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Comments on T-Dualities of Ramond-Ramond Potentials
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YYukawa Institute for Theoretical Physics, Kyoto University
Kyoto 606-8502, Japan
2 Institute of Particle and Nuclear Studies
High Energy Accelerator Research Organization (KEK)
Tanashi 188-8501, Japan

(Received November 30, 1999)

The type ITA/IIB effective actions compactified on T? are known to be invariant under
the T-duality group SO(d,d; Z), although the invariance of the R-R sector cannot be seen
so directly. Inspired by a work of Brace, Morariu and Zumino, we introduce new potentials,
which are mixtures of R-R potentials and the NS-NS 2-form, in order to make the invariant
structure of R-R sector more transparent. We give a simple proof that if these new potentials
transform as a Majorana-Weyl spinor of SO(d, d; Z), the effective actions are indeed invariant
under the T-duality group. The argument is made in such a way that it can apply to Kaluza-
Klein forms of arbitrary degree. We also demonstrate that these new fields simplify all the
expressions, including the Chern-Simons term.

§1. Introduction

Recent developments in string theory have been based on various kinds of duality
symmetries. Among these, the T-duality was found first. 1) 2) This symmetry changes
the size of the compactified space into its inverse in string unit. Although this
symmetry was first recognized in the spectra of perturbative strings, it came to be
believed that it should hold as an exact symmetry, not simply as a perturbative
one.3) Later, at the level of the low energy effective action, the T-duality invariance
of the type ITA/IIB theory was identified with part of an already known, much
larger, and hidden set of symmetries of type II supergravities.¥) =7 It was actually
conjectured that the duality group of the full string theory can be extended to the
U-duality group Eg1(441)(Z) when compactified on a d-dimensional torus. 8)

Being a subgroup of the U-duality group, the T-duality group SO(d,d; Z) has
a special property: It is the maximum subgroup that consists of the elements that
transform NS-NS and R-R fields into themselves. On the other hand, we sometimes
encounter situations where NS-NS and R-R fields are better treated in a separate
manner. This is often the case when classical black-hole solutions of string theory
are considered. Another example may be given by study of classical configurations
based on the Born-Infeld action. Thus, it would be useful if one can know in a simple
manner how NS-NS and R-R fields transform under the T-duality group, without
resorting to embedding the whole structure once into the vast U-duality group.

*) E-mail: fukuma@yukawa.kyoto-u.ac.jp
**) E-mail: toota@tanashi.kek.jp
**) B-mail: hirokazu@yukawa.kyoto-u.ac.jp
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426 M. Fukuma, T. Oota and H. Tanaka

The T-duality invariance can actually be seen very easily for the NS-NS sector of
the supergravity action.?) There, the kinetic term of the Kaluza-Klein (KK) scalars
(Gij, Bij) (i,j =1,---,d) can be written as*)

Lns = ée_% tr (8#M_16“M> : (1-1)
with the 2d x 2d matrix
G! -G~ 'B
M = (Mrs) = (BG—I G — BG—IB> ) (1'2)

and the (10 — d)-dimensional dilaton ¢. Thus the kinetic term is manifestly invariant
under T-duality transformations A € O(d, d; Z) if the dilaton does not change and
M = (M,s) (r,s =1,---,2d) transforms as

M=(a") oAt (1-3)

The KK 1-forms (G i, Bu;) give a vector representation of O(d, d; Z) and also have
an invariant kinetic term.? These facts will be reviewed later in more detail.

On the other hand, the invariance of the sector including R-R potentials under
the T-duality group SO(d,d; Z )**) is not so manifest as that for the NS-NS sector is.
There have actually been many works in which 7T-duality was studied as a subgroup
of the U-duality group Eq(441)(Z). 10) However, in order to write down the action
in a manifestly U-invariant form, one needs to make a non-trivial mapping from the
original fields to some other fields, which usually makes the T-duality symmetry for
the original fields indirect. As for the works based on the T-duality itself, results
have been obtained ') only for Nahm transformations which generate a subgroup of
0(d,d; Z).

By decomposing representations of Fyi1(q41)(Z) with respect to SO(d, d; Z),
it has also been shown that Majorana-Weyl representations of SO(d,d; Z) should
appear in the R-R sector (see, for example, Ref. 12)). However, as was discussed in
detail for type ITA with d = 3 in Refs. 13) and 14), the R-R potentials themselves do
not give Majorana-Weyl spinors directly. Instead, one needs to combine them with
the NS-NS 2-form to get new fields that have such simple transformation properties
under SO(d,d; Z). Although a prescription for arranging these fields is known for
each d, by starting from 11-dimensional supergravity, 1) it is rather complicated due
to the field redefinitions which depend strongly on the dimensionality. The main
aim of this article is to present the prescription of constructing the new fields and to
demonstrate the T-duality invariance of the R-R sector with the Chern-Simons term
in a simple form. We proceed by investigating solely the structure of the effective
action of type ITA/IIB strings with all fermionic fields set to zero. Inclusion of

*) This B;; will be denoted BZ-(;)) in the following sections to indicate that this is a scalar for
the noncompact (10 — d)-dimensional space-time with coordinates z* (1 =0,1,---,9—d). We also
take the string unit so that o/ = 1.

**) Each of type ITIA and type IIB is only invariant under the subgroup S0(d,d; Z) of O(d, d; Z),
as we see below.
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Comments on T-Dualities of Ramond-Ramond Potentials 427

fermions with analysis of supersymmetry will be discussed elsewhere. This work was
inspired by analysis made by Brace, Morariu and Zumino. 13):14)

The main result can be summarized as follows. First, we introduce new poten-
tials Dpt1 = (1/(p+1)) D,y ™ A- - - Adaf? (fuy, - -+, fipy1=0,1, -+, 9), which
are mixtures of R-R potentials and the NS-NS 2-form as

DO = C(), Dl = Cl;
Dy = Cy+ By A Cy, D3 = C3+ By ANC1,
Dy = C4+%B2/\CQ+%BQ/\BQ/\CO, (1-4)

where Cpiq is the original (p + 1)-form R-R potential, and B, is the NS-NS 2-
form in 10 dimensions. We further introduce potentials of higher degree, D1
(p+1=5,---,8), as their electromagnetic duals. More precisely, we introduce the
sum of field strengths

~ 8 9
F=e®A Y dDpi= > Fpo, (1-5)
p+1=0 pt+2=1

and require the following relations in their equations of motion:

*Fy = Fy, xFy = —Fy,

*Fg = —F7, *F4 = Fﬁ,

*F5 = F5, *Fﬁ = —F147

xFr = —F3, xFg = Iy,

*Fg = Fl. (16)

Note that *2 F,, = (—1)"*1F, in 10-dimensional Minkowski space. The existence of
the fields Ds, - - -, Dg is allowed by the equations of motion for Dy, - - -, Djy.

Our first claim is that, as far as the equations of motion are concerned, the R-R
action with the Chern-Simons term can be rewritten into the simple form

ITA) 1 10 =
SIE{-FC)S = % / d>x vV —g Z Fp+2 N *Fp+2,

p+2=2,4,6,8
me) _ 1 10 —
S§{+C)S = 87 / d"x vV —g Z Fp+2 AN *Fp+2, (17)
10 p+2=1,3,5,7,9

with all the Dy, - - -, Dg being regarded as independent variables and with (1-6) being
the constraints imposed after the equations of motion are derived.

Second, for d-dimensional toroidal compactification, we assemble the set of KK
scalars into the form (D) with 297! entries:

IIA :

[SHESHE ST SY
Il
=W N

(1-8)

Downl oaded from https://academni c. oup. con ptp/article-abstract/103/2/ 425/ 1839069
by Kyoto Dai gaku Bungakubu Toshokan user

on 13 March 2018



428 M. Fukuma, T. Oota and H. Tanaka

d=1: (Da)=(D)
1IB : d=2: (Dy)=(D,D2)
d=3: (Da)=(D,Di2, D13, D23)
d=4: (Dy)= (D, D12, D13, D14, Do3, Doy, D34, D1234)
: (1:9)
Here Do =D, ..., is the component of D)1 in the compact directions Yo, .yttt

(1<iy<---<ipy1 <d). Similarly, we also assemble the set of KK 1-forms D, ...;,
(bn=0,1,---,9—d):

d=1: (D;wz) = (Du)
IMA: d=2: (Dua)= Dy Dyur2)
d=3: (Dya)= (Du,Dyui2,Dpu13, Dyy23)
d=4: (Dua)= Dy, Dy12, Dy13, Dyaa, Dyas, Dyvaa, Dysa, Dy123a)
(1-10)
d=1 (Dua) = (Dul)
1B : d=2: (Dua)= (Du1,Dy2)
d=3: (Dya)=(Du1,Du2,Dy3,D,123)
d=4: (Dya)=(Dy1,Dyu2,Du3,Dya, Dyi23, Dyi2a, Dyi3as Dyioza)

(1-11)

This assembling may continue to KK forms of higher degree when d is sufficiently
small.

Our second claim is that the dimensionally-reduced action of the R-R sector
with the Chern-Simons term can be rewritten for type IIA and IIB, respectively,
as®)

1
Lrics = 7 0uDa ST5(M )aﬂpﬂ,+ 5 0D JaSas(M)OFDg + - (112)

where S;EB(M) (a,3=1,---,2%71) is a representation matrix of M in the Majorana-
Weyl representation of SO(d,d; R) with chirality +. The invariance of the ac-
tion thus now becomes apparent by assuming that both D, and D,, transform
as Majorana-Weyl spinors:

Do = SE(A)Dy. (113)

We will prove the identity (1-12) for arbitrary d, including KK forms of arbitrary de-
gree. We simplify the argument with the use of the fermionic oscillator construction
of the Majorana representation given in Refs. 13) and 14).

This paper is organized as follows. In §2, in order to fix our convention, we
first give a brief review of the invariance of the NS-NS sector and then introduce

*) The precise form is given by (4-25)(4-27).
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Comments on T-Dualities of Ramond-Ramond Potentials 429

new potentials D,1. In §3, we explicitly construct the spinor representations of
0(d,d; Z), closely following Refs. 13) and 14), and then we rewrite the R-R action
plus the Chern-Simons term into a manifestly T-duality invariant form in §4. Section
5 is devoted to discussion. The existence of the fields Ds, - -, Dg is proved in the
Appendix, with a demonstration that our new fields D)4 greatly simplify all the
expressions including the Chern-Simons term.

§2. Type ITA/IIB effective actions

The action of 10-dimensional type IIA /IIB supergravity in the string metric can
be split into three parts: 16)

S = Sns + Sr + Scs. (2-1)
The first term is the action for the NS-NS sector,
1 ~ o0 ( = ~ 1 -~
Sns = el /dlol’ —ge (R + 4]dofz — 3 ’H3|%> ) (2-2)
where the z# (4 = 0,1,---,9) are 10-dimensional coordinates, and 9iis B;w and

qﬁ denote the 10-dimensional metric, NS-NS 2-form and dilaton, respectlvely The
NS-NS field strength is written as Hs = dBs with By = (1/2)Bde“ Adx’. We
adopt the rule that the subscript of a form indicates its degree when it has a definite
meaning in 10-dimensions. We also often consider a sum of forms of various degrees,
like 2 = Yk 2k = S (1/K) 24, piedx™ A -+ A dafs | and for this we introduce
the invariant norm as

1 -~ ~
’Q% - Z K] g GPETR Qiae Dyige (2:3)
The action for the R-R sector, Sgr, can be written for IIA and IIB, respectively, as
Ko
SSIB) _ _/dlox\/ (\Fﬂ? + \F3’2 \F5]%), (2-4)

where the R-R field strengths Fj,1 are defined from the (p+ 1)-form R-R potentials
Cpr1 = (1/(p+ DN Cpy..ppy dxH PN~ - AdzHPtt as

F1 = dCo, F2 = dCl7
F3 = dCy + H3z A Cy, Fy = dC3 + H3 A Ch,
Fy = dCy + %Hg A Coy — %BQ A dCs. (2'5)

The Chern-Simons term Scg is given by

1 .
SgéA) = ,{2 / By ANdC3 A dCs,
10

1 .
SUIB) _ P / By AdCy A dCa. (2:6)
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430 M. Fukuma, T. Oota and H. Tanaka

We use the convention that an NS-NS field wears a hat (7) in 10-dimensions,
while R-R fields do not. This is because NS-NS fields generally need to be redefined
after toroidal compactification in order to behave nicely as fields existing in the
noncompact (10 — d)-dimensional space-time [see, for example, (2:7), (2-16), (2-17)
and (2-20)].

After toroidal compactification on 7%, there will appear various KK forms both
from the NS-NS and the R-R sectors. We first review the NS-NS case, closely
following Ref. 9).

NS-NS sector:

We parametrize the 10-dimensional metric as

ds* = Gppdatda”
= gudrrdz” + Gi(dy' + Ade“)(dyj + Alda"). (2-7)

Here, the 10-dimensional coordinates are decomposed as () = (z#,y) (u = 0,1, - - -
9—-d; i=1,2,---,d), and we assume that all the fields depend only on the non-
compact coordinates x#. With this parametrization, the kinetic term for potentials
will take a complicated form, since the KK 1-form

)

1) — gs
AW = Al dgt (2:8)

will appear when contracting the indices in the compact directions. To simplify this,
we follow the prescription of Ref. 9), which we found can be restated as follows.
First, given a sum of forms (2 = ) {2k, we decompose it as

= ZZ Z(f 0, Ay A--- Ady', (2-9)

)

where the superscript (¢) indicates that .Qz(f,. is a ¢-form for noncompact indices:

“in

1
Q(Q) = Qu1-~~uqi1-~~indxm A Adeta (2-10)

iin )

Second, we introduce a new form 2’ by replacing dy’ in 2 with dy’— AW and
reorganize it as in (2-9):

/
Q = “(2 |dy'—>dy'—A(1)i

:ZZ (2“‘1)1” dyt A A dy™. (2:11)

Then the kinetic term can be expressed in such a way that all the indices are con-
tracted only with g"” and GY:

2
2F=12 =23 | 29 . (2:12)
qg n
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Comments on T-Dualities of Ramond-Ramond Potentials 431

where we have defined

2 1 11J indn 1 v vq
‘ quz(q) ’g,G = E GMIt...Gnd a 9“1 b 'guq Ql/tl"'ﬂq i1-in l,/1~--qu1~.~jn.
(2:13)
For example, the NS-NS field strength Hj is rewritten as
i (1) _ 5p(0)
A% =aB" — BY AW,
A'®) = ap® — 2 (BaAW? + 4D A7) (2:14)
2 7 7 ?
where we have introduced
5O _ 5O
ij o )
O — @ 4 pO) 1)
B =B;"+B;;’A 7
B® = g® _ L g i, (2:15)
2 (2
Conversely, we have
p0) _ p(0)
B;;" = B;;",
B Z g0 _ g 405
i — i iJ ’
B =@ L L gm it BO AW AW (2:16)
2 7 2 ? ?

which give the original By as
N 1 ~ , N N
By =3 B dy' A dy’ + B dy' + B®

— %ij% (dyi + A(l)i) (dyj + A(l)j) + Bz‘(l) (dyz' n A(l)i) L B® _ % Bl-(l)A(l)i,

(2:17)
Then the NS-NS part of the action can be rewritten? as
1
Sns = = /dw*dx\/—g Lxs, (2:18)
2KYp g
where ) )
= — [ d%. (2-19)
260 261 /
By introducing the (10 — d)-dimensional dilaton ¢ as
e = VG, (2-20)
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432 M. Fukuma, T. Oota and H. Tanaka

the factor Lng = L1 + Lo + L3 + L4 is given by
L1=e?[R+49g"0,00,¢],
1 _ y _
Lo = 3¢ 20 ghv p (GHM 18,,M) ,

1 -2 v v r s
L3 — _Ze CZSg‘ul 19#2 2Fy,1p,2 MTSFV1V27
- v 1% V3 17 77
L4 = — 5 o 20 grvL ghave ghs 3HL1H2/L3HL1V2V3 , (2-21)
where
B Gt -G 1BO 0 _ ()
M= (M) = <B<0>G1 G—B(O)GlB(O)>’ (B( = (Bij ))

1. , aB™t .
iFw,dx“/\da: = dA(Zl)i . (r,s=1,---,2d;i,5=1,---,d) (2:22)

This form of the action makes manifest its invariance under the T-duality group
O(d,d; Z), provided that the fields transform as

(1) (1)
_ T ) _
M = (A—l) M -ATY, ( %m ) - A( B, ) , BY = B®@, (2:23)

b
d

transformation rule is equivalent to E = (aE +b)(cE+d)~! for E;j = Gij + BZ-(JQ). 3)

0 14

a
for/lz(c L 0

) € 0(d,d, Z) satisfying AT JA = J with J = < ) The first

R-R sector with the Chern-Simons term:

The R-R potentials Cp1 = (1/(p+1)!) Cay.iy oy d A+ - Adaf»+1 also produce KK
forms of various degrees after toroidal compactification. To simplify all the expres-
sions, we first combine the R-R potentials with the NS-NS 2-form in 10 dimensions
as follows:*)

DD = C[), Dl = Cl,
Dy = Cy + By AN C, D3 = C3+4 By AN Ch,
D, = C4+%B2/\CQ+%B2/\BQ/\OO. (2‘24)

The R-R field strengths are then expressed with these D1 as

Fy = dDy, Fy = dDy,
F3 = dDy — By A dDy, Fy dDs — By N dDn,
Fy = dD4y — By AN dDy + %BQ A By A dDy. (2'25)

These can be written in the simple form

*) For the type IIA, the potentials D; and Ds can be found in Ref. 14).
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Comments on T-Dualities of Ramond-Ramond Potentials 433

F =eB2ndD (2-26)
if we introduce
4 5
D= Y Dy, F= Y Fyo. (2-27)
p+1=0 p+2=1
The equations of motion for Dy, ---, D4 turn out to allow introduction of extra

R-R potentials of higher degree, D11 (p+1 =5,---,8), that preserve the relation
(2-26) with

8 9
D= Y Dy, F= Y Fyo, (2:28)
p+1=0 p+2=1

if we introduce the following identifications for the field strengths of higher degree:

[ = Fy, xFy = — Iy,

xFy = —F7, *Fy = Fg,

*F5 = Fs, *Fg = —Fy,

*F7 = —F3, *Fy = Iy,
(see the Appendix). Interestingly, as far as the equations of motion are concerned,
we can in turn regard all the R-R potentials, Dy, - - -, Dg, as independent variables
and choose

TIA 1 —
AREE Ry P RVE S ST

- 2
8K p+2=2,4,6,8
(IB) _ 1 10 = 2
SR+CS A / d z\—g Z |Fp+2|§a (2-30)
10 p+2=1,3,5,7,9

as their action functional, with the understanding that the constraints (2-29) are
imposed after (and only after) the equations of motion are derived. In fact, one can
prove that this system gives the same equations of motion as those obtained from
the sum of R-R and Chern-Simons terms Sg + Scs, (2-4)-(2-6). We give a proof of
this statement in the Appendix.

For d-dimensional toroidal compactification, we introduce the primed field for
F as

F'=F layi— dyi-ai - (2-31)

Then the action for the R-R and Chern-Simons sector can be expressed as

1 _
SR+4cs = 52 / d**~ % /=g Lrcs, (2:32)
K10—d
with
1
Lrics =~ VG| F' s (2-33)
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434 M. Fukuma, T. Oota and H. Tanaka

To show that Lrics is invariant under O(d,d; Z) when the set of KK fields
coming from D transforms as a Majorana spinor of O(d,d; Z), in the next section
we explicitly construct the spinor representation of O(d,d; R) by using fermionic
operators. We mostly follow the convention of Refs. 13) and 14).

Before concluding this section, we would like to make a comment on the poten-
tials D7 and Dg3 in the type IIA case. It is well known that type IIA supergravity
can be obtained from 11-dimensional supergravity® by dimensional reduction. The
coordinate transformation along the 11-th direction #1® — 219 + ¢ becomes a U(1)
symmetry in 10 dimensions:

6By =0, 0C,=d¢f,  6C3=—ByAdE. (2-34)

Thus, these D fields diagonalize the U(1) symmetry: Dy — D;j + d§, D3 — Ds.
These are 10-dimensional analogues of the A’ fields of Ref. 6).

§3. Spinor representation of O(d,d; R)

We first recall that the group O(d, d; R) consists of 2d x 2d matrices A satisfying

AT ga=yg  g=(0 1) (31)
1 O

The group O(d, d; Z) is defined as a subgroup that consists of matrices with integer-
valued elements. It is known that both are generated by the following three types

of matrices: 17)
(1 —-B T _ .
AB_(O 1), BT = _B, (3-2)
Rt 0
Ar=(", pr). ReGLR) orGL(d;Z), (3-3)

A= — (1 e 1o ) ’ (ei)jk = 0ij0ik.  (i=1,---,d) (34)

—€; 1-— €;

Note that det Ap = det Ap = +1 and detA; = —1. Thus one can construct a
subgroup SO(d,d; R) or SO(d, d; Z) that is generated by Ap, Ar and A;A;.
The Dirac matrices I, = (I} o) with 2¢ % 24 components are introduced as

{L, I's} = 2Jps, (r,s=1,---,2d) (3-5)
and the spinor representation S(A) = (Sa3(A)) is characterized by the property

S(A) Iy-SA) =>4, (3-6)

To construct this representation, we introduce fermionic operators ¢ and ; with
the anti-commutation relations
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Comments on T-Dualities of Ramond-Ramond Potentials 435

We define hermitian conjugation as
()" = 'f (3-8)

and introduce the vacuum |0) such that ¢;|0) =0 (i =1,---,d) and (0] 0) =
Then the 2%-dimensional fermion Fock space is spanned by the vectors

ja) =Ty T]0), (n=0,-,d) (3-9)
where « is a multi-index a = (i1, -, ip) (1< - <ip), and the Dirac matrices can be
introduced with respect to this as

' 8) zna —= (I
YilB) Z |a) Fd+z) aB - (3-10)

Thus, if we can always introduce an operator A to any element

_ (@) (bij) ,
A_((Cij) (d2)>60(ddR) (3-11)

such that
(APTTA™Y, A AT ) = (YfTad +picd, PTby + 4pid’y)
= (¢, i) (a Z) (312)
then, introducing the matrix So3(A) with A|8) = >, | a) Sap(A), we can establish
the relation (3-6). For this, it is enough to construct the operators that correspond

to the elements given in (3-2)—(3-4), and it is easy to show that the following are
solutions: 13):14)

Ap=e B =exp (—%BijQPiTQPjT) ;
Ap = (det R)Zexp (—pT A7), (R =(R) =exp(4))
A; =i + . (i=1,---,d) (3:13)

Note that all of these operators give real-valued matrix elements, so that the resulting
representation is automatically Majorana. Note also that the A; do not give a faithful
representation, so that there are always ambiguities in their orderings.

In order to construct Weyl representations, we define the matrix

d
1
Ioa+1 = o4 H L+ L) (L — L) (3-14)

which satisfies {Ibg41,1r} =0 (r =1,---,2d). By looking at the correspondence
(3-10), one can easily see that I'hgy; corresponds to (—1)™MF with Np = 3, ¢ifap;.

Downl oaded from https://academni c. oup. con ptp/article-abstract/103/2/ 425/ 1839069
by Kyoto Dai gaku Bungakubu Toshokan user

on 13 March 2018



436 M. Fukuma, T. Oota and H. Tanaka

Thus, the projection to the subspace with (—1)VF = 1 leads to a Majorana-Weyl
representation (2971), and that to the subspace with (—1)VF = —1 leads to (2971)..
Note that A; is a linear function of fermions and thus changes the chirality. There-
fore, in order for an operator to preserve the chirality it must correspond to an
element in SO(d, d; R).

We further introduce an operator J that corresponds to J = (J,s) as

J =iUd=0/2 A Ay, (3-15)
where the phase factor is chosen such that J? = 1. One can actually prove that
J YT T =, J ; J = (3-16)

It is easy to check that for all the A in (3-13) [and thus for all elements in O(d, d; R)],
their transposes AT = J- A~ . J are mapped to A':

At =JA7LT. (3-17)
In particular, we have

= exp (%Bl-j W,bj) ., AL = (é (1)> . (3-18)

AE — B

Note also that the normalization of the operators (3-13) is correctly chosen such that
they satisfy the condition (3-17).

We finally make the comment that this operator J is essentially the charge
conjugation operator. In fact, the operators defined by

C*=Af - AT (3-19)
with
AF =it Lo (3-20)
can be easily seen to satisfy
Cc= (Cﬁ:)T -1, (C:t) 2 _ (_1)d(d:F1)/2 1,
ctylt (CH) = (1), CFTy (CF) =1 (1) (3-21)

This implies that the matrices CF = (C’fﬁ) defined by C*|3) = |a) Cojztﬁ satisfy
the condition for the charge conjugation of SO(d, d): '8

c* (Cd:)T —1, (C:I:)T _ (_1)d(d:|:1)/2 Cd:’

ctEr, (c*) =5 (-0 ()7, (3-22)
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§4. R-R potentials and T-duality

In this section, we show that the R-R action plus the Chern-Simons term after
toroidal compactification on 7%, (2-32)(2-33), is actually invariant under SO(d, d; Z)
if a set of our R-R fields transform as a Majorana-Weyl spinor.

We first introduce a one-to-one correspondence between the set of forms and the
space of creation operators by replacing the differential in the compact direction dy°
with the fermion creation operator ¥'f. In this way, from*

0= Z | irind A ANdy'n = ZZ “ Mdy“A A dy',
(4-1)
we obtain

1 . ) )
2= Z ] Qiln-in’d)zﬁ 'l/)l"T Z Z 21 ~~in1»bllT .. d’z”T- (4-2)

This actually gives an algebra-isomorphism. We also extend our rule such that Ql(lq) i

has Ng = ¢, and thus it will anticommute with all the fermionic operators when ¢
is odd. We define a state corresponding to {2 as

|2)=492]0). (4-3)
Note that the following holds for any two forms (2 and =
NE)=|2NE). (4-4)

Now that we have the above isomorphism, we can introduce the operator corre-
sponding to F' in (2-26):

F=c¢B24D. (4-5)
Since the F),15 are even (odd) forms for type ITA (IIB), we have (—1)VF | F) = + | F)
for type ITA and = — | F') for type IIB. This implies that each state has a definite

chirality and thus forms a Majorana-Weyl representation of SO(d,d; Z). Noting that
the replacement dy* — dyl—A(l)Z as in (2-31) is equivalent to the operation

it — WA it AT it 416 (4-6)
we can simply express the operator corresponding to F” as
F = ewiA(l)iFe_'LpiA(l)i’ (4.7)

and thus the corresponding state can be written as
A

|[F') =F'[0) =" F|0)
. (1)1 Wi _By —ahp A A1)
= AV =B | gDy = AW ~Bae—tidD iAW gy (4.8)
*) Recall that the superscript (¢) indicates that .fo .4, 18 a g-form for noncompact indices [see
(2-10)].
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Here one can use (2-17) to show that

61/)7, (I)Z/B\ s A _ % ¢ZT¢]T +B 'l,blT +B 2) _ %Bl(l)A(l)Z (49)
Therefore we have

_pO) _R@ MW Ayi it (D) A4
\F’>:e B()e B® (1/2)B; AW B i A |dD)

— ¢ BV BYV |dD), (4-10)
where
BO = (0)¢2T¢JT
V= WTBi + 4 A7, (4-11)

Since (B( ), AW YT transforms as a vector of O(d, d; Z), one can see that V trans-
forms as

V=AV A (4-12)
for A € SO(d,d; Z). In fact,
=1 (1)
— B B
— (aht — (2T

— A () A ( ig; ) —AV AL (4-13)

On the other hand, if we make a block-wise Gauss decomposition of M as

o ta 0) (G0N (1g —BY
—\BO® 1, 0 G 0 1q

= Afo) - A - Apw), (4-14)
then the corresponding operator M can be written as
M = BY" Ag e_B(O), (4-15)
with
Ag=VGe ™ ((Gy) = M) (4-16)
This operator Ag has a special property. In fact, suppose that for a given state
=Y A, ghtyt0), (417)
q n

we introduce its hermitian conjugate as

1
:ZZQ (O] i, -~ iy *10- d'Qz(l)zn (4-18)
g n 7
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where %19_g is the Hodge-star in the noncompact (10 — d) dimensions. Then the
following identity holds:

A /—g VG| QL =— (2] Ac| Q). (4-19)

In fact, using
G/ N\ 7 _p\ Jn i i
412y = SRV () P (o) el g o
¢ n "
_ Y S Y G g0 it it o) (4:20)
7 — n] JiIn

we can show

(2)Ac12)=>"%" ? (*10_d9<q>, AQD ) Gitdt ... Ginin
q n ’

21 ln J1In
=—d""/=g VG2 . (4-21)
Setting 2 = F” in (4-19), we have
. 2
A" e/—g VG| F'|, o= —(F'|Ac|F'). (4-22)

Since this F’ has the form given by (4-10), the R-R action with the Chern-Simons
term can be expressed as

1

8k9-a
— [ (F|Aa| )
10—d

B 8"5%0—51
/ (K|M|K), (4-23)
10—d

SR+Cs = —

/ A"/ —g VG | F ];G

_ 1
= 3.2
8KT0_d

with
| K) = exp (—~B®) exp(V)[dD) (4-24)

This can also be written as
1

2
8KT0_q

Sr4cs = /10 . Sap(M) Ko N *10-qK3, (4-25)

where K, is a sum of forms in noncompact directions:

K, =e B9 A (6(1/\/5) Frvr) , AdDg, (4-26)
with
1
BY =L, dndet. (see (2:19)
r_ B,uz’ dx*
V= ( AL dxt ) ’
1
D, = Z a dxPt A - A dxtta Dytopga - (4-27)
- d
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Since M, V and B® transform as
M=(a") Mat, Voava' BY-B® )

we see that the action is invariant under the whole T-duality group SO(d,d; Z) if
D = (D,,) transforms as a Majorana-Weyl spinor:

D) =4|D). (4-29)

Furthermore, if we expand D with respect to noncompact indices as

1
D=>)" 4 dz" A A dzt Dy, (4-30)
— q!
with
1 , .
Dyjoopg = — Dprpig i1 Ayt A- - A dy'n, (4-31)

n

then each coefficient Dy, ..., will also transform as a Majorana spinor:*)

| Dysoig ) = A Do) (4-32)
or equivalently,
Dyyopiga = _ Sap(A) Dy, 85 (4-33)
B
with multi-indices a = (i1,---,in) (i1 <- - <ip;n = 0,---,d). Since Dyy...pyiyin

vanishes if ¢ +n = even (odd) for type IIA (IIB), it has a definite chirality. This
implies that Dy,..., = (Dy;...p, o) transforms as a Majorana-Weyl spinor for each
set of noncompact indices (p1,- - -, fiq)-

§5. Discussion

In this article, we have given a simple proof that if the R-R potentials Cpy; are
combined with the NS-NS 2-form as in (2-24), then their KK forms transform as
Majorana-Weyl spinors under the T-duality group SO(d, d; Z) in order to make the
action invariant.

There should be various applications once transformation rules are obtained
explicitly for the whole T-duality group. One application will be to establish relations
among various classical solutions of type ITA/IIB supergravities by using the full 7-
duality group together with the S-duality of type IIB. Work in this direction is in
progress and will be reported elsewhere. 19)

We finally make a comment on the dilaton dependence in R-R potentials, as-
suming the case By = 0, in which there is no distinction between the original R-R

*) To be more precise, the following discussion holds only when ¢ + d < 10.
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potential C},11 and our potential D, 1. Usually we expect that another field strength

defined by ﬁ’p+2 = €2 dCp41 corresponds to an R-R vertex operator of NSR strings
in a flat background. To see this in our formulation, we first recall that we have
introduced the (10 — d)-dimensional dilaton ¢ as a singlet of O(d, d; Z). This implies
that the 10-dimensional dilaton $ should transform as e? x GY/%. On the other
hand, we could have further decomposed the operator Ag as Ag = AEAE, where
E = (Ei) (i,a=1,---,d) is a vielbein for G, G = E ET. Then one might say that
the state Ag |dC') corresponds to an R-R vertex in a flat background. Thus, noting
that the operator Ag will carry the factor G4, we expect that e? dC will transform
as in the flat case.
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Appendix A
—— “Self-Dual” Formulation of Type Il Effective Actions

In this appendix, we prove that the original R-R action plus the Chern-Simon
term [(2-4)—(2-6)]

SUIA) | gIA) _ /dl%\/_ (|F2\A + [Fy3 )
+4_%0 / Ba A dC3 A dCs,
S | ) _ ﬁ o5 (IRE + IBE+ 5 1F2)
1 / Bo A dCy A dCs, (A1)
0

with C1,C3 (or Dy, D3) and Cy, Co, Cy (or Dy, D2, D4) being independent variables,
respectively, is equivalent to the new action, (2-30),

[ Y Rk

1A 1
S}({+C)S = W / Y. B AkFpa=

k Pp+2=2,4,6,8 8’QIO P+2=2.4.6,8
(IIB) _ 2
Skycs = / Z Fpro NxFpyo = / Z | Fpt2 \57
p+2=1,3,5,7,9 p+2=1,3,5,7,9
(A-2)

Downl oaded from https://academni c. oup. con ptp/article-abstract/103/2/ 425/ 1839069
by Kyoto Dai gaku Bungakubu Toshokan user

on 13 March 2018



442 M. Fukuma, T. Oota and H. Tanaka

with D1, D3, D5, D7 and Dy, D2, Dy, Dg, Dg being independent variables, in the sense
that both give the same equations of motion when the constraints (2-29),

[ = Fy, xFy = —Fy,

xF3 = —F7, * Iy = Fg,

*Fy = F5, *Fg = —Fy,

«F7 = —F3, *Fg = Fy,

*Fg = Fl, (A3)
are imposed on the extra variables Ds,---, Dg, after the equations of motion are

derived from (A-2). Here their field strengths are defined by

9 —~
F= )Y Fp=e™nAdD, (A-4)
p+2=1
with
8
D= Z Dp+17 (A5)
p+1=0

and the 10-dimensional Hodge-star * is defined by

1 1 e “ R
f1fn D1 D10-ns . .. 5 . A1 AL A10—n
(10 _ n)! /—§ € 9o 5 gﬁ1o—n/\1o—n dz™t A A dzx ’

(A-6)
with €91 = +1. Note that the K-forms satisfy ** 2 = (—1)X*! Q) and
= = 1 55 pgo
A0 /_g ’QK ’,3 = 0, /_g ﬁ gulm .. .g#KVK Qﬂl-"ﬂk “(2171---171(
= -0 NxQ (A7)

in 10-dimensional Minkowski space.
First, we note that the original action (A-1) can be written as

1 ~ ~ 1 ~
Se™ 4+ s8N = e / (Fz N+Fy+ Py A+Fy+ By Ff + B3 Fy Fy + 5 B FS) ,

1 1
sSIBMSSéB):%/<F1A*F1+F3A*F3+2F5A*F5

~ 1~ 14
+BQF5F3+§B§F5F1+EBSF3F1> . (A8)

Combined with the NS-NS action Sygs, (2-2), the equations of motion are thus
IIA

~ 1 ~
O:d(*F4+BgF4+§B§F2),
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5 L 59 I 53
0=d —*F2+BQ*F4+§B2F4+EB2F2 ,
RPN 1
0=d <e—2¢ s BQ) + Py + Py — o F2, (A-9)

1B

. 1 ~
0:d<*F5+BgF3+ 533}«1) ,
) L 5 L 53
O0=d|(—*F3+ B> *F5+§BQF3+6B2F1 ,
5 L 59 L 53 L =4
0=d|(*F; — By *F3+ZB2 (F5+*F5)+EB2F3+ZB2F1 ,
RPN 1 1
ozd(e—2¢*B2)+F1 *F3+§F3F5+§F3 x F. (A-10)
Also, the Einstein equation has an energy-momentum tensor of the R-R fields given
by
T(R) 5ﬂ”(F2) + 5,1,;(F4), ) (ITA) (A-11)
o Ewe(Fy) + Eno(F3) + 5 Epo(F5),  (1IB)

where &;,(F,) is defined for the n-form F,, = (1/n!) Fj,.., dz" A+ - -AdzFn as

1 (1 [l 1. 2
71),17;1;11---;1”_1 F = S G | Fulg (A-12)

Epi(F) = =

Equations (A-9) and (A-10) imply that Fy,---, F5 can be expressed in the following
form with integration “constants” D41 (p+1 > 5):
A

xFy = — <e§2 A dD) = —Fj3,
8

Fy = <e—§2 A dD) = Fy, (A-13)
6

1B

xF] = (6_§2 A dD) = Fy,
9

xF3 = — ((532 A dD) = —F7,
7

*F5 = (€_§2 A dD) = F5‘ (A14)
5

For example, the first equation of (A-9) is solved as

N 1 ~
xFy + By Fy + 5 B% Fy = dDs, (A15)
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with some 5-form Ds. Then *F, can be written as
«Fy = dDs — ByFy — % B2 Fy
= dDs — By(dD3 — BydDy) — % B2dD,
= dDs — BydDs + %E; dD;

= (e‘ﬁ2 A dD)
6
Next, we treat all the fields Dpy1 (p+1 = 0,---,8) as independent variables

with field strengths (A-4), and adopt (A-2) plus Sxs as their action functional. The
variation of the action with respect to these fields can be easily found to be

IIA
O:d(*Fg),
0=d (=~ Fs+ B+ F),
0= d<F4_B2*F6+ BQ*F8>
. . 1 ~
O:d<_*F2+B2*F4_QBS*F6+GBS*F8>7 (A17)
1B

= (*Fg
—x Fr + BQ * Fg)

1
d(*F5—BQ*F7+2BQ*Fg)
d(-*F3+B2*F5——B2*F7+ BQ*F9>

0:d<*F1—§2*F3+2§§*F5—6§§*F7+24§§*F9). (A-18)

These are identical to the set of Bianchi identities and the equations of motion for
the original fields Dy, - - -, Dy if we identify «F}, 1o = +£Fg_, as in (A-3). Furthermore,
the variation with respect to By gives

ITA
—2 . B 1 1 1
0=dle *x By +§F2 *F4+§F4 *F6—|-§F6 x Fyg, (Alg)
1IB
2% . B 1 1 1 1
0=dle x By —}—§F1 *F3+§F3 >|<F5+§F5 *F7—|—§F7 x by,
(A-20)
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which are the same as the last equations of (A-9) and (A-10), respectively, after the
identification (A-3) is made.

The Einstein equation will be accompanied by the new energy-momentum tensor
for the R-R fields,

1

3 Z Epi(Fn), (ITA)
TR = § | 2468 (A-21)
2%

3 > Eu(Fn). (IIB)

n=1,3,5,7,9

This agrees with the previous form (A-11), since the following identity holds for the
dual field Fig_,, = *F}:

Ei(Fro-n) = Enp(Fy). (A-22)

This identity can be easily proved by using
1

R oA Ao _ 1 L MeAna o~ 2
(9—n)!Fﬂ)‘1'"/\M £y T (n—1) Fuiyidn o G | Fn 5
~ 2
’Fl()—n ‘52 — | Fy |§. (A-23)

Since the equivalence for the variation with respect to the dilaton $ is obvious, we
have completed the proof of the equivalence of the two actions (A-1) and (A-2).
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Note added: After the first version of the present paper was put on the bulletin board, some
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related works appeared, which also investigate the T-duality transformation of R-R fields

from a different point of view.
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