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Optimal design of electromagnetic cloaks with multiple dielectric materials
by topology optimization

Naoki Kishimoto, Kazuhiro Izui, Shinji Nishiwaki, and Takayuki Yamadaa)

Department of Mechanical Engineering and Science, Kyoto University, 615–8504 Kyoto, Japan

(Received 10 April 2017; accepted 1 May 2017; published online 16 May 2017)

This paper presents an optimal design method for electromagnetic cloaks composed of multiple

dielectric materials based on a topology optimization. To obtain optimal configurations that are

perfectly free from intermediate materials, so-called grayscales, we apply a Multi-Material Level

Set topology description model. The level set functions that are design variables are updated using

topological derivatives that also function as design sensitivities, and we derive the topological

derivatives for multiple materials. Three numerical examples demonstrate the validity of the pro-

posed method and the advantage of using multiple materials. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4983715]

In recent years, developments in the field of material

chemistry have spurred investigations of various electromag-

netic metamaterials.1–3 As applied metamaterial devices, elec-

tromagnetic cloaks that can make an object unobservable by

wrapping it have attracted the attention of many researchers.

The theory of electromagnetic cloaks was first proposed by

Pendry and Leonhardt independently.4,5 Motivated by the pio-

neering works, there have been further investigations of elec-

tromagnetic cloaking devices.6–11 The theory used in these

studies is based on the concept of bending a path through

which electromagnetic waves pass, using coordinate transfor-

mation, but it requires materials with spatially varying and

infinite permittivity and permeability. Such extremely com-

plex material parameters do not exist in nature and are very

challenging to realize. Experiments using metamaterials that

have periodic structures have been carried out based on this

theory,12–14 but performances were far from ideal.

On the other hand, a topology optimization method that

realizes cloaking by placing a simple isotropic material

around the object was reported.15–20 Topology optimization

methods,21 the most flexible type of structural optimization

method, have been applied in many design problems for

electromagnetic devices. Andkjær and Sigmund applied a

density-based topology optimization for the design of an

electromagnetic cloak made of a single-property dielectric

material.15 However, the optimized configuration using this

method included grayscales, areas of intermediate density

between that of air and the dielectric material. The presence

of grayscales makes practical fabrication problematic since a

physical interpretation of such areas is elusive. Andkjær et al.
also applied a density-based topology optimization with a fil-

tering technique to obtain a graded optimal structure.19 Heo

and Yoo proposed a design method for microwave cloaking

considering multiple directions using a density-based phase

filed method for the topology optimization.20 Although gray-

scales are restricted near the interfaces in these density-based

approaches, perfectly clear boundaries are not obtained. That

is, the optimal configurations are obtained based on the

assumption that intermediate materials exist.

To overcome the problem of grayscales, level set based-

topology optimization methods have been proposed22 and

applied for the design of cloaks.16–18 An experimental dem-

onstration of the obtained optimal configuration was also

presented.23 These examples have been shown to have ideal

cloaking performance under limited conditions, but previous

studies on the design of electromagnetic cloaking devices

have been based on methods applied to a single material.

Despite the fact that single-material designs have limits

beyond which performance cannot be improved, a design

method for multiple materials has not yet been proposed.

Consequently, sufficient optical cloaking under demanding

conditions, for example, for multiple wavelengths and multi-

ple incident angles, is seldom obtained. However, by using

multiple materials, design flexibility beyond that of conven-

tional design methods can be achieved, leading to further

improvements in cloaking performance.

Therefore, we present the optimal design of optical

cloaks with multiple dielectric materials using the level set-

based topology optimization method. First, we construct a

design method for dealing with multiple dielectric materials

and formulate the optimal design problem. Next, we show

optimized designs of optical cloaks to confirm the validity of

the proposed method and demonstrate the advantage of using

multiple materials.

We adopt the MM-LS (Multi-Material Level Set) model

for representing the distributions of multiple materials.24 The

MM-LS model uses a total of n level set functions for n
materials, plus the void phase. The advantages of the MM-

LS model are that clear boundaries between materials are

obtained and the number of materials to be used can be

increased systematically, as follows:

Air : w0
n ¼ f1� vð/1Þg;

..

.

Material k
ð1 � k � n� 1Þ : wk

n ¼ f1� vð/kþ1Þg
Yk

i¼1

vð/iÞ;

..

.

Material n : wn
n ¼

Yn

i¼1

vð/iÞ:
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Here, the position x where the function wk
nðxÞ has a

value of 1 is occupied by the k-th material and vð/iðxÞÞ is a

characteristic function defined as

vð/iðxÞÞ ¼ 1 if /iðxÞ � 0;

0 if /iðxÞ < 0:

(
(2)

Because topology optimization problems are ill-posed,

regularization or relaxation is required. Based on the formu-

lation of the level set-based topology optimization method,22

the objective functional F is regularized here by adding a fic-

titious interface energy term, as follows:

Fregularized wk
n

� �
¼ F wk

n

� �
þ
Xn

k¼1

ð
Xdesign

1

2
skjr/kj2: (3)

Xdesign is the object domain in which the object to be designed

resides. The second term on the right side of Eq. (3) is a regu-

larization term for the multiple material problem.

Directly finding level set functions that minimize

Fregularized is problematic, and so, we introduce a fictitious

time t and assume that the variation in the level set functions

with respect to time t is proportional to the design sensitivity

F
ðkÞ
regularized for the k-th level set function /k, as follows:

@/k

@t
¼ �F kð Þ

regularized

¼ �DF kð Þ þ skr2/k: (4)

We note that the above equation is a type of reaction-

diffusion equation, and the derivative of the objective func-

tional DFðkÞ is defined as the “topological derivative”25 for

the k-th level set function. In the MM-LS model, this deriva-

tive is given by

DF kð Þ ¼
Xn

i¼k

wi
nDFi! k�1ð Þ þ w k�1ð Þ

n

Xn

i¼k

@wi
n

@wk
k

DF k�1ð Þ!i;

(5)

where DFi!j is the topological derivative when material i
changes to material j, as illustrated in Fig. 1. In this paper,

DFi!j is defined as follows:

DFi!j :¼ lim
e!0

Fþ dFi!jð Þ � F
� �

sign d/k
� �

jmeas XnXeð Þ �meas Xð Þj
: (6)

X is an object domain, and Xe is a circle of radius e. d/k is

the amount of variation in the k-th level set function when

material i occupying Xe changes to material j. dFi!j is the

amount of variation in the objective functional.

We now consider the design of a two-dimensional electro-

magnetic cloak device for TE (Transverse Electric) waves

based on the model shown in Fig. 2. The governing equation

follows the Helmholtz equation for a polarized electric field Ez.

r � ðl�1
r rEzÞ þ k2

0erEz ¼ 0; (7)

where er, lr, and k0 are the relative permittivity, relative per-

meability, and wave number in a vacuum, which is expressed

as k0 ¼ x
ffiffiffiffiffiffiffiffiffi
e0l0

p
, respectively. e0 and l0 are the electric per-

mittivity and magnetic permeability in a vacuum, respec-

tively. The radii of the inner, middle, and outer domains are

set to 0.1, 0.4, and 1.0 m, respectively. The circular disc at

the center of domain CPEC is set as a perfect electric conduc-

tor (PEC) to represent the scattering object that is to be hid-

den by the cloak. Here, incident plane waves Einc
z enter the

scattering domain from the left side

Einc
z ¼ E0e�jk0k�r; (8)

where E0 is the amplitude of the incident waves, j ¼
ffiffiffiffiffiffiffi
�1
p

;
k ¼ ðkx; kyÞT is the normalized directional wave vector, and

r ¼ ðx; yÞT is the position vector. The gray domain, Xdesign,

is the fixed design domain in which a material configuration

consisting of dielectric materials and air is distributed. The

domain exterior to the fixed design domain, Xout, is the scat-

tering domain, and a first order absorbing boundary condi-

tion is imposed on the outer boundary, CABC.

In this paper, the purpose of the optimization problem is

to find the configuration of dielectric materials in the cloak

domain which makes the electromagnetic waves propagate as

if the scattering object does not exist. Therefore, the objective

function is set to minimize the norm of the difference between

the electric field and a reference field, namely the electric field

when no scattering object is present, as follows:

inf
/k

Fðwk
nÞ ¼

ð
Xout

ðEz � Eref
z Þ
�ðEz � Eref

z ÞdX; (9)

subject to Governing equation; (10)

Boundary conditions; (11)

FIG. 1. Concept of topological derivative DFi!j.
FIG. 2. Analysis domain and boundary conditions for the cylindrical cloak

design problem.
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where Eref
z is the reference field and * denotes a complex

conjugate. We note that the objective function is equivalent

to minimizing the scattered field in the scattering domain.15

er is an extended relative permittivity defined using the char-

acteristic function wk
n as follows:

erðwk
nÞ ¼

Xn

k¼0

ek
rw

k
n; (12)

where ek
r and e0

r are the relative permittivity of the k-th dielec-

tric material and air, respectively. We restrict our investiga-

tions to nonmagnetic materials, and so, relative permeability

lr is set to 1.0.

Next, we explain the topological derivative required for

the optimization process. We derive the topological deriva-

tive by using the adjoint variable method. The topological

derivative in the TE mode is as follows:26

DFi!j ¼ 2< k2
0ðei

r � ej
rÞEz

~Ez

	 

: (13)

~Ez is a solution to the adjoint problem defined below:

r2 ~Ez þ k2
0erðwk

nÞ ~Ez ¼ 0 in Xdesign; (14)

r2 ~Ez þ k2
0e

air
r

~Ez ¼ ðEz � Eref
z Þ
�

in Xout; (15)

n � r ~Ez ¼ 0 on CPEC; (16)

~Ez
i ¼ ~Ez

j
on Cij; (17)

r � ~Ez
i ¼ r � ~Ez

j
on Cij: (18)

where n is an outward-pointing normal vector. We note that

Cij is the boundary between material i and material j.
Here, we apply our method to the cylindrical cloak

design problem shown in Fig. 2. First, we confirm the valid-

ity of our proposed method through Example 1, which is the

most fundamental problem setting. Next, we show the

advantage of using multiple materials through Examples 2

and 3.

The relative permittivity of the dielectric materials and

air is set as 2.0, 1.5, and 1.0. The magnitude of the regulari-

zation parameters, s1 and s2, is set to 1.0� 10�4. E0 is set as

1000 V/m.

First, the results for Example 1 are shown. The operating

frequency is set as 2.5 GHz. Figure 3(a) shows the optimized

configuration of the dielectric materials. Red and green

domains indicate the materials with relative permittivities of

2.0 and 1.5, respectively, and blue indicates air. We confirm

that the material and air domains are perfectly separated and

that the boundaries between materials are clear. Figure 3(b)

shows the electric field without the cloak, and Fig. 3(c)

shows the electric field of the optimized cloak during opera-

tion. As Fig. 3(b) shows, the electromagnetic waves are scat-

tered by the cylindrical scattering object without the cloak,

but scattering is much reduced when the cloak is operating,

as shown in Fig. 3(c). The values of the objective functional

without and with the cloak are 1.1� 106 and 9.1� 101,

respectively. These results indicate that the optimization

found an appropriate multimaterial dielectric configuration

for a cylindrical electromagnetic cloak.

Next, we show the results of Example 2. In this numeri-

cal example, we find the optimized configuration in response

to two incident wave frequencies, 1.5 GHz and 2.5 GHz. The

objective functional is formulated as follows, using the

weighted sum method:

Fðwk
nÞ ¼

X2

p¼1

ð
Xout

wpðEp
z � Ep;ref

z Þ�ðEp
z � Ep;ref

z ÞdX; (19)

where E1
z and E2

z are the electric fields when the incident fre-

quencies are 1.5 GHz and 2.5 GHz, respectively. In this

example, the weight wp is set to 1.0. Figure 4(a) shows the

optimized configuration of dielectric materials. Figures 4(b)

and 4(c) show the electric field of the optimized cloak dur-

ing operation at 1.5 GHz and 2.5 GHz, respectively. These

results indicate that the optical cloak performs for electro-

magnetic waves at two different incident frequencies.

We now compare the performance of the optimization

result using multiple materials with that when a single mate-

rial is used. Figure 5 plots the objective functional value

FIG. 3. (a) Optimized distribution of dielectric materials for Example 1 (red:

dielectric material with er¼ 2.0; green: dielectric material with er¼ 1.5; blue:

air). Total electric field without cloak (b) and with the optimized cloak (c).

FIG. 4. (a) Optimized distribution of dielectric materials for Example 2 (red:

dielectric material with er¼ 2.0; green: dielectric material with er¼ 1.5;

blue: air). Total electric field of the optimized cloak at 1.5 GHz (b) and at

2.5 GHz (c).

FIG. 5. Objective functional F versus frequency f at h¼ 0 for the optimized

cloak with multiple materials (red line) and a single material (blue and green

lines).
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versus frequency for each configuration obtained when using

multiple materials and a single material. This result reveals

that the cloaking performance is the highest at the target fre-

quencies when using multiple materials. Moreover, we can

confirm that an optical cloak is realized for a wider fre-

quency range when multiple materials are used. Therefore,

the cloak design based on the use of multiple materials has

better performance than a single material cloak design.

Finally, we present the result of Example 3. In this

numerical example, we find the optimized configuration for

incident waves arriving from different directions, up, down,

left, and right. To reduce the calculation cost, we apply the

symmetric design constraint proposed by Andkjær and

Sigmund.15 Specifically, we introduce two symmetry planes

separated by angles p/2 and intersecting at the origin. The

operating frequency is set as 2.5 GHz. Figure 6(a) shows the

optimized configuration of dielectric materials, and Figs.

6(b) and 6(c) show the total electric field of the optimized

cloak for incident waves propagating in the x and y direc-

tions. These results indicate that the electromagnetic cloak

operates for incident waves in four directions. Although the

settings for this problem are the same as in Ref. 15, we can

confirm that grayscales are completely absent. Figure 7 plots

objective functional values versus the angle of incidence

from –p to p. The results reveal that the cloaking effect is

the highest when using multiple materials at the targeted

incident angles. Therefore, in this case as well, we confirm

that a cloak employing multiple materials has better perfor-

mance than that of a single material cloak design.

To conclude, we proposed a design method for an elec-

tromagnetic cloak comprised of multiple dielectric materials

using a topology optimization method. We achieved the

following:

(1) To obtain a clear optimized configuration for multiple

materials, we applied a level set-based shape representa-

tion method for multiple materials to a topology optimi-

zation method.

(2) The design problem requirements were clarified, and an

optimization problem was formulated based on the MM-

LS method.

(3) We explained how the topological derivatives were

derived for multiple materials.

(4) Numerical examples of three optimization problems

demonstrated that the optimization method found config-

urations of dielectric materials that function as electro-

magnetic cloaks.

(5) We confirmed that objective functional values became

much smaller when designing with multiple materials

than when a single material is used and demonstrated the

superiority of a multiple-material approach.
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