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We consider the multiple point principle of the Standard Model with scalar singlet dark matter
(DM) and three heavy right-handed neutrinos at the scale where the beta function §; of the effec-
tive Higgs self-coupling L. becomes zero. We do a two-loop analysis and find that the top quark
mass M, and the Higgs portal coupling « are strongly related to each other. One of the good points
of this model is that a larger M,(=171 GeV) is allowed. This fact is consistent with the recent
experimental value M, = 173.34 + 0.76 GeV [ATLAS, CDF, CMS, and D0 Collaborations,
arXiv:1403.4427 [hep-ex]], which corresponds to the DM mass 769 GeV < mpy < 1053 GeV.

Subject Index B32, B37

1. Introduction

The discovery of the Higgs-like particle and its mass [1,2] is a very meaningful result for the Standard
Model (SM). It suggests that the Higgs potential can be stable up to the Planck scale M, and also
that both the Higgs self-coupling A and its beta function 8, become very small around the Planck
scale. This fact has attracted much attention, and there are many works trying to find its physical
meaning [3-20].

One interesting and meaningful study is to consider how the physics beyond the SM affects such
a criticality. For example, recently there has been a two-loop analysis of the Higgs portal Z; scalar
model [21]. In this model, the SM singlet scalar is a dark matter (DM) candidate, and it is found
that its mass can be predicted to be 400 GeV < mpym < 470 GeV from the requirement that A and 8,
simultaneously become zero at 10!7 GeV; this is usually called the multiple point principle (MPP)
[3-5].

In this paper, we study the MPP of the next minimal extension of the SM, namely, besides the
Higgs portal Z; scalar, we include SM singlet heavy right-handed neutrinos [19,22,23]. The MPP
of this model at the (reduced) Planck scale My, has already been investigated in Ref. [19]. There, by
using the two-loop beta functions and the tree-level Higgs potential, they concluded that mpy and
the heavy Majorana mass MR of the right-handed neutrino should be

8.5(8.0) x 10°GeV < mpy < 1.4(1.2) x 10° GeV, (1)
6.3(5.5) x 1083 GeV < Mg < 1.6 (1.2) x 10" GeV, )
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within 172.6 GeV < M; < 174.1 GeV. The different points in this paper are as follows:

(1) We consider the MPP at the scale where 8, becomes zero. Namely, we do not fix the MPP
scale at M. As a result, the condition 8, = 0 does not reduce the degrees of freedom of
the parameters.

(2) In addition to the two-loop beta functions, we also calculate the one-loop effective potential.

(3) We fix My to 10'3 GeV, and include the Yukawa coupling YR between the Z, scalar and the
right-handed neutrinos.

Although, within the renormalizable Lagrangian, there are also two scalar couplings in this model
(see Eq. (12)), we focus on A (and By ) in this paper.! The existence of heavy right-handed neutrinos
is naturally needed if we try to explain the light neutrino masses by the seesaw mechanism. Thus,
this model is phenomenologically interesting because it can explain both DM and the light neutrino
masses.

This paper is organized as follows. In Sect. 2, we review the MPP of the pure SM for the later
discussion. In Sect. 3, we give a two-loop analysis of the SM with the scalar singlet DM and three
right-handed neutrinos. In Sect. 4, a summary is given.

2. Preliminary: Multiple point principle of SM
In the SM, the one-loop effective potential in the Landau gauge is given by

Vett(@®, 14) = Viree (¢, 1) + Vo (05 1), 3)
where
Viree (¢, 1) = e“”@%’”d)“, )
M, (¢)* M? 3
Vitoop(@) := €7@ {—6- 2 [Iog( ;(f’)) >+ 2r(¢)}
My (¢)* M3 5
+3- —6”27(1‘1;) |:10g ( Z§¢)) -2+ 2r(¢)}
Mz ($)* M2 5
43 62:52) |:10g ( ig‘p)) -2+ 2F(¢)” : (5)
2 2
V&) + gy ()
M(¢) = y%)dn My (¢) = #qx Mz =g, ©6)

Here, u is the renormalization scale, I'(¢) is the wave function renormalization, and A(w), yr(u),
g2(1), and gy (1) are the renormalized couplings.? By using these results, the effective Higgs self-
coupling Acr(¢p, 1) can be defined as

hett(P, 1)
Vetr(®, 1) = =———¢". (7)
To minimize the contribution of Vlsllzlop (¢, n), we set ¢ = u in the following discussion.

't is difficult to realize the MPP of the other scalar couplings simultaneously in addition to A. This is
discussed in Appendix B.

2 For the beta functions of the SM, see, e.g., Refs. [21,24,29]. Alternatively, we can reproduce them by using
the results in Appendix A.
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Fig. 1. Left: the running effective Higgs self-coupling L. as a function of the Higgs field ¢. The blue band
corresponds to 95% confidence level (CL) deviation of the top quark pole mass M,. Right: the scale A g where
B, becomes zero as a function of M;.

The left panel of Fig. 1 shows A¢r(¢p) as a function of ¢. For the initial values, we have used the
numerical results of Ref. [24], and the Higgs mass is fixed at

My, = 125.15GeV. (8)

We use Eq. (8) as a typical value in the following discussion. The band corresponds to 95% CL
deviation of the top quark pole mass M;. For the 1o level, this is given by [25]

M, =171.2 £2.4GeV. 9)

If we assume that all the other parameters of the SM except for M, are fixed, we can find the scale

A g where B, . becomes zero as a function of M,. Here, B, means

dhefr (@)
dloge

The right panel of Fig. 1 shows Ag as a function of M;. The MPP requires that Acfr(Ag) should
become zero, and predicts

eff

ﬁ)»eff(qb) = (10)

M, = 170.9GeV. (11)

This is the MPP of the pure SM. In the next section, we discuss the MPP of the SM with the scalar
singlet DM and three right-handed neutrinos.

3. MPP of the SM with scalar singlet dark matter and right-handed neutrinos

We consider the following renormalizable Lagrangian:

3
L= Lom+ 50, 59"S — =M% = =8 H'H - TR ,2—1: DRIy 8, VR
3 ot 3 YRij o\ ¢
— <yvijLiH VR; + h.C) — MRij + —=S VR; VR - (12)
ij ij V2

Here, H is the Higgs field, S is the SM singlet real scalar field, mpy is its mass, vgR; are right-handed
neutrinos, Mp;; are their Majorana masses, and (Yg;;, yvi;) are the Yukawa couplings. For simplicity,
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we assume that Mg;;, Yr;j, and y,;; are diagonalized, and also that they are respectively equal for
the three generations. In this case, Eq. (12) becomes

2

1 A
£ = Lo+ 50,59"S - m%sz _ Syt - M

3
5 T ST Driiy O vRi

i=1
3 3
_ YR _
_va(LiHTVRi +hC) _Z<MR+ES) Uﬁil)R,‘. (13)
i=1 i=1

Thus, including the top mass M;, there are seven unknown parameters,
Ml‘v mpwM, K, )"DM’ Yv, MR» YR? (14)

in this model. In the following discussion, to distinguish the initial values of these parameters at
u = M; from their running couplings, we use the subscript 0 for their initial values, like «q, except
for M;. Because S is the candidate for the DM, mpy and x must satisfy some relation such that they
can explain the observed energy density [27]:

h2
Qpmh? 1= PPMY _ 0.1196 + 0.0031 (68% CL). (15)
Prot
For mpm 2 My, this relation is approximately given by [28]

(16)

log ok ~ —3.63 + 1.041og, (’gii‘/‘) .
c

Moreover, if we assume that the neutrino mass is 0.1 eV, y,, and MR must satisfy

M, 2y2p2 2)2
R 12l L 2V g ey, (17)
2 M2 |~ 2Mg

where vy, is the Higgs expectation value. This is the usual relation of the seesaw mechanism. In the
following discussion, we choose Mg = 10'3 GeV, so y, is fixed by Eq. (17). As a result, four of the
seven parameters remain free; they are

Mt, K, )\DM7 and YR. (18)

To discuss how the effective couplings behave at the high-energy scale, we must know the renor-
malization group equations (RGEs) of this model. Their results are presented in Appendix A. Here,
note that the contributions from the heavy right-handed neutrinos should be taken into account at the
scale where i > MR. The one-loop effective potential of the Higgs field is given by

Mpym(¢)* Mpym(9)? 3 M;($)* M (¢)* 3
v+ S s (M) 3] o [ () 2]
(for ¢ < My),
Vi@ 1) i={ o o Mow@' [ (Mou@?®\ 31 M;@'[  (M;@?\ 3
Vioop@) + =6 [k’( pe 2] 70 e 2T 2
M/ (¢)* M () 3
—6- i |:lo( e >—§i| (for ¢ > My),
(19)

where

K¢2 MR 2 2e2r(¢)¢2
Mpn() = \/eZWT Fmdy, MEQ) =2 (1 - \/1 P ) @)
R
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Fig. 2. The running effective Higgs self-coupling A.¢ as a function of ¢. The upper left (right) panel shows
the M, (ko) dependence. For M;, the blue band corresponds to 95% CL deviation from 171.2 GeV. The lower
left (right) panel shows the Apmo (Yro) dependence.

In these expressions, we have put § = 0 because we now focus on the MPP of the Higgs sector.’
Furthermore, we can neglect mpy in Eq. (20) because its effect is very small when ¢ > mpym. As
in Sect. 2, we set ¢ = u, and define the effective Higgs self-coupling A as

4 4
¢—4V(¢) =4 (Viree (@) + Viloop(9)) - @2y

Figure 2 shows A¢r(¢p) for various values of the parameters. Here, the typical values are chosen to be

Aeft(P) =

Aomo = 0.2, k9 =0.2, Ygro=0.2. (22)

One can see that A depends mainly on M; and «g, and hardly on Apymo and Ygro. This is because Apm
does not appear in §; and YR appears at the two-loop level (see Eq. (A7) in Appendix A). Therefore,
by fixing Apy and YRr, we can relate M; and «¢ from the MPP.

By the same procedure of Sect. 2, we can calculate the scale Ag where B, becomes zero, and

eff
obtain Acr(Ag) as a function of M; and «o. Figure 3 shows the results. In the upper (lower) panels,
YRro is fixed to 0.2 (0.7). The difference between the left and right panels is whether the tree- or
one-loop-level potential is used. The parameter regions where Aqf(Ag) < 0 and Apm(Ag) < 0 are
filled, respectively, with blue and red. Both of them are excluded from the stability of the potentials.

The MPP predicts that M, and kg should exist on the green contour. One of the good points of this

3 Of course, we can consider the MPP of the DM sector. We study such a situation in Appendix B.
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Fig. 3. The parameter dependences of Aci(Ag). Here, Apwmo is fixed at 0.2, and Y is fixed at 0.2 (0.7) in the
upper (lower) panels. The left (right) panels show the calculations by using the tree- (one-loop-) level potential.
The green lines show the prediction by the MPP. The contours that represent Ag = 10'¢ GeV, 10!7 GeV, and
10" GeV are also shown by red, blue, and orange, respectively.

model is that a larger M, is allowed, unlike in the SM. This is consistent with the recent experimental
value [26],

M, = 173.34 £ 0.76 GeV, (23)

which corresponds to the DM mass (see Eq. (16)),
769 GeV < mpm < 1053 GeV. (24)

Two comments are needed.

1. The contours that represent Ag = 10'° GeV, 10!7 GeV, and 10! GeV are also shown in Fig. 3
by red, blue, and orange, respectively. Thus, a larger M, (such as Eq. (23)) means that, in this
model, the MPP of the Higgs potential occurs at the relatively low-energy scale (<106 GeV).
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2. As is seen from the lower panels of Fig. 3, we can also require Apm(Ag) = 0 in addition to
Aeft(Ag) = 0. Because ko and YR appear in the one-loop part of B;,,,, we can obtain a further
relation between them by Apm(Ag) = 0. Although one might think that the one remaining
parameter can be determined by B, (Ag) = 0, we have checked that it is difficult to satisfy
ADM(AB) = Bipy (Ap) = 0 simultaneously. See Appendix B for more details.

4. Summary

We have discussed the MPP of the SM with scalar singlet DM and right-handed neutrinos. We have
found that Acr and By can simultaneously become zero within a reasonable parameter region. The
MPP predicts a strong relation between the portal coupling « and the top mass M;. Unlike the pure
SM, a larger M; is allowed in this model, which is favorable for the recent experimental values
[25,26]:

M, = 173.34 £ 0.76 GeV. 25)

Although we have found that the MPP can be satisfied for the Higgs potential, it is difficult to realize
the exact flatness of the scalar potential at some high-energy scale A:

MA) = Br(A) = Apm(A) = Bipy (A) = k(A) = B (A) = 0; (26)

see Appendix B for details. It would be interesting to consider a generalization of this model in such
a way that the MPP can be realized for whole scalar fields.
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Appendix A. Two-loop renormalization group equations

The two-loop RGEs where the Lagrangian is given by Eq. (13) are as follows:*

dgy 1 41 5 g (199 , 9, 44, 17 , 3,

dr @26 T3 5 =8~ Vi — 5% Al
at @ 6 T\ T T s T g T (AD
dr Gl e i \ 5 = 12¢5 — 5 ( ) : A2
dt (47)2 6 &+ (4)* 2gY + 6 8 + 1283 3 Yr+y (A2)
dgs 7 5, 0& (11, 9, .

==t g | —g5 — 2685 —2y? ), A3
dr @S T Gnyt 68y T % T A0 A (A3)

* The calculations in this appendix are based on Refs. [30-32], and our results are in agreement with the
recent result [23] when there is only one right-handed neutrino and Yg = 0.
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dy;

dr

dw _

dt

dYr

dt

dx

Z:

dipm

dt

Yt 9, » 17, 9, 2
an ) (Ey, + 3y, — T8r ~ 8~ 8¢3

+(4ﬂ)4{—12y _Zy”_jyly"_g Ryv—i-6k +4K —12kyl
131 2 15 , 225 2 45 , 22 4 1187 4
— — 36
+gy< 16 + 8)’v>+8 ( 16 =+ 8)’v + 3683y, + 216 778y
23 3 19
— & — 108g5 — Jeyes + 9833 + 3g§g§}, (A4)

Y2
(471)2( DR YR g8 - g8

12yt — Tyt Tys — 622 + —
+(471)4{ Yo T I T 3 R » 4y’+16 oA K

123 85 9 225 45 27
— 13— cr+ g (ot oyt o)+ 6 (Gt + f 4 1eR)

35, 23, O
+ 208357 + 538y — € - 4g§g§} (A5)
Yr 252 YR | 814 2705 o202 27 4
= (3v3+22) + 5 {—1—6YR - YR -l - Sl
2 1 2.2 3 2.2
— hpmYg — 8yy — 28Y Y T 78 | (A6)
L (oan—9g — 38 + 1252 4 1252) + 222 1+ 282
(47_[)2 g2 gY Y yt 4g2gY ]
3gy | 2 4 4 3 2 3 2( 2 2
gt Ol =6 | -2 - st - 31 436 <gY+3g2)
629 4 B an T3\ 305 0 2895 0 59 5 379
A > 2
+ < a8 y + 1 838y — g8 6% 48 SY82 — o 8y82 t 8y

8 9 85 , . 45
— 3263y = Sepoi — 2a8 (07 +07) + 27 (ggi + g+ 80g§)

15 45 19 21 3 3
wid (S + 568 ) + so? (—eh + 38) i (3 + 348)

3 1 3
— 14422 (y; + yv) —3A (yt —|—yv + = 5 Ryv) + 30 (yt +YV + = 5 RYV) — _Yé,(z},

1

= Gy (3,\2M + 1262 + 6Apm Y2 — 18YR>

l 17

21
+ 7218 (Yﬁ + yﬁ) + ApmYR (?Y]% — 18y3) — 9Y§A%M}, (A8)
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dk 5 2 2, w2\ 3 (2 2 2.2
m — ) <4/< + 126X + kApMm + 3« (2y, + 2y, + YR> — 5/{ (gY + 3g2> — 12YRy,
K 21 , 2 5.2 2 2
@) {—?K — 72k ) — 601" — 6K ADM — EADM — <Yz + yv> (12« + 721)
27 27 3 51
= 3YR Qi +dpw) — Ty = S0 — YR+ L YROT + g7 (240 + 3g3 (i + 242)
85 45 15 45 557 145 15
2 2 2 2 2 2 2 4 4 2 2
+ (Egy + 78 + 4083) + ) (Zgy + ZS’Q) + R T g8 + ?8)/82}
Yays [3 2 2 2 2
at 1 (9, 3, ., .,
= G (a8 g8 ). 0

Appendix B. Is an exact flat potential possible?

One question is whether the MPP can be realized exactly, namely, if
A(Ap) = Br(Ap) = ApM(Ap) = Birpy (Ap) = k(Ap) = Bc(Ap) =0 (BI)

is possible or not. Here, for simplicity, we also define Ag as the scale where B becomes zero. To
discuss this possibility, it is qualitatively enough to consider one-loop RGEs. One can easily under-
stand that it is impossible to realize Eq. (B1) as follows: even if A(Ag), B).(Ap), Apm(Ag), and
Bipm (A g) become simultaneously zero, we cannot make k (Ag) zero because the one-loop part of
Bipu at Ag becomes

1
2 4
NN :—(12/< —181/), B2
M;=170GeV, M;,=125.15GeV, Appp=0.2 M,=176GeV, M;=125.15GeV, Appp=0.2
1.0 1.0F" ! ! ! ! ! !
0.8 0.8+
0.6 0.6+
2 2

0.4 0.4} .

— By (Ap)=0 — B (Ap)=0

— Apm(Ag)=0 — Apm(Ap)=0
0.2 0.2} ]
0.0 0.0f, ) X ) X \ A

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
Ko Ko

Fig. B1. The blue (red) lines show the contours where B, (Apm)(Apg) = 0. The left (right) panel is the
M, = 170 (176) GeV case. Here, note that, if kp 2 0.3, Ag becomes less than Mg = 10"3 GeV, and there is no
solution of B, (Ag) = 0 because the one-loop part of B,,,, is always positive when 1 < Mg.
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and we need « (Ag) # 0 to satisfy By, (Ag) = 0.> Furthermore, it is also difficult even to satisfy

ADM(AB) = Bipy (Ap) = 0 simultaneously; see Fig. B1. This shows the contours such that Apm (A g)

and B, (Ag) become zero, respectively. Here, we have used two-loop RGEs. One can see that the

two contours do not intersect.
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