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A Note on the Weyl Anomaly
in the Holographic Renormalization Group

Masafumi FUKUMA,* So MATSUURA**) and Tadakatsu SAKAT™*)

Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

(Received July 21, 2000)

We give a prescription for calculating the holographic Weyl anomaly in arbitrary dimen-
sion within the framework based on the Hamilton-Jacobi equation proposed by de Boer,
Verlinde and Verlinde. A few sample calculations are made and shown to reproduce the
results that are obtained to this time with a different method. We further discuss continuum
limits, and argue that the holographic renormalization group may describe the renormalized
trajectory in the parameter space. We also clarify the relationship of the present formalism
to the analysis carried out by Henningson and Skenderis.

§1. Introduction

The AdS/CFT correspondence!) (for a review see Ref. 2)) states that a gravi-
tational theory on the (d 4 1)-dimensional anti-de-Sitter space (AdS411) has a dual
description in terms of a conformal field theory on the d-dimensional boundary. One
of the most significant aspects of the AdS/CFT correspondence is that it can fur-
ther give us a framework to study the renormalization group (RG) structure of the
boundary field theories.® ~) In this scheme of the “holographic RG,” the extra
radial coordinate in the bulk is regarded as parametrizing the RG flow of the dual
boundary field theory, and the evolution of bulk fields along the radial direction is
considered as describing the RG flow of the coupling constants in the boundary field
theory.

In Ref. 12), de Boer, Verlinde and Verlinde proposed the formulation of the
holographic RG based on the Hamilton-Jacobi equation. They showed, by investi-
gating five-dimensional gravity with scalar fields, that the Callan-Symanzik equation
of the four-dimensional boundary theory actually arises from the holographic RG.
They also calculated the Weyl anomaly in four dimensions and found that the result
agrees with those given in Ref. 13) (see Ref. 14) for a review of the Weyl anomaly).
The extension of their analysis to a system including gauge fields is discussed in Ref.
15).

The first main aim of the present note is to give a prescription for calculating the
Weyl anomaly in arbitrary dimension, within the framework based on the Hamilton-
Jacobi equation. This prescription is actually a simple generalization of the algorithm
given in Ref. 12) for the four-dimensional case. Here we carry out a few sample
calculations to affirm its correctness.
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1090 M. Fukuma, S. Matsuura and T. Sakai

Second, we give discussion on continuum limits, and show that when bare cou-
plings are tuned such that they are on the classical trajectories passing through the
corresponding renormalized couplings, both the bare and renormalized couplings sat-
isfy an RG equation of the same functional form. This fact strongly suggests that
the holographic RG may directly describe the so-called renormalized trajectory '6)
in the parameter space.

Finally, we discuss the relationship among various renormalizations adopted in
the literature on the holographic RG. In particular, we give a detailed analysis of the
relationship between the analysis based on the Hamilton-Jacobi equation and that
carried out by Henningson and Skenderis. '3

The organization of this note is as follows. In §2, we give a review of the flow
equation that is obtained from the Hamilton-Jacobi equation.'? In §3, we describe
a prescription for solving the flow equation and make sample calculations of the Weyl
anomaly in four and six dimensions. The results are found to agree with those given
in Ref. 13). In §4, we explore the continuum limits of the boundary field theory in the
context of the holographic RG. In §5, we investigate the relationship among various
renormalizations. In particular, we give a detailed discussion of the relation between
the present analysis and that given in Ref. 13). Section 6 is devoted to conclusions.
The appendices are meant to make this note as self-contained as possible.

§2. Hamilton-Jacobi constraint and the flow equation

In this section, we briefly review the formulation of the holographic RG based
on the Hamilton-Jacobi equation, 2 with the purpose of fixing our convention.

We start by recalling the Euclidean ADM decomposition that parametrizes a
(d + 1)-dimensional metric as

ds* = Gy dXMdx"N
= N(z,7)%dr* + G (z,7) (dm“ + M\ (z, r)dr) (dz” + A (z, r)dr).(2-1)

Here XM = (xH,r) with p,v =1,2,---,d, and N and A\ are the lapse and the shift
function, respectively. The signature of the metric G, is taken to be (4+---+). As
we discussed in the Introduction, the Euclidean time 7 is identified with the RG
parameter of the d-dimensional boundary theory, and the evolution of bulk fields in
r is identified with the RG flow of the coupling constants of the boundary theory.
In the following discussion, we exclusively consider scalar fields as such bulk fields.

The Einstein-Hilbert action with bulk scalars ¢(x,7) on a (d + 1)-dimensional
manifold My, with boundary Xy = 0M441 is given by

Sd-i-l [GMN(‘T’ 7“), ¢Z (x’ T)]
— A XVG <V(¢) -R+ lLij(Qb) G Oy’ 5N¢j> - 2/ d's VG K,
Md+1 2 X
(2:2)
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A Note on the Weyl Anomaly in the Holographic Renormalization Group 1091

which is expressed in the ADM parametrization as
Sd+1 ,LLI/ z T) o} (l’ T) N($7T)a)‘u($7r)]
= /ddx dr { (V(¢) — R+ K, K" — Kz)

+ o L@ (6 - W9,07) (& - Wa,07) + N*Go,00,67) |
= /ddxdr VG LG, ¢, N, A, (2-3)

where - = 0/0r. Here R and V, are the scalar curvature and the covariant derivative
with respect to G, respectively, and K, is the extrinsic curvature on ¥y given by

1
K

“”_ﬁ(G - Vi —V)\) K=G" K. (2-4)

The boundary term in Eq. (2-2) needs to be introduced to ensure that the Dirichlet
boundary conditions can be imposed on the system consistently.'” In fact, the
second derivative in r appearing in the first term of Eq. (2-2) can be written as a
total derivative and canceled with the boundary term.

As far as classical solutions are concerned, the action (2-3) is equivalent to the
following one in first-order form:

Sus (G 6,1 NN = [ dladr VG [ 117Gy + 1161 + NH 4 0P|
(2:5)

with

1 2 1 .. 1 . .
H= -1 (H[f) — 1, - §L”(¢) I; II; + V(¢) — R+ §Lij(¢) G" 0u9" 0,97,

P =2V, " — IT; V'¢'. (2-6)
In fact, the equations of motion for IT*” and II; give the relations

1 . .
" = K" —G"E, = ~Ly(@) (& = ¥ 0,¢7) (27)
and by substituting this expression into Eq. (2-5), we can obtain (2-3). Here N and

AP simply behave as Lagrange multipliers, giving the Hamiltonian and momentum

constraints:
1 0Sa+1 ., _
75 N =H =0, (2-8)
L 0541 _pu _ g, (2-9)

VG oA

Note that these constraints generate reparametrizations of the form r — r+dr(x),
aH — P+t (x) for systems on an “equal time slice” X; (r = const). One can
easily show that they are of the first class under the canonical Poisson brackets for
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1092 M. Fukuma, S. Matsuura and T. Sakai

G, 1IM ¢' and II;. Thus, up to gauge equivalent configurations generated by H
and P*, the r-evolution of the bulk fields is uniquely determined, being independent
of the values of the Lagrange multiplier N and A*. In the following discussion, we
work in the “temporal gauge,” N =1, A\ =0.

Let G (z,7;G(x),10) and ¢(z,7; ¢ (), 70) be the classical solutions of the bulk
action with the boundary conditions®

au,,(a:, r=rg) = Gu(x), qgi(asjr:ro) = qﬁl(:z) (2-10)

We also define T (2, r) and IT;(x,r) to be the classical solutions of IT*(x,r) and
II;(x,r), respectively. We then define the on-shell action that is obtained as a func-
tional of the boundary values, G, (z) and ¢'(x), by substituting these classical
solutions into the bulk action:

S[Guu(x)7¢(x)ar0]
= Sd—H [6uy(1’,7’;G($),T0), (Z;i(wvhgﬁ(x)aTO)v ﬁlﬂ/(x,r), ﬁi(wvr)v N(:C,T), )\H(SC,T)}
- /dd:c/ ar VG [T Gy + T | (2:11)

Here we have used the Hamiltonian and momentum constraints, H = fﬂ = 0. One
can see that the variation of the action (2-3) is given by

85(6(2), (@), ol = — [ a5 VG | (T (w.10) G, 0) + i, r0) &, 0))

+ ﬁw(m,ro) 55,“,(:5,7“0) + II;(z,70) 5gz_5i(;v,ro)

__ / dey/G | T (2,70) 6G (2) + T, 70) 665 (x) |, (2112)

since 6G (2, 10) = 0G 1 (z) — G (x,10) 610, ete. It thus follows that the classical
conjugate momenta evaluated at r = rg are given by

— -1 45 — -1 45
o (z) = I (z,r0) = e m, II(x) = Ii(z,7m0) = TG ()
(2:13)
We also see that 5
8—S[GW(37), ¢'(x), 0] = 0. (214)
o

Therefore, the on-shell action S is independent of the coordinate value of the bound-
ary, ro. Substituting (2-13) into the Hamiltonian constraint (2-8), we thus obtain

*) One generally needs two boundary conditions for each field, since the equation of motion is
a second-order differential equation in r. Here, one of the two is assumed to be already fixed by
demanding the regular behavior of the classical solutions inside Mg4+1 (r — 400) D (see also Ref.
18)).
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A Note on the Weyl Anomaly in the Holographic Renormalization Group 1093

the flow equation of de Boer, Verlinde and Verlinde, 12)

{5, 5} =) = /G(z) La(z), (2-15)
with
1 1 5s \° (88 \° 1., 068 4S
(2-16)
Lola) = V(9) ~ R+ 5 Lis(6) GH 0,00, (217)

The momentum constraint (2:9) ensures the invariance of S under a d-dimensional
diffeomorphism along the fixed time slice r = rq:

55 . 68
/dda:\/@ l(vueu + Voeu) e + e 90 5@] =0, (2-18)

with €*(x) an arbitrary function.
§3. Solution to the flow equation and the Weyl anomaly

In this section, we discuss a systematic prescription for solving the flow equation
(2-15).
First we assume that the on-shell action takes the form

S[G(2), p(2)] = Sioc|G(2), ¢(2)] + I[G (), p(x)], (3-1)

where S),c[G, ¢] is part of S[G, ¢] and can be expressed as a sum of local terms:
Sloc[ / dd Eloc( )
:/&zam) [Lioc(@)] . (3-2)

w=0,2,4,--

Here we have arranged the sum over local terms according to the weight w that is
defined additively from the following rule:*)

weight
G,,,U(:L’), ¢1(‘T)7 F[Gvd)] 0
Dy 1
R, R.u, 0,0°0,¢7, - 2
SI/6G (), 6I/5¢" () d

The last line is a natural consequence of the relation w(I'[G, ¢]) = 0, since 61" = [ d’x
(6p(x) x 0I'/d¢(x) + - - ). Then, substituting the above equation into the flow equa-
tion (2-15) and comparing terms of the same weight, we obtain a sequence of equa-
tions that relate the off-shell bulk action (2-3) to the on-shell boundary action (3-1).

*) A scaling argument of this kind is often used in supersymmetric theories to restrict the form
of low energy effective actions (see e.g. Ref. 19)).
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1094 M. Fukuma, S. Matsuura and T. Sakai

They take the following form:

VG L, = [{51007 Sloc}]o + |:{Slom Sloc}L, (3-3)
0= [{Sioe: Sec}] .+ (w= 4,6, =2) (3-4)
0=2 :{Slom F}: . + |:{SIOC7 Sloc}]da (3-5)

0=2 {Slom F} + {51007 Sloc} ’ (w =d + 27 Y 2d — 2) (36)

0= [{r, f}} +2 [{sloc, r}] + [{sloc, sloc}} , (37)
i Qd_ i 2d i 2d

0=2{Sw0c, I'}| + [{S10c, Stoc}| - (w=2d+2,--) (3-8)

Equations (3-3) and (3-4) determine [Lioc),, (w = 0,2,---,d — 2), which together

with Eq. (3-5) in turn determine the non-local functional I". Although [Lisc],; could

enter the expression, this would not give a physically relevant effect, as we see below.
By parametrizing [Lioc]o and [Lioel2 as

[Lioclg = W(9), (3:9)
[Lioc]y = —P(¢) R+ % M;j(¢) G* 0,9" 9, ¢, (3-10)

one can easily solve (3-3) to obtain®)

V(o) =~ WP + 5170 AW @)W (). ()
d—2 Y . .

—1= 5T W) 9(6) - L9(6) 0V () 9,8(0), (312)

3 L(0) = ~ g1 WO My(é) ~ L@ 0w (o) T (0). (313)

0= W(6) V2B(9) + L (6) B, W (6) My (6) V2" (3:14)

Here 0; = 9/0¢", and FZ-(]M)k(@ = MF(¢) Fl(f\;[)(qﬁ) is the Christoffel symbol con-
structed from M;;(¢). For pure gravity (L;; = 0,M;; = 0), for example, setting

V =2A=—d(d—1)/I12, we find*")

2(d—1) l

W l ’ d—2

(3-15)

Here A is the bulk cosmological constant, and when the metric is asymptotically
AdS, the parameter [ is identified with the radius of the asymptotic AdSgy.

*) The expression for d = 4 can be found in Ref. 12).
**) The sign of W is chosen to be in the branch where the limit ¢ — 0 can be taken smoothly
with L;;(¢) and M;;(¢) positive definite.
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A Note on the Weyl Anomaly in the Holographic Renormalization Group 1095

To solve Eq. (3-4), we need to introduce local terms of higher weight (w > 4).
For example, for the pure gravity case, we need a local term [Ljoc]4 of the form

[Lioc)s = XR? + YR, R*™ + Z R0, R*, (3-16)

with X, Y and Z being some constants to be determined. By using this, we find that

| St )]

w ar
T2 <(d X ana- 2)2> 4

W I3 d—4
- _ . w7 " 2N
TCESY <(d 4)Y+(d_2)2>RWR sa—1) "V Z o R
d 2 )
+(2X+2(d_1)Y+d_1Z>VR. (3-17)
Thus for d > 6, requiring [{Sioc, Sioc }]4 = 0, we have
B ;3
X = Y=+ Z=0. -1
d—1)(d—2)%(d—4)’ ([d—272(d—4) 0 (318

Note that the coefficient of V2R vanishes. From Eq. (3-18), [{Sioc, Sioc}]6 can be
calculated easily to be

% |:{S10v:7 Sloc}] ;

—o| (a4 5ot

2(d— 1)

d+2
2(d— 1)

Y> RR,, R"™ + XR? —AY R R Ryn0

d—2
+(4X +2Y)R*"V ,V,R — 2Y R*"'V?R,,, + (2(d —3)X + TY) RVQR]
+ (contributions from [Lioc]6)

3d + 2 d(d+2)
— 74| _ 1%
: { Sd—1)(d— 23— ) B ¥ ST 2 — 1y
4 1
UN pUo _
T a—apa—n R B - T = 2a—

P ! RV2R}

(d—2)3(d—4) (d—1)(d—2)3(d —4)

+ (contributions from [Lioc]6). (3-19)

R3

R*V,V,R

R N*R,, —

On the other hand, from Eq. (3-5) in the flow equation with weight d, we find

or or oL

2010 Gy~ + Bl 5~ + B0 55 = = | (Socs S| .+ (320)
wy uv

O 5gi J
where
1 1 0Sloc

TEAd—1) VG M G,
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1096 M. Fukuma, S. Matsuura and T. Sakai

d—2
4

1 d d—2
—W—-—"R&—(d—1)V?®
dd—1) (QW ; BP—d-1)Vie+

Mz’j G a,u¢2 8V¢j> )
(3-21)
2 1 5S10c ,

2 2
=20 Ry — 5 G PR+ 2V, V., 0 — EGWVQ@

Gu)\Gucr -

1 . . . ‘
+ E G,uy Mij 80¢l ao¢] - Mij au¢l auqu ) (3'22)
. 1 . 0Sloc
Bi=_—— 1[4 _
g e (@) =5 &
= LU (0;W = 9,0 R — My; V26" — I3 0,6" 0o . (3-23)

Since [Buy]o = 0, we have

A |
—2GMV@ + ,3 5¢z = [’Y]O {{Slom Sloc}]d7 (3 24)
with
b= g B == e we. )

As we see below, 3% can be identified with the RG beta function, so that the right-
hand side of (3-24) (divided by v/G) expresses the Weyl anomaly W, of the d-
dimensional boundary field theory:

L [{Sloc, Sloc}} = 2VG Wy +V,T0) . (326)
[’Y]o d

d—1
Wa + V/,Ljd = W [{Sloc; Sloc}:| d7 (3'27)

where the total derivative term V7. é‘ represents the contribution from [Loc]q. The
fact that the effect of [Lio¢]q can always be put into the form of a total derivative
can be seen directly for pure gravity in five dimensions. In fact, setting d = 4 in Eq.
(3-17), the dependence on X,Y and Z (coming from [Ljoc]4) totally disappears, ex-
cept for the last total derivative term. This can be generally understood by observing
that possible contributions from [Lj¢]q always vanish for constant dilatations.

To illustrate how the above prescription works, we consider two simple cases.
5D dilatonic gravity:

We normalize the Lagrangian with a single scalar field as follows:

12
==

L4=— R+ % G" 8, D,y b. (3-28)

Then, assuming that all the functions W (¢), M (¢p) and @(¢p) are constant in ¢, we
can solve Eqgs. (3-11)—(3-13) with V = —d(d —1)/I1?> = —12/1? and L = 1, and obtain
6 l l

W l? 27 2’ (3 9)
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A Note on the Weyl Anomaly in the Holographic Renormalization Group 1097

that is,
4 ! ! v
SioelC / BaVG (=7 = SR+ 560,60, (3-30)
We can calculate [{Sjoc, Sioc }]4 easily and find

W4 = {Sloca Sloc}:|

2\/ [
1
_13( - p2_ - uwy 72
=1 (24R 8RWR 24RG 0u9 0,0
1 1 9 1 9 2>
= puv _ nv _ .
+8R 0,9 0,9 = (G* 0, 0, 9) 16 (V ¢) . (3:31)

This is in exact agreement with the result in Ref. 20).

7D pure gravity:
By using the value in Eq. (3-18) with d = 6, the local part of weight up to four
is given by

S /d%\/_ - - ER 3 R ﬁR RM (3-32)
tocl & 320 32 ’

From the flow equation of weight w = 6, we thus find

WGZ 2\/7 {{Slomsloc}]
3 1
5 3 A pro
=P (— — R~ —RMRR,\
: (128 Ry B 3200 64 ade
"z o uv 72 2 .
+—320R V.V, R —1283 VRW+1280RV R) (3-33)

which is in perfect agreement with the six-dimensional Weyl anomaly given in Ref.
13).

We conclude this section by showing that one can generalize to arbitrary di-
mension the argument in Ref. 12) that the scaling dimension can be calculated
directly from the flow equation. First, we assume that the scalars are normalized as
Li;(¢) = 0;; and that the bulk scalar potential V'(¢) has the expansion

V(g) =24+ - Zm 67+ Gik Gitbidn + - (3-34)

ijk
with A = —d(d — 1)/21%. Then it follows from (3-11) that W takes the form

2(d —

W= -2

Z Xi &7 + Y Aijk Gidj i + - (3-35)

ijk
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1098 M. Fukuma, S. Matsuura and T. Sakai

with

1
i =3 (—d +\/d? + 4m? 12) : (3-36)

d
9ijk = <7 + )\i + )\j + Ak) )\ijk~ (337)
Furthermore, if we perturb the system finitely by fixing the sources ¢‘(z) to be
constant and fixing the form of G, (z) as ./ a? with some constant a, then the
functions G can be regarded as the beta functions with a being the cutoff length,
as shown in Ref. 12) (see also Appendix C). They can be evaluated easily and are
found to be
Br==INidi =3 Nju b+ -+ - (3-38)
7 ik

Thus, equating the coefficient of the first term with d — A;, where 4; is the scaling
dimension of the operator coupled to ¢;, we thus obtain

1
Ai—d—i-l)\i—i(d+\/d2+4m%l2). (3-39)

This exactly reproduces the result given in Ref. 1).
§4. Continuum limit

In this section, we describe a direct prescription for taking continuum limits of
boundary field theories which is such that counterterms can be extracted easily.*)

Let G (z,7;G(x),70) and ¢'(z,7; ¢(z), 1) be the classical trajectory of G, (z,7)
and ¢'(x,r) with the boundary condition

Gu(z,r=r0) = G(x), ' (z,7=r9) = ¢'(z). (4-1)

Recall that the on-shell action is given as a functional of the boundary values G, (z)
and ¢'(x), obtained by substituting these classical solutions into the bulk action:

S(Gu(a), ¢ @) = [ e [ dr VG Lo [GlariGor) dlarsom)].  (42)
70
Also, recall that the fields G, (z) and ¢'(z) are considered as the bare sources at the
cutoff scale corresponding to the flow parameter rg. Although the on-shell action is
actually independent of rg due to the Hamilton-Jacobi constraint, we still need to
tune the fields G, (z) and ¢'(z) as functions of 7o so that the low energy physics is
fixed and described in terms of finite renormalized couplings.

In the holographic RG,'? such renormalization can be easily carried out by
tuning the bare sources back along the classical trajectory in the bulk (see Fig. 1).
That is, if we would like to fix the couplings at the “renormalization point” r = rg

*) For earlier work on counterterms, see e.g. Ref. 21).
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A Note on the Weyl Anomaly in the Holographic Renormalization Group 1099

A

renormalization
uv point IR

Fig. 1. The evolution of the classical solutions ¢° along the radial direction. The region I is defined
by r > rgr, and the region II is defined by ro < r < rg.

to be Ggr(x) and ¢r(z) and to require that physics does not change as the cutoff
moves, we only need to take the bare sources to be

GMV(ZU,TO) :é/u/(xaro;G}%rR)v (Zsi(ffﬂ”o) = a)i(tfaTO;QSRﬂ”R)' (43)

The on-shell action with these running bare sources can be easily evaluated by
using Eq. (4-3):

S[Guw(x,r0), ¢'(2,70)] /dd / dr \/7Ed+1 { z,7;GR,TR), d(x,T; QSR,TR)}

:/dd (/ dr—l—/ dr)\/—ﬁd_H
= Sr[Gr(%), or(x)] + Scr [Gr(2), pr(2); 10, TR] . (44)

Here Sg is given by integrating \/ﬁﬁdH over the region I in Fig. 1, and it obeys
the Hamiltonian constraint, which ensures that Sr does not depend on rg. On
the other hand, Scr is given by integrating \/ﬁﬁd+1 over the region II. It also
obeys the Hamiltonian constraint and thus does not depend on the coordinates of
the boundaries of integration, rr and rg, explicitly. However, in this case, their
dependence implicitly enters Sct through the condition that the boundary values at
r = rg are on the classical trajectory through the renormalization point:

Scr = S[Gr(z), or(7); G(z,70), 9(T,70)]
=S {GR( ), ¢r(2); G(z,70; GR, TR), ¢(CC7T0;<Z5R,7’R)}‘ (4-5)

It is thus natural to interpret Scr[Gr, ¢r; 70,7 R] as the counterterm, and the nonlo-
cal part of Sg[GR, ¢r] gives the renormalized generating functional of the boundary
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1100 M. Fukuma, S. Matsuura and T. Sakai

field theory, I'r[GR, ¢r|, written in terms of the renormalized sources.

Since, as pointed out above, Sg[Gr, ¢r| also satisfies the Hamiltonian constraint,
it will yield the same form of the flow equation, with all the bare fields replaced by
the renormalized fields. This suggests®) that the holographic RG exactly describes
the so-called renormalized trajectory,'®) which is a submanifold in the parameter
space, consisting of the flows driven by relevant perturbations from an RG fixed
point at rg = —oo.

§5. Relation to the analysis by Henningson and Skenderis

In this section, we comment on the relation between the analysis given above
and that of Henningson and Skenderis, '3 which is briefly reviewed in Appendix
D. In particular, we show that Sy, the local part of the on-shell action, can also
be calculated solely from their analysis. In the following discussion, we exclusively
consider the pure gravity case. Extension to the case in which matter fields exist
should be straightforward.

First, we recall that in our analysis, the bare coupling G(x) at r = r¢ is tuned
in such a way that it is on the classical trajectory that passes through a fixed value
Gr at some renormalization point, 7 = rr (see Eq. (4-3)):

G(z) — G(z,10) = G(x,70; GR,TR). (5-1)
The value G is regarded as the renormalized coupling at » = rg. On the other
hand, it is also possible to choose as the renormalized coupling the coefficient of

the asymptotic form of the classical solution, as is done in Ref. 13). That is, by
expanding the classical solution in the limit r — —oo,

G, = e (g (@) + e gD(@) +---) . (52)
one can interpret g(g) as the renormalized coupling. Here g(2), g(4), - - - are obtained as

local functions constructed from gg) in such a way that G(z,r) satisfies the equation
of motion. Some of them are given explicitly in Appendix D. The two renormalized
couplings, Gr(z) and g()(z), are related through the simple relation

G(z,r0) = G(x,10; GR,TR)
— 20 (g(o) () + €*g(a) [g(o) (x)] +e0g ) [g(o) (x)} + - ) -(5:3)

Now we show that once the counterterm is known within the scheme of Hen-
ningson and Skenderis, we can directly calculate the local part of the on-shell action,
Sioc[G]. To show this, we first introduce the new coordinate p = " and set € = %70,
The classical solution is thus expanded around p = 0 as (see Appendix D)**)

G(x,p) = % [g(o)(w) + P92 [9(0)(55)} + -

*) We thank H. Sonoda for discussions on this point.
**) In the following discussion, we write G(z,(p)) (r(p) = (1/2)log p) simply as G(z, p).
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A

E(X’g): @ ______

classical trajectory
G(x,p)

0 E=exp(2ro) P

Fig. 2. The classical solution G(z,p) with p = exp(2r) is chosen such that it passes through the
point g(z)/e at p =€ (i.e., r = 10).

(5-4)

+ 2 (g(d) [g(o) (LU)} + log p ha) {9(0) (1‘)}) +o

We then require that this classical solution passes through the point g(x)/e at p =€
(see Fig. 2) with g(z) some fixed function:

%a@sé@ozé(www+w@@@@ﬂ+~). (55)

This can be solved recursively as

o~

90)[8(@), ] = §(2) + eby [§@)] + -+ (b 3(@)] + logec @) + -
(56)

Since G = g/e is the boundary value of the classical solution at p = € (i.e., r = rp),
we have

S[3(x)/e] = Sa1 [G (w,75 §/e,70)] (57)
The right-hand side is identical to the on-shell action in the scheme of Henningson
and Skenderis given in Appendix D, with gy = g()[g, €]. We thus have

S[g/e) = 8™ [g(0)[7. ¢l €] (5-8)

We can then extract the terms that diverge in the limit ¢ — 0 as follows. We first
note that S[g/e] can be written as

S[g/el = Sioclg/el + I'[g/e]. (5-9)

Here Sjoc[g/€] is a meromorphic function of € and has the following Laurent expan-

w=0,2,4,--
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1102 M. Fukuma, S. Matsuura and T. Sakai

I'[g/€], on the other hand, may lead to a logarithmically divergent term. We thus
obtain the following equation for the divergent terms:

d—2
> 02 [l /G | Llgl| ~toge [t G Wi = S 9034 .
w=0 w

(5-11)
The quantity S55[g()[d; €], €], the divergent part of S™5, is calculated in Ref. 13) (sce
also Appendix D). By considering the structure, one can easily understand that Wd
should be the Weyl anomaly written in terms of g. Equation (5-11) shows that the
relevant part of Si,. can be calculated from the divergent term of SHS by comparing
terms of the same order in e.
We now give sample calculations for d = 4 and d = 6.

d=4:
Straightforward calculation gives the coefficients b(y), - - - as
by = —0@), di2) = 9(2 [9]
bay = —D—gu, 9a) = 9(2)(9] (5-12)
¢y = —hw, h<4) = h<4)[ )

where D, is the covariant tensor given by

R ey, (e . ~o oo
Dy = 7 [ V7 (Vg2 + 9,82 ) = V32— VuVutr(@ ') |

1 ~2) DI | SATo5(2) _ T2 -1~ a L pse

- S [FI R+ G - V(G G) | G — 15 RO,

(5-13)

Substituting these values into Eq. (D-11), we obtain
~( 6 15 —~
S [aw0(e).dhe] = [ dovG (-5 - 5 R-loge Wi). (510
This actually gives Egs. (3-30) and (3-31) with ¢ =0 and [ = 1.

d=06:

The coefficients are calculated to be

1 /5 1~
b;(g/) = - (RHV — —Rg,uzz) s

which lead to
10 1 3

Sle [ Q) )[@(50)76]76} :/de\/E (_6_3 — @R"ﬁ‘

~ 1 ~ ~ _—
2~ popw .
320c 10~ 3o fm T —loge W6)
(5-16)
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This reproduces Eqs. (3-:32) and (3-33) with [ = 1.
§6. Conclusion

In this note, we have discussed several aspects of the holographic RG that are
related to the Weyl anomaly. We found that the Hamilton-Jacobi constraint is quite
useful in exploring the holographic RG, especially to calculate the Weyl anomaly
and to understand the structure of divergent parts. We also discussed continuum
limits of the boundary theories in the context of the holographic RG. In particular
we demonstrated that counterterms can be extracted systematically if we use a
special renormalization, where the bare and the renormalized couplings are on the
same classical trajectories determined by the bulk theory. Finally, we discussed
the relationship between the present formalism and the analysis of Henningson and
Skenderis, and found an algorithm determining the local part of the on-shell action,
Sioc|G(x), ¢(x)], from the divergent terms in their calculation.
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Appendix A
—— Variations of Curvature

In this appendix, we list the variations of the curvature tensor, Ricci tensor and
Ricci scalar with respect to the metric.
Our convention is*)
RMV}\O’ = akpcfu + Ffpptfu - ()‘ A U)’

Ry =R, R = G"™ Ry,. (A-1)

The fundamental formula is
1
o, =3 G™ (V,,6Gy\ + YV, 0G i\ — V2 06GL), (A-2)
from which one can calculate the variations of curvatures:
6R“l/)\0’ == VA 5F#V - VU 61_‘)!\1‘1/, (A'3)
1
5R;w>\a = 5 V)\V,,(sGUM - V)\VM5GJZ, - VUV,,5G,\M + ngu(sG)\,,

+ 5GHP pr)\o B 5GVP Rpuz\a ) (A4)

*) The sign is opposite to that adopted in Ref. 13).
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SRy, = % |V (V0G0 + VidGlp) = V206G — ViV, (G960 )|

(A-5)
SR = —0G, R + VH'VY6G,, — V? (GM6G ) - (A-6)

Here note that
{v“, vy] 3G = —6Gpo RYy,,, — 0GR, . (A7)

Appendix B
—— Variations of Sjoc[G(z), p(x)] ——

In this appendix, we list the variations of Sioc[G(x), ¢(x)].

Pure gravity:
If we only consider terms with weight w < 4 of the form

Sioc[G] = / dzvVG (W —~ R+ XR* + YR, R" + ZRWPAR“”"A) . (B1)

then we have

1 5SIOC 1 2 )\)
S = — @ X YR, ,R*" + ZR,,, Hvp B L PR
VGG, 2(W R+ XR*+ YR, R" + ZRy )R |G" + ®R
—2X <RRW — V“V”R) — Y<2R“pR”p —2V,VHRYP 4 V2RW>
vpAo Ap(p v) 1 v
—2Z(R“WR PA7 —2VPVARY | ) — (2)( +3 Y) GM VR,
(B-2)
and thus
1 5S1e  d d—2 d—4 /. 5 A
R y—— = — -~ - (X YR,,R*™ + ZR,,, Hvp.
JGCmsas =W -y PRt (XR?+ YRy R + Z Ry pn R
d
- (Q(d DX 45V + 22) V2R. (B-3)

In the last expression, we have used the Bianchi identity: V#R,, = (1/2)V,R.

Gravity coupled to scalars:
For Sjo.[G, ¢] of the form

SioclG0] = [ doV/G (W(6) — B(O)R + S0 ()G 0,60, ) (B4)

we have
L 5SIOC
VGG

= 5 <W—@R+§Mij6p¢16”¢¥) G
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1 . .
PR 4 GNP - VIVID — o My 00", (BD)
1 6510c

VG 6

= W — DR — My V3¢ — I 0,67 0", (B-6)

where Fj(,i\/[ )i(qﬁ) = M(¢) Fl(%)(qﬁ) is the Christoffel symbol constructed from M;;(¢).

Appendix C
— RG Flow and the Classical Solutions in the Bulk ——

According to the holographic RG, the RG flow in the boundary field theory
should be described by the classical solutions in the bulk. Although this is clearly
explained for d = 4 in Ref. 12), we repeat their argument for arbitrary dimensions, in
order to make our discussion self-contained. To this end, we start with the classical
solutions G, (x,7;G(z),0) and ¢ (z,; ¢(x), 70) with the boundary conditions

@W(sc, ro) = G (z) = %5,”, q@i(x,ro) = ¢’(x) = ¢' = const. (C-1)

Since we set the fields to constant values, the system is now perturbed finitely.
Furthermore, since a gives the unit length of the metric G, (z), this perturbation
should describe the system with the cutoff length a, which corresponds to the time
r = ro in the RG flow. From Eq. (2:7) and the Hamilton-Jacobi equation (2-13), we

obtain
d— 1 1
%G“y(l'ﬂ“, G,To) = ﬁw(d)) géum (02)
r=rg
d . -
%gb’(z,r;qb, TU) = —LZ](Qb) aJW(¢) (03)
r=rg

We then assume that the classical solutions take the following form for general 7:

Guv(z, ;G 1) = %5#,,, ' (z, 75 0,70) = ¢ (a(r)), (C-4)

a\r

with a(rg) = a. Note that a(r) can be identified with the cutoff length at r. It then
follows from (C-2) and (C-3) that

dr 2(d—1)
P O (C5)
Ao Ad1) |
0@ =2 L6 0w o). (C6)

The latter agrees with the beta function in Eq. (3-25).
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Appendix D
—— Analysis of the Weyl Anomaly a la Henningson and Skenderis

627"

It is convenient to introduce the coordinate p = and rewrite the metric in

the following way, as in Ref. 13):

dp? v (T,
ds® = % + (. p) dotda? . (D-1)
4p p
The metric g, (z, p) is related to our metric, G, (x,7), as

Guu(r) = 220D () (D2)

Assuming the existence of an asymptotically AdS;,1 boundary at p = 0, we expand
the metric as®

9(x,p) = 910y (@) +p g2y () -+ (9(a) (@) + log p ey () ) +O(p"2H1). (D-3)

Then the equations of motion for g,,,,,

0=tr(g~"'g") — %tr(g‘lg’g‘lg’% (D-4)
0= Vg, — dutr(g™'g), (D-5)
0= —Ric(g) +p 20" —20'g7"g +tr(g7'¢)g| — (d—2)g — tx(g7"9))g,
(D-6)
can be solved iteratively for small p, giving the coefficient functions g(3), gu4)," - as

functions of g 13) (see also Ref. 22)). Here V, is the covariant derivative with
respect to g,,, and the prime represents d/dp. The tensors g() (k = 0,2,---,d —
2) and h(g are obtained as covariant expressions with respect to g(). Although
tr(g(_(ﬁg(d)) is an invariant scalar, g itself cannot be expressed covariantly. The

quantity tr(g(_(ﬁh(d)) turns out to vanish identically. Then, substituting the classical
solution into the bulk action, we can explicitly evaluate the dependence of the on-
shell action on the coordinate of the boundary, p = e:

SHS[Q(O),G] = /dda? d/dp \/gp*d/Q*1 4 (4p*d/2+1\/§’ _ 2dp7d/2\/§)
€ .
(D7)
d=4:

The coefficients necessary for the calculation are (using the convention described
in Appendix A)

1/, 1
92) = 75 (RIC(Q(O)) - gR(g(o))g(o)> : (D-8)

*) The logarithmic term always needs to be added at order d/2 when d is even.
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_ 2
tr [ai5i900) = 15 (B (900 Ruslo0) ~ 5 (R(900)*). (D9)
4h(s) = 29(2)9,0,9(2) + Ric'(9)]p=0 + tr (29(_0%9(4) - 969@)969(2)) 9(0)-
(D-10)
The on-shell action is thus evaluated as
S"57g¢ / d'z/g0) (—— + = R(9(0)) —loge W4[9(0)]) + I [9(0) €l-
(D-ll)

Here Wylg(p)] is the d-dimensional Weyl anomaly written in terms of g(), and
I't50g(0), €] is the finite part in the limit € — 0.

d = 6:
The calculation is completely parallel to that for the d = 4 case, and we find
1/, 1
92) = —7 (Rlc(g(O)) - 1—0Rg(0)) , (D-12)
7
: 2 2
{9(0)9(4)} 6 1t (RIC(Q(O)) ) ~ 5300 29©)" (D-13)
7
-1 -1 : 2 2
tr[g0)92)90)9(2)] = 1—6“ (Rlc(g(())) ) - %R(Q(O)) : (D-14)
from which we calculate
1 3 Y
SO /d VIO ( T 12 Rt gaa _6TR 2 lOgGWﬁ[g(o)])
+ I [9(0), €)- (D-15)

Since the metric appears in the bulk action only through the combination G, (z, )
= guw(x, p)/p, we obtain the relation

SHS[e 9(0), € ] = SHS[.Q(O))‘EL (Dlﬁ)

which implies that the coefficient of log e actually gives the anomaly
I'e°1e* g0)) — TR l9(0) = 2/ddl\/g(o) Wialgoylo, (0 <1) (D-17)

where I'}5[g(g)|=lime_o I [g(0), €] Note also that Eq. (D-16) implies that S™5[g), ]
depends only on g(g)/€
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