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Introduction 

The inspection of engineering structures is important to ensure performance; in 
this regard, the Bayesian updating process [1] based on inspection data plays an 
essential role in the life-cycle management of engineering systems. In this paper, the 
probability density evolution method (PDEM), a universal approach for dynamical 
systems, is extended for the analysis of deteriorating structures with inspection by 
combining with the Bayesian updating process [2].  

Firstly, the generalized density evolution equation (GDEE) for deteriorating 
structures is derived. By introducing the deteriorating process 

, , ,0 , ,( ) ( , )D i D i i d D iΘ Θ ft t Θ  [3], the response function of a deteriorating structure with 

time-invariant loads can be written as 

2 2 2,0 ,0,1,0 1 , ,1 , , , ,( ) , ( , ), ( , ), ( ,, ),,D d DC D d D D s s d D s CΘ f ΘZ t g t f t tt h     Θ Θ Θ Θ Θ Θ  

 (1) 
With the conditional PDF of ( )Z t , namely 

 | ( ( , ))( , | )Zp z t z h t Θ θ θ   (2) 

the GDEE [4] can be derived as 
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Secondly, the Bayesian updating for variables with inspection at different time 
instants is presented based on certain rational but simple assumptions, together with a 
sampling and fitting approach for the posterior PDF and the predictive one. By using 
the famous formula for Bayesian updating as follows 
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the time-independent variable CΘ  and the time-dependent variable ( )D tΘ  can be 

updated respectively. With the Bayesian updating, the probabilistic information of 
variables changes, and a Bayesian updated GDEE (BU-GDEE), which is an impulsive 
partial differential equation and equivalent to a piecewise ordinary GDEE, is 
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developed and proposed for deteriorating structures with inspection. The 
time-dependent joint PDF of Θ  can be expressed by a Heaviside function as follows 
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By combining Eq.(2) with Eq.(7) and according to the basic probability theory, the 
joint PDF of ( )Z t  and Θ  is 
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Differentiating both sides of Eq.(8) with respect to t  will lead to the GDEE of a 
time-dependent structure with Bayesian updating (BU-GDEE) as follows 
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and then 
 ( , ) ( , , )dZ Zp z p tt z


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The numerical solution of BU-GDEE based on approximation via a family of   
sequences [5] is proposed as well. By using the number theoretical method, the 
representative points of Θ  can be effectively selected. By using the   sequences 
derived from the normal distribution, and introducing the representative points ( )k

qθ  

and their corresponding assigned probability ( ) (1 1 ,, )k
q selP N  , an approximation of 

Eq.(10) is available. After obtaining the time-dependent PDF of ( )Z t , the reliability 
of a time-dependent Bayesian system can be calculated as follows 
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Finally, two numerical examples are analyzed to illustrate the rationale and 
accuracy of the modified PDEM with Bayesian updating. These examples 
demonstrate the fact that inspections will highly influence the reliability of 
deteriorating structures. 
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