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ABSTRACT: We revisit the so-called “Geodesic Witten Diagrams” (GWDs) [1], proposed to
be the holographic dual configuration of scalar conformal partial waves, from the perspec-
tives of CFT operator product expansions. To this end, we explicitly consider three point
GWDs which are natural building blocks of all possible four point GWDs, discuss their
gluing procedure through integration over spectral parameter, and this leads us to a direct
identification with the integral representation of CFT conformal partial waves. As a main
application of this general construction, we consider the holographic dual of the conformal
partial waves for external primary operators with spins. Moreover, we consider the closely
related “split representation” for the bulk to bulk spinning propagator, to demonstrate
how ordinary scalar Witten diagram with arbitrary spin exchange, can be systematically
decomposed into scalar GWDs. We also discuss how to generalize to spinning cases.
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1 Introduction

One of the most powerful applications of AdS/CFT correspondence is that we can realize
the important and sometimes complicated CFT observables such as correlation functions,
through computationally simple geometric configurations inside the dual Anti-de Sitter
space. (See [2, 3] for selected references, and [5] for a good review in this area.) Such
an application often relies heavily on the underlying conformal symmetries or equivalently
the isometries of Anti-de Sitter space. Conformal blocks, which allow us to disentangle
what are universally constrained by conformal symmetries in four point CFT correlation
functions, from theory-dependent data, such as spectrum of scale dimensions {A;} and
OPE coefficients {\;;1}, offer a ideal venue for such a geometric realization in the dual
AdS space.

Curiously, despite almost twenty years since the inception of AdS/CFT correspon-
dence, the holographic dual configuration of conformal block, termed “geodesic Witten
diagram” (GWD), have only been constructed recently in a striking paper [1]. In a com-
plete analogy with the CFT decomposition, the ordinary scalar four point Witten diagrams
which holographically computes the full four point CFT correlation functions, can be shown
to decompose into a summation over the GWDs. Moreover, each of these scalar GWDs



involved in the sum, can be identified directly with the conformal block for single and
double trace primary operator exchange.

However from the perspective of CFT operator product expansions, it is sometimes
more illuminating to think instead about the individual conformal block G a j(u,v) as being
built from fusing a pair of three point functions, each involving two of the external primary
operators and the internal exchange operator Op ; itself (for good recent CFT reviews,
see [6, 7]). Indeed this fusion procedure of three point functions was made explicit in [8]
(and later extended in [9]), through defining the so-called “shadow operators”, which yields
the integral representation of conformal block. This will be reviewed in the next section. It
is therefore natural to ask if this further decomposition procedure of individual conformal
blocks themselves can also be seen in AdS space, perhaps directly cutting up a four point
GWD in the middle into two three point ones? It turns out that this intuitive picture
is qualitatively correct, and the detailed justification comes from the non-trivial identity
between the bulk to bulk and bulk to boundary propagators we shall derive. We shall name
the resulting building element: three point geodesic Witten diagram, see figure 3. The main
difference from the ordinary three point Witten diagram is now that the bulk interaction
point is restricted to move along the geodesic connecting two our of three boundary points.
As we will see in section 2, this procedure of cutting and rejoining also allows us to directly
identify four point scalar GWD with the integral representation of scalar conformal block
by construction, hence provides an alternative proof for the results in [1].

As an main application of this understanding, the three point GWDs become particu-
larly useful when constructing the holographic dual of spinning conformal blocks [10, 11],
as they allow us to directly apply the earlier general parameterization of three point vertex
for three symmetric traceless tensor fields constructed in [12, 13] (up to certain modifica-
tion to account for the restriction along the geodesic) to study the precise nature of the
interaction. The resultant calculations can then be expressed in terms of appropriate CF'T
tensor structures, we will provide explicit examples and illustrate how general spinning
geodesic Witten diagrams can be constructed in section 4. We will review the relevant
CFT details in section 3.

Finally, the analysis we have done is closely related to the so-called “Split represen-
tation” of bulk to bulk propagator [14, 15]. in fact we will demonstrate its power by
combining with the knowledge of three point GWDs in section 5. Explicitly we can rewrite
the split representation of four point scalar Witten diagrams with arbitrary spin-J ex-
change into a summation over products of three point GWDs. By explicitly identifying
the physical residues when performing the integration over so-called “spectral parameter”
v, we can show that the summation contains one four point scalar GWD for single trace
operator with spin-J, plus infinite towers of four point scalar GWDs for double trace pri-
mary operators with spins 0,1, ..., J. This is consistent with and completes analysis in [1]
for J = 0,1 cases. We also discuss how similar decompositions can be done for spinning
Witten diagrams into spinning GWDs.

We relegate some useful background materials and computational details into several
appendices.



While this work is being finalized, two nice preprints [16, 17] appeared,! which have
partial overlaps with our results. However we hope our independent work, which has
somewhat different computational approaches and topical emphases, can complement their
works. An earlier work [18], which considered holographic dual of conformal block with
single external operator with spin, also contained a special case of our results.?

2 Scalar four point geodesic Witten diagrams revisited

Let us begin by reviewing the essential details about the geodesic Witten diagram in d + 1
dimensional Anti-de Sitter space AdSy41 [1]. This was proposed to be the holographic
dual configuration of the d-dimensional scalar conformal partial wave associated with the
exchange of a primary operator O ; of scaling dimension A and spin J and its conformal
descendants between two pairs of external local scalar primary operators Oa, (P1), Oa, (P2)
and OAg(P;),), OA4(P4>:

Py Py Go, ,(u,v)
WOA,J (P17 Py, Ps, P4) - A1+2;J AgtA, ) (2'1)
Py Pig (Pya) (P3y) "z

where A;; = A; — Aj. In this note we will mostly use so-called “embedding formalism”

reviewed in appendix A and follow the conventions in [6]. Here P; labels the position of
operator O, (F;) in d + 2 dimensional embedding space, and their separations are:

Pyj=—=2F-PF;, 4,j=1,23,4 (2.2)

We can express the “scalar conformal block” Go, ;(u,v) for Oa  as a function of the two
independent conformally invariant cross-ratios:

_ PaPsy v PiyPo3

Pi3Pay’ Pi3 Py

(2.3)

The closed form expressions of Go, ,(u,v) for even d-dimensions have been solved ex-
plicitly in terms of hypergeometric functions using quadratic Casimir operators [8, 20];
more recently the precise connections of Go, ,(u,v) with the eigenfunctions of quantum
integrable systems have also been established for arbitrary d-dimensions in [21, 22].

Now imagine these external scalar primary operators {Oa, } are inserted at the bound-
ary of AdSy41 at points {P;}, and use 712 and 734 to denote the geodesics connecting the
points P 2 and P34 respectively, the four point scalar geodesic Witten diagram is defined
through the double integral (see figure 1):

Wa (P, (2.4)

o dX (A
L12/7 HHA )HAJ<X()\),X()\),d)\, 7 )HH N, P.).

34 =1

! Another nice paper [4] has appeared simultaneously when we submitted version 1 of this work to arXiv,
and their work also has some partial overlaps.

Please also see [19] for the interesting connections between so-called “OPE blocks” and geodesic Witten
diagrams.
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Figure 1. Four point scalar geodesic Witten diagram where the orange curves describe the geodesics
and the blue lines are bulk to boundary propagators, such that the interaction vertices move along
geodesics y12 and y34.

Here —oo < A\, ) < 400 are the line parameters of 712 and 734 which we integrate along
with, in terms of bulk AdSyy1 coordinates X4 ()\) and X4 ()), the two geodesics are given

by following curves:
_ Pt + Pfle™

_ P?f‘e’\/ + Pfe_’\/
T = .
(P12)2

; v3a : XAN) T
(Ps4)2

a2 = XA

(2.5)

The integrand in (2.4) consists of the pull-back of bulk to boundary scalar propagators:?

CA3,4
(—2P5 4 - X (N))Baa’
(2.6)
and the pull-back of bulk to bulk propagator of spin-.J tensor field between X“4(\) and
XA(X) on the two geodesics:

CAl,z
(—QPLQ : )(()\))A112 ’

HA1,2 (X(A)7 P1,2) = HA3,4 (X(/\/)v P3,4) -

1IN, (X()\),X(X); 4X(Y) dX(X))

dx 7 oax

_ (0 e I SO S SR
dX ) 44, dA iq
yeee Al,...,AJ

Here H{AA}"'A" bdr-As }(X,X' ) is a (doubly) symmetric, traceless and transverse (STT)
tensor whose form will be specified momentarily, such that each set of indices satisfy
X p, A Az AsE — 0 and na, 4, 118404245 = 0. In (2.7), we have introduce the short-

hand notation:
yAr-Ar —yAr |y Ay (2.8)

to denote symmetric tensor built from the products of identical vector or vectorial operator
YA, The proposal of geodesic Witten diagram [1] is such that instead of integrating the

r(a)

o is defined as a special case of (2.18).
2720 (A+1- ¢

3Here the overall normalization constant Ca =



bulk interacting vertices (X X ) over the entire AdSy41 as in computing the holographic
correlation functions, they are pulled back to move only along the geodesic trajectories (2.5)
and the integration in (2.4) is taken along the line parameters A and \. By showing (2.4)
satisfies the eigenvalue equation of quadratic conformal Casimir operator, the authors of [1]
explicitly established:

Wa.i1(Pi) = Wo, ,(Fi) (2.9)

up to an unimportant overall normalization constant, in our subsequent computations, we
will do the same unless otherwise stated. Moreover, we will provide an alternative proof
for (2.9) by considering three point geodesic Witten diagrams momentarily.

The doubly STT tensor H{AI?}"'A‘]}’{A“'AJ}(X,X) in (2.7) can be obtained from the
following index-free generating polynomial [14]:

J
A (X, X =3 W)k <(W~X’)(W-X))kgk(u), u=-1-X-X (2.10)
k=0

where W4 (and WA) is the auxiliary polarization vector satisfying W-X =W -W = 0 and
the function gx(u) can be explicitly obtained from the equation of motion for a massive spin
J particle in terms of hypergeometric functions. Next we act on (2.10) with the product
of projection operators K4 and K i

1

2
_ZG{Al. Lapah .@g;J}nBlél. BB KBk KB xBiw | xBag (),
J
I(z+J)

where the Pochhammer symbol is defined to be (z); = () - Lhe explicit form of K4
is given in (A.16), it satisfies KyKp = KK, (symmetric), K4K, = 0 (traceless) and
XAK 4 = 0 (transverse), it allows us to implement the contraction between various STT
tensors before we restrict to geodesics. Here we have also introduced the induced AdS
metric G4p and the projection operator G4 in the embedding space:

Gap=1nap + XaXp, GaB=08+XaXB, GaA°GcP=GAP, GuPXp=X1G,\P=
(2.12)

When contracting product of G4? with an arbitrary tensor in embedding space, such
a tensor is then projected into the one satisfying the transverse condition, hence in the
interior of hyperboloid corresponding to AdSg41. Identical quantities can be defined for
the other bulk vertex point with X — X and i = 1,2 — ¢ = 3,4. We can see that under the
action of K 4 operators, (2.11) automatically satisfy the symmetric, traceless and transverse
conditions.

It was shown in [14] that the bulk to bulk propagator can be related to the harmonic
function Qa s(X, X; W, W) in AdS space as:

Q. (X, X W, W) = % (Hh+i,,,J<X, Xs W, W) = T g (X, X5 W, VV)) (2.13)



P

Figure 2. Cutting the four point scalar geodesic Witten diagram into the three point ones.

where h = %. We can invert this relation by considering following integral identity:

+o0 1 B N

a7 (X, X; W, W) = dv——— s (X, X; W, W
A,J( ) 3 ) ) /_oo VV2+(A—}Z)2 ,J( ) 3 P )

B —00 211 V2 + (A _ h)z h—iv,J s Xy ) h+iv,J s Xy ) 5 .

where in the last line as Hh:FiV7J(X’X; W, W) only converges for Im(v) — o0, we have
closed the integration contour in the upper (lower) half complex v-plane for first (sec-
ond) term of the integrand. Moreover it was shown in [14] that it also admits following
representations in terms of bulk to boundary propagators:

v? ~ ~
QXKW = e /8 AP0, 1 (X, Po W, DTy (X, Pos W, Z).

T
(2.15)
Here the spin-J bulk to boundary propagator is:
2(X-2)(P-W)-2(X-P)(Z-W))’ (22X -C-w)’
II X, P,W,. 7)) = = = - )
2J(X,PiW, Z) =Cag (2P XV Ca (—oP X)7
(2.16)

where 7 = A + J and for later purpose we have also defined the boundary anti-symmetric
tensor

CAB=zApB _pAzB. 7. P=2-Z=0 (2.17)

with Z4 being the auxiliary polarization vector associated with boundary point P4. Notice
that C4p hence bulk to boundary propagator (2.16) is manifestly invariant under the shift
ZA4 — ZA + aPA. The overall normalization constant is fixed to be:

 (J+A-1Ir(A)
C2th(A—1)I(A+1—h)

Ca,g (2.18)

In (2.15), we have also introduced the projection operator Dy, := D z4 defined in (A.17),
which executes the tensor index contractions. Combining (2.13), (2.14) and (2.15), we



can directly relate bulk to bulk and bulk to boundary propagators through the following
“cutting identity”:*
. - +o0 v? 1
Has(X, X; W, W) = d dP,
A (X, X5 W, W) /_Oo V/a OWJ!(h—l)JV2+(A_h)2

X pi0.7(X, Po; W, Dz My i 7(X, Py W, Zg).  (2.19)

We will refer to the complex integration parameter v as the “spectral parameter”.

Given the relation (2.19), we can now use it to rewrite the bulk to bulk propagator
entering (2.4). More explicitly as in (2.11), we can extract the STT tensor structures
from (2.19) using the projection operator K 4:

1 (2X - C)gay..apn
— K A (X, PyW, Z)=C )
(D), A A A ( )=Ca. (2P X)r

where (2X - C)4 = 2XBCpy = —2C4pX?E satisfies both transverse (2X - C)4 X4 = 0
and traceless nap(2X - C)4(2X - C)B = 0 properties. Moreover (2X - C)pGE = (2X - C)4
simplifies the resultant expression.

(2.20)

Effectively upon the substitution, we have cut the four point geodesic Witten diagram
into a pair of three point ones, and we call them “three point geodesic Witten diagrams” or
“three point GWDs”, see figure 3. We can now explicitly consider the general interaction
vertex at X(\) (or X()\)), which includes two massive scalar fields ®12(X) and a rank-
J massive STT tensor field E;(X), corresponding to the holographic duals of the CFT
operators O, ,(P12) and Op iy, 1(Po, Zo):

99,355, /X_X(A) XV .. Voo (X)VO+ . VY0 (X)E(X)ey. 0 (2.21)

where r = 1,...,J encode all possible permutations of covariant derivatives and ge,®,=;, is
the coupling constant. In contrast with the usual three point Witten diagram, where the
interaction point X is integrated over the entire AdS,,; space X2 = —1, here we restrict
the interaction point only along the geodesic v12 : X = X (A). Such that when we move
the covariant derivatives using integration by parts and apply equation of motion, we need
to carefully treat the boundary terms, this has interesting effect when we consider geodesic
Witten diagrams involving external spinning fields.

If we now perform the integration along ;9 first, the three point vertex (2.21) generates
the following integral:®

Ca _ Ca (2X - Cy - W)/
K-V —p a5 E N s - . 2.22
/le( V) (_2P1 . X)Al ( V) (—2P2 . X)AQ Ch+w"] (_2]30 . X)h+zu+] ( )
d—1 Ay Ay h+iv
=2/(=1)" (2> (A1)r(A2)7—+CA CaChtiv, g Bary htivis | O 0 J
J
0 O 0

“Here we refrain from using the terminology of closely related “split representation” to avoid confusion,
as discussed in section 5, split representation of bulk to bulk propagator involves boundary to boundary
propagators with lower spins.

®The detail of this calculation is relegated to (B.5).



Oppin, 1 (Fo, Zp)

Figure 3. Three point scalar geodesic Witten diagram.

The lengthy calculation presented above requires some explanations. In the second line
of (2.22), we have used the identity:

J—1 (2X . C() . W)l _
(—2Py - X)A+

(QP[) . W)J_I(QX -Cy - W)l
(“2R, - X)A+

(W-V) (A+1)- (2.23)

Restricting along the geodesic 712, we also have the following relations in the third line:
dX4(\) X A()
ax '’ ax -’

which yield the product of d)dfg\/\) d d)ég’,\l) appearing in (2.7). Finally in the last two

(2P - G)a = (2P, - X(\)) 2Py - G)a = —(=2Py - X(N\)) (2.24)

lines, we introduced the independent tensor basis for three point functions defined in (3.3)
and (3.5), and we have performed the integral using the result in appendix B. In particular,
the v-dependent pre-factor is:

F <h+il/+2J+A12) F (h+iV+2=]—A12)

o (h + iv + J)

/BA12,h+’iV+J = (225)
We can also consider analogous three point vertex to (2.21) along the geodesic 734 : X =
X(\) for the holographic duals of Oa,,(Ps4) and Oa_,, ;(Po, Zp), and obtain the same
: iy,
tensor structure as in (2.22) with trivial substitution (A, Ag, h + iv) — (A3, Ay, h —iv).
Gluing together the pair of resultant geodesic three point Witten diagrams for
0A1,2 (PLQ), ngiu,J(PO’ ZQ) and 0A3,4 (P374), O%fiu,J(PO’ Zo) given in (2.22), by contract-
ing their indices and integrating their common boundary point Py, we obtained an integral
representation of four point scalar geodesic Witten diagram Wa ;(FP;):

00 Z/QC C B ,8 Al AQ h+ZV Ag A4 h—iv
Jrr! h+iv,JVh—iv,JP A1z, h+iv+J P Ay, h—iv+J

s /dPo/ dv EN N — 00 J |00 J
B 0 0 0 0 0 0
SJ,T,T' 0o K (h v h— i Al AQ h+iv Ag A4 h —1iv

— A1’2,314 dPO dVBd,J(V) ANDIWAR:YE | ( + v, ZV) 0 0 J . 0 0 J

247rd 12 4+ (A — h)?
- 0 0 0 0 0 0
(2.26)



Here the overall constant is given by:

r,r d—1 2
ST, = CancaiCanca |20 (150) | @0 B0 (a0 @20)
J

The dot “” product between the two box tensor basis for the three point functions indicates
that we have replaced Zp by Dy, in the first term as in (2.19) to perform the index
contractions. We have also defined the following short hand notations and composite

functions:
D(x+b) =T(x+b)I'(z—b), (x£b)y=(xr+0b)s(x—0)y, (2.28)
1 o r+JEAp y+J:|:A34
Brs(v) = (h—1+iv), [(ziv)’ Kawagii(@y) =T < 2 )F < 2 ) ‘

(2.29)

We can also deduce an analogous integral representation for the conformal partial
wave Wa j(P;), which also involves the so-called “shadow operator” @) A, ;(Po, Zpg) of the
exchanged operator Oa (P, Zp) [8, 9], carrying the scaling dimension A =d— A and the
same spin J. Our starting point is the equation (3.25) of [8], which relates the linear com-

bination of the conformal block Go, ,(u,v) and its shadow G 5 (u v), with an integral

containing a pair of three point functions involving O ; and (’) A By multiplying the
appropriate pre-factors as in (2.1), we can deduce the following equation for the conformal
partial wave and its shadow:®

A1 Ay h+iv As Ay h—iv

K h+iv,h—1
(_1)J A12,A34,J( ;‘ w, ’LV) /dP() 0 0 J .10 0 J (2.30)
e 00 O 00 0
1 ’CA12 A34 J (h+ZV, h+ZV) ,CA12 A34 J (h—’L.V, h—ll/)
= == Wo. . (P =34 W~ P,
2JCJ ( kh*’il/,J Oh+w,J( ) + kh+iz/7j Oh—iu,J( )
where we have set A = h + iv and defined:
(52), _MA-1)I(d-A+J)

ey = (2.31)

d—2);, T TA-1+)I(A-h)

Now to revert the relation (2.30) and extract Wo, ,(F;), we first multiply both sides with

fo(hi"ﬁg)z and integrate over v, clearly the Lh.s. is now proportional to (2.26), while from

r.h.s. we obtained the following integral:

1 > 1 . .
2JCJ/ dyy2—}—(h—A)2 (fAIQ,A347J (h+7,y) WOh+iu,J(‘Pi)+fA12,A347J (h—’LV) W@hfil/,‘] (PZ)> ;

- (2.32)

5We can verify by direct computation that the embedding space bulldlng blocks Vg, 12 and Vg 34 can be

projected into physical space as Vg, 12 = ”1 b2 X,z and Vg 34 = “3;”4X 2§, where X* and X* are the

12
vectors defined in equations (3.6) of [8]. We can then make identifications between the three point functions
in physical space and the embedding space box tensor basis as in (2.30).



where
KAis,0s0,0 (R Eiv,h £iv)

I(xiv)D(htiv+ J)(htiv—1);
In the first integrand of (2.32), since Wo, ., ,(F%) — 0 as Im(v) — —oo, assuming A > h,
we close the contour in the lower half plane to pick up the residue at v = —i(A — h),

fars,as4,0 (hEiv) = (2.33)

similarly for the second integrand of (2.32), we can close the contour in the upper half
plane to pick up the residue at v = +i(A — h). Moreover one can check that provided

J+h> ’A12’7 ’A34‘ (234)

is satisfied, the factor fa,, A4, (h+iv) does not contain any additional poles in the
lower /upper half plane.” Collecting all the factors we see that the conformal partial wave
then takes the following integral representation:®

WAJ(Pi) = FA12,A34,J(A) /dPO/ dv Bh,J(”)

A1A2h+iV A3A4h—iy
x|0o 0o J |-]0 0 J (2.35)
0 0 0 0 0 0

_ _ (=2)7(A=h)e,
where Fa,ya54,7(A) = 2ﬂ-h+1fA127A34’J](A)

representation of four point scalar geodesic Witten diagram (2.26) precisely matches with

ICA12,A347J (h +iv, h — iv)
v2+ (A —h)?

. We see that up to overall constants the integral

the integral representation of the scalar conformal partial wave (2.35). This provides an
alternative proof of the results in [1]. In particular, we have done so by using the rela-
tion (2.19) to build the scalar four point geodesic Witten diagram using three point ones,
through the integration with the corresponding measure as in (2.26). This is completely
analogous to how we construct the conformal blocks using three point functions.

Closely related computation has been done in [14] and [15], which builds the four
point Witten diagrams from the three point ones,” it is somewhat expected that the three
point Witten and geodesic Witten diagrams for scalar-scalar-spin-.J exchange are both pro-
portional to the same tensor structure, as there is only single one available. The crucial
difference here however is the different v-dependent pre-factors generated through integra-
tion over entire AdS;11 and only along geodesics. The pre-factor for three point Witten
diagrams, upon integrating with the same m typically yields conformal blocks for
operator Oa_ ; plus infinite towers of double trace operator O A0 and O AGD
0 <1 < J and the dimensions Aglzl) and Agll) are defined in (5.21). While the corre-
sponding pre-factor for three point g7@0desic Witten diagram (2.25) does not contain these

where

infinite double trace operator poles, such that upon integration (2.26) we precisely only
have conformal block for Ox ; exchange. In section 5, we will start from the so-called “split
representation” of the four point Witten diagram to recover their decompositions into four
geodesic Witten diagrams for single and double trace operator exchanges with arbitrary
spins. We will see that the three point geodesic Witten diagrams play the role of building
block for various four point geodesic Witten diagrams.

"This is obviously satisfied by identical scalars A2 = Aszqy = 0.
8Special case of this expression for identical scalars was also obtained in [27].
9More comprehensive analysis can also be found in [27].

~10 -



3 Spinning three point functions and conformal blocks

Having demonstrated how the integral representation of scalar conformal partial waves can
be directly realized through cutting up the four point scalar GWDs, and identify the resul-
tant three point GWDs with the three point correlation functions, this procedure becomes
even more useful when systematically constructing the holographic dual configuration for
conformal partial waves/conformal blocks for external operators carrying arbitrary integer
spins. Here we will restrict ourselves here to only the exchange of symmetric traceless field,
as in the case of scalar conformal partial waves we just reviewed. Even though there can
be additional exchange channels involving mixed tensor fields (see e.g. [24-26]), we leave
the detailed holographic analysis to the future work.

Let us begin by reviewing CFT side of the story, this was done throughly in [10, 11].
The external primary operators with scaling dimension A; and spin [; are labeled as
Ona,1,(Pi, Z;), where P; is the position in the embedding space as before and Z; is the
auxiliary polarization vector. Such that Oa, i, (P;, Z;) is a homogenous polynomial in Z; of
degree [;, and we can recover the STT tensor field in embedding space through differential
operator Dy, defined in (A.17). We again collect the relevant details about the embedding
space representatives for d-dimensional tensors in the appendix A.

The three point correlation functions involving {Oa,,(Pi, Z;)} are crucial building
blocks for higher point correlation functions, their form can be completely fixed by con-
formal symmetries manifest in the embedding space, which lead to the classifications
in [10, 11]:

< Op, 1, (P1, Z1)Opy 15 (P, Z2)Opg 15 (P3, Z3) >

A1 Ay Aj
= Z >‘n12,m3,n23 lh lo g | + O(ZiQ’ Zi - Pz) (3.1)
ni12,n13,n23>0 n93 N13 N12

Here Apiyni3,n05 are theory dependent constant expansion coefficients, and in addition to
the integer spins {l;}, we have also introduced triplet of non-negative integers {ni2, nis, nas}
satisfying the following constraint:

my =1l —ni2—n13>0, ma=Ilp—ni2—n3>0 m3z=1I3—n13—n3>0. (3.2

The elementary structures of the three point correlation function, which we shall call “boz
tensor basis” are then given by:

A As A
Lo |- 1.23V251 Va1 His" His Hag® (3.3)
1 2 3 (P12) %(T1+T2—T3) (P13) %(71—‘,-7—3—7—2) (P23) %(T2+T3_T1)~ .

n23 N13 N12

Here we have defined the six linearly independent tensor basis for three operators with

integer spins:
Hij = =2[(Zi - Zj)(P; - Pj) — (Zi - P)(Z; - P)] = =Tx(Ci - Cy), (3-4)

(P - Zi) (P - Py) — (P - B) (Zi - Py) _ (P -Ci By)
(P - Pr) (Pj-Py)

Vigk = i,j,k=1,2,3  (3.5)
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Notice that Hj;, is symmetric and V; j;, is anti-symmetric under the exchange of j and k
indices, such that we only have altogether six independent basis. They combine to form
transverse polynomial of degree [; in each Z; (also each P;) in the numerator of (3.3), the
tensorial structure of (3.3) is revealed through the action of Dy, operators. The number of
the set of non-negative integers satisfying (3.2) is the possible elementary structures listed
in (3.3), for I3 > lo > I; and p = max(0,1; + lo — l3), it is given by:

(L+ DL +2B—h+3) pp+2)(2p+5) 1 (-1

N(h, o, 1) = 6 24 16

(3.6)

The remaining terms labeled O(Z2, Z; - P;) arise from (C; - C;), (C;- P;) or (C; - Z;) types of
contractions which are not independent and can be determined when taking into account
of light cone and transversality conditions.

Another very useful basis for expressing the structures of three point functions involve
the following differential operators:

0 0
Du = (P P)Zi = (Z1- B)P{) oo + (P Z2) 21 — (Zy- Z2)P{') oz (3.7)
OP3 074
0 0
D = (P - P)Z{* — (Z, - P)P{Y) — + (P2 - Z))Z{") — 3.8
2= ((P1-R)Z{ — (Z 2)1)8P1A+((2 1)1)82{“ (3.8)
0 0
Doy = (P - P2) 23" = (Z2- P)P3) g + (P2 21) 28 — (Z1- Z2)P3') 7, (3.9)
OPf 071
0 0
Doy = (P~ P2)Z3' — (Zo- PO)P3') oox + (Pr - Z2)25') 57 (3.10)
dP; 82;
and they only have the following non-vanishing commutators:
Hio d 0 0 0
Di1,Dy|l=—-41  — %2y —+P-— — P - — 3.11
(D11, D] = =5 <1 0z, oz, 't ap 7 8P2)’ (3:-11)
_ Hpy 0 0 0 0
[D12,Da1] = 5 <Z1 oz Z2 07 Py aP, + P 8P2> , (3.12)

while all other commutators vanish, including [D;;, Hio] = 0. We shall express such differ-
ential basis using curly brackets, and they are defined through the following relations:

A1 A2 AS Al AQ Ag
ll l2 13 — H711212D711213D721123D’i7111D;%QEl1+n23*n13712+n13*n23 0 0 l3 ,
123 T13 N12 0 0 O
T1 T2 Az
= HY}?DI3*Do#DI'Dys2 [0 0 U3 |, (3.13)
000

where the shift operators £*" which shifts the scaling dimensions (A1, Az) to (A +a, Ag+
b), such that 71 = 71 + (n23 — n13) and T2 = 7o + (n13 — ng3). Notice that for given integer
spins {l1,l2,13}, (3.13) are also labeled by triplet of non-negative integers {mi2,nis, nos}
satisfying (3.2), we therefore have equal number N(l1,12,(3) of differential basis (3.13) as
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in the original box basis (3.3), and they are related by linear transformation with constant
coefficients.

In contrast with the box basis (3.3), where we can cyclicly permute the three primary
operators involved, in the differential basis we break this cyclicity such that the differential
operators (3.7)—(3.10) only act on (P2, Z1,2), moreover the remaining box tensor structure
in the r.h.s. of (3.13) is precisely the one arising in the integral representation of conformal
partial wave (2.35) after identifying (As,l3) with (h + iv,J). We can therefore regard
the remaining primary operator as the internal exchange operator when constructing the
four point correlation function, this allows us to relate four point correlation functions for
operators with spins:

< OA1J1 (Plv Zl)OAsz (P27 ZQ)OASJS (P3? Z3)OA4J4 (P4’ Z4) >, (3'14)

with the scalar ones. More explicitly, unlike scalar case (2.1) whose conformal partial
wave for a given exchanged operator Oa ; can be packaged into a single scalar function of
cross-ratios; the conformal partial wave for (3.14) for a given exchange operator consists of
multiple terms each with independent tensor structures. When restricting to only the ex-
change of symmetric traceless operators, we can construct it by fusing the differential basis
for a pair of three point correlation functions involving primary operators Oa, , 1,5, OA s
and Oag 4154 04 A,s and the resultant conformal partial wave schematically contains the
following tensor structures:

{n10,n20,n12};{n30,n40,n34} . YN10,120,112 7y130,740,734
WO (P, Z;) = DLeft DRight WOA,J(P’L')‘ (3.15)

AT

Here the composite operators are given by:

710,120,712 __ [IR12T\10 Y20 Y1 Ty™M2 s 1+n20—n10,l2—n20+n10

DLeft - H12 D12 D21 Dll D22 by ) (316)
730,740,134 __ N34 )30 TY240 TYM3 T4 Sl3+n40—"n30,l4—n40+n30

DRight - H34 D34 D43 D33 D44 by . (317)

They are now labeled by two sets of triplet of integers {nip, n2o,n12} and {nso, nio, n34}
satisfying (3.2), and we have denoted the exchanged operator as Oa, j, = Oa,j. Summing
over all N(l1,12,lp) X N(l3,l4,lp) possible tensor structures listed in (3.15), we can express
the resultant conformal partial wave for Oa ; as:

Z W{mo7n20,n12};{n30,n40,n34} (P, Z;)
(3] 1

Ona,g
{n10,n20,n12}{n30,n40,n34}

_ <P24>
Pyy
Here Q(k) (P;, Z;) are transverse polynomials of degree [; in Z; and can be built from Hjo,

H3s4 and V; ji given in (3.4) and (3.5), now with 4,5,k = 1,2,3,4. fi(u,v) denote the
functions of purely cross ratio (u,v) which can be obtained by mechanical differentiations

7172 73—
2

(1314) =S fu(u,0)Q®) (P Z)
Pi3 (Pro) ™2 (Pyy) 5

(3.18)

involving D;; operators, and they consist of derivatives of the scalar conformal block for
the same exchange operator Go, ,(u,v) with respect to cross ratios (u,v). It is interesting
to note that all the differential operators D;; (3.13) only act on the external position
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and polarization vectors (P;, Z;), we can thus readily obtain conformal partial waves for
spinning primary operators in terms of the scalar ones.

We can also easily deduce the integral representation for the spinning conformal blocks
from the one for scalar conformal block [9]. This amounts to simply replacing the box tensor
structures for Oa, ,(P1,2) and Oy, 7(Po, Zo) three point function appearing in (2.35) with
the differential basis (3.13), and identify (A,l3) with (h + iv,J), and similarly for the
Op;.4(P3,4) and the shadow @h_z‘,/’J(PO, Zy) three point function. The result is thus:

Wémo,mo,nu};{n30,N40,n34} (Pi, 7

AT

(3.19)
’Cf-1277-347] (h +iv,h — il/)

[o¢]
710,720,112 130,140,134
X Dy o DRight /dPo / dv By, j(v)
—00

V2 + (A — h)?
%1 %2 h+ZV ’7:3’7:4 h —iv
x|10 0 J -0 0 J ,
00 0 00 O
. . Al AQ h—i-iV Ag A4 h—iV
& K1y 750.0 (h+iv, h —iv)
— [dP dv B 12,734, > )
/ O/OO v h,J(V) I/2+(A—h)2 ll l? J 13 l4 J

n2o Nio MN12 Tgo N30 N34

where Dy and ﬁRight are defined similarly to (3.16) and (3.17) up the shift operators
¥t whose action on the scaling dimensions has been absorbed into the integral. This
makes clear that we have a integral representation of a scalar conformal partial wave in the
second line above with {A;} — {7;}, followed by the action of differential operators Deeft
and ﬁRighn We will see in the next section that exactly the same integral representation
naturally appearing in the holographic reconstruction of the spinning conformal blocks.

4 Spinning conformal partial waves from Anti-de Sitter space

Let us begin holographic reconstruction of spinning conformal partial waves given in terms
of the basis in (3.15). Our strategy is simple, given the success of cutting up the four point
geodesic Witten diagram into three point ones to reproduce the integral representation
of scalar conformal blocks reviewed in section 2, we will again first consider the geodesic
three point Witten diagrams involving the holographic duals of spinning primary operators
OAy 0,012 (P12, Z12) and the operator Oa, 1, (Fo, Zo) in their operator product expansion.
We will first prove that all possible conformally invariant three point interaction vertices,
when restricting along geodesic, can be expressed as linear combinations of the box tensor
basis given in (3.3), where the expansion coefficients only depend on scalar products (FP;-P;),
i,7 = 1,2,3,4. Given the box tensor basis can be cast into differential tensor basis (3.13)
by linear transformations, moreover the composite differential operators (3.16) and (3.17)
commute with the integration over boundary point Fy, we can apply the same gluing
procedure as in the scalar case to obtain the holographic reconstruction of the various
integral representation of spinning conformal partial waves schematically given in (3.15).
Working again in the d 4+ 2 dimensional embedding space, let us begin by considering
all possible non-vanishing Lorentz invariant contractions among three bulk to boundary
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propagators of scale dimensions A1 2 ¢ and spins l1 2 o with metric tensor n4p and arbitrary
number of covariant derivatives V 4. They can appear in the integrand for three point
functions generated by all possible three point interaction vertices, whose explicit form we
will discuss momentarily. Using the equation (2.23) and V4(X - C;)p = Gﬁ/Gg,CiA/B/, we
can see that the numerator in a generic term consists of all possible invariant contractions
among PZ-A, C;-AB and X4;

x=x (P X) (P X)2(Po- X)™

Restricting the bulk coordinate X along the geodesic 12 given in (2.5), the polynomial Q

(4.1)

now only depends only P » and Z1 2. Moreover Q is invariant under the shift Z; — Z;+aF;,
as Q depends on Z; only through C; and C; is invariant under such a shift. According to
the discussion in [11] or done in more details in appendix D, it can be represented by using
only H;; and Vjj;, defined in (3.4) and (3.5) respectively. Therefore three point geodesic
Witten diagram with an arbitrary interaction gives a linear combination of the box tensor
basis (3.3).

Next we would like to consider the complete three point interaction vertices involving
three symmetric traceless fields in AdS44q for the three point geodesic Witten diagrams,
in terms of the embedding coordinates, it can be succinctly written in the following form:

Viiado = D GIEERINN(TT), r=1,2,3. (4.2)

l1,l2,lo 1,02,lo
0<n, <l

Here {glnllgzl;no} are the theory dependent bulk coupling constants which can be eventu-

ally related the CFT OPE coefficients, and the integers {nj,ns,ng} need to satisfy the
conditions:'°
ll—ng—nozo, lg—nl—nozo, lo—nl—ngzo. (4.3)

While the interaction vertices along the geodesic ~12 are parameterized by:

Tty (T = P2 0 0 Ty M HE H T (X, W)
X T?(Xa, W) T(Xo, Wo) |x,=x (A
— (nAlBl . nAno Bno) (nArloJrlCl . ,’7An0+n2 Cng) (nBrxo+1Cn2+1 . nBr‘O‘H‘l Cn2+n1)

8 (Cn1+n2+1..‘clo) N )
. [(‘JX} Teay.a,y(X)T (s, 5,1 (X)
8 (An2+n0+1~-~Al1)(Bn1+n0+1...Bl2)
8 [6)(} 71001...%}()() | x=x(\)> (4.4)

where 7?141__ A ‘}(X ) is a STT embedding space tensor field which is projected to symmetric
traceless tensor field in AdS44; and various differential operators are defined to be:

V1 = O, - Ox,, Vs = O, - Ox,, Vs = 0w, - Oy, (4.5)
Hy = dw, - Oy, Hy = dw, - Oy, Ho = 0w, - Ow,.  (4.6)

ONotice that while {n1,n2,n0} satisfy the same conditions {nio, n20,n12} (3.2), as we will see from
explicit computation, they are not directly identified with each other in obvious manner.
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Here we have almost adopted the general parameterizations found in [12, 13] with an essen-
tial modification on the choice of operator ), which is changed from Oy, -0x, — 0w, - Ox,,
we shall now explain the need for this modification. Notice that in original parameteriza-
tion, which integrates over the entire AdS space, such a change is equivalent up to equation
of motion and a boundary term which we can safely discard. However restricting along the
geodesic 12, we have made an explicit choice of external legs, i.e. the curves connecting
X (A) and P; 2 and internal leg connecting X (\) and Py which will be joined to form four
point geodesic Witten diagram as in section 2, such a cyclic symmetry permuting the three
tensor fields is explicitly broken. If we use the original parameterization, certain tensor
structures appearing in the corresponding CFT three point function become missing.

Let us workout a simple example of spin-scalar-scalar (I,0,0) case to illustrate this.
First we consider the parameterization used in [12, 13]

Thow = (0w, - 0x,) 'Ti (X1, Wh) Ta (X2, Wa) To (Xo, Wo) |x,=x, (4.7)

and when we apply this vertex to integrate over the entire AdS-space, we have:
/ ix (2P - C1 - X)' 1 1
AdS (—2P1 X) Artl (—2P2 X) Ao+l (—ZPO X) Ao
x (Py- Dp,)t A5VA220 (P Py, Py) o [V 9ol ASTTHA220 (P Py By) . (4.8)

0 ) (4.9)

) )
DA =742z, - — P PA( 2z,
P2 ( o7, 8B)+ i < op,

and AgAI’AQ’AO is given by the scalar integral (B.2) in the appendix. This vertex (4.7)
precisely reproduces the only and correct corresponding tensor structure in CFT side as

Here Dlé‘% is given by:

we expected. However if we use the same interaction vertex as before but now restricted
along geodesic y19:

Iﬁb%o = (0w, - Ox,) "Th (X1, W) Tz (X, Wa) To (X0, Wo) | x,=x (0 (4.10)
we now have
oo (2P Cy- X(N)) 1 1
dX =0 4.11
/_Oo (—2P1 . X(/\)) Ar+l (—2P2 . X()\)) Azl (—2P0 . X()\))AO ( )

due to the accidental orthogonality condition 2P; - C; - X (A) = 0 which only occurs along
712.'t Now if use the new parametrization given in (4.4) instead, again we only have one
type of interaction given by:

T = Ow, - 0x,) "Ti (X1, W1) Tz (X2, Wa) To (X0, Wo) Ix,mx(y - (4.12)
The corresponding computation along the geodesic 712 is given by (up overall constant):

oo (2P -Cr-X(\)! 1 1 ALA
/ dA(_2P1 X)) A (Z2Py - X (V) 82 (—2B - X(V)) Do x [VLzo]lABA FIALA

—0o0

(4.13)

HSimilar cancelation was also noted in the recent preprint [16].
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where we have used 2P - C1 - X(A\) = —e */=2P; - P,V 92. We have now seen that the
modified parameterization instead gives the desired CFT tensor structure.

We shall adopt the minimally modified parameterization (4.2) in our computation of
the three point geodesic Witten diagrams for symmetric traceless tensor fields. One impor-
tant feature here is that for given (I, l2,1p), the allowed range of the non-negative integers
{n1,n2,n0} imply that we have the same number (3.6) of independent interaction vertices
as the independent box tensor structures given in (3.3), this implies that we should be
able to express the resultant three point GWDs as linear combinations of these box tensor
structures, echoing our general argument in the beginning of this section. Moreover as
shown in [13], the three point Witten diagrams produced by the original parameterization
of three point vertices can also be expressed in terms of the same set of box tensor struc-
tures, this implies that we should also be able to expand the ordinary three point Witten
diagrams in terms of three point GWDs. We will explicitly do so in a example that follows.
One further remark is that the we have chosen Y3 = Oy, - Ox, in (4.2), the possible choice
is V3 = Ow, - Ox,. But this choice is equivalent to starting with cyclically permuted three
point vertices in [13], then make similar modification of the differential operator to switch
the partial derivative to act on Xy. We believe for this other choice and the story should
go through the same.

4.1 The (l1,12,0) case

Let us first consider the case with two external symmetric tensor fields with spins /; » and
one internal scalar field. We have the counting:

l[):O, ll—nozo, lg—nOZO, D1:n2:0. (414)
The corresponding interaction vertices in this case are:

‘71(1):?;?8 = (awl 'aXo)ll_nO (8W2 : aXo)ZQ_no (awl : 8T/Vz)no7-1 (Xb Wl)
XTQ(XQ,WQ)TO(XO,WD) ’XT:X(A) (4.15)

which yield the following integral:

g Bng 2K - C1)aray, (2X - Co)py .,
12 (=2P- X)7t (=2P,-X)™

) Ang+1---Aly o Bngy+1---Bi, 1
* <8X> (M) (2P X) &
A1 Ay Ag

A Ag —
= C2h+l272n0(_1)llin067'12,A0 <T12+0> (07—12> ll l? 0 (4'16)
2 lo—ng 2 l1—no 0 0 no

C By

where C = Hle Ca, .- In this case, happily we found exact one box tensor structure for
each interaction vertex.
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4.2 The (1,1,2) case

In the most general case involving three symmetric traceless fields with spins {12 and Iy,
as noted in [12, 13], the corresponding three point ordinary Witten diagrams can only be
expressed in terms of linear combination of box tensor basis (3.3). The same thing happens
for the geodesic vertices in (4.2) and the resultant three point geodesic Witten diagrams,
they can only be expressed in terms of linear combination of box basis.

As an illustrative example, we consider the case where (I1,12,lp) = (1, 1,2). First from
the corresponding CF'T three point correlation function, we expect there are five box tensor
structures arising, they are:

(A1 Ay Ag] (A1 Ay Ag] A1 Ay Ag
=1 1 2], Ll=|1 1 2], Ll=1]1 1 2],
0 0 0] 1 0 0] 01 0
(A Ay A (A1 Ay Ag]
L]=|1 1 2], =1 1 2. (4.17)
_1 1 0_ _O 0 1_

From the vertex parameterization (4.2), we now also have five independent interaction
vertices. Let us denote the integral for the resultant three point geodesic Witten diagram

11,112,110

for each vertex by [J171,2 ] The order of {nj,n2,ng} we pick is

)= [ R08) 1) o= [108) 1) = [45] 1) = [08) L 106) = [ 005 ] (418)
The actual calculations producing them are complicated but somehow mechanical, however
we can keep using the recursive relations of for the anti-symmetric tensor C;4p listed in
appendix D to show that they can all be expressed in terms of box tensor structures given
in (4.17).

We can express the final results through the following matrix multiplication: [J,] =
Tas[Lp], a,b=1,...,5 where the mixing matrices Ty for simplified case Ay = Ay, Ag = A
is given by:

Top =4 (14 Ay) fo,a+2C
— (44 A2 (24 A) 22HAUFAHA) 99 L A) (2 + Ay) w 0

A
A+A%+2A (1+A)(A+Ay)
-A -1-A T AFAA . TA(0+AY) : 0
-2+ A -2 ~1-2+A — 58 0
1 1+A 1+A 1+A 0
T+4; A+AA A+AA A+AA
0 0 0 0 Ay
(4.19)
In particular, one can check that T is invertible such that:
1+ ABERFARAZ(1+ A3 (21 4+ A2+ (2424 + A2 A
Det [T ( it S AT D (2 Fr( ) &) 40, (4.20)

A3
This implies that we can equivalently express each three point function tensor structures
listed in (4.17) in terms of linear combination of three point GWDs for various vertices
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in (4.18). This clearly illustrate that, the holographic dual of three point function for
primary operators with spins, as expressed in the box tensor basis, generally requires more
than one type of interaction vertices, and to find the ideal basis for two sets of quantities
which give one to one correspondence, this essentially becomes a matrix diagonalization
problem.'? Moreover, recalling that we further can connect the box tensor basis appearing
in (4.17) with their corresponding differential tensor basis (3.13):

Ay Ay Ag Ay Ay Ag Ay Ay Ag
(Di}:={1 1 2%, {D}:=X1 1 23, {Ds}:={1 1 23,
0 0 0 1 0 0 01 0
Al AQ AQ Al AQ AO
(Dyy:=<X1 1 2%, {Ds}:=X1 1 2 y. (4.21)
1 1 0 0 0 1

Again for A1 = Ay and Ag = A, their mixing matrix is given by:

1-3A@+a) -3 -5 e
-2+ A)A %A 1;% 1 _%

Agp=| —7(-2+2)A 1-%2 2 5 -4 (4.22)
“H(F24 AP F(-244) 324 4) —f 2
0 0 0 0 1

such that {Dy,} = Ag[l;], one can show that A;bl is again invertible and agrees with
Example 3.3.3 in [10] for [ = 2. It should now be clear that, through two successive matrix
multiplications, we can directly relate the differential tensor basis, which are somewhat
more natural for constructing the integral representation of spinning conformal partial
waves as explained in the previous section, to the three point GWDs for different interaction
vertices. We can succinctly summarize it as:

{Da} = (AT ")as[ ], (4.23)

again it would be very interesting to find the new combination of interaction vertices which
diagonalizes the matrix AT~!, such that we can have the simple one to one correspondence
with the CFT differential tensor basis.

Comments on gluing procedure. So far, we have considered three point geodesic
diagrams with a certain interaction. Here we assume generic three point GWDs with
external spins (I, l2, J) and an arbitrary interaction. To use the gluing identity (2.35), the
dimension Ay is taken as h+iv.'3 After the geodesic integration, the resultant three point
GWD is written in terms of the box tensor structures, and we can reproduce the same box

2Here we should however mention here that in recent preprint [17], using the new CFT tensor basis
constructed from linear combination of (3.4) and (3.5), and suitably constructed AdS space differential
operators, the progress for direct identifications between CFT tensor structures and AdS interaction vertices
has been made.

13For the right side diagram, it is taken as h — iv.
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tensor structure using a summation of the differential operators as in (3.13). Therefore we
can write the following relation;

DD TG = (coeft) 1553557 (4.24)

where IgJ\}?,’]‘)]) is the three point GWD with (0,0, ) external spins which computed in

: I02,J) . : : 120, .
section 2 and DI(J;ftQ ) is a linear summation of operators D122 defined in (3.16)

which produces the same tensor structures as Ig{}{,%‘]). The coefficient in r.h.s., denoted
as (coeff.) comes from the action of Dref;. Dregr produces only the Pochhammer symbols
involving v which do not give any additional poles when performing the v integration.
For I((;O\’,?,bj) , we already know how these two geodesic diagrams can be glued together in
section 2, cf. (2.26). If Dre, and Drigne act on the both side of (2.35), in the r.h.s., we
obtain the same differential basis as in (4.24). On the other hands, the Lh.s. becomes the
corresponding spinning conformal partial wave. In this way, we can concern the gluing
process for an arbitrary pair of three point GWDs.

Having illustrated how the three point interaction vertices parameterized in (4.2) can
be expressed in terms of the linear combination of box tensor basis, we can summarize the
general strategy for constructing four point spinning GWDs which are holographic dual to

the spinning conformal partial wave listed in (3.15) as follows:

1. First consider a pair of triplets of CFT primary operators with scaling dimensions
and spins (Aq12,012) and (b +iv,J) and (I34,A34) and (h —iv, J), compute all the
resultant three point spinning GWDs for a given pair of vertices parameterized (4.2),
and express them in terms of the linear combination box tensor basis, i.e. working
out the T-matrix.

2. For each box tensor basis appearing, we further rewrite them into corresponding
differential tensor basis, i.e. working out the A matrix.

3. We can next fuse the resultant differential basis together to obtain the direct relation
between the four point spinning GWDs constructed from this pair of three point

vertices and the spinning conformal partial waves.

4. Finally, if we consider all possible pairs of interaction vertices for the operators in-
volved, and repeat the steps 1,2,3, we can then invert the relation between the spin-
ning GWDs and spinning conformal partial waves, and express the spinning conformal
partial waves in terms of linear combination of spinning GWDs instead.

5 Decomposition of Witten diagrams via split representation

In this section, we discuss how to decompose both four point scalar and spinning Witten
diagrams involving general spin-J exchange into four point geodesic Witten diagrams for
the single and double trace operators. The original analysis of decomposition have been
done in [1] for J = 0,1 exchanges, the analysis we perform here rely on the so-called
“split representation” of the bulk to bulk propagator introduced in [14], and this makes
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clear why we can naturally construct various four point geodesic Witten diagrams from the
three point ones, and their connection with the integral representation of conformal block
itself. One can regard the cutting identity (2.19) which was used in the previous sections
as the natural consequence of the split representation.

We should clarify here that the analysis in this section can be regarded as a recast-
ing the conformal partial wave decompositions of the four point ordinary scalar Witten
diagrams done in [14, 15, 27] directly in terms of geodesic Witten diagrams. To do so we
precisely identify the three point GWD contributions in the resultant split representation,
while the remaining factors determine the spectrum of exchanged operators, the compu-
tational details can be found in appendix E. We will see this somewhat easier approach,
which is different from the one used in [1], directly leads to the decomposition of ordinary
Witten diagrams into GWDs for arbitrary spin J and it is easier to generalize to the Witten
diagrams for external operators with spins.!?

It was shown in [14] the bulk to bulk propagator (2.10) in so-called traceless gauge,'®
can be expressed as:

J oo L ~ ~
Ha (X, X W, W) = / dvay(v)(W - V)W - V)70, (X X5 W) (5.0
=07

~ ~ ]/2

QX X;WW) = ——————— [ dPy T}, 01(X, Po; W, Dz ), _i01(X, Po; W, Zp) .
7Tl'(h - 1)[ o

(5.2)

Here the embedding space covariant derivative V4 (or v ) is defined in (A.19), and it
satisfies properties X4V 4 = 0 and V4Gpc = 0. The function Q,,,Z(X,f(;VV,W) is the
spin-I harmonic in AdS,y1 space, Py and Zy denote the coordinate of the boundary point
to be integrated over and its auxiliary polarization vector. The key feature of the rep-
resentation here is that we have expressed the AdS-harmonic functions in terms of the
products of the bulk to boundary propagator I14,(X, Po; W, Zy), hence the name “split
representation”. Here the meromorphic functions a;(v), { = 0,1, ..., J have been obtained
in [14] by comparing with the spectral functions in the conformal partial wave expansion
of the corresponding CF'T four point correlation function:

a;(v) = ma (5.3)
o a aj1q(i(h —
i) = ST o UE) 5

o gt 27 g =D+ Dga v+ (A4 T+ g - 1)

It is interesting to note that only a;(v) contains simple poles whose locations explicitly de-
pend on scale dimension A, while a;(v) for | < J are determined recursively by demanding
the cancelation of the residues for spurious poles in CFT spectral functions.

In the following, we will demonstrate how spin-J exchange diagrams with scalar ex-
ternal fields are decomposed into conformal partial waves/geodesic Witten diagrams. The

14YWe are grateful to Charlotte Sleight, whose comments encouraged us to explain our intentions better.
150ne should note that bulk-bulk propagator for spin-J tensor field can also be expressed in other gauge
choice [15].
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Figure 4. Left: normal exchange Witten diagram with four scalar external fields and a spin-J
internal field, Right: a split diagram.

spin-J operator exchange Witten diagram with 4 external scalar fields is given (see the left
diagram in figure 4):

1 . 1 1
4-pt. — . J
W0.0).0,00) = (! (7@) )2 /dXdX(_2P1 S (K -Vx) (2P, X)&
: 2 )J
1 . 1 N N
x—— (K-Vg) ————— A (X, X; W, W). (55
(_2P3'X)A3( %) ETN A( ). (5.5)

Here we dropped unimportant normalization factors Ca, 0. This diagram can be decom-
posed into product of three point Witten diagrams by using the split representation (5.1)
for the bulk to bulk propagator IIa j(X, X; W, W) (see the right digram in figure 4):

J [e'e) 2
4-pt. _ v 1
Wi0,0).,00) = %/gdPo /OodV T =1) 1)!az(l/) (5.6)
% Ch-i-il/,l /dX 1 (KV )J 1 (WV )Jfl (V (X’DZO) W)l
(), (—2P - X)M X (Z2p, - X)Ae X (2P, - X))kt
> 1
—iv ~ 1 ~ 1 ~ _ 1% X7 Zy) - W
x Chd_l” /X — (K-Vg) ——————(W-Vg)’ 1 (Vo 0) , ) :
J! (T)J (—2P5 - X)As (—2Py - X)A4 (—2P, - )h*’LV+l
where we have defined the vector:
VX, Z2) = VX)) =2(X - Co) = 2((X - Zo) Pt — (X - Py) Z4). (5.7)

We will concentrate on three point Witten diagrams in the square parentheses:

A1,A2,h+iv _
TGy = (5.8)

1 1 1 (W - Vo(x))!
7 (%)J /AdeX W(K-V)JW(W~V)J l(_QPO-;)()thiqul‘
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We can simplify the integrands involved as:

L 1 (W V(X))
J! (dT)J(K V) W(W'V)J l(_(zpo,)og()hlzm (5.9)
J-l | B p o
:p:() 1Cy(A2) s (h+iv + 1) 7y (—2Pa0)” ! p(—2P2‘X)i2+J_2p(—02(P0).)X)h+iy+J—p7

where ,C; = (p_piq!)!q! is the combinatorial factor in binomial expansion. We can explicitly

evaluate the integral (5.8) for these three point Witten diagrams as:'6

i 2)7P(~1)'r"(A . Ar+Ay—hEiv+1
A1,A2,h+ ZJ C , F Al (=1)'*( Q)J(h—i-Zl/—l—J—p)pF( 1 2 >

Le (A2 +J —p) 2
X<A1+A2—h+il/—|—l> (—A12+h+iu+l>
2 J—l—q 2 J-l—q
Ay Ay S+ v
$Bappmiivit | 0 0 1| (5.10)
0 O 0

To calculate this three point diagram, we used a derivative operator Dgs which is defined as

0 0 0
Dp=(Zy-P) | Zy- — — P, Py-P) | Z 5.11
02 = (Zo 2)(0 az, 1o 6P0>+(0 2)<0 6P0> (5.11)
and it satisfies an useful identity:
L (P V(X))

(Dg2)! (5.12)

STy T

In the second equality in (5.10), we used the result in appendix C, and in the last equality
n (5.10), note that we used the notation I'(a+b) = I'(a+b)T'(a—b) for simplicity. Moreover
in the last line we have also isolated the piece which can identified with the integrated results
from three point GWD, cf. (2.22) or more generally (B.5). In appendix E, we make this
identification more explicit through direct computations.

Now moving to perform the decomposition analysis, we need to consider gluing the
product of three point Witten diagrams we just evaluated together by integrating over
the spectral parameter v, the singularity structure of the v-dependent function multiply-
ing the three point GWD piece crucially determines possible spectrum of the four point
GWDs or equivalently scalar conformal blocks can appear. The original four point Witten

16The same diagram is calculated in [14] by using the series expansion of Gegenbauer polynomials.
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diagram (5.5) can be expressed as:

J-l J—

4t J7l77 o

WS 00 = z/dpo/ v zz AU PR CRE)
07

Jil, Jil,
RAl,pAg,h-i—ZVRAgiDA;hh—il/
(h + v+ Z)J 1— p(h —w+ Z)J—l—p’
«T <A1+A2—h:til/+l) r <A3+A4—hiiu+l>

2 2
Al AQh'i‘iV A3A4h—iy
XBth(I/)K,‘Am’AM,l(h—|—iV,h — iI/) 0 O l -0 0 l
0 0 0 0 0 0
Let us unpack the various contributions appearing above. Here Aill”; ’Z , 1s a factor which

does not depend on v:

Jipy _ J-1Cpr—1Cy (=2)2 PP 1 (Ag) ;(Ag) s

= 5.14
Ar234 =l (h—1)! T(A)D(Ag —J — p)T(A3)T(Ay = J —p/) (5:14)
and ’Rill’p A, hiiv 18 also a regular function of v:
TLp _ (A1t Ay—htiv+l —A1 + Ao+ h+iv+1 -
A1,A9,h+iv = 2 2 . ( . )
J=l-p J—l—-p

Ril’p A h_iy 18 also defined in the similar way. Finally we notice that the last line of (5.13)
3,4, w

is almost identical to the integrand appearing in the integral representation of four point
scalar GWD (2.35) for spin [, I = 0,1,...,J, except now we need to carefully examine the
pole structures multiplying it. We will again start with the relation (2.30) with J — [, but
now multiply both sides with the following factor and integrate over v:

y J>la J»lv / BhJ(”)
a;(v)(h £iv + l)J—ZRAI?AQ,h+iuRA3,pA4,hfiV (htiv+ 1)y ph—iv+1) 1y

A1+ Ay —h+iv+1 As+ Ay —h+iv+1
xI' 5 r > .

(5.16)

The Lh.s. is what we have in the summation of (5.13) except for some overall constant
factors, the r.h.s. becomes

00 RJ,l,p RJ,l,p’
. A1,A0,h+iv' YAz, Ay,h—iv
d htiv+1),- - P — 5.17
/—oo valy) (hd i+ "t v+ 1) gp(h— v+ 1)y (5:17)

« 1 r A1+ Ay —h+iv+1 r As+ Ay —h+iv+1

2l ¢ 2 2

’CA12,A34,l(h +iv,h +iv) n ICA127A347l(h — v, h —iv) i
(h+iv — 1)L (iv)T(h +iv +1) Ohinnt (h—iv—1),'(—iv)['(h—iv+1)  Or-iw

In the following, we will focus on the integral above and perform the integration over v
separately for each [, since they spectral function a;(v) (5.3) differs.
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The highest spin | = J contribution. Here we consider the contribution from the
highest spin exchange | = J case in (5.17). Note that in this case, p and p’ can be taken
as only p = p’ = 0. Then the integration in (5.17) becomes

& 1 A Ay —h=xi A Ay —h+Ei
/ dv ay(v) - F( 1+ Ao 2h zu+J)F< 3+ Ay 2h w—l—J) (5.18)
oo cJ
Kais,880,0(h + iv, h + i) + Kais,n50,0(h —iv,h —iv) ~
(h+iv—1) D) (h+iv+J) w7 T (h—iv—1) ;T (=)D (h—iv+J)  On-ivs

As in the calculation in section 2, the conformal partial wave Wo, ,,, converges in the lower
half plane in the v integration, for the first term the integration contour should be taken
in the lower half plane. In the second term, the contour is taken in the upper half plane
for the same reason. In the first term, a;(r) and gamma functions in the first line have
the following poles in the lower half plane:

v = —i(A—h), (5.19)
v=—i(AL) —h),  v=—iaAP) -n), m=012... (5.20)

)

where the pole in (5.19) comes from the coefficient a;(r) and the poles in (5.20) come from

gamma functions. Here Agf} is defined as
Awlf} = A1+ Ay + J +2m, (5.21)

and Ag%} is also defined in the similar way. These poles contribute the integration in
the first term. Eq. (5.19) corresponds to the contribution from the single trace operator
exchange and it is precisely the origin of the integral representation of scalar GWD (2.26).
While the remaining poles (5.20) corresponds to the double trace operator exchange. Sim-
ilarly, in the second term, the following poles contribute;

v = +i(A—h), (5.22)
v=+i(AY) ~h),  v=+i( A% —n),  m=012,... (5.23)

m,J

Then combining the contribution from the first and second term and multiplying some
constant factors to (5.18), we can obtain the following decomposition,

oo oo
4-pt. _ o~ ~ ~
W0.0).,00)|_, = @a.sWoa s + > aya Wo ) > A6 WO @y (5.24)
m=0 m m,J’ m=0 m m,J’

where each coefficient is determined by the residue of the corresponding poles. Each con-

formal partial wave Wp A Wo

L2 and WOA(34) i in the r.h.s. is proportional to the
n,J’

) J
m,J’ s
corresponding GWDs as in section 2. This expansion leads to the following decomposition

into GWD W,

o0 oo
4-pt.
%% = apa gW +Ea12W +Ea34W . (5.25
(0,0),4,(0,0) |, A,TWOR 5 NG OAS?}J ABY OAggf},J (5.25)

= m=0 m=0
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The spin | < J contributions. Next we consider the 0 < [ < J cases in (5.17). Let
us first consider the contributions from the double trace operators, as encoded within the
I-functions in the second line of (5.17). In the first term, after the v-integration, non-
vanishing residues arise from the poles at

v=—i(AM —n),  v=—i(AlY-n), m=01.2.. (5.26)
and in the second term, the the poles at
v=+i(AV) —h),  v=+i(Al) ~n),  m=012,... (5.27)

give similar residues.'” After integrating over v and multiplying some constants, we obtain
the following decomposition for the lower spin [ < J case;

o0 oo
4-pt. _
W(o,O),J,w,O)‘ =D a0 Wo ) + D ape Wo - (5.28)
<J m=0 m,l >’ Am,l N m=0 m,l >’ Am,l N

Here the coefficients come from the residues corresponding to each double trace poles.
Together with the result of the highest spin case (5.24) and the lower spin case (5.28),
the normal four point exchange diagram with a spin-.JJ internal field can be decomposed as;

J ) )

4-pt. o

W(o,o),J7(o,o) =aa jWo, ; + Z (Z aA(lz}’lWoA(m) l + Z O‘A““},ZWOA(M) l) . (5.29)

=0 \m=0 ™ m,t’ m=0 m m,l’

However to complete our decomposition analysis here, we notice an essential difference

for | < J cases is that there can be so-called “spurious pole contributions” arises [14, 28],
from a;<j(v) as defined in (5.3). For fixed [, they are located at:

v=dilh+l+q—1). q=1,...,0—1 (5.30)

along the imaginary axis in complex v-plane, such that when we close contour in either
lower or upper half plane in (5.17), they give four point GWDs/conformal partial waves
associated with integer scaling dimensions which do not depend on A; or A. To illustrate
these contributions are unphysical, consider the relations (5.1) and (2.15), and the following
consistency relation is obtained:

A (X, X; W, W) = (5.31)

J ) ~ ~ ~ ~ ~ B
> / dv ay(v)(W - V) (W - V)7~ (Hhm,l(X, X W, W) — (X, X W, W)) :
=07~

After the v integration, from the highest spin term | = J, we can obtain the original bulk
to bulk propagator, therefore the remaining [ = 0,1,...,J — 1 summation which only pick
up residues from spurious poles must sum to zero. From this point of view, the spurious
pole contributions give no physical contributions. However, when we substitute the split
representation (5.1) into the four point Witten diagram, we have performed the X and

"Note that in fact some of the poles are canceled by zeros of the Pochhammer symbols in (5).
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X integration first (or equivalently A and )\'), before performing v-integration, there are
additional poles such as the double trace operators poles listed in (5.26) and (5.27) plus
regular v-dependences appearing. In other words, X and X integrations do not commute
with v integration as should be expected. However crucially for our integrand (5.5), these
additional poles do not coincide with the spurious poles or affect convergence of subsequent
v-integration, as far as the final residues arising from the spurious poles are concerned, the
v integration commutes with X and X integrations. We can thus use the (5.31) to argue
that the residues arising from the spurious poles in (5.17), when we sum over all the
l=0,...,J —1 contributions, should total to zero. This slightly simplified argument is
in accord with the recursive relations imposed on a;(v) [14], which in turns arise from the
cancelation of the spurious residues in the dual Mellin amplitude [28]. This completes our
generalization of the decomposition for four point scalar Witten diagrams into four point
scalar GWDs done in [1] for J = 0,1 to arbitrary J.

To close this section, we would like to consider possible Mellin representation [29] of
scalar GWDs. The Mellin representation of CPWs is already written in [8, 28], which can
be identified with its integral representation obtained from two copies of three point func-
tions (2.35) hence the three point GWDs (2.26), explicitly we have the following relation:

e Bh7J(7/) 0 dtds & —(s+t) .
WA.](U, ’U) X /oodV m /loo WU2U 2 Pny(S,t)(h +ww— 1)]

T h+iv—J—t r t+s r t+s+A19—Asy r —Aq2—s r Agy—s ’
2 2 2 2 2
A1 Ay h+iv Asz Ay h—iv

o0 B
O(/ dym_(?i(]:)WIcA127A34;J (h+ZV7h—ZV)/dPO 0 0 J . 0 0 J 5
> 0 0 0 0 0 0

(5.32)

where s,t are Mellin integration variables and P, j(s,t) is the Mack polynomial which is
defined in the appendix B in [28]. It is known that [30] that Mellin amplitudes exhibits
factorization properties when considering the residues associated with the infinite sequence
of simple poles located at:

t=h+iv—J+2m, m=0,1,2,... (5.33)

and also their shadows with +iv — —iv. Such that for each spin-J exchange, we can
express the residues in terms of the lower point Mellin amplitudes, joined together by
certain function which in flat space limit can be identified with the propagator of spin-J
particle. In the simplest non-trivial case, we have four point Mellin amplitudes factorized
into two copies of three point Mellin amplitudes, joined together by the “propagator”.
Given the conformal partial waves are building blocks of four point correlation functions,
its Mellin representation given in first line of (5.32) inherits such a factorization, and
the resultant pieces should be closely related to the building blocks of its holographic
counterpart, i.e. three point GWDs, it would be very interesting to clarify such a relation.
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Comments on fields with spins. Here we consider the simple extension of Witten
diagrams with external spinning fields. The basic idea is to use the derivative operators
defined in (3.7)—(3.10). A simple example can be obtain by using derivative operators
Dig. If we consider D1y operator acting on the integration (5.8), the following three point
diagram appears:

i 1 (A1), (K - W(X))"
Dys I pALAz Aty 1/ dx 5.34
] A e

(W - Vo(X))'
(=2 - X )h+ivtl

1

< (W - V)1 (K - V) ETNS = (

W)’

This corresponds to (I1,12,1lp) = (I1,0, J) case with an interaction like

HLsees b -
T(lll) llvmy---,mpm,---,wq) T(VJI) o (5.35)

After calculating the integration in (5.34) with Do, the integral is proportional to the
following differential basis:

A1 Ay h+iv
Lo 1%, (5.36)
0 0 0

as the result of the integration (5.34) should be same as the last line of (5.10) acting
with (D12)"t . The coefficient in front of this basis (5.36) can have v-dependence through
the action of the derivative D15 acting on flAl’A?’hH”, however this only resulted in the
Pochhammer symbol which does not give additional poles. In this case, we can decompose
the spinning Witten diagram with the interaction in (5.35) in a similar way and as in the
scalar case, now the conformal partial waves in (5.29) are changed as (D12)"Wo where
We can be the scalar conformal partial wave for single and double trace operators in the
r.h.s. of (5.29).

Even if we consider more general cases with arbitrary external spins and interaction,
the 3-point integration can be done basically and the result should be written in terms of the
box basis for the same reason as in appendix D.'® Then after the same argument, we obtain
the single trace and the double trace contribution from the v integration. The resulting
decomposition is expanded in terms of spinning conformal partial waves like Dief; Dright Wo -
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181 is difficult to specify the box basis corresponding to an arbitrary interaction. It seem that we should
consider on case-by-case basis.
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A Embedding formalism

In this appendix we review the essential details about the embedding space formalism for
encoding the tensors in both euclidean d + 1 dimensional Anti-de Sitter space and the d-
dimensional euclidean space living on its boundary, this formalism is particularly convenient
for studying AdSg41 / CFTy4 correspondence. It is useful to realize the common SO(d, 1)
isometry group of AdS;i; space and conformal group of its d-dimensional boundary as
the Lorentz group of a d 4+ 2 dimensional Minkowski space. The essence of the embedding
formalism is that we can realize the non-linear isometry and conformal transformations
of the lower dimensional spaces as the linear Lorentz transformation of the associated
embedding space, this becomes beneficial when dealing with tensors.

In d 4 2 dimensional embedding space M4T11, the euclidean AdS,;,; space is defined
by the set of future directed unit vectors satisfying:

AdSgy1 @ X - X =napXAXB =1, nap = diag(—1,1,...,1), X°>1 (A1)

which can also be viewed as a d + 1 dimensional hyperboloid, and we have set the radius
of curvature to be 1. We can parametrize the solutions to (A.1) explicitly in the light cone
coordinates:

1
(XT, X7, X% = ;(1,3/2 + 2299, X-X=-XTX"46,4X°X" a,b=0,...,d—1
(A.2)

in terms of the Poincare coordinates z# = (z,y*) of AdS4y1 space. Towards the boundary
AdSg41, the hyperboloid asymptotes to the light cone X - X = 0, i.e. the conformal bound-
ary R? is identified with the projective cone of light rays in the embedding space. They
are given by the homogeneous coordinates subjected to the projective identification:

R : P.P=0, PA~XPY A#£0. (A.3)

In terms of Poincare coordinates, the boundary points up to projective identification above

are parameterized as:

(P+7P_7Pa) = (1’y2’ya). (A4)

Next we consider embedding physical tensor fields in AdSgy; and R? into embedding space
M+11 Explicitly, given an arbitrary rank-r tensor field in AdSgy; or R%, they are related
to their embedding space counterparts through the pull-back operations:

8XA1 aXAT
Adsd""l : 7;(de2($) = al"‘“ tt aqu TAl-nAr(X)’
opt gpAr
d . (R) _
R+ Fo o (y) T Fa,..a.(P). (A.5)

In particular, the AdSgy; and R? metrics are given by:

R) opPA opB

(Ads) _ 0XA oxP _opiors
ab 8ya 8yb :

AdSgy; : - RY ;6

. gy,l/ - 8.’[‘“ 8I“ NAB,
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However the pull-back operations defined in (A.5) are surjective but not injective, in other
words given a physical tensor in AdSg;1 or R?, they do not have a unique representative in
the embedding space M4t but rather the embedding introduces redundant unphysical
degrees of freedom. We can see this from the orthogonal conditions:

x4 opA
X xe1=0 P peo=0 AT
A g POX=-1 ) A Dy P-P=0 ) (A7)

we can see that any tensor components proportional to X4, Ha, 4,)(X) and
P(AlHAQ...AT)(P) contained respectively in T4, 4,(X) and F4, 4,(P) vanish under the
pull-back operations in (A.5), hence unphysical. Geometrically we can regard these extra
components as being normal to the hypersurface (A.1) and (A.3) respectively. We can thus
eliminate these unphysical redundant degrees of freedom in the embedding space tensors
by further imposing the transverse condition:

XMTy 4 (X) |xx=—1=0, PYF4 4 (P)|p.p=o=0 (A.8)

such that T, 4, (X) and Fa, 4, (P) only contain the components which are tangent to
AdS,; 1 and R? respectively. These are the embedding representatives of the AdSy;; and
R? tensor fields.

Moreover in the main text, we would like to consider symmetric traceless AdS;y1 and
R? tensor fields. To construct their representatives in embedding space M%t1 they need
to be symmetric traceless also transverse (STT) from the discussion above, let us first
introduce the following generating polynomials:

TX, W) =Wh  WAhTy, (X)), X -W=W -W=0, (A.9)
F(P,Z) = 7™M ... ZAFy, .., (P), P-Z=27-7Z=0. (A.10)

Here we have introduced the auxiliary vectors W4 and Z4, X - W =0 and W-W =0
imply T, ..., (X) is defined up to equivalence ~ X4, Ha,. 4,)(X)+0(4,4,54,...4,)(X), the
contraction with W4s only picks up the symmetric, traceless and transverse components.
Similarly the properties of the auxiliary vector P4 ensures the contraction only picks up the
transverse and traceless (plus symmetric) components of Fa, 4, (P). It is worth however
noting that under the rescaling Fa, 4, (AP) = )\*AFAI_,,AT(P), A > 0, it is a homogenous
polynomial of degree —A.

To recover embedding space STT tensors representing symmetric traceless AdS441 and
R< tensors directly from (A.9) and (A.10), it is convenient to define the operators K 4 and
D4 which act on the symmetric products of W4 and Z4 respectively as:

1 B B. _ ~B B, B B,
@KAIKATW oW :G{XIGAT}:G(AHGAT)—traceS7 (All)
,

1 8PA 8PA (9PB1 8PBT
—————Dy,...Ds, 2P 2P =T, gt A2
(G, o g Oy, g e A1)

where (...) in the above implies total symmetrization of indices and
A
Iy, 000 = 5?61” . .52:) — traces, Fra = (0, 2z, 0y). (A.13)
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In other words we obtain the manifestly symmetric, traceless and transverse tensorial
projectors, and the resultant embedding space tensors

Tia.ay(X) = Gl .. GEN T, 5, (X) (A.14)

bb, OPa,  OPa OPPL OPBr

8ya1 o 8yar &Ubl dyr FBlmBT(P) (A15)

Fra, ..y (P) = 1oy a,

are the desired STT representatives of AdSy,; and R? tensors in the embedding space
ML For completeness, explicit expression for the operators K4 and D4 can be given
in terms of following differential operators:

d—1 0 0 0 0
KA_2<8VW1+XA<X'8W)>+<W'8W>W

() (- a) 3 (awaw + (¥a) (-5 ) - 00

d—2 o) o0 1 0?
DA:( 2 +Z'az) 971~ 27407 07" (417

however we mostly will not use these somewhat lengthy expressions in the main text, only
the formal operations (A.11) and (A.12) will be sufficient. When the contracted embedding
space tensor in the generating polynomial is already traceless and transverse, the action of
K 4 simplifies to

d—1 0 ) 0

KA:(2+W'8W oA

(A.18)
Finally, we can consider the embedding space representative of AdS;41 covariant derivative,
it acts on the embedding space tensor satisfying the transverse condition (A.8), and the
resultant tensor should remain so after its action. The following differential operator in

MA+L1 gatisfies such requirement:

0 0 O\ . 0 0
VA—W+XA<X-M>+WA<X'6VV>—GA 8XB+WA<X‘8VV) (A.19)

we can clearly see that XV 4 = 0, and moreover if the contracted tensor in (A.9) already
satisfies the transverse condition, the action of the last term is trivial. We can express the

action of V 4 on such a tensor which is the representative of an AdS;41 tensor as:

0
VBT, . A.(X)= GBCGA101 . GATCT WTCL..CT (X). (A.20)
In particular, it is worth noting that induced AdS;y1 metric G 4 itself also satisfies trans-
verse condition XAGap = GapXP = 0, we have

0

A C Ao B
VeGap =Ge™ Ga” Gp 5xXC

Guap =0 (A.21)

as required for V 4 to be the metric covariant derivative in the embedding space.
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B Integrals for three point geodesic Witten diagrams

Scalar integral. Here we compute the integral associated with the three point scalar
geodesic Witten diagram, which is frequently used in the main text:

1 1 1
(=2P1 - X(N)21 (=2P - X(N))22 (=2Ry - X ()%

ABAIAQAO(P]_7P2,PO) E/ d\ (B.l)

—00

where X () is given in (2.5). This can be computed readily using the integral definition

of Beta function B(a,b) = Pr(?gigfﬁ)

can express the integral above as:

, after the direct substitution of geodesic coordinate, we

Py

—Ag
A?lAzAO(Pl,PQ,PO) — P&%(AHFAZ*AO)P;OAO /OO d\ 6(7A1+A2+A0))\ <P20 o2 + 1)
oo

L—Aai+n+A n
= PI_Q%(A1+A2_AO)P1_OAO <%> 2( | 2 0) /OOCit fé(_AlJ’_AQJ’_AU) (£+ 1)7A0

Py o 2t
_ /BAleo
o %(AH-Az—Ao) %(Az-i-Ao—Al) %(A0+A1—A2)’ (B.Z)
Py Py Py
where
6 _ EB AO 4 Alg AO . A12 _ T (AO‘EAH) T (Ao;AlQ) (B 3)
A2.80 = 9 2 2 2T (Ag) ' '

In the second line in (B.2), we have made the following change of integration variable:
[ Pue,

10

Spin-l integral. Here we consider the spin-l, [ = 0,1,...J — 1 generalization of the
computation for spin-J case done in (2.22). The corresponding three point interaction
vertex is:

9, 3,%, /X e AXV . VI (X)VO1 . . VYD(X)Ve, ... Ve, E(X)e, 1.0y

(B.4)
The vertex (B.4) generates the following three point geodesic Witten diagram:
CA J— CA J—1 (2X : CO : W)l

K . T 1 K . T 2 . X i
[m( V) (=2P - X)% (K-V) (—2P; - X)Az (W) | v (—2P, - X )htiv
_ pld—r / (2P, -G-K)"(2P,-G - K)’=" (2P, - W)=Y 2X - Cy - W)!
- T A1, A h+iv e (—2P1 _X)A1+r(_2p2 ,X)A2+J—r (_QPO_X)Iz+iv+l

J
- dxX(\) | -

S T g (- 5) (2P - W)’ 12X () - Co- W)’

B Bahiy oo (2P X(N)A(=2P, - X (V)22 (2R X(N)Hwts

J—1
(—2Py-Py) (—2Py-P1)
[2Vousl' (5reay — carxoy )

d—1 e

L,J—r J—r

= ] (=1 ! _— n

PA1,A2,h+w( ) J ( 2 >J/Ood>‘(_2p1 .X()\))Al(_2P2 .X()\))Az(_QPO . X()\))h+w+J
d—1 A1 Ag h+iv

=2(—1)77" ! (2 ) PIA{XQ,hHuChHu,lﬁAm,h+iu+l 0 0 1 (B.5)
J
0 0 0
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The overall factor is defined to be:

szggm = C2,CasChivi(B1)r(A2) = (R +iv +1) (B.6)
PR Ay i = CaiCos (A1) (Ba) B.7)
X‘]i (J =D (=175 (htiv+1—Ap\ [h+iv+1+Ap
— si(J—1-s) 2 ) 9 .

Up to an overall factor IP’IA’{XQ hiv Which despite its dependence on v, does not introduce

additional singularities for v integration, we see that spin-/ case (B.5) takes exactly same
expression for its spin-J counterpart (2.22) with trivial substitution J — [.

C Integrals for three point normal Witten diagrams

Here we consider the integration of normal three point Witten diagram with scalar fields.
The following calculation is based on [29]:

1 1 1
Pt = [adx . 1
Ja (C2P, X)51 (~2P, - X)B2 (2P - X)As (C.1)

Using the Schwinger parameterization,

1 1 o dtl A;  —(—2P;-X)t;
(—P- X)A T T(A) /oout e, (©2)

we can rewrite the integration as

- 1 o dtl dtg dtg A1 Ao A / _
I3pt: L TR TR 140233 dx 2Q-X )
Ry | T e faxee, (C.3)

where () is defined as Q = Z‘?Zl t;P;. Because ) - X is a scalar under the Lorentz
transformation in the embedding space M 1! we can choose Q as |Q|(1,1,0) where
QI? = >is;titjPij. Now the coordinate X is parametrized as (1,22 + 42, y*) /2, we can
evaluate the AdS integration

o0 d
/dXeQQX _ / dz Me—e—‘(z2+y2+l)
0

2z Jra 2%
*“d 1 QI
_ 7Th/ jihe—?(z%ﬂ)
o 2 (2|Q)
*dz 1 —(z-i-m)
_ Wh/ el o) (C.4)
0 Y AA
in the last line, z is scaled as z — |Q|z. Scaling t; as t; — t;1/z, we can perform the z
integration
e " /""dtdtdt Tde sutdgrrad o jgp
F(Al)F(Ag)F(Ag) —00 t1 1o t3 0 z

nh S A —d\ [ dty dity dts
— T =1 =1 / 777tA1tA2tA3e— Zi>j titjPij' C5
F(ANT(A)T(A) ( 2 ol fp fg 12 (C5)
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By utilizing the following parameterization:

b= mims o — m1ms9 o — moms (C 6)
1 Mo ) 2 msa ’ 3 my ) .

the t; integration can be calculated as

0 dty dte dit
1 2 U3 Sttt P
—L 2 8By Ry o D titi P (C.7)
o U1 T2 13
B 1 [*°dmq dmg dms A1+A22*A3 A2+A23*A1 A3+A21*A2
=3 ———my My ms e
o ™M1 Mm2 M3

_1F<A1+A2—A3>F(A1—A2+A3>F(A2—A1+A3>
2 2 2 2

—mi1Pi2—ma Pag—m3 P31

_1 _ _1 _ _1 _

><P122(A1-|—A2 AS)P232(A2+A3 AI)P312(A3+A1 Ag) ' (C.S)

Therefore the three point scalar diagram (C.1) can be evaluated as
I3—pt :NAI,A%ASAAI;AQ,AS, (Cg)

where
NALAZAS = (C.10)
hp (Tl Bi—d
7TF( 12 ) r A1+ Ay — Aj r A1 — Ao+ A3 r Ay — A+ Ag
2I(A)T (AT (A3) 2 2 2 ’

AA18285 — Pl_Q%(AH_AZ_AS)PQ_?)%(A2+A3_A1)P3;%(A3+A1_A2) ‘ (C.11)

D Rewriting tensor structures and some useful identities

In this appendix we consider more explicit proof of the statement that the three point
geodesic Witten diagrams involving spins, formed by arbitrary Lorentz invariant vertices,
can be expressed in terms of linear combination of box tensor basis, filling in some details
for the general arguments given in [11].

Here we show that a transverse polynomial Q(F;, Z;) (i = 1,2, 3) be built only from H;;
and V; jp. We assume that the polynomial Q(FP;, Z;) has degree [; in Z; and it is transverse
in each Z;, in other wards, Q(P;, Z;) is invariant under the following shift of Z;;

where «; are arbitrary constants. Because this polynomial @Q do not have the Lorentz
indices, Q can only consist of three scalar products; P; - Pj, Z; - P; and Z; - Z;. The
combination Z; - Z; to H;; is replaced to H;; and other scalar product through (3.4). Then
Q can be represented as;

(I1,02,13)
Q(Pi7Zi) = Z Rm17m2,m3((Pi'Pj)>(Zi 133)7 Hij)v (D'2)

(m1,ma2,m3)=(0,0,0)
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where Ry, mo,my is @ polynomial consisted of P; - P;, Z; - P; and H;; and it contains m; Z;
besides H;;. We can decompose Ry, my,,m, further;

mi

Ry msims = D Cnmy—n (Z1 - Po)" (Z1 - P)™ ™. (D.3)

n=0

Here we focus on the specific Z; dependence. The coefficient ¢, 1, -, depends on Z; only
through His or Hs;. Q should satisfy the transverse condition;

QP Zi) = QB Zi + BiPs) (D.4)

therefore the following equation should be satisfied
0 | x>
5 > Cnmi-n(Z1- P+ BPy - Po)"(Zy - Py + BPy- Ps)™ " | =0. (D.5)
n=0

Because this condition should satisfied at each order of (Z; - P5) or (Z; - P»), we can obtain

the following recursion equation;
(m1 — n) Cn,ml—n(Pl . Pg) + (n + 1) Cn+1,m1—n—1(P1 . PQ) =0. (D.G)

According to this relation, ¢y m,—n is determined as

P - Py\"
Cnomi—n = mlcn <_ Pi ] Pz) Co,m; - (D7)
Then the decomposition in (D.3) is just a binomial expansion and Ry, m,m, can be rewrit-
ten as;
P, - Py m
Ry imams = Comy <_P P V1,23) (D.8)

The discussions for Zs and Z3 go through similarly. Therefore transverse polynomials Q
should depend on depends on Z; only through H;; and V; j.

Here we also list out few useful identities which involve the contractions among triplets
of anti-symmetric CZ-AB associated with Oa, (P, Z;), ¢ = 1,2,3, which are useful in the

actual explicit computations:

1 Hy (Pj'ci)A(Pi’Cj)B

H;; Pia (Pj - Cg) Hji, Pec (P; - C;)
CiCjCp) g = LA I e ik TRCT A
( i Ck)ac ) (P - P)) 2 (P; - P;j)
(Pj - Ci)a (B - Ci)e
(Pi- Pj) (P - Py) (B G- P, (D10
ey L —HyH PaPip | Hy (P Ci), (P Cy)p
(Ci-Cj-Cr-Cjlap = 4 (P, - P)) t 2(P; - P)) ’ (D-12)
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Hi;Hyi (Pj- Py) PiaPip 1
(Ci+ G- C - Ci) gp = = (Pj. P (Py-P) 1 VikiViis (P - Ci) 4 (Py - Ci)

1 (P-Ci), (BeGy)p 1H”Vk,ijPiA (Pr-Ci)p

—ZH. i
2 (R Py 27 (P By

1 Vi (Pj-P)

“Hy, -2 R (po.Cy), Pip. D.13
+2 ki (Plpj) (] z)A iD ( )

Along with the obvious identity (C; - C;)ap = 0, all other successive contractions of C4Z
can obtained by repeatedly using these identities. It should be clear from above that any
invariant scalars constructed from contacting (D.9)—(D.13) with either a pair of P; or a
C;ap are all transverse polynomials and can all be expressed in terms products of H;; and
Vi ji with coefficients only depending on (P; - P;). These will be needed when we study
the tensor structures of the three point geodesic Witten diagrams.

E Computational details for decomposition analysis

In section 5, we have demonstrated that ordinary four point scalar Witten diagram can be
written as a summation of four point scalar CPWs. In this case, each CPW is proportional
to a GWD, this leads us to the claimed results, here we present the computational details
to see such decomposition. In (5.10), we can replace A with a geodesic diagram as follows;

ety S (=2)"(A2)s(h +iv + 1)y (—2Pyg)? P AAT A2t prbiv

(/) = (h+iv+J—1—p)

% (DOQ)Z.AAl’A2+J_p’h+w+‘]_l_p

h+iv+J—1—p)

<A12+h—|—iu—l
2

J—l )
= Z 7 le (AZ)J(h +w + l)J*l (_Q)J_pNAl7A2+J—P7h+iV+J—l—p
o
p=0

X

> (_‘/'0 l2)lAA1,A2,h+iI/+l
l bl

J—l .
A A —h+
1+As+1—h w> (E.1)

— 5 Jilp
- RA1,A2,h+’L'VF ( 2

1 (W - Vo(X))!
(_2p2 . X)AQ (—2P0 . X)h+iu+l ’

1
(KW
2 (Tl)l /712 (=2P - X)Al

where in the last line we used the following relation:

1 1 1 (W - Vo(X))!
dA K-V) ,
A (%)z fm (—2P; - X)A1< V) (—2Py - X)A2 (—2P, - X )h+iw+l
— (AQ)[(—?)lﬁAl’AQ’h+iy+l(—V()ng.AAl’AQ’therl ’ (EQ)
and ﬁillp Ay hiiv 18 @ regular function of v:
h J—l—
5 Lp _ (=2 (A A Dty
. P— —_ — Eo
RAl,AQJ’L-‘r’LV J lCP F(Al)F(AQ +J— p) ( +iv+J p)p ( 3)
X(—A12+h—|—i1/—|—l> <A1+A2—h—|—iu—|—l)
2 J—=l—p 2 J—=l—p
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Using (E.1), now we can rewrite (5.13) as

J=l J-l

4 t. Jl, J,l7
Wi0.0).5,00.0) Z/dPo/ dv ay(v T (h—1)! > R N R A s (B4)
p=0 p’=0
<A1+A2+l—h:tll/> <A3+A4+l—h:|:ly>
xT r
2 2
Chivy / 1 ! 1 w (X Dz,))!
X — dAA\————(K -V 9
I! (d 1)1 Y12 (_2P1 ' X)Al( ) (_2P2 ) ( )h—i—w—f—l

. I
xchdz”ll/ d ’%(K.v)l 1 (W VOQ(’Z(?» .
0 (%), s (F2Py- X)As (=2P; - X)A1 (=2P, - X)h—iv+

From (2.13) and (2.15), the two bulk to boundary propagator can be glued together:

> (W - Vo(X, Dz,))! (W Vo(X, Zo))!
dP — Chiiv 20 —iv ——
/8 0 al(V) T (h — 1)!Ch+ )l (72P0 . X)therl h—ivl (—QP() . X)h—w—i—l

w - = 5 =
= o (Maaa (XX W W) = T (X, X3 W) ) (2:5)

then (E.4) becomes

—— > V& —~ 5, 5T
0%) 7,(0,0) Z/ dv ay(v o Z RAl,pAg,h—l—iuRAgf)Aél,h—iy
=0 p=0p’=0
<A1+A2—|—l—h:|:i1/> <A3+A4+l—h:|:iu)
xT r
2 2
(Wh—i-wl( ) Wh— Zl/l( )) ) (EG)
where W ;(F;) is a four point GWD;
Wa(P) ! / d\ / axN ! (K -V)! ! (E.7)
AL = ————— 5 A V) s .
(l! (%)1)2 712 V34 (—2h 'X)Al (—2P; - X)AQ
.~ 1
X—~ K . v l—~
(—2P3 . X)A3 ( ) (—2P4 . )()A4

X (Hh+z‘y,l(X, X W, W) =Ty (X, X5 W, W)) ‘

In (E.6), the intermediate states are determined by the pole structure of v integration.
The v dependence is similar as in (5.17), the single trace contribution comes form the
highest spin coefficient a;(v), and the double trace ones come from the gamma functions.
In this more direct computation, we can see the decomposition into GWDs without passing
through CPWs.
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