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Theory of Feynman-alpha technique with masking
window for accelerator-driven systems

Yasunori Kitamura®, Tsuyoshi Misawa
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Asashiro-Nishi, Kumatori-cho, Sennan-gun, Osaka 590-0494, Japan

Abstract

Recently, a modified Feynman-alpha technique for the subcritical system driven by
periodically triggered neutron bursts was developed. One of the main features of this
technique is utilization of a simple formula that is advantageous in evaluating the sub-
criticality. However, owing to the absence of the theory of this technique, this feature
has not been fully investigated yet. In the present study, a theory of this technique
is provided. Furthermore, the experimental conditions under which the simple for-
mula works are discussed to apply this technique to the subcriticality monitor for the

accelerator-driven system.

Keywords: Feynman-alpha technique, Subcriticality, Accelerator-driven system,

Subcriticality monitor

Nomenclature
As = v = probability that one neutron is scattered per unit
time.
Ae = vEc = probability that one neutron is captured by ma-
terials excluding neutron detector per unit time.
Af = v = probability that one neutron induces a fission re-

action per unit time.
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Ad = de

pe(n,c)

(vp)

(vp (vp — 1))

(vpva)

(vq (vg — 1))

probability that one neutron is captured by neu-
tron detector per unit time.

velocity of neutrons (constant value).
macroscopic cross section of scattering reaction.
macroscopic cross section of capture reaction in
materials excluding neutron detector.
macroscopic cross section of fission reaction.
macroscopic cross section of capture reaction in
neutron detector.

probability that n prompt neutrons and c¢ de-
layed neutron precursors are born in one fission

reaction.
(o] (e °]
Z Z nps (n,c), i.e., first order moment of num-
n=0c=0
ber of prompt neutrons born in one fission reac-

tion.
o0 o0

Z Z cps (n, c), i.e., first order moment of num-
n=0c=0
ber of delayed neutrons born in one fission reac-

tion.

o0 o0

Y Y n(n—1)ps(n,c),ie., second order facto-
n=0c=0
rial moment of number of prompt neutrons born

in one fission reaction.
o0 o0

Z Z ncps (n,c), ie., second order moment of
n=0c=0
product of numbers of prompt neutrons and de-

layed neutrons born in one fission reaction.

Y Y c(c—1)ps(nc), ie., second order facto-
n=0c=0
rial moment of number of delayed neutrons born

in one fission reaction.
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A
delayed neutron time constant.

 {va)
<v>+ )
Al () + ()} = (Ac+ A+ Ad)

Ae{(vp) + (va) } '

1
Ae{(vp) + (va) }

probability that g neutrons are born in one neu-

, 1.e., neutron decay constant.

,i.e., delayed neutron fraction.

i.e., reactiv-

ity.

i.e., neutron generation time.

tron burst.

Y gpyv (9), ie., first order moment of number of
neutrons born in one neutron burst.

Z q(q—1)py(g), ie., second order factorial
moment of number of neutrons born in one neu-

tron burst.

repetition period of neutron bursts.



1. Introduction

Evaluation of the subcriticality is one of the key problems to reconcile the nu-
clear criticality safety with the economical operation in the nuclear fuel facilities. The
Feynman-alpha technique can evaluate the subcriticality through determination of the
neutron decay constant, so that it has been frequently studied for this purpose (de
Hoffmann, 1949; Williams, 1974). In the Feynman-alpha technique, the neutron count
with respect to a certain length of counting gate, i.e., gate width, is repeatedly mea-
sured to calculate a correlation index Y that consists of the mean and variance values
of thus obtained neutron count data (Feynman et al., 1956). The neutron decay con-
stant is determined by applying a theoretical formula to the Y value as a function of
the gate width, i.e., Y curve.

Investigation on the Feynman-alpha technique is still being pursued to cope with
a renewed necessity, i.e., subcriticality monitoring for the accelerator-driven system
(ADS). Corresponding to two kinds of operation modes of accelerators, i.e., the cur-
rent mode and the pulse one, the Feynman-alpha techniques for the ADSs with respec-
tive operation modes were developed (Péazsit and Yamane, 1998, 1999; Behringer and
Wydler, 1999; Mufioz-Cobo et al., 2001; Degweker, 2003; Pazsit et al., 2005; Kitamura
et al., 2005, 2006; Degweker and Rana, 2007; Pazsit and P4l, 2008; Rana and Degweker,
2009). However, there is a defect in some Feynman-alpha techniques for the ADS with
pulse mode developed so far; their theoretical formulae are disadvantageous in deter-
mining the neutron decay constant since they are too complicated owing to the rapid
variation of neutron counting rate that is caused by the prompt decaying behaviour of
neutron population.

To overcome this problem, one of the authors and his collaborators developed a
modified Feynman-alpha technique for the subcritical system driven by periodically
triggered neutron bursts (Misawa et al., 2014). In this technique, by introducing a
masking window for omitting a period of time during which the prompt decaying be-

haviour of neutron population is observed, a simpler formula than the conventional



ones can be applied to determine the neutron decay constant. Through an experiment
performed at the Kyoto University Critical Assembly (KUCA), they further showed a
possibility of suppressing the space dependency effect in evaluating the subcriticality.
It is hence expected that this technique can be applied to the subcriticality monitor for
the ADS with pulse mode. However, these features of this technique have not been
tully investigated because the theoretical study on this technique has not been per-
formed yet. In the present study, hence, a theory of this technique is developed by
explicitly taking the periodically triggered neutron bursts and the masking window
into consideration. On the basis of the theory thus developed, the experimental con-
ditions under which the simple formula works are discussed to promote the study for
developing the subcriticality monitor for the ADS.

A brief review of the modified Feynman-alpha technique is provided in the fol-
lowing section. The one- and two-time-point neutron detection probabilities for estab-
lishing the theoretical basis on this technique are derived in Section 3. By using the
neutron detection probabilities thus derived, the theoretical formula of this technique
is obtained in the same section. Finally, the conclusion is summarized in Section 5

based on the discussions given in Section 4.

2. Review of modified Feynman-alpha technique

In Fig. 1, a typical temporal response of neutron population in a subcritical system
thatis driven by periodic neutron bursts triggered at time mt (m = —oo,...,—1,0,1,...
is illustrated, where T is the repetition period of neutron bursts. In the modified
Feynman-alpha technique, the masking window with a duration of w is introduced
so as to omit the prompt decaying behaviour of neutron population (Misawa et al.,
2014).

The modified Feynman-alpha technique utilizes the bunching procedure to effi-
ciently obtain the Y curve (Misawa et al., 1990). As shown in Fig. 2, in the bunching

procedure, successive neutron count data between w and 7 with respect to a funda-
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Figure 1: Illustration of masking window in modified Feynman-alpha technique.
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Figure 2: Data processing procedure in modified Feynman-alpha technique.



mental gate width Ty are measured to calculate the Y value with respect to Ty. The
neutron count data with respect to longer gate widths T = rTj (r = 2,3,...) are not
measured but synthesized by bunching adjacent neutron count data with respect to Tj.

The Y curves as functions of w and T thus obtained are written as

V(w, T
Y(w,T)E%—L T=rTy, r=12,..., (1)

where M (w, T) and V (w, T) are the mean and variance values of neutron count data
with respect to T. Denoting the xth neutron count datum with respect to Ty by Z,

M (w,T)and V (w, T) are calculated as follows:

1
M (w/ T) = ﬁ Z Z Zr(xfl)erl (2)
' x=1y=1
1 Nr T 2
4 (w' T) = ﬁ { Z Zr(x—l)—l—y} - M2 (ZU, T) ’ (3)
"x=1 (y=1
: . N
N, = Maximum integer that does not exceed — 4)

where N is the total number of disjoint consecutive neutron count data sets with indi-
vidual gate width Tp.

When the expected value of Y (w, T) is written as (Y (w, T)), it is expressed as

Y (0,T)) = % 1, ©)

where (M (w, T)) and (V (w, T)) are the expected values of M (w, T) and V (w, T) that

are calculated as follows (Wallerbos and Hoogenboom, 1998; Kitamura et al., 2000):

Ny, r rN;
(M (w, T)) <1222x1 > ; (Zx), (6)



1 N, r 2
(V(w,T)) = <ﬁ Y. {Z Zr(x—1)+y} - M? (w, T)>
"x=1 {y=1
N, -1 N, —1
= TRp L (&t T L2z 1)) @

— 2 rNy—1rN,—x
+ ﬁr Z Z Z <Zr(x—1)+er(x—1)+y+z> - N_rz 21 21 <Zxe+y>-

= x= y=
Hence, one understands that (Y (w, T)) can be derived by calculating the right-hand
sides of Egs. (6) and (7) that include the first-order moment (Z) and the second-order
moments (Zy (Zx —1)) and (ZyZ,4y) of the neutron count data with respect to Tp.

These moment quantities are calculated as follows:

w+xTy
7.y — / dt; Py (1), 8
(Zx) s e, 1 1 (t1) (8)
w+xTy w+xTy
(Zy (Zy—1)) =2 dtl/ dtz P> (t1,t2), ©)
w+(x—1)T0 t
7 7 w—+xTy w+(x+y)T0 d P 10
= t f1,t2),
< * x+y> /w—|—(x—1)T0 1/w+(x+y—1)To 2 P2t f2) (19

where P; (t1) dt; is the one-time-point neutron detection probability that one neutron
is detected within an infinitesimal time interval dt; around t;, and P, (f1,tp) dt;dt;
the two-time-point probability that a pair of neutrons are detected within respective
infinitesimal time intervals d#; around t; and dt; around ¢, (> t7).

In the next section, through derivation of these neutron detection probabilities for
the subcritical system that is driven by periodically triggered neutron bursts, a theory

of modified Feynman-alpha technique is developed.

3. Theory of modified Feynman-alpha technique

3.1. Notations

In the present study, the one- and two-time-point neutron detection probabilities
Pj (t1)dt; and P, (t1,tp) dt;dt, are derived by using the de Hoffmann’s formulation
approach (de Hoffmann, 1949; Albrecht, 1962; Yamane and Pézsit, 1998). The theoret-
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ical framework supposed and the notations needed in deriving these probabilities are
defined in this subsection.

A zero-power subcritical system that is driven by periodically triggered neutron
bursts is supposed. Formulation will be thoroughly performed within the mono-
energy one-point reactor model where delayed neutrons are emitted from precursors
having a single time constant A, for a simple discussion. The neutron interactions in
the subcritical system (i.e., scattering, capture, fission, and detection) are dealt with the
following quantities,

Ay =02y, x=s5s,cf,d, (11)

where A is the probability that one neutron is scattered per unit time, A the probability
that one neutron is captured by materials excluding a neutron detector per unit time,
A¢ the probability that one neutron induces a fission reaction per unit time, Aq the
probability that one neutron is captured by the neutron detector per unit time, X, the
macroscopic cross-sections for corresponding neutron interactions x (= s, ¢, f,d), and v
the velocity of neutrons.

The probability that n prompt neutrons and c delayed neutron precursors are born

in one fission reaction is denoted by ps (n, c), and is supposed to be normalized as

;) ;)pf (n,c) =1. (12)

Using this probability, the following moment quantities with respect to the numbers of

prompt and delayed neutrons are defined as

(vp) = i i npg(n,c), (13)

n=0c=0

(vq) = i icpf (n,c), (14)

n=0c=0

(p (tp— 1)) = Y S m = 1) pe (<), 15)



(vova) = Y Y neps(n,c), (16)

n=0c=0

oo o0

a(va—1) =Y Y c(c—1)ps(nc). (17)

n=0c=0

The delayed neutron fraction f is naturally written as

(va)
P (vp) + (va) 49

Furthermore, the reactivity p, the neutron generation time A, and the neutron decay

constant « are defined as follows:

A {{vp) + (va) } — (Ae + Af 4 Aq)

S Y {8 ) B "

A= 1 , (20)
Ae{{vp) + (va) }

w= P2l = (At A+ Aa) — M (). @1)

As illustrated in Fig. 3, it is assumed that the neutron bursts are periodically trig-
gered at time mt (m = —oo,...,—1,0,1,...,400). All neutrons born from one neutron
burst are assumed to be simultaneously injected into the subcritical system.

The probability that 4 neutrons are born in one neutron burst is denoted by py, (7),

and is supposed to be normalized as
2 po(g) =1 (22)
q=0

Using this probability, the following moment quantities with respect to the numbers of

injected neutrons are defined as

(¢) = i qapv (9) (23)
q=0
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oo
€E-1)= Z}Oq(q—l)pb(q)~ (24)
=
3.2. One-time-point neutron detection probability

In the de Hoffmann’s formulation approach, all possible event combinations that
result in the neutron detection must be taken into consideration (de Hoffmann, 1949;
Albrecht, 1962; Yamane and Pézsit, 1998). To complete such a task, it is helpful to draw
schematic illustrations where possible event combinations are depicted. Furthermore,
the population of progeny neutrons at time ¢ originating from one ancestor neutron
born at time 0 is introduced as Gy, (t) (see also Appendix A).

Figure 4 shows a schematic illustration for deriving the one-time-point probabil-
ity P; (t1) dt;. In this figure, a possible event combination that results in the neutron
detection within dt; around t; is depicted; the progeny of g neutrons born in the neu-
tron burst at t, (< f1) survive until ¢; (< T) then one of them is detected within dt;.
By using the notations defined in the previous subsection and Gp, (t), one immediately
writes the probability that a progeny neutron of the g neutrons born at t,, is detected

within d¢; around #; as

Aqdtr - 9Gp (1 — 1), (25)

where A4dt; is the probability that one neutron is detected within dt;, and qG,, (t; — t,)
the population of progeny neutrons at ¢; originating from g neutrons born at #,.

Since g can take only integer values from 0 to oo, multiplying Eq. (25) by py, (¢) and
then summing over g, one obtains the probability that one neutron originating from

the neutron burst at f,, is detected within dt; around ¢y, i.e., P; (t, — t1) dty, as

P1 (tb — tl) dtl = )\d Z qPv (q) Qp (tl — tb) dtl = )\d <C> Qp (tl — tb) dtl. (26)
q=0

Therefore, by setting t, = mT then summing up m from —oo to 0, P (¢1) dt; can be

11
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written as follows:

0
P1 (tl) dtl = Z P1 (ﬂ’lT — tl) dtl

m=—0o0
0
= Aq (C) Z Opi ( Z e"‘i””> e ihid (27)
i=p,d m=—o0
= A (&) Y Qpidgcefdl, 0<t <T,
i=p,d
where A, is defined as
0
1
— my __
A, = m;me =T (28)

3.3. Two-time-point neutron detection probability

3.3.1. Components in two-time-point neutron detection probability
de Hoffmann (1949) indicated that the two-time-point neutron detection probability

P, (t1,tp) dt1dt; consists of two components, i.e.,
P, (t1,t2) dtydt, = P (11, £5) dtydts + PSY (1, 1) dtydts, (29)

where the first term is the correlated one, and the second the uncorrelated one (0 <
t; < tp < 7). The correlated term corresponds to cases of detecting pairs of neutrons
that can be traced back to a common branching process. When a plural number of
neutrons are simultaneously born from the extraneous neutron source, the correlated

term is further divided into two mutually exclusive ones (Yamane and Pazsit, 1998) as
Pl (11, ) dtydt, = PSV (1, 1) dtydty + P (£, t) dtydty, (30)

where the first and second terms are the correlated term where the nearest common
branching processes are the fission reaction (see Fig. 5) and the neutron burst (see Fig.
6), respectively. On the other hand, the uncorrelated term corresponds to cases of

detecting pairs of neutrons that cannot be traced back to common branching processes

13



(see Fig. 7).

3.3.2. Correlated term due to branching by fission reaction

The probability Pz(c'f) (t1,tp) dt1dt; is calculated with the help of the schematic illus-
tration given in Fig. 5. Before calculating Pz(c'f) (t1,t2) dt;dty, the population of progeny
neutrons at time f originating from one ancestor delayed neutron precursor born at

time 0 is introduced as G4 (t) (see also Appendix B).

(a) The probability that a progeny neutron of the g neutrons born in the neutron

burst at ¢, induces a fission reaction within df; around ¢; (> f):
Agdts - qGp (b — ty) - (31)

(b) The joint probability that a progeny neutron of one of the n prompt neutrons born
at t is detected within d#; around t; (> t¢) and a progeny neutron of one of the

remaining n — 1 prompt neutrons is detected within df, around ¢,:
{)detl . ngp (t1 — tf)} X {)detz -(n—1) Qp (tr — tf)} . (32)

(c) The joint probability that a progeny neutron of the n prompt neutrons born at t;
is detected within dt; around ¢; and a progeny neutron of the c delayed neutron

precursors born at t; is detected within dt, around t;:
{)\ddtl . nQp (tl — tf)} X {)\ddtz . ng (tz — tf)} . (33)

(d) The joint probability that a progeny neutron of the ¢ delayed neutron precursors
born at t; is detected within dt; around #; and a progeny neutron of the n prompt

neutrons born at ¢ is detected within dt, around #5:

{)\ddtl . ng (tl - tf)} X {)\ddtz . ngp (tz — tf)} . (34)

14
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(e) The joint probability that a progeny neutron of one of the c delayed neutron pre-
cursors born at t¢ is detected within dt; around t; and a progeny neutron of one
of the remaining ¢ — 1 delayed neutron precursors born at t; is detected within

dt, around t»:
{)\ddtl : ng (tl - tf)} X {)detz : (C - 1) Qd (tz - tf)} . (35)

Since g, n, and c can take only integer values from 0 to co, then one proceeds as follows:
first we have added up Egs. (32), (33), (34) and (35), and we have multiplied the result
by Eq. (31). Then, the resulting equation has been multiplied by py (¢) and ps (1, ¢).
Finally a summation has been performed with respect to all values of g, n, and c. This
set of operations gives the probability that one fission reaction originating from the
neutron burst at t}, is induced within df¢ around t¢ then a pair of neutrons originating
from the fission reaction at t; are detected within dt; around t; and df, around f», i.e.,

Pz(c_f) (tb — tf — i’l, tz) dtfdtldtz, as

Pz(c-f) (tb — tf— tl,tz) dtedtdty

= A3A¢ Y qpb (q) Gp (¢ — 1)

q=0
B (n—1)Gp (1 — tg) Gp (t2 — tf) -
x Y, ) pilnc) e6p (i = ) Ga (f2 = ) dtidtidiy
n=0c¢=0 + chd (tl — tf) gp (tZ - tf)
| Fc(c—1)Ga(tr —tg) Ga (t2 — t¢) |

(vp (vp — 1)) Gp (t1 — t) Gp (t2 — tf)
G (t1 — t¢) Gq (tr — t

— MA@ G (i—to) |+ (vpra) (1=t Galtz—H) dtedtydty.

+Gq (11 — tf) Qp (tr — tf)

+ (va (va — 1)) Ga (t1 — t¢) Ga (t2 — 1)

(36)
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When t,, is set to be mT owing to the periodicity of neutron bursts, one sees from Fig. 5
that t; can take values in the interval from mT to t; and m can take only integer values

from —oo to 0. Therefore, one obtains Pz(c'f) (t1,t2) dt1dt; as follows:

0 t
Pz(c-f) (t1,t) dtdt, = Z / 1 dty Pz(c-f) (mT — tr — t, ) dbydty

m=—oco v MT

Ayt —(aj—ag )t —agta
=M 8 Y Y ) 6k dt{dt,,
i=p,d j=p,d k=p,d _ (w—&—ak)reiajtliaktz
]
(37)
where 6, ; ; is defined as
(vp (p = 1)) Op,Opk
Q.. ;
L= p/
k= e a0 (OpQaxt+QajOp) - (38)
+ (Vg (va — 1)) Qq,j]Qa

3.3.3. Correlated term due to branching by neutron burst

The probability PZ(C'b) (t1,t2) dt1dty is calculated with the help of the schematic il-
lustration given in Fig. 6.

The joint probability that a progeny neutron of one of the g neutrons born in the

neutron burst at t, is detected within d#; around t; (> t,) and a progeny neutron of

one of the remaining g — 1 neutrons is detected within d¢, around t;:

{/\ddtl . qu (t1 — tb)} X {/\ddtz . (q — 1) gp (tz — tb)} . (39)

Since g can take only integer values from 0 to oo, multiplying Eq. (39) by p}, (g) and
then summing over g, one obtains the probability that a pair of neutrons originating

from the neutron burst at t, are detected within d¢; around #; and dt, around ¢, i.e.,

17



Pz(c-b) (tb — 11, tz) dt;dty, as

PZ( ) (tb — tl,tz dtldtz = )L Z q — 1 Pb ) Qp (tl — tb) Qp (tz — tb) dtldtz

(40)
=A3(6(E—1))Gp (b —ty) Gp (b2 — 1) drdia.

Therefore, by setting t;, = m7 then summing up m from —co to 0, one calculates

Pz(c'b) (t1,t2) dt1dt; as follows:

b 0 b
PZ(C_ ) (tl,fz) dtidt, = Z PZ(C_ ) (mT — tl,fz) dt dty
e (41)
=AU EE 1) X N kB (g e TR,
j=pdk=pd
where

Tik = QpjOp (42)

3.3.4. Uncorrelated term

The probability PZ(U) (t1,t2) dt1dt; is calculated with the help of the schematic illus-
tration given in Fig. 7.

The joint probability that a progeny neutron of the q; neutrons born in the neutron
burst at t},; is detected within dt; around #; (> t,) and a progeny neutron of the g

neutrons born in the neutron burst at t,, ; is detected within dt, around f;:

{Aadty - q1Gp (t1 — ty1) } X {Aadtz - q2Gp (b2 — tpp) } ) tho 7 th 1. (43)

We have to note here that the case t,; = t,,, must be excluded to derive the uncor-
related term because all neutrons born in one neutron burst are regarded to be corre-
lated in the present study. Multiplying Eq. (39) by pp, (1) and py, (92) and carrying out
summations over g1 and g, from 0 to co each, one obtains the probability that a pair

of neutrons originating from the different neutron bursts at t,; and t,, are detected

18



(u) (

within dt; around t; and dt; around t, i.e., P, (tp1 — t1,tpp — f2) dtidtp, as

Pz(u) (tbg — t1,thp — t2) dtydts
ot [e9)

= A3 Y qipw (1) Z 72 (92) Gp (t1 — tp1) Gp (t2 — tpp) dtrdts (44)
71=0 2=0

= A3 (&)° Gp (t1 — tr1) Gp (f2 — tpp) dtydty,  tho # tp 1.

Therefore, by setting t,1 = m1T and t,, = myT then summing up m; and my (# my)

from —oo to 0, one obtains Pz(u) (t1,tp) dt1dt; as follows:

0 0
qu) (t,t2)dblde = Y )] Pz(u) (M T — t, moT — tp) dtdt;

M1 =—00 NMp=—00

my#ny
0
, & Y. Gp(tr—mT) Gy (b — myT)
= )\31 <§> Z My=—00 dt;dt;
mp=—00

— Qp (tl — ml’c) Qp (tz — mlT)

2 -
Z Z 77]/k {A‘x]'TA‘ka - A(“j-f‘ﬂék)”[} e A 2dt1dt2
]:P/d k:P,d

(45)

3.3.5. Summary of two-time-point neutron detection probability
As mentioned before, the two-time-point neutron detection probability P, (t1,t,) dtdf,
consists of the correlated and uncorrelated terms. Therefore, one derives P, (t1, tp) dt;dt

as the summation of Egs. (37), (41), and (45), i.e.,

P, (ty,t2) dtydty
= )\é)\f <€> Z Z <9i,p,k + Gi,d,k) Azxirei(lxiilxk)tliaktzdtldtz 46
i=p,d k=p,d (46)
+ )\2 Z Z ik {X] kA ‘X Sty ) + ANjTAakT} e—txjtl—aktzdtldtz’
j=p,d k=p,d
where
A 0 k+6d k -1
Xip = — L P i <C(€2))_1' @)
) Mk (@)
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3.4. Theoretical formula of modified Feynman-alpha technique

Using the one- and two-time-point neutron detection probabilities, i.e., Egs. (27)
and (46), one can now calculate the moment quantities given in Egs. (8) to (10) that are

needed to derive the theoretical formula of the modified Feynman-alpha technique:

Q A ) —aixTo
(Zy) = Mg (§) ) —Pi T S

T (48)
i=pd Y Agmye "0

Oipi +0id,i) Ay 1 — 0;ToAg 1 e %T0) e—ixTo
(Zy (Zy —1)) = 2/\é/\f (¢) Z ( P/t Z’d'l) “ﬂeﬂxiw( Ai LoDy, 1€ )e

i—pd af Ag,ry e T0
_ BTy ) g—aT
2200 Y Y ( e + 014 Bt o (1 ai/Aai,To> e
i=pdi’ _pd (@i — ;) AaiToe_“iTO
i'£i
ik {Xj,kA , T A“,TAW}
SN L E e e
j=pdk=pd %k
#kAa, 1, _(“,+a )xT
—1 e \#T4%)*0
y {(“j+ak)A(“j+“k)To }
Azkaoe_((Xf_'_“k)TO ’
(49)
— A2 (ei,p,i +9i/d,i) Alxi‘l’ —u; [XiToe_“i(x""}/)TO
<Zxe+y> — Ad)\f <C> Z “2 oW A e_aiTO
l:prd i w; Tp
(91', 4! + 9i,d,z"> Azxﬁ . f(aieroc,-/y)To
+ A3 () Y P e wie L
s il —w) 8By Ty (o)
i'£i
QXA Ay oA }
—/\é <(:f>2 Z Tik {X]’k (tX]-—I—ak)T+ a 7B T e—(ﬂé]'—i—ak)w
j=pdk=pd Ajlg
—e_{(“f+”‘k)x+“ky}T0
>< .
A“jTOAakToei(“]’+ak)T0
(50)
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One hence obtains (M (w, T)) and (V (w, T)) by substituting Egs. (48) to (50) into Egs.
(6) and (7) as

I N <1 _ efzxiNrT) , (51)

WV (w0, T)) = Aq (&) = Y 2Bt (1 _ %) (1- o)

Ni’ i:p,d “i
1 Oip,i T 0id,i) Bar .
+203A:(8) 7 X Cip ~ ) MT i
" i=p,d o
X (1 — e_'x"NrT) 1- afe™” 1 1— &N, Te 1
1—esT N, 1—ealNT
1 <9i,p,i’ + 9i,d,i’> Atxi‘r
+ 20374 () — e M
are(¢) Ny i:%d i/_zm o (o — ;)
i'£i
> (1 i e—txiNrT> 1— ﬁl _ eiailT _ i 1— ﬁ—l _ eiai/NrT
ay1—e T N, ay 1 — e @il T
1 Nik {Xj,kA(,X.+,Xk)T + AajrAakT}
a2 ()2 i —(aj+ag)w
d() Ny j%d k—zp,d Xjlk )
A 1—e T

o + o 1 — e—(tx]-—l—lxk)T

1 K 1 —e N T
N, K + o 1— e—(a]-+vck)NrT

(52)

The theoretical formula (Y (w, T)) can now be derived by substituting Egs. (51) and
(52) into Eq. (5). However, in the modified Feynman-alpha technique, thus obtained
formula (rigorous one, hereafter) is not utilized because it is too complicated. Instead,

let us introduce a wider masking window w that allows the following approximation,

e %? ~ (. (53)
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Equations (51) and (52) with w, i.e., (M (w, T)) and (V (w, T)), are written as follows:

> . 1 Qp,dAthT —Dédw —adN,T
(M(@,T)) = Aa{6) 1~ e (1—eaNT), (54)

(¥ (@.1) = A @) gy 2ot erns® (1= L) (1 o)

Nr X4 Nr
1 (Bapa+0add) Dagr _, = _
4 2/\2/\ - /Py /< e MW (1 _ e agN, T
art () N, océ ( )

1 aqTe T 1 1_ wgN, Te %N/ T
O T — N, 1 — e—aN, T

1 (0 +0 A .
+ ZAé/\f <€> ( d,p,p d,d,P) DCdTe—Dcdw <1 _ e—DLdNrT> (55)

Nr g (ap — o)
y gl —e T 1 [ Ml e wN/T
apl—e -l N, ap 1 — e aalNT

2
< >2 iﬂd,d {Xd,dA2lxdT + AadT} e_zlxd@ (1 . e—Z“dNrT)
N, o2
d

JJr 1 141 1
2 14+e T N, \2 14ealNT '

One hence obtains (Y (w, T)) as

_ 2AqA¢ (Bgpd + 04,0,4)
Y (@,T)) = pd T 7dd,
(¥ @) o

1 ngTe T 1 1 agN, Te %N/ T
X 1 —e—aaT ﬁr T ] —e—waNeT
N 2AqA¢ (Bd,p,p + 9d,d,p)
(lXp — le) Qp,d

_ o 0pT o —a,N, T
x{1_"‘_d—1 e™ 1 (1_"‘01—1 €’ )} (56)

ap 1 —edal N, @ 1 — e aaN'T

AZleT }
_ ZAd <C> ldd {Xd’d Dayr + Aadr e_“d@ <1 + e_[XdNrT>
xqQp d

JJr._tr 171 1
2 1+4+e®l N, \2 1+e T

With a longer pulse repetition period 7 than the masking window w, one can obtain
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a greater number of neutron count data with respect to Tj (see also Fig. 2). Under such
a condition, when one restricts the Y curve to a shorter gate width range in determining
the neutron decay constant, one can introduce the following approximation (Kitamura
et al., 2000),

(57)

owing to a small difference between N, and N/r. We would like to remind that N; is

the maximum integer that does not exceed N /r. Hence, one re-writes (Y (w, T)) as

_ 2A4A¢ (0 +0 Te—adT
<Y (w, T)> _ d f( dp,d d,d,d) 1— o4 e_ _
OCde,d 1—e %
2A 3¢ (ed,p,p + ed,d,p) 1 ag 1—e T
(ap —aq) Qpq ap1l—e T
214 (&) M, {de% +A }
— ' % Bagr tar e~ %W (1 + e—fXdNTo) i1
aqQp d 2 1+e -l
—¢(w)T,
(58)
where
(@) = 2AgAt (Bapd +0dd4d) 1 1 wgNTpe %aNTo
¢ N ‘Xde,d NTj 1 — e %aNTo
2AqA¢ (Bapp +0ddp) 1 agl—e N0
(a4p —aq) Qpa  NTo ap 1 —e%aNTo
214 (C) de{de%‘f‘Aa T} 59
_ ’ / Atxdr d e—zxd&}L <1 + e—tdeTO> ( )
O‘de,d NTy
(2~ 7o)
>< N —
2 1+exaNTo
L1
NT,’

When one utilizes the Y curve of a shorter gate width range in determining the
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neutron decay constant, one can further introduce the following approximation,

(XdT ~ 0. (60)

Therefore, one can apply the following theoretical formula (simple one, hereafter):

_ 1—e T
<Y (w, T)> — y() (1 — T) - le, (61)
p
where
_ 2XaAs (Bapp +Oaap) (62)
0 _ 7
(”‘p - "‘d) Opq
. AaAs(Bapd+0dad4)
Y= ¢ () - 5 B
P,
Ny (63)
Ad (€) 1a.d {Xd,d_Ai;T +A,de} — i (1 i —adNTo)
ZQp,d © ) .

We would like to note here that the second term —)); T is added to the formula utilized
in the subcriticality measurement experiment at the KUCA (Misawa et al., 2014) be-
cause the finite measurement time effect (Wallerbos and Hoogenboom, 1998) and the
delayed neutrons were explicitly taken into consideration in the present study. How-
ever, Eq. (61) is still much simpler than those of some Feynman-alpha techniques for

the ADS with pulse mode developed so far.

4. Discussions

4.1. Verification of theoretical formula by Monte Carlo calculations

In Section 3, the experimental conditions under which the simple formula Eq. (61)
works were extracted; a wider masking window, a longer pulse repetition period of
neutron bursts, and restricted utilization of Y curve to a shorter gate width range.
Among them, the third one is not peculiar to the modified Feynman-alpha technique,
rather very common in the conventional Feynman-alpha techniques. Hence, in the

present section, the remaining two experimental conditions are discussed by using the
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rigorous formula (Y (w, T)) that is derived by substituting Egs. (51) and (52) into Eq.
(5). Prior to the discussion, verification of the rigorous formula is provided in this
subsection.

To verify the rigorous formula, a series of mono-energy analogue Monte Carlo cal-
culations, where a typical thermal subcritical system with a subcriticality of 2.9 %Ak/k
is supposed, was carried out. The parameters for these Monte Carlo calculations are
listed in Table 1. Because of the neutron life time of the order of 10~ s, one understands
that the system is belonging to the light water one. In these Monte Carlo calculations,
the time of every neutron detection event in an imaginary neutron detector was tallied
to obtain the time series data. For simplicity, the probability that n prompt neutrons
and ¢ delayed neutron precursors are born in one fission reaction, i.e., ps (n,c), was

assumed to be expressed as

pi(n,c) = pip (n) - pra (c), (64)

where py, () is the probability that n prompt neutrons are born in one fission reaction,
and ps 4 (c) the probability that c delayed neutron precursors are born. In the present
calculations, a binomial type distribution by Diven et al. (1956) was supposed for re-
spective probabilities in determining the numbers of neutrons or precursors born in

one fission reaction, i.e.,

n 5—n
Pip (n) = n!(55;n)! [<V5p>] [1—<U5—p>] , n=0,1,...,5, (65)

pf,d(c)zd(zzl_c)! {%‘ﬂc[ —<'/2—d>rc, c=0,1,2. (66)

On the other hand, as seen in Table 1, the probability that g neutrons are born in one
neutron burst, i.e., py (), is defined on the basis of the Poisson distribution.
In the Monte Carlo calculations, 10,000 sets of the time series data where the neu-

tron bursts with a pulse repetition period T of 0.25 s start at time —800 s and finish at
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Table 1: Parameters for Monte Carlo calculations.

Parameter: Value

As [s71]: 1310617.02249
Ac[s71: 33196.23153
Af [s71]: 21685.74903
Aq[s™1]: 334.85040
(vp) [[]: 24564375
(vg) [-]:  0.0185625
B[-l: 0.0075
pe(n,c) [l pep (1) - pra(c)
pep (n) [l 0.0340692086 (n = 0)
0.1645111565 (n = 1)
0.3177522660 (n = 2)
0.3068682534 (n = 3)
0.1481785262 (n = 4)
0.0286205893 (1 = 5)
peq () [-]: 0.9815236416 (c = 0)
0.0183902168 (c = 1)
0.0000861416 (c = 2)

(&) [-]: 25000

25100 < g

0, 0 < g < 24900,
Ps (q) [-]: 100(9—24900) o —100
24 < 251
(q— 24000y~ 200 =4<2100
Als71]: 0.077

T[s]: 0.25
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time 0 s were obtained. By using the 10,000 sets of time series data between 0 s and 0.25
s, the Y curves were calculated by introducing various widths of the masking window
w. Thus obtained Y curves and the corresponding rigorous formula are plotted in Fig.
8. In this figure, one confirms that the rigorous formula agree well with the Y curves
by the Monte Carlo calculations. Therefore, it is considered that the rigorous formula

derived in the present study was verified.

4.2. Experimental conditions for modified Feynman-alpha technique

By using the rigorous formula (Y (w, T)), various Y curves were plotted with the
parameters listed in Table 1 by changing the pulse repetition period 7 from 10716/,
to 10739/ap and the masking window width w from 107%%/ay, to 10730 /. To thus
plotted Y curves ranging up to 5 ms at most, the simple formula, i.e., Egs. (61), was ap-
plied to determine ), )1, and a;, by the least square fitting technique. The deviations
of the &}, values thus determined from the reference (1947.16 s~ 1) that can be calculated
by the parameters listed in Table 1 were plotted in Fig. 9.

It is seen in Fig. 9 that one cannot stably determine the a, value within 1% error
when the pulse repetition period 7 is less than 10720 /a;,. At the same time, one finds
that the masking window w ranging from 10719/a, to 10712 /a,, is suitable to deter-

mine the Xp value.

5. Conclusion and future work

In the present paper, a theory of the modified Feynman-alpha technique for the sub-
critical system driven by periodically triggered neutron bursts was developed by the
de Hoffmann’s formulation approach to apply this technique to the subcriticality mon-
itor for the accelerator-driven system. Through derivation of the theoretical formula
for determining the neutron decay constant &}, by this technique, the experimental
conditions under which this formula works were discussed. A numerical investiga-
tion revealed that these are the pulse repetition period of neutron bursts that is longer

than 10720/, and the masking window ranging from 10719/ a, to 10712/ a,,.
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Figure 9: Deviation of &}, determined by modified Feynman-alpha technique from reference.
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As mentioned before, the other feature of this technique is a possibility of sup-
pressing the space dependency effect in evaluating the subcriticality. In a forthcoming

paper, hence, discussions on this feature will be reported.
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Appendix A. Population of progeny neutrons originating from one ancestor neu-

tron

In the de Hoffmann’s formulation approach, the population of progeny neutrons at
time ¢ originating from one ancestor neutron born at time 0, i.e., Gy (t), plays a very
essential role, so that it is derived here.

The reactor kinetic equations with one group of delayed neutron precursors are

written as follows:

dN ()

o = N +AC(), (A1)
dC(t) B
= —AC(H+ AN (), (A2)

where N () and C (t) are the populations of neutrons and delayed neutron precursors
in the system of interest, respectively. Replacing N (t) with G, (t) and C (t) with H,, (t)
then adding the Dirac’s delta ¢ (¢) to the right-hand side of Eq. (A.1), one obtains

dggt(t) = Gy (1) £ AH (1) 15 (1), (A3)
dH
;m:—mgw+§%uy (A.4)

where H,, (t) is the population of progeny delayed neutron precursors at ¢ originating
from one ancestor neutron born at 0. Since the initial conditions of G, (t) and H, (t)

are read as

Hp (0) =0, (A.6)

their Laplace transforms, i.e., Gp (s) and ﬁp (s), are calculated as

N s+ A

— , A7
gp(s) 52+(“+)\)S_% ( )
. B
Hp (s) = A E (A.8)

s24+ (w+A)s— &
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By introducing

(k+A) A+ \/(a+A)2A2+4AAp

(a4 A) A — /(2 +A)> A2 + 4AAp
ng = , (A.10)
2A
Q= —— N oi—pd, £, (A11)
o — gy

one re-writes Eq. (A.7) as

Go(5)= X o0 (A12)

Therefore, Gy, (t) is derived as follows:

Gp () =) Qpie (A.13)
i=p,d

Appendix B. Population of progeny neutrons originating from one ancestor de-

layed neutron precursor

Here, derivation of the population of progeny neutrons at time ¢ originating from
one ancestor delayed neutron precursor born at time 0, i.e., G4 (t), is provided.

By replacing N (t) with G4 (t) and C (t) with Hq4 (f) then adding the Dirac’s delta
J (t) to the right-hand side of Eq. (A.2), one obtains

dGyq (t)

— 4 = 4G () + AMq (b), (B.1)
dH;lt(t) S NORS-LROERIO) (B.2)

where Hyq (t) is the population of progeny delayed neutron precursors at t originating
from one ancestor delayed neutron precursors born at 0. Since the initial conditions of

Gq (t) and Hq (t) are read as

{ Gq (0) =0, (B.3)
Hq(0) =0, (B.4)
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their Laplace transforms, i.e., Gy (s) and Hy (s), are calculated as

5 A

Qd(s)zsz+(“+A)s_%, (B.5)
o +
Hq (s) = o (“1 A“) - (B.6)
By introducing
Oq; = > i\“i/, i=p,d, i #i, (B.7)

one re-writes Eq. (B.5) as

5 QOyq,i
Gq(s) = . B.8
a(s) i_Zp;d Sta (B.8)
Therefore, G4 (t) is derived as follows:
Ga(t) =), Qqe " (B.9)

i=p,d
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