satisfy a condition similar to the control on degeneracy that we required with condition
(5.9) of Chapter 5.
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Lemma 9.4. Let F : V* — R be a C?, positive, homogeneous degree one function
with a strictly convex unit ball F~1(1) = {w : F(w) = 1}.

Let¢0, ..., ¢" be a basis for V*.

Then there exist positive constants A and P so that

FD2F|p_¢0 (pap) Z A

forallp=3""_ p;¢t with F(p) > P.

Proof: Write
B(p) = FD2F|p_¢o (p,p) = FD2F|p_¢o (P, D),
where _
_ DFlp_¢0 (p) 0
=T Ep- g 7Y

is non-zero whenever p # 0. As p is a non-zero tangent covector, the strict convexity
of the unit ball means that B(p) > 0 if p # 0.

Fix p = p;¢* on the unit ball of F, F(p) = 1.

Consider B(sp). We want to show that we can find some P, and some strictly
positive A, so that for all s > P,, B(sp) > Ap. If this is not possible, then we can find a
sequence sy — oo with

lengoB(skp) =0.

Since F is C2, FD?F|_ is continuous in z, and we have that
Jim FD?F|, o (skp;skp) = lim FD*F| 0 (4°¢°)
i BN2E 0 40
= lim FDF| ., (¢°,4°)
— PP2E 0 40
= FDFly .y i, (88
Clearly,
khm p— ¢0/3k =D
—00
S0
lim B(sip) = FD?F|, (¢",¢") = FD*F|, (§,8") >0,
by the strict convexity of the unit ball, as at p,

o DFL@
BT

is a non-zero tangent covector. The contradiction implies that we can indeed find such
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P, and A,.
We can find such P, and 4, for every g = ¢;¢". Let
A= inf A, P:= sup P,

¢:F(g)=1 ¢:F(g)=1

As we are optimizing over a compact space, A > 0 and P < oco.

The result follows directly, for given any p = p;¢¢ with F(p) > P,
B(p) = B(F(p)p) > 45 > 4,

where p = p/F(p) is on the unit ball. O

We use this to show that the anisotropic mean curvature flow satisfies (5.9), the
condition controlling the degeneracy of the parabolic operator in Chapter 5.

Lemma 9.5. For all non-zerov = v;¢* and p = p;¢*, we can find positive constants P
and Ag such that
lpl*
(v-p)?

whenever F(p) > P. Here, (v-p)? = Y (vip;)? and |p|> = p - p.

FDzﬁ’lp_¢o (v,v) > A (9.9)

. _ I mp2f
Proof: Set B(p,v) = zﬂ%, FD?F| _, (v,0).
Since B(-,v) is invariant under v — sv, we need only to consider v in the unit ball.

Suppose that p is in the unit ball. Since 7 is a non-zero tangent covector at p — ¢°,
FDZF‘IP_ g0 (v,v) > 0 by the strict convexity of the unit ball. By compactness,

inf inf FD?F ,v) > ¢ > 0.
peF1(1) veF1(1) lp‘¢° SRES

Also, as neither p nor v are zero,

and so inf,, yep-1(1) B(p,v) > c1c2 > 0.

Suppose, in order to obtain a contradiction, that there is a pair (v, p) in the unit ball
for which there are no such constants Ay and P. Thatis,

2,14
lim B(sp,v) = lim sll 5
5—00 s—oo (v - p)

FD2FIsp—¢° (v,v) = 0.
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There are two possibilities here: v # p or v = p. In the first case, we must have

0= lim FD2F|SP_¢0 (v,v)

S$—00

= lim FD2F|p_ g0/s (1:)

§$—00
= F‘DZF|p (v,v).
However, since v # p, FD?F |p (v,v) > 0 which is a contradiction.

On the other hand, if v = p, then

. v 2 BP2E
8131010 B(sp,p) = sI_LIIgOS FD F|8p_¢o (p,p)
= sll{go FD?F |sp_ 40 (sp, sp)

> A

by Lemma 9.4, which is again a contradiction.

Therefore for every pair of covectors (v, p), there is a pair of positive constants A,
and P such that B(p,v) > Ay whenever F(p) > P. To get bounds for all (v, p) we take
the infimum of the Ay and the supremum of the P. O

We will consider two. different restrictions on F. The first is that third derivatives
are small; the second is a symmetry in the distinguished direction ¢°.

In order to define the first condition, consider the tensor

Q(p, g,7) := F*(2) D*F|, (p,q,7), (9.10)
for p, g, 7 covectors tangent to the unit ball of F' at z, so that DF|, (p) = 0 (and similarly
for g and r).

(This is the Cartan tensor of Bao, Chern and Shen [10], or the tensor Q of [4]
restricted to the tangent space of the unit ball.)

The smallness-of-third-derivatives condition is that () satisfies
Q(p,q,7) < C1 [F(2)* D°F|, (p,p) D*F|, (¢,q) D*F), (r,r)] "', (9.11)

for all p, ¢, r tangent to the unit ball of ', where C is a positive constant dependent on
n.

The symmetry condition is that

F(p+¢°) = F(p—¢°) forallp=" _pi¢". (9.12)

i=1
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Lemma 9.6. If F satisfies (9.12), then

DF|p @) =0 (9.13)
D*F| (¢°,¢7) =0

D*F|,(¢°¢%,¢*) =0 (9.14)

D*F|,(4° 4% ¢% =0, (9.15)

forallp=Y"_ pi¢* and all j,k # 0.

Proof: This is a direct consequence of homogeneity. (J

We can show that the symmetry condition (9.12) can be used in a similar way to
the smallness-of-third-derivatives condition (9.11).

Lemma 9.7. Suppose the symmetry condition (9.12) holds. Then a constant depen-
dent only on F bounds

FD(FD?F)|,_40 (0,3,9)
G(p,p)'/?G(g,9)

forallp= " pi¢' andg = 57, qi¢?, where G = FD2F|p_ go- Furthermore, for all
e > 0 we can find S, so that when F(p) > S, ‘

(9.16)

|FD(FD*F)|,_y0 (.3,)| < €G(p,p)/2G (4, 0).

Proof: Consider p and g on the unit ball and set

. By B2 ~a
Coe  sup FD(FD?F)| _ 4 (p,3,3)

pacF-i1)  Gp)Y?Glg,q)
p=pi¢*,9=0¢;¢"

When we project p and ¢ onto the tangent plane at p—¢° they give non-zero tangent
covectors p and g,

p=p-cf(p-¢°), g=q-c(p-4¢°),

where _ _
_ DFlp__¢o (p) ol — DFIP_¢0 ()
~ F(p-¢9 " - Fp-4¢° "

so the terms in the denominator of (9.16), G(p, p) and G(q, q), are strictly positive, and
hence bounded below when we take the supremum over p and ¢ in the unit ball.

Also, FD(FD?F) is a homogeneous degree zero tensor, and so bounded above
on the unit ball.
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It follows that C is finite.

The constant C is unchanged if we scale ¢ — sq so we only need to consider the
behaviour of (9.16) as F(p) becomes large: that is,

_ FDIFDF)|,,_p (o9.3.0)

9.17
ssoo  G(sp,sp)/2G(q,q) (8:47)

where G = FD2F'|8p_¢0.

Firstly, consider the case that q is parallel to p. Let p be on the unit ball, and without
loss of generality, let ¢ = +p.

We note that the G(q,q) = G(p, p) term in the denominator converges to zero,

lim G(p,p) = lim FD*F|,_, . (p,p)

§—00

- 2 -
- D Flp (p,p - Oa
so to deal with this we will multiply both top and bottom by s2:

i FD(FD?F)|,,_g4o (sp,0,D)
s Gsp, sp)'/*G(p,p)
s? FD(FD*F)|,,_ 40 (% p — cP(sp — ¢°),p — P(sp — ¢"))

= lim

8—y00 82G(Sp, sp)1/2G(PaP)
FD(FD*F 1 — scP)p + 5cP¢?, s(1 — scP)p + scP¢’
i TP Dloygn (9,50~ o) i ). @18)
500 G(sp, Sp)3/2

Now, the denominator is strictly positive, and by Lemma 9.4 bounded below —

11m G(sp, sp) = hm FD F| (sp,sp) > A > 0.

The limiting value of the coefficient of ¢° in (9.18) is

DF'I (p)
. T p—¢°/s
M M )

DF'?-¢°/8 (»)
s F(p— ¢°/s)
DF|, (p)
F(p)
= 1,

using (9.6).
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The limiting value of the coefficient of p is

DF (p)
lim s(1 — sc?) = lim s (1 _s |p #°/s )

s—00 §—00 (.sp qSO)
o 1 Flp_,-¢,0 (p)
=lhm (1 T Fpord)

'ml DFIP (p) B DF|p_r¢o (p)
r=0r \  F(p) F(p—r¢°)

where we use that D13‘|p (p) = F(p). The above term is a derivative, so we have

hm s(1—scP) = d (M)

dr F(p+r¢Y) o
_ DF|,(#"p)  DF|,(p) DF|,(4")
- F(p) F(p)?

=0,

where the first term of the second last line is zero due to (9.7) while the second term
is zero as consequence (9.13) of the symmetry condition.

The equation (9.18) is then

e FD(FD2F)ISP_¢O (¢°, s(1 — scP)p + scP¢?, 5(1 — scP)p + scP¢P)
s7%0 G(sp, sp)!/2G(sp, sp)
" FD(FDR), (8,8, )
FD2F|p (40, 40)3/2

=0,

where symmetry has been used again in the form of (9.15).

Now consider the case that g is not parallel to p. In this case, the denominator of
(9.17) is non-zero:

. 1/2 0 40 2
sll)r&G(sp,sp) 2G(q,q) = hm FD F|p /s (¢°,¢°) FD Flp ¢0/ 4,9)
= FD’F| (4°,¢°) FD*F|, (q,9)

> 0,

since lim,_,, 7 is @ non-zero tangent vector at p,

lim F— lim g — Dplsp_¢o (9) _ DFIP (@)
sho00 1~ shoo T TF(sp— ¢0) F(p)

(sp—¢°) =
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This cannot be zero as q is not parallel to p.
Then

i FD(FD?F)|,,_ 40 (s, 7,)
s G(sp,sp)/2G(q,q)
= lim (G(sp sp)?G(q q))—l lim FD(FD*F)| (¢°,4,9)
500 ? ’ 500 p—¢0/s NV 1D
=0,

where the second limit is zero by (9.14), since lim;_,., g has no component in the
direction of ¢°.

We have shown that for a fixed p on the unit ball, the quantity (9.16) is bounded
above (by C), and that as p is scaled outwards this decreases to zero, so for fixed p
the quantity is bounded above.

By compactness of the unit ball, it is bounded for all p. O

Estimates for periodic, anisotropic mean curvature flows
Letu: R® x [0,7] — R be a Hy, bounded
lu(z,t)| < M,

periodic
u(z + L, t) = u(z,t) for some lattice L,

solution to the anisotropic curvature flow equation (9.5), where F is a positive convex
function, homogeneous degree one, with a strictly convex unit ball.

Remark: We have one estimate in the case that F' satisfies the smallness-of-third-
derivatives condition (Theorem 9.8) and another in the case that F satisfies the sym-
metry condition (Theorem 9.9). However, in Theorem 5.1 and Corollary 5.2 we found
an estimate for periodic anisotropic flows without the need to impose either of these
conditions. In that case, the fact that we were estimating on the difference quotient,
rather than the first derivative itself, avoided the need to take derivatives of the flow
coefficients. Strictly speaking, Theorems 9.8 and 9.9 are redundant, but they are a
good introduction for the interior estimate of Theorem 9.12.

Theorem 9.8. If the tensor Q given by (9.10) satisfies (9.11) with

4
\/ﬁ’

C% < (9.19)
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then

_ 2
F(Du) < max {tw exp (M) | P}

for0 < t < T', where T' depends on M, A and P (both given by Lemma 9.4), and
1<g=(1-C%/n/4)7L.

Theorem 9.9. If F satisfies the symmetry condition (9.12), then

_ 2
F(Du) < max {texp (A—(Iilztz—M)) , P, S(Z/n)1/2}

for0 < t < T', where T' depends on M, A and P (both given by Lemma 9.4), and S is
given by Lemma 9.7.

Proof of Theorem 9.8:  As in the previous sections, define the quantity
Z = F(Du) — ¢(u,t)

where P is given by Lemma 9.4, and where ¢ is a positive function chosen so that
¢ — oo as t — 0. Suppose that we are at the first point where Z is no longer negative,
and let us assume that at this point, ¢ > P. This point will be a spatial maximum of Z,
due to the periodicity of Z.

Then at this point, F'(Du) = ¢ and the first derivative condition is
0= DxZ = DF | (™) umk — Puts,
where z = Du — ¢°. That s, for all vectors v € span{e,..., e},
D*u(DF|,(¢™)em,v) = puDu (v). (9.20)
Using (9.7), we c/:\an rewrite the evolution equation for « in terms of the purely
tangential directions ¢,

uw = FD*F|,(¢',¢")D*ulei,e;) = FD*F|, (#, #) D?u(es, e;).
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We make use of this in finding an evolution equation for F

OF .. .
5 = DF|, (¢)ux

= DF|, (¢") [FD*F|, (%, #)us]
=DF|Z(¢)[ (FD*F)|, (Diz, ¢, ¢*)ui; + FD2F| (D', ¢%)uij

+ FDF|, (#, Dyd)uij + FD2F| (&, A)uz]k]

+ FD*F|, (¢',¢")Di; F

— FD?F|, (¢, ¢7) | D*F|, (6™, ¢")umiw; + DF|, (™) timis
= DF|, (¢") [ D (FD?F)|, (Dgz, &', ¢ )uij + FD*F|, (Dxd', ¢')ui;

+ FD?F|, (&, Dif)uis

+ FD*F|,(¢',¢7)Di;F — FD?F| (¢',¢7) D*F|_(¢™, ¢")umiwij,

where in the third step we have added and subtracted second derivatives of F.

Derivatives of z are Diz = un,,¢™. We this to simplify those terms with derivatives
of gi—

D*F|,(Did, &) = D*F|_(Di(~c*'2), &)
= D*F|, (—Di(c*)2 — ¢ umid™, ¢),

and remembering that D2F|_ (z,-) =0, this is

=—c* DQFIZ (umkd™, $])

DF| (¢") _,- o
TTRe) D?F|, (umid™, ¢).

The evolution equation is now

";_1: = DF|, (¢*) D (FD2F)|, (¢™, &, & ) urmisis

- DF|, (¢*) | DF|, (¢) D*F], (9, & )+ DF|, (¢)) D*FI, (¢ 7)) i
+ FD?F| (¢%,¢/)Dy;F — FD*F|_(¢',¢7) D*F|, (¢™, ¢")umiw;- (9.21)

When we are at a critical point of Z, we can use the first derivative condition (9.20)
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to simplify further. The first term of (9.21) becomes

D*u(DF|, (¢")ex, em) D (FD*F)|, (™, &', & )uis
= @y Du(en) D (FD2F) Iz (o™, $i, &)uij
= ¢ D (FD*F)|, (Du, ', ¢ )uij,

while the second becomes

— DF|, (¢") DF|, (¢") D*F|, (6™, & umkui;
= — Dzﬁ'lz (o™, &)D2u (DF’|Z (¢%)ex, em) D%y (DF‘|Z (d)i) €i, €j)

o~

= —yh D*F|, (Du(em)¢™, Du(e;)¢’)
= —¢2 D2F'|z (Du, Du),

as does the third.

The evolution equation for F, at the local maximum of Z, is now

OF _ $u pp (FD*F)| (Du, &, #)ui; 2%% FD2F| (D Du)
ot - © ( )lz( u’¢1 )'U"I.J_ 0 |z( u, Ju

_ _ L 1 - _ L _
+ FD’F|, (¢',¢/)Di; F - - FDF| (¢',¢7) FD*F|_ (¢™, ¢")umiw;j,

where we have multiplied some terms through by 1 = F/y (since we assume that
Z = 0 here) in order that derivatives of F' appear as homogeneous degree zero terms.

Derivatives of ¢ are given by

Dy = ¢y Du
Dijo = puyuitij + Quts;

d
é‘t’i = Pyt + Pt

for i, 7 # 0, so an evolution equation for ¢ is

d L
d—(tp = puus + ¢ + FD*F| (8", ¢7) (Dijp — Puutsitsj — putiis)
= @+ FD*F|_(¢',¢7) (Dijo — puutiitis),
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and the entire evolution equation for Z, at a local maximum, is

o = FD*F|, (8, )DyZ + £ FD (FD*F), (Du 3, P)us

- 2‘2‘ FD?F|_(Du, Du) - 1 FD2F| (¢',¢") FD*F|_ (¢™, ¢")umiw;
- ¢+ FD*F|, (Du, Du)(puu.

Notice that all the covectors ¢*, Du appear in places where they may be replaced
by $", Du respectively (using (9.7) and (9.8)). That is, we are working exclusively on
the tangent space to the unit ball.

Restricted to the tangent space, D?F is positive definite so we can define a Rie-
mannian metric on the tangent space G** := FD?F|, (¢*, %), o,8 # 0. We
can choose the basis {¢!,...,¢"} so that G is the identity at our maximum point,
G°8 = §°8, The evolution equation for Z is now

az

2
= G”D”z+ FD (FD?F)|,(Du, ', ¢/ )uij — so %u ¢(Du, Du)

- EG” C™ umiuy; — 9t + G(Du, Du)pyy. (9.22)

Recall the Cauchy-Schwarz inequality for positive matrices: If A is a positive semi-
definite n x n matrix, then for v, w € R,

0< ((26)1/2 v— (26)_1/2 w)TA ((26)1/2’0 - (26)—1/2 w)

and so

vT Aw < evT Av + i'wTAw.

If A is positive definite, then we can replace w by A~1w to find that
T T 1 141
viw < ev Av+Ew A" w

As we assume that u is smooth, G is positive definite and we can use the above
inequality to estimate the second term of (9.22) :

2 FD (FD*F)|, (Du, ', $)uy
= % [DF’|z (Du) FD*F| (#,¢°) + F*D*F|_(Du, ¢, 31)] Uij
S(opuquk”uz

< e—G(Du, Du) + —GaﬁQ"‘”u QP (9.23)
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where the first term of the second line is zero because Du is tangent to the unit ball,
so DF|, (Du) = 0. In the last line, we have used the notation for the inverse G5 =
(G128, We will choose ¢ < 1 later.

We can use (9.11), the smallness-of-third-derivatives condition, to estimate the
second term in this inequality:

1 —~~ A~ .
aij Bkl a . 7 B Tk 7
165 Cas@ Q™ s = 720 (Gap®, 0, P) @ (7, un*, )

2 - —~ P o~ AN A
< %(G(Gaw,wa)G(uﬁ#,ummm)Gw,¢~7>

. - 1/2
% G(@, )G (und, un )G, $l))

_C?
4e(p
C 2
4e<p
- @

. .. 1/2
(GasGGpisum; G GTI GPP GFPugup GV ) /
1/2
(Gﬂ/ﬁumuzJG”Gﬂ ﬂukl’uleu) /

n (Giijl’uik’u.ﬂ) .

Now we can estimate (9.22) from above —

— < V) .. — ) . . —_—
I = GYDy; Z + e \/ﬁG G Uik Ujp + € G(Du, Du)

2 ..
- ZﬁG’(Du, Du) - %GZJGmlumiuU — ¢t + YuuG(Du, Du)
=GYD;;Z + Cl n—1)GIG*uu;
ij ") 46 ikUgl
+ %— (e — 2) G(Du, Du) — ¢t + 0uuG(Du, Du).
The second term is zero if we choose

e = C12v/nj4 < 1,
the inequality here is a consequence of (9.19).
As in the proof of Theorem 9.3, choose ¢ = &7 for some ¢ > 1, with & given by

(9.3). This satisfies the heat equation ®; = ¢®"”. We will choose ¢ = A, where A is
given by Lemma (9.4). Substituting @ and its derivatives for ¢ and its derivatives (see
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page 110) we find that

2
% (¢ — 2) G(Du, Du) — ¢ + ¢uuG(Du, Du)

= ¢2®9728"*(¢ — 2)G(Dwu, Du)
+ [q(q +1)d928"% — q<I>'q‘1<I>"] G(Du, Du) + Agd—9"18"
= q®"9728"* [g(e — 1) + 1] G(Du, Du) + ¢® 71" [A — G(Du, Du)].

Now, the first term is zero if we choose

1 1
=TT 1-ciymja

As we assumed at the beginning that F(Du) > P, Lemma 9.4 ensures that
G(Du, Du) > A.

Consequently, if we choose 7" > 0 small, " is positive and then the final term will be
negative.

On the other hand, if we consider the possibility that ¢ < P at this local maximum,
we could replace ¢ by sup{¢, P} in the definition of Z. In that case, the first maximum
of Z occurs at a point where the barrier is flat, and so the first variation is

0= DyZ = DF|, (¢*)um,

and the evolution equation for Z at the local maximum is

%f' = FD?F|,(¢',¢/)Dy;Z — D*F|,(¢",¢°) FD’F|, (¢™, ¢ )umiw;

<0

Since Z; < 0 at the first point where Z = 0, Z < 0 for all t < T" and the conclusion
follows. O

Proof of Theorem 9.9: We begin by assuming that at a local maximum point
F(Du) > max{P, Sea/nyt/2 }. and follow the proof of Theorem 9.8 up to equation (9.22),
the evolution equation for Z at a local maximum:

dz ij Pu £ 2 T =N Ay <P12¢
- = GYD;;Z + - FD (FD?F)|, (Du,¢", ¢’ )us; — ?G(Du, Du)

1 ..
- ;GmelumiUZj — @1 + G(Du, Du)pyy.

This time we do not choose coordinates to make G the identity.
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We use Cauchy-Schwarz (with € = 1/2) to estimate the second term —

% FD (FDF)|, (Du, &, ¢ uij

2
o ) e e 12
< 5 G(Du, Du) + 5 G(Du, Du)™ | FD (FDF)|, (D, &', #)us)

Choose the basis {¢!,...,¢"} at this point so that D?u is diagonal. Also, let I
be the n x n diagonal matrix with +1 or —1 as its diagonal entries, chosen so that
Ifiuy = |uy|. As I? is the identity matrix, u;; = It%|uy;|.

In these coordinates,

1 _ _ — ~ o~ 2
55 C(Du, Du)™! [FD (FDF)|, (Du, &, dﬂ)u,,-]

1t
2¢ G(Du, Du)

. 2
> FD(FD?F)|, (Du, ', ") I*|us l]

Li=1

N 2
1 1 | = 52T i "
35 G | 2| D (PP P (03,3

Li=

IA

1 1 [ n 2 1/2 1/2 3 2
PYAYATE T 2T - 1 ..
= 24 G(Du, Du) L,-; (n) G(Du, Du) "G luul}
n

2
Z Gﬂluiiljl )

i=1

T

where the term (2/n)'/2 comes from the estimation of lFD (FD?F)|, (Du, ¢, ¢")
Lemma 9.7, under the assumption that F(Du) > S(o/my1/2-

in

This term is dominated by the fourth term of the evolution equation, since (in the
same coordinates)

1 .. 1 ..
‘ ;Gmelumiulj — EGzJGmlImaluailIlﬁWﬁjl

_ 1 ij | ram ~ml 7B X R
= G 1G] fuaiJugi

1
®

2
11 y
> - 2 g as
=on [E :G |’“ﬂ|}

1,j

GY G Juqi lug|
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where we use the trace inequality (trace A)? < n trace(A4?)

2

= 22 [zGﬁWzﬂ :
pn

i

What is left of the evolution equation is

g <G9Dy;Z ~ 3 pu (Du, Du) — @i + G(Du, Du)pyy.
dt 2 p

This is negative at a local maximum if we make the same choice of barrier as
before — ¢ = ®~7 for ¢ = 2 with ® given by (9.3).

It our assumption that F(Du) > max{P,Sy/,y/2} does not hold, then we can
replace ¢ by max{P, S(a/my1/24 ©}. At the local maximum, Z; < 0 and so the conclusion
follows. O
Remark: In the last theorem, we have chosen g = 2 somewhat arbitrarily; in fact q
needs only to be strictly greater than 1, since we can set g = (1 — ne?/4)~1, for e given
by Lemma 9.7. However, a smaller ¢ may entail a larger S,, so the optimal choice
would depend on the exact form of F.

Interior estimate for anisotropic mean curvature flow
We begin by showing that when we have the symmetry condition, an estimate analo-
gous to (9.4) in the isotropic case is possible.

Lemma 9.10. Suppose that F' satisfies the symmetry condition (9.12). Then there
exists a constant C, depending only on F such that

527 F(q)
2 <C\9)
for all p = p;¢* and g = g;¢".
Proof: This estimate is unchanged under g — sq, so we need only to show that this
holds for g on the unit ball. Let ¢ = ¢;¢* be a fixed point on the unit ball.

By compactness, the estimate holds for all p on the unit ball.
Let p be a fixed point on the unit ball and consider

sp-—-¢° (Sp, q)

lim F‘(ép - 49 F'D2F‘|
§—00
- 10z
= lim F(p— s¢°)- FD*F|,_ ;, (¢°,9)

_ 1r1-= _ - _
= lim F(p— ¢")7 [ FD*F|,_, 0 (6",0) - FD*FY, (¢°,0)]
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where we have added zero in the form of FD2F|p (4% 9)

= F(p) [-D (FD*F)|, (4% ¢%,9)]

So, either the supremum of F(sp — ¢°) FD2F|SP_ 40 (sp,q) over s € [0, 00) is the
limit above, or else it is attained at some finite s. In either case,

Co(g) = sup F(sp—¢°) FD*F|_ 0 (sp,q)
s_

is finite, and we can set

Cy= sup sup  Cp(q)
{g:F(9)=1} {p:F(p)=1}

to complete the lemma. O
The next lemma shows that the trace of FD?F is bounded below.

Lemma 9.11. Let {¢°,¢!,...,4"} be a basis for V*, where n > 1. Then there is a
constantk > 0 so that forallp = Y"1 | pi¢*,

n

Glp——¢° (¢i’ ¢1‘) >k,
1

1=

where G = FD?F.

Proof: By compactness and strict convexity of the unit ball,

sup  Gl,_go (6,4') =  sup  Gl,_g (¢,4) >0,
{p:F(p)<1} {p:F(p)<1}
since $’ is a non-zero tangent covector.
Now consider

tllg‘oz Gltp—¢° (¢z, ¢z) = ; Glp ($i7 ai)a

=1

where, in the limit, § = ¢ — —l—)%l(’;%lp.

At most one of the ¢* may be parallel to p — suppose it is ¢!, in which case
limy 00 Gl go (¢',¢') = 0. For the remaining (n — 1lbasis covectors, $' are non-
zero tangent covectors (to the unit ball at p) and so G (¢, $i) is again bounded below
fori # 1.



130

It follows that

n
lim S Gly,_go (6,6 2 Y G, (#,4) > 0.
i=1 i=2,n
If we take the infimum of all such lower bounds, over all p in the unit ball, then the
conclusion follows. [

Let u: Bg(0) x [0,T] — R be a H,, bounded
|u(e, )] < M

solution on the ball of radius R to the anisotropic curvature flow equation (9.5), where
F is a positive, convex homogeneous degree one function, with a strictly convex unit
ball.

Theorem 9.12 (Interior estimate for anisotropic mean curvature flow). /f F satis-
fies both the smallness of third derivatives condition (9.11) with some constant

C? < 2/v/n,
and the symmetry condition (9.12), then

Aq(lul — 2M)°

F(Du) < t9/? exp ( pm

) (R? — 2kt —\z)2)™"
for 0 <t<T.

Here, A is given by Lemma 9.4 and depends on F; k is given by Lemma 9.11 and
depends on F; andT' > 0,q > 1, andr > 1 depend on M, A, P (which is also given
by Lemma 9.4) and k.

Proof: We introduce the localising term 7 into our definition of Z, now restricted to
the shrinking ball:
Z := F(Du) — %

for (z,t) € B, /gr—5 x [0, T, where k is the constant given by Lemma 9.11, ¢ = ¢(u,t)
is a smooth strictly positive function chosen so that Z < 0 at the initial time, and 7 is a
smooth positive function chosen so that » — 0 on the boundary of the shrinking ball.

Assume that at the first interior point where Z = 0, F(Du) > P.
Then F(Du) = ¢/n and as this is a spatial maximum (since the choice of n ensures
that there are no boundary maxima) we have a first derivative condition

0= DtZ = DF |,(¢™)umr — Dk (¢/) .- (9.24)
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An evolution equation for ¢/n is:
d () _1 <p dn 2 i @
dt<n)—n(<puut+<pt) 2 dt + FD’F|, (¢',¢") Dy m
P . T1 , ,
— FD*F|, (¢, ¢) [;7- (Puntitg + Puuij) — % (u;D'n +u; D7)

+ 2%DinDjn - ‘(%Dijn]

g 1 d
= GY Dy (%) + 7 [pt — G(Du, Du)pyy] — — (Et_ - GYD; ) n

+ Z%G’(Du, Dn) - Z%G(Dn, Dn),

where in the last line we have used the notation G = FD?F|_(¢*, ¢7).

We can incorporate the first derivative condition (9.24) into (9.21), the evolution
equation for F:

ar

- = = FD?F| (§',¢")Dy;F + DF|_(¢*) D (FD*F)|_ (¢™, &', & )umiuij

— DF|, (") [ DF|, (¢') D*F|, (4™, &) + DF|, (¢') D*F|, (™, &) umrus;
~ FD?F|,(¢',47) D*F|_(¢™, ¢ umiw;
= GYDyF + D™ (p/n) D (FD*F)|, (8™, &, & )uis
~2.G (D(p/n), Dlp/m) = GG  umitn;
= GYDy;F + -Z FD (FD*F)|, (D(e/n), &, &)
2 2
_ 2% [%G(Du, Du) — 2%’(“;—"0(Du, Dn) + %ZG (D, DTI)]

- %Giijlumiulj.

Putting the last two steps together gives an evolution equation for Z at a local
maximum:

dZ dF d((,o)

dt ~ dt  dt
= GIDyZ + g FD (FDF)|, (Dle/n), 5",57) uij = %Gij G i
1
— 5 l:(pt — G(Du, DU)<Puu + 2 G(Dua Du)]

+2 (% G*’iD,;,-) n+ 2%‘2‘-G(Du, Dn).
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The second term here may be split up into a part with Dy and a part with Dn:
1 D (FDF)], (%Du - Lo, ai,af) s

Yy = — - o~ 1 - _ — ~ o~
=2 FD (FDF)|, (Du, &, 8) wi - , FD(FD*F)|, (D, #,¢) uiy.

These may be individually estimated using the Cauchy-Schwarz inequality and the
smallness-of-third-derivatives condition, as described in the proof of Theorem 9.8 on
page 124 —

%4 FD (FD*F)|, (Du, &, & ) w;
P
o2
ru = 2 1j yml
< m(P LG(Du, Du) + 4# 01\/_ (G G um,ulj)
1 = = o= ~
~ FD (FD?F)|, (Dn, &, ¢7) uij

< kg ? G(Dn, Dn) +E_Cf‘/_ (GUleuzkuﬂ)

for some 0 < py, 2 < 1.
We choose the localising term to be 7 := 7" for some r > 1, ) = R? — 2kt — |z|?,
and k given in Lemma 9.11. Then

Din = rif " D;j
Djjn = rif " Dy + r(r — 1)7 2 D;#i Dy,

and the second-last term of the evolution equation is

L (;it G”Dm) n= ;](e—rﬁ’ ! [2k — 2trace G — (r — 1)~ 'G(D#}, Df))]

<2 ¥ rif =2(1 - r)G(D#, D).

As F satisfies the symmetry condition (9.12), we may use Lemma 9.10 to estimate
the final term of the evolution equation:

2%’2‘-G(Du, Dn) = 2% FD?F|,,, _ (Du, Dr)

wu_CoF(Dn)
n? F(Du — ¢°)
Pu
=2C,F(D
2F(Dn)— on’

<2
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The evolution equation can now be estimated from above —

az . n{ 1 1 .
= < GYD.. A e — (2 [ _ iy,
1 03
e G(Du, Du)pyy + (2 — Nl)?
+ %rﬁ""2 (1 = r + rus) G(D#, D7). (9.25)

G(Du, Du) — 202F(Dn)%]

Since C?,/n/4 < 1/2, we can choose p; < 1 and p < 1 such that

M(E +l)<1,

4 K1 K2

With such choices, the second term of the evolution inequality (9.25) will be neg-
ative. We can also set r = (1 — up)~! > 1, so the coefficient of 7~1G (D7, Df}) is
zero.

As in the previous cases we can set ¢ = &9 where @ is given by (9.3) withc = 4,
where A is given by Lemma 9.4.

The bracketted part of the second line of the evolution equation is then

2 _
¢t — G(Du, Du)pyy + (2 - ul)%awu, Du) - zczF(Dn)%
= —¢q® 7! (&, — G(Du, Du)®@")
CyF(Dn) ®7*1
G(Du, Du) || (9.26)

+ G(Du, Du)qd'? @12 [—1 +(1—p1)g—2

If we choose T" small enough that & > 0, then the term &, — G(Du, Du)®" =
(A — G(Du, Du)) @" is negative.

Asr > 1, F(Dn) = rif "1 F(D7) < CsrR* !, where C3 > 0 depends only on F.

With this choice of @,

CgF(D?’)) oI+l < CoCar R 1 patl
G(Du,Du) |®'| — A |®'|
CgCgTRZT_l‘I)qt
<
s4 A2M
C2C3'I‘R2T_1t
<4——"—
- A2M

2

if we choose T’ small enough that & < 1.
In order to ensure that the last part of (9.26) is positive, we choose ¢ so that

1 CoCsrR¥ 17"
> —_— .
=1 m (1+4 A2M
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So, at such maxima, Z; < 0.

At local maxima where F(Du) < P, then in the definition of Z we replace ¢/n by
max{¢/n, P}, in which case the barrier is flat at the local maxima, and we again find
that Z; < 0.

In either case, the maximum principle ensures that Z is never greater than zero
and the conclusion follows. O



Appendix A

Function spaces and regularity
estimates for parabolic equations

Here, we define relevant function spaces, and survey some regularity results used in
the existence theorems of Chapters 4, 6 and 7. This treatment follows the books of
Krylov [23] and Lieberman [25].

A.1 Function spaces

On the space of continuous functions » : @ — R, we have the supremum norm
|ulo;n := sup|u(z)|.
z€Q
Define the Holder semi-norm with exponent a € (0,1] by

(W = sup A2 U]
' z,yeN |z — y|o
Ty

For an integer k > 0, we define the Hdlder (k + «)-norm by

|ulk+os0 = Z |Dﬂ“|0;ﬂ + Z [Dﬂu]a;ﬂ,
|BI<k |Bl=k

where g is a multi-index — an n-tuple of non-negative integers with || = 3_ 8;, and
5181y,

(z1)Br...0(z")Bn"

The Banach space associated with this norm is C***(Q) = {u : |u|x1a < o0}

where DBy :=
“=3

135
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The parabolic Holder spaces H,

With parabolic equations, it is useful to weight the space and time variables differently-
that is, two space derivatives to one time derivative. Following Lieberman, we will
denote parabolic Hélder spaces by H rather than C. For points z = (z,t) in a domain
Q C R™ x R, define the parabolic Holder semi-norm by

U\Z1) — U2
[u]a,a/Z;Q = Ssup I ( ) ( )l 1.
21,22€Q (I.’Bl - .’II2| + |t1 — t2[2)°‘
21722

where o € (0,1]. The parabolic norm is
|ula,e/2:0 = lulog + [U]a,250-

Higher spatial derivatives and derivatives in time are bounded by k& + a norms,
where k£ > 0 is an integer:

|u|k+a,a/2;Q= Z SuPIDngul"' Z [Dngu]a,a/T
[Bl4+25<k |Bl+25=k

The Banach space associated with the | - |; 4,4/ NOrm is
Hiyo(Q) = {u: |ulgta,a/2 < 00}

When the region @ is a cylinder, in the sense that Q@ = Q x [0,T], the parabolic
boundary is given by

P(Qx[0,T]) =02 x{0}udo x [0,T).

On the boundary, we can define parabolic norms Hy,(P) exactly as above.

A.2 Regularity estimates
In the following, P is a quasilinear parabolic operator

Pu = —u; + a¥(Du, z,t) Diju + b(Du, u, z,t)
with positive constants A and Ag such that

a¥(z,p)t:E; > AglE* for € € B?
|aij($7p)| .<_ AK:
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whenever |p| < K. We work on a domain Q x [0,7] for some smoothly bounded
QC R

Here Q) is the intersection of the region and a cylinder:
Qr(zo, to) := {(z,t) € 2 x 0,T]: |z — zo| < R,to — R’<t< to}.

We begin with an oscillation estimate for the gradient of a solution for a Neumann
problem near a flat boundary:

Theorem A.1. Suppose thata®’ = a"(Du, ), b = b(z), and that inside Qg, the bound-
ary of Q is z™ = 0. Letu € C*' N H1(QR) be a solution of Pu = 0 when z™ > 0 and
Dpu =0, when z" = 0.

Suppose there are positive constants by and Ay such that

la",| < oy |b(2)] < bo

for all (z,p) € Qr x R* with |p| < K.
If|Du| < K, then there are positive constants § and o determined only by K, n, A,
A and )\ such that

(. p)<oforalllp| < K
o258 @ (hwp)<o |p| <

implies

r\0
o5 Du < C(K,m, %, A, %) (1—2) [ese Du-+ boR).

Similarly, we can find an estimate near the boundary for problems with Dirichlet
boundary conditions:

Theorem A.2. Suppose that o’ and b are uniformly continuous, that a¥ is differen-

tiable with respect to (p,q,z), and where, if |q| + |p| < K, we can find a positive
constant ug such that

Klla"s| + |a”qllpl] + b < px- (A1)

Ifu e C»' N Hi(Q x [0, T)) satisfies Pu=0onQ x [0,T] andu =0 0ndQ x (0,T),
then there are positive constants C and a depending onn, i, Ak and ux R/ K such
that for any (zo,ty) € 092 x (0,T)

r

Qr?:(ﬁto) Du<C [(R)a K+ +uK'r]

for0 <r < R < t>.

On the interior of the domain, one can also find a Holder bound for the gradient:
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Theorem A.3. Suppose thata'/ and a are continuous; a¥ is differentiable with respect
to (p,q,z,t); and where if |q| + |p| < K, we can find a positive constant px satisfying
(A1),

If u € C?! satisfies Pu = 0 and |Du| + |u] < K in Q x [0,T), then there is a
positive constant o determined by n, Ak, Ak, sup |a¥,|K, and pg R/ K such that for
interior sets Q' x [t1,t2] CC Q x [0, T] we have

[Du]a;ﬂ’x[t1,t2] < C(n, K, )\K,AK,uK,diam(Q X [0, T])) d—?,

where d = dist(Q' x [t1, t2], PQ x [0, T)).
If Q, is a cylinder in the interior of the domain, we also have

T «
Du < C(n,K, g, A - osc Du+pugR
0. 855,y Pu S O(n Ko Ak K)(R) (QR(rBo,to) uThK )

aslongas0 < r < R < d(zo,to), where d(zo, 1) is the distance from (zy, 1) to the
parabolic boundary P(Q2 x [0, to])-

The following interior estimate is a H,,, bound for u when the coefficients of P
are smooth:

Theorem A.4. Suppose that o = a*(z,t), and b(Du,u, z,t) = b*(z,t)D;u + c(z, t)u,
and that there is a constant K such that

|a, b, cla,a/2 <K,

fora € (0,1).
Then for any R > 0 there is a constant C dependenton R, A, a, K and n such that
ifue H2+a(Q3R): then

|“|2+a,1+a/2;QR < c (lPula,a/2;Qm + |u|0;Q2R) .
In a similar vein, there are higher regularity estimates on the interior of a domain:

Theorem A.5. If we have |D%a|q 6/2,Q,r+ 1D*0a,a/2,0:50 |P%Clasa/200r < K for any
lo| < k, and if u € Hsyo(Q2r) and D*(Pu) € Ho(Q2r), then D*u € Hy(Qg) for
|a| < k, and there is a constant C = C(R, K, a, k,d, \) such that

> IDPulyrantaszan € Y 1D larattaszun + Cluloan:
BI<k 1BI<k



Notation

Br(z0)

Erf

S]]

coefficient of second derivative in a parabolic operator; also appears as
a¥

lower order terms in a parabolic operator

the open ball of radius R centred at =y, Br(zo) = {z : |z — zo| < R}
the Bernstein £-function, £(p, q, z,t) = a¥(p, q, =, t)p'p’

the error function £1f (z) := T?? [Fevdy

generating function for anisotropic mean curvature flow , page 111
embedding of a manifold

metric on a Riemannian manifold, page 17

second fundamental form, page 17

mean curvature, page 17

mean curvature vector H = Hv

a parabolic Hélder space, page 136

lower parabolicity constant on a bounded set £

upper parabolicity constant on a bounded set £

lower parabolicity constant on a set with |p| < K, page 37

upper parabolicity constant on a set with |p| < K, page 37

the second-order coefficients of the equation for mean curvature flow of
graphs, m* (p) = 6% — 6%67ppy (1 + |pf?) !

outwards unit normal — to the surface, page 17; to the boundary of the
region, page 65

139
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w a modulus of continuity, page 39

Qe an interior set: given Q, Q¢ = {z € Q : dist(z, IN) > €}

the parabolic boundary of a set: P (2 x [0,T]) = @ x {0} U9 x [0, T).

a parabolic operator, page 15

the fundamental solution to the heat equation, ®(y, t) = t~/2 exp (~cy?/t)
a special barrier defined in Section 3.3, page 25

a boundary-straightening change of coordinates

OH w =« W Ny 9

the Cartan tensor restricted to the tangent space of the unit ball of F,
page 140

Qr(zo,t0) the parabolic cylinder of radius R centred at (zg, t), Qr(zo,t0) := {(z,1) :
|z — zo| < R,tg — R? < t < to}

o the step “function”, page 94

N the set of symmetric n x n matrices
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