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Abstract
Using x-raymagnetic nanotomography the internalmagnetization structurewithin extended samples
can be determinedwith high spatial resolution and element specificity, without the need for
assumptions or prior knowledge of themagnetic properties of a sample. Herewe present the details of
a new algorithm for the reconstruction of a three-dimensionalmagnetization vectorfield, discussing
both themathematical description of the problem, and details of the gradient-based iterative
reconstruction routine. To test the accuracy of the algorithm themethod is demonstrated for a
complex simulatedmagnetization configuration obtained frommicromagnetic simulations. The
reconstruction of the complex three-dimensionalmagnetic nanostructure, including the surround-
ings ofmagnetic singularities (or Bloch points), exhibits an excellent qualitative and quantitative
agreementwith the simulatedmagnetic structure. Thismethod provides a robust route for the
reconstruction of internal three-dimensionalmagnetization structures obtained fromx-raymagnetic
tomographic datasets, which can be acquiredwith either hard or soft x-rays, and can be applied to a
wide variety of three-dimensionalmagnetic systems.

1. Introduction

Magneticmaterials play an important role inmodern technological and engineering applications, fromdata
storage and sensors to electricmotors and energy harvesting. In each case, their function is closely related to the
details of themagnetic structure. Softmagnets for sensors can bemore efficient, for example, if they are single-
domain, while electric cores rely on the presence of domainwalls and their displacement. In permanent
magnets, the influence of grain boundaries on the localmagnetization directly affects the coercivity of the
magnet. In extended, bulk-like systems themagnetostatic interaction can often lead to the formation of complex
three-dimensionalmagnetic structures.

In order to characterise the behaviour of thesemagnetic systems, and increase their efficiency, the internal
magnetic structure needs to be determined. However, these bulkmagnets have been historically difficult to
investigate, relyingmainly on indirect probing techniques, and it is only recently that tomographic techniques
for imaging of three-dimensionalmagnetization configurations have been developed. Infirst demonstrations of
magnetic tomography, neutron imagingwas used to visualise themagnetic fields [1] andmagnetic domainwalls
[2]within bulkmagnetic systemswith spatial resolutions of tens to hundreds ofmicrometres. Higher spatial
resolutions have recently been achievedwith electron [3, 4] and soft x-ray [5, 6] tomography. Imaging of
magnetization structures with thesemethods is, however, limited to samples with thicknesses below 200 nm.
This is particularly useful for the investigation of relatively thin three-dimensionalmagnetic structures [7, 8],
whichmay support complexmagnetic configurations [9], exhibitmagnetochiral effects [10, 11], enable high
domainwall velocities [12, 13] and lead to asymmetric spinwave dispersion [14]. Recently we have developed an
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x-ray based tomographymethodwith high spatial resolution and large penetration depth to probe bulk samples
that can also be adapted to investigate thin films,making possible the investigation of awide variety of extended
magnetic systems [9].

Oneof themain challenges in thedevelopment ofmagnetic tomographyhas been thedevelopment of an
appropriate reconstruction algorithm to recover all three components of themagnetization. Previously, the
reconstructionof the three-dimensionalmagnetic structure has beenachieved through additional constraints, such
as the incorporationof prior information [5, 15], or by analysing the angular dependenceof themagnetic signal [6].

Here we present an iterative technique for the tomographic reconstruction of three-dimensional
magnetization structuresmeasured using x-raymagnetic circular dichroism (XMCD) that does not require
prior information about themagnetic properties of the sample and can be applied to the reconstruction of
complexmagnetic structures found in extendedmagnetic systems. This technique is a significant improvement
on the reconstructionmethod that was used in our experimental demonstration in [9], where the complex
internalmagnetic configuration of a m5 m diameter pillar containing a number of fundamentalmagnetic
structures was recoveredwith a spatial resolution of100 nm. In that work, the three-dimensionalmagnetization
was reconstructed in two steps. First themagnetization in twoplanes perpendicular to the axis of rotationwas
recovered, onewith the sample untilted and the otherwith the sample tilted, and then the three-dimensional
magnetizationwas determined from the two components of themagnetization in each plane by solving a set of
simultaneous equations. The reconstruction algorithmused in [9] is described in detail in [16] and a schematic
overview of the reconstruction algorithm is given in figure 1(a).We nowpresent amore versatile reconstruction
algorithm, schematically shown in figure 1(b), where all tomographic projections are combined to recover the
three components of themagnetization in a single iterative reconstruction routine. Not only is thismethodmore
streamlined and generalised to an arbitrarymeasuring geometry but, by simultaneously combining data from
multiple sample orientations, we circumvent known limitations in the reconstruction of two-dimensional
divergentmagnetization vector fields when using single rotation axismeasurements. In this waywe approach
the correct solutionwith amore direct route, which results in significantly lower errors in the reconstructed
magnetization.

In this article, we describe the single-stepmagnetic reconstruction algorithm that we have used to
reconstruct themagnetizationwithin a simulatedmesoscopic pillar that contains a number of fundamental
magnetic structures, which are presented in section 5. In addition, a comparisonwith the previous 2-step
reconstruction algorithmused in [9] is given in section 5.3.

2. XMCDprojections

Inmagnetic tomography, it is necessary to take into account the angular dependence of themagnetic signal. To
do this, wefirst consider the nature of theXMCD,which is used to probe themagnetization of a specific element

Figure 1. Schematic of the reconstruction algorithms for dual-axismagnetic tomography. (a) In the 2-step reconstruction routine,
demonstrated in [9],first themagnetization in the plane perpendicular to the rotation axis is reconstructed using an iterative algorithm
for twomeasurement geometries. In a second step the two datasets are combined as described in [16] to obtain the three-dimensional
magnetic structure. (b) For the single-step reconstruction, which is described in detail in this article, themagnetic projections
measured for different sample orientations are combined to reconstruct the three-dimensionalmagnetization in a single step.
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by tuning the energy of the x-rays to the resonant absorption edge of the element. For an x-ray beampropagating
along the ẑ direction, the change in the scattering factor due to the XMCD signal is proportional to the
component of themagnetization parallel to the direction of propagation of the x-ray beam, ẑ :

¢ = ¢  ¢ ¢( ) ( ) ( ) ( ) · ˆ ( )( )f f f zr r r m r , 1c m
1

where fc and
( )f

m
1 are the electron density andXMCD scattering factors, respectively,m is themagnetization

vector, =( )/Mm M s , which is a function of theCartesian coordinate vector ¢ = ¢ ¢ ¢( )x y zr , , , where ¢ ¢ ¢x y z, ,
are the object coordinates, and the two scattering channels corresponding to two circular polarisationsCR-to-CR

andCL-to-CL result in either a positive or negative contribution of themagnetic signal to the overall scattering
factor [17–19]. This implies that, when rotating the sample about a tomographic axis by an angle θ, with the axis
of rotation perpendicular to the direction of x-ray propagation, one probes only themagnetization in the plane
perpendicular to the axis of rotation. In our dual-axis experimental setup, such tomographicmeasurements are
performed for the sample at different orientations, tilted by an anglefwith respect to the rotation axis, in order
to probe the components of themagnetization inmultiple planes, and thus all components of themagnetization
vector, as depicted schematically infigure 2. The experimental procedure, however, can be extended tomeasure
projections at arbitrary sample orientations, for example using an Euler cradle. To generalise our discussion to
arbitrary orientations of the sample, we therefore consider themagnetic signal as the sample is rotated using a
rotationmatrix ( )R n for the nth tomographic projection. The nth XMCDprojection,Pn(x, y), which for the case
of absorptionmeasurements is the projection of the imaginary part of the refractive index,β, can be expressed in
terms of themagnetization scattering factor f as:
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where (x, y, z) are the laboratory coordinates, and ¢ ¢ ¢( )x y z, , the object coordinates, respectively, and the integral
with respect to dz represents the projection of the structure along the direction of the x-rays. Here re is the
classical electron radius,λ is the x-ray wavelength, n k

at is the atomic density of the kth element, andwe sumover
all chemical elements present. Oncewe take into account that the x-rays are tuned to the absorption edge of a
specificmagnetic element, the equation becomes:
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where themagnetic contribution ( )f
m

1 originates only from the resonant element, whilst the electronic
contribution of themagnetic element is absorbed into the sumover all elements in the first term, nat

mag is the
atomic density of themagnetic element, and ( )R n and ( ) †R n are the rotationmatrices defining the sample
orientation, and its adjoint, respectively. Here, themagnetic scattering is dependent on the rotated
magnetization vector [ ( )]( ) † ( )R Rm rn n , where ( ) †R n acts onm to rotate themagnetization vector from the object
to the laboratory coordinates, while the term in the parentheses, ( )( )R rn represents the sample coordinates ¢r ,
that are rotated from the laboratory coordinates by ( )R n .

Themeasured amplitudeAn(x, y) is related to the XMCDprojectionsPn(x, y) by:

p
l

= -⎜ ⎟⎛
⎝

⎞
⎠( ) ( ) ( )A x y P x y, exp

2
, . 4n n

Figure 2. Schematic showing the geometry of the tomographicmeasurement. The x-rays propagate along the ẑ axis and the sample is
rotated by an angle θ about the ŷ axis. This tomographicmeasurement is repeatedwith the sample at different sample orientationsf
with respect to the rotation axis.
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For coherent diffractive imaging techniques including ptychography,An(x, y) is themeasured quantity, as
opposed to othermethods such as full field transmission x-raymicroscopy, for example, where ∣ ( )∣A x y,n

2 is
measured. During the reconstruction, an estimated dataset of the projections, represented by P̂ , is calculated
from the reconstructed components of themagnetization, which is given by m̂. In this case, for discrete
computation, we approximate the integrals by sums, and the estimated projections are then given by:

å= +ˆ ( ) { [ ˆ ( )] · ˆ ˆ ( )} ( )( ) † ( ) ( )R RP x y c m z or R r, , 5n
z

n n n

where ô is the estimated non-magnetic structure, and c is a constant that relates the XMCD signal to the
magnetization, which is given by:

p
l= - D{ } ( )( )c

r
n f z

2
Im , 6

m
e 2

at
mag 1

whereΔ z is the voxel size. To obtain a quantitative value of themagnitude of themagnetization of amaterial,
{ }( )fIm

m
1 can bemeasuredwith spectroscopicmagnetometry experiments. Here, for the sake of simplicity, we set

the constant c=1 and take this factor as an overall scaling value in the reconstruction.

3. Requirements for the reconstruction of a vectorfield

Usually in tomography one reconstructs a scalar value for each voxel within the object,meaning that the
problem iswell posed due to thematching number of unknowns and equations, and that one scalar value for
each pixel, for example the density or refractive index, is reconstructed fromone tomographic dataset. For a
three-dimensional vector field, however, rather than a single scalar value, all three components of the
magnetization need to be recovered, giving rise to particular requirements in themeasured data or on the
constraints thatmust be applied during the reconstruction in order for the problem to bewell posed. Following
the discussion byNorton in the 1980s of the reconstruction of 2D vector fields [20], inwhich the reconstruction
of a divergence-less fieldwas shown to be unique, amore generalised discussion of the tomographic
reconstruction of the components of arbitrary vector fields was given by Prince in the 1990s [21, 22]. He
demonstrated that, for the reconstruction of an arbitrary n-dimensional vector field, n tomographic projection
datasets inwhich the probe is sensitive to n different directions of the vector field are required. This implies that
three tomographic datasets are sufficient for the reconstruction of a three-dimensional vector field, such as the
magnetization.

Measuring tomographic datasets that are sensitive to different components of themagnetization are,
however, difficult to realise experimentally. In a tomographicmeasurement, the probe is normally sensitive to a
particular component, or components, of the vector fieldwith respect to the direction of propagation of the
probe. Indeed, Braun andHeuck considered the scenario of vector tomographywith different types of probe: a
‘longitudinal’ probe and a ‘transverse’ probe, which are sensitive to the components of the vector field parallel
and perpendicular to the direction of propagation of the radiation, respectively [23]. Theymade use of the fact
that a vector field such as themagnetization can be expressed as a combination of a source-free (solenoidal)
component qS and a curl-free (irrotational) component qI :

= + ( )q q q , 7I S

where  º· q 0S , while  ´ ºq 0I . For a vector field that is either irrotational or solenoidal, the
requirements for a complete reconstruction are reduced, and fewer datasets are required [21, 22]. Braun and
Hauck [23] found that longitudinal and transverse probemeasurements taken around a single axis of rotation
can be used to reconstruct the solenoidal and irrotational components of a vector field, respectively, and they
demonstrated the successful reconstruction of the solenoidal case of vortices within a liquid flow [23].While
knowledge of the properties of the vector field provides an opportunity to reduce the complexity of the problem,
this workmade clear the limitation of vector field tomographywith a single type of probe.

Formagnetic samples, XMCDmeasurements are sensitive to the component ofmagnetization parallel to the
x-ray beam and therefore correspond to the longitudinal case, whilemeasurements of x-raymagnetic linear
dichroism (XMLD) and electronmicroscopymeasurements are sensitive to the components of the
magnetization and themagnetic field, respectively, perpendicular to the probe beam [24], and are therefore
related to the transverse case. An experimental setup inwhich theXMCD signal is probed [9, 19] in principle
allows us to reconstruct a solenoidalmagnetization vector field in the rotation plane by using the closed-form
reconstruction approach in [23]. To reconstruct the full vector field, including the irrotational component, a
different set or type of projections is required, or additional a priori information is needed. This would require an
independent dataset, which could be obtainedwith tomographicmeasurements with two tilt orientations of the
samplewith respect to the axis of rotation. Indeed,measuring the sample response at diverse orientations has
already been shown to provide enough information for higher dimensional reconstructions [25, 26].
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4. Reconstruction of the three-dimensionalmagnetization

The reconstruction of themagnetization is based on gradient-based optimisation. First, an estimate of the object
ismade, and projections of the current estimate object are calculated according to equation (5), thus creating an
estimated projection dataset, ˆ ( )P x y,n . The calculated estimate projections are comparedwith themeasured
data,Pn(x, y), through an errormetric, which quantifies the difference between themeasured and estimated
data. Next, the current estimate of the object is updated in such away that the errormetric is reduced, directed by
a gradient that computes how the object in each pixel should be changed to reduce the errormetric. An initial
estimate of the object can consist of an emptymatrix, or an estimate stemming fromprior information such as a
first reconstruction obtainedwith afiltered back projectionmethod, or a simulation. The process is then
iterated, updating the current estimate of the object at each iteration, until a pre-specified convergence criterion,
or amaximumnumber of iterations, is reached.

The errormetric ò, is defined as:

 åå= -[ ˆ ( ) ( )] ( )P x y P x y, , . 8
n x y

n n
,

2

The gradient of the errormetric is calculated from an analytical expression, rather than finite differences, for the
sake of computational efficiency. For an arbitrary variable,α, the gradient is therefore given by:

 åå

åå

a a

a

¶
¶

=
¶
¶

-

= -
¶

¶
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Using equation (5), the gradients of the errormetric with respect to each variable are given by:

 å¶
¶

= -
⎡
⎣
⎢⎢

⎤
⎦
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where ( )R rn are the object coordinates, and, bymultiplying through by the column vector [ ]0 0 1 T, sensitivity
along the direction of themagnetization parallel to the x-ray beampropagating along ẑ is selected.With this
techniquewe can obtain the three components of themagnetization,m(r), alongwith the electronic component,
o(r).

5.Numerical simulations

To validate the effectiveness of the reconstruction algorithmpresented in this article, we performed numerical
simulations of x-raymagnetic tomography using amodel of a complexmagnetic structurewithin amesoscopic
GdCo2 pillar that was calculated usingmicromagnetic simulations [27].

Themicromagnetic simulationswere performed for a GdCo2 cylindrical pillar of diameter m1 m and a
length of m2 m, with a spatial resolution corresponding to aminimum feature size of approximately 6 nm. The
magnetic configurationwas obtained after relaxation from a state inwhich themagnetizationwas saturated
perpendicular to the long axis of the pillar and consists of a complexmagnetic structure similar to the one
experimentally observed in our first demonstration of this technique [9] consisting of twomagnetic domains
along the height of the pillar, separated by a domainwall, as shown infigure 3. Vortices are equally present in the
top and bottom regions of the pillar and, owing to inversion symmetry, one possesses a clockwise circulation,
while the other has a counterclockwise circulation [28]. The core of each one of these vortices intersects the
domainwall, giving rise to a Bloch point/anti-Bloch point pair. Such a complexmagnetic structure provides a
realistic challenge for the reconstruction algorithm, testing both howwell a complex internal structure within an
extended sample can be recovered, as well as whether themagnetization structure surrounding inherently
divergent structures such as Bloch points can be correctly reconstructed.

Dual-axismagnetic tomographywas simulatedwith similar parameters to our experimental demonstration
[9]. In particular, single circular left polarisation projectionswith both electronic andmagnetic contrast were
calculated, as detailed in section 2, for tomographicmeasurements with two tilt orientations of the sample with
respect to the axis of rotation, as shown schematically infigure 2. For each tilt axis, single circular polarisation
projectionswere calculated over 360 with an angular spacing of 2 . For this geometry, the rotationmatrix ( )R n

is defined as:
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where ( )Rz
n tilts the sample away from the rotation axis, setting the sample orientation, while ( )Ry

n rotates the
sample about the tomographic rotation axis.

The three components of themagnetizationwere then reconstructed using 250 iterations of the gradient-
based optimisation routine detailed in section 4.During the reconstruction, themagnetizationwas constrained
to the location of themagneticmaterial using amask that corresponds to the boundaries of the simulated
sample. In experiments, the scalar electron density tomogram can be used to generate amask that defines the
location of themagneticmaterial. No constraint on the absolute value of themagnetizationwas applied.We
note that from this point on, when referring to themagnetization, for simplicity we consider the object in an
untilted orientation, and let the object coordinates be (x, y, z).

To evaluate themagnetic reconstruction, we compare the originalmicromagnetic simulation to the
reconstructedmagnetization structure. In particular, we identify specific complexmagnetic textures that are
present in the simulated structure, and determine the ability of themagnetic reconstruction to correctly recover
both the nanoscale features in themagnetic structure, as well as their positionwithin the pillar. An overview of
themagnetic structure within the pillar is given infigure 3(a).

Themagnetizationwithin a horizontal slice of the pillar is shown infigure 3(b), where the direction of the
magnetization is represented by arrows, and their colour indicates the ŷ component of themagnetization. In the
slice shown, themagnetization forms a vortex and, in addition, from the colour of the arrowswe can identify two
domainswhere the ŷ component of themagnetization points in opposite directions, indicated by the red and
blue regions infigure 3(b). The reconstruction of themagnetization distribution (figure 3(c)) can be directly
comparedwith themagnetic state within the slice infigure 3(b). One can see that not only are both the vortex
structure and themy domains correctly recovered, but an accurate reconstruction of the position of the center of
the vortex aswell as of the location of the domainwall separating the two domains along ŷ is achieved.

Wenow consider the validity of the reconstruction of smaller features exhibiting a strong divergence of the
magnetization, such as Bloch points. These pose a challenge since themagnetization ismaximally divergent
around the singularities, within a radius of the order of the exchange length of themagneticmaterial, which is
approximately 5 nm for GdCo2.Whilemicromagnetic simulations cannot accurately describe the abrupt

Figure 3.Comparison of themicromagnetic simulations and the reconstructedmagnetic structure using the single-step algorithm
presented in this article. An overview of the simulatedmagnetic structure is given in (a). (b), (c)Themagnetization in the slice
indicated in (a) is shown for the simulations (b) and the reconstruction (c). The regions of±mymagnetization that are indicated by the
blue (negative) and red (positive) colors are separated by a domainwall, which is highlighted by themy=0 (white) isosurface for the
micromagnetic simulations (h) and the single-step reconstruction (i). (d), (e)Themagnetic configuration surrounding a circulating
Bloch point is shown for the simulations (d) and the reconstruction (e). (f), (g)An anti-Bloch point structure, shown for the
simulations (f) and the reconstruction (g). (j), (k) Isosurfaces ofminimum in-planemagnetization are plottedwhich delimit the core
of the vortex in the upper and lower parts of the cylinder for (j) themicromagnetic simulations and (k) the reconstructed
magnetization. Scale bars represent 200 nm in (a)–(c) and (h)–(k), and 30 nm in (d)–(g).
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change in themagnetization at such a singularity, themagnetization can nevertheless be adequately described on
a sphere surrounding the Bloch point, especially when its radius is greater than the exchange length, resulting in
a regionwith a non-zero divergence of themagnetization around each Bloch point. Given that the spatial
resolution currently available withmagnetic tomography at light sources such as the Swiss Light Source is
currently above the ferromagnetic exchange length of thematerial, only the somewhat smoothermagnetization
distribution surrounding the Bloch point at a larger radius can currently be imaged experimentally.

Themagnetic structure surrounding a Bloch point at a radius of 50 nm is shown infigure 3(d).We have
identified this structure as a circulating Bloch point [29]. The reconstructedmagnetic structure surrounding the
Bloch point shown infigure 3(e) exhibits an excellent agreementwith the original structure (figure 3(d)).

In addition, the reconstruction of the structure surrounding an anti-Bloch point [29] given infigure 3(g) is
comparedwith itsmagnetic structure infigure 3(f). The twisted antivortex-like structure of the anti-Bloch point
is recognisable in the reconstruction in 3(g), and also exhibits a very good qualitative and quantitative agreement
with themicromagnetic simulations.

Aswell as obtaining a correct reconstruction of themagnetic structures present within the sample, one can
also obtain an estimate of the precisionwithwhich one can locate them.We firstmap the centre of the domain
wall separating domains of±my by plotting the isosurface ofmy=0 for the simulations infigure 3(h) and for
the reconstructedmagnetization in 3(i). One can see that, apart from some slight artefacts at the top of the
structure, themagnetic domainwall is correctly reconstructedwith high precision throughout the pillar.

We nextmap the central region of the vortices. In thin films, within the core of the vortex, themagnetization
rotates out of the plane of the sample,meaning that the core can bemapped by plotting an isosurface
representing a small in-planemagnetization, such as, for example, + = ∣ ∣m m m0.002x z

2 2 2. This isosurface is
shown infigure 3(j)where one can see that this description also holds for the two vortices present in the system,
despite theirmore complex, three-dimensional character. At themiddle height of the pillar the isosurface
expands to form twohorizontal surfaces. These correspond to a transition region inwhich themagnetization is
almost completely oriented along the ŷ axis, as shown in figure 4, and thus are not trivially related to the location
of the vortex cores.When the isosurface is plotted for the reconstructedmagnetic structure infigure 3(k), one
can see a very good agreement between the simulation and the reconstruction of the position of the defined
vortex core regions (compare figure 3(j) and (k)). A quantitative estimate of the error in the core position is

obtained by using theminimumof the value +m mx z
2 2 within an axial plane. The error in the vortex core

position of the reconstruction, δcore, is therefore calculated as:

d = - + -( ) ( ) ( )x x z z , 13core sim rec
2

sim rec
2

where xsim (xrec) and zsim (zrec) are the x and z coordinates of the vortex cores for the original simulation
(reconstruction). For the reconstruction of themagnetization, the errorwas found to range between 0 and 1
voxel, with anRMS error of 0.15 voxels.With the presented reconstruction algorithm and sufficient signal-to-
noise ratio, one can therefore expect a precision of less than 1 voxel, which in this case corresponds to
approximately 6 nm, in locating specific structures within the sample.

Figure 4.Themagnetic configuration of the axial slice corresponding to the horizontal isosurfaces infigures 3(j) and (k). There are two
domains where themagnetization is approximately equal to+my (red) and−my (blue). The scale bar represents 200 nm.
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5.1. 3D reconstruction of the solenoidal and irrotational part of themagnetization
The dual-axismeasurement approach presented in [9] and used here provides additional information that helps
counter the expected limitations of single-axis tomographicmeasurements, in particular in the reconstruction
of the irrotational component of themagnetization. In [16] (chapter 5, section 5.2.2), we showed that, for the
successful reconstruction of the irrotational part of 2Dmagnetization structures with a single-axis
measurement, additional constraints, such as limiting the absolute value of themagnetization, were required.
Herewe evaluate how effective the recovery of the irrotational component of themicromagnetic structure is via
the dual-axis tomographymeasurement. Infigure 5(a), the divergence of themagnetizationwithin an example
horizontal slice of themicromagnetic simulations is given, which can be comparedwith the divergence of the x–
z components of themagnetization of the single rotation axis reconstruction infigure 5(b) and the dual rotation
axis reconstruction presented in this article infigure 5(c).

In the single axis reconstruction, shown infigure 5(b), the reconstruction has no internal divergence, which
is consistent with the findings of Braun andHauck [23]. In contrast, in the dual-axis reconstruction infigure 5(c)
a non-zero divergence in the x–z plane is recovered, which exhibits a good agreement with the in-plane
divergence of themicromagnetic simulation, recovering the divergencewith a standard error of
D  = -( · )m 20%x z .We can therefore conclude that themeasurement about the second rotation axis
provides additional information that enables the reconstruction of the irrotational component of the
magnetization in the plane.We perform the same analysis for the internal divergence of the vector field in two
other planes, the x–y and y–z planes, infigures 5(d)–(g), where the irrotational component of the in-plane
magnetization is accurately reconstructed, with a calculated error ofD  = -( · )m 10%x y and
D  = -( · )m 15%y z , respectively.We note that, withmagnetic tomography usingXMCDcontrast, it is
possible to recover the two-dimensional irrotational component of themagnetizationwith a dual-axis
measurement. However, a reconstruction of the three-dimensional irrotational component of the vector field,
 · m, has only been demonstrated using additional types of probes, such as a transverse probe, [23] or by using
additional constraints such as on the absolute value of themagnetization [16].

For completeness, we also consider the reconstruction of the solenoidal part of themagnetization vector
field. In particular, the component of the curl of themagnetization in different perpendicular planes is plotted in
figure 6.We see that, as predicted for tomographicmeasurements with a longitudinal probe [23], all three
components of the curl of themagnetization are recovered, with an error ofD  ´ = ( )m 9%x ,
Δ(∇×m)y=±5%andΔ(∇×m)z=±15%.

5.2.Quantitative analysis of the error of the dual-axismagnetic reconstruction
To confirm the validity of the reconstruction of themagnetization, a quantative analysis of the error in the
reconstruction is performed. In particular, the errors in the angle of the reconstructedmagnetization and the
magnitude of the reconstructedmagnetizationwith respect to the originalmicromagnetic simulations are
calculated. The errors are shown in a bivariate histogram infigure 7, where one can see that the error is in general
limited to small angles with 95%of the voxels having an error of less than 1%of themagnitude of the
magnetization, and less than 1° error in the reconstructed angle of themagnetization in three dimensions.

To visualise the spatial distribution of the errors, we plot the error in the angle and themagnitude of the
single-step reconstructedmagnetization for two vertical slices through the pillar that contain the anti-Bloch
point, the Bloch point as well as the core of the vortex infigure 8.Within the volume of the pillar we observe an

Figure 5.Comparison of the 2Ddivergence of the simulated and the reconstructedmagnetization in different perpendicular planes,
schematically illustrated in the insets. The x–z divergence of themagnetization is given for a horizontal slice of the pillar for (a) the
micromagnetic simulations, (b) a single axismeasurement and (c) the dual-axismeasurement. As found in the 2D single-axis
tomographic simulations presented in [16], for a single rotation axis, no internal divergence is recovered, and only themagnetic
charges at the surface are reconstructed.With the dual-axismeasurement, however, the divergence in the x–zplane is recovered. A
good agreement is observed between the simulated and the reconstructed divergence for the dual-axis reconstruction for both the x–y
plane (d), (e) and the y–zplane (f), (g) for both the structure and themagnitude of the divergence.
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Figure 6.Comparison of the simulated and the reconstructed components of the curl of themagnetization,∇×m, which is
reconstructed using the single-step algorithm, in different perpendicular planes that are illustrated schematically in the insets. A good
agreement is observed between the simulated (a), (c), (e) and the reconstructed (b), (d), (f) components of the curl.

Figure 7.Abivariate histogramof the error in the angle θm and themagnitude ∣ ∣m of themagnetization, reconstructed using the
single-step algorithmdescribed in this article.

Figure 8.The error in themagnitude of the reconstructedmagnetization, ∣ ∣m , ismapped for two vertical slices through the pillar,
containing (a) the anti-Bloch point, and (c) the Bloch point aswell as parts of the vortex core, while the error in the direction of the
magnetization, θm, is given in (b) and (d) for the slices containing the anti-Bloch point and the Bloch point, respectively. The error
increases in the vicinity of these topological features to up to 10%–15% in themagnitude of themagnetization, and up to 5°–10° in its
direction. The Bloch point and the anti-Bloch point are located at the intersection of the plotted red and blue isosurfaces, as indicated.
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increase of the error in the reconstruction of themagnetization in the vicinity of the Bloch points. In particular,
the error in the direction of themagnetization increases to approximately 5 and 10 in the close vicinity of
the Bloch point (figure 8(d)) and the anti-Bloch point (figure 8(b)), respectively. Indeed, the error in both the
magnitude and direction of themagnetization is greater for the anti-Bloch point, as can be seen infigures 8(a),
(b), than for the Bloch point or the vortex core, as seen infigures 8(c), (d). This increase in the error of the
reconstruction is due to the fact that themagnetization structure surrounding the anti-Bloch point ismore
inhomogeneous over a larger distance than for a Bloch point, and is thereforemore divergent. This relationship
between the error and divergence of themagnetization reflects the challenges of reconstructing divergent
structures, such as the Bloch points, as discussed in section 3.Nevertheless, the fact that themagnetization is
reconstructedwell towithin 10°, even in the close vicinity of such strongly inhomogeneous structures, gives us
confidence in the robustness of ourmagnetic reconstruction algorithm.

So far in this studywe have simulated dual-axis tomography, as we demonstrated experimentally in [9].
However, in principle there is no reason to limit ourselves to a dual-axis experimental setup, and it is has been
suggested thatmore than two independent axes of rotationmay provide an advantage for the reconstruction of a
three-dimensional vector field [22]. In fact, since we have demonstrated that the second orientation provides
additional non-redundant information, it is interesting to determinewhat further improvement can be expected
frommore than two tilt orientations. To investigate the optimal imaging conditions, we have therefore
simulatedmagnetic tomography as above for up to 5 axes of rotation, keeping the total number of projections
constant at 360. This is achieved by performing tomographywith a single rotation axis formultiple tilt
orientations of the samplef (seefigure 2). Reconstructions are performedwith 250 iterations of the gradient-
based iterative reconstruction algorithmpresented in section 4 in this paper, and the different combinations of
parameters are summarised in table 1.We note that for these simulations, purelymagnetic projections "XMCD"
weremeasured over 180 , which is equivalent tomeasuring single circular polarisation projections over 360 .

To determine the influence of the number of tilt axes on the quality and validity of the reconstruction, we
first consider the evolution of the errormetric during the 250 iterations of the reconstruction infigure 9(a),
which is plotted for 2–5 tilt axes.We see immediately that the errormetric continuously decreases with the
number of iterations for all scenarios. However, the rate at which it decreases depends greatly on the number of
tilt axes over which the projections are distributed. In particular, as the number of tilt axes is increased from2 to

Table 1.Parameters formagnetic tomographywithmultiple tilt axes. The tilt
anglef refers to tilt orientations of the sample forwhich tomography is
performed, as defined in equation (11) and shown schematically in figure 2.
Note that the total number of projections is kept constant.

No. No. projections Angular Tilt

tilt axes per axis spacing angle (f)

2 180 1°  0 , 30

3 120 1.5   - 0 , 30 , 30

4 90 2°   -  0 , 30 , 30 , 45

5 72 2.5   -   - 0 , 30 , 30 , 45 , 45

Figure 9. Influence of the distribution of projections overmultiple axes on themagnetic reconstruction. (a)The errormetric is shown
as a function of the number of iterations for 360 projections evenly distributed over 2 (black line), 3 (red line), 4 (blue line) and 5 (green
line) axes. (b)The error in the angle (squares) and themagnitude (triangles) is given as a function of the number of tilt axes. Both a
higher rate of convergence, as well as a lower error in thefinal reconstruction, are achievedwith higher number of tilt axes.
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3 axes, a significant increase in the rate of convergence is obtained. On increasing the number of tilt axes to 4, the
convergence is further improved.However a further increase to 5 tilt axes does not lead to a significant further
improvement of the convergence.

To determine the accuracy of the reconstructions, we calculate the error in the direction andmagnitude of
the reconstructedmagnetization for each number of tilt axes after 250 iterations of the single-step
reconstruction algorithm. The errors are plotted as a function of the number of tilt axes infigure 9(b) and one
can see that, with an increasing number of tilt axes, the error in both themagnitude and direction of the
magnetization decreases. Again, an increase from2 to 3 and 4 tilt axes provides significant improvements in the
reconstruction, while a further increase to 5 tilt axes does not result in significant improvements.We therefore
conclude that having the projections equally distributed over 3 or 4 axes of rotation is optimal for x-raymagnetic
tomography.

5.3. Comparison between the single-step and 2-step algorithms
The single-step reconstruction algorithmpresented in this article represents amore direct route to the
reconstruction of the three-dimensionalmagnetizationwhen compared to the algorithm that we have used in
thefirst experimental demonstration of the technique in [9]. To determine the effectiveness of the previous
2-step reconstruction algorithm, in addition to reconstructing the simulated tomographic data with the single-
step algorithmpresented in this article, we used the 2-step algorithm to reconstruct themagnetization
configuration, and therefore to obtain a comparison between the two algorithms.

In the 2-step reconstructionmethod, schematically shown infigure 1(a),first themagnetization in the plane
perpendicular to the rotation axis is reconstructed for each of the sample orientations. In a second step, the three
components of themagnetization are recovered from the various planes using an iterative reconstruction
routine that is described in detail in [16]. Herewe reconstruct themagnetization using 50 iterations in thefirst
step, and 50 iterations in the second step.More iterationswere not necessary as the reconstruction normally
convergedwithin this number of iterations.

Wefirst evaluate the 2-stepmagnetic reconstructionwith a qualitative comparison between the simulated
and reconstructedmagnetic structures of the features shown infigure 3. Themagnetic structure within the slice
infigure 10(a) is directly comparedwith the correspondingmagnetic structure reconstructed using the 2-step
reconstruction algorithm implemented in [9] infigure 10(b), andwith the single-step reconstruction algorithm
presented in this article, infigure 10(c).While it is clear that the in-plane vortex structure and the out-of-plane
two-domain state (red and blue coloured regions) are adequately reconstructed in both cases, the single-step
algorithm leads to amore accurate reconstruction of the position of the center of the vortex aswell as of the
location of the domainwall separating the two domains along ŷ .

In addition tomagnetic domains, we can consider the validity of the reconstruction of structures such as
Bloch points. Themagnetic structure surrounding a circulating Bloch point in themicromagnetic simulations is
shown infigure 10(d), which can be directly comparedwith themagnetic structure of the Bloch point
reconstructedwith the 2-step algorithm shown infigure 10(e). The reconstruction exhibits a good agreement
with the original structure. However, themagnetic structure obtainedwith the single-step reconstruction
algorithm, shown infigure 10(f), is once again noticeablymore accurate. In addition, themagnetic structure of
the anti-Bloch point infigure 10(g) is comparedwith the 2-step and single-step reconstructions in figure 10(h)
and 10(i), respectively. One can see that the twisted structure of the anti-Bloch point, recoveredwith the 2-step
reconstruction algorithm, is recognisable in the reconstruction in 10(h) but is noticeably distorted. The
deviation in the reconstructed structure from the truemagnetic structure ismainly attributed to the fact that the
anti-Bloch point is located close to the edge of the pillar, which decreases the quality and the resolution of the
reconstruction in the case of the 2-step algorithm. Indeed, during the rotation of the structure to tilt the sample
in the second stage of the 2-step reconstruction algorithm, some artefacts are introduced at the edge of the pillar
and, as a result, noise is locally introduced into the reconstruction. In contrast, with the single-step
reconstruction algorithmwe observe a very good agreement between the simulated and reconstructedmagnetic
structure of the anti-Bloch point (compare figure 10(g) and 10(i)), showing not only that the new reconstruction
algorithmoffers an improvement in the quantitative reconstruction of themagnetic components, but also that it
appears to bemore robust to edge artefacts compared to the 2-step algorithm.

The errors for the 2-step reconstruction are shown in a bivariate histogram infigure 11(a), where one can see
that the error is in general limited to small angles with 95%of the voxels (of a total 1612221 in the pillar) having
an error of less than 2.4% in themagnitude of themagnetization, and less than 15.3 error in the reconstructed
angle of themagnetization in three dimensions.Whenwe compare the error of the reconstructionwith the
2-step algorithm infigure 11(a) to the error of the single-step reconstruction in figure 11(b), we see that, while
the error in themagnitude of themagnetization is comparable, the error in the direction of the reconstructed
magnetization is significantly reduced. In fact, 95%of the voxels have an error of less than 1° in the direction of
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Figure 10.Comparison ofmicromagnetic structures (a), (d), (g) and theirmagnetic reconstructionwith the 2-step algorithmused in
[9] (b), (e), (h) and the single-step algorithmpresented in this article (c), (f), (i). (a) For the horizontal slice of the pillar, shown in
figure 3(a), both the in-plane vortex structure and the out-of-plane component of themagnetization, including the domainwall, are
reconstructedwell using the 2-step reconstruction in (b). However in (c) a better quantitative agreement of themagnetizationwith the
original simulation in (a) is obtained. (d)Themagnetic configuration surrounding the circulating Bloch point, with the corresponding
2-step and single-step reconstruction given in (e) and (f), respectively. (g)The anti-Bloch point structure, (h) the 2-step reconstructed
structure, and (i) the single-step reconstructed structure. Scale bars represent 200nm in (a)–(c), and 30 nm in (d)–(i).

Figure 11.Abivariate histogramof the error in the angle θm and themagnitude ∣ ∣m of the reconstructedmagnetization is given for (a)
the 2-step reconstruction algorithmused in [9] and for (b) the new single-step reconstruction algorithmpresented in this paper.
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the reconstructedmagnetization, indicating a large improvement in the quantitative reconstruction of the
orientation of the three-dimensionalmagnetization.

It is likely that the larger error in the 2-step reconstruction originates from the limitation in the single
rotation axis reconstruction of the divergence of an in-plane vector field as shown infigure 5(b). In the 2-step
routine, two planes are reconstructed independently using a single rotation axis reconstruction, and are
subsequently combined to retrieve the three-dimensionalmagnetization.With the single-step reconstruction
algorithm, the single axis reconstruction and its associated limitations are avoided, which leads to amore
accurate solution.Wenote that, as the spatial resolution of the reconstruction is limited by the signal-to-noise
ratio as described in [9], the higher accuracy of the new algorithmdoes not necessarily provide an improvement
in the reconstruction for data acquired at third generation synchrotron facilities. Nevertheless, with the advent
of diffraction-limited synchrotron sources and the subsequent increase in spatial resolution, this new algorithm
will be very useful formagnetic tomography aswell as alternative new experimental geometries.

Computationally, the single-step reconstruction ismore time consuming than the 2-step algorithmdue to
the requirement to calculate projections at arbitrary directions, which requires amore computationally
demanding interpolation. In particular, with aCPU-based implementation, the single-step reconstruction and
the 2-step reconstruction required approximately 8 h and 5 h, respectively, for 50 iterations and a sample size of
1612221 voxels on an Intel Ceon E5-2690v3with 24 cores, 2.6 GHz, and 256 GB of RAM.With a recent
implementation of our algorithmusing the parallel computing toolbox for graphics processing unit (GPU)
calculations and amodifiedASTRA toolkit [30–32], the time required for 50 iterations of the single-step
reconstruction is reduced to approximately 8min using aGPU cardwithNVIDIAQuadroK4200 and 4 GBof
memory.

6. Conclusion

Wehave presented an iterative reconstruction algorithm for the tomographic reconstruction of a three-
dimensionalmagnetization vector field from tomographic datameasuredwithXMCD.Unlike the 2-step
approach presented in [9], this single-step algorithm simultaneously combines all available XMCDprojections
to obtain a three-dimensionalmap of themagnetization vector field. Numerical simulations of a dual-axis
measurement show a significant improvement in the accuracy of the reconstruction compared to the earlier
approach for a complex simulated three-dimensionalmagnetic configuration that contains a variety of
fundamental structures including vortices, domainwalls andmicromagnetic singularities. Comparisons
between the reconstructions and the simulated structure demonstrate that themagnetic configurations are in
general successfully recovered with both reconstruction algorithms, even in the vicinity of strongly diverging
magnetic textures, leading to the successful identification and reconstruction of themagnetization distribution
aroundBloch points.With the presented single-step reconstruction algorithm, we observe a significant
improvement in the error of the reconstructedmagnetization, and a quantitative analysis of the reconstruction
reveals that for 95%of the voxels, themagnitude of themagnetization is successfully reconstructed towithin 1%,
and the direction of the three-dimensionalmagnetic vector towithin 1°. This new technique offers a route to
determining arbitrary three-dimensionalmagnetization structures with resonant x-raymeasurements, and thus
opens the door to improved three-dimensionalmagnetic investigations.

Additionally, with our numerical studywe show that, althoughwith our technique it is not possible to
recover the in-plane divergence of amagnetic structure with a single axis of rotation, in agreementwith thework
of Braun andHauck [23], probing additional orientations of the sample provides the non-redundant
information needed for a successful reconstruction of both the solenoidal and irrotational in-plane components
of the vector field. In particular, we validate the dual-axis experimental approach presented in [9].

Although x-ray ptychographywas used in the experimental demonstration ofmagnetic nanotomography in
[9], x-ray ptychography is not required for the reconstruction of themagnetization, andmagnetic tomography
can be usedwith a number of different x-ray imaging techniques. Furthermore, in combinationwith lower
energy soft x-rays [33], where themagnetic signal is significantly higher, high spatial resolution reconstructions
of the three-dimensionalmagnetizationwithin thin films andmagnetic nanostructures with a spatial resolution
below 10 nmare now feasible.

Here we have presented a generic framework that allows reconstructions of the three-dimensional
magnetization vector field based onXMCDprojections from arbitrary orientations. Based on this study, a
number of possible improvements and extensions for futuremagnetic tomography experiments and
reconstruction techniques have become clear. For example, we have observed further improvements in the
accuracy of the reconstructionwhen tomographic projections aremeasured for three or four different sample
orientations with respect to the axis of rotation, rather than two. In addition, the reconstruction algorithm can
be directly implementedwith alternativemeasurement geometries such as laminography [34], a three-
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dimensional imaging technique inwhich the rotation axis is not perpendicular to the direction of propagation of
the x-rays, and is therefore particularly suited for the study offlat sample geometries such asmagnetic thinfilms.
In addition, the gradients in equation (10a) can be used directly in Simultaneous Iterative Reconstruction
Technique [35] or Simultaneous Algebraic Reconstruction Technique [36] iterative approaches as alternatives to
the gradient descent optimisation.We also note that the presented reconstructionmethod is valid for the
geometries proposed for soft x-ray tomographicmeasurements in [37].

Finally, the dual-axis tomographic technique could be extended tomeasurements of XMLD,whichmay
allow for the determination of the three-dimensionalmagnetic structure of antiferromagneticmaterials.With
recent developments in themanipulation of antiferromagnets with electrical switching protocols [38], there is a
growing interest in their technological applications since antiferromagnets are robust against externalmagnetic
fields, and can be used for devices requiring switching at ultrafast timescales.
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