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We propose a theoretical idea to use an ultracold Fermi gas as a quantum simulator for the study of the
low-density region of a neutron-star interior. Our idea is different from the standard quantum simulator that heads
for perfect replication of another system, such as the Hubbard model discussed in high-7; cuprates. Instead, we use
the similarity between two systems and theoretically make up for the difference between them. That s, (1) we first
show that the strong-coupling theory developed by Nozieres and Schmitt—Rink (NSR) can quantitatively explain
the recent experiment on the equation of state (EoS) in a SLi superfluid Fermi gas in the BCS (Bardeen—-Cooper—
Schrieffer) unitary limit far below the superfluid phase-transition temperature 7. This region is considered to be
very similar to the low-density region (crust regime) of a neutron star (where a nearly unitary s-wave neutron
superfluid is expected). (2) We then theoretically compensate the difference that, while the effective range re is
negligibly small in a superfluid SLi Fermi gas, it cannot be ignored (r.; = 2.7 fm) in a neutron star, by extending
the NSR theory to include effects of 7. The calculated EoS when re = 2.7 fm is shown to agree well with
the previous neutron-star EoS in the low-density region predicted in nuclear physics. Our idea indicates that
an ultracold atomic gas may more flexibly be used as a quantum simulator for the study of other complicated
quantum many-body systems, when we use not only the experimental high tunability, but also the recent theoretical
development in this field. Since it is difficult to directly observe a neutron-star interior, our idea would provide a

useful approach to the exploration for this mysterious astronomical object.

DOI: 10.1103/PhysRevA.97.013601

I. INTRODUCTION

In cold-atom physics, the high-tunability of this sys-
tem [1,2] has realized various interesting quantum phenom-
ena. One example is the Bardeen—Cooper—Schrieffer Bose—
Einstein condensation (BCS-BEC) crossover phenomenon in
40K [3] and °Li [4-6] Fermi gases, where the character of
a Fermi superfluid continuously changes from the weak-
coupling BCS-type to the BEC of tightly bound molecules
[7-14] upon increasing the strength of a pairing interaction
by adjusting the threshold energy of a Feshbach resonance
[2]. Another example is a ¥Rb Bose gas loaded on an
optical lattice, where the superfluid-Mott insulator transition
has been realized by tuning the atomic hopping parame-
ter between lattice sites, by adjusting the height of lattice
potential [1,15,16].

The high tunability of ultracold atomic gases has also made
us expect the usage of this system as a “quantum simulator” for
the study of other complicated quantum many-body systems
[17]; however, this exciting attempt has not yet reached its
full potential. For example, although similarity between an
ultracold Fermi gas loaded on a two-dimensional optical lattice
and high-T;. cuprates [18] has been pointed out [19], the current
experimental achievement is still at the s-wave pairing state in
the case of a very shallow three-dimensional optical lattice
[20,21] (which cannot be described by the Hubbard model).
The recent extensive experimental efforts have enabled us
to precisely measure various physical quantities in ultracold
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gases [22-31]. Thus, when an ultracold atomic gas works as
a quantum simulator for another system, the high tunability,
as well as these sophisticated experimental techniques, would
contribute to understanding this target system. This success
would also give feedback to cold-atom physics, to accelerate
the further development of this field.

In this paper, as a promising target of a quantum simulator
made of an ultracold Fermi gas, we theoretically investigate
the low-density crust regime of a neutron star. A neutron star
is much smaller than Earth (the radius R is about 10 km),
but the mass is comparable to the solar mass My, so that
it is considered as the densest matter in our universe [32].
A few meters below the surface (mostly made of iron) of
this massive star, matter becomes so compressed that atoms
are fully ionized. As we go deeper into the star, neutrons
drip from nuclei, and the beta-equilibrium condition leads
to a large increase in neutron density. In this so-called crust
regime, although protons and electrons still exist, more than
90% of particles are expected to be neutrons, which are in the
superfluid phase [32-35]. This neutron superfluid has attracted
much attention because it is considered to be related to various
interesting problems, such as the glitch phenomenon in rotating
pulsars [36], as well as the cooling of neutron stars [34,37].

In addition to these topics, we note that the recent discovery
of the massive neutron star PSR J1614-2230 [with mass
M = (1.97 £ 0.04)M] using the Shapiro delay [38], along
with the later discovery of PSR J0348 + 0342 [M = (2.01 +
0.04)M] [39], has spurred a heated debate about the internal

©2018 American Physical Society
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structure of this mysterious star. This problem is sometimes
referred to as the “two-solar-mass” problem in the literature
[38,40-42] and is one of the hottest topics in neutron-star
physics.

To resolve this debate, a crucial key is the neutron-star
equation of state (EoS). This is because, once it is fixed,
together with the Tolman—Oppenheimer—Volkoff (TOV) equa-
tion [43,44], we can obtain the so-called M — R relation [45],
linking the neutron-star mass M and its radius R, which also
gives the upper limit of the neutron-star mass. However, the
determination of the EoS by astronomical observations is
difficult, because even the known nearest neutron star (RX
J1856.5-3754) is about 400 lightyears away from Earth [46].
Although neutron skins [47,48] and hallows [49,50] in neutron-
rich nuclei give information about neutron matter, it is still
not enough to construct the neutron-star EoS, including the
many-body effects associated with a strong neutron-neutron
interaction [33]. As a result, the current approach to the
neutron-star EoS has to strongly rely on theory [51-54]. Of
course, this approach is partially supported by experiment, be-
cause it employs a pseudopotential describing neutron-neutron
interactions which can reproduce few-body scattering data
obtained from terrestrial experiments [51-55]. However, since
the system in question is a strongly interacting many-body
system, many-body effects are expected to play importantroles
in a neutron-star interior. In the current approach, inclusion of
these is a fully theoretical challenge. Thus, when cold-Fermi-
gas physics can help this to some extent, it would impact
neutron-star physics.

In this paper, to see to what extent an ultracold Fermi gas
works as a quantum simulator for the study of a neutron star, we
pick up the neutron-star EoS in the low-density-crust regime.
Regarding this, to explain our strategy, we recall the following
three key issues:

(i) The EoS has recently been measured with very high
precision in the BCS-unitary regime of a ®Li superfluid Fermi
gas far below the superfluid phase-transition temperature 7T,
[30]. In this experiment, the scaled s-wave pairing interaction
(kgas)~" is tuned by adjusting the s-wave scattering length
a; by using a Feshbach resonance [2] (where kp is the Fermi
momentum).

(ii) In the low-density regime of a neutron-star interior,
neutron-rich nuclei are surrounded by drip neutrons and
electrons in the inner crust, and neutron matter with a small
fraction of protons and electrons makes the outer core. Thus,
the property of pure neutron matter is decisive in these regions.
In addition, in the low-density region where n < pg (which cor-
responds to the inner crust), the dominant interaction between
neutrons is of an attractive s-wave type [56], with the scattering
length a; = —18.5 fm [57,58]. Although this value is fixed
in the neutron-star case, the scaled interaction (kga;)~'(<0)
varies to approach zero as one goes deeper into the star.
[Note that the Fermi momentum kg = (37%n)!/3 becomes large
with increasing the density n]. The typical magnitude kg =
1 fm~! in this regime gives (kga,)~' = —0.054, indicating
that the system is close to the unitarity limit. Since the interior
temperature is considered to be much lower than the Fermi
temperature Tg (except just after the birth of a neutron star),
neutrons are expected to be in the strongly interacting s-wave
superfluid state far below 7 [33].
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FIG. 1. Phase diagram of an ultracold Fermi gas in the BCS-BEC
crossover region. “A” is the region where we can use for the study of
neutron-star EoS in the low-density region. In this region, approaching
the unitarity limit in the case of an ultracold Fermi gas corresponds
to the increase of neutron density as one goes into a neutron-star
interior. In this phase diagram, the interaction strength is measured
in terms of the inverse s-wave scattering length @', normalized by
the Fermi momentum kg. The temperature is normalized by the Fermi
temperature Tg.

(iii) In°®Liand “°K Fermi atomic gases, the effective range
ree [59] is negligibly small, so that the scaled interaction
(kpag)~! is the only relevant interaction parameter. However,
this is not the case for interacting neutrons, where the effective
range re = 2.7 fm [60] cannot be ignored, because it is
comparable to the typical value kg I~ 1 fm of the inverse
Fermi momentum even in the inner crust.

Among these keys, (i) and (ii) indicate that the recent
experimental achievement [30] in cold-Fermi-gas physics has
already provided very useful information about the low-density
region of a neutron-star interior (where the system properties
are dominated by s-wave superfluid neutrons). The density-
dependent (or radius-dependent) interaction strength (kpa,) ™"
in the latter can be simulated by the tunable interaction
associated with a Feshbach resonance in the former [2]. A
crucial difference between the two is the importance of the
effective range r.r = 2.7 fm in the latter as mentioned in (iii).
In this regard, it is difficult to modify the observed EoS data in
a ®Li superfluid Fermi gas [30], so as to include the nonzero
effective range r.ir = 2.7 fm. Although there have been some
theoretical investigations of the effects of the effective range
on the physical properties of an ultracold Fermi gas, their
experimental realization has not been achieved yet [61,62].

To effectively use the similarity between (i) and (ii) to
overcome the difference (iii), we take the following strategy
in this paper: (1) We first deal with a superfluid Fermi gas in
the BCS-unitarity limit shown as “A” in Fig. 1 to theoretically
explain the observed EoS in a ®Li superfluid Fermi gas [30] in
a quantitative manner. For this purpose, we employ the strong-
coupling theory developed by Nozieres and Schmitt—Rink
(NSR) [9]. (2) We then extend the NSR theory so that it can treat
the effective range rs to evaluate the EoS in the low-density
region of a neutron-star interior in region “A” in Fig. 1.
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The advantage of our approach is that one can experimen-
tally check theoretical calculations up to the inclusion of many-
body strong-coupling effects (within the vanishing effective
range). Thus, the ambiguity about the inclusion of many-body
effects due to approximate theoretical calculations would be
more suppressed than the previous approaches [51-54] (where
experimental support is only within few-body physics) [55].

Of course, besides this advantage, one should also keep
in mind the limitation of the quantum simulator made of an
ultracold Fermi gas for the study of neutron-star physics.
First, as mentioned previously, although neutrons are domi-
nant particles in the crust regime, protons and electrons also
exist there. In this sense, the current “Fermi-gas quantum
simulator” can only treat the neutron-fluid component among
them. Second, at this stage, this quantum simulator can only
examine many-body effects associated with the simplest two-
body s-wave interaction. Because of this limitation, it cannot
be applied to the deeper interior of the neutron-star than
the crust regime, where more complicated interactions than
the s-wave interaction, such as p-wave-pairing interactions
and three-body forces, become essentially important [63—65].
Thus, although this paper picks up the neutron-star EoS in the
crust regime to assess to what extent an ultracold superfluid
Fermi gas can simulate this regime, this approach cannot
construct the complete EoS of a neutron star, which is still
insufficient for the two-solar-mass problem. Regarding this,
we briefly note that, in cold-atom physics, a tunable p-wave
interaction associated with a p-wave Feshbach resonance has
been realized [66,67]. In addition, a three-body interaction
effect has also been discussed in, for example, the so-called
Bose nova phenomenon [68]. Thus, one might be able to use
these experimental techniques developed in cold-atom physics
for the study of the deeper region of the neutron-star interior
in the near future.

We note that the study of quantum simulator in cold-atom
physics has so far mainly aimed to experimentally replicate
another system by using the high-tunability of atomic gases
[17,19]. In this sense, our approach (which uses both theory
and experiment to describe a neutron-star interior) is somehow
different from this standard one. Regarding this, we point out
that arecent theoretical development in cold-Fermi-gas physics
has enabled us to quantitatively compare calculated results
with various experimental data in the BCS-BEC-crossover
region. Since even highly tunable cold atomic gases are still
difficult to replicate all other quantum systems, it would be
useful to also use this theoretical development, along with
the experimental high tunability. Indeed, we will demonstrate
that this combined approach gives the EoS being consis-
tent with the previous neutron-star EoS in the low-density
region.

This paper is organized as follows: In Sec. II, we extend
the strong-coupling NSR theory to the case with reg 7# 0. In
Sec. III, setting r.;r = 0, we confirm that the NSR theory can
quantitatively explain the recent experiment on the internal
energy E in the unitary regime of a SLi superfluid Fermi gas
[30]. We then proceed to the case with re # 0, to examine
how the EoS is affected by this quantity. Setting re = 2.7 fm
[60], we calculate the neutron-star EoS in the low-density
region. Throughout this paper, we set i = kg = 1, and the
system volume V is taken to be unity, for simplicity.

II. FORMULATION

We consider a two-component uniform Fermi system,
described by the Hamiltonian,

H=3 6Chocps— 2 Up=Peyypn
pD.c

p.p'.q

X CLp+q/2,¢C—p’+q/2,lcp’+q/2,T’ 1)
where ¢, , is the annihilation operator of a Fermi particle
with spin 0 =1, |. While these are real spin states in the
case of a neutron fluid, they represent pseudospins describing
two atomic hyperfine states in an ultracold Fermi gas. In
Eq. (1), §, =6, —nu = p*/(2m) — u is the kinetic energy
of a fermion, measured from the Fermi chemical potential u,
where m is a particle mass. —U(p — p’) (<0) is an attractive
interaction between fermions. We assume that the system is in
the s-wave superfluid state by this pairing interaction.

In this paper, we include fluctuations in the Cooper channel
within the framework of the strong-coupling theory developed
by Nozieres and Schmitt—Rink (NSR) [9], extended to the
superfluid phase below Tt [10,69,70]. For this purpose, it is
convenient to divide the model Hamiltonian in Eq. (1) into the
sum H = Hyr + Hpp of the mean-field BCS part Hyr and the
fluctuation part Hgp. The former is written as

HW—ZW%M Amw+2a+ume

prp) s e pcpn) )

in the two-component Nambu representation [71].

Here,
N Cp.t
Copl

is the Nambu field acting on particle-hole space, and
t;(j = 1,2,3) are Pauli matrices. The kinetic energy &, =
&, —U(0O)Nyg/2 in Eq. (2) involves the Hartree energy
—U(0)Nmp/2, where

Nk = {choCpo) = [1 - 2’; tanh ZT] 4)

p.o p

The BCS superfluid order parameter,

p—prp)

_N)

p/
_r 3
2Ep/ 2T ©)

is taken to be real and to be proportional to the 7; com-
ponent in Eq. (2), without loss of generality, where E, =
(53 + Ai)l/ 2 describes the Bogoliubov single-particle exci-
tations. We briefly note that the statistical average (- --) in
Egs. (4) and (5) is taken for the BCS Hamiltonian Hyf in
Eq. (2) [69,70].

To describe the s-wave superfluid state, we formally decom-
posed the interaction potential U(p — p’) into the partial-wave
components, expressing it as the sum of the s-wave chan-
nel [Us(p, p")], p-wave channel [U,(p,p’)], d-wave channel
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[Us(p,p")], and so on. Among these, only the s-wave channel
survives in the low-momentum limit, so that one finds U (0) =
U;(0,0). Assuming that the s-wave interaction is the strongest
in the low-density region which we are considering, we only
retain this contribution in the gap equation (5). Then, effects
of the effective range ref can be incorporated into the theory
by assuming the separable form [9,72],

Us(p.p) = UO)y,pyp, (6)

where the basis function y, has the s-wave pairing symmetry,
but has the following momentum dependence:

1
Vp = ————. )

V1+(p/p)*

Although the choice of basis function y, in Eq. (7) is not
unique, an advantage of this choice is that the effective range
theory becomes exact, when the cutoff momentum p. is taken

as
1 2Fe
pc=—[1+ 1- “]. ®)
Teff ds

We explain the derivation of Eq. (8) in Appendix A. Here, as
usual, the s-wave scattering length ay is related to U(0) as

_ vo ©)
mo 11—y Sy

dmag

Only retaining the s-wave component in Eq. (6), we find that
the superfluid order parameter A , in Eq. (5) has the form A , =
vpA, where A obeys

1= U(O)Z —tanh —2

4dra, 1 E, 1
~TE S 2 tanh =2 — — | (10)
m P2E, 2T 2,
p

In the case of a superfluid Fermi gas, where the effective range
Tefr is negligibly small, one usually takes p. = 00, or y, =1
in Eq. (10). In the neutron-star case, on the other hand, the
empirical parameter set (ay,refr) = (—18.5 fm,2.7 fm) gives
pe = 0.79 fm~!. This implies that effects of the nonvanishing
effective range become important when the density increases
to reach kg ~ p. ~ 1 fm~'.

Using Eq. (6), we can write the BCS Hamiltonian in Eq. (2)

AZ
U(O):|

+ ZU(O)Nde. (11)

as

Hyp = Z\Iﬁ[spn Apri1¥, +Z [sp

The Hamiltonian Hpp describing fluctuations in the Cooper
channel is given by [69,70,73]

U@
FL= ——F7—

> [o1(@p1 (=) + p2(@e(—)],  (12)

FIG. 2. Fluctuation correction Qg to the thermodynamic poten-
tial 2 in the NSR theory. The solid line and the dashed line describe
the 2 x 2 matrix single-particle BCS Green’s function in Eq. (17),
and the s-wave pairing interaction U(p, p’) in Eq. (6), respectively.
IT;; is the pair-correlation function in Eq. (16). The solid circle is a
Pauli matrix ;.

where

Zyp\i’;w/zfj‘i’pfq/z (J=12) (13)
P

pi(q) =

are the generalized density operators [69,70]. Since we are
taking the superfluid order parameter A, as being parallel to
the t; component [see Eq. (2)], p1(q) and p>(q) physically
describe amplitude and phase fluctuations of the superfluid
order parameter, respectively.

We note that, in the cases of “°K and °Li superfluid Fermi
gases [3-6], the s-wave pairing interaction is dominant, so
that Eq. (13) is enough to examine fluctuation corrections to
system properties in the BCS-BEC crossover region. In the
neutron-star case, on the other hand, non-s-wave interactions,
such as the p-wave one, gradually appear with increasing
neutron density [33], even in the low-density region where
neutrons are in the s-wave superfluid state. To describe this
situation, one may also add corresponding fluctuation terms
to Hg. in Eq. (12) [72]. However, in the current stage of
cold-Fermi-gas physics, it is difficult to experimentally deal
with such a situation. As a result, one cannot experimentally
check the calculated EoS involving such non-s-wave strong-
coupling effects. Thus, leaving the inclusion of non-s-wave
fluctuation corrections to EoS as a future problem, we only
take into account s-wave superfluid fluctuations described by
Eq. (12) in this paper.

In the NSR theory [9], the thermodynamic potential Q2 =
QMmr + QpL consists of the ordinary mean-field BCS part,

—T In[Tr[e~ /T

27 Y (In[l + e BT+ B — E,)
4
2

U0

QMmF

+

1
+ - U( )Nites (14)

and the fluctuation term Qg which is diagrammatically given
in Fig. 2. Summing up these diagrams, we have

T N .
QpL = 3 Z Tr[In[1 + U(0)II(g,iv,)] — U(O)II(g,iv,)],

q,tVn

5)
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where v, is the boson Matsubara frequency. IT = {IT; 7} 1is the
2 x 2 matrix pair correlation function, where

HUMJWM=T§:VﬁHnG@+ﬂJ@

p.iw,
+iv,)7;G(pLiwy)]. (16)

Here,

N 1

= (17
iw, —&pT3 + Vp AT

is the 2 x 2 matrix single-particle thermal Green’s function
in the mean-field BCS level [71]. In Eq. (16), I1;,(q,iv,)
and TIly(q,iv,) physically describe amplitude and phase
fluctuations of the superfluid order parameter A, = y,A.
[112(q,iv,) [= — 21(q,iv,)] represents coupling between the
two fluctuations [73].

In the NSR approach, the superfluid order parameter A, =
¥p A and the Fermi chemical potential  are determined by self-
consistently solving the gap equation (10), together with the
equation for the total number N of fermions, which is obtained
from the thermodynamic identity

Q2
N=—|—] = Nur+ Nr.. (18)
o )¢
The mean-field contribution Nyg = —(0QMmg/d )7 is given in

Eq. (4). For the fluctuation correction Ng, = —(32pL/0)7,
noting that Qg depends on w only through the effective
chemical potential u* = u + U(0) Npmp/2 [74], we find

Q2
NFL=—a< FL) : (19)
au* Jp
where
! (20)
o =
1 N,
N EU(O)( aljff)r

is the Stoner factor for the density response function [75]. For
the derivation of Eq. (19), see Appendix B.

Once A and p are determined from the combined gap
equation (10) with the number equation (18), the internal
energy E (or EoS) can be evaluated from Q = Qup + Qp
by way of the thermodynamic relation

E—a-1(2) _ (% 21
-o-r (), (), @

When we conveniently divide the internal energy E = Eyg +
Ep into the the mean-field part Eyp and the fluctuations
contribution Epp , each component is given by

2

- A
Ewve =) [Epf(Ep)+& — Epl+ T
p

1
+ ZU(O)N@F + wNwr, (22)

0Q2FL
oT

Er. = Qp. — T( ) + WNEL, (23)
i

where f(x) is the Fermi distribution function.

The ordinary NSR formalism discussed in cold-Fermi-gas
physics [70] is immediately recovered, when we set regr — 0
(which leads to p. — oo and y, — 1). Indeed, this limiting
condition gives U(0) — O [see Eq. (9)], so that the Stoner
factor o in Eq. (20) is reduced to unity. In addition, the
Hartree term in 5 p =&p — U(0)Nyr/2, as well as the Hartree
correction U (O)NI%,[F /4 in Egs. (14) and (22) vanish. Although
the term A%/U(0) appearing in these equations seems to di-
verge, this singularity is actually canceled out by the diverging
behavior of the term ) » [é, — Ep]in these equations, because

A? A? mo
ij[sp—E,,Hm —ij[sp—Ep—E} N
(24)

where we have used Eq. (9) in the first expression.

Before ending this section, we comment on our numerical
calculations. Although we are interested in the EoS in the
ground state, we take 7/ Ty = 0.01 (K1) for computational
simplicity. We briefly note that this value is much smaller than
T./Tr ~ 0.21inthe interesting unitary regime. We have also nu-
merically confirmed that almost the same results are obtained
inthe region 7'/ Ty = [0.005,0.06]. In considering a superfluid
Fermi atomic gas, we set r.t = 0, and the internal energy is
normalized by the ground-state energy Eg = (3/5)Neg of a
free Fermi gas, where ef is the Fermi energy. In the neutron-star
case, we take (a,,rerr) = (—18.5 fm,2.7 fm). In this case,
following the convention, we measure EoS in unit of MeV, by
using the neutron mass m = 936 MeV/c? (where c the speed
of light).

III. EQUATION OF STATE OF A NEUTRON STAR IN
LOW-DENSITY REGION

As mentioned previously, our approach consists of two
steps, which we check one by one in this section.

A. Step 1: Assessment of Nozieres and Schmitt—Rink
theory when ry = 0

Figure 3(a) shows the calculated EoS when reir = 0. While
the mean-field-based BCS-Leggett theory overestimates the
internal energy E, NSR theory well explains the recent exper-
iment on a °Li superfluid Fermi gas far below T, as well as a
Monte Carlo simulation [76]. This indicates that, at least in the
absence of the effective range, the NSR theory can correctly
include strong-coupling corrections to the EoS, beyond the
mean-field level [77].

For completeness, we show in Figs. 3(b) and 3(c) the basic
data set (i1, A) that are used in evaluating the internal energy
E in Fig. 3(a). We again find that the NSR results agree well
with the recent experiments [30,31], as well as a Monte Carlo
simulation [76]. On the other hand, the BCS-Leggett theory
overestimates these quantities.

B. Step 2: Application to neutron-star equation
of state (rgr = 2.7 fm)

Building on the result in Step 1, we now apply the same
NSR theory to the low-density region of a neutron-star interior
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FIG. 3. (a) Calculated internal energy E in the BCS-unitary
regime of a superfluid Fermi gas (r. = 0) at T/T¢ = 0.01 (“NSR”).
The dotted line shows the result in the BCS-Leggett strong-coupling
theory [8]. “DMC” and “AFMC” show results by diffusion Monte
Carlo and auxiliary field Monte Carlo simulations, respectively [76].
The experimental result on a °Li superfluid Fermi gas [30] is shown
as “°Li.” Eg = %eFN is the ground-state energy of a free Fermi gas.
Panels (b) and (c) show, respectively, self-consistent solutions for u
and A, which are used in evaluating £ in panel (a). In panel (c),
“QMC? is the result by Monte Carlo simulation [76]. “OLi” shows the
experimental result by Bragg spectroscopy [31].

by setting rer = 2.7 fm. Figure 4(a) shows the result, where
the self-consistent solutions for A and w in Figs. 5 and 6 are
used. We find that the NSR theory extended to the case with
nonzero effective range well reproduces the previous results
[51-54] in the low-density region, kg < 1 fm. As mentioned
previously, although these previous calculations [51-54] have
used realistic neutron-neutron interactions, it has been difficult
to experimentally check to what extent many-body effects are
correctly taken into account in these results. In this regard,
together with the result in Step 1 [Fig. 3(a)], our result in
Fig. 4(a) gives an experimental support for this point, except
for effects of effective range.

25— NSR(rop=2.7 fm) | S S
— — NSR(reg=0) ;5
— 20 [ieneeens BCS-Leggett(re;=0) I-I '." .7!
> =+ = Free Fermi Gas /7 ~~" y.
g 151= FP14+TND [51] s
E‘ o APR(AVIS)[52] / l‘{
| & GC(AV4)[53] e
E 10 A GCRSW(AVS)[54],/'
a’ “’
51
0 P (a)
1 5 “ ‘l : “I
4| = NSR (re=0) ] (b)
| L [30] i
il
1 i T\:S\R -
..' / (reff_o) |

2 5 1 05 o.:'./
(kea,)™! g /
BCS-Leggett(r.;=0) :-:/

NSR(VC((:2.7flTl)

60 7% © |

1S, (effective range theory) |

= 40| .
Q
= 201
E/ 0 =T e
[ ISO/V“"
-20
0 0.5 1 . 1.5 2
kg [fm]

FIG. 4. (a) Calculated equation of state (EoS) when rey = 2.7 fm
(solid line). For comparison, we also show the results in the NSR
theory with 7.y = 0 (dashed line) in the mean-field BCS-Leggett
theory with re = O (dotted line), as well as in a free Fermi gas
(dashed-dotted line). The solid squares [51], circles [52], diamonds
[53], and triangles [54] show the previous results starting from various
model interactions developed in nuclear physics. (The name of the
interaction is written in parentheses.) (b) Pressure P. The inset
compares our result when r.r = 0 with the recent experiment on a oL
Fermi gas [30]. Po(u) = [2(2m)*?/(157%)]1u>/? is the ground-state
pressure of a free Fermi gas. (c) Phase shift §(kg) in the present s-wave
effective-range model, where the separable interaction in Eq. (6) with
the basis function y, in Eq. (7) is used. In this figure, we also plot the
phase shift of nucleon-nucleon scattering in the 'S, channel, as well
as that in the 3 P, channel [33,78,79].

Figure 4(a) shows that our EoS gradually deviates from the
previous results when kg > 1 fm~!. This is simply because the
effective-range theory which we are using is no longer valid for
such a high-density region. Indeed, as shown in Fig. 4(c), the
phase shift §(kg) at the Fermi momentum in the effective-range
theory given by

1
+ —kpres (25)

cot §(kg) = “ta 5
Flg
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=9 + AFMC [82]
g .
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N} St S K Egap
0=« o . _

BCS-Leggett(rchO)\'; '." (b)

i

4

0 05 1 15 2
kg [fm]

FIG. 5. (a) Self-consistent solution for the superfluid order pa-
rameter A, = y, A when re = 2.7 fm. Eg,, is the threshold energy
of the Bogoliubov single-particle dispersion £, = (& ; + A;)]/ 2. The
dashed line and dotted line represent the superfluid order parameter
A in the NSR theory with r.y = 0 and that in the BCS-Leggett
theory with re = 0, respectively. In this figure, we also compare
our result with the previous work by quantum Monte Carlo sim-
ulation (solid squares) [53], renormalization group (solid circles)
[80], deterministic quantum Monte Carlo simulation (solid triangles)
[81], and auxiliary field Monte Carlo simulation (solid diamonds)
[82]. (b) Self-consistent solution for the chemical potential p. u* =
1+ U(0)Nyr/2 is the effective chemical potential. For comparison,
we also plot the NSR result with 7.z = 0 (dashed line), as well as the
result in the BCS-Leggett theory with r. = 0 (dotted line).

gradually deviates from the 'S, phase shift data when
kg = p. =0.79 fm~!. In addition, higher-order interaction
channels [e.g., * P, shown in Fig. 4(b)], as well as three-body
interactions [51], become important in the high-density region.
While these realistic interactions are employed in the previous
work [51-54], it is difficult to experimentally realize all these
interactions in cold-atom physics, so that our approach only
deals with the already existing s-wave interaction.

Because of the same reason, the agreement between the
NSR result with regr = 0 and the previous work [51-54] up to
kp = 2 fm~! seen in Fig. 4(a) is accidental.

We note that the difference between the internal energy
E(ref = 0) and E(rer = 2.7 fm) in Fig. 4(a) implies the
decrease of the pressure P by the effective range r., because
P is related to the energy E as [83]

oE kg (OE
P=—— =—(—). (26)
AV /)sy 3V \ ke
We explicitly confirm this in Fig. 4(b). We also note that, when

resf = 0, the NSR theory can well explain the observed pressure
in a °Li superfluid Fermi gas [see the inset in Fig. 4(b)].

0.8
BCS-Leggett(r.s=0) —

EO6 L |

\%O 6 /NSR(m:o)

13y ______________

R4

& P

= i

N o024 Z |

NSR(g=27fm) &% " A

0 ‘ ‘ e Egap
0 0.5 1 1.5 2

g [fm']

FIG. 6. Same plots as in Fig. 5(a), when A and Eg,, are normal-
ized by the Fermi energy er = kZ/(2m).

IV. DISCUSSIONS OF EFFECTIVE-RANGE EFFECTS
FROM THE VIEWPOINT OF p. AND U(0)

To understand how the effective range r.¢ affects superfluid
properties in more detail, it is convenient to recall that the
nonvanishing rer = 2.7 fm gives a finite cutoff momentum
pe =0.79 fm~! in Eq. (8). As a result, the region where
the pairing interaction works in the gap equation (10) is
restricted to 0 < p < p.. Since the region near the Fermi
surface is important in the Cooper-pair formation, the growth
of the superfluid order parameter A with increasing Fermi
momentum becomes unremarkable when kg 2 p., compared
with the case of reir = 0 (giving p. = 00). We can confirm
this from the comparison of the case “NSR(7es = 2.7 fm)”
with “NSR(reer = 0 fm),” as well as “BCS-Leggett(reis = 0)”
in Fig. 5(a).

‘We note that the superfluid order parameter A, = y, A de-
pends on the momentum p so that the pairing gap Eg,p, which
is defined as the minimum excitations energy of Bogoliubov
single-particle dispersion E, = (§, + A2)"/? does not simply
equal A, in contrast to the ordinary case with rer = 0. Indeed,
the evaluated E, is smaller than A as shown in Fig. 5(a). This
figure also shows that our result is consistent with the previous
work [51,80-82] in the low-density region (kg < 1 fm~1).

We also note that the reason why the superfluid order
parameter A(rer = 2.7 fm) (as well as the gap size E,,p) does
not become small in the region kg = p. = 0.79 fm~! is simply
due to the increase of the Fermi energy er = k/(2m) with
increasing kg. Indeed, as shown in Fig. 7, the scaled quantities
A(rer = 2.7Tm)/ep and Eg,p/er actually become small when
kr = p., reflecting the weakening of the pairing interaction
around the Fermi level. In contrast, such suppression of the
pairing interaction does not occur when reg = 0. In this case,
because the scaled interaction strength (kga,)~! approaches
the unitarity limit [(kgas)~! = 0] with increasing kg, A/ep
approaches the value in a unitary Fermi gas [see “NSR(rg =
0)” and “BCS-Leggett(r = 0)” in Fig. 7].

The nonvanishing effective range (or finite p.) also affects
system properties through the nonzero interaction strength
U (0), which is related to the cutoff momentum p, as

dmag 1
1 — peas '

U(0) = 27
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()
25

— reff=2.7fm

FIG. 7. Calculated (a) Stoner factor « in Eq. (20), (b) effective
chemical potential u* = u + U(0)Nmr/2, and (c) internal energy E
as functions of the Fermi momentum kg and the effective range reg.
We take a;, = —18.5 fm. In each panel, the dotted line and the dashed
line show the result at 7.y = 2.7 fm and that at kg = p. = 0.79 fm~!,
respectively.

Figure 5(b) shows that the Fermi chemical potential is not so
sensitive to the effective range, when kg < 1 fm~!. However,
the so-called Hartree shift U(0) Nyr/2 enlarges the effective
Fermi surface size kj; = /2mu* = /2m[u + U(0)Nyg/2] in
this regime, which becomes comparable to the case of the BCS-
Leggett theory with r.y = O [see Fig. 5(b)]. We briefly note that
the pairing gap Eg,, is obtained at the momentum which is very
close to k}; (although we do not explicitly show the result here).

We see in Fig. 4(a) that, while the condensation energy
within the mean-field BCS-Leggett level, as well as the strong-
coupling corrections within the NSR level (with re = 0),
lower the internal energy E, the nonvanishing effective range
(regf = 2.7 fm) does not remarkably affect E in the low-density
region (kg < 1 fm). At a glance, this seems to indicate
the irrelevance of rer in this regime. However, Fig. 5(a)
indicates that the effective range r.y remarkably suppresses
the superfluid order parameter A, = y, A, which should also
suppress the superfluid condensation energy.

[\
()}

0.2

Eqor /N[MeV]
S

(E-Ecorr)/N, E/N[MeV]
(9]

S Wn
o :
)

()]
—_— L
[E—
()]
[\

FIG. 8. Internal energy E + E..y, including both the NSR con-
tribution and the second-order correction (E,,) that are ignored in
the NSR scheme (see the inset). E is the internal energy in the NSR
theory (when re = 2.7 fm).

The reason why we obtain E(reg = 2.7 fm) ~ E(re =
0) in the low-density region in Fig. 4(a) is that the above-
mentioned decrease of the superfluid condensation energy is
approximately compensated by the Hartree energy,

Enr = —1UO)Ngp, (28)

originating from the nonzero res. (Note that the Hartree
energy vanishes when r.y = 0.) This means that the mean-field
Hartree energy is important in quantitatively examining the
crust regime of a neutron star.

Before ending this section, we comment on two other effects
associated with the effective range reg. First, the nonzero U (0)
produces the Stoner factor « in Eq. (20), which enhances the
NSR fluctuation contribution Ngp, to the number equation in
Eq. (19). However, we see in Fig. 7 that the region where
the effective chemical potential ©*, as well as the internal
energy E, are strongly influenced by the Stoner enhancement
is restricted to the high-density region kg = 1 fm~'. Thus, as
long as we consider the low-density region (kg < 1 fm™!), this
effective-range effect does not seem important.

Second, when r. = 0, the magnitude of each diagram in
Fig. 2 is not well defined, because U(0) = +0 and the pair
correlation function IT;; in Eq. (16) exhibits the ultravio-
let divergence. Their infinite summation only gives a finite
fluctuation correction Qg to the thermodynamic potential
Q. In contrast, when res > 0, each diagram in Fig. 2, as
well as the other diagrams that are ignored in the NSR
theory, become nonzero because of U(0) > 0. In this case,
since the superfluid order is weakened by the effective range
[see Fig. 5(a)], it becomes unclear whether the NSR scheme
(where special diagrams describing superfluid fluctuations are
selectively summed up to the infinite order) is still superior
to the perturbative order-by-order calculation in terms of the
pairing interaction. Regarding this, explicitly evaluating all
the second-order diagrams contributing to the thermodynamic
potential that are not taken into account in the NSR theory, we
find that the correction (=E.q) to the EoS is very small, as
shown in Fig. 8. (For the derivation of E.q, see Appendix C.)
This means that the inclusion of superfluid fluctuations de-
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scribed by the diagrammatic series in Fig. 2 is still effective in
considering the low-density region of a neutron-star interior.

V. SUMMARY

To summarize, we have discussed a possible application
of an ultracold Fermi atomic gas to the study of a neutron-star
equation of state (EoS) in the low-density regime. Although our
idea maximally uses the high tunability of this atomic system,
we do not attempt to experimentally replicate a neutron star by
using the high tunability of an ultracold Fermi gas but simply
use the already existing superfluid state. That is, noting that
the inner-crust regime of a neutron star is considered to be
in the nearly unitary s-wave superfluid state of neutrons far
below T, we first deal with the recent experiment on EoS in a
superfluid ®Li Fermi gas in the BCS-unitary regime [30]. We
then theoretically make up for the crucial difference between
the two systems about the magnitude of the effective range r.f,
because it cannot experimentally be tuned in the current stage
of cold-atom physics.

To demonstrate our idea, we first showed that the recent
EoS measurement on a °Li superfluid Fermi gas can be quan-
titatively explained by the strong-coupling theory developed
by Nozieres and Schmitt—Rink (NSR). We then extended the
NSR theory to include the nonvanishing effective range (refr =
2.7 fm), so as to be able to treat the low-density-crust regime
of a neutron star. The calculated EoS was found to agree
well with the previous theoretical work on the neutron-star
EoS in this regime. Although these previous calculations use
detailed neutron-neutron interactions which can reproduce the
experimental phase shift data, no experimental support has
existed about the inclusion of many-body effects associated
with strong pairing interactions near the unitarity limit. Our
combined strong-coupling theory with a cold-Fermi-gas ex-
periment gives confirmation about this, except for effects of
the nonzero effective range.

Since the present approach is only valid for the neutron-fluid
component in the low-density region (kg < 1 fm~") of a neutron
star, it is an exciting challenge to extend this to the deeper
core region, where the simple s-wave neutron superfluid is
no longer expected. In this regard, one possibility is to use
a p-wave superfluid Fermi gas. At present, while a tunable
p-wave pairing interaction associated with a p-wave Feshbach
resonance [84,85], as well as the formation of p-wave pairs
[66,86], have been realized, any p-wave superfluid state has
not been achieved yet, because of very short lifetime of p-
wave pairs [87] due to three-body loss [88,89], as well as
dipolar relaxation [90]. However, once a p-wave superfluid
Fermi atomic gas is realized, we would be able to use it as
a testing ground, to construct a strong-coupling theory which
can quantitatively describe a p-wave Fermi superfluid. Even
if the detailed p-wave pairing symmetry in the case of an
ultracold Fermi gas is different from that expected in the core
region of a neutron star, the strong-coupling theory which
is experimentally assessed in the former would be useful
for the study of the core region where a p-wave neutron
superfluid is expected [see Fig. 4(c)], by modifying the theory
to compensate the difference between the two systems (as we
have done in the s-wave case). Such an application would also
be a good motivation for the research toward the realization of

a p-wave superfluid Fermi gas. Since it is difficult to directly
measure the neutron-star interior, our idea would provide an
alternative route to this astronomical object, in addition to the
conventional approach being based on nuclear physics.
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APPENDIX A: EFFECTIVE-RANGE THEORY IN THE
CASE OF THE BASIS FUNCTION y, IN EQ. (7)

We consider a two-particle system with the separable s-
wave interaction in Eq. (6). The two-particle scattering 7
matrix [y(p, p’,w,) obeys [72]

) , 1
Ly(p,psoy) = —-Ui(p,p’) — E Us(p,k)—2
% CU+ — 2&

x Ty(k,ps 03), (A1)
where wy = w418, with § being an infinitesimally small
positive number. Equation (A1) gives T[y(p,p’;wy) =
vpAg(wy)yy, where

1 1 Vs
=— -y —r (A2)
As(wy) U(0) — @y — 2ep
The scattering 7 matrix I'(p, p’; w,) is related to the scattering
amplitude fi(p) as [59]

m

A (A3)

fs(p) = Ls(p,p;2ep +i06).

Using Eqs. (9) and (A2), one finds that the scattering amplitude
f(p) in Eq. (A3) is written as

Ys

fs(p) =

4 2 1 1
SR LS _
as m Pl 2e, — (26, +i8)  2ep
(A4)

When we take the basis function y,, in Eq. (7) [where the cutoff
momentum p, is given in Eq. (8)], Eq. (A4) gives the exact
expression in the effective-range theory [59],

1

fv(P) = 1 1

2 .
__+_r —
a, ) eff P p

(A5)

We briefly note that higher-order terms (such as ~ p*) generally
appear in the denominator of Eq. (A5), when one chooses
another expression for y,, e.g., yp = 1/[1 + (p/p)l.
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APPENDIX B: DERIVATION OF EQ. (19) AND HOW
TO EVALUATE EQ. (20)

Noting that Qg depends on w only through pu* = u +
U(0)NymE/2, one finds

FL — 8/,(, T_ al,l,* . aM T7
ou* N ou*
(), = avo(5), ()
In /g ANCIES

1

T- LU (%)

which just equals the Stoner factor « in Eq. (20). In Eq. (B2),
we have used the fact that Nyir depends on p only through p*
[see Egs. (4) and (10)].

To evaluate the factor (dNmr/0u*)r in Eq. (B2), we
conveniently abbreviate the right-hand side of Eq. (4) as
gn(pu*,A(u*),T), and that of Eq. (10) as ga(u*,A(un*),T).

From Eq. (10), we find
a oA
+ (ﬁ> (—*> =0. (B3)
OA J e\ O™ J ¢

(%) :<38¢)
I/ r I ) ar

Taking the partial derivative of Eq. (4) with respect to u*, one

obtains
(F), = Ge),,+ (55),, ()
Iu* Jr I ) ar A ) e r N ) 1
_<38N) _<38N>
ou* AT JA T
3 aga)
()08, e
8M* AT 8A w*, T

APPENDIX C: SECOND-ORDER CORRECTION £, TO
THERMODYNAMIC POTENTIAL

(B2)

To evaluate all the second-order corrections to the thermo-
dynamic potential in a systematic manner, we conveniently

J

note that the interaction part Hg of the Hamiltonian in Eq. (12)
can be written in the the following two forms:

He = =U®©) Y vpvpps(p.9)p-(p’, —q), (Cl)
p.p'.q

Hp, = —U(0) Z Yt+p+0)/2Yp+p—9)/21+

p.p'.q
x(p.gn_(p', —q), (C2)
where
pr(p.q) = 20! oIt £in]W, g, (C3)
ni(p.g) = 1), olm £ 10]W, g, (C4)

with 7y being the unit matrix. Physically, p+(p,q) andni(p.q)
describe superfluid fluctuations and density fluctuations, re-
spectively.

The expression for the second-order correction Q¢ to the
thermodynamic potential in terms of Hpy is obtained by using
the linked cluster theorem [91]:

T T 1T
U =5 [ dr [ de @ (e €9
0 0

Here, Hpp (1) = ™7 Hy e T and (- - -). only involves
contributions from connected diagrams. When one uses
Eq. (C1) for the two Hg, in Eq. (C5), the result is the same as
that obtained from the second-order diagram in Fig. 2 (EQ;ZL)),
which has, of course, already been included in Qg in Eq. (15).
The second-order correction Q;ZL) is also reproduced, when one
uses Eq. (C2) for the two Hgg, in Eq. (C5). This is because,
although the second-order diagram in Fig. 2 is treated as that
describing superfluid fluctuations in the NSR theory, it may
actually be regarded as a diagram describing fluctuations in
the density channel. As a result, we should also drop this
contribution to avoid double counting.

The second-order correction which is not involved in the
NSR theory is obtained when one uses Eq. (C1) for one of the
two Hpp and Eq. (C2) for the other Hyp, in Eq. (C5), which
gives

Qeor = —U(0)’T Z Yp+p'+0)/2Yp+p—0)/2Vp Y p'
P.P'.q.n
x [N (p.q.iv)1”_(p', — g.ivy) + 7 (p.q.iv)ITY_ (P, — q.ivy)]
= —2U(0)°T Z Yirp+02Yor—a2Ye Ve N (p.q,iv)TT (P q ivy), (Co)
PP 4.V
where
Hf}n(P,q,an) =T th[TiG(P +q/2iw, + ivn)njé(p —q/2iwy)], (C7)
Vn
7 (pg.ive) =T ) ulniG(p +q/2iw, +iv)7;G(p — q/2iw,)], (C8)

Vn

physically describe couplings between superfluid fluctuations and density fluctuations [73]. In obtaining the last expression in
Eq. (C6), we have used the symmetry properties, [1"”_(p,—q,iv,) = I{"_(p,—q,iv,) = 17, (p.q.iv,), and II'_(p.q,iv,) =
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Hffﬁr( P.q,iv,). Summing up the Matsubara frequencies in Hi’ﬂr in Eq. (C6), we have

Apigp
n7.(p.gq,iv,) = — 24 {(1 +
o 4Ep+q/2

ép—q/2 )|:1 — f(Eptqr2) — f(Ep—gq/2) _ J(Epiq2) = f(Ep—g/2)

iy = Eprgp+ Epgp ]

Ep_gp2 i+ Epigp+Epgp
gpfq/Z 1- f(Ep+q/2) - f(Epfq/Z) f(Eerq/Z) - f(Epfq/Z)
p—q/2 Vg — Epiqpp— Epgp iVyp + Epiqrr— Epygp

Substituting Eq. (C10) into Eq. (C6), which is followed by the v, summation, we obtain, in the low-temperature limit,

YoVp Yo+ +0)/2Yp+p-0)/2Dp+g /2B p+q/2

_ U(0)2 gp—q/2 ép’—q/z
Qcorr— 4 Z [1_ :||:1_ ]E

Ep_gp2 Ep—gp2

p.p'.q

p+q/2Ep’+q/2[Ep+q/2 +Epygp+ Epigp+ Ep’—q/2]'

(C10)

To obtain Fig. 8, we numerically solved the gap equation (10), together with the modified number equation N = Ny + Ngp, +

Neorr, Where

Neonr = _0[<

The correction E; to the internal energy is calculated from

Econr = Qcorr - T(

3Qeorr
i) ) (C11)
ou* Jrp
3Qeorr
- ) + uNcorr - (C12)
T/,
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