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Abstract. We obtain stationary measures for the one-dimensional three-state Grover walk with one defect by solving
the corresponding eigenvalue problem. We clarify a relation between stationary and limit measures of the walk.

1 Introduction

The quantum walk (QW) was introduced as a quantum version of the classical random walk. The QW has
attracted much attention in various fields. The review and books on QWs are Venegas-Andraca [16], Konno
[9], Cantero et al. 1], Portugal [14], Manouchehri and Wang [13], for examples.

The present paper deals with stationary measures of the discrete-time case QWs on Z, where Z is the
set of integers. The stationary measures of Markov chains have been intensively investigated, however, the
corresponding study for QW has not been given sufficiently. As for stationary measures of two-state QWs,
‘Konno et al. [11] treated QWs with one defect at the origin and showed that a stationary measure with
exponential decay with respect to the position for the QW starting from infinite sites is identical to a time-
averaged limit measure for the same QW starting from just the origin. Konno [10] investigated stationary
measures for various cases. Endo et al. [6] got a stationary measure of the QW with one defect whose
quantum coins are defined by the Hadamard matrix at = # 0 and the rotation matrix at z = 0. Endo
and Konno [3] calculated a stationary measure of QW with one defect which was introduced and studied
by Wéjcik et al. [15]. Moreover, Endo et al. [5] and Endo et al. [2] obtained stationary measures of the
two-phase QW without defect and with one defect, respectively. Konno and Takei [12] considered stationary
measures of QWs and gave non-uniform stationary measures. They proved that the set of the stationary
measures contains uniform measure for the QW in general. As for stationary measures of three-state QWs,
Konno [10] obtained stationary measures of the three-state Grover walk. Furthermore, Wang et al. [17]
investigated stationary measures of the three-state Grover walk with one defect at the origin. Endo et al.
[4] got stationary measures for the three-state diagonal quantum walks without defect or with one defect.
In this paper, we consider stationary measures for the three-state Grover walk with one defect introduced
by Wang et al. [17] by clarifying their argument. Moreover, we find out a relation between stationary and
limit measures of the walk. ‘ ‘

The rest of the paper is organized as follows. Section 2 gives the definition of our model. In Section'3, we
present solutions of eigenvalue problem by a generating function method. In Section 4, we obtain stationary
measures and clarify a relation between stationary and limit measures for the walk. Section 5 is devoted to
summary.

Keywords: Quantum walk, stationary measure, Grover walk
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2 Definition of Our Model

This section gives the definition of our three-state QW with one defect at the origin on Z. The discrete-time
QW is a quantum version of thé classical random walk with additional degree of freedom called chirality.
The chirality takes values left, stay, or right, and it means the motion of the walker. At each time step, if
the walker has the left chirality, it moves one step to the left, and if it has the right chirality, it moves one
step to the right. If it has the stay chirality, it stays at the same position. ‘

0

o1,

1

Let us define
1 07
IL)=[0}, |0)=[1]> |R) =
0 10

where L, O and R refer to the left, stay and right chirality states, respectively.
The time evolution of the walk is determined by a sequence of 3 X 3 unitary matrices {Uz : z € Z}, where

Ug,11  Ux,12 Ux,13
Us=| uz21 Us22 Us23 |,
) Uz 31 Uz32 Uga33

with ug jx € C (z,€ Z,j,k = 1,2,3) and C is the set of complex numbers. To define the dynarmcs of our
model, we divide U, into three matrices:

0 0 0’

0 0 0 ,

L Ug,11  Uz,12 Ug,13 o 0 0 0 - "
Uz = 0 0 0 N Uz = Ug21 Uz22 Uz23 |, Uz =
Uz,31 Uz32 Usz,33

T
0 0 0 0 0 0

with U, = UL + U9 + UE. The important point is-that UZ (resp. UE) represents that the walker moves to
the left (resp. right) at position z at each time step. UQ represents that the walker stays at position z.
The model considered here is

wlg  (z=0),
Uy =
Us (x==£1,%2,...).

where w = € (§ € [0,2)). Here Ug is the Grover matrix given by
1 -1 2 2

UG = g 2 -1 2 -
2 2 -1

If @ = 0, that is, w = 1, then U, = Ug for any z € Z. So this space-homogeneous model is equivalent to the

usual three-state Grover walk on Z. )
Let ¥,, denote the amplitude at time n of the QW as follows.

Uy = TI T \Ilg(—l), ‘I’S(—l), l1’1‘?(—‘1)1 \I’,LI(O),\I’S(O), ‘1’5(0)1 Wvlzl(]-% \IJ'Ol‘(l), \I’ﬁ(l)v o '],

vL(-1)] [YL(0)] [¥i(1)
=T[.. , [\Il,?(—l)] : [w,?m)] , [wsw} ] :
UR(-1)] |wR0)] |¥EQ)

where T means the transposed operation. Then the time evolution of the walk is defined by

Vi (2) = U1 Un(@ + 1) + UL U (z) + UL 1 ¥n (2 — 1). (21)
Now let
ve, vt, o o0 O ,
L. UB US vk o o 000
v®=1.. o UE U¢ UF O , with O=1{0 0 0.
1 1]
...0 O UR U° U 000
O O O UR U2
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Then the state of the QW at time n is given by
T, = (UO)" T,
for any n > 0. Let Ry =[0,00). Here we introduce a map ¢ : (C3)% — RZ such that if
wl(-1)] [wL0)] [TLQ)
v="T... ) ‘I,o(—l) ’ \IIO(O) » ‘I’O(l) ot | € (Ca)z’
TR(-1)} |TR(@0)| |¥R(1)
then

¢(®) = T[.. WD) + 2O (1) + (LR (1) P, [0 + [¥90) + |27 (0)/%,
AP+ e W) + [TR)P,.. ] e RE.
That is, for any z € Z,
H(T)(z) = $(¥(x)) = [L(2)® + |LO(2)* + T (2)[*.
Moreover we define the measure of the QW at position z by
uz) =¢(¥(z)) (z€Z).
Now we are ready to introduce the set of stationary measure:
My =M,U) = {¢(‘Ilo) € R% \ {0} : there ezists ¥ such that ¢((U(’))""~Ilo) = ¢(¥o) for anyn > O} ,

where 0 is the zero vector. We call the element of M, the stationary measure of the QW.

Next we consider the eigenvalue problem of the QW:
UDe=x¥ (AeC). (2.2)

Remark that |A| = 1, since U is unitary. We sometime write ¥ = ¥ in order to emphasize the
dependence on eigenvalue A. Then we see that ¢(¥M)) € M,. -
Let pn(z) be the measure of the QW at position z and at time n, i.e.,

bn(z) = ¢(Un(z)) (z€Z).
If limp, 00 tin (z) exists for any = € Z, then we define the limit measure pq(z) by

oo(T) = nli’“;, bn(z) (z€Z).

3 Splitted Generating Function Method

In this section, we give solutions of eigenvalue problem, U(*)® = A, by the splitted generating function
method developed in the previous studies [11, 3]. First we see that U(*)¥ = AW is equivalent to the following

relations:
L] [FTE) +220(2) + 20F(2)
A EO(1)| = = | 20E(1) — ©O(1) +205(1) |,
wR1)| 3| wa + 2w — wy
1 il —0L(1) +209(1) + 20R(1)
AlB = 2wa — wh + 2wy R
[7_ 8 _2\I!L(—1)+2\Il°(—1)—\IlR(—1)}
CE-1] [ ~we + 2wB + 2wy
A|EO(-1)| == 2\11L(—1)—x110(—1)+2~1l3(—1)},
YR(-1)] 205(—2) + 2¥0(-2) — TR(-2)




and for z # —1,0,1,

WO(z) 20L(z) — ¥O(z) + 2UE(2)
UE(z) 20L(z — 1) +2¥°(z — 1) — TE(z — 1)

3

[\IIL(:I:)} ) [—\I/L(z +1) +200(z + 1) + 20R(z + 1)
A ==
3

where UZ(0) = o, ¥O(0) = B, TE(0) = v with |o|*> + |B]2 + |72 > 0.
Here we introduce six generating functions as follows:

A=Y ¥@#, fE)= Y ¥@er, (=L, 0, R
. z=1 r=—1

Then the following lemma was given by Wang et al. [27).

LEMMA 3.1 We put

A+ l _1 _.3 '
3z 3z 3z FE()]
2 1 2 ) .
A= -3 /\+§ “3 | fe(2) = fio(z)
2z 2 . 2 ()
3 T3 M3
—Aa w(=a+28+2)]
) 3z
= 0 =
a4 (2) = . ,  a_(z)= 0
wz(20+ 28 —7) )
3 : =Xy i

where |a|? + |BI% + |y|2 > 0. Then we have

Af+(2) = ax(2).
. We should remark that

A= 4 4 1
det A= 3 {z +3 A+3+X z+1z.

Then 6, and 6;(€ C) are defined by

det A = ————/\(’\3; 1) (z4+0s)(z+6y),

where 05| < 1 < |6;|. Note that 8,6; = 1. Lemma 3.1 gives the following lemma which was also shown by

Wang et al. [17].

48
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LEMMA 3.2

a(—65(+))* , (x>1),
Vi(z) =

_ (32 +1 A w—6 A+ 1( 0L(=)"" (z < -1),
~ A3 (_gO(+))" (x> 1),
() =
~UERIN (_0(-)) T (z < -1),
_!3/\+l!Aag-i;‘!:;;sgz\+1}u(_of(+))x (:I: > 1)’
TR(z) =

Y(=6F(=)"" (z<-1).
Here A(+) =20+28 -7, A(=) = —a+28+ 2y, and

20+ DA(Hw — 33232+ 1)a _ (A= 1DA(-)w
o (+) = 3X(} — Dax )= MEX+ DA(=)w —6(A+ 1}
_ A(H)w = 3x% _A(=)w—3X%y
O = ame =3 *O=xae=5) _
6R(4) = (A—1DAHw oR(o) — 2O+ DA()w = 3B+ 1)y
ST XBAFDAH)w - 6(A + Da}’ s ()= XA — 1)y '

From now on, we find out a necessary and sufficient condition for
05 (+) = 62(+) = 63(+) = 67(=) = 62(~) = 67(~).
First we see that 8X(+) = 8F(—) and 68(+) = 6F(-) give
(a=7(e+v-2p)=
In a similar fashion, §9(+) = 69(—) implies ‘
(@a=M(e+y=-28)A+1)(A—1)=0.
Moreover 6(+) = 69(+) and 69(+) = O (+) give '

O+ 1){9a(wA(+) — 20))\2 = BawA(+)A — wA(+)(2wA+) — 9a)} 0.
Similarly combining 62(~) = 69(—) with 89(~) = 8%(~) implies
Ot D{F1AC) ~ 20N~ 6 (A - wA(-) @A) ~97) } =0,
From 6L (+) = 6E(+), we get _
GA+ DA+ 1){9a(wA(—|—) — 20)72 — BawA(+)A — wA(+)(2wA(+) — 9a)} —o.
Furthermore, 0%(~) = 6%(-) gives
B3+ DO+ D{1WAC) = 2V ~ 1A ()~ wA)(2A(-) -9} =0.

Therefore we have



LEMMA 3.3 A necessary and sufficient condition for
07 (+) = 69 (+) = 05 (+) = 02(=) = 62(=) = 05(-)
is that o, B, v, and A(€ C) with |a|? + |B)* + |7|?> > 0 and |A| =1 satisfy

_ 2w(a+)
B= rw (3.3)
(@="(a+v~-28)=0, (3:4)
(A+1) {9a(wA(+) —2a)A% — BawA(+)N — wA(+)(2wA(+) — 9a)} =0, (3.5).
A+ 1){97(wA(—) - 27)A% = 6YwA (=) — wA(=)(2wA(=) — 97)} =0. (3.6)

We should note that a relation (3.3) is missing in Wang et al. [17].
By Lemma 3.3, we obtain the eigenvalue A for U)W = AU as follows. Here we assume that w # 1, that
is, our QW is space-inhomogeneous.
(1) @ = case. We see that Eq. (3.5) is equivalent to Eq. (3.6), since A(+) = A(=) = a +26.
(a) a#pB case. If & = 0, then Eq. (3.3) gives 8 = 0. So we assume a7y # 0. Then Eq. (3.5) implies
272

Bt 1){3(w ~2)X* 4 2(5w — B)wA®

+ (8w? — 8w + 3)wA? + 2(5 — 3w)w A + 3w3(1 — 2w)} =0.

One solution of this equation is A; = —1. The rest of solutions A, Az, A4, As are not obtained
explicitly. So we do not get stationary measures.

(b) a = B case. If @ =0, then Eq. (3.3) gives 8 = 0. So we assume a3y # 0. Then Eq. (3.3) implies
A =w. Eq. (3.5) gives
27A2(A + 1)(A— 1) =0.
Then we have A = —1, since w # 1.

(ii) B = a—;-fy case.

(a) B = 0 case. Combining Eq. (3.3) with 8 = (a + 7)/2 gives @ = —7. Then from Eq. (3.5) and

a = —+, we have
/ 2 / 2
9(12()\+1) (A_i_:az_wéu.;_—_l_)_) (A_w_—&iw_(u;—»l)_) =0.

Remark that Eq. (3.5) is equivalent to Eq. (3.6), since A(+) = —A(~) = 3a. Thus, o # 0 implies
© w4 /6w w—1)?

(b) B # 0 case. Combining Eq. (3.3) with /3 = (o +v)/2 gives A =-.w. Then from Eq. (3.5) and
A = w, we have :

27aPAA +1) (A= 1)2=0.
Similarly, combining Eq. (3.6) with A = w gives

27TV AN+ 1)(A—1)2 =0.
Then A = —1 follows from above two equations.

We note that o =y and 8 = (a++)/2 gives @ = 8 = ~. This case is (i-b).
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4 Stationary Measures
First we obtain stationary measures for (ii-a) case with respect to the following A:

M) = w* \/Gw(w - 1)2‘

3w -2
Then we see that for j = L, O, R,

#() = —(3w +2) + 2Bt —(3w + 2) + 2/6e’’
° (2 - 3w)(1 +24/3(1 —cosB)i)’ (2 — 3w)(1 — 24/3(1 — cosB)i)’
—(3w + 2) — 2v/6e3 —(3w +2) — 2V/6es?

(2 - 3w)(1+2/3(1 — cosB)i)’ (2 —3w)(1 —24/3(1 — cosB)i)
Note that 6J(+), (j =L, O, R) do not depend on j and +, so we put 8, = 6(%). Then we get

374 12cos 0 & 206 cos(0/2)
(13 — 12cos6)?

We should remark that if 0 < 8 < 47 with arccos(1/3) = 1.2309... < 6 < 4r — arccos(1/3) = 11.3354.. .,
then

[05]* =

37+ 12cos 8 + 206 oos(0/2)
(13— 12cos6)?

Similarly, if 0 < 8 < 47 with 0 < § < 2 — arccos(1/3) = 5.0522. .. and 27 + arccos(1/3) = 7.5141... <0 <
47, then

167 =

37+ 12cosf — 20v/6 6eos(8/2)

2
191" = (13 — 12cos8)? S

From Lemmsa 3.2 for this case, we have the eigenvalues for A(+) as follows.

Vi(z) = ax {(?"\_Jrl)wﬂl( 8,)- Eﬁil)n

2§53 (~0,)° (z21),

\Ilo(z) =a X {2w:1( P )_z (m < _1)’

~ (PO (g (@2 1),
V() = ax {‘(—ﬁ.)ﬁ’l _ w1,

Here we note that

BGAE) + 1w —200(FH) + 1) _ (e —2)(VEe't +2) (3¢ — 2‘)(\/Ee"=i’= +2)

-1 Veef —2 —Veei—2
' (3¢ — 2)(—/6ei% +2) (3% — 2)(— \/(_ie‘i +2)
\/_e‘g 2 —\/_6‘5 -
and
w-—1 3ef — 2 3¢t — 2

AE) -1 —246eit’ —2— et

Therefore we obtain the following main result:
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THEOREM 4.1 We consider the three-state Grover walk with one defect at the origin on Z. Herew = e(0 €
(0,27)) and a = —v, B =0. Then a solution of U)W = AT with

N w1/6w(w - 1)?

- 3w —2
is given by
1

2(w—1)
o1 (z>1),
(BA+ 1w —2(A+1)
- A—1

U(z) = a(~0,)" x { | 0 (z=0),
=1}

F(BA+ 1w —2(A +1)
A-1
2w-1) (z < —-1).
-1
-1

\ L

Moreover the stationary measure of the walk is

2 m
. [6:)22< 1+ (13 — 12 cos6) - 4+2 (z #0),
(e) = laf x u e}

2 (z=0).

Here

2 37+ 12cos 6 & 20v/6 cos(6/2) L v ' B :
16:* = {3 = T2c050)7 ,  mp =54+ (=1)" 2v6cos(6/2) (k=1,2,3),
with ng € {0, 1}.

As a corollary, we give a relation between stationary and limit measures of the walk. If w = 1, then our
model becomes the usual space-homogeneous three-state Grover walk on Z. As for the limit measure for an
initial state; ¥o(0) = T[&, B, 7} and ¥o(z) = 7[0,0,0] (z # 0), the following result is known (see Konno
[10], for example).

({3 +VB)|2&+ B> + (3 — VB)|A +23°
—2|a+B+42} x (49-20v6)* (= 1),

poo(z) = { 8=2Y8(126 + BJ2 + |B + 27I7) ' (z=0),

{3-VB)2a+ B2 + k3 +V6)|8+ 27
2|6+ B+ 7|2} x (49 - 20v/6)~% (z < —1).

\
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Combining this with the corresponding (ii-a) case (& = —7, 8 = 0) gives

24/a)%(49 - 20v6)* (z # 0),
Hoo(z) = ‘ (4.8)
4(5 - 2V6)|a[* (z=0).

On the other hand, Theorem 4.1 with 6 = 0 and — part (n; = 1, nz =0, n3 = 1) implies
12af(5 +2v6)(49 - 20v6) ™ (z £0),

u(z) = (4.9)
2la|? (z = 0).

If we put @ = £(2 — v/6)@&, then a stationary measure given by Eq. (4.9) is equivalent to a limit measure

given by Eq. (4.8). :
Finally, we give stationary measures for A = —1. Remark that we see 6, = —1 for this case.

(i) a = case.

([ a
258w - 2w+3)| (z>1),
22(1 - 3w)
[ [+4
U(z) ={ |deg (@=0),
L «
24 (1 - 3w)
250w ~2w+3)| (z<-1).
L (23

Therefore the corresponding stationary measure is given by

3cos?@—3cosf+2 (z#0),

6o
M) = 5 oot
3 —2cosf (z=0).
(i) B =2 case.
(a) B =0 case.
(T (2
a(w—1) (x>1),
i —wa
[
T(z)=¢ |0 (z=0),
|~
wo
—aw—-1)] (z<-1).
. L -« '




Therefore the corresponding stationary measure is given by

. (2—cosf) (z#0),
ﬂ(z) 2|of* x
1 (z =0).

(b) B #0 case.

—2af (z>1),

-2y (z<-1).
\ 'Y

Therefore the corresponding stationary measure is given by

6laf? (z>1),
#@) = { ol + 1) + v +87) (@=0),
el ' (@< -1).

5 Summary

We obtained stationary measures for the three-state Grover walk with one defect at the origin on Z by
solving the corresponding eigenvalue problem. Moreover, we found out a relation between stationary and
limit measures of the walk. As a future work, it would be interesting to investigate the relation between
stationary measure, (time-averaged) limit measure, and rescaled weak limit measure [7, 8] for QWs in the
more general setting.
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