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ON THE NAGELL-LJUNGGREN EQUATION
N. HIRATA-KOHNO, T. KOVACS AND T. MIYAZAKI

ABSTRACT. We show that there exists an effective upper bound for the solutions to the Nagell-
-1
= y7 in 4 unknowns in integers x > 1,y > 1,m > 2,q >

Ljunggren equation of the form z
1, when z is a cube of an integer. Our method relies on a refined estimate of linear forms in
logarithms.

1. INTRODUCTION

It is a longstanding conjecture that the exponential Diophantine equation in four unknowns,
so-called the Nagell-Ljunggren equation:

m_ 1
(1) xa:—l =y? inintegers z>l,y>1,m>2, ¢>1
has finitely many solutions (z,y,m,q). Nagell and Ljunggren confirmed [12][15][16] that apart
from
3P -1 74— 1 183 — 1
2 =11%, —— =20? =7
) 3-1 T -1 18 -1 ’

the equation (1) has no solution (z,y,m, q) if either one of the following conditions is satisfied:

(i) ¢ = 2, (ii) 3|m, (iii) 4|m, (iv) ¢ =3 and m # 5 (mod) 6.

It remains unknown to date whether the number of the solutions is finite or not, and there is
no known solution other than those of (2). It is widely believed that there is no other solution.
The problem requires us when it happens a perfect power of an integer to be written with all
digits equal to 1 in base z. Shorey and Tijdeman [22] proved that the equation (1) has only
finitely many solutions (z,y, m, q) if one of the following conditions is satisfied:

(i) = is fixed, (ii) m has a fixed prime factor, (iii) y has a fixed prime factor. This assertion
is effective.

It is mentioned by Shorey [20] that the abe conjecture implies the finiteness of the solutions
to the equation (1).

Since the case ¢ = 2 is solved, there is no loss of generality in assuming that ¢ is an odd
prime. The fact that there is no other solution with m even follows from the affirmative answer
of Catalan’s conjecture due to Mihailescu [14]. Note that it is still an open problem to prove in
general the equation (1) has only finitely many solutions of form (z,y, ¢, q).
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Now we consider the Nagell-Ljunggren equation under the condition that z is a power.
Bugeaud, Mignotte, Roy and Shorey [7] proved that the equation (1) has no solution when-
ever r is a square. Hirata-Kohno and Shorey [9] considered an analogous question when z = z#
where z > 1, 4 > 3 and they showed that the equation (1) with z = 2# with ¢ > 2(u—1)(2x—3)
has only finitely many solutions effectively bounded depending only on .

In this paper, we show that the constant giving an upper bound for the height of the solutions,
can be improved using a refinement of a lower bound for the linear forms in logarithms of form
|b1logag + -+ - + by log a|.

Theorem 1.1 (Hirata-Kohno, Kovdcs and Miyazaki). Let z > 1 be an integer. Assume q #
5,7,11. Then there exists an effectively computable absolute constant C > 0 satisfying the
following statement. Suppose (x,y,m,q) is a solution to the equation (1) with x = z3. Then we
have max(z,y,m,q) < C.

We may derive the finiteness of the solutions to the equation (1) of Theorem 1.1 from [9],
however, our new ingredient here for the proof is based on an advantage of the factor log E' in
[11] and [18] appeared in a lower bound for the linear forms in logarithms. We use a lower bound
obtained by Bugeaud in [5] which is again precisely calculated by the third author.

Note that the result is due to Inkeri when p = g = 3 (Lemma 4, [10]). Bugeaud and Mignotte
proved if u = g, there is no solution in (z,y,m, q) (Théoréme 9, [6]), and this statement follows
from a theorem of Bennett on the Thue equation [3] showing, when a > b > 1 and n > 3, that
the equation

laz™ —by™| =1
has at most 1 solution in positive integers (z,y) (indeed, if p = ¢, we suppose that there
exists z > 1,y > 1,q < 3,m < 3 with 2 — 1 = (29 — 1)y?, then consider the equation
2979 — (29 — 1)Y9 = 1 where Bennett’s theorem can be applied to conclude the statement).

In 2007, Bugeaud and Mih&ilescu showed w(m) < 4 if (z,y,m, q) is a solution to the equation
(1) [8] and it was improved to w(m) < 3 by Bennett and Levin [4].

2. OUTLINE OF THE PROOF
Proposition 2.1 (Consequence of Lemma 2 of [9]). The equation (1) with x = 2° implies that
either max(z,y, m, q) is bounded by a positive effective constant, or
zZm—1 q 22m 4™l q
=y, —5—— =198
z—1 zé+z+1
where y1 > 1 and ya > 1 are relatively prime integers such that y1y2 = y.

The next lemma states approximations of certain algebraic numbers by rationals using Padé
approximations found in [5] which is a precise statement of Shorey and Nesterenko [17]. This
also improves Lemma 3 of [9].

Lemma 2.2. Let A, B,K and n be positive integers such that A > B,K < n,n > 3 and

w = (B/A)Y" is not a rational number. For 0 < ¢ < 1, put
2—¢ )

= ]_ _— = —

) + 7 —¢

up = AQPEHAD(HD/(Ks=1) =1 peoK+st1 gqu(K+1)

Assume that
AA—B)%u7 > 1.
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Then
p U2
|“’ q’>AqK(s+1)

for all integers p and q with ¢ > 0.

Now we apply the lemma above to prove the statement whenever q is fixed. We show:

Proposition 2.3. The equation (1) with x = 2* and the condition q # 5,7,11 implies that maz
(z,y,m) is bounded by an effectively computable number depending only on q.

The proposition 2.3 is proven as follows. Let us consider the equation (1) with z = 23.
Recall that Shorey and Tijdeman showed that the equation (1) has only finitely many solutions
if either x is fixed or m has a fixed prime divisor. Then we may assume that min (m, z)
exceeds a sufficiently large constant depending only on g. By Proposition 2.1, we may suppose

m 2m m
Tl =], EETH = g namely (z - Dy = 2™ — 1, (*+2z+1) y§ = 2*™ + 2™ + 1. thus
0< (22+z+ 1)y — (2 — 1)2yfq < 3z™ which implies

1
(z — 1)2 /a Yo
e -=l<
224241 y%
But Lemma 2.2 with A = 22+ 2+1, B = (z — 1)? gives a contradiction against the upper bound
above.
Now it remains to show that the equation (1) with = 2% implies that ¢ is bounded. The
proof uses a lower bound for the linear forms in logarithms.

The following result is a precise version of [11, Corollaire 3], whose advantage comes from the
role of log E in a lower bound for the linear forms in logarithms.

62™

2,24
Zyl

(3) 0<

Proposition 2.4. Let X1/Y; and X2/Y2 be multiplicatively independent rational numbers greater
than the unity. Let by and by be positive integers. We consider the linear form

A= bz log(Xz/Yz) - b1 log(Xl/Yl)
Let Ay, Ag be positive real numbers such that
log A; > max{logz;, 1} (i=1,2).

Let E > 3 be a real number such that

E<1+min{ log A, log Az }

log(X1/Y1)" log(X2/Y2)
Assume that
E <min{A]? A%

Then we have

log |A] > —35.1(log A;)(log As)(log B)?(log E) 3,
where

b1 by

log Ao log Ay

log B = max {log ( ) +loglog £ + 0.47, 101log E} .

Using this result, we show the following,.
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Corollary 2.5. Let X1/Y; and X2/Ya be multiplicatively independent rational numbers greater
than the unity. Assume that

X 4

T2

Y, 3

Let by be a positive integer. We consider the linear form

A= log(Xg/Y2) - b1 log(Xl/Yl).

X123, X223

Assume that |A| is not zero and that
X2/Y2 > Xl/Yl-

Define € with e <1 by

Xo 1
22—
Y + X, F
Then we have
(Iog Xl) lOg Xz

log|A] > —35.1 (log by + 10)>.

min{log X1, (1 — €) log X2}
Proof. We may take (A1, A2) = (X1, X2). It suffices to show that we can take F such that
4) log E = min{log X1, (1 — ) log X»}.

Indeed, if so, since

by 1
log | —2 +———) +loglogE
o8 (1ogX2 + logXl) +loglog

by 1
<l log1 in{X;, X
o8 (long + logX1> +loglog min{Xy, X}

<log (b1 +1),

we have
(log B)*(log E) ™ < max{log (b1 + 1) + 0.47, 10log E}* - (log E) 3
log (b1 + 1) + 0.47 2 a1
ax{ g ,105 - (logE)

4 2
< max l_o_g__(bl-l-l)——i—()’?, 104 - (logE)™
log 3

< (logby +10)%- (log E) L.
Hence, Proposition 2.4 gives us the desired inequality. So, we define E by (4). We are left with

checking that all required inequalities on E hold.
First, we show F > 3. For this, it suffices to check that le_s > 3 holds. Since X3/Y2 < 4/3

by our assumption, we have
X5 =Xy/Yo -1 < 1/3.

Next, from the definition of £, we have
log(X2/Yz) = log(1+ X5 1) < X571,

and so
—loglog(X2/Y2) > (1 —¢)log X2 = log E.
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Since X1, X2 2 3 and X5/Y2 > X;/Y7, it follows from (4) that

>FE

. log X log Xo } log 3
1+ min .
{ log(X2/Y2)

log(X1/Y1)" log(X2/Ya)
Finally, we can observe that (4) yields

logmin{ X%, X.¥/*} = (3/2) log min{ X1, X5} > log E.
This completes the proof.

We now give an outline of the proof of Theorem 1.1.

Proof. Consider the following linear form in two logarithms:

where positive integers y;, yo satisfy

22 441

q __ —1 —2
yl =AM e L =

Yy =

In our case, we may assume that

m is odd > 1.
Set

(X17 Yi) = (y12’ y2):

Note that X1, X2 > 3 and

(X2,Y2) = (2 +2+1,(2~1)%), bi=gq

Xy 2Z242z+1

4
A2z Aetl 4 > 11).
v, (ro1p S3 (52210

(i) Put (y1,72) = (X1/Y1, X2/Y2). First, we show that y2 > 7. We already know

8 24
|A] = |logy2 — qlog 1| < '% ==
z

zm’

Then

24
logy2 > qlogy1 — g

Hence, since q > 3, it suffices to show

36
qlogm 2> g
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Observe that

"=

v\ w2 )PP 42t ])
(Ez_) Cw 22 2™ 1
(zm—1+1)222
22m+2zm+1+22
22m+1+22_zm_1

22m+zm+1

1
>1+—-1.

Zm

Hence

1 0.95 36
qlogy, > log <1+Zm_1> > >— («2z2>38).

zm—1 zm

(ii) Next, we show that X7/Y7, Xa/Y> are multiplicative independent. Suppose the contrary.
Then, we can find two co-prime positive integers k,! such that

(X1/Y1)™ = (Y2/X2)!,

that is,
G T RN TS | GRS N A Vil
22m 4 opm ] T \P2+ztl)”
or
(5) (424 DFHE 4 2m 2 1) = (2 - DE(EP 2 DR

Since m is odd, we easily see from (5) that
z is even.
Since m > 2 and z is even, we have
(ZHz+1)" =+ D) =k +D)2z+1 mod 2z,
22+ D)=+ 1)F =2%2+1=1 mod 2z,
(z—1)2=(22-224+1)'=1 mod 2z,
(2" +2"+1)*=1 mod 2z.
It follows from (5) that
k+1=0 mod 2.
This together with the fact ged(k,!) = 1 implies that
k is odd.

Now, we reconsider (5). Since k is odd, we may conclude that the term

m_ ]

m_1

has to be a perfect square. But, this contradicts the result of Ljunggren [12].

z
2l =
z
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(iii) We use Corollary 2.5. Noting that
32(22+2+1)
log (_(_2_(2—1) )
=

= Toa(Z 42 £ 1) (>0.5),

1
l1—c¢

log X1, log Xg} (log g + 10)?

T logyi, log(2% + z + 1)} (log g + 10)?

m_1
> —35.1 max q(12— 3 log (zz — ) , log(2® + 2z + 1)} (log q + 10)?

I
|
@
o
=
g
X

2.1m

> —35.1 max { log z, 2.1log z} (log g + 10)?
= —73.71(log z) max {mq_l, 1} (logq + 10)2.

On the other hand, we know
log || < log (%) = log24 — mlogz.
z
Combining this with the obtained lower bound for log |A|, we have
log 24 — mlog z > —73.71(log z) max {mq_l, 1} (log g + 10)?,
or

log 24

m < 73.71 ma.x{mq_l, 1} (logq + 10)% + logz

If ¢ < m, then

log 24
q (1 _ 8 ) < 73.71(log g + 10)?,
mlog z

which implies, say

q < 40, 000.
If ¢ > m, then
log 24
m < 73.71(log ¢ + 10)% + —2=
log 2z
Since z™ > 1,9(= 2™ 1 + 2™ 2 4+ ... 4 1), we may replace the left-hand side above by
log 1
log =z 4
Then we have
! log 24
OBYL < 73.71(log g + 10)% + —2=
log z log z
Hence,
It log 24
7 < 13.71-22% (log g + 10)% + 2=~
log y1 log 11
So, we need an explicit upper estimate of z (or ll?c;gy—zl) in terms of g, to bound ¢. But

this is already done by Proposition 2.3. This completes the proof of our theorem.
O
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