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Abstract

Cylindrical bending of multilayered plates with thin compliant interlayers is studied through a homogenized structural model.
The layers are homogeneous and orthotropic with principal material axes parallel and normal to the plane of bending and
the interlayers are represented as sliding interfaces controlled by interfacial tractions which depend linearly on the relative
displacements of the adjacent layers. The formulation is based on the zigzag theory formulated in Tessler et al. (J Compos
Mater 43:1051-1081, https://doi.org/10.1177/0021998308097730, 2009) for fully bonded beams and the multiscale strategy
in Massabo and Campi (Compos Struct 116:311-324, https://doi.org/10.1016/j.compstruct.2014.04.009, 2014), which is used
to include the imperfect interfaces in the homogenized description of the problem. The kinematic variables are independent of
the number of layers or imperfect interfaces and equal to four. The problem is solved in closed form on varying the interfacial
stiffness between zero and infinite, which are the limiting values used to describe unbonded layers (traction-free interfacial
sliding) and fully bonded layers (no sliding). The model accurately predicts global and local fields in highly anisotropic, simply
supported, thick plates; some limitations are observed and discussed in the presence of in-plane material discontinuities and
clamped supports. The model is applicable to study the elastic response of layered composites with adhesives interlayers or

composite assemblies fastened by uniformly distributed mechanical connectors.

Keywords Structural theory - Laminated plate - Homogenization - Interface mechanics - Interlayer

1 Introduction

Layered composite structures, such as laminated and sand-
wich beams, plates, and shells, are largely used in aero-
nautical, aerospace, marine, energy, automotive, and civil
applications, mostly because they can be tailored, by proper
selection of materials and stacking sequences, to achieve
unique properties, e.g., high strength-to-weight ratios, energy
absorption, fatigue life, and environmental resistance. Typi-
cal composite laminates are made of fiber-reinforced polymer
and ceramic or metallic layers; other examples of lay-
ered systems are cross-laminated timber, steel-concrete, and
fiber-reinforced plastic—concrete assemblies and laminated
glass.

B Roberta Massabo
roberta.massabo @unige.it

Department of Civil, Chemical and Environmental
Engineering, Polytechnic School, University of Genova, Via
Montallegro 1, 16145 Genoa, Italy

The bonding between the plies in a layered structure
may not always be strong enough to preserve the structural
integrity and prevent relative displacements of the adjacent
layers. This can be due to manufacturing defects, or to dam-
age caused by in-service loads and environmental effects;
or it can be a consequence of the presence of compliant
elastic or inelastic interlayers. In layered wood or steel-con-
crete structures with layers joined by mechanical fasteners,
such as nails, dowels, and screws, relative motion may occur
due to elastic and inelastic mechanisms occurring within
the connectors, the surrounding material, and their interface.
In marine applications, bonding of the layers may weaken
because of collisions with other marine vehicles or floating
debris or waves slamming against the hull, or due to mois-
ture ingress and sea-water effects (Penumadu 2018). The
effective properties, global mechanical response, and local
fields of layered structures are highly affected by the sta-
tus of the bonding between the constitutive layers, see, for
instance, (Goodman and Popov 1968; Vanderbilt et al. 1974;
Foschi 1985), for experiments on layered wood beams and
floors connected with mechanical fasteners, and (Jain and
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Mai 1994; Massabo et al. 1998; Cox 2005), for experiments
and models on through-thickness reinforced laminates.

In this paper, a homogenized structural model is formu-
lated for the linear static analysis of layered beams and
plates in cylindrical bending with thin compliant interlay-
ers. The model introduces zero-thickness interfaces in the
zigzag theory formulated in Tessler et al. (2009) using the
homogenization strategy proposed in Massabo and Campi
(2014). The problem is described by a fixed number of dis-
placement variables, independent of the number of layers,
with advantages, both computational and analytical, over the
most common approaches based on a discrete description of
the problem. In the remaining of the “Introduction”, different
modeling approaches formulated to study layered structures
with imperfect bonding will be discussed, with focus on the
two models which will be used in this work, and the advan-
tages and limitations of the model proposed here will be
highlighted.

Thin interlayers in a layered structure can be modeled
as regular discrete layers by directly accounting for their
geometry and material properties in the analysis. However,
this increases the number of unknown variables in ana-
lytical modeling and makes the solution computationally
expensive for structures with many layers, also in the elastic
regime. Moreover, the numerical description of thin interlay-
ers is cumbersome and very fine discretizations are required.
Similar difficulties are encountered when through-thickness
connectors are represented explicitly in the numerical dis-
cretization of the problem. Special finite elements, theoretical
and numerical techniques, and interface models have been
formulated to describe interlayers, the action of distributed
connectors or damaged interphases and delaminations and
incorporate their effect into the analysis (Newmark et al.
1951; Adekola 1968; Goodman and Popov 1968; Murakami
1984; Carpenter and Barsoum 1989; Edlund and Klarbring
1990; Allix and Ladeveze 1992; Girhammar and Gopu 1993;
Jain and Mai 1994; Bai and Sun 1995; Hansen and Spies
1997; Massabo et al. 1998; Mi et al. 1998; Adam et al. 2000;
Heuer and Adam 2000; Alfano and Crisfield 2001; Andruet
et al. 2001; Girhammar and Pan 2007; Xu and Wu 2007;
Campi and Monetto 2013; Lenci et al. 2015). For layered
structures with one or two in-plane dimensions much larger
than the thickness, models have been formulated based on a
priori assumptions on the through-thickness variation of the
primary variables, typically the generalized displacements,
using axiomatic approaches, e.g., equivalent single layer, lay-
erwise, and zigzag theories (Abrate and Di Sciuva 2018).
Equivalent single-layer theories are computationally simple,
but unable to reproduce the complex stress and displacement
fields which occur in layered structures due to the inhomo-
geneous material structure and the presence of compliant
interlayers. Layerwise theories may accurately describe the
mechanical response of highly anisotropic and relatively
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thick structures, also in the presence of thin interlayers or
delaminations (Reddy 1987; Lu and Liu 1992; Andrews et al.
2006), at the expense of a large number of unknowns.

The zigzag theories offer a good compromise between
computational simplicity and accuracy thanks to a multi-
scale treatment of the problem (Di Sciuva 2015; Abrate
and Di Sciuva 2018). To describe structures with perfectly
bonded layers, the global displacement field of an equiva-
lent single-layer theory is enriched by through the thickness
zigzag functions to account for the effects of the local inho-
mogeneous material architecture (Di Sciuva 1986, 1987,
Murakami 1986; Cho and Parmerter 1993; Averill 1994;
Aitharaju 1999; Tessler et al. 2009). The zigzag functions are
then derived as functions of the global variables by imposing
continuity conditions at the layer interfaces and field equa-
tions are obtained and solved in terms of the global variables
only. The zigzag theory in Tessler et al. (2009) assumes
the kinematics of the Timoshenko beam theory, which is
enriched by an additional global variable and a piecewise lin-
ear zigzag function. The zigzag function is defined in terms
of the global variables through continuity conditions on the
shear tractions at the layer interfaces. The theory improves
the description of the shear strains of the original theory in
Di Sciuva (1986) leading to a better description of clamped
supports, and is well suited for finite-element formulation,
since it requires only C%-continuous shape functions.

Thin interlayers can be represented in the homogenized
approach of the zigzag theories as regular layers (Aver-
ill 1994) or zero-thickness interfaces. The latter approach,
which was introduced in a number of papers in the literature
in the 90s, was first solved in an energetically consistent way
in Massabo and Campi (2014), for beams and wide plates,
and in Massabo and Campi (2015), for general plates. The
mechanical response of the interfaces is described through
interfacial constitutive laws which relate the interfacial trac-
tions to the relative displacements of the adjacent layers and
may be used to approximate the response of thin interlayer.
The models have been formulated for generally nonlinear
interfacial traction laws, to describe mixed mode cohesive
interfaces and delaminations. They couple a global equiva-
lent single-layer theory and a local cohesive interface model
through the introduction of zigzag functions which are piece-
wise linear in the thickness with discontinuities at the layer
interfaces. The homogenization technique is similar to that
of the classical zigzag theories and uses the assumed interfa-
cial traction laws to equate the tractions at the layer surfaces
to the interfacial tractions and relate them to the relative
displacements of the layers. Models based on the homog-
enization strategy in Massabo and Campi (2014) have been
used to accurately predicts local and global fields generated
by thermo-mechanical loading in layered thick beams with
continuous linear-elastic interfaces (Pelassa and Massabo
2015), to obtain approximate closed-form solutions of wave
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propagation problems (Massabo 2017) and fracture mechan-
ics solutions for beams with mode II dominant traction-free
delaminations (Darban and Massabo 2017a). One limitation
of this homogenized approach for plates with fully debonded
interfaces is the inability to account for the contribution of
the shear deformations to the global transverse compliance;
this is a consequence of the assumed interfacial continuity
which implies zero transverse shear strains in beams, where
the interfacial tractions vanish (see discussion later in the
paper); in addition, fictitious boundary layers occur, under
certain conditions, at the boundaries or at the crack tip cross
sections (Massabo 2014; Pelassa and Massabo 2015), which
complicate the solution of the problem.

In this paper, the zigzag theory in Tessler et al. (2009) is
extended to account for the presence of zero-thickness linear-
elastic interfaces following the approach in Massabo and
Campi (2014). The model describes the linear-elastic regime
of structures with thin compliant interlayers, e.g., adhe-
sives, offering an efficient alternative to the zigzag models
which treat the compliant interlayers as regular layers (Averill
1994). More importantly, the model is applicable to lay-
ered structures joined by uniformly distributed mechanical
fasteners (nails, dowels, or screws), where the actual thick-
ness of the interfaces is zero and classical zigzag approaches
would not be applicable. The model maintains the advan-
tages of the theory in Tessler et al. (2009) in the treatment
of shear deformations thereby offering a solution to the lim-
itations of the homogenized models which are based on the
original zigzag functions, e.g., Di Sciuva’s zigzag function,
see list in Massabo and Campi (2014). The model yields
closed-form solutions, in terms of four global displacement
variables, for the asymptotic limit of fully debonded layers,
which describes very compliant or fully damaged interlay-
ers or the absence of mechanical connectors. The interfacial
mechanisms are described by a single parameter, namely,
the stiffness of the interfacial traction law; this allows to eas-
ily investigate and understand the effects of the status of the
bonding on global and local fields and to define a global mea-
sure of the action developed by the interlayers/connectors
which can be obtained, for instance, from in situ global mea-
surements through the solution of an inverse problem. Some
limitations of the approach in treating clamped supports and
in-plane material discontinuities will be discussed in depth
in the paper.

The formulation is limited to beams or plates in cylindrical
bending and linear-elastic interfaces, which are assumed to be
rigid against interfacial openings. It can be extended to model
2D structures and generally nonlinear interfaces following
the methodology in Massabo and Campi (2015).

This paper is organized as follows. In Sect. 2, the prob-
lem is defined and the model assumptions are presented.
In Sect. 3, the homogenized structural model is formulated
and equilibrium equations are derived using a variational

technique. In Sect. 4, the model is applied to study sim-
ply supported and cantilevered plates with different layups
and interfacial conditions and its accuracy verified through
comparison with elasticity solutions and structural mechan-
ics discrete layer models; some limitations of the model in
describing plates with in-plane discontinuities, e.g., finite
length imperfect interfaces, and clamped supports are dis-
cussed. Conclusions are presented in Sect. 5.

2 Model assumptions

A multilayered wide plate is illustrated in Fig. la, with
x1—x2—x3 a system of Cartesian coordinates. The reference
surface, S, is defined by the plane x3 = 0 and the dimensions
along x1, xp and x3 are Ly, L, = L with L| > Ly, and h.
The plate is subjected to static loads, which are independent
of x1 and act on the upper, S*, lower, S~, and lateral, B (with
normal parallel to x,) bounding surfaces. It is composed of
n linearly elastic, homogenous, and orthotropic layers with
principal material axes aligned along the coordinate axes.
The layer k, with k =1, ..., n numbered from bottom to top,
has thickness ®'4 and lower and upper surfaces, © S~ and
(®)§*, at the coordinates x3 = xé‘*l and x3 = xé‘ [the super-
scripts (k) on the left and & on the right of a quantity show
association with the layer k and with the interface between
layers k and k + 1, respectively]. The layers are joined by
n — 1 interfaces, which are zero-thickness mathematical sur-
faces, where the material properties and displacements may
be discontinuous. The interfaces approximate the behavior
of thin elastic interlayers or the elastic action of mechanical
fasteners used to join individual layers. The plate deforms in
cylindrical bending parallel to the plane xp—x3, Fig. 1b.

The layers are assumed to be incompressible in the thick-
ness direction and the transverse normal stresses, X o33,
to be negligible compared to the other stress components.
These assumptions are acceptable if the response is studied
in regions far from boundaries, concentrated loads, or geo-
metric discontinuities. The constitutive equations of the layer
k are derived by particularizing the 3D constitutive equations
to plane strain and imposing ®)o33 = 0. This yields, for k =
1, ..., n:

Bogy = PCpWen,

By = 0142055, (D

with (k)oij and (k)sij, for i, j =2, 3, the stress and strain
components, and (k)C_'zz = (k)(sz — (C23C3,/C33), where
(k)C,' j for i, j =2, 3, 4 are the coefficients of the stiffness
matrix. The model presented in this paper is applicable to
beams by replacing ©)C,, with the Young’s modulus in the
x7 direction and referring to the load acting per unit width.
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Fig. 1 a Multilayered wide plate

with continuous imperfect or

fully debonded interfaces. b

Cross section in the plane x,—x3 (a)
with applied loads. ¢ Interfacial

tangential tractions 6§ acting on

the surfaces of layers k and k + X,
1. d Interfacial traction law

Ll
= x
! bt
%
;{ L=L
Layer k
Imperfect
interfaces
(c)
(b) X 4 Layer k+1
| #ITooT
m Layer k Layer k
:
X,
h Txi - T '

Imperfect
interfaces

The mechanical behavior of the interface between the lay-
ers k and k + 1 is described by a linear-elastic interfacial
traction law, which relates the interfacial tangential tractions
(Fig. 1c), 8§ (x2), to the interfacial sliding jump:

05 (x2, x5 = x5) = © Dy (xa, x3 = x5) — Doy (g, 13 = x5),
(2)

through

6k(n) = KED&(x2), )

with K ’S‘ the interfacial tangential stiffness, Fig. 1d, and
®yy (x2, x3) the component of the displacement vector along
the x»-axis. The law with K § = 0, which results in 6§ =0,
describes fully debonded layers, and with 1/K ’S‘ = 0, which
results in 612‘ = 0, represents fully bonded layers.

The assumed traction law well describes the response to
shear loading of thin elastic interlayers, such as adhesive lay-
ers, in the absence of residual stresses. For a thin interlayer of
thickness # and shear rigidity, ®c 44 the interfacial stiffness
is Kg = ®WC,,/h. If the traction law in Eq. (3) is used to
describe the initial elastic response of uniformly distributed
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mechanical fasteners, the interface stiffness depends on the
geometrical and material properties of the connectors, the
surrounding material and their interface. It can be determined
experimentally, e.g., (Goodman and Popov 1968; Vander-
bilt et al. 1974; Oehlers and Coughlan 1986), or through
micromechanics modeling, as in Gelfi et al. (2002) for a stud
embedded in a concrete—wood beam or in Cox (2005) for a
through-thickness reinforcement embedded in a polymeric
laminate. The linear-elastic law in Eq. (3) does not describe
the nonlinear mechanisms related to damage and fracture
of the interlayers or the nonlinear behavior of the connec-
tors. To extend the model to describe nonlinear interfaces,
the methodology formulated in Massabo and Campi (2014),
which introduces piecewise linear cohesive traction laws, can
be applied.

The interfaces are assumed to be rigid against relative
opening displacements and the transverse displacements of
the adjacent layers coincide at the interface, (k)vg(xé‘) =
(k+1)v3(x§). This assumption has been previously used in
the literature, e.g., (Schmidt and Librescu 1996; Di Sci-
uva 1997; Di Sciuva et al. 2002), and is acceptable when
the relative opening displacements at the interface are zero,
due, for instance, to emisymmetric conditions, or negligible
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Fig.2 Schematic description of the assumed displacement field in a three-layer laminate (a), global displacement (b), and local enrichment (c)

with respect to the sliding displacements due, for instance,
to special loading/geometrical conditions. The assumption is
acceptable when dealing with practical applications of lami-
nated and composite plates, which often involve compressive
transverse loads, for example, the hulls of marine vehicles.

3 Model formulation
3.1 Global and local variables and fields

Following the zigzag theory formulated in Tessler et al.
(2009) for fully bonded beams and applying the method-
ology developed in Massabo and Campi (2014) to account
for the presence of imperfect interfaces in a homogenized
description of the problem, the longitudinal and transverse
displacements in the layer k of the plate are assumed as
(Fig. 2)

By (x2, x3) = v02(x2) + X302(x2) + 62(x2) P (x3),

®v3(x2, x3) = wo(x2). 4

The two-length scale field is controlled by four global
variables, vg2(x2), ¢2(x2), wo(x2), and 02(x3). The first three,
v02(x2), ¥2(x2), and wo(x2), correspond to a first-order shear
deformation theory, Fig. 2b; if the reference surface coincides
with the bottom or top surfaces of the plate, voy(x7) is the lon-
gitudinal displacement of the reference surface, ¢>(x>) is the
rotation of the normal to the reference surface, and wg(x2)
is the transverse displacement. The fourth global variable,
02(x>), defines the variation along x, of a local enrichment
function, ®¢(x3), which is introduced to account for the
inhomogeneous material structure and the presence of imper-
fectinterfaces. The function (k)¢(x3) is independent of x; and

assumed to be linear in the thickness of the layer and zero at
the upper and lower surfaces of the plate (Fig. 2c):

®px3) = OB — x5+ %(xé‘—l)%,

W) = Vgpxd) = 0, (5)

with ® 8 = g (x3) 5 the slope and ©p(x5~") the value at
the lower surface of the layer. The enrichment functions in
the n layers of the plate define a local zigzag field which is
piecewise linear with discontinuities at the layer interfaces,
where in general, (k)d)(xé‘) # (k+1)¢(x§), Fig. 2c.

The displacement field in Eq. (4) is defined by 2 x (n — 1)
local unknowns, (k)ﬂ fork=1,...,n,and (k)¢(x§_l) fork=2,
.n— 1, since Vp(x) = 0, Wp(x) = 0 and Wp(x§ ") =
— MMy after Eq. (5). The local unknowns will be defined
as functions of the global variables through the imposition
of continuity conditions at the layer interfaces in the next
section.

The displacement field in Eq. (4) is similar to those
assumed in the theories developed in Di Sciuva (1986,
1987) for fully bonded plates and in Massabo and Campi
(2014) for plates with imperfect interfaces, which would
be obtained by imposing the kinematic constraint 6,(x2) =
@2(x2) + wo 2(x2). The additional variable, 6,(x2), is intro-
duced to better describe the transverse shear strains; this is
useful, as it will be shown later, in problems with imperfect
or fully debonded interfaces.

The strain and stress components in the layer k are derived
using the displacement field in Eq. (4), linear compatibility
and the constitutive Eq. (1):

( k)

Pex(xa, x3) = Py a(xa, x3)
= v02,2(x2) + x392.2(x2) + 02 2(x2) P (x3),
2Wer3(xa, x3) = Pva 3(x2, x3) + ©v3 2(x2, x3)

= 2(x2) + wo 2(x2) + B2 (x2) P B. (©6)

@ Springer

Journal: 41939 MS: 0032 [ JTYPESET [_|DISK [_]LE [_]CP Disp.:2018/8/24 Pages: 21 Layout: Large ‘

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355



Author Proof

356

357

358

359

360

361

362

363

364

365
366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

392

393

394

395

396

Multiscale and Multidisciplinary Modeling, Experiments and Design

B (x2, x3) = ©Coplven.2(x2) + x302.2(x2)

+622(x2)Pp(x3)1,

®op3(x2, x3) = © Caslga(x2) + wo 2 (x2) + 02 (x2) P 1.

)

The bending strains and stresses are piecewise linear
through the thickness and discontinuous at the interfaces.
The transverse shear strains and stresses are piecewise con-
stant; the strains depend on a global contribution, ¢2 + wo 2,
which is constant through the thickness and a local contribu-
tion, 92(1‘) B, which may differ in each layer. The transverse
shear stresses can be rewritten as

By = O Cul(@r +wo)(1+XB) + © (6 — 2 — wo2)]
(8)

which will prove useful in the following derivation.

The interfacial sliding jump at the interface &, 13]2‘ (x2) in
Eq. (2) is obtained from the displacement field in Eq. (4)
as

04 (x2, x5) = ) [F V(%) — Db, )

Equation (9) shows that when the layers are perfectly
bonded to each other and ﬁlz‘(xz) = 0, then ("+1)¢(x§) =
() q)(xé‘ )and the zigzag contribution is C® continuous through
the thickness. In this case, the displacement field is C 0 con-
tinuous, with discontinuous first derivatives and coincides
with that of the original zigzag theory proposed in Tessler
et al. (2009) for fully bonded beams. In the presence of
imperfect interfaces, d5(x2) # 0, ®*Dg(xk) # Bph),
and the displacement field is discontinuous at the inter-
faces.

Imposing the kinematic constraint 6(x2) = @a(x2) +
wo,2 (x2), the transverse shear stresses and relative displace-
ments in Egs. (8) and (9) would modify as

Bg3(x2, x3) = O Caslr + wo2)(1 + ©B)
0 o ' forr = @y + wo 2,
Ulz‘ (x2) = (2 + woyz)[(k"l)qj(x;‘) _ (k)¢(x§)] h = @2+ wo,2

(10)

and coincide with the transverse shear stresses and relative
displacements assumed in Massabo and Campi (2014).

3.2 Derivation of the enrichment functions

The local variables in Egs. (4) and (5), ®g fork =1, ...n,
and (k)¢(x§_1) for k =2, ...n — 1, are defined in terms of
the global variables following the procedure formulated in
Tessler et al. (2009) for beams with fully bonded layers. The
procedure is briefly recalled below and it will be extended
later to plates with imperfect interfaces to describe layered
structures with thin compliant interlayers.

@ Springer

3.2.1 Fully bonded layers

A continuity condition is first applied on the shear traction
vectors acting at the upper and lower surfaces of the layer k
and k + 1 which are related to the shear stresses in Eq. (10).
This implies equating only the part of the traction vectors
which is related to the first term of the shear stresses in Eq. (8)
and yields

ED (1 +®D gy = O g1+ ©p). (11)

Imposing the same condition at each interface shows that

©eua+9p) =a, (12)
for k =1, ..., n —1, with G a constant, which describes
the homogenized shear rigidity of the plate. The constant
G is derived by imposing a continuity condition on the
longitudinal displacement at the layer interfaces, namely,
kD, (xk) = ® v, (x%) for k =1, ..., n — 1. This and Eq. (9)
yield ¥ Dg(x%) = Bgpxk). Since WpPp = Bpxk) —
(k)q)(x];_l), from Eq. (5), integration on both sides over the
thickness yields Y 7_; ®p®n = Me(x7) — Dp(xd) = 0
and, by substituting ® g = G/® Cyy — 1, after Eq. (12):

h

n Op -
di=1 Doy,

The remaining local unknowns in the displacement field
of Eq. (4), (k)qﬁ(xlg_l) for k =2, ..., n — 1, are obtained
using the relations (k)¢(x§) — (k)q)(xgc_l) = (k)ﬂ(k)h and
(k“)(p(xé‘) = (k)¢(x§). This yields the recursive formula,
kDgp(xky = R MR + B p(xi~1), which relates the value
of the zigzag function on the lower surface of the layer
k +1 to that on the lower surface of the layer k. Using
the recursive formula to relate (k+l)¢(x§) to (l)qb(xg) =0
yields

G = (13)

k—1
Opd™h =Y [V0n), (14)
i=1
for k =2, ..., n, and the enrichment function in a plate with
perfectly bonded layers is
G
(k) _ . k-1
¢(.X3) _<(k)C44 1>(X3 X3 )
k—1
G .
_11®
S I
=

3.2.2 Layers with imperfect interfaces

To describe plates with imperfect interfaces, the method
described above is applied to a plate, where n — 1 thin elas-
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Fig. 3 a Layers joined by
zero-thickness imperfect (@) (n) (b) (n)
interfaces. b Layers joined by
thin interlayers. ¢ Zoom of the . Ly .
interlayer k with schematic of / . 4 / ° / _
the zigzag function Interface k_ (k+1) (k+1) _ l:aYer (k)
ba J— h—0
) = |w

(© /L /L

(k+1) ‘“”¢(x;" +Z) /Layer (l;)
_— < h—0
(k) ©g(x)

tic interlayers k of thickness / are introduced between the
regular layers of the model, Fig. 3b; the thickness of the
interlayers will then be made to vanish, h — 0, to describe
the plate with imperfect interfaces in Fig. 3a. The plate in
Fig. 3b has 2n — 1 fully bonded layers, n regular layers and
n — 1 thin interlayers, and thickness 4 + (n — D). The lower
and upper surfaces of the layer k for k =2, ...n, are at the
coordinates x§_1 +h and x13‘.
The constant G in Eq. (13) modifies as

G h+(n—Dh -

n Op n—1 _h
Zi:l D Cyy * Zf:l D Cyy

(16)

and the slopes of the enrichment functions in the layer and
interlayer, k and k, are (Fig. 3¢c)

kg _ _
() Cyy ’

: G

©p=—-—1, (17)
() Cyy

where the superscript (e) on a quantity is used to show
association with the interlayer. The imposition of the con-
tinuity condition on the longitudinal displacements at the
interface between the regular layer k and the interlayer k — 1,

(k) vz(x§_1 +}_z) = (’E_l)vz(xé‘_] +ﬁ), modifies the enrichment
function in Eq. (14) as

k—1 k=1
Opeh ™+ =>"Dp0n+> "D, (18)
i=1 i=1

In the limit for # — 0, the thin interlayer can be used to
describe the zero-thickness interface, Eq. (3), by imposing
that ®9, = Oyy(xk + 1) — Pvy(xb) and KE = ©Cyy/h.
The constant G in Eq. (16), then modifies in

h

R~
it ey * 21 X7
=

G =lim;_,G = (19)

If the interfaces are very stiff and 1/ Ké = 0, Eq. (19)
describes a plate with fully bonded layers and coincides with
Eq. (13). In plates withm =1, ..., n — 1 debonded interfaces,
Ké =Ks—0,G — 0, and G/Kg— h/m.

The slope of the enrichment function in the layer k, ©8,
is obtained by substituting G, Eq. (19), into Eq. (17):

h
k n Op n—1 1
®)Ca4 <Zi—1 Oremins 2ict X7

-1, (20)

which coincides with Eq. (12) when 1/K% = 0. In plates,
where at least one of the interfaces is fully debonded and
Ki — 0, ®8 = — 1. In plates made of layers having the
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same elastic constants, ¥ = h/ (h + 0 Cyy 27:_11 1/K ’S) —

1, which yields ®' 8 = 0 if the layers are fully bonded.

_ The remaining local unknowns are derived by substituting
(& g from Eq. (17) into Eq. (18) and taking the limitas 7z — 0.
This yields

k—1
G ; G
®) (k1) = — 1 )Dp+ —|. 21
res Z[((I)CM ) +Kl} o

i=1 N

Using Egs. (17) and (21), the enrichment function, Eq. (5),
becomes

G
O (xy) = (m - 1><x3 -xh

k—1
G , G
_1)®
+.X;[<(i>c44 1) h+K§]’
1=

which coincide with Eq. (15) in a fully bonded plate when
1/K% = 0 (Tessler et al. 2009). The particularization of the
function for a plate with fully debonded layers is given in the
Appendix A, where all equations related to this important
special limit are presented. The procedure presented above
can be used to describe plates with uniformly distributed
mechanical fasteners provided K g in Egs. (19)—(22) is amea-
sure of the elastic shear stiffness provided by the connectors.

(22)

3.3 Displacement, strain, and stress components
Once the local function in the generic layer k£ has been
derived, Eq. (22), the displacement field, Eq. (4), is defined in

terms of the four global kinematic variables, vp2(x2), 2(x2),
wo(x2), and H>(x2) by

G
By (x2, x3) = voa(x2) + [wz(xz) + 92()62)(@ - 1)])63

k—1
G : G
+ 92<xz>(2 [<<i>c44 ~1) s F}
S

i=1

G k=1
_<(k)C44 a 1)x3 )

®y3(x2) = wo(x2).

(23)

@ Springer

The strain and stress components in the layer k are derived
from Egs. (6) to (7):

By (x2,x3) = v02,2(x2)

G
+ [(Pz,z(xz) +92,2(X2)<m - l)]x3
k-1
G . G
+92,2(x2)( |:< . - 1>(’)h + }
; DCy4 K

G k—1
_<(")C44 - l>x3 )

G
2Wep3(x2, x3) = 92(x2) + wo,2 (x2) +92(x2)<m - 1), 24)

®o(x2, x3) = ©Co2{v02,2(x2) + [02.2(x2) + 02.2(x2)

G
®ey )"
k—1
G ‘ G
+92,2(x2)< [( : - 1)% + }
; D Cyy K

G =1\ |w
*<m71>x3 )} 023(x2, X3)

_ (b G
= C44[</12(X2)+w0,2(x2)+92(x2)(m - 1)]
(25)

The through the thickness piecewise constant transverse
shear stresses in Eq. (25) are an approximation of the actual
field as a consequence of the first-order theory used to
describe the global displacement field. Accurate predictions
of the transverse shear stresses can be made a posteriori from
the bending stresses in Eq. (25) by imposing local equilib-
rium (k)022,2+(k)02p30 S; = 0. The interfacial jump and tractions
at the interface k, E&ls. (3) and (9), become

G
~k o
0y = K—,§92(X2), (26)
68 = GOy (x2), 27)

which show that, as for the shear stresses, the interfacial trac-
tions derived through compatibility are the same for each
interface of the system at a fixed coordinate x,. Correct pre-
diction of the interfacial tractions can be made a posteriori
by imposing local equilibrium.

Displacement, strain, and stress fields in a plate with fully
debonded layers are given in the Appendix A, Eqgs. (45) and
(46).
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3.4 Equilibrium equations and boundary conditions

The homogenized equilibrium equations and boundary con-
ditions are derived using the principle of virtual works and
following the methodology in Massabo and Campi (2014)
to account for the energy contribution of the imperfect inter-
faces:

n x§

E / /k 1 (P0228® e +205938® e93)dx3dS
S Jx3~

k=1 3

n—1

Ak o nk
+ 0¢605dS
;A)S‘* > ?

—/ FiS+5(”)v,-dS—/ F,.S’amvidS—/ FPsv;dB =0,
St S- B
(28)

with i =2, 3 and Fi5+, Fi‘v and Fl.B the components of the
external forces acting along the boundary surfaces of the
plate, S*, S~, and B. The symbol § is the variational operator
and the virtual displacements satisfy compatibility conditions
and are independent and arbitrary. The equilibrium equa-
tions and boundary conditions are derived by substituting
displacement and strain components and interfacial displace-
ment jumps from Eqgs. (23), (24), and (26) into Eq. (28) and
using Green’s theorem whenever necessary. The resulting
equilibrium equations are:

Svpe : Nopp+ fo=0
8¢2: Mno— Qr+ fom =0

86y M3, — Q5 —6,=0, 9)

where the force and moment resultants and loading terms are

e normal force, bending moment, and shear force:

n xé{
(Nyp, M) = /k 1 ®opa(1,x3)dx3, (30)
k=1 x37
n x§
=) /  Wonds, (31)
k=1"%3

e moment resultant and shear force associated to the enrich-
ment field:

S - x§ (k) G k—1
=32 [ o (i
o) eeilwey 3

k=1
G : G
+Z ( : £ 1)<'>h+—. dxs,
- D Cyy K
i=1 S
n xl{ G
7 _ T (k) > _]
%= / “23<<k>c44 1)‘1’“’

n—1 ~k
A Y S 2
62=GY - oréy= Aj,00(x2), (32)
K
k=1 S
n n—1
with A, = G> 3" .
k=1 "5S

e distributed tangential and transverse forces and couples:

h=F"+F",
fom=F5*xy + Fy 3,
fs=F +F;5. (33)

The form of the first three equilibrium equations in
Eq. (29) is analogous to that of the first-order shear defor-
mation theory, but the force and moment resultants differ,
since they account for the effects of the local enrichment
through the stresses, Eq. (25). The fourth equilibrium equa-
tion is needed to define the additional global variable.

The boundary conditions at the plate edges, x» = 0, L,
with n = {0, =1, 0} the outward normal, are

51)02 . N22n2 = N2 or vog2 = 502
S¢2: Mapny =M, or ¢ =@
Swp : Qyn2 = 0y or wo = Wy

86, : M§§n2 = 1\;158 or 6 =06, (34)

where the terms with the tilde define prescribed values of
displacements, forces and couples:

(% 00 =Y [, O O an,
k=143

n x]{
M, = Z /kil (k)FBxgdxg
k=1"%3
~zS GRS k) =B G k—1
8 _ _
M; Z/k—l 2 {((k)c 1)()(3 X3 )
k=1°"3
k—1
G .
Sl e —1)9h+ — | pdxs (35)
; (D Cyy
i=1 S
@Springer
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The homogenized constitutive equations of the plate are
derived by substituting the stress components from Eq. (25)
into the stress resultants defined in Egs. (30)—(32):

N2 Az By B, V02,2

My ¢t = | By Dy D, ¥2.2
28 S S pss

My, By, D3, D3; 62,2

Qg} [A44 Af4i|{§02+w02}
=k ot 36
{ 05| T LA, Ay 6 (36)

where the homogenized (effective) elastic stiffnesses of the
plate are

X
[A22, B2z, D2 = Z( 'Cx /k [1, x3, (x3)*1dx3

G
Z(k)c22/ {<(k)C4
k—1

@)
+Z|:<(1)C44 1)Yh+ — “dX3

i—1 )
Z(k)czz x3{ <(k)C » >(X3 - )C3 )
k=1
(i)
+X; |:<(’)C44 1) ]}dX3
i=
n
S
k=1 2
G . G
_11® Il
+_X}:[<<i>c44 1) h KS“ dxs
i=

n
[Agg, Ay, AGJ] = Z ©Cy4®n
2
1) }

k=1
G G
: [1’ ®Cy . <(k)C44
n—1

A44_G22Kk.

1)<x3 — x5

(k)C44

37)

A shear correction factor, k44, has been introduced in
Eq. (36) to improve the approximate description of the shear
strains of the model. In the limiting case of a fully bonded
and homogeneous plate, the zigzag enrichment is zero and the
model proposed here coincides with first-order shear defor-
mation theory, for which a shear correction factor is required
to match elasticity solutions. As demonstrated in Massabo
(2017), for the dynamic correction factor of the homogenized
structural model in Massabo and Campi (2014), the results
in Sect. 4 will show that the correction factor obtained for a

@ Springer

fully bonded homogeneous material can be applied also to
layered materials and in the presence of imperfect interfaces.

Substitution of the force and moment resultants from
Eq. (36) into Egs. (29) and (34) yields the equilibrium equa-
tions in terms of global displacements:

Svgp 1 Az, 22 + Bangr oo + 35292,22 +/=0
3¢z : Bnvy 2o+ Dangr 2o+ D§292,22

— kaa Aaa(@2 + w0,2) — kaa A3402 + fo =0
Swo : kaaAsa(92,2 + w02,22) +kaaA34002 + f3 =0
862 : B3yv02.20 + D5>92.20 + D302 20

— kaa Ay (2 + wo.2) = (kaa A} + Ay)0r = 0, (38)

and the boundary conditions:

) s S ~
Svo2 1 (Av02,2+B22¢2,2 +B5% 602,20 )n2 = N, or vgy = Vg2

32 : (B2avp2,2+Dn@2,2 +D25292,2)n2 =M, or ¢ =0
Swo : kaa(Aaa(@a +wo,2) + A0 = Q5 or wo = Wy

592 : (Bégzvoz,z +D‘292(p2,2 +D‘292592,2 )nz = Més or 92 = éz.
(39)

The governing field equations (38) and (39) have order
VIII. They are decoupled for efficient closed-form solution
in Appendix B.

In a plate, where the interfaces are fully bonded, the equi-
librium equations are obtained by setting 1/K% = 0 in the
coefficients in Eq. (37); this yields A;L = 0. If in addition
the plate is composed of layers having the same material
properties, e.g., a unidirectionally reinforced laminate, the
coefficients with superscript S, namely, Bﬁgz’ Dgz, Dgzs s Af4,
and Aif , become zero, since G = Cy4. The terms of the
equations multiplying 6, vanish and the order of the equations
reduce to VI; the fourth equilibrium equation and boundary
condition become identities and the model coincides with the
first-order shear deformation theory:

Cahvpe22 =0

w0222 + ———f3,220 — ——= f3=0
k4aCysh ﬁC22h3
1
©»2=—wp2n — ———f3 (40)
k44Cash

where the classical shear correction factor is required.
In a plate made of layers having the same thickness,
h/n, and elastic constants and where the interfaces are fully
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Fig. 4 Three-layer wide plate
with linear-elastic interfaces
subjected to sinusoidal 3
transverse loading

/s = fysin(rx, [L)

||

v y

A

debonded, Eq. (38) along with Eq. (48) in Appendix A for a
coordinate system placed at the mid-thickness, yields

- h
Cyn—vp2 =0
n

;<ﬁ> _ 1 <é>=0
k44Cag 2 2 £C n

(p2 —02)2 = —wp,22 —

we,2222 +

h
k44 Cau(r)

02,00 = — 1(§02 —62) 2. (41)

Comparing the first three equations in Egs. (40) and (41)
shows that the plate with fully debonded layers behaves like
a stack of layers of thickness, h/n, free to slide along each
other and whose behavior is described by the first-order shear
deformation theory and require the use of the classical shear
correction factor. The fourth equation in (41) is used to define
the variable 6, which provides the effects of the local field,
including the jump at the interfaces, v, = h6,/(n — 1) for i
=1,...,n—1, Eq. (26).

4 Applications

In this section, some applications are presented to verify the
accuracy of the model, through comparison with 2D elas-
ticity solutions, and highlight improvements/limitations with
respect to other structural models based on a similar homoge-
nized approach. In all applications, the shear correction factor
has been assumed as k44 = 5/6, which is the value obtained
by matching the shear elastic energy of a fully bonded homo-
geneous plate under constant transverse shear to that of 2D
elasticity (Jourawsky approximation).

4.1 Simply supported plate

The simply supported wide plate with imperfect inter-
faces subjected to sinusoidal transverse loading, f3 =
fosin(wxy/L), acting on the upper surface of the plate is

L g
>

considered first, Fig. 4. The plate has length-to-thickness
ratio L/h = 4 and is made by three orthotropic layers
with elastic constants E7/E; = 1/25, Gr7/EL = 1/50,
Grr/Ep = 1/125, and vpr = vrr = 0.25, and principal
material directions along the coordinate axes; the assumed
ratios could represent a graphite—epoxy composite (L and
T indicate directions parallel and transverse to the fibers).
The layers are connected by linear-elastic interfaces with the
same interfacial stiffness, K.

The problem is solved using the decoupled equations (40),
(41), and (49) and imposing the boundary conditions (34),
which particularize to

=L:wg=N,=M,=M; =0. (42)

The variable 6, is set to zero at the mid-span for the sym-
metry of the problem. Once the global variables vgy(x2),
@2(x2),wo(x2), and B, (x>) are obtained, local displacements,
bending stresses, interfacial tractions, and jumps are defined
through Egs. (23) and (25)—(27). The transverse shear
stresses are derived from the bending stresses imposing local
equilibrium. The results will be compared with the explicit
2D elasticity solutions in Darban and Massabo (2017b).

4.1.1 Unidirectionally reinforced plate with imperfect
interfaces

In this application, the layers are assumed to have stacking
sequence (0, 0, 0). This example allows to focus on the effects
of the presence of imperfect interfaces on the local and global
responses of the plate. The through-thickness variation of the
longitudinal displacements at x, = 0 and the transverse dis-
placements at x, = L /2 are shown in Fig. 5. Results for the
bending stresses at x; = L /2 and transverse shear stresses at
x2 = 0 are shown through the thickness in Fig. 6. Three cases
are analyzed: perfectly bonded interfaces, with 1/Kg = 0,
interfaces with intermediate stiffness, with Kgh/ E; =0.01,
and fully debonded interfaces, with Kg = 0.
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Fig.5 Longitudinal, at x, = 0,
and transverse, at x, = L/2,
displacements shown through

Exact 2D

( Darban and Massabo 2017b)

Model in
(Massabo and Campi 2014)

------------ Present model

the thickness in a simply

supported wide plate with (a) 05 r (b) 0
L/h = 4, stacking sequence C [
(0,0, 0), t.ransverseloading 025 E 025 Fully bonded
f3 = fosin(rxy/L). Elastic c L |
constants: E7/E; = 1/25, x C :
Gir/EL = 1/50, S0k 0 | |
Grr/EL = 1/125 and h i
V_LT = YTT = 0.25, and - K [
Ep =Cp=EL/(1 —vrrvrL) -0.25 - 0-25
05 C -0.5 . e .
-40 110 130 150
vﬁl/(,fg)h)
(¢) 05 (d) 95 1
t . I K. :
- \ I}*h:o.ol =00t
0.25 i \é\_ 0.25 | | :
AN ol
h C \ i
0B \\ L
05— T -0.5 N P NI S
-40  -20 0 20 40 250 290 330
VzEL/(f(‘)h) VZL/(/Oh)
0.5
e) 05 r I
( ) r Fully (f) r | Fully
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025 | \ 0.25 S
5oy \\ of
h r |
L -0.25 :
-0.25 :\ |
205 .\ -0.5 N RN | 3
40 20 0 20 40 250 300 350 400
vk, [(fh) v, [(foh)

The structural theory accurately captures the interfacial
displacement jumps due to the presence of the imperfect
interfaces; longitudinal displacements, bending, and trans-
verse shear stresses are accurate for all cases examined. The
transverse displacement of the fully bonded case slightly
overestimates the average transverse displacement of the 2D
elasticity solution due to the use of a shear correction fac-
tor which has been derived for constant transverse shear,
kaa = 5/6 = 0.833. If the shear elastic energy was matched
to the 2D elasticity solution (Darban and Massabo 2017b)
for the loading conditions assumed in this problem, a correc-
tion factor equal to 0.936 would be obtained, which would

@ Springer

improve predictions. The accuracy in the prediction of the
transverse displacements improves on decreasing the inter-
facial stiffness, since the three layers progressively behave
as individual thinner plates. For plates with higher length-
to-thickness ratios, e.g., L/h > 10, the difference between
the predictions of the model and exact solution significantly
reduces for all interfacial stiffness values (not shown).

The results obtained using the homogenized model in
Massabo and Campi (2014) are also shown in Figs. 5 and
6. The solutions of the two structural models virtually coin-
cide but for the mid-span deflection when the interfaces are
imperfect or fully debonded; for these cases, the model for-
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Fig.6 Bending at x; = L/2 and
transverse shear at x, = 0
stresses through the thickness in

Exact 2D

( Darban and Massabo 2017b)

Model in
(Massabo and Campi 2014)

a simply supported three-layer,

unidirectionally reinforced wide (a) 0.5 (b) 0.5
plate (0,0,0), L/h =4, TR
transverse loading L [ \\,_
f3 = fosin(rxy/L). Elastic 0.25 0.25 ¢ '
constants: Er/E[ = 1/25, " i [/ r \
Grr/EL =1/50, =3 [Fully bonded 0 F Fullybonded |}
Grr/Er = 1/125 and h ; / - /
VLT = VIT = 0.25, and E //I
Ep =Cp=EL/(1 —vLrvrL). -0.25 -0.25
Transverse shear stresses are e
calculated a posteriori from 05 ) F g . )
bending stresses - -0.5 - T
-25 25 0 1 2 3
o/ ko
(¢) 05 / (d) 05
025 | / 0.25 |
i :1<_§h=().()1 / 0 F
h E /
-0.25 7 -0.25 ¢
-0.5 IAAA/AI 1 L -0.5 ! !
50 25 0 25 50 0 I 2 3
onlh G/ fo
(e) 0.5 / (i) 0.5
02s |7 0.25 |
R 0 k Ally 0k Fully
h [ / debonded debonded
025 | / -025 |
205 / .05 L e S B
50 25 0 25 50 0 I 2 3
on/h ox/ ko

mulated here performs better due to a better description of the
shear deformations. The highest improvement in the solution
is for the case of fully debonded layers for which the model in
Massabo and Campi (2014) fully neglects the contribution of
the shear deformations to the transverse compliance as a con-
sequence of the continuity imposed between the transverse
tractions at the layer surfaces and the interfacial tractions.
Solutions obtained by other models using a similar zigzag
homogenization are not shown, because they are affected by
energy inconsistencies which yield important inaccuracies
[see discussion in Massabo and Campi (2015)].

4.1.2 Multilayered plate with imperfect interfaces

In this section, the plate in Fig. 4 is studied assuming a
stacking sequence of (0, 90, 0). This problem provides a
challenging case to assess the predictive capabilities of the
approximate model due to the highly anisotropic layup of the
thick plate. The through-thickness variation of the longitudi-
nal and transverse displacements, and bending and transverse
shear stresses at different cross sections of the plate are shown
in Figs. 7 and 8. Results are presented on varying the inter-
facial stiffness.
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Fig.7 Longitudinal at x; =0
and transverse at xp = L/2
displacements through the

Exact 2D

( Darban and Massabo 2017b)

_____ Model in
(Massabo and Campi 2014)

thickness in a simply supported

three-layer wide plate (0, 90, 0), (a) 0.5 r (b) 0.5 r ;
L/h = 4, transverse loading r N [ N i
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Grr/EL = 1/50, . . / - :
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The structural model well captures the zigzag patterns in
the longitudinal displacements of the layers and the interfa-
cial displacement jumps. The bending and transverse shear
stresses are also in good agreement with the exact 2D elastic-
ity solutions. The transverse displacement of the fully bonded
case overestimates the average transverse displacement of
the 2D elasticity solution and the relative error is around
11%. The predictions improve on reducing the interfacial
stiffness up to the fully debonded case, since the behavior
is then controlled by the response of three separate thinner
layers, and the relative error reduces to 3%. Using the cor-
rection factor derived by matching the 2D elasticity shear

@ Springer

strain energy for this loading case in a homogeneous mate-
rial, k44 = 0.936, instead of the value 5/6 obtained assuming
constant shear would improve the solutions in all cases and
reduce the error. These results confirm what already found for
the dynamic correction factor in Massabo (2017): no changes
in the correction factor are needed in the homogenized struc-
tural model to account for the multilayered structure, which
is already described through the multiscale treatment and the
zigzag enrichment.

As already noted for the previous example, the present
model predicts the transverse displacements more accurately
than the model in Massabo and Campi (2014). For plates
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Fig.8 Bending at x; = L/2 and
transverse shear at x, = 0
stresses through the thickness in

Exact 2D

( Darban and Massabo 2017b)

Model in
(Massabo and Campi 2014)

a simply supported three-layer

wide plate (0, 90, 0), L/h = 4, (a) 0.5 (b) 0.5
transverse loading r /
f3 = fosin(zwxy/L). Elastic . [
constants: E7/E; = 1/25, 025 0.25
Grr/EL = 1/50, " E i
Grr/Ep =1/125and o0 F Fully bonded 0 F Fully bonded
VLT =VIT = 0.25, and h i
Ep =Cxn=EL/(1 —vLrvrL). >
Transverse shear stresses are -0.25 ' -0.25
calculated a posteriori from
bending stresses
-0.5 . = — -0.5 e
-25 0 25 0 1 2 3
onlh o/ S
© / (d) 03
025 | 025 | ¥
. ' K/ i _
X0 70,01 0Ff Ksh _o.01
h I, i E,
025 [ i 025 "
| // : 2
_05 L. (0 AT P T B B B W} _0.5_ R [ O T
-40  -20 0 20 40 0 1 2 3
onlh G/ fo
(e) 05 / (f) 05
X 0 - Fully 0 [ Fully
h : debonded 5 debonded
025 | / 025 f
05 b=t b -0.5 e
-50 25 0 25 50 0 1 2 3
on/h o/ S

with higher length-to-thickness ratios, e.g., L/h > 10, the
solution significantly improves and the difference between
the predictions of the models and the exact solutions signifi-
cantly reduces for all interfacial stiffness values (not shown).

To further illustrate the capability of the homogenized
model to predict the transverse displacements also in plates
with imperfect interfaces, the mid-span displacement is
shown on varying the interfacial stiffness (decreasing inter-
facial stiffness from left to right) in Fig. 9. The displacement
is normalized to the thickness average 2D elasticity solution
of a fully debonded plate, (v3)2p,1im.

Predictions using the homogenized model in Massabo and
Campi (2014) are also shown in Fig. 9 [solutions based on
other homogenized approaches are not presented because of
the energy inconsistencies discussed in Massabo and Campi
(2015)]. As already explained in Massabo and Campi (2014)
for a homogeneous material, this result is a consequence
of the imposition of continuity conditions on the transverse
shear tractions and the interfacial tractions. In thick plates
with imperfect or fully debonded interfaces, this leads to an
important underestimation of the shear contribution to the
transverse compliance.
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1.2
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1
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i / ( Darban and Massabo 2017b)
0.4
[ Present model
02
=+ = Model in (Massabo and Campi 2014)
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Fig. 9 Mid-thickness transverse displacements at x, = L /2 of a simply
supported three-layer, unidirectionally reinforced wide plate (0, 90, 0),
L/h = 4, transverse loading f3 = fosin(wxa/L); (v3)2p 1im is the
thickness average 2D elasticity solution of a fully debonded plate. Elas-
tic constants: Er/E; = 1/25, Grr/Er = 1/50, Grr/EL = 1/125
and VT = Vvrr = 025, and EL = 622 = EL/(I - VLTVTL)

4.2 Cantilevered wide plate

To verify the predictive capabilities of the model in prob-
lems with clamped edges, the cantilevered wide plate with
L/h = 10 and two equal thickness layers connected by a
linear-elastic interface is examined. The plate is subjected to
a concentrated transverse force at the free end, Fig. 10. The
elastic constants are Er/E; = 1/25, Gpr/Ep = 1/50,
Grr/Ep = 1/125 and vpr = vrr = 0.25. Two stacking
sequences are examined: (0, 0) and (90, 0) with the 0° layer
being the upper one. The boundary conditions are

two =V =¢2=6,=0

Vo — AT — MES —
M= M =007 =0 (43)

O,=—F

Figure 1la depicts the interfacial shear tractions, 63,
Eq. (27), along the plate length for four values of the interfa-
cial stiffness in the plate with the (0, 0) stacking sequence; the
interfacial tractions coincide with those calculated a posteri-
ori from local equilibrium. The results are compared with
those of a discrete layer interface model (Andrews et al.
2009) which represents the two layers as individual plates
connected by interfacial normal and tangential tractions. The
interfacial shear tractions predicted by the model proposed
here coincide with those obtained by the discrete layer model
for any values of the interfacial stiffness. Results obtained
using the model in Massabo and Campi (2014) are also shown
in Fig. 11a and highlight some inaccuracies for the interme-
diate values of interfacial stiffness.

Figure 11b depicts interfacial tractions calculated a pos-
teriori from local equilibrium in the plate with (90, 0) layup.

@ Springer

As for the previous case, the interfacial tractions are in agree-
ment with those of the discrete layer model for very large and
very small values of the interfacial stiffness over the entire
length of the plate except at the clamped boundary, where
the tractions predicted by the present model do not vanish
at the support. Some differences are observed for interme-
diate values of the interfacial stiffnesses which are due to
the assumption of neglecting the interfacial normal tractions
in the solution of the problem. A similar discrepancy would
be observed in all problems, where the interfacial normal
tractions are nonzero due to the lack of symmetry, e.g., in
a specimen with (0, 0) layup and unequal thickness layers.
The results would improve by accounting for the interfacial
normal tractions following, for instance, the methodology in
Massabo and Campi (2014). The results have not been com-
pared with 2D solutions and inaccuracies in the predictions,
similar to those observed in Groh and Tessler (2017) for fully
bonded plates, are expected at the clamped edge due to the
limitations of the structural theory.

4.3 Plate with in-plane material discontinuity

The proposed model shows some limitations when applied
to study plates with in-plane discontinuities, due to changes
in the material properties of the layers or to the presence
of regions, where the status of the interfaces changes. This
behavior is controlled by the parameter G, which defines the
homogenized shear rigidity of the different domains of the
plate, Eq. (19). When the difference in G between two con-
tinuous domains is small the results are quite accurate, while
for large differences, important inaccuracies are observed.

To illustrate this behavior the End Notched Flexural spec-
imen in Fig. 12a, with normalized length 2L /h = 100 and
crack length a/h = 30 has been analyzed. The material is
homogeneous and the elastic constants are E7/E; = 1/25,
GLT/EL = 1/50, GTT/EL = 1/125, and v = vrr =
0.25. The crack is described by introducing at mid-thickness
and for 0 < xp < a an imperfect interface with a very
small interfacial stiffness, Kgh/ E; = 1074, with E; =
Cy = Er/(1 — vprvrr); this implies that the normalized
value of the homogenized shear rigidity in the delaminated
region is G/Grr = 0.01. The fully bonded region, for
a < xp < 2L, is described by inserting a mid-thickness
interface with interfacial stiffness Ksh/E; = 10*, which
implies a homogenized shear rigidity G/G 7 = 0.99. The
boundary conditions at x; = 0 and x, = 2L are those given
in Eq. (42), and the continuity conditions at x, = a and
xp = L are imposed on the global variables and force and
moment resultants.

The deformed shape of the specimen is shown in Fig. 12b.
The results are compared with those predicted by a discrete
layer interface model and show an unrealistic discontinuity
in the slope of the curve at the crack tip cross section. For
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Fig. 10 Cantilevered plate
composed of two equal
thickness layers joined by a
linear-elastic interface and

*
ry

subjected to a transverse load F' / A 4
at the free end /
> h
—2

| < |

[« L d
Fig. 11 Interfacial tractiops ___ Discrete layer and o Model in
along the length of a cantilever present models (Massabo 2014)

plate with L/h = 10, two equal

Q>

thickness layers connected by a
linear-elastic interface and
subjected to a concentrated
transverse force F' at the free
end (Fig. 10). The layer elastic
constants: E7/Ep = 1/25,
Grr/EL =1/50,

Grr/Er =1/125 and

V_LT = YTT = 0.25, and

Ep =Cxn=EL/(0I—vrrvrp).
a Stacking sequence (0, 0); solid
lines: discrete layer and present

models, dashed—dotted lines:
model in Massabo (2014). b
Stacking sequence (90, 0); solid
lines: discrete layer model, F

Fully bonded

dashed lines: present model -2

(b) — Discrete layer model --- Present model

Fully bonded

a larger mismatch of the interfacial stiffnesses, namely, for  also shown in the figure and well reproduce the results of the

Ks = 0and G/Gpr = 0, along the crack, and 1/Kg = 0 discrete layer model.

and G/Grr = 1, in the intact domain, the inaccuracy would The continuity condition imposed on the transverse shear
substantially increase and the model predict an unrealistic =~ forces at the crack tip cross sections and Eqs. (36) and
linear deflection in the cracked and intact regions of the  (37) explain that the difference between the gradients of

specimen (not shown). The results obtained with the homog-  the transverse displacements in the two regions at x» = a,

enized structural model in Massabo and Campi (2014) are wo,2(a*)— wp 2(a "), is controlled by the difference between
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Fig. 12 a End Notched Flexural (a)

Joining cross

specimen with two equal X section
thickness layers bonded by a >
linear-elastic interface with iLP
interfacial stiffnesses
Ksh/EL =10 for _ 4 h " —==10" for 0<x, <a
0<x; <aand Ksh/E; =10 'X E 2
fora < xp < 2L.b Deformed @ L
shape (shear correction factor / ; KTsh =10* for a<x. <2I,
k44 = 5/6) /77%_1/ Cl/h:30 ] EL 2
L/h:SO L/ h=50
0 25 50 S 100
(b) O T T T T T T T T T x3
AN h
20000 W v Discrete layer
X \\ ‘ 3 interface model
-40000 | N T =T
r A . Present model
_ -60000 |
Wk, Z __ Model in
P 30000 (Massabo and Campi 2014)

the constants Af4 of the two domains, which is given in
Eq. (37) and depends on the difference between the homog-
enized shear rigidities. The kinematic continuity conditions,
Eq. (34), do not enforce the gradients of the transverse dis-
placements to coincide at continuity cross sections between
different domains, as in classical structural theories, and
impose instead a condition on the additional variable 6,. The
problem is not present in the homogenized model in Massabo
and Campi (2014), where continuity conditions are applied
also on the gradient of the transverse displacement, and this
explains why results in Fig. 12b are accurate.

5 Conclusions

A homogenized structural model has been formulated for lin-
ear static analysis of multilayered beams and wide plates with
layers joined by thin compliant interlayers, e.g., adhesive
layers, or uniformly distributed mechanical connectors, e.g.,
nails, dowels, screws, pins, or stitches. The thin interlayers
and the action of the connectors are described by intro-
ducing zero-thickness sliding interfaces, whose mechanical
response is controlled by linear-elastic constitutive laws. The
model extends the zigzag theory formulated in Tessler et al.
(2009) for fully bonded beams to account for the presence of
imperfect interfaces using the multiscale strategy proposed
in Massabo and Campi (2014). The global displacement field
of first-order shear deformation theory is enriched by a local
field which describes the inhomogeneous material structure
and the jumps at the imperfect interfaces. A homogenization
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technique based on the imposition of continuity conditions
on the tractions at the layer interfaces is used to define the
local variables in terms of the global variables. Homogenized
equilibrium equations are then derived using a variational
technique; they depend on four global variables, indepen-
dently of the number of layers or imperfect interfaces in the
system. The problem is solved in closed form, also in the
limit of fully debonded layers; this allows to easily investi-
gate and understand the effects of the status of the bonding
on global and local fields.

The model formulated in this paper overcomes the lim-
itations of models based on a discrete layer discretization
of the problem, where the number of displacement variables
depends on the number of layers and imperfect interfaces.
It also has advantages over models which are based on a
homogenized zigzag approach and describe the thin interlay-
ers as regular layers, since the solution is more efficient and
the model can treat systems made of individual layers joined
by mechanical fasteners, where the actual thickness of the
interfaces is zero. The model maintains the advantages of the
original zigzag theory in Tessler et al. (2009) in the treatment
of the shear deformations and is able to accurately predicts
global and local fields in simply supported highly anisotropic
thick plates, also in the presence of imperfect or fully
debonded interfaces. It improves solutions obtained with
homogenized structural models based on classical zigzag the-
ories (Massabo and Campi 2014). Improvements with respect
to similar homogenized approaches are also observed in the
treatment of clamped supports, where the fictitious boundary
layers observed in the previous works are reduced in size or
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not present. Important limitations are instead observed in the
capability of the model to treat plates with in-plane disconti-
nuities, such as finite length delaminations, for which other
homogenized approaches prove to be more accurate.

The formulation is limited to beams or plates in cylin-
drical bending with layers aligned along the bending axes
and linear elastic, sliding only, interfaces. The formulation
can be extended to model 2D structures and interfaces with
generally nonlinear traction laws, which are necessary to
describe interfacial damage, delaminations, and problem:s,
where the interfacial normal tractions are important, follow-
ing the methodology in Massabo and Campi (2015).
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Appendix A: Solutions for fully debonded lay-
ers

In a plate with fully debonded layers (very compliant inter-
layers or absence of mechanical connectors) with K ’S -0
fori=1,....,n—1,G — 0and G/K’S — h/(n — 1) from
Eq. (19), the enrichment function, Eq. (22), becomes

k—1
(@)
1<k— D= “n,

i=1

Bpry) = — (s =257 + - (44)

and the displacement field in terms of the global variables,
Eq. (23), modifies as

®vs(x2, x3) = v02(x2) + [goz(xz) — 92<x2>]x3 +62(x2)

_ h(k
k ] i

i=1
Pu3(x2) = wo(x2). (45)

The strain and stress fields are obtained from Eqgs. (24)
and (25) setting G — O:

®ex(x2) = vo2.2(x2) + [2, 2(X2) — 622(x2)]x3 + 62,2(x2)

h(k— 1)

k*l (l)h

— 6a(x2)

o22(x2, X3) = (k)C_’zz{voz 2(x2) + [92,2(x2) — 62,2(x2)]x3

+0> 2(X2)( =1, h(k Z(”h)}

Bos(x2, x3) = (k)C44[<P2(x2) + wo,2(x2) — O2(x2)].

2
®)

£23(x2) = @2(x2) + wo,2(x2)

(46)

The equilibrium equation (38) and boundary conditions
(39) are obtained by taking the limit of the coefficients in
Eq. (37) as the interfacial stiffness goes to zero. For this limit,
the constants Ay, B22, and D»», which are independent of
the interfacial stiffness, do not change, while the remaining
constants take the following forms:

n
BS =~ Bn+Y <k>c22<k>h{x§1
k=1

k—1
- th}
i=1
k—1 k
1 . X3
- [ s
k—1
i=1 3

n
D‘zg2 =—Dy + Z(k)CQZ{xlgl
k=1

D‘Zsis = — 2D‘2Sz — Dy

n
+ Z (k)ézz(k)h {xé‘_l

k=1

k—1 2
i=1

n
A44 = Z (k)C44(k)/’l; Aif = _Ail = A44; Ai; =0. (47)

In a plate made of layers having the same thickness, & /n,
and elastic constants, the coefficients in Eq. (47) simplify.
When the origin of the coordinate system is placed at the
plate mid-thickness, they become

_ Caoh?
A =Cxnh; Byn=0; Dpn= 0 ;
Agy = —A3, = A3 = Cuuh; A3, =0
Cynh? Cnh?
BS =0, DS, ==, D55 — = 48
2 27 o 2 7 6n(n—1) (48)

Appendix B: decoupled equilibrium equa-
tions

The equilibrium equation (38) is decoupled by subsequent

derivations/substitutions and eliminating wo > through the
introduction of a variable y given by y = ¢, + wop 2. The
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system of decoupled equations, which has the same order of

the original system, is

Assar + A3, P 3 +kaaAsgaz 2(x2)
kas Agqay

0

02,200 +
4401

y = a1022 +ax0h +az(xz)

sS S ps §S . AS
By Dy — Dy By _ Byy(kaaAjy + AL

s Ay D3y — By, By, Ay, D3, — By, By,
_ k44Ai4Bzz _ D252 f
Ay, D3, — By B, : Ay D3, — ByBj ’
022 = (32Sz)2 - AzzDing 2 Azz(k44Aif + Ait)@z
’ Ay D5, — By, By, Ay D3, — By, By,
k44A2194A22 stz f
AyD3 — BBy AyD3, — By By ’
wo,2 =Y — ¢2, (49)

where

Allix O, Ladeveze P (1992) Interlaminar interface modelling for the
prediction of delamination. Compos Struct 22:235-242. https://d
0i.org/10.1016/0263-8223(92)90060-P

Andrews MG, Massabo R, Cox BN (2006) Elastic interaction of mul-
tiple delaminations in plates subject to cylindrical bending. Int J
Solids Struct 43:855-886. https://doi.org/10.1016/j.ijsolstr.2005.
04.025

Andrews MG, Massabo R, Cavicchi A, Cox BN (2009) Dynamic
interaction effects of multiple delaminations in plates subject to
cylindrical bending. Int J Solids Struct 46:1815-1833. https://do
i.org/10.1016/].ijsolstr.2008.11.027

Andruet RH, Dillard DA, Holzer SM (2001) Two- and three-
dimensional geometrical nonlinear finite elements for analysis of
adhesive joints. Int J Adhes Adhes 21:17-34. https://doi.org/10.1
016/S0143-7496(00)00024-5

Averill RC (1994) Static and dynamic response of moderately thick
laminated beams with damage. Compos Eng 4:381-395. https://
doi.org/10.1016/S0961-9526(09)80013-0

Bai JM, Sun CT (1995) The effect of viscoelastic adhesive layers
on structural damping of sandwich beams. Mech Struct Mach
23:1-16. https://doi.org/10.1080/08905459508905225

SS S psS S\2 SS S S S
— B22[B22D22 - DZZBZZ] + D22[(B22) — A22D22 1+ D22[A22D22 A BZZBZZ]

“ kasA (A, DS — B, BS)+kuaAS,[(B,))? — A, D
44A44(Ap D5y 20B5) + kaa Ay, [(Byy) 22Dl
_ [DyAy — (B Pllkaa A3y + Ayl — kaa AGy[Ay, D3, — By B3]
k44A44(A22D2Sz - 3223252) + k44A£4[(322)2 — AyDyl
_ f2m[A22D§2 - 322352] + fZ[DzzBigz - BzzDi?z]
az(xz) =

k44A44(A22D252 - Bzszsz) + k44A§4[(322)2 - A22D22].

(50)

The first equation (49) is a third-order differential equa-
tion in 6, whose solution allows cascading solutions for y,
through an algebraic equation, and for vp, and ¢, through
solutions of two second-order differential equations. The last
equation (49), which is a first-order differential equation,
defines wy.
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