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Abstract

We develop a semiclassical approximation for the dynamics of quantum systems
in finite-dimensional Hilbert spaces whose classical counterparts are defined on a
toroidal phase space. In contrast to previous models of quantum maps, the time
evolution is in continuous time and, hence, is generated by a Schrodinger equation.
In the framework of Weyl quantisation, we construct discrete, semiclassical Fourier
integral operators approximating the unitary time evolution and use these to prove
a Gutzwiller trace formula. We briefly discuss a semiclassical quantisation condition
for eigenvalues as well as some simple examples.
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1 Introduction

Semiclassical analysis aims at approximating quantum dynamics in terms of suitable, cor-
responding classical dynamics in the semiclassical limit. Since the unitary quantum dy-
namics are generated by a self-adjoint Hamiltonian operator, a closely related problem
for operators with a discrete spectrum is the semiclassical approximation of eigenvalues.
Bohr-Sommerfeld quantisation conditions in one dimension were the first examples of such
approximations. They were followed by the EBK conditions for integrable systems. A gen-
eral approximation of quantum spectral functions in terms of classical quantities, however,
was first given in terms of the Gutzwiller trace formula [Gut71]. The first rigorous proofs of
a trace formula in a similar spirit were given by Colin de Verdiere [CdV73a, CdV73b], and
Duistermaat and Guillemin [DG75], for the case of a Laplacian on a closed manifold. The
semiclassical case originally considered by Gutzwiller was proven by Meinrenken [Mei92].

Semiclassical methods have been successfully applied in a broad range of circumstances,
from realistic models describing experiments to purely mathematical models. In many of
those cases a classical configuration space is given. The classical phase space then is the
cotangent bundle over the configuration space. The corresponding quantum systems are
defined in an infinite dimensional Hilbert space, typically an L?-space over the configuration
space, and semiclassical methods are available that relate the quantum and the classical
descriptions of the same physical system, see, e.g., [Zwol2]. In some situations (as, e.g.,
Toeplitz quantisation and quantum maps [Zel97, DEGO03, Sch10]) the classical phase space,
however, is a compact symplectic manifold, such as a sphere or a torus. There then exists no
classical configuration space. The associated quantum Hilbert space is finite dimensional
and the dimension of the Hilbert space tends to infinity in the semiclassical limit. A
class of models of this type that have been studied intensively are quantised torus maps
[DEGO03], for which the dynamics take place in discrete time. Quantum maps are often
studied as mathematical toy models, e.g. in the context of quantum chaos. However,
phase spaces that are not cotangent bundles also have many applications in physics. For
instance, toroidal phase spaces are relevant in solid state physics, see, e.g., [Harb5], and
more general symplectic manifolds play a role in molecular physics, see, e.g., [SZ06] and
references therein.

Our goal in this article is to quantise Hamiltonian flows on tori and to approximate
the resulting continuous-time quantum dynamics semiclassically, within the framework of
Weyl quantisation. We then use the semiclassical approximation of the dynamics in order
to prove a trace formula. As the quantum Hamiltonian acts in a finite dimensional Hilbert
space, this is a Gutzwiller trace formula for hermitian matrices, with matrix size growing
in the semiclassical limit. Since tori are special cases of compact Kahler manifolds, it may
seem natural to apply results that were obtained in the context of Toeplitz quantisation
[BAMGS81] on compact Kéhler manifolds. In this framework a Gutzwiller-type trace for-
mula was proven by Borthwick, Paul and Uribe [BPU9S8|, building on [BAMGS81]. In a
more recent approach, Paoletti uses the Szegd kernel of [BAMS76] in order to also prove
local asymptotics [Paoll, Paol6]. Nevertheless, although the approach of the present ar-
ticle is not suitable for general compact Kahler manifolds we believe that proving a trace



formula for torus flows entirely within the framework of Weyl quantisation is useful for the
following two reasons.

First, Weyl quantisation of observables on a torus is well known in the context of
quantum maps. Furthermore, it allows us to outline the proof of the trace formula in close
analogy to the classic proof in the case where the phase space is a cotangent bundle. The
essential modification is a discretised ansatz for the semiclassical time evolution operator,
see Eq. (2.12) below. Moreover, our main tool is a result that is essentially a stationary
phase theorem for sums, see Appendix B.

Second, Weyl quantisation is particularly adapted to the case of Schrodinger operators
in finite dimension including, e.g., discretisations of differential operators as in the Harper
model [Har55] or in the case of Dirac operators in lattice field theory, see, e.g., [Rot12].
Toeplitz quantisation on tori [Zel97|, however, is equivalent to anti-Wick quantisation as
can be deduced from [BD96, BKO1]. In representing Hamiltonian operators, anti-Wick
quantisation, in turn, is not identical to Weyl quantisation but is the same to leading
order [BD96, Lemma 3.9]. In particular, whereas Weyl symbols of Schrédinger operators
(and similar types of difference operators) are h-independent and, hence, identical to their
principal symbols, anti-Wick symbols for the same operators are h-dependent with the Weyl
symbol providing only the principal part. We illustrate this statement in Appendix A; see
also [Zel05, FT15] for a comparison of different quantisation schemes for symplectic maps.

The article is organised as follows. In Section 2 we introduce the general setting and
present our main result, the trace formula in Theorem 1. In Section 3 we recall the Weyl
quantisation of functions on a torus and develop some useful expressions for the action of a
Weyl operator on a vector. In Section 4 we review relevant aspects of classical Hamiltonian
dynamics on a torus phase space, with a particular emphasis on extending Hamilton-Jacobi
dynamics beyond caustics and the construction of Maslov bundles. The main technical
work is presented in Section 5, where the semiclassical approximation of the quantum
time evolution is developed. The proof of our main Theorem 1 is given in Section 6.
An application of the trace formula to derive semiclassical quantisation conditions can be
found in Section 7. Finally, in Section 8 we discuss some simple examples.

2 Setting and main result

Let T = R?/((,Z ® (:Z) be a two dimensional torus, where ¢,,¢ > 0 are two length

parameters. The universal covering space of T is R?, and as a fundamental domain for the

action of £,Z & (¢Z on R* we choose F = [0, £,) X [0,f¢). Weyl quantisation associates an

N-dimensional Hilbert space CV, with inner product (¢, ¢)y := ~(, ¥)cn, to the classical
system, where

N Cle

2mh

is a semiclassical parameter determined by the value of Planck’s constant A. In fact, one

can view either 4 or N~! as a semiclassical parameter. In the following we shall mainly use

h for semiclassical asymptotic expansions, but one has to keep in mind that the relation

(2.1)



(2.1) allows one to rewrite expressions so as to hide 4. Also notice that since N is an
integer h only takes values in a discrete set.
Vectors 1) = (1,) € CV can be seen as ‘wave functions’ supported at the points

Tp=—, n=0,...,N—1, (2.2)
in the interval [0, {,).

The Weyl quantisation of a classical observable f € C°°(T) is a linear operator opy(f) :
CN — CV defined as

opy(f) = 3 T 2.9
mne”
Here ( )
1 —27i 7—&—%
Fom = 0 /Ff(x,g)e 3 dx d€ (2.4)

are Fourier coefficients of the observable f, viewed as a smooth function on the fundamental

domain FF, and the .
T em%TmOTOn (25)

are unitary operators in (C,(-,-)y) defined through

_ 27iln

(T™%), = busmymoa v and  (TO"0), = e N4 (2.6)

The latter represent translations in the z- and &-directions, respectively. This quantisation
was introduced in [HB80], for details see, e.g., [BD96, DEGO3].

A typical operator that one would want to represent in Weyl quantisation is a Schrodinger
operator —h?A + V, where the Laplacian is a difference operator,

N2
(—AY); = T (Y(141) mod N + V=1 mod N — 2¢1)

N2
= _6—2((T1’0 + T —21)y),.

From the last expression one immediately identifies a symbol,

Hiz,6) = ;—i (1 ~ cos (2%5)) V(). (2.8)

3

such that opy(H) = —h*A + V.
Given a classical Hamiltonian H € C*(T) the Schrodinger equation is

dy

ih— () = opy(H)¥(t),  (0) = € cr. (2.9)

It generates a unitary one-parameter group U(t), t € R, via ¥(t) = U(t)yy. (See also
[Lig16], where the corresponding Heisenberg equation is considered.)
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We remark that fixing the dimension N, every hermitian N x N-matrix has a repre-
sentation (2.3). This is not unique in the sense that one could provide alternative phase
space representations of the same matrix. However, with varying N, the above construc-
tion yields a family of hermitian matrices associated with a fixed phase space and a fixed
function f.

The first aim of this paper is to construct a semiclassical asymptotic expansion

h k
U(t) ~ - _ .
()~ (1> Ue(t), h—0 (2.10)
k>0
In a second step we use this expansion in order to evaluate the right-hand side of

> (E’"LH_E> = %/}Rﬁ(t) trU(t) en™ dt, (2.11)

n

where p € C°(R) with compactly supported Fourier transform p. The sum on the left-
hand side extends over all eigenvalues F, of opy(H), i.e., it is a spectral function of the
Hamiltonian.

Evaluating the right-hand side of (2.11) using the semiclassical expansion (2.10) leads
to an expression which we relate to the Hamiltonian flow on T generated by the classical
Hamiltonian H. In order to achieve this we have to identify U(¢) as a suitable semiclassical
Fourier integral operator (scFIO). Locally, the latter is given in terms of an oscillatory
integral, whose phase function generates the Hamiltonian flow. In the present context of
compact phase spaces this concept has to be amended appropriately, leading to the ansatz

1

= [ an(t, . &) RO e, (2.12)
gé R

Uk: (t)nm

Since the quantum mechanical Hilbert space has finite dimension, the amplitude and the
phase function of this ‘position representation’ of the time evolution operator are only
evaluated at the points

n=0,... N-1 (2.13)

The amplitude and the phase function, however, are defined on the universal covering
space R?, and not only on F. They will have to be chosen such that U(t) (approximately)
satisfies the Schrodinger equation that follows from (2.9). If the phase function is chosen
to be of the form

ot x,y,8) = S(t, x, &) — v, (2.14)

it will turn out that S is required to be a solution of the Hamilton-Jacobi equation,
H(x,0,5)+ 0,S =0, (2.15)
with initial condition S(0,z, &) = z€. Hence, S generates the canonical transformation

(2, 0:5(t,2,€)) = (0e5(t, 7, 8), §) (2.16)
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representing the Hamiltonian flow backwards in time (all lifted to the covering space R?).
However, this is only true for sufficiently small times ¢, i.e., as long as no caustics occur.
Beyond caustics one has to piece local, singularity free representations of the form (2.12)
together. This requires a suitable Maslov bundle, eventually introducing Maslov phases
into the resulting trace formula. We shall have to devote a sizeable portion of this work to
solving this problem.

Assuming that E is a regular value for the classical Hamiltonian H, the energy surface

HN(E) = {(z.€) € T; H(x,§) = B} (2.17)

is a one-dimensional, not necessarily connected, submanifold of the two-dimensional torus.
We denote by Bp the set of periodic orbits of the Hamiltonian flow at energy E. The
connected components of the energy surface H'(E) are the primitive periodic orbits.
Hence, the volume vol(H *(E)) of the energy surface is the sum of the periods t,# of all
primitive periodic orbits p* € PBpr. Let W, be the action of the orbit p and denote its
Maslov phase by 0,. Our main result then is the following.

Theorem 1. Assume that E is a reqular value for the classical Hamiltonian H € C*°(T),
and let p € C°(R) with Fourier transform p € C3°(R) be a test function. Then, for every
p € P there exists a function a,(h) with a complete asymptotic expansion in powers of h,
such that

> (En; E) — (A% +Z,; P 50, o o)

The leading asymptotic behaviour of the amplitude functions is

ag(h) = vol (H"'(E)) + O(h)
ap(B) =t + O(h), (2.19)

where p* is the primitive periodic orbit associated with p € L.

In the following we provide a self contained proof of this theorem using the explicit
Weyl quantisation outlined above.

3 Weyl quantisation on the torus

Weyl quantisation of classical systems with toroidal phase space is based on irreducible
unitary representations of the discrete Heisenberg group H3(Z), see [DEGO03]. They are
labelled by a positive integer N, the dimension of the representation. Similarly, Weyl
quantisation of classical systems with phase space R2, the universal cover of T, is based
on the continuous Heisenberg group H3(R), whose irreducible unitary representations are
labelled by the positive real parameter A, physically Planck’s constant divided by 27, see
[Fol89]. The representation of H3(Z) generated by the unitary operators (2.6) induces a
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representation of H3(R) with % determined by (2.1). Consequently, the semiclassical limit
h — 0 corresponds to N — oo, the limit of large matrices.

Using the definitions (2.5) and (2.6) in (2.3) we can rewrite the action of a Weyl-
quantised observable f € C*(T) on a vector ¢ = (¢) € CV as

fe kE+m .
OpN k = E Y mod N —/ f <€$W7€> e2mi(k—m)¢/te d¢
0

meZ
2 i

= St [ (PR ekt
0

where m mod N denotes the smallest non-negative integer m’ such that N divides m —
m’. The last line of (3.1) follows from (2.2) and (2.1) and the result is similar to the
corresponding expression for the application of a Weyl operator in L%(R).

The infinite sum in (3.1) can be turned into a finite sum plus remainder using the
following result.

Lemma 1. Let f € C*®(T) and ¢ = (1) € CV. Then, for all M € N, we have

I k .
N = 3 e / f(&c%,f) 2milhomle/te g

(3.1)

(3.2)

In (3.2) the notation g(h) = Oy (A%) means that there exists a constant C;, depending
on M, such that |g(h)| < Cph* for all a > 0.

Proof. The claim follows from integrating by parts, see e.g. [Gra08, Theorem 3.2.9], and
only requires bounds on the derivatives of f with respect to &. ]

We remark that the restriction [k —m| < N/M in the summation is equivalent to the
condition

T, — 2| < N1, (3.3)
The result can be rephrased as follows.

Lemma 2. Let f € C*(T) and ¢ = (¢y,) € CV. Then, for all L, M € N,

(OPN(fW)k: Z @/JmmodNZl' (21) / 3l3l 27ri(k_m)g/g5 d¢

|k—m|<N T (3.4)

1O (NM‘L> .

Proof. We first note that a Taylor expansion together with (3.3) gives

L-1 _ ! L
(- (= o o). s




Using this identity on the right-hand side of (3.2), as well as (2.1) and the identity

. TN :
(m — k)le?ritk—m)e/te — (12—;) Oe?mithmmi/te (3.6)
followed by an [-fold integration by parts, yields the desired result. O]

4 Classical dynamics on the torus

Before we can proceed to construct semiclassical approximations of the quantum time
evolution we have to provide some classical input. Eventually we shall construct a suitable
scFIO, and for that purpose we need equivalents to the classical data that are used in
standard FIOs [Dui96, H6r85b] or their semiclassical counterparts [Mei92].

The general setting here is that of a Hamiltonian flow ®; on the phase space T generated
by a Hamiltonian vector field Xy associated with a Hamiltonian function H € C*(T).
This flow is global since T is compact. Due to the covering of T by R?, 7 : R? — T, most
expressions given below hold on R? as well as on T (at least locally). At some instances,
however, we have to pay attention to differences, making use of that fact that the covering
map provides the projection and the pull back for switching between covering space and
base space.

Working on the covering space of the torus, the canonical one- and two-forms are given
by 0 := édx and w := df = dé A dz. Here @ is not periodic in &, but w can be regarded as
a two-form on T as well.

For the purpose of semiclassical constructions it is convenient to work on the extended
phase space T*R x T = R? x T. Following an established convention, we denote points in
that space as (t,7,2,€) € R?* x T, where t is the time variable and —7 has the meaning of
an energy. In these variables the canonical two-form is

Q= dt Adr & w, (4.1)
both on R? x R? and on R? x T. We then consider the extended classical Hamiltonian
Hex(t, 7,2,8) = H(x,8) + T, (4.2)
generating the (extended) Hamiltonian flow
Ot T, 2,8) = (t+ 0,7, Py (2,8)). (4.3)

Standard FIOs require canonical relations. In the present context this is a twisted version
of the graph of the extended Hamiltonian flow (4.3), which can be given as

A={(t 7,28y, —n); (2,8 = P(y,n), He(t,7,y,n) =0}, (4.4)

and which is a Lagrangian submanifold of R? x T x T or R? x R? x R?, equipped with the
symplectic form

A=At NdT @ w B w. (4.5)



We also need local generating functions for A. These always exist in a neighbourhood of
the initial manifold [GS94, Theorem 5.5]

Ao ={(0,7,2,&,y,—); (2,8) = (y,n), Hext(0,7,7,7m) =0}, (4.6)
in the form
o(t,z,y,m) = S(t,z,n) — ny, (4.7)

where S satisfies the Hamilton-Jacobi equation
H(z,0,5(t,z,n)) + 9,S(t,z,n) =0 with initial condition S(z,7,0) = zn. (4.8)

A solution S exists when [t| is sufficiently small, so as no caustic to occur. This solution
defines a map ¢ : Yy — R, where U is an open set in R*, such that

{05, x,m),x,0:5(t, ,1),0,S(t,z,m), —n); (t,2,y,n) € Vo,
(x7§> = (I)t<y777)7 HeXt<t7 T, 3/:77) = O},

is a neighbourhood of Ag in A. The above is formulated on the covering phase space.
Working on the torus would result in the solution S of the Hamilton-Jacobi equation (4.8)
to be discontinuous. In order to avoid this problem we shall use generating functions on
the universal cover only.

Representations analogous to (4.9) can be given at any point of A where the map

(4.9)

is locally surjective. On an open set U, C R* one then finds a function
Ga(t,x,y,m) = Salt, z,n) =1y, (4.11)

such that the analogue of (4.9) parametrises another piece of A. At points where local
surjectivity of (4.10) is violated but where instead the map

(x,6y,—m) = (&m),  with ®(y,n) = (2,8), (4.12)

is locally surjective we may use an alternative generating function. Slightly abusing our
notation, we introduce ¢, : U, — R, where now U, is an open subset of R, of the form

¢a<t7xuy7£7n) :xf—yﬁ—sa@,fﬂl) (413)
This gives a parametrisation
{(ta 8tSa(t7 57 77)7 8£Sa(t7 57 77)7 57 - anSa(ta 57 7]>a _77)7 <t7 x,Y, 57 77) € mou
(I’, g) = q)t(ya 77)7 Hext(tu Y, 77) = 0}7

of yet another piece of A. We denote by A, the subset of A generated by the pair {¢,, D},
no matter whether it is parametrised in the sense of (4.9) or (4.14). In fact, all of A can

(4.14)
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be covered by local pieces of the above forms. This can be proven in analogy to [Zwol2,
Lemma 10.5]; in the case (4.14) one only has to replace the one-form in [Zwol2, p. 230] by

v :=7dt — xd§ — ydn. (4.15)
Now let {VU,}, be a partition of unity subordinate to the open cover {A,},. We then call
{Taty, where Ty = {da,Va, Vo, Ao}, (4.16)

a generating set of A.
We remark that if v(o) = (0, ®,(y,n)) is a path in R x R? connecting (0,y,n) and
(t, ®:(y,n)) corresponding to A € A then its action

W(\) = /0+t7‘ (4.17)

generates A using suitable local coordinates [Mei92, Eq. (16)].
The pairs {¢a, Vo }a generate a distinguished complex line bundle, the Maslov bundle,
over A. This bundle is defined by the transition functions,

Ko = w8, (4.18)

where

1
Tap(A) 1= §(sgn Hess ¢o(A) — sgnHess ¢s(N)), A€ Ay N Ag, (4.19)

see [Mei92, Eq. (4)] and [Hor85a, Eq. (21.6.18)]. Note that here and throughout the article
Hessians are defined only with respect to variables on the original phase space but not with
respect to variables on the extended phase space. Now assume v to be a continuous path
in A defined on some compact parameter interval I. We choose a finite partition tg, ...ty
of I such that y([t;—1,%;]) C A, for some ;. Then we define the Maslov index of 7 as

HE) = Y G (6(00) (4.20

compare [Mei92, p. 288].

The constructions leading to (4.20) and (4.16) were performed in the covering space
setting. However, they are also valid in the torus setting, since the constructions are
essentially local. In particular, choosing U,, or rather A,, small enough and fixing «
one can uniquely identify the coordinates in the torus setting with those in the covering
space setting. If (z,&) are coordinates of a point in R?, we shall denote coordinates of its
projection to T by (&%,£%). Conversely, if (x,&) are coordinates of a point on the torus
we shall use (i:a,éo‘) to denote coordinates for this point lifted to R? in the framework
described above. We shall omit the dependence on « if it is clear from the context.

In order to achieve the above properties we choose a generating set (4.16) where the
sets U, are small enough to satisfy the following conditions: Let {z1,..., 2} be a subset of
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the coordinates {x,y, &, n} and define UZ* to be the image of ¥, under the projection
(x,y,&,m) — (21,...,2). Then we require

diam U7, diam 0¥ < % and  diam 0%, diam U7 < % (4.21)
for every t € [0,T] with arbitrary but fixed 7. Here diam M denotes the diameter of
M C R? measured in the euclidean metric.

We now develop a generating set for A that is adapted to the construction of discrete
scFIOs which is carried out in Sec. 5. We start with an arbitrary subordinate partition of
unity {v,, Vp}p of T. Translating this partition with ¢,Z @ (¢Z then gives a partition of
unity of R%. Another related subordinate partition of unity, {1

Lo e
ot Voips 18 given by

Vz,t = {<x7€)a (I)t(yan) = (ZL‘,S), (yv _77) S ‘/;?} and @D;)’t(l‘,g) = ¢p(ya _77) (422)

Let further {kg, I3}z be a subordinate partition of unity of the interval [0,7] and set
a=(p,[), as well as

Ao ={(t,m2,&y—n) e R x V), x V,; (t,7,2,8,y,—n) € A}, (4.23)

and
\I[a(tv T, T, 57 ya _7]> - H5<t)¢;,t<‘r7 £)wp<y7 _77)’ (424)

Then {W,, A.}q is a subordinate partition of unity of A.

The above constructions also work on the covering space. There, translations by
(.7 ® L7 introduce an equivalence relation on the collection of sets A,. This generates
equivalence classes Az, Uz and Y. In short, we also say that «, o’ are in the equivalence
class a.

Lemma 3. Let A, Ay be in the same equivalence class Agz. Then

Ay = A, (4.25)

and the converse is also true. Moreover, assume that Xx = 5\0/, where Ay € Ay and
Ao € A,. Then
W) = W(Aw) (4.26)

If, in addition, B, B, are in the same equivalence class Vg, then
Hess ¢o(Aa) = Hess ¢/ (Aw). (4.27)

Proof. Since the Hamiltonian is periodic the relation (4.26) follows for all A\, and A, in
the set (4.25). This implies that ¢, and ¢, can be chosen of the same type and differ only
by linear terms. Since the latter do not contribute to the Hessian this proves (4.27). O

A consequence for the Maslov bundle with transition functions (4.18) follows immedi-
ately.

11



Corollary 1. With the assumptions of Lemma 3, as well as a, o’ € a and 3,5 € B, it
follows that
Rap = Rao/p’, (428)

and
0x£a(>\a) = 8x5a/(Aa/), and 053704()\04) = 8§l’a/()\a/). (4.29)

Another useful result is the following.

Lemma 4. Assume the restrictions (4.21) on the size of the sets Q.. If the projections
Ay and A, have non-empty intersection then there exists a unique v € £, ® leZ such that

’}/(Aa) N Aa/ 7& @, (430)
where y(A\,) is the y-translate of A,. The converse is also true.

Proof. Two points A € A, and N € A. satisfying A* = X® can only differ by a torus
translation v € (,Z @ (cZ. Suppose that there exists v # ~ in (,Z ® l¢Z as well as
A A € A, such that both v(\) and 7/(\) are in € Ay. The distance in position and
momentum coordinates, respectively, then is smaller than £, /2 and ¢¢/2. As a consequence,
the distance between y(\) and 4/()) in the position and momentum coordinates contradicts
the assumptions (4.21) since 7' # 7. O

For the purpose of constructing discrete scFIOs we select exactly one representative A,
in every equivalence class Az and denote the resulting generating set by

{Fa}a> Fa = {¢aama7qjaaAa}' (431)

We remark that {Us, A }a is not a partition of unity for the covering space, but we still
have
> Talra) =1, (4.32)

where the points A\, can be different for the different terms in the sum, but their projections
Aa to the torus are identical.

5 Semiclassical approximation of time evolution

Before constructing a semiclassical approximation Ug,(t) of the unitary time evolution
U(t) = e n°Pn(H)t a5 in (2.10), we want to clarify in what sense such an approximation is
to be understood. Since only the trace of U(t) enters the trace formula (2.11), we need
to estimate the difference tr(Us(t) — U(t)) in a suitable way. In the following we show
that this difference can be estimated using the integrated Hilbert-Schmidt norm of an error
term.
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Lemma 5. Let T' > 0 and let Usa(t) be differentiable for t € (0,T), such that

/OT | (170, — opy (H)) Usaa(t)| 5 dt = O (1), (5.1)
for some B> 0. Assume that the initial data satisfies
|Uwa(0) = 1us = O(h). (5.2)
Then,
tr (Uuar(t) = U ()] = O(RF"). (5.3)
Proof. Let t € (0,T) and define
R(t) = (ih0; — opy(H))Usa(t) and Z = Us(0) — 1. (5.4)
We then have ,
O(U(=t)Ua(t)) = = U(=t)R(). (5.5)

Hence,

tr(Usa(t) = U@®)| = [ [U@) (U(~t)Usar(t) — 1)]]
wr|U(t)(Z + /0 0, (U(~0)Usa(0))do ) ||

< tr|U(t)Z] + %/Ot tr|U(t — o) R(0)| do (5:6)

< N0 s 1215 + 5 [ 17 = 0 1R

where in the last step we have used that trace norm and Hilbert-Schmidt norm satisfy
tr|[AB| < ||Allus||Bllus, see e.g. [RS75, App. to IX.4, Prop. 5]. Recalling that ||Z|us =
O(h*), keeping in mind that ||U(t)||lus = VN = O(h~"/?) and using

IR st < % | IR@ g do = 00272) 57

establishes the desired estimate since ¢t € (0, 7). O

The construction of a semiclassical approximation Uy (t) involves a quantisation of the
Lagrangian manifold A (4.4). To this end we have to introduce a variant of scFIOs [Mei94]
suitable for the present context.

Definition 1. Let A be the Lagrangian submanifold of R? x T x T defined in (4.4) with
generating set (4.31). An operator Us(t) € Maty(C), t € (0,T), is then said to be a
discrete scFIO associated with the Lagrangian manifold A, if

Usa(t) = > Ua(t), (5.8)
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such that every Uy, has an asymptotic expansion in the Borel sense [Zwol2, Section 4.4.2.],

Ualt) ~ > (?)kUa,k(t), (5.9)

where
J+1

1\ 2/ i L

Ua t mn — a7 = a t Am An 0 i¢a(t,$m,yn,9) de 510

Jf( ) (27Th> N RJCL JC( y Lmy Yn, )eh ( )

Here ¢o € C(R x R% x R”) are generating functions for the local pieces Ao of A, and
aa € C5°(R x R? x RY).

As the only contribution to U,(t) that exceeds O(h™) in magnitude derives from the
Lagrangian manifold A, the integral in (5.10) can be converted into an integral over either
07, when J = 1, or over ‘Ilfi”, when J = 2. In the first case the integration variable is
6 = n and we denote the generating function by ¢!(t,z,y,n) = ST (t,z,n) — yn. In the
second case we have that @ = (£,7) and denote the generating function by ¢Z (¢, x,y,&,n) =
x& —yn — SH(t,€,m). Furthermore, we choose A, small enough such that if ¢o and ¢
are not of the same form ¢! or ¢!, X € A, N Ay implies that all derivatives 8355(5\0‘/),
0. (5\0‘), 853:(5\"") and Ogx (5\0‘) do not vanish.

In order to determine the discrete scFIO that satisfies the estimate (5.1) to a sufficient
order in A, we choose a partition {¢q,Pq}a, insert (5.8) into the left-hand side of (5.1)
and define

Reio(t) = (170, — opy (H)) Uak(t) (5.11)
for each coordinate patch a and order k € Ny. Together with (5.4) this implies

R(t) =) (?)kRa,k(t). (5.12)

o,k
With Lemma 5 in mind we then have to estimate

tr(R(t)* R(t)) = Z (?) tr(Rav (1) Rai(t)) (5.13)

o' k' ok

semiclassically. This will provide conditions to be satisified by the functions aq j in order
for R(t) to vanish to any finite order in .

As a first step we now determine representations of R, x(t) for the two cases (4.7) and
(4.13) separately.

5.1 The case ¢!(t,z,y,n) = SI(t,z,n) —yn

In this case A, can locally be parametrised as in (4.9) using coordinates (¢, z,n). We define
a function r, through a Taylor expansion,

Sa(t;7,6) = Sa(t,y,8) + 0:95(t,y.€) (v —y) + ralt,y, — y,8), (5.14)

14



such that

Ta(t,y,0,€) = Ooralt, y,0,§) = 0. (5.15)
We also introduce the abbreviations
ft,a:,n = azsé(tu z, 77) and Yten = 87]S¢§(t7 z, 77)7 (516)

and define the set

mfx = {(tax7y777)7 (ta T, xayt,x,mgt,x,nv _77) € Aaa |?/ - yt,r,n‘ < E} . (517)

The following result determines the application of (ih@t —opy(H )) to an expression of the
form (5.10) with J = 1.

Lemma 6. Assume that aIa’k is smooth in (t,z,y,n) € V. Then there exists a smooth
function by j.n with an asymptotic expansion in h that is uniform in UL,

Dok ~ 3 W'baem, (5.18)
n=0
such that the quantity (5.11) takes the form
17 ol n X
R ic(O)mn = - It T U 7 (Sa(C@mm)=gmn) gy 519
776() onh N mgca,k’(V% 7y777)e n ( )

Here,

. h
C{q,k(t z,y, 77) = lh(ata{q,k)(ta z,Y, 77) - Z(a:Ea{H) (CL’, gt,x,n)a]a,k (tv z,Y, n)
i A\ 2 (5.20)
- T(aﬁH) (ZL‘, €t7ﬂ?,77)<8xa{a,k)(tv Ty, 77) - <T) ba,k,ﬁ(ta r,y, 77)

Proof. The proof follows the standard WKB-type strategy (see e.g. [Dui96, p.105]). We
use the representation (5.10) with J = 1, and the variable 6 is denoted as 7. The first
step in evaluating (5.4) is to use Lemma 1 for the application of opy(H) to Uy with the
matrix elements (Uq k)i, Where n is fixed, in place of v, as well as a summation over [
with |l —m| < N in (3.2). For the phase function in (5.10) we use (5.14), and then
perform a Taylor expansion (3.5) of

H (mm;xl7§> Gi,k(t,iz,@mn) enra(tddm—d1n) (5.21)

in x,, — ;. We integrate by parts, use (3.6) and the periodicity of H, and obtain an
asymptotic expansion in powers of A multiplied by er(6=05" (bEm M) (Tm—21) " If the sum over
[ extended over all [ € Z, it would be a Fourier series, with the &-integrals as Fourier
coefficients. The latter, however, are of size O(|m — [|=>°). Hence, while adding an error
of size O(h*) one can indeed extend the restricted sum over [ to all [ € Z. The resulting
Fourier series can be evaluated, thereby replacing the variable { with & 5, ».

When applying ih0; to Uy we use the Hamilton-Jacobi equation (4.8) and evaluate the

coefficients of the lowest powers in i. This gives (5.20) by noting that supp a&k C U, O

15



For later reference we note that the quantity (5.20), viewed as the coefficient function
of a half-density, can be identified as a Lie-derivative along the Hamiltonian vector field
generated by the (extended) classical Hamiltonian,

e (NN =Ly, <aI (A)d)é) +O(R?), (5.22)

o,k

see [Zwo12, (10.2.22), (10.2.27)].

5.2 The case ¢I1(t7 r,y, 67 77) - ‘Té. —yn — SII(t7 fa 77)

In the remaining case, a parametrisation of A, in the sense of (4.12) can be achieved with
coordinates (t,£,n). We also introduce the abbreviations

Tien = 0eS(t,E,m) and  yee, = —0,S(t, &), (5.23)
and choose a smooth function k. : R — [0, 1] satisfying
0 > Z

he(z) = 40 B> (5.24)
L, |z <3,

that is used to localise around initial and final points (5.23) of classical trajectories. We
now assume that A,y is a function on A,, therefore depending on the variables (t,&,7),
and define

ai{k(t, Ty Un, €, M) = Ke( @ — Tren)Ee(Un — Yrem)Aak(t, €, ). (5.25)

This function is localised on the set
mla{g ::{(ta LY, 67 77)7 (t7 Ty Lt.6ms 67 Yt.ems _77) € Aou (5 26)
|.I‘ - xt,f777| <€, |y - yt,x,n| < €}~

Note that here, in contrast to the previous case (5.17), we admit the variables x,y to be
from a (small) neighbourhood of A,.

In the present case, the application of ihd; — op(H) to the respective expression of the
form (5.10) gives the following results.

Lemma 7. Using a function of the form (5.25) in (5.10) one gets
1 4,

R () = tz It 2 i 7 (@mE—gnn—SE (t.6m) qeq 597
cx,k() (271'7?,)%]\[ 0 Ca,k( y Tmy Y agvn)e 5 1, ( )

where

. h
Cor(t: 2,9, &) 1= 1h0kagly (6,0, 9, €,m) + = (0nH) (e, €) (Oeage) (8, 7,9, €, )

h
+ 5(81‘65}[)('%75,77’ f)afx{k(tv Y, 57 77) + O(hQ)'

(5.28)
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Proof. Here the representation (5.10) requires J = 2 and the integration variables are
0 = (&,n). The first step in evaluating (5.4) consists of using Lemma 2 to evaluate the
application of opy(H) to Uyy. Here, again, the matrix elements (Uq k)i replace ¢ and
the summation extends over | with |l —m| < N  such that n is fixed. This sum can be
evaluated with Proposition 5. This gives (5.27), where

Byt By Gy €)= 1ROl 4 (, By Gy €,1)
+ (H(I’t,gm, f) - H(i‘ma g))a’lal,k(t’ i’ma @TL? 57 TI) (529)

— %(axagH)(:@m,g)a;{k@,gem,gn,g, n) + O(R?).
We now employ a Taylor expansion (see also [Hor85b, p. 23]),
(H(#m, &) — H(21e0, f))e#&’(t@mymé,n)

= palts &m, &1) (Tm — ey

= Pa (ta j:mu g? W)i.z@ge%%l(t’im’@m&")’
1

)egqby(t,aﬁm,gms,n)

(5.30)

use this in (5.29) and perform an integration by parts in the variable £. By [Hor85b, p. 24]
one sees that this leads to (5.28). O

We remark that, in analogy to (5.22), on A,
L (NN =Ly, (Aa,k(A)dA%> +O(R), (5.31)

see [Zwol2, (10.2.22), (10.2.27)].

5.3 Some auxiliary results

With (5.13) in mind we now estimate

T N-1

/ Z Rov i <t>nmRa,k(t)nm de (5.32)

n,m=0

for all pairs (a, @) and fixed T' > 0. There are four cases, depending on whether Lemma 6
or Lemma 7 applies to Ry and Ry, respectively. We use the notations introduced in
Sections 5.1 and 5.2, in particular those for the various amplitude and phase functions.

We recall the definition (4.23) of the sets A,, as well as the representatives A, of
equivalence classes Az (with respect to translations by ¢,Z @ (¢Z) as described around
(4.31). We then define the set

Awe = {Xa’; Ae Ran Aa,} . (5.33)

We also use the interval Ig C [0,7] as defined in (4.22)-(4.24).
The four cases that occur are covered in the Lemmata 8-11, the first one being:
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Lemma 8. Let Ry be of the form (5.19) and Ry o be of the form (5.27), then

2 N—-1
/’thrHTLJ txm7n7
o 2<>2/1/ng/%‘”@ Gn> €511 Copi (b Emy Ty )

m,n

% (1504 t,&m,Gn 1) — ‘15[ (t TmsYn,E'm / )dnd§ d,r/’dt (534)

1

=52 A Go! I he4 sgnHess¢a|6 ™ 2eakhdtd§ dn’ + O(hoo)

where Gos g n and eqpn are coeﬁ‘icients of half-densities on Aqo possessing asymptotic
expansions in h that are uniform in t € [0,T]. In particular,

ea,k,h(A) ~ (ihEXHext aa,k()\) + Z hn€a7k7n()\>> s (535)

n>2
with A = (t,£',1) € Ay

Proof. We first apply Lemma 15 to the sums over n and m on the left-hand side of (5.34).
Up to an error term of size O(h>°) this gives two additional integrals,

) )
/ / / / / Il b penGamddsetemsutd qpde/dp/ dadydt (5.36)
(27h)3 Ji, gt e,

where s € Z is determined by Lemma 4 and Lemma 15. We then use the stationary phase
theorem to evaluate the integrals over the variables (z,y,n). In order to determine the
stationary points we use Lemma 4 and get
ay((ﬁi —¢i{) —Sgg =0 <& 77/:7]—|—8€§
Ou(dl, — ) +ste =0 < ¢ =0,5L(t,x,n) + ste (5.37)
Oy(Pe — dor) =0 & §% = 0y Sa(t,x,n).

With regard to the last equation we remark that the lifts §® and ¢ to the covering space
can only differ (locally) by a constant rf,, r € Z.

The equations (5.37) can be solved to find z(¢,&',n') and y(t,£',n’). They determine
the set of stationary points that can either be given in the form

(t7 [E(t, 5,7 77/> - rﬁ:l?a y(t7 5/7 77/) - Tgma 77/ - SE{) € mIaa (538)

or

(tat, & n),y(t, &), &) € By, (5.39)
Due to Lemma 3 the Hessian of the total phase, as a function of the variables (z,y,7), on
the left-hand side of (5.34) is given by

028a 0 OuySq
Hess, (¢, — ¢L)) = Hess ¢, = 0 . 0 2—1] : (5.40)
eSSy —1 025,
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Recall that our definition of Hessians never involves derivatives with respect to t. Hence,
det Hess, , (6%, — ¢L})) = =025k = —0,¢. (5.41)

We recall that we have chosen the partitions small enough so that this derivative does not
vanish. Moreover,

(0 = Par)(A) = W(N) = W(X) =0, (5.42)

and
sgn Hess, (0L, — ¢L)(N) = sgn Hess ¢, (N). (5.43)

An application of the stationary phase theorem then gives (5.34). The asymptotic expan-
sion (5.35) follows from (5.22). O

The next case is:

Lemma 9. Let both Ra i and Ry be of the form (5.27), then

1 [0\ =
o (2 Tl o €0) 1, (1 s
(2mh)3 (N) Z /Iﬂ/‘ﬂ5/,’"/ /infzca’k< » Tm Y 75,77)00‘,;@( Zny Gy €:71)

m,n=0
o (98 (b2m,nEm) =01 (42m dn€' 1)) g dAndle’ doy dt (5.44)
]. im
= % ga’,k’,hei SgnHess¢5L]€a7k7hdtd£/dn/ + O(hoo),
Aa/a

where Goy g p and eqrn are coefficients of half-densities on Ao possessing asymptotic
expansions in h that are uniform in t € [0,T]. In particular,

Cakn(A) ~ (ihﬁx,{cxt Aok (A) + Z hnea,k,n(A>> ; (5.45)

n>2
with A = (£,£,1) € Ay

Proof. We use a similar strategy as in the proof for Lemma 8, and first perform the sum

over n and m by applying Lemma 15. With the appropriate modifications, including an

additional integration over the variable £ and a pre-factor 1/(27h)3, this gives a result

similar to (5.36). We then apply the stationary phase theorem to the integrations over the

variables (z,y,&,m). The conditions determining stationary points of the phase function
are T 7 /
Ou(Pg — o) +8le =0 & E4sle=¢

O0y(a — Par) — 5l =0

0u(0t1 — ot1) =0

O0y(¢ — Par) =0

n + 565 = 77,
9:SH(t,€,m) = &
_aﬂsti](ta g: 77) = ga.

(5.46)

T 0
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These equations can be solved for z(¢,&’',n') and y(t,&’',n'). The set of stationary points
can be either given as

(ta (L’(t, 5/’ 77,) - ng’ y<t7 5/7 77,) - Tgma 5, - SES: 77/ - 865) € m{xl’ (547)

or as
(t (&), y(t, &), €n') € Bg. (5.48)

The Hessian of the phase function is

0 0 1 0
0 O 0 -1
I _ 1Ty _ 7 _
Hessyy¢n(0n — @ar) = Hess ¢g 10 2SI —9,SH | (5.49)
0 —1 —0,S4 —8355
so that
det Hessx,y@n(gbg — ¢ty =1. (5.50)
The stationary phase theorem, together with (5.31), now gives the result. [
The third case is:
Lemma 10. Let both Ry and Res g be of the form (5.19), then
~ CIa’ ’(t7i’m7gn7n/) C{x (t’jmagnan)
wor (%) 2 ) L L :
eiﬁ((b]a(tyjmy?jnvn)*d)(]xl(tyimﬂ:lny'r]l))dndn/dt (551)
1 im
—_ o’ k' Ifa o dtd /d ! O hoo
57 Aa/ag W€t eq p pdtda’dn’ + O (),

where gor 1 p and eq . are coefficients of half-densities on Ao possessing asymptotic
expansions in h that are uniform in t € [0,T]. In particular,

ea,k,ﬁ(/\) ~ (ihEXHext a/a,k‘()\> + Z hnea,k,n()\)> 9 (552)
n>2

with A = (t,2',1) € Aara.. Moreover,

0 —1
fo = sgnHess, , ¢1, = sgn < ) : (5.53)
v -1 92SL(N)

Proof. We again employ the same strategy as in the proofs of Lemmata 8 and 9. The sums
over n and m are evaluated with the help of Lemma 15 and, with some modifications,
this gives a result similar to (5.36). There is integration over the variable ¢ and, for
convenience, we name the integration variables introduced by Lemma 15 as 2’ and y. Next
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we apply the stationary phase theorem to the integrations over the variables (y,n). The
conditions determining stationary points of the phase function are

Oy(pL — L) —sle =0 & n =n+sl

a

(@l —oL) =0 & §*=8,SL(t.a" ),

(o7

(5.54)

and can be solved for y(t, ', 7'). The stationary points can therefore be given either in the
form

(t,x — 1l y(t, 2’ ') — rly,n — sle) € B, (5.55)

or as

(t, 2",y (.2, ), ) € VL. (5.56)

The Hessian that is required by the stationary phase theorem is the one given in (5.53),
hence

det Hess, , (¢, — L) = —1. (5.57)
[

Finally, the last case is:

Lemma 11. Let Ry be of the form (5.27) and Ry g be of the form (5.19), then

1
o’ k! t xﬂ’u ny a txm? ny
(%hﬁ( ) /]B/B /w w Oy 1) € Un &, 1)

m,n=0
% ¢H (& m,Jn,Em)— ¢ / (tZmyInm’)) dédndn’dt (558)
1 17T !
ga/ k! ﬁe 4 fa ‘a&.ﬁ‘_?@a’k’ﬁdtdfldn/ + O(FLOO)7

" 2rh

O’.(l

where goy g n and eqrn are coefficients of half-densities on Ao possessing asymptotic
expansions in h that are uniform in t € [0,T]. In particular,

Cakn(A) ~ (iﬁﬁme Aok () + Z hnemkm()\)) , (5.59)

with A = (t,£',1') € Awa. Moreover,

0 0 —1
[l =sgnHessy¢, ol =sgn [ 0 —0zSL —0:,S1 |. (5.60)
-1 —0,SY —0:SY

Proof. We again employ the same strategy as in the proofs of Lemmata 8-10. The sums

over n and m are evaluated with the help of Lemma 15 and, with some modifications,
this gives a result similar to (5.36). Here we apply the stationary phase theorem to the
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integrations over the variables (y,&,n). The conditions determining stationary points of
the phase function are

0y(be —de) =0 & 1 =n+sl
Op(0g — ) =0 & §%=0,5,(t,&m) (5.61)
Oc(0q —da) =0 & &% =055 (t.&m).

These equations can be solved for z(¢,£',n') and y(t,&,n'). They determine the set of
stationary points that can either be given in the form

(ta (L’(t, 5/’ 77,) - ng’ y(t7 5/7 77,) - Tg;t? 5, - SEE: 77/ - 865) € mil’ (562)
or
(t,x(t, &), y(t, & n),n') € Tl (5.63)

In order to apply the stationary phase theorem we still need the determinant of the Hessian
as given in (5.60), i.e.

det Hessy ¢, (0 — o) = 075 = . (5.64)
We recall that we have chosen the partitions such that dex # 0. O

5.4 Semiclassical construction

We now have all the means necessary for the construction of a discrete scFIO as in Defi-
nition 1 that satisfies the estimate (5.3) to any desired (positive) power in A. In order to
achieve this, Lemma 5 implies that we need an estimate

/ ' tr R(t)*R(t)dt = O(h®) (5.65)

with 8 > 3. To get this estimate, we perform the double sum over a and &’ in (5.13) by
first fixing &’ and summing over «, and subsequently summing over o’.

In the following approach the Lemmata 8-11 will be used for the summation over «,
and this should only involve the densities eq 5. However, the Lemmata 10 and 11 show
that for fixed o’ this is not necessarily possible as the phases have to be chosen correctly.
In order to make such an approach feasible we therefore require that al,  is of the form

a{x,k (t7 z,Y, 77) = Re (y - yt,x,n)AiJc(t? T, 77)7 (566)

with AQk defined locally on A. Moreover, we require that the phases of the amplitude
functions ai il are given by 7/2 times the Maslov index (4.20), such that

al/lleE100) e R, (5.67)
For this to be possible we need to investigate the phases f, and f}, in (5.51) and (5.58) in
combination with an additional phase coming from the Maslov bundle contribution.

22



Lemma 12. Let A € Ao, NAaiay, and let fo, and fl,, be as defined in (5.51) and (5.58),
respectively. Then

—sgnHess @1, (A) + fay (A) = —sgnHess g1 (A) + fL, (N). (5.68)
Proof. We have to prove that
— sgn Hess ¢£¢1 + sgn Hess,, ,, gbél = —sgn Hess gbgz + sgn Hess, ¢, ¢{){2. (5.69)
Hess ¢q, is given by (5.49), and using (5.53) a simple calculation shows that
segn Hess QSL‘; = 0 = sgn Hess,, (bél. (5.70)

We now compare (5.40) in the proof of Lemma 8 with (5.60) in the proof of Lemma 11.
Since A € Ay/q, in a neighbourhood of A there is a bijection between J¢ and 0, given by

85 = (8@) 81 (571)

In combination with Lemma 3 this shows that there exists a hermitian matrix P that is a
product of a permutation matrix and a diagonal matrix with diagonal entries 1 and (5.71),
such that

—Hess, ¢, o1 () = (P* Hess ¢, P) (N), (5.72)

where Hess ¢f, is given in (5.40). Thus, [Lan69, Theorem 3,p. 187] shows that
—sgnHess @], (\) = sgnHess, ¢, ¢1L (), A € Awa, (5.73)
which proves the claim. O]

We note that an application of Lemma 12 to the right-hand sides of (5.51) and (5.58)
establishes the desired property that the phases appearing in these expressions only depend
on «’, but not on a.

In order to facilitate the construction of the semiclassical time evolution we introduce
the globally defined half-density |A0|d)\% as the solution of the the initial value problem

(Lx...|Ao]) (A)drz = 0, A€EA,
|Ag](A)dAz = |[dt Ady Adn|z, X € A,.

(5.74)

Here |dt A dy A dn]| is the canonical density of the conormal bundle Ag, see (4.6). The
unique solution of (5.74) is

[ Aold\2 = 7* (|dmdyAdn|%), (5.75)
where 7* is the pull-back of the projection
W(taTwraf’yu _7]> = (t7y7 _7]>7 (t77—7'r7£7y7 _77) € A7 (576)
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see [DG75, Lemma 6.1]. The quantity AgdA2 then involves the Maslov-factor (5.67) in
addition to [Ag|dAz.
We also define a shifted nearest neighbourhood N(A) of A € A using the partition

{Aa}oﬂ
NeNDN < NeEAwa and AE Aga. (5.77)

Then
N~X & M e N(N), (5.78)

defines an equivalence relation on
A=, A \U, OAq, (5.79)

and thus yields a disjoint decomposition
A } 5.80
{ 54 (5.80)

of A. The boundaries in (5.78) can be neglected since they do not contribute to the integral
estimates in the following.

Proposition 1. For every f > 0 there exists a discrete scFIO U (t) in the sense of
Definition 1 that satisfies the assumptions of Lemma 5. Away from caustics it has the
following Van Vleck form

1 4 O*W
USCl(t>mNnN o \/ﬁﬁ ; 'det <ax—ay()\aN))

Here Moy = (6,7, Ty Eans Ynns —Tax) 15 10 a suitable neighbourhood of the non-caustic
point, the sum extends over all trajectories o, connecting (Yny, Nay ) With (Tmy, Eay ), and

St WO E ) L O(R).  (5.81)

1
f(Yan) = 1H(Vay) + 5 sen Hess ¢ (Aay )- (5.82)

In order to emphasise that matrix indices range from 0 to N —1, with a direct implication
on the points x,, and, therefore, on classical quantities, we added an index N. Note that
the functions ¢, in (5.82) are independent of N.

Proof. We have to prove that Lemma 5 is satisfied up to an arbitrary but fixed 7" > 0. We
fix T" and choose U, sufficiently small so as to fulfill the assumptions made previously in
this section.

The first step is to prove the condition (5.2) imposed on the initial value Usq(0).
We recall that the initial Lagrangian manifold Ay, see (4.6), is generated by a function
' (t,z,y,n), see (4.7). In agreement with (5.75) we choose for the amplitude function in
(5.10),

1, k=0

5.83
0, k>1, (5.83)

|A£|(0»$777) = {
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and localise ) )
| Ag|dA2 := Wy |AL|dA2, (5.84)

where U, is given in (4.24).
In order to evaluate Uy (0) we recall that

¢'(0,z,y,m) = (x —y)n (5.85)

holds. With Lemma 15 we then obtain

N-1
/ Vaehtady = 3 Wa (0,7, &1, G, —11;)eh En I 4 O(R) (5.86)

where n; = jl¢/N + rle with some r € Z. The condition (4.32) hence implies
Use1(0)ym = 1 + O(R™). (5.87)

Off the diagonal, for U (0),, . with m # n, we note that

1 2n(m —mn)j
(T — o)1y = M + 27l for some [ € Z. (5.88)
h N
Therefore,
No1o
er@m=gn)n; — (5.89)
§=0
which implies that

Hence, the initial condition (5.2) is fulfilled.

The main task in this proof is to obtain the estimate (5.1). Every term tr Ro/ ()" Ra k()
can be written as one of the four cases described by the Lemmata 8-11. We evaluate the
integrals ocurring in these Lemmata recursively in their orders k£ on every set /N\@, and note
that in each of the four cases the half-densities e ;5 possess complete asymptotic expan-
sions in powers of A with similar leading terms, see (5.35), (5.45), (5.52) and (5.59). Since
0:& = (Ogx) ™!, the additional factors in (5.34) and (5.58) reflect the choice of coordinates
for the respective half-densities eq j p-

Suppose a global half-density ]Ak\d)\% on A is given. It can be localised in the covering
space using the partition of unity {Ve, Ao} of (4.31), as

|Agi|dAZ := Wo|AyldAz. (5.91)

Due to (4.32) we then have

S (L Aasddrd) Oa) = 3 (Va (L, [AddAE)) (Ma) (5.92)

a
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in a neighbourhood of the points A, where the sum in (5.92), respectively (4.32), extends
over all @ with A\, € A, corresponding to the same point A in the extended torus phase
space, i.e., where Ay = \.

Hence, combining the Lemmata 8-11 with Lemma 12 shows that for fixed a’ in (5.13)
we can extract the coefficient depending on o’ and perform the a’-summation. This shows
that if we start with the globally defined half-density AgdA2 of (5.75), using (5.92) we see
that when k = 0,

S L, (|Aa,0|dA%> — 0. (5.93)

Then, for fixed a’, we sum all half-densities of the next order in £, except the term coming
1

from the Lie derivatives, and denote the resulting half-density on A by r;dA2. The next

step then is to solve the inhomogeneous Cauchy problem,

- (EHext|Ak|d/\%> +rpdAE =0, (5.94)

for k = 1 by the method of characteristics in analogy to [Dui74, Theorem 1.4.1]. This
can be done since the extended Hamiltonian flow is complete and tangential to A. Again,
(5.91) and (5.92), as well as an application of Lemma 4, show that in (5.13) the next order
in i (with o’ fixed) also vanishes. We proceed in this recursive manner by solving (5.94)
with the method of characteristics. The emerging half-density r; is composed of the half-
densities of order k in % in the asymptotic expansions of eq . Again (5.91) and (5.92)
together with the Lemmata 8-11 show that every term of a given order in A is recursively
canceled. An application of Borel’s theorem [Zwo12, Theorem 4.15] then shows that Usq
exists and satisfies the claim.

The Van Vleck expression follows from an application of the stationary phase theorem
to the n-integration in (5.10), see, e.g., [Mei92, p. 288]. ]

6 Trace formula

In this section we prove Theorem 1. We recall that the starting point is the relation
(2.11) where on the left-hand side the sum extends over all eigenvalues F,, of the quantum
Hamiltonian opy(H) (counted with their multiplicities), and p € C*°(R) is a test function
with compactly supported Fourier transform

p(E) ::/Rp(a:)e_iExdx. (6.1)

The trace formula (2.18) is derived from (2.11) by using the semiclassical expression for
tr U(t), developed in Section 5, on the right-hand side.

We assume FE to be a regular value of the classical Hamiltonian H € C*°(T) so that the
energy surface H'(E) (2.17) is a submanifold of the phase space T. In this setting the
sets Op of fixed points of 7 always satisfy the clean intersection property [GS13, p. 280].
In particular, Oy N H'(F) = H~'(E). The set *Bg of periodic orbits of the Hamiltonian
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flow with energy E consists of primitive periodic orbits, p#, and their m-fold repetitions,
p, with periods £, = mt,».

Since the energy surface is one dimensional a simple calculation shows that when every
point on H~'(E) is non-stationary one has

vol(H™Y(E)) = tys, (6.2)

where the sum is over all primitive periodic orbits in H~1(E).
Now let p € P and denote its lift to the covering space by p. Then, with some obvious
abuse of the notation in (4.17), we set for the action of p,

W, =W + Et, + slex, (6.3)

with
t =tp, (y,n) =p(0) and (z,&) = p (tp) (6.4)
in (4.17). The integer s is determined by £ —n = sl¢. It turns out that W), is independent
of the choice (t,, —E, x,&,y, —n) satisfying (6.4).
The trace formula also requires the Conley-Zehnder index o, of periodic orbits p € P.
For its definition we refer to Appendix C.
With this information we are ready to prove our main result.

Proof of Theorem 1. Our first observation is that due to Proposition 1 we can approximate
the unitary time evolution U(t) semiclassically by some U, (t) to any desired order § > 0
in the sense of Lemma 5. Hence |tr(U(t) — Usa(t))| = O(h*°), and we therefore now study
tr Usa(t). In order to obtain an asymptotic expansion in powers of & we have to calculate
the asymptotic expansions of tr U, for every k € Np.

We first consider the case where A, is generated by a function ¢7, see Section 5.1.
With Uy of the form (5.10) one finds

1 ;
> Rtr Uap(t)p(t) en®tdt

1l . -
= - = t Am Am ) t 7,[¢a(t71‘m71‘m777)+Et]d dt 65
(QW)QHNmZZO/R/Ra“”“( &m; Ems M)B(E)e? n (6.5)

1 S A N AL it (6L (83,8 n)Fslex 00
= W/R/R/Ra{.,k(t,&%$7?7)P(t)eh[¢“(t’ st Elandadt + O(R),

where the last line follows from an application of Lemma 15. It turns out that the integer
s arising from Lemma 15 is the same as in (6.3). We apply the stationary phase theorem
and identify as the conditions of stationary phase,

aﬂbi =-F
Ouo + sl =1 (6.6)
Oy, + 1ty = .
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Here the last identity follows from §|,—, = & + r¢{,. These conditions imply that z and
1 are on a periodic orbit of period ¢ and energy E. When t = 0 the set of such periodic
points is given by the energy surface H'(E). When ¢ # 0, the points are on a non-trivial
periodic orbit p € Pg. We define p,, := A, N p and choose A, small enough such that pg
is connected.

Upon applying the stationary phase theorem we are left with an integral over p,,, which
we parametrise with the variable v, leading to

L tr Ug (1) pt)en Ztdt ~ Z @/ Vp(V)ap,(v)erVr 2o dy. (6.7)
2m Jp - 27 S

Here ay, j, is a smooth function on p, with a complete asymptotic expansion in £, and v, is
determined by ¥, see (4.24). The Maslov contribution o, was derived in [Mei94, Theorem
13] by means of the identification outlined in [GS13, p.137] and is independent of v € pq;
the same is true for the action W),

In order to find the leading semiclassical contribution it suffices to study tr Uy in
(5.10). The rest contributes terms of at least O(h) to (2.19). Since there are only finitely
many contributions labelled by a the errors can be uniformly bounded with respect to A.
For a two dimensional phase space the condition of regular periodic orbits amounts to the
identity det |1 — df,| = 1 in [GS13, Eq. (11.23)], where f, denotes the Poincaré map along
p. Using this, as well as [GS13, pp.279 & 282], we conclude that the right-hand side of
(6.7) is equal to

DO w1+ 0)
2m H-1(E)

o(t i ix
S [ i 0w,

where the path p, is parametrised by time.

The same calculations can be done in the case (4.13). We again have to solve (6.6)
together with d¢¢} = z. The sum over all a can be performed as 1), satisfies the relation
(4.32). This finally proves the theorem. O

(6.8)

7 A semiclassical quantisation condition

In this section our intention is to explore to what extent the trace formula of Theorem 1
allows us to characterise individual eigenvalues of the quantum Hamiltonian opy (H).
The first step is to observe that Theorem 1 can be rewritten as follows.

Lemma 13. With the assumptions of Theorem 1, one has, locally uniformly in r € R,
Z En —FE—1rh
W (7.1)
= Z Z p (tp# <Tp# + 1t — g%# — 27rk>) + O(h).

kEZ pegpig
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Proof. We note that W, = kW%, t, = kt,» and 0, = ko,x (see (C.4)) if p is a k-fold
repetition of p#. This allows us to write the periodic-orbit sum in (2.18) as a double sum
over the (finitely many) primitive periodic orbits and their repetitions.

Furthermore, a comparison of the left-hand sides of (2.18) and (7.1) reveals that the
latter requires the ‘classical’ energy to be E + rh. We therefore need to evaluate the
right-hand side of (2.18) at this energy. Using

W,(E + rh) = W,(E) + rit,(E) + O(h%) (7.2)

we obtain
i Wp# ™
35 (it e F 4075 o), (73
kEZ p#
The remainder estimate depends on p but is locally uniform in r. Applying Poisson sum-
mation to the sum over k proves the claim. [

The right-hand side of (7.1) suggests that in the vicinity of E one finds an eigenvalue
of opy(H), iff

;;# ) — gap# ~ ok (7.4)
In other words, together with (7.2) this would be some form of a Bohr-Sommerfeld quan-
tisation condition: E + rh is an approximate eigenvalue, iff

1
27ThW #(E+rh)=Fk+ Zlap#(E +rh) 4+ O(h) (7.5)

holds. In the following we want to explore to what extent such a relation can be derived
from the trace formula. Our approach uses the tools developed in [PP98| to estimate
eigenvalue clustering.

In order to determine the cases where (7.4) is fulfilled we now introduce some counting
measures. We assume that E is regular value of H. Then the energy surface H '(F)
consists of a finite and disjoint set of periodic orbits. In analogy to [PP98, p.23] we
introduce the function

Q(r; E,h) ==

1 [ Wy
T —

# — 1t #} , (7.6)
o h 2 P .

p#EPp

where [z]or = z mod 27 such that —7 < [z]a, < 7. We remark that, as a function of r,
each term in (7.6) jumps in value by one at the points in the set

W,
Qe (h) = {7‘ e R; { ;:# ;T o T 1ty } = 0}. (7.7)
2m

We now define
Noin(h, E,1) 1= | {p# € B Q)0 [, 2] 20}

Nonas (B, E,7) 1= Hp# Pt ()N { 3r 3r] 7& @} (7.8)

Y
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and relate these cardinalities to the function (7.6).

Lemma 14. If r > 0 is sufficiently small, then

Nmin(h>E>T) = Q (g;Ea h) - Q <_g;Ea h’) + O(T)
3r 3r (7.9)
Nmax(h>E>T) = Q (EaEJ:L) - Q (_?;Ea h) + O<7ﬂ)

Proof. We recall that 7] is finite since F is a regular value. Furthermore, r sufficiently
small means that Q,#(h) N [—=3r/2,3r/2] has at most one element. We then set Ny, ,# = 1
if [—r/2,7/2] N Q(h,p*) # 0 and Ny = 1 if [=3r/2,3r/2) N Q(k, p*) # 0. This gives

Q(5:B:h) =Q (=5 B.h) +0() = D Ny

2
pHEPy,
3r 3r (7.10)
Q (?7E7 h) - Q <_?aEa h) + O(’f’) = Z Nmax,p#>
PFEPE
which proves the claim. O

Since the number of primitive periodic orbits is finite we can always find wg > 0 and
ro > 0 such that for all r € [—rg, o], 0 < i < hy and p#* € P¥,

W «
‘ P p#t T Tl

h 2

> Wp. (711)

We remark that, in contrast to [PP98, Eq. (1.9)], in (7.11) an absolute value is taken.
We now define a local eigenvalue counting function as

N (B) = [{E, € o(opy(H)); |En — E| < rh}]. (7.12)

Here the eigenvalues in (7.12) are counted with their multiplicities. In view of the Bohr-
Sommerfeld condition (7.4) our aim therefore is to identify situations where, for small r,
one has Ng,(h) > 1. To this end we establish an upper and a lower bound for the local
eigenvalue counting function.

Proposition 2. There exist hyg > 0 and ro > 0 such that for all0 < r < rqg and 0 < h < hyg,
Nuin(h, E,7) < Ng,(h) < Nyax(h, E, 7). (7.13)
Proof. In a first step we prove the bounds
Nuin (R, E,1) — Cor + O,.(h)
< Np,(h) — %vol (H™(E)) (7.14)
< Niax(h, E,7) 4+ Cor + O,.(h)
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with some Cy > 0. In view of Lemma 14 this can be done very much in analogy to the
proof of [PP98, Theorem 1.1]. We note that in the present case the integrals over the
energy surface in [PP98] can be carried out since the Liouville measure of a periodic orbit
is known explicitly; it is d¢ when ¢ is the time coordinate. We also note that in the present
case the analogue of [PP98, Theorem 5.1] is given by our Theorem 1, and even includes an
improved error term.

In order to prove (7.13) we note that the first terms in the first and third line of (7.14)
are monotonously increasing in r. Since the first terms in each line of (7.14) are integers
we can neglect the terms with Cy, vol(H~!(E)) and O,(h) when h and r are sufficiently
small. [

Obviously, when under the conditions of Proposition 2 we have that Ny, (h, E,r) =
Nmax(h, E,7) := N then Ng, = N. Moreover, the upper bound for Ng, is easily obtained
by a combination of Proposition 2 and Eq. (7.8).

Corollary 2. With the assumptions of Proposition 2 we have Ng, < ‘mﬁ‘

We obtain the following consequence of Proposition 2:

Proposition 3. In addition to the assumption of Proposition 2, suppose thatl the exact

Bohr-Sommerfeld condition
w,
;L’# - gap# = ork. (7.15)

holds. Then for every h < hy we have Ng, > 1.

Proof. We have to show that Ny, (h, E,7) > 1 for every h < hy. But this follows if we
insert the Bohr-Sommerfeld condition (7.15) in (7.8) resp. (7.7). O

This proposition is the closest one can get towards a Bohr-Sommerfeld quantisation
condition on the basis of the trace formula only. Notice that our approach never makes use
of any eigenfunctions. Therefore, we have not relied on constructing quasi-modes, which
is the usual approach to Bohr-Sommerfeld conditions, see, e.g., [Cha03] for the case of
Toeplitz operators on compact Kahler manifolds.

8 Examples

In this section we discuss some simple examples. We begin with classical Hamiltonians
that are either of the form H(x,&) = H(x), or of the form H(z,&) = H(E).
When the classical Hamiltonian is of the form H(z) the equations of motion are

{=—0,H=—H' i=0H=0. (8.1)

The solutions of (8.1) are given by z(t) = x¢ and £(t) = & — tH'. We assume that the
energy I = H(xg) is not critical. A (primitive) periodic orbit is given when &(,#) = o +/e.
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Hence the primitive period is t,# = |l¢/H'(x0)|. Moreover, the action is W), = fex and
originates from the third term in (6.3).

The set Pg of periodic orbits of energy E is discrete, as E is non-critical. Periodic
orbits p € P can be labelled by the points xg € [0, ¢,) such that H(z¢) = F.

On the classical side it remains to determine the Conley-Zehnder index of a periodic
orbit. A short calculation shows that T®;Vy(H~Y(E)) = Vi (®,(H 1 (E))) for every t (see
Appendix C). Therefore, we have the extremal case that every point in the extended phase
space belongs to a caustic [Mei92, p.280]. From (C.3) we hence conclude that the Conley-
Zehnder index is equal to zero. A somewhat lengthy but straightforward calculation using
[Mei00, Lemma 8.3 indeed shows that the third and second term in [Mei94, Proposition
12] cancel each other in complete agreement with assumption (A2) in [Mei9%4, p.9].

With this input one can set up the trace formula (2.18) in the form

ZP (E _hEm> = Z mﬁ(o)(l +O(h))

m zo€H~1([0,42))

A ke o kteo
o 23 e () o)

zo€H~1(]0,05)) k€Z\{0}
(8.2)

This trace formula can also be proved directly, making use of the explicit knowledge of the
eigenvalues,

Em:H(%\T), m=1,... N, (8.3)
and rewriting
N N
EF-—-F, B 1 R it [ (e )]
mz::lp ( - ) =5 /Rp(t)n;eh dt. (8.4)

We apply [DF37, Theorem 4] to the sum on the right-hand side, and use the stationary
phase theorem for the emerging integrals over a variable x in addition to the integral over
t. The phase functions are ¢(¢,x) = t(E — H(x)) £nxle, so that the condition of stationary
phase gives £ = H(x) in the variable t, and —tH'(z) = Fnle in the varibale x. The first
condition determines the points xq labelling (primitive) periodic orbits of energy F, and
the second condition provides the periods of the orbits. Carrying out the stationary phase
theorem eventually gives (8.2).

The case of a classical Hamiltonian H(x,§) = H () is very similar. A particular example
of this leads to a discretised version of the negative Laplacian. As the Weyl symbol of the
Laplacian on R, i.e., the negative second derivative, is Hg(z, &) = £2, a naive guess of the
classical Hamiltonian leading to a discretised Laplacian would be to restrict this function
to F. However, on T this would correspond to a non-continuous function. Continuity could
be restored by choosing H(x,§) = (£ — l¢/2)? for (z,§) € F. Although this function is not
smooth on T, an operator opy(H) could still be defined using (2.3) or [Ligl6, Theorem
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2.3]. Its eigenvalues are

l 1\?
Em—H(%m>—(%—§) 2, m=1,...,N, (8.5)

and one could use this explicit expression to set up a trace formula.
A reverse approach would be to start with the ‘natural’ discretised Laplacian as a
difference operator, e.g., defined on (5(Z) as

(_Af)n = _(fn—l-l + fao1 — 2fn)7 (fn> S gQ(Z)- (8'6)

In the present context, where op (H) is an operator on CV expressed in terms of the phase-
space translations (2.6), the closest analogue to (8.6) would be (2.7), see also [dFdM10,
p. 160]. It then follows from (2.8) that in order to realise this operator as opy(H) one has

to choose 2
H(z, &) = 2—;2 (1 — cos <%)) : (8.7)

which is independent of z. Hence, in analogy to (8.5) the eigenvalues of the discretised
Laplacian —h?A are

5? 2mm
Emizﬁ<1—COS(T)>, mzl,...,N. (88)
Y

. . . . 2
Zero is always a non-degenerate eigenvalue. If IV is even, the largest possible value % is
also a non-degenerate eigenvalue. Every other eigenvalue is two-fold degenerate.

As a final example we mention (a variant of) the Harper model [Har55] with classical

Hamiltonian 5 )
H(z,&) = cos ( ;x) + cos (%) : (8.9)
x ¢

In F the critical points of this function are given by (0,0), (¢,/2,0¢/2), (0,¢¢/2) and
(0:/2,0). At the first point H takes a maximum, at the second a minimum and the
other two are saddle points. The energy surface H~1(0), as seen in F, is the straight line
connecting the two saddle points plus its continuation connecting the points (¢,/2, ¢) and
(U5, 0e/2). Therefore, every periodic orbit on the torus is a projection of a periodic orbit in
the covering space. Hence, its action (6.3) has s = 0 and, in absolute value, is the phase
space area enclosed by the orbit. The Conley-Zehnder index is 0, = 2 for a (primitive)
orbit at positive energy, and o, = —2 at negative energy.

With all this input one can then evaluate the trace formula (2.18), as well as the
quantisation conditions discussed in Section 7. The latter are rigorous versions of the
condition (1.9) in [Harb5], or (2) in [GAO03].
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A Explicit comparison of anti-Wick and Weyl quan-
tisations

Anti-Wick quantisation is an alternative to the Weyl quantisation (2.3)—(2.6), and in this
appendix we provide explicit expressions for the matrix elements of anti-Wick operators;
for details see [BD96].

If f € C®(T) is a classical observable, its anti-Wick quantisation is the operator

oot (1) = 55 [ F@.6) Pla6) dade, (A1)

in CV, where
/ N S et Rt e [ (S ontems) 4 (Semea—s) ] (g g
nmEZ

is a projector on a coherent state localised at (z,&) € T. (Here we used the definitions of
[BD96] with the choices k = (0,0), z =1 and (a,b) = (£, ).)

Proposition 4. Let f € C*(T), then the matriz elements of the anti-Wick operator
AW
opy" (f) are

OPN
\/ ZG_R Tk—n KQ/ A ng (z,§) eh J:fk_") ””e_%[z‘_<%&;_%$)}2 d¢ de.
13

(A.3)

Proof. We use (A.2) in (A.1) and interchange integration and summation, exploiting the
exponential damping term. We then use the identity

e—ﬁ[(%—nfz—x)2+(%—m€z—x)2] — e—%[z—(%ém—"giéz)]Qe—ﬁ(%—(n—m))%% (A4)

Y
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shift the summation index, n — m = u, and change variables in the z-integration, x —
x + ml,. Hence we obtain

OPN j
f Z & () / )3 / T (et - (30 p0, ) do e,
(A.5)

where in the last step we used f(z + [,,&) = f(x,£). The summation over m can now be
carried out, proving the claim. O

More explicit expressions can be obtained when f depends either on only x or . First
assume that f(z,£) = p(z), then the {-integration can be performed, yielding

Opﬁw(f)jkzdjk\/g/; () e—%(x—ﬂﬁr) dz. (A.6)

With the Fourier expansion

= Z ©n e27rini (A7)

NneZ
this becomes -
l—n _pTn
oA (f)jn =0k > _pne N e E (A.8)
nez

If, however, f(x,&) = ¢(§), then the a-integration can be performed,

] 1 -
Opﬁw(f)jk = e_ﬁ I n) EQ / #(§ eﬁ on)te " dg. (A.9)
nez
With the Fourier series .
= e (A.10)
MEZL

this simplifies to

_prltmsn)?
Opﬁw(f)jk = Z Pk—j+nn € E . (A.11)
neZ
As an example, the anti-Wick quantisation of the classical Hamiltonian (2.8) with potential

V(z) = cos(ifm) as in the Harper Hamiltonian (8.9), is

N? —niy 25\ _p
Op]f\lfW(H)jk = 7 (0jk—1+0jk+1 —2) € %4 ;i cos <WJ) e . (A.12)
We contrast this with the Weyl quantisation of the same symbol,
H). — i 5 5 2) 4§ 2m) A3
opy )jk = _6_2( k-1 01 — 2) + 0k, cos N ) (A.13)
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which is a discretised Schrodinger operator in the usual sense.

From this example one concludes that Weyl quantisation allows one to represent discre-
tised Schrodinger operators, or indeed other difference operators, using an h-independent
symbol. If one were to represent the same operator in the framework of anti-Wick quanti-
sation one would have to use a symbol with an A-expansion in all orders.

B A semiclassical summation formula

In this appendix we prove a technical statement which is applied in the main part in several
places. For that purpose we need the following preparation where, for simplicitly we denote
either of the ordered pairs (¢, l¢) or (¢, £,) by (¢,0%).

Lemma 15. Let a € CJ(0,0), and let ¢ € C(R) be such that there exists v € Z with

(v =1 < ¢'(t) < (v+ 1)L (B.1)
Then
/ N-1 . ¢
N Z a(%)eﬁ¢(ﬁ) = / a(t)eh(‘b At + O(h™). (B.2)
n=0 0
Proof. Taking into account that
2rN U7
T B.
A (5.3

and applying the Poisson summation formula, see e.g. [DF37, Theorem 4], gives

N-1

€ n ¢ i > ¢ i *
a ”ﬁ é) :/0 a(t)er®® dt+22/0 a(t)en®® cos(%)dt. (B.4)
n=1

=0

3

The phase ¢ in the first integral has no stationary points in supp a, whereas the stationary
points in the second integral are determined by ¢'(t) = +nf*. Due to (B.1) this gives
n = |v|, and therefore only one term in the sum over n exceeds O(h*). Hence (B.2)
follows. 0

This Lemma is an essential ingredient needed to prove the following statement.

Proposition 5. Let H € C*®(R?) be periodic with respect to (,7 & lZ, and let h €
C>(ule, (u+ 1)le), where p € Z. Define

p(x, &) = x§ — h(E), (B.5)

and assume that A € C*(R) is compactly supported in (,ufg, (u+ 1)65). Moreover, let k.
be of the form (5.24) and define

a(z,§) = re(z — h'(€))al§). (B.6)
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One then obtains for every fixed | € 7

2 _x_/ H (y,m)en "= )dy / a (T, §)en?EmOdg
p— N e Jo le

|l77n\§Nﬁ (B7)
b 1
= [ HQAQer9dg + O(h).

where the error estimate depends uniformly on [.

Proof. We first notice that the support of k.(x — h/(§)) is compact, and therefore the
function is bounded. Thus the second integral on the left-hand side in (B.7) is uniformly
bounded with respect to x,, and hA. The first integral is a Fourier integral, and since H is
smooth, it is of size O(|l —m|~*°). Hence, we can add further terms to the series such that
it includes exactly N consecutive integers myg, ..., mg + N — 1 centered around [, causing
an error of size O(h>).

Since n € [0, le] and (p— 1)le < € < (pu+ 1)le, we have (u — 2)le < & —n < ple. Thus
we can apply Lemma 15 with v = p — 1 and obtain

(ut+1)ee

b, [* ; 1
Z N / H (2, ﬁ)eﬁ(xl_x"‘)ndn/ Az, €)er @O g
m, N 0 L

1
1 3

li—m|<N M (B.8)
le  p(p+1)le .
:// / a(:r,§)H(xl,n)eﬁ¢l(x’5’")d:rd§d77+O(hoo),
RJO ple

where
o1z, &,m) = x(& —n— (p—1)le) — h(&) + . (B.9)

Regarding £ as a parameter, we can approximate the integral over x and n with the
stationary phase theorem. The Hessian of the phase function satisfies | det Hess ¢;| = 1
and sgn Hess ¢; = 0, and the stationary points are given by x = z; and n = — (u — 1)/e.
Since by (B.6) the function a is constant with respect to  in an e-neighbourhood of
{(W(£),6); & <& < & + A¢}, all subleading terms of finite order in & vanish. Therefore,

le p(pt1)ee
/ / / a(, €)H (w1, n)et @6 drdedy

—27Th/ ($l7§) (xl’g uﬁf)eh‘m(“sg ple) d£+0(hoo) (B.lO)

/ H(x,§) eh[l”g_h(é)}df + O(hoo).
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C The Conley-Zehnder index

We outline the definition of the Conley-Zehnder index using results and notations of [Dui76,
Mei94].

Let (E,w) be a symplectic vector space. Its Lagrangian Grassmannian A(FE) is the set
of all Lagrangian subspaces of E. Given Ly, Ly, Ly € A(E), we define on Ly @ Ly & Ls
the quadratic form Q(x1, z2, 23) = w(x1, T2) +w(T2, T3) +w(zs, 1), as well as its signature
s(Ly, Ly, L3) :=sgn @

Suppose now that L; and Ly depend on t € [a, b], and that Lj is transversal (see [Leel3,
p. 143]) to Ly and L, for all t € [a,b]. We then define [Mei94, (5)]

(L1 2 Lol = %[S(Ll(a)a Ly(a), Ls) — s(L1(b), L2(b), Ls)]. (C.1)

Let 0 =ty <t <...<t, <...<ty =T be a partition of [0,7] and assume that for
every subinterval [t,_;,t,]| there exists Ls, € A(E) such that L, Ly and L3, satisfy the
above requirements. We then set

k
Lyt LoJg = [Ly: Loy . (C.2)

v=1

Now let (M,w) be a symplectic manifold, with cotangent bundle = : T*M — M. The
vertical bundle V), is defined by Vjs(p) = ker T7T|p, p € M, where T 7 is the differential
of the projection 7, and is a Lagrangian submanifold. We assume that a Hamiltonian
H € C*(M) is given that generates a Hamiltonian flow ®;. We also assume that A € R is
a regular value of H and that p is a periodic orbit of ®, in H*(\) C M with period ¢,.

We now assume that dim M = 2. Then a periodic orbit p itself is a Lagrangian sub-
manifold. Using [Mei94, (A2) p.9] we now define the Conley-Zehnder index of a periodic
orbit p by [Mei94, p. 10],

tl’

o = | T WVarla) : Vi (97, (@)] . (C:3)

where ¢ is an arbitrary point on p; the expression (C.3) is independent of the choice of g.
In a two dimensional phase space the Conley-Zehnder index is additive, i.e.,

op = kops, (C4)

if p is a k-fold repetition of a primitive periodic orbit p*, see [Mei94, p. 10].
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