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Examining the symmetries of the pseudo-action, we propose a prescription for the new Feynman
rules for the Ramond sector of the WZW-like heterotic string field theory. The new rules are an
analog of those recently proposed for the open superstring field theory and respect all the gauge
symmetries, including when we impose the constraint after transformation. It is shown that the
new rules reproduce the well-known on-shell tree-level amplitudes for four and five external
strings including fermions.

Subject Index B28

1. Introduction

In the previous paper [1], we examined the gauge symmetries of the pseudo-action, the action supple-
mented by the constraint, in Wess—Zumino—Witten (WZW)-like open superstring field theory [2,3].
It was found that the pseudo-action has a new kind of symmetry provided we impose the constraint
after the transformation. We proposed a prescription for the new Feynman rules for the Ramond (R)
sector so as to respect all these symmetries. It was shown that the new rules reproduce the well-known
on-shell tree-level amplitudes in the case of four and five external states, including those that cannot
be reproduced by the self-dual Feynman rules which had already been proposed [4—6]. The aim of
this paper is to extend these arguments to the heterotic string field theory and to propose a similar
prescription providing the new Feynman rules.

Similar to the open superstring field theory, the heterotic string field theory can also be constructed
utilizing the large Hilbert space [7,8], which is WZW-like in the sense that the Neveu—Schwarz (NS)
action is constructed as a WZW-type action [8]. In spite of this success in the NS sector, it is difficult
to construct a covariant action including the R sector, which is a disadvantage of the formulation.
Without introducing any extra degrees of freedom, only the equations of motion have been con-
structed in a covariant manner [9,10]. Alternatively, however, we can define the pseudo-action by
introducing an auxiliary R string field. The pseudo-action of the heterotic string field theory is non-
polynomial in both the NS and R string fields, which is required so as to reproduce the correct
amplitudes [11-14], and was constructed at some lower order in the fermion expansion, the expan-
sion with respect to the number of the R string fields [9]. The self-dual Feynman rules were also
proposed in a parallel way to the open superstring case and shown to reproduce the on-shell four-
point amplitudes [9]. It was pointed out, however, that these rules contain some ambiguity, which
appears when we calculate the amplitudes with five or more external states including the fermions.
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We will examine, in this paper, the gauge symmetries of the pseudo-action in detail. It will be found,
at some lower order in W, that the missing gauge symmetries, which have been considered the sym-
metries of only the equations of motion, are realized as a new kind of symmetry under which the
pseudo-action is transformed into the form proportional to the constraint. We will then improve the
self-dual Feynman rules to those which respect all these gauge symmetries and have no ambiguity.
We will show that the new Feynman rules reproduce the correct on-shell amplitudes at the tree level,
at least for the case of four and five external states including fermions.

This paper is organized as follows. In Sect. 2, we will first summarize the known basic properties
of the WZW-like heterotic string field theory. After fixing the linearized gauge symmetries, we will
introduce the self-dual Feynman rules proposed previously. Then the symmetries of the pseudo-action
will be studied at lower-order levels in the fermion expansion. It will be found that the pseudo-action
is invariant under the missing gauge symmetries if we suppose it to be subject to the constraint after
the transformation. The new Feynman rules will be proposed without ambiguity so as to respect all
the gauge symmetries. The on-shell tree-level amplitudes for the case of the four and the five external
states including fermions will be calculated in Sect. 3 and shown to agree with those obtained in the
first quantized formulation. The final section, Sect. 4, is devoted to the conclusion and discussion.
Some lengthy results of the missing gauge symmetries at a higher order will be given in Appendix A.
The higher-order corrections to the constraint, which do not exist in the case of the open superstring,
first become important at this order.

2. WZW-like heterotic string field theory and the self-dual Feynman rules

In this section, after introducing the WZW-like heterotic string field theory including the R sector,
we will recall the self-dual Feynman rules. Examining the gauge symmetries of the pseudo-action,
we will propose a prescription for the new Feynman rules, which respects all the gauge symmetries.

2.1. WZW-like heterotic string field theory

We denote the Neveu—Schwarz (NS) string as V, which is Grassmann odd and has the ghost and
picture numbers (G, P) = (1, 0). The action for the NS sector of the heterotic string field theory is
given by a WZW-type action,

1
SNS:/ dt(nV, G (tV)), 2.1
0

where the pure-gauge string field G (¢ V) is defined as

2
G V) =1QV + 3PV, VI+ o (V. @V ]+ [V [v.oV]]) +--. @2

by integrating the gauge transformation of the bosonic closed string field theory [8]. The BRST
(Becchi—Rouet—Stora—Tyutin) charge Q and the string products satisfy the algebraic relation [14]

i=1
+ Y o (it i) [Birs - By By - B ) (2.3)

2/45

9T0Z ‘ST Joquieaag uo A1siBAIUN 0104 ‘@INIsuU| Jo1Jeay UYoteasay Jo Ariqi e /Blo'sfeulnolplojxo-deid//:dny wouy papeojumoq


http://ptep.oxfordjournals.org/

PTEP 2015, 093B02 H. Kunitomo

where o (i7, jr) is a sign factor defined to be the sign picked up when one rearranges the sequence
{0, By, ..., B,} into the order {B;,, ..., B, Q, Bj,, ..., Bj,}. The arbitrary variation of the inte-
grand of the action becomes the total derivative, and is integrated as

8Sns = —(Bs (V) ,nG (V)), (2.4)

where Bs (V) is a function of V and §V defined by a solution of some specific ordinary differential
equation [3] whose first few terms are given by'

2
Bs (V) =68V + g[v, SV] + % QIV, QV,8V]+[V,[V,8VI]) +--- . (2.5)

The pseudo-action for the R sector is constructed by introducing two R strings, ¥ and E, which
are both Grassmann odd and have the ghost and picture numbers (G, P) = (1, 1/2) and (1, —1/2),
respectively. The fermion bilinear term of the pseudo-action is then given by a straightforward
extension of that of the open superstring field theory as

Sk = —3(nV, QG E), (2.6)

where the shifted BRST charge Q¢ is defined by the operator acting on a general string field B as
o0 Km
QcB=0Q0B+ ) %[G V)", BJ. 2.7)
m=1

From simple consideration, however, one can easily see that the pseudo-action has to be non-
polynomial not only in the NS string field but also in the R string fields to reproduce the on-shell
fermion amplitudes [9]. The explicit form of such a pseudo-action can in principle be obtained order
by order in the fermions, the number of the R string fields,

o
Sg = Z SR2n]s (2.8)
n=1

—~

starting from (2.6), where each Sgj2,) contains n ¥ and n E. In particular, the next-leading (four-
fermion) action, which is necessary for calculating the four- and five-point amplitudes in the next
section, is given by

2

Skia] = %<n\p, [\p, (06 8)2]G>. (2.9)

Here the shifted string product [-]g is defined by

X m
— K m
m=0
for general n string fields {By, ..., B,}. The equations of motion derived from the variation of

S = Sns + Sg agree with those obtained without introducing the auxiliary field [9,10], if we impose

! This relation is invertible and solved by 8V as

2
5V (By) = Bs — g[v, Bs]— '1‘—2 (A[V. QV. By] — [V.[V. BsI) + - .
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the constraint

0GE = Q, .11
where?
K2 2
Q:n\ll—i-a[\y, (7%) }G+---. 2.12)

In this sense, the pseudo-action (2.8) describes the R sector of the heterotic string field theory.

2.2, Gauge fixing and the self-dual Feynman rules

Let us next explain how tree-level amplitudes are calculated in this formulation. For the NS sector,
the Feynman rules can be derived from the action (2.1) in a conventional way. Expanding the action
in the power of the coupling constant «,

o
Sns =) S\s. (2.13)
n=0
the kinetic term of the NS string is given by
0
Sy =1mv, ov). (2.14)

Since this is invariant under the gauge transformations
8V = QAo+ nAq, (2.15)

we have to fix these symmetries to obtain the propagator. If we impose the simplest gauge conditions,

bgV =&V =0, (2.16)
the NS propagator is given by
— bobs ., _
VV =Tlys =628 (Ly)
L,
oo 2
do 9L~
- / dT/ —<gobgbo+)e—”3—'“o . 2.17)
0 0 2
The three and four NS string vertices, which are necessary for the calculation in the next section, are
given by
K
Sis = 57 V. V. QV1). (2.18)
o k2 5 2
S5 = gr(nve [ve (ev)*])+ v v. v ovn. (2.19)

Note that the first term in the four-point vertices (2.19) contains the integration over two parame-
ters (moduli) realized by the restricted tetrahedron [11,12], and corresponding anti-ghost insertion
[13,14]. The second term in (2.19), on the other hand, is integrated over one parameter, the twist
angle of the collapsed propagator.

For the R sector, however, the Feynman rules cannot be uniquely derived from the pseudo-action
(2.8) since it is not the true action. We can only propose some plausible Feynman rules and confirm
whether they reproduce the correct physical on-shell amplitudes. In the previous paper, we proposed

2 This  is denoted as B_, 2 in Ref. [10], which can be determined order by order in W.
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the Feynman rules, which we refer to as the self-dual Feynman rules, and confirmed that they actually
reproduce the well-known four-point amplitudes with external fermions [9]. We first summarize the
self-dual Feynman rules. Similar to the NS case, we can expand the pseudo-action in the power of
the coupling constant « as

Sk = Z Sy + Z Skin + - (2.20)

The kinetic term of the R string,
Sk = —3(nV, QE), 2.21)
is invariant under the gauge transformations
8V =QA1+1Ay, SE=QA_ |+ nf\%- (2.22)
Fixing them by the same gauge conditions as for the NS string, (2.16),
bi W =&V =0, bJE=§E=0, (2.23)
the propagator of the R sector in this gauge is given by

i

VE =8V = Ili

[1]

i

(LO) = —2Iys. (2.24)
0

For the R sector, in addition, the constraint (2.11) has to be taken into account. For the on-shell exter-
nal states, this is naturally implemented by simply restricting them to those satisfying the linearized
constraint, Q E = nW. In contrast, however, the prescription for the off-shell (propagating) states is
not unique. The self-dual Feynman rules are defined by adopting a prescription in which only the
self-dual part o = (QE + nW¥) /2 of the R strings propagates through the effective propagator:

wo =7 (QMgn + Nz Q)
—5 (QTysn + nMlys Q). (2.25)
Although the fermion interaction vertices can be obtained by replacing the R string fields with their
self-dual part, we need some preparation since, unlike the case of the open superstring field theory,

the R string fields do not appear only in the form of Q E or n\W. For example, the terms with three,
four, and five string fields needed in the next section are given as

Skin = —5 (1% [QV. B, (2.26a)
2 2
(@) 2 o Kk =
Sk == (nw. [(@V). E]) = w11, v, B, (2.26b)
(@) i 2
Skin = G7(mv. 9. (©)), (2.26¢)

S =~ (. [(QV)". 1) = S o, [[v. 0v)?]. =]

3 3

— STV, QV1, OV, BI) - S v (1V. [V, @V, E)), (2.26d)
3 3
ks = Z—,<W’ [QV, ‘I’,(QE)ZD 12(?7‘1/ [V, QE. [QV. E]) (2.26¢)
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by expanding the pseudo-action Sg, where both the W and E appear in the form not accompanied
by n and Q, respectively. Nevertheless, if we assume that the field redefinition

) 2 2 3 3
g=g-«[v.g]-Sv.ov. El+ S V. [v.€]]- 5[ V. (@v)?. 8] - S [v. [v. ov. &]]
3 3
3.[" ov.[v.g]] - 5[[v. ev].v.g] - S [v. [v.[V.e]]] +- - (2.27)

does not affect the on-shell physical amplitudes, as with the point transformation in the conventional
quantum field theory, we can rewrite (2.26) so that the & always appears in the form of Q & thanks
to the relation

. ~ K2 ~ K> ~

QGE = QE+«[V,QE]+ ?[V, QV, QE]+ ?[V, [V.0E]]
K _ 3 3 _
3 V.(QV)?, QE] 3—[ [V.oV.QE]] + 3 —[Vv.oV.[0. QE]]
3 3
+ 57llv. @v] V. 0&]+ [V [V. [V, 0&]]] + - (2.28)

Then we can replace Q & with w in the alternative expression. Contrary to this, the prescription for
W is not unique but depends on the gauge condition in general. In the simplest gauge (2.23), we can
replace ¥ with &w since ¥ = {n, &}V = &nW. However, we have two choices in replacing n\W;
either we simply replace it with w, or 1 (§gw) in accordance with the above prescription for W. Since
w # néow for the off-shell states, this is an ambiguity in the self-dual Feynman rules, which does
not appear in the four-point amplitudes. If we take the former choice, the interaction vertices for the
self-dual rules become

Sy = —§<w, V. o)), (2.29)
@ i
Sy = — 7l [V, OV ), (2.30)
§@y = Z—!(Eow, [°]). (2.31)
H6)) K3 IC3 K3
Sin=—lo: [v. @V 0]) - G V. V. QV.ol - e, V. V. V.0l
K3 K3

— E(a) [V,w,[V,QV]]) ——<w [V, [V, [V, »ll]), (2.32)

S = !<§0w, [ovV, w3]>+'1‘—2<sow, [, [V, a)]]), (2.33)

after the replacements. It was shown that these self-dual Feynman rules reproduce the well-known
on-shell tree-level amplitudes for the case of four external states including the fermions [9].

2.3.  Gauge symmetries and the new Feynman rules

In order to revise the Feynman rules, let us examine the gauge symmetries in detail. As was pointed
out in Ref. [9], the total action, S = Sys + Sk, is invariant under the gauge transformations

= QgAo, SV =0, 8E=QGA (2.34)

2
by construction. The self-dual Feynman rules respect these symmetries since both of the O E and
Q are invariant under (2.34). However, they do not include all the gauge symmetries at the linearized
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level, (2.15) and (2.22), which have to be fixed to invert the kinetic terms, (2.14) and (2.21). We
can show, at some lower order in W, that the missing symmetries are realized as those provided we
impose the constraint after transformation.

Let us first consider the transformation generated by A in (2.15), which is extended to the

nonlinear form
0]

BgAl = Ay (2.35)
at the leading (zeroth) order of W so as to keep the NS action (2.1) invariant:
s0sys = 0. (2.36)
We can define the next-order transformation,
0 0] = —
Spy ¥ = —«[¥,nAilG. 8\ E = —«[E, nAilg. (237)
(2] K

so that the total action is invariant up to the higher-order corrections:
82Sys + 818R = 0. (2.39)

At the next next order, however, we cannot keep the action invariant. Instead, we can find the

transformations,
[2] K3 3

+ 5 (1%, 06 Ele. W, 1A o, (2.40)
3
e = %[W (Q6®? . ut1]_ — S8, 1%, 06E. nAilgla, (2.41)
4 oA
Bgi]l = —E[‘I’ 06V, (QGE)* 77A1] 4'[ (W, (QGE)? 77A1]G]G

4 4
K K
+ g[‘ll, OV, [V, OcE, nAllgle — g[[‘l/, 0GElg, V¥, OGE, nA1lc

4

. %[[\p, (06E) ], . nAl]G, (2.42)
by which the pseudo-action is transformed to the form proportional to the constraint (2.11):
88 Sws + 85181y + 68 Srpay
/c3 i3 2
= (A1 ¥, Q6B 0w, Q6 El6ls) — Ty (na. [%.n¥. [(268)]¢)
K3 2 i3
+ (v [(Q6) 9. nvi6] ) = Sr(nw. nw. Q6B W, Q6BlGle).  243)

The right-hand side vanishes, up to the higher-order corrections, if we impose the constraint
(2.11). We can also construct the nonlinear transformation generated by Aj/. The leading-order
transformation,

B[O] =0, 8[0]

_ [0]
Saypp T Al/lqj B QGA%’ g

MaE =0, (2.44)

1s first combined with

B :—E[E,QgAl] , (2.45)

51\1/2 2 214G
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which keeps the pseudo-action invariant at (9(1112):

2
55\3/25 s+ AI/ZSR[Q] —0. (2.46)
This can be extended to the next order as
[2] g
oL W= —y[w 0GE, QGA,]G, (2.47)
2l 2 2
o B = —y[a, 0GE, QgA%]G n y[u [a, QgA%]G]G, (2.48)
Bl = [q, (0687, QA | (2:49)
Saypp il
which transforms the pseudo-action in the form proportional to the constraint as
(4] K
Siar ySs + iy, Skt + 3y, Sriat = 15( 06 A 1. [QGE, [E. n¥l6l)
2

- E<QGA%, ¥, [E, O¢ E]G]G>. (2.50)

The remaining two gauge symmetries in (2.22) generated by A3/ and A /2 can similarly be found
order by order in W. The transformation

[0 _ pl21 _ [0] _ 0] = _
B5A3/2 - B‘SAz./z =0, 8y,,¥Y= nA%, Snz,8 =0, (2.51)

can be improved by combining with the corrections

2
[2] 2] o _
SV = 5, Sl¥ 0cgnny] o 8l E=0, (2.52)
4 _ _"_[ =2 ]
B8A3/2 _— 4‘ "Ijv (QG“) ) UA% G, (253)

so as to keep the pseudo-action invariant up to 0(1114):

[2]
8A;/2S S+8A2/2SR[2] =0, (2.54)
[4]
8A3/2S s+ 5A3/2SR 2]+ 8A3/2 Srp41 = 0. (2.55)

This is also a new kind of symmetry, which is shown in Appendix A by constructing the next-order
correction. The last gauge transformation, defined at the linearized level by

B —o0, s w=0 ¥ z5=pA,, (2.56)
ISY) A1y2 Al 2

can be improved by the next-order correction

[2] K [ X ]
B = —|W¥, nA 2.57
85\1/2 2 Ty G ( )
to make the action invariant at (9(\112):
[2] [0] _
8;\1/251\/5 + 8[\1/2SR[2] =0. (2.58)
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We can find the next-order transformation,

2 2
e =5 Aylo = lw [vody) ]
So W="p | W QoW nAy |~ | W [Wonhy ] ] (2.59)
[2] «? X «? X
2l 5 _E [y, E,A] ——[E,[\IJ,A]], 2.
81\1/2 3 Qas.n 2l ™2 51616 (2.60)
Bl :_ﬁ[qf 06V, OGE ]\1] +K—3[\p [xp 0GE ]\1] }
5&]/2 12 k) G k) G 777 5 G 12 k) k) G 777 2 G G
K3 - i3 -
“lw, :[\IJA]] ——[\p, g ,\IJ,A], 2.61
+6[ Q¢ nAy |, [V Q6Ele. WAL ] (2.61)
so as to transform the pseudo-action in the form proportional to the constraint at (’)(\114):
[4] (2] [0] Ko
3[\1/251\73 + Si\u/zSRm + 5[\1/251?[4] = E(ﬁ/\%, [QGE, [V, U‘I’]G]G>
K2 .
— S{nRy W, 1. QGBlol).  262)

From these considerations, it is natural to expect that these new types of gauge symmetries can be
constructed order by order in W, although we cannot yet prove it. We give the next-order results as
further evidence in Appendix A. They are also nontrivial in the sense that the higher-order correction
of the constraint is included.

Since all these gauge symmetries, including those provided by imposing the constraint, must be
important to reproduce the unitary amplitudes, we assume that they have to be respected by the new
Feynman rules and propose the following alternative prescription:

o Use the off-diagonal propagator (2.24) for the R string.

o Use the vertices (2.26) as they are without any restriction.

o Add two possibilities, E and W, for each external fermion, and impose the linearized constraint,
QE = nV, on the on-shell external states.

Our claim is that this prescription respecting all the gauge symmetries is more suitable for the
Feynman rules suggested by the pseudo-action (2.8). This is supported by the fact that there is no
ambiguity, associated with the self-dual—anti-self-dual decomposition already mentioned, in the new
Feynman rules. The new prescription, in addition, has an advantage that it does not require any special
preparation like the field redefinition (2.27).

3. Amplitudes with external fermions

Using the new Feynman rules, we will explicitly calculate in this section the on-shell four- and five-
point amplitudes with external fermions. It will be shown that the results agree with the well-known
amplitudes obtained in the first quantized formulation.

3.1.  Four-point amplitudes

The on-shell four-point amplitudes with external fermions were already calculated using the self-dual
Feynman rules and shown to agree with the well-known amplitudes obtained in the first quantized
formulation [9]. We first have to confirm that the new Feynman rules also reproduce the same results.
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(a) (b) (c)
A (1) 3)C A (1) (3)B A (D) 3B

B(2) 4 D c@® 4D D (2) (4)C

Fig. 1. Three four-point Feynman diagrams with one propagator: (a) s-channel, (b) t-channel, and
(c) u-channel.

Let us start from the calculation of the four-fermion amplitude .A 4. The contributions come from
the s-, ¢-, and u-channel diagrams constructed using two three-string vertices, and also a contact-
type diagram containing a four-string vertex.> In this paper, we denote for example the s-channel
diagram, schematically depicted by Fig. 1(a), as (AB|C D), where A, B, C, and D are labels which
distinguish external strings. Since the order of strings A and B, or C and D, has no meaning in
the heterotic (closed) string theory, this has as much information as this type of Feynman diagram.
The - and u-channel diagrams are denoted by (AC|B D) and (A D|BC) in this notation, respectively.
Using the new Feynman rules, the s-channel contribution is written as

271
AR = / / (104 (1) Q85 @) + 0E4 ) 1W5 (2))

x (scb;bj) (m¥c (3) 08p 4) + QEc B n¥p &), . (3.1)

where the correlation is evaluated as the conformal field theory on the corresponding string diagram.
The insertions &, b_, and b are the corresponding fields integrated along the contour winding
around the propagator. The numbers in the parentheses are the labels which distinguish each leg of
the diagram, but they are redundant if we always arrange the external states in order of the numbers
from the left as in (3.1). We omit them hereafter by taking this convention.* The 7- and u-channel
contributions can similarly be written as

2
AU = [P ((rwa 02 + QB n¥e) (607 b7) (1¥n QFp + 0Zu 1)),
(3.2)
2
A;ﬁmBC) < /dzT <(7I‘I’A QEp + QB nVp) (:b.bY) (n¥p QEc + QEp 77‘1’c)>W,
(3.3)

where we used the shorthand notation

/ dT /271 do /d2 (3.4)

Unlike the open superstring case, a contact-type diagram also gives the contribution integrated over
a region of the moduli space not covered by those from these three diagrams. It was shown that
such a contribution can be realized using the four-string interaction represented by the restricted
tetrahedron [11], or n-faced polyhedra for general n-string contact interactions [12], parametrized

3 The corresponding string diagrams are depicted in Ref. [9].
4In Ref. [9], we have implicitly taken this convention and distinguished each external string by the numbers
1-4 instead of the letters A—D.
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by 8y (I =1,...,2(n—3)) in the notation in [13]. Then the contribution from the contact-type
diagram (ABC D) is given by

2
K
A%BCD) = Efd91 do, <(bc1bc2) ((U‘PA‘I’B + WanVg)QEcQED

+ QEAQER(MWcYp + VenWp) + nWAQERYcQEp + YA QEpn¥cQED
+ QEANYBQECYD + QEAVEQEcnVYp + QBa(n¥s¥e + Van¥We)QED

+1VAQEpQECYD + WaQEF QYD) . (3.5)

Here the definition of the parameters 81 and 65, their integration region, and the corresponding con-
tours Cy and C;, along which the anti-ghost insertions are integrated, are given in Ref. [13]; their
explicit forms are not necessary here. Adding all these contributions and imposing the linearized
constraint Q E = nW on each external state, the on-shell four-fermion amplitude eventually becomes

-AF4 :A;ﬁB|CD)+A%C\BD)+A¥ZD|BC)+A%BCD)

= Kz/dzT (<<(77‘1’A nWg (bobF) n¥e ﬂ‘I’D)»W + <<(77‘1’A Ve (bbl) n¥p H‘PD)»W
+ <<(77\I’A nWp (bzb) nVp n\I’c)>>W>

4 [ &0 ((besbe) nvanvanve o)), (3.6)
where (- - - )) w represents the correlation in the small Hilbert space:
(O1---Op)) = (5§ O1---On), (3.7)

where Oy, ..., O, are the operators in the small Hilbert space. The & on the right-hand side can either
be local or integrated. The correlation is independent of its position or contour since only the zero
mode gives the non-vanishing contribution. Although we can, in principle, map this expression (3.6)
to the well-known form in the first quantized formulation evaluated on the complex plane [15-17],
it is not necessary if we notice that each term has the same form as that in the bosonic closed string
field theory with the identification of ¥ and the bosonic string fields, both of which have the same
ghost number, G = 2. Using the fact that the bosonic closed string field theory reproduces the correct
perturbative amplitudes, we can conclude that the amplitude (3.6) agrees with that obtained in the
first quantized formulation.

We can similarly calculate the two-boson—two-fermion amplitude. After a little manipulation, the
contributions from the s-, 7-, and u-channel diagrams become

2
AGEEP) = —KZ / T ((1%4 085 + QFanWp) (6b7 bF) (QVenVp + nchvD)>W,

(3.8)
2
AUCIED) _ —%/dZT«nlDAQVC (b bY) EBQVD>W —|—<EAQVC (b7 b7) nlI/BQVD>W),
(3.9)

K'2 _ —_ — _
AL === f T ((nea0Vo (b bF) B0Ve) +(Ea0Vo (b707) n¥50VC) ).
(3.10)
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respectively. The contribution from the contact-type diagram consists of two parts coming from the
two vertices in (2.26b):

2
K
A;AEZED) =7 / d*0 < (be,be,) (NWAER + EA??‘I’B)QVCQVD>W

2
_ %yﬁd@ <(nxyAaB + BanWg) by (QVeVip + VCQVD)>W, 3.11)

fde = /Zﬂ i (3.12)

is the integration over the twist angle of the collapsed propagator, and b, is the corresponding anti-

where

ghost insertion. Although these four contributions other than the second term of (3.11) cover the
whole moduli space, they are not smoothly connected at each boundary since the external states in
each contribution appear in different forms (pictures). This gap is canceled by the remaining con-
tribution, the second term in (3.11).> We can show this by aligning the external bosons in the four
contributions to the same form, say (Q V¢, nVp). This is possible by integrating by parts with respect
to n and Q, but the latter produces extra boundary contributions, appearing through the relation

* —LIT (14 * d _ptr
/ dTe *o {b0 , 0} = —/ dT —e™ ™0 (3.13)

and the similar relation for the anti-ghost insertions in the tetrahedron vertex, which can be read from
the algebraic relation (2.3) satisfied by the corresponding string products. After such an alignment,
each contribution becomes

2
AB|C K — —_ —
ABIED = = [ @ (w40 + 0Zanwa) (667 57) QVenvi),
2
K —
+ 5§ do (104020 + QZanva) by VeVo), (3.14)

2
AC K - -
ALACIED) _7/d2T ((n\pAch (b7 b7) QaBnVD>W

+ (QEA QVC (é‘_cbc_bj_) 7711IBnVD>W)

2

+ f a6 ([nwave by EaVo) +(nvsvobyEsve) ). (19)
A0 _ 8 [ 1 ((rwanvo scb6) 0200vc),
+(08anV (&cby bF) Vs OVe), )
K

0 ((n\pA Vp by EBQVC>W n (n\IJBQVC by Ea vD)W), (3.16)

+

SR

“\S\
QU

3 These discrepancies can be interpreted as coming from the difference of the positions of the picture-
changing operators [18]. The second term in (3.11) corresponds to the contribution from the vertical integration
introduced in Ref. [19].
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K
AGEED) = - / ¢ (be,be,) (NWaQEp + QEAan)chnVD>W
K
Z?g (nWAQEp + QBaAnVa) by VCVD>W
+2(nWaQVe by EVp)y +2(nWaVp by EpQVe)y,

+2(1WEQVe by EaVply, +2n¥sVp by E4QVe)y ). (3.17)

We can easily see that the boundary contributions are completely canceled, and the total amplitude
becomes

(AB|CD) (AC|BD) (AD|BC) (ABCD
AFZBZ =AFZB|2 +AF23|2 +AFZB‘2 +-/4F232 )

2
B _% / d*T (<(n\IJAQEB + QEanVs) (&b, b)) QVCUVD>W
+ <n\IJAQVc (6cbobl) 0 uBnVD> < EAQVc (&b, b )n\anVD>W

+ (mvanVo (66707) Q28 0Ve), +(QBanVo (gb7 b7 n¥s0Ve) )
2
- % / @6 (¢ (bc,bc,) (1VaQEp + QEAan)QVchD>W, (3.18)
and can be rewritten as
Apzpr = —«> / a7 ((mvanvs (b 57) QVenvo) +(nwaove (b b7) n¥sn Vo))

+(nwanvo (o2 nwnove) )~ [ @6 ( (besbe) nvanvuovenvo)),
(3.19)

after imposing the constraint. Similarly to the case of the four-fermion amplitude, this final expression
agrees with that in the bosonic closed string field under the identification of the external bosonic
strings and the external strings in (3.19), that is, n¥, QV, and nV.° Thus, we can again conclude
that the well-known amplitude in the first quantized formulation is correctly reproduced.

3.2.  Five-point amplitudes

Let us next calculate the on-shell five-point amplitudes with external fermions. We follow the con-
vention in the previous subsection; we label the five external strings A, B, C, D, and E, arranged
in order of the number assigned to the legs as depicted in Figs. 2 and 3. There are three types of
diagrams contributing to the five-point amplitudes, which we refer to as the two-propagator (2P),
one-propagator (1P), and no-propagator (NP) diagrams corresponding to the number of propagators
to be included. The 2P diagrams contain three three-string vertices and two propagators as depicted in
Fig. 2, which we simply denote as (BC|A|DE). The 1P diagram contains one three-string vertex, one
four-string vertex, and one propagator as depicted in Fig. 3. We denote this diagram as (AB|CDE).

® The overall minus sign should be corrected if we rewrite it using the physical vertex operators in .
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A

3
B (1) () 4D

c® 5)E

Fig. 2. The topology of the five-point Feynman diagrams with two propagators.

C

A (1) &)
(4)D

B(2) 5)

E

Fig. 3. The topology of the five-point Feynman diagrams with one propagator.

There are two types of five-point amplitudes including external fermions: the four-fermion—one-
boson (F*B) and two-fermion-three-boson (F2B%) amplitudes. Let us first calculate the former,
F*B, amplitude. Suppose that the strings A, B, C, and D are fermions and the string E is a boson.

We begin with the calculation of the contributions from the fifteen, (5C; x 4C3) /2, 2P diagrams.

For example, the contribution of the diagram (BC|A|DE) is calculated as

K\3
AZGHPE = (=5) =2 / d*Ty / T, (((nwsEc + Zpnve)

x (b5 b7 Q) 1V (bbb ln) EpQVE)

+((n¥sEc + EpnWc) (0875 Q) Ea (nEbibs) 19D OVE) )

K3

= Zfdzn fd% ((nws0Ec + 0Epnvc)
X (5e,beybl) nWa (bbl) QB0 QVE),
+((1vBQEc + QZpn¥c) (6b5b%) QB4 (b7
- K4—3/d2Ty§d9 (<(n\IJBQEc + QEpn¥e)

x (6cb; b7) (1¥a by Ep — Ba by nWn) QVe)

+(BpQVi (Eb7bF) nWa by (1W50Ec + Qagnwc)>w),

)n¥p0VE) )

(3.20)

where the inserted operators, &, or bi?, are integrated along the contour winding around the ith prop-
agator. We moved, by integrating by parts without exchanging the order of Q and &, the operators Q
and 7 in a way that acts on the external states. This produces the boundary contributions, in which

one of the two propagators collapsed. Eleven of the remaining fourteen diagrams are obtained by
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simply relabeling the external fermions:

(BDIA|CE) _
AF4B

(CD|A|BE)
'AF4B

(AC|B|DE) _
AF4B

(AD|BICE) _
AF4B

P
<[ [ ((vazn + 0zanw)
x (6abe bl) M (bbl) QECQVE),

+((n%50Ep + QBpnWp) (b5 1) O (bb5) 1¥e QVE) )

K3 ) - -
- Zfd T%d@ (((U‘I’BQaD + QEpn¥p)
x (8bsbl) (1WA by Bc — Ba bgnwc)QvE>W
+ <E Vi (8cbs b)) n¥a by (0w QED + QEBU‘I’D)>W>, (3.21)
3/ /d2T2 (nWcQEp + QEcn¥p)
x (£ bobl) nWa (bbh) QE50VE)

+((n¥cQED + QEen¥p) (5, b b)) QB (bb5) 1¥s QVe) )

/d2 fde (n¥cQEp + QEcn¥p)
x (6cb; bF) (¥4 by E5 — 4 by n¥s) QVe)
< VE (b b)) W4 by (nWc QEp + Qucn\IJD)>W), (3.22)
< / / n‘lfAQuc + QEan¥e)
&)

X (%‘C] bC] (4

+((1vaQBc + 0BAnWC) (60 b) QB (bbl) 1¥p Qi) )

( (&) cz) Q"‘DQVE>

- Z,/d T7§d9 (((TI‘I’AQEC + QEBan¥c)
x (gcby bF) (n%s by Ep — Ba by n¥n)QVE)

’»-7
u

Vi (6b705) nWa by (1WA QEc + Q8ane)) ). (3.23)
/ / ﬂ‘IJAQuD + Q8an¥p)
x (6o bs bl n¥s (b,b5) QEcOVe)
+ (094 QEp + QEANVD) (6,bb) O (bb5) ¥ QVe) )
K3
_ Z/dszde (((n\DAQED + QEAn¥p)

x (E:b7 b)) (nWp by Bc — Bp bgnwc)QvE)W
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(CD|B|AE)
‘AF“B

(AB|C|DE) _
AF4B

(ADIC|BE) _
AF4B

(BD|C|AE)
AF4B

+(BcQVE (6b7 bF) n¥s by (194080 + 0Ean¥p)) ), (3.24)
< T [en [ @ ((veozo + 0zenwn)

X (Ecbabl) ¥ (bbh) QEAQVE)

+((n%c Qb + QBenWp) (6o by bl;) Qs (bbh) 1¥aQVE) )

- %3/41% yg o <<(17\IJCQED + QEcn¥p)

x (Ecby bF) (nWs by Ba — B by n¥a) OVe)
+ (B4 QVe (6b7bF) nWs by (1¥c QFp + QEcn¥n)) ). (3.25)
< /d2T1 /d2T2 (<(anAQEB + QB AnWp)

x (£cba ) Ve (bb%) Q8D OVE)

+((1¥40Zs + QBANWS) (b5 b)) QBc (bbh) 19D OVE) )
K3

-5 [ @1 fao ((rwa0za+ 0Zanwn)

x (5b; b7) (Ve by Ep — Ec by n¥n) QVe)

+ (ED OV (8cby b}) nWe by (194085 + QEAn\IJB)>W>, (3.26)
i /dzTI/dsz (<(n\IJAQED+ QEAn¥p)

x (6 by ) Ve (bb%) Q85 0VE)

+((1¥AQEp + 0B anWp) (60 b5 b) QBc (b3b5) MW QVE), )
K3

- ZfdzT f a6 (((n%402p + QEAn¥D)

x (E:b7bF) (0¥ by Ep — B¢ bgn\pB)QVE>W
+(200Ve (&b

%/ / ((nws0zp + 0Zpnw))

bF) n¥e by (194 QEp + QEan¥p)) ). (3.27)

X Clbcl C]) ( (o) cz)Q‘-‘AQVE>

(
+((n¥50Ep + QBpnWp) (60 b5 bl;) QFc (bbl) 1¥aQVE) )

K
/dz fdQ (n¥BQEp + QEpn¥p)
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(AB|D|CE)
AF4B

(AC|D|BE)
AF4B

(BCIDIAE) _
AF4B

x (£cbz bF) (nWe by Ba — Ec by n%a)QVe)

+ <E VE (5cbo b ) nWe by (1WpQED + QEBU‘VD)>W>, (3.28)
K3

Z/ / U‘I’AQuB—i-QuA’]‘I’B)

x (6cba ) ¥ (Pb5) QB QVE)

+ (194 Q85 + QBanWs) (£ b5 1) QFp (bb%) 1¥e OVE) )

K3
_ _/dszde (94025 + 0Eanws)

X (§cbe b)) (n¥p by Ec — Ep b;n‘Pc)QVE>W
+ <3 VE (6cb: b)) n¥p by (1WA QB + QuAn\IJB)>W), (3.29)
3

—Z/ / U‘I’AQuc+QuA77‘l’c)

X (sclbcl Cl) ULDD( c L2) QEBQVE>W
+((1%4QEc + QBanWe) (6 by b7) Qb (bb5) 1¥a0Ve) )
K3
- Zfdszgde (((anAQsc + QEAn¥e)
x (6cby bF) (n%D by €5 — Ep by n¥s)QVE)
+(80V (607 ) Wb by (1¥aQEc + QEanvc)) ). (3.30)
3
< [ [ @ ((vaoze + 0zanwe)
% (60, b) ¥ (b5b5) QEAQVE)

w
+((n¥50Ec + 0Ban¥e) (6bibi) OB (bob5) WA QVE) )

K3
— Z/dszde (((nIDBQEc + QEpnVc)
x (6cby bF) (WD by B4 — Ep by W) OVE)

+ <EAQVE (b7 bT) 1D by (1WEQEC + Qagnwc)>w). (3.31)

The last three contributions, coming from the diagrams including the boson in the center, are obtained

by calculating one of them, for example,

2
Apaer = (<5)° 5 [ [ @1 ((rwa0za + 0Zanws) (5057 0)

X Vi (n6sbizb) (1¥e Qb + QBenWn))
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+ ((U‘I’AQEB + QEanWg) (5 be b n)
x Vi (Q€,bobl) (nVcQED + QEcn‘PD)>W
+ <(n\DAQEB + QEBanVp) (&b, b7,)
X QVE (néabsbl) (1¥e Q8D + QEcnWn))
¥ <(;7\11AQEB + QEan¥p) (6,05, b2, n)
X QV (6abrbt) (1¥c Qb + QEcn¥p))
+ <(n\I/AQEB + QEan¥p) (5,b,,b7,0)
X Vi (Eabsbl) (1¥e QEp + QEcnWn))
+ <(,7prQaB + QBaAnYs) (&b, b7)
X Ve (Q&bibl) (19 QEn + 0Bcn¥n), )
_ g/dle/dsz <(n\I/AQEB + QBan¥p) (&b, b))
x QVEg (b,bY) (e QEp + QECU‘PD)>W
n %S/dszgd@ (w4025 + 0Eanws) (eb7b7)
Vi by (19c 0 + 0cn¥o)), +{(n¥c0Ep + 0cnvo) (6 bY)

X Vi by (1WA Q85 + Q8an¥s)) ). (3.32)
and relabeling its external fermions as
i3 _
ACIED) _ delefdsz <(;7\[1AQEC + QEanVc) (&, b; b))
x QVi (b5b5) (1¥8 QED + QEpn¥p))
K'3 2 — - -5t
+ §/d T ¢ ao (((n\IJAch + QBan¥c) (&b b))

x Vg b;(n\I’BQED —+ QEBU‘-I’D))W + <(U\DBQED + QEBU\IJD) (5cbc_bj)

x Vi by (1WA QB¢ + QaAan)>W), (3.33)
3
AYDIEIBO — % f d°Ty f T (94 QEp + QEanYD) (£ b7 b3)
x QVg (b,bY) (n¥BQEC + QEBn‘I’c)>W

3
+5 f T f a9 (104 QEp + QZan¥p) (607 b7)
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X Vi by (19 QEc + 08pn¥e)) +((n¥sQEc + QBpnWe) (Eb; b;)

x Vi by (1WA QEp + QaAn\pD)>W>. (3.34)

Note that the external boson appears in the same form QVEg in all the dominant contributions
integrated over (a part of) the full moduli space.

There are ten, 5C,, 1P diagrams classified in two categories by whether the external boson is
attached to the three-string vertex or the four-string vertex. It is enough to calculate only one of the
contributions in each category, and the others can be obtained by relabeling the external fermions.
The amplitudes in the first category are given by

ALBICPE) - %S/dZT/dze <(nprQaB + QBAnWg) (657 b))

x (beybe,) (MYcQED + QECU‘VD)QVE>W

+ % f T 75 a6 (2((nw4 Q85 + QZan¥s) (67 57)

x (¥c by Ep — Ec by 1¥b) QVi)w +2((1Wa Q5 + QEan¥i) (6:b; bY)

x (1¥p by Bc = Ep by nWe)QVe) — (¥4 Q8 + QBanWs) (Eb; b;)

x Vi by (1%c Q8 + QEcnlDD)>W), (3.35)
ALCIPPE) = K{ f d*T / d*6 <(U‘I’AQEC + QEanWc) (&b7 b))

x (beibes) (1¥5QEp + 0Ban¥n) QVe)

+ g / 42T 7§ do (2<(n\IfAQEc + QEanVc) (&b7bY)

x (18 by Ep = Ep by 10) QVi) +2((1¥aQEc + QEan¥e) (607 bY)

x (1Wp by B — Ep by nVs)QVi) —((n%aQEc + QEanve) (Ecb; b;)

X Vi by (198 QEp + QEan¥p)) ). (3.36)
AYDIBCE) = ?/d%/dze <(n\I/AQED + QEAnWp) (6:b7b7)

x (beibe:) (15 QB + QEpn¥e) QVe)

+ % / T f a9 (2((1¥aQEp + QEan¥p) (607 57)

x (¥ by Bc — Bp bync) QVe) +2{(10408p + QBanW) (6:b757)

x (Ve by 85 — Bc by n¥s)QVi) (104 QEp + QEanWD) (Ecb; b7)

x Vi by (n%5Q8c + QEan¥e)) ). (3.37)
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AGEAPE) = < /dzT/d29 <(17\IIBQEC + QEpnWe) (b7 bF)
x (beibes) (194 Q8D + QEANWD) QV)
+ % / T f a9 (2((1vs0Ec + 0B pn¥e) (6:b7b7)
x (104 by Ep — Ba bynn) QVe) +2((n¥sQEc + QEan¥e) (Ecb; bY)
x (1D by Ba — Ep by nWa)QVE)  —((n¥5QEc + QBpnWe) (Eb; b;)
X Vi by (194 QEp + 0Ban¥p)) ). (3.38)
ABDIACE) _ / L1 [ 6 (192020 + 02 o) (56 57)
x (beibey) (1%4 QB¢ + QEan¥e) QV)
+ %3 f T yg a6 (2(nw5QEp + QEn¥p) (67 b7)
x (104 by Ec = Ba bync) QVe) +2{(1¥s Qb + QEpnWo) (607 b7)
x (nWc by B4 — Ec bg_n‘l’A)QVE)W - ((U‘I’BQED + QEpnWp) (&b bY)
x Vi by (1¥AQ8c + QZan¥e)) ). (3.39)
AGDIABE) - < / a’T f d’6 ((nchaD + QBcn¥p) (b7 b))
x (be,bcy) (194 QE 5 + QBANWS) QV)
+ g / d*T f do (2((nchED + QEcn¥p) (6:b7 b))
X (nWa by Bp — Ba byns) QVe) +2((n¥c 08 + QEcn¥p) (65757
x (nWp by B4 — Ep b;n\pA)QVE>W _ <(n\IJcQED + QBcnWp) (Eb7bY)
X Vi by (1WA QEs + Q8an¥s)) ). (3.40)
and those in the second category are
AUEIBED) _ < / d*T / a6 ((nvaQVe (657 bF) (be,be,)
x 1V QB Q8p + QEpn¥e QEp + QB3 QEcn¥p))
+(Q8a0QVE (647 b7) (berbes)
(Q

x (QEpn¥en¥p +n¥WpQEcnVp + n‘Ian\IJcQuD)>W>
3
+ %/dZT?gdG (<EAQVE (&b bY)
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A

A

(BE|ACD) _
F4B -

(CE|ABD) _
F4B -

x (¥s by (1Yc QEp + QEcn¥p) + Q&5 by n¥en¥p
+nW¥c by (MYBQED + QEpn¥p) + QEc by n¥pn¥p
+Wp by (NWQEc + QEpnWe) + QEp b;nwgnwc)>w)
3
K
_ E/dzeygde ((bclbcz) (UpnWcQEp + Vpn¥pQEc + Yen¥pQEs
+ WenWp Q8p + WpnWs Q8 + WpnWe 08s) by BaQVe) . (3.41)
3
K _
g/cﬂT/aﬂe <<n\I!BQVE (b7 b7) (beybes)
x (1WA QEc QEp + QBanWc QEp + 0EAQECH¥D))

+

—_—

QEgQVE (&:b;bY) (beybe,)

x (QEAnYen¥p +nWaQEcnVp + U‘I’A’?‘I’CQED))W)

3
+ %/dZT yf a0 (<EBQVE (b7 b))
X (nWa by (NWcQEp + QEcnV¥p) + Q84 by nWen¥p
+nWe by (NYAQED + QEanV¥p) + QEc by nWan¥p

+ Wb by (1WA QEc + QEan¥c) + QEp by Wan¥c)) )

3

K
-5 d29y§d0 <(bclbcz) (VanWcQEp + Wan¥pQEc + YenVpQEa

+ WenWaQEp + ¥pnWaQEc + WpnWeQEy) by EBQVE>W, (3.42)
% f d’T / a6 ((nve Ve (6:b7 bF) (be,be,)
x (NW4QEpQEp + QEAnYEQED + QEAQEBH‘VD)>W
+(0EcQVE (b7 b7) (beibe,)
x (QEANVENWD +nWaQERNYD + n¥anVs0QED)) )
K3
+e f d°T f d0 <ECQVE (b7 b)
x (104 by (15 QEp + Qan¥p) + QB by M¥ENYD
+nWp by (MYAQED + QEanV¥p) + QEp by nWan¥p
+ b by (40T + QBanWs) + QEp by nWan¥s)) )

P

T d*e f d9< (be,be,) (VanWpQEp + Van¥pQEp + WenWpQE,

+ WsnVAQED + WpnWa Q85 + WpnWsQEa) by EcQVe) . (3.43)
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A

F4B

3
(DE|ABC) _ %/dzT/dZG (<nlIIDQVE (:b757) (beybe,)

x (1WA QEpQEc + QEanWs QEc + QBAQEsNYC))

+(0Ep 0V (657 b7) (beybcs)

x (QEAnWan¥e + 1WA QEan¥e +nWanVaQEc)) )
K3 2

n F/d T%de <EDQVE (b7 b7)

X (1Wa by (nWQEC + QBpn¥c) + QEa by n¥WpnWe

+nWp by (NWAQEc + QEan¥c) + QEp by nWan¥e

+ W by (1¥AQEs + QBanW¥s) + QB¢ by 1¥an¥s)) )

3

K
kT dz@fcm <(bclbc2) (VanWBQEc + WanWcQEp + VpnWcQEy
+ WpnWAQEc + VenWaQEp + WenWpQE4) by EDQVE>W- (3.44)

The contributions from the last (NP) diagram can also be divided into two parts: the dominant part

integrated over the whole moduli space and the boundary part coming from the first and the second

four-string vertices in (2.26¢), respectively:

A

3
(ABCDE) _ K~

F4B

G /d49 <%‘ (be,be,besbe,) (MYanYEQECQED + nVaQEpn¥eQED
+nVAQERQEnYp + QEANYENYcQED

+ QEAn¥sQEC¥p + QEAQERMYCn¥D)OVE)

3
+55 [ 0 dav (((berbes) (vanvn@e + wanve oz,

12
+ UanWe Q84 + Wan¥aQ8c + WenWa 08 + WenWs Q8a) by EpQVe)
+((berbey) (Wpn¥e QD + Wpn¥p QB + Wen¥pQEs + Wen¥p 08 p
+ UpnWsQEc + Wpn¥c Q8p) by EAQVE)
+( (berbey) (Wan¥e 0Bp + WanWp QEc + WenWp QB + WenWaQEp
+ WpnWaQEc + ¥pnVcQE4) b, Ep QVE>W

+ < (beibe,) (WanWBQEp + WanWpQEp + WpnWpQEa + VpnWaQEp

+ WpnWaQEp + ¥pnWpQE4) b, Ec QVE>W>- (3.45)
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The total amplitude is obtained by summing up all these contributions. Almost all the boundary
contributions are canceled, except for a small portion given by

—I;—;/dzTyng x ((Ba0Ve (&cbsb?)
x (Vs by ("9c QEp + QBcnWn) — 2085 by n¥en¥p
+nWe by, (n¥YBQED + QEpn¥p) —208c by nWpn¥p
+1¥p by (1¥sQEc + QEpn¥c) —208p by n¥an¥e))
+(280Ve (6:b7b7) (1¥a by (1¥e Qb + QBcnWp) — 2084 by n¥en¥p
+nWe by (MYAQEp + QEAnVp) —2QE¢ by nWanV¥p
+1Wp by (1WA QEc + QEan¥ec) —208p by n¥an¥e))
+ (ECQVE (&b b)) (nWa by (ﬂ‘I’BQED + QEpn¥p) — 2084 by n¥pn¥p
+n¥p by (1V4QED + QEan¥p) —20Ep by nWan¥p
+ Vb by (n%4QEp + QEANVE) — 208 by WanVa))
+(200Ve (6:b757) (14 by (1¥5 QEc + QEan¥c) — 2084 by n¥an¥e
+nWp by (NYAQEc + QEan¥c) — 2085 by nWanVYc
+ ¥ by (1940 + QBan¥s) —208c by 1¥an¥s)) ). (3.46)

which vanishes if we impose the constraint Q E = nW. In consequence, the total amplitude can be
written as the sum of the dominant contribution of each diagram, which can be evaluated as the
correlations in the small Hilbert space as

Apig = K3fd2T1d2T2 ((rvsnwe (o,55) nwa (bb2) 1¥pQVE) + 14 terms)
+ I(3 / dszZQ (<<77\I’AU\I’B (bc_b;’_) (bclbcz) U\DCU\I’DQVE» +9 terms)

+ i f d*o << (bclbczbc3bc4) U\IJAT)\IJBH\I’CH\I-‘DQVE» (3.47)

after imposing the constraint. The first, second, and third lines come from the 2P, 1P, and NP diagrams,
respectively. Each of these contributions has the same form as that in the bosonic closed string field
theory if we identify the bosonic string fields with ¥ or QV. Hence the four-fermion—one-boson
amplitude calculated by the new Feynman rules agrees with the well-known amplitude in the first
quantized formulation.

We can similarly calculate the two-fermion—three-boson, F2B3, amplitude. The 2P diagram
(BC|A|DE) is, for example, given by

ClA K\2 K _
ABCAPE) (_§> 3 (—2)/d2T1/d2T2 <<nlIlBQVC (&,b2 bt n)

x Ba (Q8absbh) (QVonVe +1VoQVe))

23/45

9T0Z ‘ST Joquieaag uo A1siBAIUN 0104 ‘@INIsuU| Jo1Jeay UYoteasay Jo Ariqi e /Blo'sfeulnolplojxo-deid//:dny wouy papeojumoq


http://ptep.oxfordjournals.org/

PTEP 2015, 093B02 H. Kunitomo

+(E80Ve (16 b7 b%) 1V
X (Q&e,bbt) (QVDnVE + nVDQVE))W), (3.48)

using the new Feynman rules. We can move Q, by integrating by parts, so as to act on &, and align
the external bosons as (Q V¢, QVp, nVg), which are uniquely realized by requiring not to exchange
the order of Q and &:

ABCIANPE) — —g [ @11 [ @1 ((nvnove (bip) 024 (b6L) @Vonve),
+ (088 0Ve (e bib) na (b5b%) QVonVe) )
+ K4—3/dzT7§d9 ((nwpove (b b7) 0Za
+ QEROVe (b7 b7) nWa) by Vo V)
+(280Ve (cby bF) nWa by (QVonVE +1VDQVE))
+ <(QVD77VE +nVpOVE) (b, b))
x (104 by Ep = Ba by n¥s)QVe)

+ (vaE (b7 b7) (14 by QB + QE4 b;n\pB)QVC>W). (3.49)

According to this recipe, the contributions from the other fourteen diagrams are similarly calcu-
lated as

AEDAICE) - —g f T, f Ty ((nW5 OV (6cb5 b)) QFa (bbY) QVenVe)

+ {0880V (5,bb5) nWa (P55) QVenVe) )

K3

+ Z/dZT yg 6 <<(n\IJBQVD (b7b}) QB4

+ QB50Vp (b7bF) nWa) by Ve VE>W

+(880Vp (667 5F) nWa by (QVenVe +nVe QVe))

+((QVenVe +nVe QVE) (6:b7bF) x (n%a by Ea — Ea by n¥s) QV)

+ <VCVE (bobT) (nWa by QEp + QB4 b;n\yB)QVD>W), (3.50)
ASBEIAICD) —% f 2T, f d*T; ((nvanVe (6abb%) QB4 (b5b5) QVeQVD)

+(QBanVe (602 b%) nWa (bb4) QVeOVD), )

+ g/dzT f d6 <<(n\vaE (b-b}) QBa + QEpVE (b7b}) nWa)

x by (QVeVip + VcQVD)>W
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+(880V (67 b7) nWa by (QVenVp +1Ve QVo))
+((QVenVo +nVeQVp) (6:b7b) x (1¥a by Ep — Ea by n¥s) QVe)

—((QVe VD + Ve QVp) (b70Y) x (1¥a by QT + QB by n¥s) Vi) ),
(3.51)

AUCIBIPE) I;:fdlefdzTg (<n\IIAQVC (&b b)) Q35 (b5bY) QanvE>W
+ (084 QVe (6 by b7 nWs (bb%) QVonVe), )
K3
+ ?/dszgdG (((nwAch (b7b}) 0B
+ QBAQVe (b bF) n¥s) by Vo Vi)
+(Ba0Ve (6b7 b5 nWs by (QVonVE + VD QVE))
+((QVonVi +nVoQVE) (67 ) x (1¥5 by Ea — Ep by n¥a)QVe)
+ <VDVE (b7b7) (1W5 by QA + QEp bgn\pA)ch> ) (3.52)
ALDIPICE) = f d’Ty f & ((n0aQVb (6b3b%) QB (b0%) QVenVe)
+(Q8a0QVD (8,2,b%) Wi (P55) QVenVe) )
K3
+ Zfdszde (((nwAQVD (b7b}) 0B
+ QEA0Vp (b7bT) nWs) b;VCVE>W
+ (B4 0V (b bF) ¥ by (QVenVi +nVeQVe))
+<(chnvE + Ve QVE)
X (§cbo bl) (1Vp by Ba — Ep by U‘I’A)QVz))W
<VCVE (b7bF) (195 by QB4 + QEp bgnpr)QvD>W), (3.53)
AGEIFICD) _ —"7 / Ty / Ty ([10anVe (b b5) Qs (bbG) QVeQVp)
(QBanV (6bsbl) s (b50%) QVeQVD) )
+ ?fd%%de (((nwaVe (b757) QE 5 + QEAVE (6757) 1)
(QVeVp+VeQVn))

X by
+ (B4 QVE (6b7 b5 nWs by (QVenVp +nVeQVb))
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A

A

A

A

(AB|C|DE)
F2B3

(AD|C|BE)
F2B3

(AE|C|BD)
F2B3

(AB|D|CE)
F2B3

+ ((chnvD +nVeQVp) (6:b7bF) x (n¥p by Ea — Ep bgn\vA)QvE>W

- <(QVCVD + Ve QVp) (b7b) x (0¥ by Q4 + Qs bganA)VE>W),
(3.54)

3
—%/dzn /d2T2 (1v40E5 + 0Eanvs)
X (Ecba b) QVe (bbh) QVonVe)
+ §fd T%d@ (24 0E5 + QBAWS) (b757) QVe b VDVE>W
—((1%4QEp + QEanWs) (&b bT) x Ve by (QVonVi +1VpQVe))

w
—((QVonVe +nVDOVE) (6:b707) X Ve by (19405 + QBan¥s))
+2(Vo Vi (b bF) QVe by (1¥AQEs + QZanWs)) ). (3.55)
——fd2T1 fd% MVAQVD (6,bb5) QVe (bb5) QBanVe)
+(QBAQVD (£0b5b5) QVe (bob%) n¥anVe) )

IC3 _ — -
+ 7/dZT f a0 ((nwaQVo (b7 b7) QVe by En V)

—(2a0VD (b707) QVe by n¥s Vi) +(n¥sVe (b75F) QVe by EaQVD)
+ <EB Ve (b7bF) QVe bgnprQVD> ) (3.56)
K3

_?/dZT1 /d2T2 ((n\IfAnVE (5c,b;, bt ) QVe (b b7) QEBQVD>W
+<QuAﬂVE (fclbcl cl) QVC( &) Cz) n\pBQVD>W)

3
+ 5 [ @1 dav ((rwave (br67) QVe b En0VS),

+ (EAVE (bobF) QVe by nVsQVp

=

5)
)
+ (v QVp (b707) QVe by EaVe)
)

_ (aB QVp (b7bF) QVe by nWaVi ) (3.57)

w
3
=5 [ @1 [ @1 (19405 + 02anvn)
x (£cbe %) OV (Pb5) QVenVe)
K3
+ gfdzT % a0 (2((n¥a Q&5 + QBAnYs) (b757) OV bgVCVE>W

~((rva02 5 + 0EanWs) (6cb; bF) x Vo by (QVenVe + Ve QVE))
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—((@VenVe +nVe QVe) (6b7b7) x Vo by (1%40Es + 0Ean¥s))
+2(Ve Ve (b bF) QVo by (1%4 Q85 + QEan¥s)) ). (3.58)
AGEPIEE = = / d*Ty / d2T2 nwAch (Eeb b)) QVp (b,b7) QaanE>W
+(QBA0Ve (6bb%) QVb (bob5) ¥anV) )
K 2 -+ —
n 7]d Tjgde ((nwAch (b7b}) OV b; ngE>
~(240Ve (b7bF) QVo b nWsVe) +(1VaVe (b757) QVb by BalVe)

+{esv

A}@‘ZED'BC) _K_/d /d2T2 (<77‘1/A77VE (&1bg, C1) OVp (bczbcz) QEBQVC>W

[I]

e (b7bF) OV bgnq/Ach)W), (3.59)

0EAnVE (£,b2bE) OV (bczbg)anch>W)

(98]

2
2 (ir fan oy o),

[I]

+(2aVe (b2 5F) OVD b w50V, (anch (b b5) @V by BaVe),
o

ABIE|C = =
ALIEICD) —E/dlefdsz (nYAQEp + QEanYp)

E50Vc (bb}) OV bgnprVE>W), (3.60)

% (6016, bl) nVe (bybl) QVeQVo)
+ %/dzTygdG <2<(n\lJAQEB + QEanVp) (b7 bY)
x Vi by (QVe Vi + Ve QVD)>W — <(17\IIAQEB + QBanVp) (EbbY)
X Vi by (QVenVp +nVe QVo)) = ((QVenVo +nVe QVo) (6cb; by)

+2((QVe Vi + VeQVp) (b7 57)

(
x Vg by (1WAQEp + QaAan))W
(

x Vi by (nW4 Q85 + QaAn\pB)>W>, (3.61)
AE‘?ZC}_;LElBD) __fd2T1 fd2T2 nvaQVe (Eclbm cl)nVE( &3 cz) Q“BQVD>
+(Q8aQVe (6abs ) 1V (bbt) 1¥s QD) )
K 2 -+ -0
+ —/d dee ((n\lfAQVc (bzbT) Ve b, nBQVD>
+(Ba0Ve (b7bF) Ve by anQvD) +(nws Vi (b757) Ve b—uAch>W

+ <EBQVD (bc_b:_) Vi b;n\I—’A QVC>W), (3.62)
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C|E|A
A(FiBlel = /dle/dsz nWpQVe (&,b. b)) nVE (b, CZ)QHAQVD>

+ {0880V (ebz ) 1V (b)) 1¥aQV) )
n K—;/dZT f o (<an OVe (b7 b)) Vi by EAQVD>W
+(280Ve (b 57) Ve bynwaQVi) +(n¥aQVp (b7bF) Ve by E5QVe)
n <EAQVD (b7 bF) Vi b;n\pBQVC>W>. (3.63)
The contributions from the 1P diagrams are also calculated in the same manner, for example:
AUBICDE) _ l;—S/dZT/dze <(n\I!AQEB + QBAnWp)
x (gcb; bF) (bebes) QVeQVonVe)
- %3 / T f s (2((nwAQaB + QEan¥s) (b7 b7) QVe b7 Vi V),
0Ep + QEanWs) (6:b7b7) x Ve by (QVonVe +nVoQVe))
+ < nvaQ QEanVs) (b 1Y) OVp by VCVE>

(6cb

2{( )

((n\vAQuB + QBAnVa) (b7 bF) x Vb by (QVenVe +nVeQVe)))

+ <(77‘1’AQuB + QEanYg) (bo b)) x Vi by (QVeVp + VCQVD)>W
(6cb

2
~((1v4 08 + QBanVa) (b7 bF) x Vi b7 (QVenVo +nVeQVo)), )

3
+ %fdzeyfde ((beibes) (QVeVo + Ve QVo)
3

_ K
x Vg b, (n\IJAQEB+QEAn\IIB)> - d@fde (nYAQEg + QEan¥p)
X by (Ve by Vo + Vo by Ve) V), . (3.64)

The external bosons in the dominant contribution, the first term, are again aligned as
(QVc, OVp, nVE). The contributions from the other nine 1P diagrams are also calculated as:

©3 _ ~
apgere = - [ @1 [ @0 ((nvaove (6:60) (bebe) 02aQVoIVE)
+(08a0Ve (b; bF) (besbes) 1¥B VN VE), )
K3 2 -7+ —
= Z/d dee ((nwaove (b67) 0Es
+ QEA0Ve (b7bF) n¥5) by Vi VE>W

+(EaQVe (6:b76F) nWs by (QVoVE +1VDQVE))
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A

A

(AD|BCE) _
F2B3

(AE|BCD) _
F2B3

+2(nwa0Ve (b75F) @V by B VE>W —2(84QVe (b bF) Vi by s VE>W
+2(nWaQVe (b75) Vi by B QVo) +2{8aQVe (b757) Ve byn¥s0Vp) )
3
n %/cﬂ@fde (( (be,be,) WOV Vi by Ea QVC>W
+((besbey) E2QVDVE by nWaQVe) )
3
L+ ?ﬁ do f d6’ (nwAch by Ep — BEaQVc by nVp) bg,vaE>W, (3.65)
[ 1 [ 2o (reaevo 6hmE) Geibes) 025 0venve),
+(08a 0V (b b) (berbey) W5 QVenVe) )
= %/dZT a0 (((nwaQVp (b757) 0Z
+ 0BaQVp (b7 b7) n¥s) by Ve Vi)
+ (B4 0V (cby bF) n¥s by (QVenVi +nVe QV))
+2(nwaQVp (b7 b7) QVe by B VE>W —2(84QVp (b75F) QVe by ¥ VE>W
+2(nwaQVp (6757 Vi by EBQVC>W +2(240Vo (b7 b7) Ve bganch>W)
K3 2 _
+ ?/d efde (((berbes) ¥z Ve Vi by EAQVD)
+((berbe,) B QVeVE bynWaQVo) )
3
+ "_?gdefde’ (1VAQVD by B — BaQVD by nWs) byVeVe) o (3.66)
[ [ o (rwanve @62 () 030V 0V)

+

—_—

QEanVi (6:575Y) (beibes) 1¥aQVe Q) )

|
&7,

/dZT ?g do (((nprvE (bobF) Q8B + QEAVE (b b)) n¥p)
x by (QVeVp + VcQVD))
+(BAQVE (&b b) W by (QVenVp +nVcQVD)>W
+2(nWaVi (b b7) QVe by EBQVD>W +2(2aVe (b757) QVe bgn\pBQvD>W

+2(nwa Vi (b757F) QVb by B QVC> +2(8 Ve (b7b7) OV by 1 QVC>W)

+—/d26% 9( (beybe,) NWEQVEQVp by UAVE>
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A

A

(BC|ADE)
F2B3

(BD|ACE)
F2B3

- < (be,bc,) EBQVeQVp bg_ﬂ‘I’AVE>W>
K3

+ Zfd@fde/ ((1waVE by Ep + BV by 1)

X by (QVeVo +VeQVn)). . (3.67)
a 2 2 -+

=S [ [ o (pvsove eb: bt (berbes) 02a0VonVe),

+ <QEBQVC (&b b7 (beybe,) TI‘IJAQVDUVE)W)

— —/d2 ygde (n¥p0Vce (b)) QB

+ QEQVe (b7 b}) nW4) by VDVE>W

+(E80Ve (6b7b7) nWa by (QVoNVE +1VDQVE))

+2(n¥sQVe (b7 bF) QVo by EaVe) —2(EQVe (b b)) QVb by n¥aVE)

+2(1WaQVe (b b7) Ve by BaQVb)  +2(Ea0QVe (b bF) Ve by n¥aQVo) )
K3 2 —

+ ?/d 9%619 (< (bclbcz) nYaQVpVE by GBQVC>W

+((berbe,) BaQVVE by n¥aQVe) )

3
K —r [ _ -
+7 7§ do yg do’ <(n\DBQVc by Ba — EpQVc by nWy) be,VDVE>W, (3.68)

3
—% / d>T / @ ((nva @V (b7 b7) (beibes) QEAQVenVe)

/\

QE50Vp (5b; b7) (beybey) n¥a QVenVs) )

_%/d ygde <((n\IJBQVD (b b)) QEa

+ 0E80QVp (b7 b7) n¥a) by Ve V)

/-\

+(880Vp (6cb7b7) nWa by (QVenVi +nVe QVe))

+2(n0s OV (b b7) QVe by BaVe) —2(Ea0Vb (b7b7) QVe byn¥aVe)

+2(nWpQVp (b7bY) Vi by B QVC>W +2(250Vo (b767) Vi by n¥a0Ve) )
K3 2 — =

+ 7/51 efde (( (beibes) nwaoveve b; aBQVD>W

+((beibes) BaQVeVE by n¥5QVD) )

3
K _ _ _
o f do f 6’ <(n\IJBQVD by Ea — E5QVp by nWa) bg,vch>W, (3.69)
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A

A

A

(BE|ACD) _
F2p3 =

(CD|ABE) _
F2B3 -

(CE|ABD) _
F2B3 -

3
=5 [ [ o (pvanve (0:b0) (bebe) 0210V 0VD)
+ <QEB77VE (£:b7bF) (be,be, ) n‘PAQVCQVD>W)
3
= %/dszde (((nws Ve (b757) QBa + QB8 Vi (5757) n¥a)
x by (QVeVp + VCQVD)>W
+(E80VE (b7 bF) n¥a by (QVenVp +nVe QVp))
+ 2(;7\113 Ve (b7bF) QVe by EAQVD>W n 2(33 Ve (b7bF) Ve bgn\yAQVD>W
n 2<n\p3 Vi (b7b7) QVip by EAQVC>W + 2<EB Vi (b)) QVp by nWs QVC>W)
IC3 2 -~
+ 7/61 efde (( (beybe,) NWAQVeQVp by anE>W
—((beibes) BAQVEQVD by Wi Ve) )
IC3
+ Ifd@%d@’ <(77\I’BVE bg_EA + EgVE b;n\IJA)
X by (QVeVo +VeQVn)). . (3.70)

3
-5 [ @1 [ 6 {oveovn ebib?) (bebes) (194020 + QEanwa)aVe),

_ %/dzTygdG (<(QVchD +nVeQVp) (Eb7DY)

x (2(nWa by 25 — Ea bynWs +nWs by Ba — S by 1V4) OV

— Ve by (nW4QEp + QEAn\PB)>>W ~2((QVeVp + VeVp) (b 57)

x ((nWa by QFs + QB by 1¥p +1Wp by OF 4+ O by nWa) Ve

— Vi by (1%4 Q85 + QEan¥y))) )

+ ';:fdzefde <(bc1bc2) (WAQEp + QEAnY5)VE

x by (QVeVp + VCQVD)>W, 3.71)
—gdeT/dze <QVC77VE (757 (beybe,) (MW QEp + QEA??\IJB)QVD)W
_ %/d%y{d@ ((QVCnVE + Ve QVE) (&b b

x (2(0Wa by 5 — Ea by nWs + Vg by B — g by %) OV

~ Vo by (104085 + 0Ban¥a) ) +2{Ve Vi (b7 b)
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A

(DE|ABC) _
F2B3

x ((n\yA by QEp + QB4 by nWs + nWsb, Q4 + QEpb, 1¥A)QVp

+ OVob; (194085 + QBan¥y))) )

+ '{4—3/5129?&19 ( (be,bey) (TWAQER + QEANYE)QVD b;VCVE>W, (3.72)
K3
T/d%/cﬂe <QVDnVE (b7 b)

x (beibe:) (194 Q8 + QEanWa) QVe) |

L [ @1 § a6 (((QVonvi + nvooVe) (et b7)

x (2(;7\1:/4 by Ep — B bynWs + Vg by B4 — Ep by nWa) QVe

— Ve by (nW4QEp + QEAn\IJB))>W +2(Vp Ve (b757)

x (1% by Q85 + Q4 by ¥y +n¥aby QB4 + QT by 1¥a) QVe

+ QVeb, (nVaQEp + QEA”\I’B)»W)

3
K _
+ T /dzeygde ( (be,be,) (MYaQER + QEAnVE)QVe by VDVE>W. (3.73)

The last contribution from the NP diagram can be divided into three parts: those integrated by four,

three, and two moduli parameters, respectively. After a little calculation to align the bosons in the

first part, the dominant contribution, we obtain:

(ABCDE)
AF233

3
K
= —7/d49 <$ (be,be,besbe,) (NYAQER + QEAH‘IJB)QVCQVDHVE>W

d%0 % a6 (6{ (bc,bcs) 1V QVe OV by Ba V)

—6{ (bcibe,) BAQVE QVi by n¥i Vi) +6( (beybe,) %5 QVeQVi by EaVe

=

¢,) EBQVcQVp by nWaVe) +6( (bc,be,) nWYaQVeVE by EpQVp

=
=

((beibey)

= 6{ (bcibe) )y 6l

< bc,be,) BEAQVe Ve by H‘PBQ‘Q))W + 6<

+ 6< (beybey) BAQVDVE by ¥ QVC> + 6<
((berbes) )y 6l
((beibe,) )
((beibe,)

=

bc,bc,) nVYpOVeVE by EAQVD

=
=

[I

(beibey) )
(berbes) )
(beibes) N¥aQVDVE by ErOVc)
(berbes) )
(berbes) )

(bc,be,) EBQVeVE byn¥aQVp) +6( (bc,be,) VB QVpVE by A0 Ve

=
S

(bc,be,) ErQVpVE by n¥4QVe w
(be,bc,) (MYAQEB + QEanYB)QVp by VCVE>
beibey) (1WA QEs + QEanVa) QVe by Vo Ve)

(1%AQEp + QEanWs) Vi x by (QVe Vi + chvD)>W
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+2( (bebes) (QVe Vi + Ve QVo) Ve x by (1%4 Q85 + 0Ean¥s)) )

= gfde f a9’ ({(1%4 085 + QEanWp) by (Ve by Vo + Vo b;VC)VE>W
+3((nWa QVe by Ep — EaQVe by Vs

+nWpQVe by Ex — BpQVe by nWa) bg,VDVE>W

+3((10aQVp by B — BAQVD by 1V

+1WBQVD by Ea — EaQVp by n¥a) by Ve Vi)

+3((1¥aVE by Ep + BV by Vs + 1V Ve by Ea + EpVi by 1)

X by (QVeVp + Ve Vo)) ). (3.74)

The total amplitude is given by summing all these contributions. One can show that the boundary
contributions integrated over less (two or three) moduli parameters are canceled, and consequently
the total amplitude becomes the sum of the dominant contribution of each diagram:

Apags = /<3/d2T1d2T2 ((mvsove (b56%) mva (b50%) @VHVE) + 14 terms)
+ i3 f 2Td% ((nvanws (b7 b7) (beibe,) QVeQVpn V) + 9 terms)

43 / d*6 ( (bcibesbesbe,) MY an¥s QVe QVpn Ve ) (3.75)

Each contribution again has the same form as that in the bosonic closed string field theory after
imposing the constraint if we identify the external bosonic strings and n¥, QV, or nV. Hence the
two-fermion—three-boson amplitude is also reproduced by the new Feynman rules.

4. Conclusion and discussion

In this paper we have reconsidered the symmetries of the pseudo-action of the heterotic string field
theory. It has been found, at some lower order in the fermion expansion, that the missing gauge
symmetries, which were considered to be present only in the equations of motion, are realized as the
symmetries provided we impose the constraint after the transformation. Respecting also this type of
gauge symmetry, we have proposed a prescription for the new Feynman rules and shown that they
actually reproduce the correct tree-level amplitudes in the case of the four- and five-external strings
including fermions.

An important remaining task is to prove that the new Feynman rules actually reproduce an arbitrary
on-shell amplitude at the tree level. For this purpose, it is necessary to complete the pseudo-action,
which has only been obtained at some lower order in the number of fermions or string products [9].
The new kind of symmetries must play an important role in this construction and proof. The Feynman
rules should also be extended to be able to calculate general loop amplitudes, for which we need to
introduce an infinite sequence of ghosts for ghosts and construct the quantum action satisfying the
Batalin—Vilkovisky master equation [14,20]. It is still unclear what role the pseudo-action can play.
It is important to clarify whether the apparent difficulty coming from the duplicated off-shell fermions
actually causes an inconsistency. It is also worthwhile studying the off-shell amplitudes obtained

33/45

9T0Z ‘ST Joquieaag uo A1siBAIUN 0104 ‘@INIsuU| Jo1Jeay UYoteasay Jo Ariqi e /Blo'sfeulnolplojxo-deid//:dny wouy papeojumoq


http://ptep.oxfordjournals.org/

PTEP 2015, 093B02 H. Kunitomo

by the new Feynman rules and comparing the results with those obtained by the rules proposed
recently [19].
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Appendix A

The gauge symmetries provided by the constraint given in Sect. 2.3 have only been shown to exist
at some lower order in the fermion expansion. Up to the order discussed in the text, however, the
transformation of the pseudo-action is proportional to the constraint in the lowest order of the fermion
expansion: Qg & = nW. Itis therefore worthwhile to show that the transformation including the next-
order corrections properly transforms the pseudo-action to the form proportional to the constraint,
correctly including the next-order corrections. Including the next-order pseudo-action [9],

Sriel = —%{nw [v. 00w, (0087 + (v, [w. [w.0o®r] ] )
~ g [w 0oz [w.0097] ] ) - Getlrw [w ooy [w 00] ] )
(Al)
we can find that the next-order A -transformation has to be:
S ¥ = —;[\D (0697, (2627 1]+ 2#*[w. [w, QoW (067 ua] ]
ol Qc\v»[w«saﬂnm]c]g + 2 [w 00z [v. 00w 0020 ] ],
+ 5 [v 00w 002 [w 00z 00 ] ] - o2 [ 0owun] ],
0o, v0oar ], - S [[v.005], . 00w 002 )
19 T, 0o, 065],. v, 06z 11— 2 [[w. (0627 ] v, Qownn],
5 llw oow oz wn ] - e[ [ [00mt ] 1],
gl v oos [ ooz ] ]+ G [ 0oz [w [ cozan ] ],
+ Sl [w.008] . [w. 005 0n] ]+ 2 [w.[[w. 008] . w. 0oz na] ]
o[-0z ] vom] ) v 0m. [[w 0oz e ] ]
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6!
5

ZOKSKS[[\IJ’ [qj’ QGE]G]G’ V. 068, 77A1]G— o [[\Ij [qj’ (QGE)Z]G]G’ v, nAI]G

6!
5

. ’;—![[\p, 0GE, [xy, QGE]G]G, w, nAl]G _ ';—![[w, QGE]G, w QGE]G, w, r]Al]G,
(A2)
2 =~ 00w, (062 1]+ S[w. [w. 002 ani] ],
+54z [ 06z [w. (06®?, ”AI]G]G+—K [v. 0622, [w. 065 nn1] ]
- 5w 00z] v 06 0] - i ([ v 062?] v 0oz ]
+';—j [w. o8] wonai] Z—,[:[ 06¥. (068 1M] |
-gle e[ comrom] ] ], - 5l= v 0om [v 0omnm] | ],
(e [v 0o, v 0oz ]+ o [ ceor] o],
(A3)
By, = 2—[\11 (Q6¥). Q6B nA1]_ - 26L,6[w ¥, 06w, (0B nai] |
—Z—T[W Qc V. [w,<QGE)3,nA1]G]G—96L,6[w 0GE. [V. 0¥, (0B 1] |

6

_4L[III OcgVY, 0GE, [‘I’ (QGE)*, nAl]G]G

6!

K°r 9 -
— a_\y, (QGE)”, [\If, OcV, OGE, nAI]G]G
_ *;_fq, 060, (06", [, 0o nai] |+ Z—f[w (06" [, QoW nai] ]
+2—f v.06¥| w.(06® nai] + %[[\P Q6E| . W, 0o¥. (Q6EP ]
A - =2
+H_[\y, QgVY, Qca]G,\If,(Qca) ,nAl]G
+§—f v, (QGE)Z]G,\IJ, 06V, OGE, UAI]G
+ 2—? v, 0¥, (QGE)’ ]G, v, ”Al]G + Z_T[‘I" [\p [\p, (068, nAl]G]G]G
+46L,6 [ 06E. [w.(06®” a1 ] ]
+ l;?[ [\Ij (Q6E)*, [\D’ QGE’nAl]G]G]G

540

+ 2w 0oB. [w. [w 6B 0] ] ]

6!

G1G
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+ 156“!"6[\1/,Q e, [v. 068 [¥. 06 uni] ] ],
- 25_“; v gE? . [w. [w.0c8.am] ] ]
_ 96L‘6[\p [[¥ 0o2] . w.c87 ami] ]
- w v 0o, v 06z ani] ], + S [w [[w o] wan ] ],
-l 06z. [[w. 008] W 06z.uni] ],
1‘;“" [w. 068 [[w.(06®? | wonai] |
- @ [ 0oz] wan] ],
2w [ 002] . [w. 0622 na] ]
56K‘ [w. w067 | . [w 068 nai] ]
- 156“;’ v, 068, [¥. 08| . [¥. Qo8 nA1] ]
2 [n.0uz] [0ce] v 00mm,
1?6 [v.068] . [v.(0c2?] . w.un]
+ %xy v 068 | v (0e®? nai,
2w [w.0022] ] 9. 00 0n1]
zg' [w.[w.06®?] ] wonai]
12’ [w. 0c8.[w. 068 | .. o8 na1]_
%‘"[\p 068, [v, (QGE)Z]G]G’ v, ”AI]G
v %[ V.6’ ¥, 06E] | v . "

Then the transformation of the pseudo-action at this order is given by:

6 4
8[ ]SNS + 6t ]SR[Z + 8[ ]SR 4]+ 6 O]SR[()]
3

K K2
4,<nA1 [\IJ, QGE,[(§[\IJ,W, Qc;E]G),Q(;E} } >
: Gl1G

3

C Ty (% 1w yw, 0o8 )2
—m[ ,(ﬁ[ » 1 ,QGu]G)»[(QGu) ]G]G>
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K3 2 K2
' : GdG

B Z—j<’7A1’ [(l;_? (W, W, QGE]G) , 0GE, [V, QGE]GL>
_ 36_K!5<77A1v \1’ QGE, [QG\IJ’ v, (QGE)Z:IG]G)
+ 36L!5<'7A1, v [ 06w, (627 ] ] )
— 36L!5<nA1, :(QGE)Z’ [‘Iﬁ Qc¥.n¥, QGE]G]G>
+ 36L!5(77A1’ :77‘1’, JdGE, [\Ij’ Qo (QGE)Z]G]G)
- 2_?<77A1, v 0¥, 068, [nv. (0687 ] ] |
+ ';—?<nA1, \IJ OV, nVv, [(QG E>3:|G:|G>
K> [ =2 2| |
_ a(nl\l» V. (QGE)”, [QG‘I” ¥, QGQ_G_G>
+ g<’71\1» :‘1’, v, QG E, [QG\D’ (Qc E)Z:G:G>
i3 [ )2 g| |
B a<’7Al’ | OV, (QGE)”, [\p, ¥, QGG_G-G)
K> [ = )] |
+ a(ﬂf\l» | Q6¥.n¥. OGE, [\p’ (Co®) -G—G>
_ §<’7A1’ :(QG E)°, [‘I” QcV¥, n\y]G]G>
+ g(nm, :n\ll, (Q6E)*, [‘I” QcV, QGE]GL;)
_ 36L!5<,7A1, V. 06V, (067, [V, QGE]G]G>
+ 36L!5<nA1, :\I—’, QcV¥,nV¥, OGE, [(QGE)Z]G]G>
_ 36L!5<,7A1, :QG\IJ, (Q6E), [‘I” U\D]G]G>
+ 36L!5<nA1, :QG‘IJ, N, (QGE)*, [\p, QGE]G]G)
_ 36L!5<nA1, :(QGE)27 [‘I” [\p, ¥, Q6 E]G]G]G>
+ 36L!5<’7A1a :’7\11, OGE, [\Ij’ [\Ij’ (QGE)z]G]G]G>
_ %(UAM \I/ 0GE, [QGE’ [‘IJ’ v, Qg E]G]G]G>
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51
3id
A
5

9k
+ g,
5

5!
5

3k A
— STl

9% A
+ ?<77 L
5

51
5!

5
5!

) lI’v QG Ea |:nlIJ9 I:IIJ’ (QGE)Z
Jwonw. [ 06E. [, (6B
|V QGE, [\p, [nw’ (QqE)” G

, ‘I’, nw, [‘I” [(QG 8)3]G]G:|G>

N K_<77A1 [(QGE)z’ [\p’ OcE. | V. n\p]G]G}G>

G
- (usn [, 008, [w. 0w | (00B7 ] ]

[ 7. [wonw.[w. 0sE] ] ] )

[n\ll, 0GE, [‘1’» 0GE, [\p, QGE] ] :|G>

Glc
_K_<;7A1 [\IJ, 0GE, [(QGH) [qj nv G G]G>

W, 068, [n¥, 068, [w. 06E] ] | )
[ Q¢ n¥, Oc Q¢ GlGglc

[IIJ, nv, [(QG E)*, [\p’ Q¢ E]G]G]G

- S(nan[w. 0o [, 068, [nw. 06E] ] | )

GlG

_ K_<;7A1 [IIJ, nw, [‘I’, OcE, [(QGE)Z]G]G]G>

[ ser. [w.[wne] ] ].)

e oo, [w. v 068 ] | )
v @2 [oE W] ] ] )

| w.ne. 068 [00m. v 068 ] | )
w2 v [nv. 02| ] ].)
Jwnw.0cE. v @6’ ] ].)

|
ece. [w. 0cE] . [w.nw. 0sE] ] )

[ece. [w.nv] . [w 0B ] 1)
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’ [\D’ [(QGE)Z]G’ [\p, v, QGE]G]G>

[ w00 [ @037,

— =« <77A1’ [\p, [qj’ Qa E]G’ [n\p, (Qa E>2]G]G>

3>
g
30
~ el
23 5
6!
243
+ i
Ocd
-
9>
g
9>
— i
KS
3k
g

:\Ij’ [\Ij’ n\lj]G’ [(QGE)3 ]G]G)

’ :(QGE)Z’ [qj’ H‘I’]G, [IIJ’ Q6 E]G]G)

[ 005, [ 003], . [+ 203], ]

G’

(w002, [+.002], v 00] 1)

G
[q” QGE, [\Ij’ nqj]G’ [(Q(;E)Z}G]J

[ 0o [@anr] 1)

where the first four terms give the O (\113) corrections to the constraint in the previous order

result (2.43).

The A />-transformation at the next order is similarly obtained as:

59w = [0, 06w, (0687 06ny |~ < [w.[w. (068 00
Mp ™ T [T RETARCE GRS o T S LT LT RO 208 6
2K4 _ _ 2/(4 -
+?[\P, 0GE. [\If, 0GE, QGA%]G]G-F?I:‘D,(QGQ) ,[xp, QGA%]G]G
2/(4 " _ w . A 4K4 v > . R
(A6)
4 4
s ':—K_[IIJ (06E), 0 AI] _K_|:':: [\y (06E)%, 0 A]] ] (A7)
Al/z"‘_ 31 s Gu) , UYGg ile 21 o, s Ga) , Ug e G,
5 5
By =—% [\Il, Q6Y, (QGE) ’QGA%]G+ . [\p, [\Il,(QGu) ,QGA%]G]G
3 ~ 0
+ o _‘1’, 0GE, [‘I’, (QGE)", QGA%]G]G
g, (065 [w. 065, 0 ) ]
6! L ) [eX=] ,_ s Ga, G % clo
23 N 33 _ .
- (v e [w0any ] ] - T (1 06Bl6 . v (068)7. Q6 |,
2K5 r 2] ~ 2K5 3
- = [[v o2 w068 06ny ]|+ = [[v 0687 w060y .

(A8)

39/45

9T0Z ‘ST Jequeosq uo A1SeAIUN 0104 ‘81N1Nsu| J01oeay YoJesssy Jo Akiqi e /Blo'sfeulnolp.oxo-dsid//:dny wouy pspeojumoq


http://ptep.oxfordjournals.org/

PTEP 2015, 093B02 H. Kunitomo

which transform the pseudo-action to

AI/ZS ns 4+ 88 Spioy 4 8% Sppay + 8

K2 K2
== QGAl,[QGa,[a (3,[w N, 0GE ]G)] ]G>
K2 Kz
- E<QGA;, |:<? [V, nV¥, O E](;) ,[E, QGE :| >

Al/z A1/2 AI/ZSR[6]

- {eany [0oz. [w.nw. @037 ] ] )+ 5 (0any [ [w. 03] ]
+ 2 (0ony [, 00z [1v. 637 ] ) - 2 {oony. [ [0a2] ] )
-2 {oan . [0o32 [w.nw. 03] ]

+ 2 (0an . [rv. 003, [v.0022] ] )

+ ooy [v. o7 [nv. 002] ] )

- eans [vorw.0cs [ @637 ] )

The first two terms give the correction to the constraint in (2.50).
The pseudo-action is invariant under the A3 />-transformation up to the order discussed in the text.
If we improve the transformation by adding the next-order transformation,

Wy 2 v 06w, (06800 | +ﬁ[ v, [w. (0687 nh;] ]
3/2 51 5' 21GdG
iy, 0GE. [V, 068, 1A, ] ] —K—4[\p (067, [w.144] ]
6! L 2dgdé 5! pileRle
_6L4_[\I;Q Zlg, V¥, OGE, nA _E v =)2
v 068lG. v 6B Ay | - S |[ w6 | wanag] a0
S E=—£[%<Qca>3,nm} e [w@orany] ] . (A1)
3/2 5! 4l 21GlG
Blo :2—KSKSIIJQ\IJ(Q’:‘)3A —Ew W, (06E)?, nA
a3 6! [ PG ALGES %]G 6! [ [ (Q6E)7.m %]G]G
—9i[w 06E.[W. (068, 1Ay | —E[W,(QGE)Z,[\P, 068 nh;] ]
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it transforms the pseudo-action nontrivially as:
8r » SN + S, SRL21 + Sy, kL4 + Sis , SKIs]
4 4
N P T N T PR R
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The right-hand side vanishes under the constraint.
Last of all, the A1 />-transformation can be found as:
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which transforms the pseudo-action as:
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The first two terms give the correction to the constraint in (2.62).
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