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Abstract

This thesis focuses on the discretization of degenerate partial differential equa-
tions arising in Finance.

In particular, the Cauchy problem for a second order linear parabolic PDE is
discretized in the spatial variables for both the bounded and unbounded coefficient
cases. The semi-discretization is considered for the general multi-dimensional
version of the PDE and also for the particular one-dimensional case.

The approximation to the PDE problem solution is obtained by using basic
finite difference methods in discrete Sobolev and weighted Sobolev spaces.

Existence and uniqueness results for the generalized solution to the semi-
discretized problem are deduced. Finally, we give an estimate for the rate of
convergence of the solution of the semi-discretized problem to the solution of
corresponding the exact problem. Stronger results are deduced for the special

case of one dimension on space.






Sumario

Esta dissertacao estuda a discretizacao de equagoes diferenciais parciais de-
generadas com aplicacoes as Financas.

Em particular, o problema de Cauchy para uma equagao diferencial parcial
linear de segunda ordem ¢é discretizado nas varidveis espaciais para os casos de coe-
ficientes limitados e ilimitados. A semi-discretizacao é considerada para a versao
multidimensional da EDP e também para o caso particular de uma dimensao
espacial.

A aproximagao a solugao da EDP é obtida com recurso a métodos basicos
de diferengas finitas em versoes discretas de espacos de Sobolev e de Sobolev
ponderados.

Sao deduzidos resultados de existéncia e unicidade para a solucao generaliz-
ada do problema semi-discretizado. Finalmente, é dada uma estimativa para a
taxa de convergéncia da solugao do problema semi-discretizado para a solugao do
problema exacto correspondente. Sao obtidos resultados mais fortes para o caso

especial de uma dimensao no espago.
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Chapter 1

Introduction

Banks and other financial and non-financial institutions deal daily with credit
and investment decisions. The mathematical problems involved in this financial
decisions have been, in the last 50 years, object of increasing interest.

From the seminal contribution by Bachelier, the field of Financial Mathematics
was built with the works of Fama, Cox, Black, Scholes, Merton and others. One
of the major studies concerning quantitative modelling with the use of stochastic
processes is the Black-Scholes model (1973) which allows pricing an option by
solving a simple partial differential equation, the Black-Scholes equation.

Since then, the field of Financial Mathematics enjoyed an explosive expansion.
With the markets’ globalization, the financial system suffered a profound trans-
formation and evolved to the present state of extreme product sophistication and
complexity.

Financial derivatives are central to Financial Mathematics. Since there are
not, in general, closed form solution to derivative prices, numerical analysis plays
a major role in the field. Our interest goes to the approximation to the price of
multi-asset options.

In this work, we consider the Cauchy problem for second order linear partial
differential equation of parabolic type the multi-asset European option pricing can
be cast into. The degenerate PDE is considered in its multidimensional version
and its coefficients are allowed to grow in the spacial variables. The PDE problem
is set in Sobolev and weighted Sobolev spaces and its solvability considered in
the variational framework.

The main of this thesis is to approximate degenerate PDE linear parabolic of
second order, both to unbounded and unbounded coefficient cases.

To achieve these goals we began by recalling some important classical results,
in particular, we define the Cauchy problem, enunciate results about Sobolev and
weighted Sobolev spaces and the we state conditions to the exact problems (both

in degenerate and degenerate situations).
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Previous works have been published on these subject, namely the works of
[26, 27, 28, 31, 45]. In particular, in [26] developed a discretized problem in space
variable and proved the existence and uniquenessof generalized solution to the
nodegenerate problem (to bounded and unbounded case).

This thesis, adapted the same procedures but to degenerate case and proved
the existence and uniqueness of this solution of the space discretized Cauchy
problem. Is also proved the consistency of the scheme and obtained a rate of
convergence of the solution to the problem in analysis to the corresponding exact
problem.

With the new results and with the previous works on the one dimensional
case to unbounded coefficients in the nondegenerate case, already mentioned,
we applied this methodology to the degenerate problem both with bounded and
unbounded coefficients (case of dimension d and one) and also applied to the one
dimensional case to unbounded coeffients in the nondegenerate case.

Therefore, we begin by defining a spatial-discretized version of the PDE prob-
lem by using a basic finite-difference scheme. This new problem is considered in
discrete versions of the Sobolev and weighted Sobolev spaces. Then, we prove ex-
istence and uniqueness results for the generalized solution to the semi-discretized
problem and show that the scheme is stable. Next, we prove that the scheme is
consistent. Finally, we deduce a convergence result and an estimate for the rate
of convergence of the solution of the semi-discretized problem to the solution of
corresponding the exact problem.

We treat separately the special case of one dimension in space for which
stronger results are obtained.

We note that the usual procedure for obtaining numerical schemes for the
PDE problem under study is to localize the exact problem to a bounded domain,
and then to approximate the localized version of the problem (see, e.g., [8, 41, 57]
and also [48], where the same technique is used for a more complex problem). If
the procedure is adopted, then the PDE coefficient unboundedness is no longer a
difficulty to tackle and the functional spaces to consider need not to be weighted.

If the alternative procedure of semi-discretizing the PDE problem in the whole
spacial domain and then localizing the semi-discretized problem to a discrete
bounded domain is chosen (see, e.g., [17, 18, 19]), then the coefficient unboun-
dedness remains a problem to deal with. The present investigation is meaningful
in this latter case.

Moreover, the study now developed extends the works [26, 27, 28, 30, 45] on
the nondegenerate PDE case to the general degenerate case.

Next, we present this thesis contents.
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In Chapter 2 - Financial problem: stochastic modelling, we summarize the
stochastic and financial background for the Black-Scholes modelling of a multi-
asset option of European type.

In Chapter 3 - Approzimation of PDEs with bounded coefficients, we begin by
presenting a Cauchy problem for a parabolic evolution equation in abstract spaces
the PDE problem can be cast into. Classical existence and uniqueness results are
given. Then, we present the initial value problem for a linear parabolic PDE, in
both the nondegenerate and the degenerate cases, introduce the Sobolev spaces,
and give classical existence and uniqueness results.

The PDE problem is then discretized in space by using a finite-difference
scheme. The functional discrete Sobolev spaces are introduced. We establish the
existence and uniqueness of the semi-discretized problem generalized solution, its
stability, the scheme’s consistency, and the convergence to the solution to the
corresponding exact problem. A rate of convergence is estimated.

The special case of one dimension in space is dealt in separately, with stronger
results.

In Chapter 4 - Approzimation of PDEs with unbounded coefficients, we be-
gin with the presentation of classical results for the existence and uniqueness of
the generalized solution to a parabolic PDE initial value problem in a class of
weighted Sobolev spaces. The PDE coefficients are allowed to grow and the PDE
is considered in both the nondegenerate and the degenerate cases.

Then we discretize the PDE problem in space with the use of a finite difference
scheme and introduce a discrete version to the weighted Sobolev spaces. Stability,
consistency, and convergence results are proved.

As in the previous chapter, stronger results are obtained for the one dimen-
sional case.

In Chapter 5 - Conclusion and further research, we briefly discuss our results

and we outline future extensions of the present research.






Chapter 2

Financial problem: stochastic
modelling

Financial analysis, in the first half of the 20th century based the price of the
future options in the past information: the price variation in a certain period was
based in variations in previous periods.

Bachelier, french mathematician already mentioned on the previous chapter,
wrote in 1900 his PhD thesis under the theme ” Théorie de la Spéculation” where,
for the first time, the financial process is associated to stochastic process, but these
results were only revealed sixty years later. Bachelier studied the french treasury
bonds and concluded that the price behaviour is similar to random walk, which

he studied in continuous time, known as Brownian motion.

2.1 Financial theory framework

To ensure the capacity of future prices it is fundamental to have a standardiza-
tion of option prices. It is well known that random factors have a huge role in
economics activity. Due to this fact, the process of pricing is random and any

model used to describe this process has to be a stochastic process.

Random walk, martingale model and efficiency market theory.

Louis Bachelier, with his seminal work, associated the pricing process to ran-
domness in his "Théorie de la Spéculation” thesis, due to the inexistence of
memory in stochastic processes. One of the best examples is the random walk, the
reason this dynamic was the first model used to describe the prices flutuation:

in each moment the variation of prices (increasing or decreasing) is a random



quantity between statistical independent moments.

Bachelier showed also that prices changes occur without any connection to
external events, very often. So, using probability theory it is possible to estab-
lish laws that are verified by the prices and its variations. Bachelier modeled
the sucessive changes in prices, using the Central Limit Theorem, obtaining a
normal distribution to the prices flutuation and assuming that they were inde-
pendent and identically distributed: assumption that formed the basis of the
Theory of Efficient Markets. The later denominated random walk, was defined
in Bachelier’s thesis through the distribution function of the Wiener stochastic
process (Brownian motion outset) and connecting with the diffusion equation.

Later, Albert Einstein presented the partial differential diffusion equation,
using Brownian motion and defined an estimate to the molecula’s size.

Until the middle of the 60’s, efficiency of markets was about random walk
theory, but since 1965 with Eugene Fama, the efficiency of financial markets comes
up associated to the martingale model, accepting the predictability in expected
variance conditioned of the profitability and the volatility in certain periods of
time. Also Samuelson studied, in parallel with Fama, the random character of
prices as the consequence of rational markets. The only difference between the two
authors was the probabilistic model they used to describe the random variantion:
Fama choose the Random Walk model and Samuelson introduced, for the first
time, the Martingale model.

Fama revealed that asset’s returns can variate in time in a predictable way
and prices can be not random. So, Fama’s efficiency model is based in the dif-
ference between the observed expected return and the foreseen expected return
by a pricing model - the mean controled return to the asset risk, in order to get
economic profit.

Eugene Fama (1970) defended that financial markets can have three efficiency
stadiums: weak form, semi-strong form and strong form. In the weak form past
price movements and volume data do not affect stock prices, in the semi-strong
form all public information is calculated into a stock’s current share price and
in the strong form all information in a market, whether public or private, is

accounted for in a stock’s price.

2.2 Stochastic process background

In this section we will state some theorical results which are fundamental to this

work.



Stochastic processes

As in [36], a stochastic process is a mathematical model for the occurrence,
at each moment after the initial time, of a random phenomenon. Attending also
to [46], we have:

Definition 2.2.1. {X;(w),w € Q,t € T'} is said to be a stochastic process if it is
a family of random variables defined in a probability space (Q2, F,P), with T the
asset where the parameter ¢ is defined. If T'= N then the process is said to be in
discrete time; if 7' = [a,b] C R or T'= R the process is said to be in continuous

time.

Remark 1. {X;} is the state of the process in instant ¢ and X,(w) is called a

trajectory of the process.

Remark 2. Consider the succession of independent random variables {Z;, t € N}.
Then, the Random Walk

thzl—i-ZQ—i-...—FZt:Xt,l—i—Zt

is a stochastic process in discrete time.

It is now important to establish the definition of continuity in mean, of a

stochastic process.

Definition 2.2.2. Let p > 1. A stochastic process {X;(w),w € Q,t € T} with
values in R, where 7' is an interval of R and such that E[|X;|?] < oo, is said to

be continuous in mean of order p if, for all t € T, we have

lim B[| X, — X,|"] = 0
s—t

Remark 3. Continuity in mean of order p implies the continuity in probability.

Martingales
The martingale theory is very important on the modern theory of financial
derivatives and requires knowledge on measure theory.

Owing to [46] the following results are established:



Definition 2.2.3. Let X be a random variable. The o-algebra generated by X
is the minor o-algebra containing X and it is represented by {X *(B) : B € Bg}.

Definition 2.2.4. Assume the probability space (2, F,P) and the succession of
o-algebras {F,,n > 0}. Also consider that Fy C F; C ... C F, C F. The

succession {F,,,n > 0} is called a filtration.

Definition 2.2.5. A stochastic process {M,;n > 0} is a martingale, in discrete
time, in order to the filtration {F,,n > 0} if:

1. For each n, M, is a random variable F, measurable (M is a stochastic
process adapted to the filtration {F,,,n > 0});

2. For each n, E[|M,]|] < oc;

3. For each n: E[M,1|F,] = M,.

Remark 4. In the definition of martingale we have that for every n,
EMyi|Fp] = My,

Instead, if we have for every n,
E[My1|F] = M,

then M, is called a submartingale.

However, if we have for every n,

then M, is called a supermartingale.

Once again, it is important to state the definition in terms of continuity:.

Definition 2.2.6. A stochastic process { M;;t > 0} is a martingale, in continuous
time, in order to the filtration {F},t > 0} if:

1. For all t, M, is a random variable F; measurable (M is a stochastic process
adapted to the filtration {F},¢ > 0});
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2. For all t> 0, E[|M,|] < oo
3. For all s < t: E[M|Fs] = M.
The following theorem is an important result for continuous martingales (see

[46]).

Theorem 2.2.7 (Kolmogorov’s submartingale inequality). If M, is a non-negative

EM
submartingale, then Plmax(My, ..., M,) < a] < M) for a > 0.
a

Theorem 2.2.8 (Martingale Convergence Theorem). If {M,,,n > 1} is a martin-
gale and E|[|M,|] < M then, with probability 1, lim,,_,,, M, exists and is finite.

Brownian motion
The Brownian motion concept is associated to the botanist Robert Brown
(1828) who observed an irregular motion in his pollen grain experience. Math-

ematically it is explained by the Brownian motion (see [46]).

Definition 2.2.9. A stochastic process B = {B;;t > 0} is a Brownian motion if:
1. By =0;
2. B has independent increments;
3. If s < t, then B; — By is a random variable with distribution N(0,¢ — s);

4. The process B have continuous paths.

Remark 5. The Brownian motion has the following properties:
1. The Brownian motion is a Gaussian process;
2. E[B] =0;
3. E[BsB;] = min(s,t);

4. If B; is a process satisfying the conditions (1), (2) and (3) then the distri-

bution of B; for each ¢ must be normal;

5. Consider B; a process satisfying the conditions (1), (2) and (3) and let m and
o? be the mean and the variance of By. Then E[B;| = tm and Var|[B] = to>.

If m =0 and ¢ = 1 then B, is called a standard Brownian motion.

10



Theorem 2.2.10 (Wiener). There exists a Brownian motion on some probability

space.

Some examples of Brownian motions are:

e Geometric Brownian motion: X; = e#t°8 where X has lognormal

distribution;
e Brownian motion with drift: Y, = ut + 0B, is a gaussian process;

e Brownian bridge: 7, = B, — tB,t € [0, 1], is also a gaussian process.

Next we introduce the definition of Brownian motions with filtrations.

Definition 2.2.11. Let F; be a filtration. A stochastic process B; is called an

F;-Brownian motion if:

1. Is a Brownian motion;
2. Is F; adapted;

3. B; — By is independent of F; for any ¢ > s.

In order to clarify some properties, the following results connect martingales

and Brownian motion.

Lemma 2.2.12. If B, is an F}- Brownian motion then it is an F}-martingale.

Proposition 2.2.13. If B = {B;;t > 0} is a Brownian motion and {F” ¢ > 0}
is the filtration generated by B, then the following processes are {FftB ,t > 0}-

martingales:
1. By
2. B —t;
3. exp(aB; — %%)

Stochastic integral
To state the existence of the stochastic integral (known as It6 process), it is

necessary to impose some conditions.
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Definition 2.2.14. Consider a measurable space (€2, F)) equipped with a filtration
F,. A random time 7T is a stopping time of the filtration, if the event {7 < t}
belongs to the o-field F}, for every ¢t > 0. A random time is an optional time of
the filtration if {T' < t} € F}, for every ¢t > 0.

Lemma 2.2.15. If T is optional and # is a positive constant then T + 6 is a
stopping time.

Lemma 2.2.16. If T and S are stopping times then so are TAS, TV S and T +S.

Definition 2.2.17. A process X is said to be simple if there exists a strickly
increasing sequence of real numbers 0 =ty < t; < ... < t, = T and a set of
random variables {&,} with sup,~¢éen(w) < C < oo, for every w € €2, such that ¢

is F}, -measurable for every n > 0 and

Xi(w) = eo(w) oy (¢ +Zez ) (11521 (2)

0 <t <oo,w € ) The class of all simple processes will be denoted by Ly and we
have Lo C L*(M) C L(M).

The stochastical integral with respect to a Brownian motion is defined next.

Definition 2.2.18. Suppose that X € L. The stochastic integral of the simple

process X, with respect to a Brownian motion, By, is defined as
n—1
It(X) - Zgi(Bt/\ti+1 - Bt/\ti)v 0<1t<oo,
=0

where n > 0 is the unique integer for which ¢, <t <,

Proposition 2.2.19 (Itd’s Isometry). Consider X a simple process and the

Brownian motion B;. X verifies the isometry property:

(/OTXtdBt> =F [/:det] .

The definition of It6 Integral follows.

2

E

Definition 2.2.20. Consider the Brownian motion B; and the stochastic process
X;, such that:

12



1. X; is Fj-measurable;
2. X, is adapted;
3. B[, Xzdt| < oo

Then, the Ito Integral is defined by

n—o0

/ X,dB, = lim X(" dB,

2
where Xt(n) satisfies lim,, .o E [ fOT (Xt — Xt(")) dt} = 0 and the limit is con-

sidered in L2.

Now we relate stochastic integrals and martingales.
Proposition 2.2.21. Let X be a process satisfying the conditions:
L. ff E[X2])ds < oo
2. X is adapted to the Fj-filtration
Then the following relations hold:
o B|[)X,dB,] =0

E [( I XSdBS)Q} = [* B[X?ds

. fab X,dB, is FP-measurable.
Proposition 2.2.22. For any process g € L*[s,t] that is E [f: gudBu|Fs] =0

Corollary 2.2.23. For any process g € L?, the process X, defined by

t
X(t) = / 0.dB,
0

is an (F})-martingale. It means that every stochastic integral is a martingale.

Extensions of the Stochastic Integral

The stochastic integral can be defined for a larger class of integrands processes.
It is necessary to make some changes in the definition of stochastic integral.
Therefore, the first and third conditions in Definition (2.2.20) can be relaxed for:

13



e There exists an increasing family of o-algebras {H, : ¢ > 0} such that:
1. B, is a martingale with respect to H; and
2. X, is H;-adapted.

o P [y Xpdt < oo = 1.

Definition 2.2.24. A continuous and Fj-adapted stochastic process
{X:,0 <t < T} is called an Itd Process if it can be expressed in the form

t t
X, =Xo+ / usdBg + / vdS
0 0

where u,v € L2.

As a shorthand notation, it can be written by

dX; = udt + vdB;.

Theorem 2.2.25 (One-dimensional [t6 formula). Let X; be an It6 process given
by
dXt = udt + UdBt.
Let g(t, z) € C*([0,00) xR) (i.e. g is twice continuous differentiable on [0, o) xR).
Then
}/t - g(t7 Xt)
is again an Ito process, and
Jg dg 1% 2
dYy = —(t, Xp)dt + ==(t, X)d Xy + == (¢, X¢).(dX
t at(7 t) +8x(7 t) t+2ax2(7 t)( t)?

where (dX;)? = (dX};).(dX;) is computed according to the rules

dt.dt = dt.dB, = dBy.d, =0, dB,.dB, = dt.

Theorem 2.2.26 (Integration by parts). Suppose f(s,w) is continuous and of

bounded variation with respect to s € [0, ], for a.a.w. Then

/0 ' f(s)dB. = f(t)B, - / ' B.df.

14



Consider now with the multi-dimensional Itd formula. Let
B(t,w) = (By(t,w), ..., Bu(t,w))

denote m-dimensional Brownian motion. If each of the processes w;(t,w) and
v;;(t, w) satifies the conditions given in the extension and definition of It6 process

(1 <i<n,1<j<m),then it is possible to form the following n-It6 processes:

dX1 = uldt + UudBl + ...+ UlmdBm

dX,, = u,dt + v,1dB; + ... + Vpmd By,

Or, in matrix notation simply

dX (t) = udt + vdB(t),

Xl(t) U1 V11 .-~ Uim dBl(t)

Definition 2.2.27. A process X (t) in the conditions above is called an n- di-

mensional [to process (or simply an Ito6 process).

Theorem 2.2.28 (The general It6 formula). Let
dX(t) = udt + vdB(t)

be an n-dimensional It6 process as above. Let g(t,z) = (¢1(¢, x), ..., go(t, z)) be a

C? map from [0, 00) x R™ into RP. Then the process:
Y(t,w) = g(t, X(t))

is again an Ito process, whose component number k, Y}, is given by

(t, X)dX;dX;

_ Ogy G 1 g,
dYy = —F(6X) + Z g0, (b X)AXi + 5 2]: S,

15



Theorem 2.2.29 (The It6 representation theorem). Let F € L*(Q,Fr, P).
There exists a unique stochastic process u, Fi-adapted and with E [ fOT ufdt} < 00,
such that:

T
F = E(F) +/ usdB, :
0

Theorem 2.2.30 (The martingale representation theorem). Consider B(t) such
that B(t) = (Bi(t), ..., B,(t)) is n-dimensional. Suppose M, is an F™-martingale
(w.r.t. P)and that M, € L*(P) for all t > 0.Then there exists a unique stochastic
process g(s,w) such that g € V™ (0,) for all + > 0 and

t
M;(w) = E[M,] —|—/ g(s,w)dBs a.s. forall T >0.
0

Stochastic differential equations

Consider a Brownian motion {B;,t > 0} defined on a probability space
(Q,F,P). Suppose that {F;,t > 0} is a filtration such that B, is Fj-adapted
and for any 0 < s < t, the increment B; — B, is independent of Fj.

We aim to solve the stochastic differential equation:

dX;
dt
With initial condition X, independent of B;. The coefficients b(t,z) and o (¢, x)

are called, respectively, drift and diffusion coefficient. W; is one dimensional

=b(t,Xy) +o(t,Xp)Ws, b(t,z) €R, o(t,z)eR

”white noise”.

The SDE can be written in the integral form:

¢ t
X; = X0+/ b(s,XS)ds—i-/ o(s, Xs)dBs
0 0
Or in the differential form:

dXt = b(t, Xt)dt + O'(t, Xt)dBt

Let us define now the solution of a stochastic differential equation: diffusion

process.

Definition 2.2.31. The solution of a stochastic differential equation is an Ito

process X; such as:

16



1. X; is adapted to Browian motion with continuous path;
2. E [fOT(a(s,XS))2ds < 00.

Then X, solution of the SDE, is called diffusion process.
We now state the existence and uniqueness solution for SDE.

Theorem 2.2.32. Let 77 > 0 and b(,-) : [0,¢] x R* — R"
o(.,.) 10, T] x R" — R™™ be measurable functions satisfying

bt )| + o)l < COL+ o), w € B, £ (0,7
for some constant C, (where |o|*> = 3" |0;;]*) and such that

for some constant D.
Let Z be a random variable which is independent of the g-algebra £ generated
by Bs(.),s > 0 and such that

E[|Z|%] < .
Then the stochastic differential equation
dXt = b(t,Xt)dt + O'(t,Xt)dBt, 0 S t S T, XO =7 (21)

has a unique t-continuous solution X;(w).
Also have the property that X;(w) is adapted to the filtration F? generated by

Z and Bg(.),s <t and
T
0

Remark 6.

1. The solution X; defined above is called a strong solution, since the version
B; of Brownian motion is given in advance and the solution constructed

from it is F{7-adapted.

2. If only are given the functions b(¢,z) and o(t,z) and ask for a pair of
processes ((X;, By), H;) on a probability space (€,3(, P) such that (2.1)
holds, then the solution (X, B;) is called a weak solution.

Note that H, is a increasing family of o-algebras such that X, is H,-adapted

and B; is an H;-Brownian motion.

17



3. A strong solution is also a weak solution but the inverse is not in general

true.

Diffusion Theory

Due to the diffusion process, a role of important results to the stochastic

calculus are important to be recalled.

Definition 2.2.33. A n-dimensional stochastic process {X;,t > 0} is a Markov

process if, for every, s < t that is
E[f(X)| Xy, r < s] = E[f(Xy)|X{]

for any bounded Borel function f on R™.

Theorem 2.2.34 (The Markov property to diffusion processes). Assume a bounded
Borel function from R™ to R. Then, for t,h > 0

E[f(X10) ™)) = EX@[f(X).

Where F™ is the o-algebra generated by {Bsa,; s > 0}.

Definition 2.2.35. Let {N;} be an increasing family of o-algebras in Q. A
function 7 : Q — [0, o0] is called a (strict) stooping time w.r.t. {N;} if

{w; T(w) <t} € Ny, for alt > 0.

7 is trivially a stopping time w.r.t. any filtration.

Theorem 2.2.36 (Strong Markov property for diffusions processes). Let f be a

bounded Borel function on R", 7 a stopping time w.r.t. ?ﬁm), T < 00 a.s.. Then,
B [f(Xri)|FE] = BX[f(X)]

for all h > 0.

The following definition is very important to link a diffusion process X; to a
second order partial differential operator A, in order to A be the generator of the

process X;.
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Definition 2.2.37. Let {X,} be a (time- homogeneous) diffusion process in R".
The (infinitesimal) generator A of X, is defined by
E* | f(Xy)] —
Af(x) = Tim 2 tt)] @), ern

t—0

The set of functions f : R™ — R such that exists the limit at  is denoted by
D 4(z), while D4 denotes the set of functions for which the limits exists for all
r € R".

The relation between the operator A and the diffusion process is due to the
[t6’s formula: let f(¢,z) be a function of class C'2. Then f(¢, X;) is an Itd process
with differential

df (t, X;) = ((gf(t Xi) + Acf(t, X; ) dt+zz t , X))o, X,)dB].

i=1 j=1

As a consequence, if

“(1

for every ¢t > 0 and every i, 7, then the process

9L (5 X)ors (5, X.)

d > < 00 (2.2)

Mt_f(t,Xt)—/O (ngrA f>( X,)ds

is a martingale.

Remark 7.

have linear

0

1. A sufficient condition for (2.2) is that the partial derivatives 5

i
growth, that is

of

8@-

(s,2)] < L+ [ (23)
. . of :
2. If f satisfies the equation e + A;f =0 and (2.3) holds, then f(t, X;) is a
martingale.

3. The martingale property of this process leads to a probabilistic interpreta-

tion of a parabolic equation with fixed terminal value, i.e.,



Theorem 2.2.38. Let X; be the diffusion process
dXt = b(Xt>dt + O'(Xt)dBt.

If f € C3(R") then f € Dy and

of 1 0’
Af(z) = Z bi(z) 3{ +3 ;WT)Z-,J- (x) oz, aij‘

Theorem 2.2.39 (Dynkin’s formula). Let f € C2(R™). Suppose 7 is a stopping
time, E*[r] < co. Then
ELF(X,)] = fla) + E° [/ Af(Xs)ds] .
0
Remark 8. If 7 is the first exit time of a bounded set, E*[t] < oo, then the

previous theorem holds for any function f € C?.

In the following, we have some classical results on solutions of stochastic dif-

ferential equations, beginning with the Kolmogorov’s backward equation.

Theorem 2.2.40. Let f € CZ(R"). Define
u(t, z) = E*[f(X1)] (2.4)

then u(t,.) € Dy for each ¢ and

0

8—?:Au,t>O,I€R” (2.5)

uw(0,2) = f(x); z € R" (2.6)
where the right hand side is to be interpreted as A applied to the function
xr — u(t,z). Moreover, if w(t,r) € C*?(R x R") is a bounded function satis-

fying (2.5), (2.6), then w(t,z) = u(t, z), given by (2.4).

Theorem 2.2.41 (The Feynman-Ka¢ formula). Let f € CZ(R") and
g € C(R™). Assume that ¢ is lower bounded. Put

v(t,x) = E* {ea:p (—/0 q(Xs)ds) f(Xt)} : (2.7)

Then
%:Av—qv,t>0,xER” (2.8)
v(0,z) = f(x); xeR" (2.9)

Moreover, if w(t, z) € C1?(R xR") is bounded on K x R™ for each compact K C R
and w solves (2.8) and (2.9), then w(t, x) = v(t, x) given by (2.7).
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The following results are fundamental in the stochastic calculus, and its applic-
ations. The main result is the drift coefficient can be changed without transform-
ing radically the process law. Moreover, the new [t0 process will be continuous

in order to the original law. The following results are based on [46].

Theorem 2.2.42 (The Levy characterization of Brownian motion). Consider
X(t) = (Xi(t),..., Xp(t)) a continuous stochastic process on a probability space
(Q, H, Q) with values in R™. Then, the following (1) and (2), are equivalent:

1. X(t) is a Brownian motion w.r.t. Q, i.e., the law of X(¢) w.r.t. Q is the

same law of an n-dimensional Brownian motion.

2. (a) X(t) = (X1(t),..., X,,(t)) is a martingale w.r.t. Q (and w.r.t. its own
filtration) and

(b) X;(t)X;(t) —d;; is a martingale w.r.t. Q (and w.r.t. its own filtration),
for all 4,5 € {1,2,...,n}.

Theorem 2.2.43 (The Girsanov theorem I). Let Y (¢) € R" be an It6 process of
the form
dY (t) = a(t,w)dt +dB(t); t<T, Y,=0.

where T' < oo is a given constant and B(t) is n-dimensional Brownian motion.
Put

t 1 t
M, = exp (—/ a(s,w)dBs — 5/ aQ(s,w)ds) ;o 0<t<T.
0 0

Assume that M; is a martingale with respect to S"En) and P. Define the measure
Q on F by

dQ(w) = Mrp(w)dP(w).
Then Q is a probability measure on ?5? ) and Y (t) is an -dimensional Brownian
motion w.r.t. Q, for 0 <t <T.

Theorem 2.2.44 (The Girsanov theorem II). Let Y (¢) be an It process of the
form

dY (t) = p(t,w)dt + 0(t,w)dB(t), t<T
where B(t) € R™, f(t,w) € R™ and 0(t,w) € R™™. Suppose that exist processes
u(t,w) € Wi and a(t,w) € WY such that
O(t,w)u(t,w) = p(t,w) — a(t,w).
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Put . .
1
M, = exp (—/ u(s,w)dBs — 5/ u2(s,w)d8> , t<T
0 0

dQ(w) = Mp(w)dP(w) on F.

Assume that M, is a martingale (w.r.t. Ft(n) and P). Then @ is a probability

m
measure on F} )| the process

and

B(t):/otu(s,w)d8+B(t); t<T

is a Brownian motion w.r.t. Q and in terms of B(t), the process Y (t) has the

stochastic integral representation

dY (t) = at,w)dt + O(t,w)dB(t).

2.3 Aplication of stochastic calculus to finance

The field of Mathematics applied to finances emerged with the results of Black and
Scholes (1973) and Merton (1973), when the stochastic modelling of assets prices
has been generalized. They proposed the first equation to model a European

option, which allows to price an option by solving a simple PDE.

The Black-Scholes Option Pricing Formula

First, we will define some basic terminology in finances. Then we will show
the relation between Black-Scholes formula for pricing and the partial differential

equations.

Definition 2.3.1.

1. A (mathematical) market is an F™_adapted (n+1)-dimensional It6 process
X(t) = (Xo(t), Xa(t),..., Xn(t)); 0 <t <T which we will assume has the
form

dXo(t) = p(t,w)Xo(t)dt; Xo(0) =1
and
dX(t) = pa(t,w)dt + Y 0yj(t, w)dB;(t) = pi(t, w)dt + o3(t, w)dB(t);
j=1
with X;(0) = ;. o0; is row number ¢ of the n x m matrix [a;];
1<i:<neN.
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. The market {X(¢)}+cjo,7] is called normalized if Xo(t) = 1.

. A portfolio in the market {X(t)}icpm is an (n + 1)-dimensional

(t,w)-mesurable and Ft(m)—adapted stochastic process

O(t,w) = (Bo(t,w), 0. (t,w), ..., 0h(t,w));  o<t<T.

. The value at time ¢ of a portfolio 6(t) is defined by
Vt,w) =VO(t,w)=0(t) Ze

where - denotes inner product in R+,

. The portfolio (¢) is called self-financing if

| 190%00) + 3063
+Z Zé’ s)oi;(s ] }ds < o0 as.

and
dV(t) = 0(t).dX (t)

1.e.

V(t):V(O)Jr/tH(s).dX(s) for ¢ € 0,7).

VO(t,w) > —K fora.a.(t,w) € [0,T] x Q.

VUT)>0  as. and P[VYT) > 0] > 0.
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(2.10)

Definition 2.3.2. A portfolio #(¢) which satisfies (2.10) and which is self-financing
is called admissible if the corresponding value process V(t) is (¢, w)
bounded, i.e., there exists K = K () < oo such that

a.s. lower

Definition 2.3.3. An admissible portfolio 6(t) is called an arbitrage (in the
market {X;},c(07) if the corresponding value process V?(t) satisfies V?(0) = 0



Remark 9. The existence of arbitrage means a lack of equilibrium in the market.

Assume that the price X; of a risky asset (stock) at time t is given by the

geometric Brownian motion:
X, = f(t, By) = Xoele a7 Hob

where B = (By,t > 0) is a Brownian motion and X is assumed to be independent

of B. X is the unique strong solution of the linear stochastic differential equation
t t
Xt:X0+c/ Xsds—f—a/ X, dB;
0 0
which can be written as
dXt = CXtdt + O'XtdBt.

The cdt is the linear trend, odB; is the stochastic noise term, ¢ > 0 is the mean
rate of return and ¢ > 0 is the volatility.
Assume, now, a non-risky asset bound. An initial investiment capital S

returns an amount at time ¢ of

B = Bo e

where r > 0 is the interest rate and [ satisfies

5t=50+7“/0 Bds.

The portfolio includes the amounts of share a; in stock and b; in the bound, both
stochastic processes adapted to Brownian motion. So, (at,b;), t € [0,7] is called
trading strategy. The choice of this pair will define the existence of profit.

The value of portfolio V; at time ¢ is given by V, = a; X; + b, ;.

If a; < 0 means short sale of stock and if b; < 0 then the money is borrowed at the
bond’s riskless interest rate . We will suppose that the trading stategy (as, by) is
self-financing (i.e. the variation of its value is only responsability of variation on
asset prices x; and f3;).

The self-financing condition in differential form is:
dViy = d(a; Xy + by fy) = a;dX; + bdpy,
and in Ito form is:

t t t
Vvt - VE) = / d(asXs + bsﬁs) = / astS +/ bsdﬁs-
0 0 0
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An option is a type of derivatives and it is negociated in financial institutions
or in Stock Exchange.

Consider T' the time of maturity /expiration of the option and K the exer-
cise/strike price. We have two types of options: call option and put option. The
first gives the owner the right to buy and the second the right to sell the option,
both during the contract life and at a fixed price. The options can be either
European or American (the most important). European option can only be ex-
ercised at the expiration date and the American options can be at any moment

until expiration.

The payoff function of a European call option is given by:
(X; — K)" = max(0, X7 — K)
The payoft function of a European put option is given by:

(K — X;)" = max(0, K — X7)

In the following results we will consider the European call option.
At this time a question is relevant: what is the fair price for a Furopean call

option att =07

The Black-Scholes Model

This model impose some assumptions. One is the option is European and
market movements cannot be predicted. Also is assumed that no dividens are
paid out during the option life and that there are no transitions costs in buying
the option. Besides that, the risk-free rate and volatility of the underlying are
known and constant and the return is normally distributed.

Therefore, the price of the stock (risky asset) is described by the stochastic

differential equation
dXt = CXtdt + O'XtdBt, t e [O, T],

where ¢ is the mean rate of return, ¢ the volatility, B is the standard Brownian
motion and 7" is the time of maturity of the option.
The price of the bond (riskless asset) is described by the deterministic differ-
ential equation
dB, = rpdt, t € 10,7,
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where r > 0 is the interest rate of the bound.

The value of portfolio at time t is given by
Vi = a; Xy + b5y, te0,7].
The portfolio is self-financing if
dV; = a,d Xy + bid s, t e 0,7].

At maturity time, Vr is equal to the contingent claim h(X7p) for a given
function h. European options, in particular,for call options we have h(z) =
(x — K)*. For put options, that is h(z) = (K —z)™.

Recalling the Girsanov Theorem and changing the underlying probability
measure P, the discounted price of one share of stock X, = e "Xt € 0,77,
becomes a martingale under the new probability measure Q.

Representing f(t,x) = e "'z and applying Itd lemma we obtain
dX, = 0 X,dB, (2.11)

where
c—r

Bt:Bt+|: :|t, tE[O,T]

By Girsanov Theorem, B is a standard Brownian motion and the solution of
(2.11), given by
X, = Xoe 27 1HB ¢ € (0,77,

transform, under Q, into a martingale with respect to the natural Brownian

motion.

Finally we state the Black-Scholes formula.

Theorem 2.3.4. Assume in the Black-Scholes model that there exists a self-
financing strategy (ay, b;) such that the value V; of a portfolio at time ¢ is given
by

Vi=a X+ b, tel0,T],
and that Vi is equal to the contingent claim h(Xr). Then, the value of the

portfolio at time t is given by
V, = Eg [e """ I0(X,)|F,] . telo,T], (2.12)

where Eg(A|F;) denotes the conditional expectation of the random variable A,

given by F; = o(Bs, s < t), under the new probability measure Q.
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Next we study the value V; of the portfolio and the Black-Scholes price of a
European option. Let
0=T—t for tel0,T].

By (2.12), the value V; of the portfolio at time ¢, according to the contingent
claim Vp = h(X7r) is:
Vi = Bq [e7h(Xq)|Fi] = Bq e " Ph(X,elr 3o 04eBr =B 3, |

Since o(X;) C F;, X, is a function of B, and, under Q, Br — B, is independent

of J; and has an Normal distribution with ¢ = 0 and o = 6. So, considering
V;‘/ = f(ta Xt)

with -
—T 'f'—lUQ {0k 3
flt.x)=e 0/ h(wel"27 )00V o (y)dy,

and ¢(y) is the standard Normal density function.

As in a European call option we have h(z) = max(0,z — K) it goes

f(t,2) = / e 27— K| p(y)dy

22
= 1®(z) — Ke "' ®(2y),
with ®(x) the standard Normal distribution,

In (%) + (r+ %02)0

1
Py and 29 = 2; — 002,
o2

21 =

The Cauchy problem and a Feynman-Kaé representation

Consider a solution to the stochastic integral equation
X0 — g 4 / b(0, X))o + / o0, X\ NdWy; t<s<oo  (2.13)
t t
The coefficients
bi(t,x),00(t,x) : [0,00) x R* = R (2.14)

are continuous ans satisfy the linear growth condition.
Since we have a stochastic problem, under some conditions is the solution of

the partial differential equation. The equation (2.13) has a weak solution.

(X7, W), (Q, F,P) (2.15)
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for every pair (t,z) and this solution is unique in the sense of probability law.

Consider, now, a fixed T > 0, the constants L > 0, A > 1, and the functions
f(z)=RI =R, g(t,x):[0,T] x R? = R and k(t,z) : [0,7] x R? — [0, 0) are

continuous and satisfying one of the conditions

[f(@)] < L+ [|2][*) (2.16)
f(z) >0; VreR (2.17)
lg(t, )| < L(1+ ||2[|*) (2.18)

g(t,z)>0; YO<t<T,xecR%

Theorem 2.3.5. Under the preceding assumption (2.13)-(2.18), suppose that
v(t,x) : [0,T] x R — R? is continuous, of class C12([0,T) x R? and satisfies the

Cauchy problem

0
_8_175) +kv=Aw+g; in[0,T) xR,

o(T,z) = f(z); z€RY

as well as the polynomial growth condition

max |v(t, )| < M(1+ ||z|[*); 2 €RY, (2.19)

0<t<T

for some M > 0, > 1. The v(¢,z) admits the stochastic representation
T
olt,a) = B [f (Xr)eap(~ [ 1(6. Xa)db)
t

T s
+ [ gl Xean(~ [ 1, Xo)do)as
t t
on [0,7] x RY, in particular, such a solution is unique.

Remark 10. In the case of bounded coefficients, i.e.,

bi(t, )|+ oh(ta)<p 0<t<oco, zeR! 1<i<d,
j=1

the polynomial growth (2.19) in Theorem (2.3.5) may be replaced by

max |v(t,z)| < MeHlEIP: g e R
0<t<T

1
for some M >0 and 0 < pu < (EpTd).
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Remark 11. A set of conditions sufficient for the existence of a solution v satis-

fying the polynomial growth condition (2.19) is:

1. Uniform ellipticity: Exists a positive constant J such that

d d
D anlt w)&& > 8¢

i=1 k=1

holds for every £ € R? and (¢, ) € [0, 00) x R

2. Boundedness:  The functions au(t,x),b;(t,z),k(t,x) are bounded in
[0, 7] x R

3. Smoothness: The functions a; (¢, x), b;(t, x), k(t,z) and g(¢, z) are uniformly

Holder-continuous in [0, 7] x R?

4. Polynomial growth: The functions f(z) and g(t, z) satisfy (2.16) and (2.18),

respectively.

We aim to approximate by finite-difference methods, under some assumptions,

the Cauchy problem:

We will assume L, the second-order partial differential operator, such as

2

+ b(t, :L’)2

L(t,z) = a(t,z)— 0 pe

52 + c(t, x)

where f and g are real functions, T' € (0,00), and the coefficients of second
order partial derivatives have quadratic growth and the ones of first order have

linear growth. The independent terms are bounded.
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Chapter 3

Approximation of PDEs with
bounded coeflicients

As revealed earlier in this thesis, we aim to approximate degenerate PDEs when
dealing with the Cauchy problem.
We begin by stating some of the most important results, for bounded coeffi-

cient case, on the solvability of parabolic PDE, essencial to set our problem.

3.1 Classical results

3.1.1 The Cauchy problem for a general parabolic evolu-
tion equation

Let V' be a reflexive Banach space embedded into a Hilbert space with a fixed
inner product. Let V* be the dual of V.

Consider the initial version of the Cauchy problem:

L(t)u — pri ft)=0 in [0,7], u(0)=g (3.1)

with 7" € (0, 00), L(t) and % are linear operators from V to V*, V¢ > 0,
f € L*]0,T];V*) and g € H.

It is important to define, at this moment,a generalized solution of the Cauchy
problem and set, as well, some assumptions on asbtract spaces, so we can garantee

the existence and uniqueness of a generalized solution to the problem above.

Assumption 3.1.1.1. There exist constants A > 0, K, M and N such that

1. (L(t)v,v) + Av]z < K|v|%4, YveV;
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2. |L(t)w

3. Jy (@)

ve < Muly, YveV;

2. dt <N, |glg <N.

Definition 3.1.1.2. u € C([0,T]; H) is said to be a generalized solution of (3.1)
on [0, 7] if

1. ue L3([0,T];V);
2. For all t € [0, 7]
wmw=@w+£@@w$wwf46@w%

holds for all v € V.

Theorem 3.1.1.3. Under the conditions of Assumption (3.1.1.1), (3.1) has a

unique generalized solution on [0,T]. Moreover,
2
V*dt) ,

SWIMM%+AﬁMM%ﬁSN(ME+Aﬂﬂﬂ

te[0,7

where N is a constant.

3.1.2 The Sobolev spaces

In order to study the solvability of PDE with bounded coefficients, we have to in-
troduce the Sobolev spaces and some elementary properties. With these concepts
we are able to demonstrate the embbeding theorems, essential to our intended
approximation.

To introduce the Sobolev spaces, we begin by defining the weak derivatives.

Definition 3.1.2.1. Let v,w € L}, (U) (U is a domain in RY) and « is a multi-
index. w is said to be the a!" weak partial derivative of v, denoted by D% = w

if for all functions ¢ € C§*(U):

/UvDagbdx: (—1)'0‘/Uwgbdx.

Notation 3.1.2.2. L} (U), 1 < p < oo is the locally convex space of all the

loc
numeric functions u measurable in U, ¢ is a called a test function and Cg° is the

set of all infinitely differentiable functions on U with compact support.
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In order to establish the framework to our problem, we state the following
results (see [20]).

Lemma 3.1.2.3 (Uniqueness of weak derivatives). A weak o'*-partial derivative

of v, if it exists, is uniquely defined up to a set of measure zero.

Introducing, at this point, the Sobolev spaces.

Definition 3.1.2.4. Fix 1 < p < oo and k as a nonnegative integer. The Sobolev
space W™P(U) is the group of all functions u : U — R such that for each multi-

index a with |a| < m, D*u exists in the weak sense and belongs to LP(U).

Remark 12. If p = 2, W™?(U) can be written as H™(U),(m = 0,1,...). The
notation H is used to represent a Hilbert space, as we are going to see. Also
consider HY(U) = L*(U).

Definition 3.1.2.5. If u € W™P(U) the norm is given by

1
|| |wm.p @y = Z /U(IDau\pdx)p.

lal<m

Definition 3.1.2.6. The closure of C2°(U) in W™P(U) is denoted by Wy"*(U).

Next we state the elementary properties of weak derivatives, set in [20], so we

can prove that partial derivatives are approximated by difference quotients.

Theorem 3.1.2.7 (Properties of weak derivatives). Assume u,v € W™P(U),
la] < m. Then

1. D*u € Wmlel»(U) and DP(D%u) = D*(DPu) = D**Pu for all multi-
indices o, f with |o| + |B] < m.

2. For each A\ u € R, v + € wmr(U)  and
D*(Mu + pv) = AD% + uD%v, |a] < m.

3. If V is an open subset of U, then u € W™P(V).

4. If C € C3°(U), then Cu € W™P(U) and

D*(Cu) = Z ( g ) DP¢D Py (Leibniz’” formula)

B<a
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Theorem 3.1.2.8 (Sobolev spaces as function spaces). For 1 < p < oo, the
Sobolev space W™P(U) is a Banach space.

Theorem 3.1.2.9. W™P(U) is separable if 1 < p < oo and is uniformly convex
and reflevive if 1 < p < oo. In particular, W™2(U) is a separable Hilbert space
with inner product
(U, V) = Z (D%, D*v),
0<al<m

where (u,v) = [, u(z)v(x)dx is the inner product on L*(U).

The Sobolev embedding theorem, see [2] for the results, states the existence of
embeddings of W™P(U) (or Wy"?(U)) into Banach spaces of the following types.

1. W74(U), where j < m and in particular L4(U);

2. WH(Uy), where, for 1 < k < d, Uy is the intersection of U with a k-

dimensional plane in R%;

3. O%L(U), the space of functions having bounded, continuous derivatives up
to order 7 on U, normed by:
w; CL(U)|| = max sup |D%u(z)|.
s CHU) = max sup | Du(o)
4. C9(U), the closed subspace of C’fg(U ) consisting of functions having bounded,

uniformly continuous derivatives up to order j on U, with the same norm

as CL(U):
OV = D* )
16: (V)] = max sup | D76 (x)]

This space is smaller than C%,(U ) due to the fact that its elements must be

uniformly continues on U.

5. C9A(U), the closed subspace of C7(U) consisting of functions whose deriv-

atives up to order j satisfy Holder conditions of exponent A in U. The norm

on CIA(U) is:

16: D) = 16 D) + max sup 127 = DIOW)

0<|e|<j g, yeU;z£y |CL’ - y|>\

Remark 13 (The cone condition). U satisfies the cone condition if there exists a
finite cone C such that each x € U is the vertex of a finite cone C,, contained in

U and congruent to C' (C, can be obtained from C' by rigid motion).
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Remark 14 (Strong local Lipschitz property). U has the strong local Lipschitz
property if there exists positive 6 and M, a local finite open cover U; of boundary
U and for each U; a real-valued function f; of n — 1 variables, such that the

following conditions hold:

1. For some finite R, every collection of R + 1 of the sets U; has empty inter-

section;

2. For every pair of points z,y € U; = x € U : dist(x,bdryU) < § such that
|z —y| < 4, there exists j such that

v,y €V, =z e U;: dist(x,bdryU;) > 9;

3. Each function f; satisfies a Lipschitz condition with constant M:
|f(€1v --'gn—l) - f(nla ---777n—1)| < M|(£1 -, ---7671—1 - nn—ll;

4. For some cartesian coordinate system (&1, ...,&;,) in U; the set QN U; is

represented by the inequality

Eim < fi(&i1s s inmt)-

Theorem 3.1.2.10 (The Sobolev embedding theorem). Let U be a domain in
R? and let U* be the k-dimensional domain obtaining by intersecting U with a
k-dimensional plane in R%, 1 < k < d. Let j and m be non-negative integers and

let p satisfy 1 < p < oo.
Part I If U has te cone property, then there exist the following embeddings:

Case A Suppose mp < d and d—mp < k < d. Then
WPy — WHU*),  p < q < kp/(d—mp), (3:2)
and in particular,
WHmPY — WH(U),  p < q < dp/(d—mp),

or

WmP(U) — LYU), p<q<dp/(d—mp).

Moreover, if p = 1, so that m < d, embedding (3.2) also ezists for
k=d—m.
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Case B Suppose mp = d. Then for each k, 1<k <d,
Watme () — WH(U*) p < q < oo, (3.3)

so that, wn particular,
WmP(U) — LY(U), p<q<oo. (3.4)

Moreover, if p = 1 so that m = d, embeddings (3.3) and (3.4) exist

with ¢ = 0o as well. More,
Witnl(U) — CL(U).

Case C Suppose mp > d. Then
Witme () — CL(U).

Part II If U has the strong local Lipschitz property, then Case C of Part I can

be refined as:

Case C’ Suppose mp > d > (m — 1)p. Then
Witme(U) — CPNU), 0< X <m— (d/p).
Case C” Suppose d = (m — 1)p. Then
Witme(U) — CINU), 0< X< 1. (3.5)
Also, ifd=m — 1 and p =1, then (3.5) holds for A =1 as well.

Part III All the conclusions of Parts I and II are valid for arbitrary domains
provided the W -spaces undergoing embedding are replaced with the corres-

ponding Wy-spaces.
The next Sobolev Embedding Theorem is based on [2] and [26].

Theorem 3.1.2.11. Let U be a bounded domain in R? with a C boundary. Let
veWm2(U).

d
If m > B then v € C(m_[g]_l)M(U), where

D19 i & s not anint
- - = /) — 1S not an wnteger
5112 2’ 2 g

any positive number < 1, if 5 1S an integer.

Moreover,
V] mtg1-1)400 < Nlvlwmowy,

with N a constant only depending on m,d,é and U.
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3.1.3 A parabolic PDE problem - the nondegenerate case

Based on previous works [26, 27, 30|, we state the conditions to the existence
and uniqueness of generalized solution of PDEs in the nondegenerate case for the
exact problem.

Consider the second-order parabolic partial differential equation problem, with

second order operator L, such that:

82

0
M + bi(t, I)— + C(t, SL’)

L(t,x) = a;;(t, x) o

with a;j, b;, ¢ are real valued functions on [0, 7] x R?

Consider now the Cauchy Problem:

Lu—u+ f=0in Q
u(0,z) = g(x) in R?

with 7" € (0,00); Q = [0, T] x R? and f and g functions.

We consider now the Cauchy case where (3.6) is assumed to be nondegenerate.

We will use the notation, C([0,7T]; W) for the space of continuous W-valued
functions on [0, 7] and L*([0,T]; W) the space of continuous WW-valued functions
w on [0, 7], with the norm ||w|| 2oy = (Jy ||w][?dt)/? < oo.

We assume the following assumption.

Assumption 3.1.3.1. Let m > 0 be an integer. There exist constants A > 0, K
such that

1. Z;’i,jzl a’l](t7x)§1£] > AZ?:I |£7§’27 fOT’ all t > O,.CC,E € Rda

2. |D¢a;j| < K for all |of < mV 1,|D3b;| < K, |DSe|l < K for all |of < m,

where D% denotes the o™ partial derivative operator with respect to x;

3. fe L0, T;Wm=12) g € Wm2.

We define the generalized and classical solution of the problem (3.6).

Definition 3.1.3.2. u € C([0,T]; L?) is said to be a generalized solution of the
problem (3.6) on [0, T if:

1. uwe L*([0,T); Wh?);
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2. Vte[0,T]
(u(t). 9) / {—(as;(s)Dsu(s), Dy6) + (b(s) Dyuls)
~ Djaij(s)Dau(s), 8) + (c(s)u(s). 6) + (f(s). ) }ds,

for all ¢ € C5°(RY).

Remark 15.
Above, (-,-) denots the inner product in L? and || - || is the norm space in .

Definition 3.1.3.3. A given problem for a partial differential equation is well-

posed in a classical sense if:
1. The problem has a solution;
2. This solution is unique;

3. The solution depends continuously on the data given in the problem.

By solving a PDE in the classical sense we need a definition of classical solu-

tion that holds the previous conditions (1) - (3).

Definition 3.1.3.4. u(t,z) € [0,7] x R? is called a classical solution of the
problem (3.6) if:

1. ue C°2([0,T] x RY)

2. For all x € R?, for all t € [0, 7]

u(t,z) = g(x) +/0 {%(aij«%u(s,x) + ajou(s, x) + fi(s,x))

+ biaixiu(s, x) + cu(s, x)}ds.

Next we state the conditions of existence and uniqueness, see e.g. [31] and

126].
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Theorem 3.1.3.5. Under (1)—(3) in Assumption (3.1.1.1), problem (3.6) has a

unique generalized solution on [0,T]. Moreover,
ue C([0, T|;W™?) N L([0, T); wm+2)

and

T T
sup 0O+ [ [u®nsade < Nl + [ 17O n-sadt)
0 0

te[0,7)

where N is a constant.

3.1.4 A parabolic PDE problem - the degenerate case

Consider the problem (3.6) and assume the situation where the operator L is
degenerate in the spatial variables. Beginning to establish some assumptions,
see e.g. [26, 31], we will state the conditions to the existence and uniqueness of

generalized solution to the exact degenerate problem.

Assumption 3.1.4.1. Let m > 0 be an integer. There exist constants K > 0
such that

1. Zf,j:l aij(t,z)&€ >0, Vt>0,2 € RY;

2. |D%ay| < K for all |of <m V1, |D%b;| < K, |DSic

< K for all |a| <m;

3. f € L2([0, T]; Wm=12), g e Wwm2,

Definition 3.1.4.2. u € C([0,T]; L?) is a generalized solution of (3.6) on [0, 7]
if:
1. uwe L*([0,T); Wh?);

2. Vte0,T]

(w06 =0.9) + [ {~(a5(s)Diats). D9
4 (b(s) Dyuls) — Dyaij(s) Dua(s), )
F(els)uls), ) + (F(5), @),
Yo € Cgo(Rd)
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Considering [26, 31], and adapting to the case of bounded coefficients, we state

the next result, to existence and uniqueness of solution.

Theorem 3.1.4.3. Assume conditions on Assumption (3.1.4.1). Let K be a

constant and o a matriz-valued function o : [0, T] x R? — R such that
1. OinOjn = A
2. lon(t,z)| < K for all (t,z) € [0,T] xR%, i=1,...,d n=1,..ds.

Then, there exists a unique generalized solution (u(t))icpo,m of the problem (3.6).

Moreover,

u € C([0, T); w™2) N L*([0, T); W)

and

T T
sup [u(t)ma + / () pmiradt < N (lglips + / F ) sa),
0 0

te€[0,7

for N constant.

3.2 Finite-difference approximation

We will now discretize our degenerate problem (3.6) in the spatial variables in
order to approximate its solution.

Based on the discrete framework defined by Gongalves in [26] for the nonde-
generate case, with bounded coefficients, we will adapte this framework and spaces

to the degenerate case.

3.2.1 The discrete Sobolev spaces

We introduce the discretized version of Sobolev spaces W%2 and W12,

1°2: We have the function space %% = {v: Z¢ — R : |v]p.2 < 00}

with the inner product: (v, w)p2 = erzg v(z)w(z)h?

1/2
and the norm induced by the inner product: |v|p2 = (v, v)}o/i = (Zzezg |v(m)|2hd) :

Y2 Now we have the function space [M? = {v: Z¢ — R : |v|p2 < oo}
with the inner product (v, )2 = (v, w)p2 + S ¢ (8 v, 8 w)p.-

and the the norm induced by the inner product, with v, w functions in [*?

lpe = [v2a + 30, 10 vf..
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1.2 10:2

In these conditions, is densely embedded into and its dual (owing
to the properties of the inner product defined above, we will maintain as [%?)
is also densely embedded in the dual (I'?)*. Thus, we have the normal triple

l1’2 s l0’2 s (11’2)*.

According to [26] the following results, can be stated and ensure that some of
the conditions to the existence of solution is garantee. For the completeness we

give brief proofs on that.
Proposition 3.2.1.1. The functions spaces (% and I? are Hilbert Spaces.

Proof. The first step of this proof is to prove that the space (®? with the inner

l0’2

product defined is complete, i.e., that is a Banach space with a inner product,

therefore a Hilbert space.

Assume (u,) as a Cauchy sequence in [%?. Then,Ve > 0 IN that for m,n > N

[ty — Up |02 = Z [t () — wn (2)]PhT | <€ (3.7)

erg

So, for every x € Z¢, for m,n > N there is,

|t () — un (2)2R? < €%, (3.8)

Fix x = 5. Owing to (3.8) (u1(x¢), ..., um(xo)) is a Cauchy sequence of
numbers in R. Consequently, u,,(z¢) is convergent to u(xp). Let u = u(xo),Vx €
Zg

Considering B a ball in Z¢ and owing to (3.7), for m,n > N

Dt () = un(2)h < €.

zeB

For n — oo and for m > N

Z [t (2) — u(z) PR < €2

r€B

Considering the diameter of B to tend to oo, for m > N that is

> Jum(z) — u(z)Phd < €.

er,‘f

Therefore we have that u,, —u € (> and that u,, is convergent to u. By Minkowski

inequality and as (> we have
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U= Uy + (U — ) € 1°2.

We proved that any Cauchy sequence in [%? is convergent in the space norm,
which proves the result for (%2 .

For [*2? the proof is similar.

Proposition 3.2.1.2. The function space I* is separable.

Proof. We have to prove that [%? with the inner product has a compact subset
that is dense. Let S be the set as S = BU{x +e;: x € B,i = 1,...,d}, where
B is a ball in ZZ. Assume [ as the set of all functions w(x) € [%? with rational
values when x € S and becoming zero outside S. [ is countable.

Consider u an arbitrary function in /% and let # € B. For some € > 0, it is

possible to choose w that

> lu(x) —w(@)Pht + Z > 107 (ulz) —wx) A (3.9)

=> Ju(z) —w |hd+ZZ|h u(x + he;) — w(z + he;) — (u(x) — w(x)))[*h?

<Z|u |hd+2ZZ|ux+hez)—w(:c+hel)| he—2

i=1 =
F23 3 o) -l <

As |ulfi» is a convergent series, for some € > 0 there exists a diameter of B
that, for x outside B that

Z|u |hd+Z|u |hd+ZZ|@+ )|2hd < 622 (3.10)

By (3.9) and (3.10) that is |u — w|p2 < e.
Therefore [%? has a countable subset dense in {12 and the result is proved.
]

Proposition 3.2.1.3. The function space 112 is densely embeddable in 12,
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Proof. Let u be an arbitrary function such that u € [%2. Consider B a ball in Z{.

Let € [M2w be a function defined as below

w(z) = {u(x), r€B

0, otherwise.

For some € > 0, for a diameter of B sufficiently large, that is
|u — wlp2 < e

Therefore, we proved that (2= [%2 and the result is showed.

3.2.2 The discretized problem

As mentioned befor, this discretization of the Cauchy problem is based on previous
works but now, adapting to degenerate case, we set the discretization in spatial
variables of the second order linear parabolic PDE for the bounded coefficient
case.

Starting the discretization of Cauchy problem (3.6), we begin by defining the

discretized framework.

Assume the h-grid on RY with h € (0,1]. Assume also that e; denotes the

canonical basis of R
d
Zi={zxecR: 2= Zemi,ni =0,+1,£2, ...},
i=1
establish the difference quotients in space:

e Forward: 9fu = 0/ u(t,x) = u(t, r + he}i) —u(t, x)

u(t,x) — u(t,x — he;)
7 :

e Backward: 0, uw = 0; u(t,z) =
and consider the discrete operator Lj, such that:

Li(t,z) = ay(t, )05 0; + bi(t, 2)9f + c(t, x).
The discrete problem can be written as

Lyu—u + f,=0 in Q(h)=10,T] x Z (3.11)

u(0,7) = gp(z) in Z¢
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with 7" € (0,00), fn, gn such that
fu:QMh)—R and g,:Z! =R

So, we have:

d%*u

8131'8.73]'

+ c(t, x)u—a——l—fh(t x)=0.

T bi(t, ) 2 o

aij(t, il')) ax

Assumption 3.2.2.1. For the discretization of problem (3.6), we assume
1. fh - L2([O,T];l0’2);

2. gn € l0’2.

Remark 16. In previous Assumption (3.2.2.1), the first condition can be replaced
by fn € L*([0,T]; (1%?)*), where (I?)* is the dual space of I, defining a weaker

condition on this space.

Remark 17. By [26] we can state that
+ -1 0
107 aij(t, @) = [ (ai(t, @ + hei) — aiy(t, 2))] < | 5—ai(t, @ + 7eq)

with 7 such that 0 < 7 < h.

We define now the generalized solution of the problem (3.11), solution we want

to prove that exists and is unique in this discrete problem.

Definition 3.2.2.2. u is said to be a generalized solution of the discrete problem
(3.11) if, vt € [0, T

(ult), ¢) = (g1, 0 /{ 0iy ()0 u(s), B )
T (bi(8)0 uls am( )0 u(s), )
+ (C(S)U(S),s&) (fals), )},

Vo € (IY%)*. (-,-) denotes the inner product in [%2.

We now state the existence and uniqueness of a generalized solution to the
discretized problem (3.11).
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Theorem 3.2.2.3. Suppose (2) in Assumption (3.1.4.1), (1)-(2) of Assumption
(3.2.2.1) and conditions (1)-(2) in (3.1.4.3). Then the discretized problem (3.11)

has a unique generalized solution u(t) on [0,T]. Moreover,

T
3UPte[0,T]|U(t)|ZQo,2+/ |u(t)|121,2dt
0

T
<N (|gh|%o,2 o f yfh@)\;o,zdt)
0

where N is a constant independent of h.

Proof. Let us consider the new problem obtained of (3.11) by changing the coef-
ficient a;; by ajy(t, z, ) = a;(t, z) + A\, A > 0.
We begin by proving that this problem has a unique generalized solution. Since
[? and (L%?)* satisfies the normal triple Ly (s)p2 — (L'?)* for the problem.
Let Ly(s) : I%? — (LY?)* be a discrete bilinear functional and consider o, €
[%? such that

(Lu(s)h, o) = — ((ai;(s) + NI, 0 ¢)
(0i(5)0 1 — 07 (aiz(s) + N3, 0) + (c(s)¥, )

To state the uniqueness of solution to the given problem, we need to prove:
1. [{Ln(s)Y, )| < kl|pnz|plpe for all ¢, € [ and k constant
2. (Lp(s)Y, ) < k|| — €|p]fiz for all ¢ € M2 € > 0, k constant

To prove the first inequality, owing to |D%a;;| < k, |D3b;| < k, |DSc| < k by
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(2) in Assumption (3.1.4.1) and A € (0,1) we have:

(Ln(s)b, o) = DY (ai(s) + NOFwdf oh® + Y > " bi(s)0 pph”

zeZd ,J zeZd i

=YD 0 (aii(s) + NOFeht + > c(s)weh|

zezZd 4.J zez

<D0 (k+ N)of v | n

zezd 4.J

+k Y Y 10 elh + kZ |
xEZd i
< (k+2) D107 blwe Y 0f ¢l
i J
+ k?z |07 02| @lio2 + E[1)]0.2] 00,2
< (k + )\) Z ‘aftb’lo,z Z |(9;_g0’l0,2 + k Z ‘8fw’lo,2‘g0‘lo,2
i j i

+ [$loa Y 18] @loa + Kl ol
J

<kY [0 eloz | D107 o2 + [z | + kleloz ||
J L ¢

+ k‘|g0|l0,2|1/)|l1,2

<k Y 10 loz | 105 bloe + oo
7 L ¢

< kY 10l |v]ne + Elelweld]p.
J
< kY 0@l |vlne + Eleloeld]p.
J
< k[p.e| Z 10 0.2 + []i0.2]
J

< k[Y]pzoln:

For the second inequality, recalling the Cauchy-Schwartz, 2ab < da + %b,
0> 0.
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(Ln(s)p, ) =
— ((aij(s) + )0, 0] ¢)
+ (bi(5)0;" 1 — 9] (ai(s) + N0, ) + (c(s >w ¢)

:_ZZ% )+ N)|oF v hMZZ Of (aij(s) + )]
aﬂwhuz )y *h

< —(e+ ) ZZ OF PRt + (k+ X)) ) [oFpy[nt + kY [pPh

< (== N Y10 Plhe + 2k D107 tblion + k|l

< —e > [0F e + elvlhe — elvlhe + ke + 2k |0F .
< —elp|hn + (e + k) |w|he + 2K| 0 ahab| .2
<

1
—e|¢ iz + (e + B)lhe + k6 > 07 9] + gkz Y102
S —6|77/J|121,2 + k’|’¢)|120,2

We proved the discretized problem (3.11) has a unique solution.

The following steps are in to prove that the estimate in this theorem is valid.

192 and [*? are Hilbert spaces, in particular they are complete spaces such
that 12,152 C L?(RY). Also their weak derivatives are in L?(R?).

Consider A € (0,1) and ay(t,z,\) = a;(t, )+ A, instead of a;;(t, z). Let uy be
the generalized solution of our problem. Then, uy € C([0,T7],1%*)NL2([0,T],1?).
It is known that weak continuity in a Sobolev space implies strong continuity in
its dual space.

Let Lj, be a linear functional such that Ly : [M? — (I%?)*, with inner product
and norm defined as above in this proof. Assume the conditions on Assumption
(3.1.4.1) and that f; € L*([0,T7],1°?%) and g;, € 1°2.

By Definition (3.1.2.1) and Theorem (3.1.2.7), uy converges weakly to u in
C([0,T],1%%) N L3([0, T], 1M2).

We have to prove that the estimate in this theorem is true to u, and inde-

pendent of A. Replacing in definition (3.11):
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(ux(01.8) = (g1.) + [ {—(als) + N0 1a(5). 07 )
()07 0r(5) = 0] aui(s) + VO (), )
+els)un(s).9) + ) ) s

As gy € 192 ¢ W™2 C L? then (gn, )2 < (g,0)wmez < (g9,¢)r2 and f, €
L2([07T]7l072) - L? then (fh,(P)lO,Q < (f7 90)L2'

Then we have

(ur(t), ) < (9 )sz + / {—(aij(5) + N Dyu(s), Dyo)
(bi(S>Diu<S) - Dj(aij(s) + )‘)Diu(s)7 90)L2
T (cls)uls) + f. )iz} ds

Since A — 0 then

(ur(1), ) < (9, 0) 2 + / {—ay(s)Dsu(s), Dyg) 12
+ (bi(s)Dyu(s) — Dja(s)Diu(s), )12
T (cls)uls) + £, )iz }ds

We conclude that the estimate given is valid and in limit it is the solution to the

nondegenerate problem.

Recalling Lemma (3.1.2.3), we found a upper bound to the left side of the

estimate and, as A — 0, we have that uy, — wu, i.e., the upper bound does not

depend on .
By Theorem (3.1.4.3) the estimate in this theorem is valid for v and that the
problem admits a unique generalized solution. O]

3.2.3 Approximation results

Obtained the scheme it is necessary to prove that it is consisten. The following

is a result to the consistency of the scheme.

Theorem 3.2.3.1. Let m be an integer such that m > g. Let

u(t) € Wmt22 o(t) € W32 for all t € [0,T]. Then there exists a constant N
not depending on h such that

1.3 Jugi(t, ) — O u(t, ) Ph? < RN |u(t) [ mss.e-
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2. 3 aias () — 070 w(t, 2)Ph® < hAN[v(t)[Fy a2

for allt € [0,T], x € Z and ", is the summation over Zj!

Proof. The proof follows the main steps of the proof in [26] for the corresponding
result to the nondegeneracy case.

In order to prove the first inequality. Consider the mean-value theorem:

Ofu(t,z) = h*(u(t,z + he;) — u(t, ) = ugi(t,z + Ohe;)

on the another hand,

Ui (t, ) — O u(t, ®) = upi(t, ®) — wpi (t, 2 + Ohe;) = hyigi(t, © + 0'he;)

for some 0 < 0 <0 < 1.

Let us consider the d-cells

Ry = (2" 2% . 2" e R 2l <2’ <l +hi=1,2,..,.4d,

with @y, = (21,22, ...,28) € Z{.

Vg, € Z |ugigi (t, 2, + 0'hey)| < sup |ugigi (L, )],
rERy

therefore

g (t, 21) — O u(t, z)* < h? sup |ugig:(t, z)]% (3.12)
TERy

For the particular case of the d-cell where h = 1 and z; = (0,...,0) we will

represent by R{. Thus,

SUp |Ugigi(t, xp + hx)l. (3.13)
zERy

Now, fixing open balls By, such that By, D Ry, with vertices %, 2} + h,i =1,2,....d
on the boarder of the sphere. Let R} be contained in the BY. Therefore,

SUP [tgigi (t, 7p 4+ ha)|? < sup |ugiz (t, 25 + ha)|? (3.14)

zeRY zeBY)

Owing to (1) of Theorem (3.1.2.7) and to Theorem (3.1.2.11), for m > £ that

18:
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SUp |tgigi(t, 7p + ho)|* < N Z / | D%ugini(t, 7y + ha)|Pdx

zEB?

|a| <m
<N Z / |D2u(t, zp, + hx)|*dz
|oo| <m+2
=N > / |D2u(t, z)[2h~ Rl dx
|oe] <m+-2
<N Y Bh|D“ u(t, z)|*h~dz. (3.15)

|oo| <m—+2

By (3.12), (3.13), (3.14) and (3.15) we have:

i (t, 21) — O u(t, zp)|*h* < NR? |D2u(t, x)|*dx
d

zpeZ] o] <m+2 z), € 24 By (zh)

<NB? > |D2u(t, z)2dx

|| <m+2 gy, eZd R (xn)

< BENJu(t)iymezz,

with Bp(xy) = By, Ru(xn) = Ry, and we just proved the first inequality. For

the second inequality the process is similar. O

The following steps are in order to state the rate of convergence, attending to

126].

Theorem 3.2.3.2. Let u be the solution of problem (3.6) in Theorem (3.1.4.3)
and uy, the solution of (3.11) in Theorem (3.2.2.3). Consider m an integer such
that m > 4 and u € L*([0, T]; W™*32). Then, for some constant N not depending

on h,
T
supieon/u(®) — n()fps + [ u(t) = n(®)ad
0

T
< 1PN / Dymsadt + N(lg — gnlos + / () — fo(t)Poadl).

Proof. From (3.6) and (3.11), we have that u — wy, satisfies the problem
{ (u—wun)y = Ln(u —up) + (L = Lp)u+ (f = fu) n Q(h)

(= w)(0,2) = (g — gn) () in 7.
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This result is already proved for the nondegenerate case and is valid independ-
ently of the degeneracy.
Under the conditions of theorem, there are modifications in x such that the data
f(t) and g are continuous in z, for every t € [0,7], we have that f — f, €
L3([0,T7;1°%) and g — g;, € 1°2.

With respect to the term (L — Lj)u, note that if u(t) € W2 for all
t € 10,17,

> (L= La)()u(t)[* b

zEZg
BE 0 2
=3 ay(t,2) ( S ajaj> u(t, z) + bi(t, z) ( o aj) u(t, )| he
wezd R '

< 2N [Ju() s < o0,

Thus
(L — Ly)(t)u(t) € 1% for every ¢t € [0,T]. Moreover, u € L*([0,T]; W™+32),
we obtain immediately (L — Ly )u € L*([0, T]; 1%?).

Holding the estimate, owing to Theorem (3.1.4.3)

sup u(t) = (@)l + [ t) = s Ol

0<t<T

SN(”g_ghleOﬂ / 1 (#) = fult ||102dt+/ I(L = L) (t)u (t)llfo,zdt)

Owing again to (2) in Assumption (3.1.4.1) and to Theorem (3.2.3.1), the result
follows. 0

Next corollary state the previous rate of convergence with a well structured

statement.

Corollary 3.2.3.3. Let u be the solution of problem (3.6) in Theorem (3.1.4.3)
and uy, the solution of (3.11) in Theorem (3.2.2.3). Consider m an integer such
that m > % and u € L*([0, T]; Wm+32).

If there is a constant N not depending on h,such that
T

T
|g—%m2+/'u@—wuw%AUSh%wmmmwﬁ/|ﬂmammﬁx
0 0

then

T
swmmmM@—UAm%r{/Iwﬂ—UMMﬁﬂt
0

T T
<WN( [ uOnssade + ol + [ 17O nrdt)
0 0

Proof. The result is a imediatly consequence of Theorem (3.2.3.2). ]
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3.2.4 The special one-dimensional case

Following the previous results and [26, 27, 28, 45] we now apply the same approach
to the special one dimension in space, in degenerate case, to bounded coefficients.
Consider the Cauchy Problem in R.

0
Lu—a—?ﬂ”:o n Q (3.16)
u(0,z) =¢g(z) in R

where Q = [0, T] xR, T is a positive constant and L is the second-order partial

differential operator with bounded coefficients in R:

2

0 0
L(t,z) = alt, x)ﬁ + b(t, x)(‘?_m + ¢(t, x),

t with values in [0,7] and f, g real valued functions.

The PDE theory to this special problem is a particularization of the theory
presented above to the d-dimensional problem. Therefore we state the most

important results for the one dimensional case.

Assumption 3.2.4.1. Let the integer m be nonnegative. There exist constants
k and A > 0 such that:

1. a(t,z) > A\, Vt > 0,Vx € R

2. |D%| <k, Vo <mvVvl
|Dgb| <k, [Dge| <k, V]a| <m

3. feL*[0,T;Wwm12)  geWwm?

where DY is the o -partial derivative operator with respect to x.

With the previous assumptions it is possible to establish the definition of

generalized and classical solutions of (3.16) in R.

Definition 3.2.4.2. Under the conditions in Assumption (3.2.4.1), we say that
u € L*([0,T); W'?) is a generalized solution of (3.16) if:

1. we L2([0, T); W?)
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2.Vt €[0,7],

(u(t). o) / {~a(s)Dyu(s), Dyp)
T (b(s) Duls) — Daal(s)Dou(s),9) + ((e(s)uls), 0) + (f(5), o) }ds

for all ¢ € C5°(R).

Finally, the following results states the existence and uniqueness of solution
of (3.16).

Theorem 3.2.4.3. Under the conditions in Assumption (3.2.4.1) exists a gener-
alized solution (u(t))ico.r) of the problem (3.16).

Moreover

ue C([0,T|; W™ n L*([0, T}; W™*?)

and

T
sup ‘u(t)‘%/vmz_'_ / ‘U(t)l%/[/erl,zdt
0

t€[0,T]
T
N(lgyms + / )1t
0

for N constant.

Discrete framework
We now particularize the framework presented above for the d-dimensional

case.

Consider the h-grid, on R, with h € (0, 1]:

Zpn={ze€R:xz=nh, n=0,+1,42 ..}
and consider the difference quotients in space, for all z € Zj:
u(t,z +h) —u(t,x)

h Y
u(t,z) —u(t,x — h)
. :

e Forward: 0Tu = 0%u(t,z) =

e Backward: 0" u =0 u(t,z) =

02



Let L; be the discrete operator, such that:

Ly(t,z) = a(t,z)0~ 0" + b(t,x)0" + c(t, z).

So, the discrete version of the second order parabolic Cauchy problem, can be

written as:

Lhu—ut—i—fh:() in Q(h)Z[O,T] XZh
w(0,2) = gn(z) in Z,
with 7" € (0,00) and f;, and g, functions such that

fh@()%R and agp - Zh—>R

The particular discrete Sobolev space for the one dimensional case are

192 = {U 2y, > R ‘U‘lo,z < OO}
with the inner product (v, w)p.2 =3 ., v(z)w(z)h

and norm |v|p2 = (v,v)llo{g = (Dsez, lv(z)|?h)/2.

M ={v:Z, > R:|vp2 <o}
with the inner product (v,w)p2 = (v,w)pe + (010, 0Tw)

and norm [v|p2 = [v[h. + [0 0]} 2, with v,w € (M2

Assumption 3.2.4.4. Assume that:
1. fh € LQ([O,T];ZO’2)

2. gn € 192,

As we are proving the existence of weak solution of (3.16), consider next the

definition of generalized solution.

Definition 3.2.4.5. Consider v € C([0,T];1%*) N L3([0,T];1"?) and ¢ € 2.
Under the conditions in Assumption (3.2.4.4), we say that u is a generalized
solution of problem (3.16), if, for all ¢ € [0, T7:

(u(t), ©) = (gn, ¢ / {—( u(s), 0% )
+ (b(s)0Tu(s) — 0% a(s )8+ (5), ) + (c(s)u(s), @) + (fals), @) }ds

where (-, ) is the inner product in %2
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Now, state the conditions of existence and uniqueness of solution to the prob-
lem in study. The proof is a consequence of the Theorem (3.2.2.3) for the d-

dimensional case.

Theorem 3.2.4.6. Assume the conditions on Assumptions (3.2.4.1) and (3.2.4.4).

Then the problem (3.16) has a unique generalized solution w in [0,T]. Moreover,

T
sup [u(t)[Bat / () Badlt
0

te[0,7)
T
< N(lgnlib + / | fr(t)[%2dt)
0

with N a constant independent of h.

Approximation results
In what concerns consistency we can prove results sharper then the corres-

ponding one for the d-dimensional cases.

Proposition 3.2.4.7. Consider u(t) € W2, v(t) € W32 for all t € [0,T).

There exists a constant N, independent of h, such that:

9 2
L Taes, [t ) = 9%t ) b < 12t

2

2
2 T, gt = 070"t b < Nl

forallt € [0,T),x € Zy.

Proof. This proof follows the guidelines of [45] for the particular case. We will
prove (1).

The forward difference quotient can be written
Otu(t,z) = h H(u(t,z + h) — u(t,z)) /—utx+hq)d
Thus

(% — 8+)u(t, x) = /1 (iu(t,x) a@ u(t,z + hq))d

= h/ / u(t, x + hqs)dsdq.

(3.17)
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From (3.17), using Jensen’s inequality, we obtain

‘(3—8+ (t,z) <h2//q‘ utm—khqs)‘dsdq

ox
A
<h/ qdq/ ‘—ut:z:—i—v
h

h z+h 82 2

u(t,z 4+ v)

dvdq

2

dv (3.18)

dv

Observe also that from (3.18) and (?7?), by the mean value theorem for in-

tegration, using Holder inequality and Assumption (3.2.4.1) we have, for any

0 €(0,1),

‘(% — 8+) (t,x)‘2 < hN/w ‘a—;u(t, z)‘zdz. (3.19)

Finally, summing up (3.19) over Z,, we get
8 + 2 2 2
> (5 -0 )utto)| b < BN,

with N a constant independent of h, and (1) is proved.

We now prove (2). By writing the forward and backward difference quotients

Otu(t,x) =h vtz +h) —v(t,x)) = /0 %v(t,at + hq)dq
and
O v(t,x) =h (v(t,z) —v(t,z — / hs)ds,

respectively, we have for the second-order difference quotient

o _[to tyo (1o
0~ 0 u(t,z) =0 i %v(t,x—l—hq)dq: i (% i gv(t,x+hq—hs)dq)ds

1 1 82
:/0 /0 @v(t,x#—h(q— s))dsdg.

Thus
82 N 1 1 82
(@ -0 8 /0 i 8x ——v(t,z+ hig— s)))dsdq
1
—h/// q—s v(t,x 4+ hv(q — s))dvdsdg.
(3.20)
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From (3.20), by Jensen’s inequality,

)(8—2—aa+ (t, <h2///| . |‘— (t,2 + hv(g — )))Qddd
52 ) q—s v(t,x 4+ hv(qg — s vdsdg
(g—s)

= /// (g —s) —v(t:v—l—w)’dwdsdq

2
h/o /0 |q—s‘dsdq/0 ’@v(t,aﬁ—w)‘ dw
h 83 2 z+h 83

and, following the same steps as in the proof of (1), we finally obtain

IN

2

dz,

;h | (aa—; - aa+)v(t,x>fh < BN o (t) 2o,

with NV a constant independent of h, and (2) is proved. O

Based on results of [26], where the result is proved for the one dimensional
case with bounded coefficients but to the nondegenerate case, it is possible to

define the rate of convergence of problem (3.16).

Theorem 3.2.4.8. Let u be the solution of the problem (3.16) and uy, be the solu-
tion of the same problem discretized (3.11), withd = 1. Assumeu € L*([0,T]; W32).
Then

sup |u(t) — uh(t)]?o,z+/ |u(t) — up ()7 2dt

te[0,T

h2N/ ‘W32dt+N(|g gh‘lo2

# [ 150 = e
for a constant N not depending on h.
Proof. Consider u and uy, as in the conditions of the theorem. We have:
Lp(u—up) — S(u—w,) + (L — Lp)u+ (f — fu) =0in [0,T] x Zy,
(u = un)(0,2) = (9 — gn)(x) in Zy,

We know that (f — fi) € L2(0,T11%). (g — gi) € 1 and (L — Lyu €
L3([0,T7,1°%) since u € W32.

o6



Owing to Theorem (3.2.4.6) and to definition of the operators:
82
(L = Ln)u(t) =(a(t,z) + A) (55 = 9~ 0Tult, z)
0 +
Fb(t,2) (o~ 0 ult, )

As A — 0 we can have

(L~ Layu(t) =alt, 2) g — 9-0*)ult, )

+ b(t, x)(% — 0N )u(t, z)

By definition,
O u(t,x) = h  (u(t, ) — u(t,r — h))

o,
:/0 %u(t,:v— hs)ds
Otu(t,z) = h*(u(t,z + h) — u(t,z))

1o
:/0 %u(t,x—l—hq)dq

Then,
1o
0~ 0%u(t,x) =0 | ——u(t,x+ hq)dg
o Ou
1o 0
/0 au/() at u(t, z + hq — hs)dq)ds
1
/0 /0 ek u(t,z + h(q — s))dsdq.
And

(% — 0N u(t,x) = %u(t,x} — 0tu(t, )

1
0
souta) = [ Sttt ha)
1o 0
| uta) = ot + by

~ ), 0z
1 82
= h/ / mu(zﬁ x + hgs)dsdq

= u(
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Applying the Jensen’s inequality and making v = hgs,
](2 — 0N u |h/ / u(t, z + hqs)dsdq|*
Ox

§h/ / q2|—u(t,:v—|—hqs)|2dsdq
hq 2

<h// |—ut:)3+v)| dvdg

/ qdq/ q[—u (t,z + v)[*dvdg

< 2/ |—ut z +v)Adv
z+h 2
< 5/ |a—u(t 2)Pdz

Then, by Proposition (3.2.3.1), we have

Z (= —a+ (t,7)]*h < BN |u(t) 32
(%—aaﬂ( ) = a sult,z) — 070 u(t, )

:—ut:v //62 (t,x + h(q — s))dsdq
1 52
_ /0 /0 @u(t,m)a ult, x4 hig — ))dsdg
11l P
=h / (g — 3)%u(t, x + hv(q — s))dvdsdg

Once again, owing to Jensen’s inequality and making w = hv(q — s), we have:

2
| (% -0 8+> |h/ / / q—s) —u (t,x + hv(q — s)dvdsdg|?
/ / / g — s|? |—U(t x + hv(q — 5))|*dvdsdq
(q— S) 83
/ / / Sult, r + w)|*dwdsdg
< h? _ 7 2
<h /o /0 lg s|dsdq/0 ]ax3u(t,a:+w)] dw

h 83

h/ £ sult, o+ w)Pdu
. 0x3
z+h 3

h/x |%u(t, 2)|%dz.

o8
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Then we have

0? _
S (5 = 070 ult, ) Ph < BENTu(t) e,

TELp,

with NV independent of h.
Owing to Theorem (3.2.4.6) , we have the result:

T
sup |u(t) — uh(t)|l20,2 —I—/ lu(t) — uh(t)|121,zdt
0

0<t<T

T T

< Nlg—gnfoe + / £ = ful)[ndt + / (L — Ly)u(t)dt
0 0
T T

< Nlg—gnfoe + / () = ful)ndt + / BN () Py adt
0 0

T T
< / BN () Byoadt + Ng — gulhas + / () = ful)ladt
0 0

Now the following is a consequence of the previous theorem.

Corollary 3.2.4.9. Let u be the solution of the problem (3.16) and uy, be the solu-
tion of the same problem discretized (3.11), withd = 1. Assumeu € L*([0,T]; W3?)

and m a positive integer. If exists a constant N not depending on h, such that,

T

T
|9 — gnlioe +/ f(t) = fu(®)[fb2dt < W2N(|g[fym.s +/ () fymr.2dt)
0 0

then
T
sup |u(t) — Uh(t)|12o,2+/ lu(t) — uh(t)|121,2dt
0

te[0,7
T
< h’N (/ u(t)|Zs2dt + |g|Zme +/
0 0

Proof. This result is an immediate consequence of the previous theorem. O

T

|f(t)|%ym_1,2dt) |
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Chapter 4

Approximation of PDEs with
unbounded coefficients

The results obtained in the previous chapter are now adapted and presented to
the corresponding unbounded coefficients case. We begin by state some classical
results on PDEs with unbounded coefficients and then we present the results to

the nondegenerate case.

4.1 Classical results for parabolic PDEs

Suppose now that the coefficients of operator L are unbounded.

Let r and p be real positive smooth functions. Then r and p are called
weights on G. Consider C§°(G) the space of infinitely differentiable functions
with compact supports in G.

We state some results on the solvability in weighted Sobolev spaces.

4.1.1 The weighted Sobolev spaces

Now we introduce the concept of weighted Sobolev spaces as in [31, 49, 50, 51, 52|,

space where we will study our framework for the unbounded coefficients.

Definition 4.1.1.1. [Weighted Sobolev spaces| Consider r and p positive smooth
functions on R? and an integer m > 0. We call W™2(r, p) the weighted Sobolev

space on R? to the closure of C5°(R?) with respect to the norm:

1/2

|<)0|Wm*2(r,p) = Z /d T2|p|a|Da¢|2dm
R

|| <m

with ¢ € Cg°(RY).
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Remark 18. The inner product in W™?2(r, p) is defined by

(v, W)wmag,p) = Z/ r2pAel Do D wdz
Rn

lal<m

for v,w € W™2(r, p).

Owing to results in [31] we state:

Proposition 4.1.1.2. W™P(r, p) with the norm above are separable Banach

spaces. Moreover, if p > 1 they are reflexive and if p = 2 they are Hilbert spaces.

Assumption 4.1.1.3. Let m > 0 be an integer, and r > 0, p > 0 smooth

functions on R?. There exists a constant K such that

1. |D*p| < Kp*=lel for all o such that |a] < m — 1 if m > 2;

2. |D%| < K% for all a such that || < m.
pOl

Ezample 4.1.1.4. The following functions (taken from [31, 26]), satisfy Assump-
tion (4.1.1.3):

Lor(@) = 1+ 2", BeR;  pla) = (1+[2f), v < 5

8

2. r(z) = exp((1+[2[*)"), 0< B< 53 pla) = (14 |2*), v < 5 = B;

4. r(z) = 1+ |27 "2+ [2?), =0, >0y plz) = 1+ [2[*)7, 7 < 5

5. r(x

)
)
3. r(x) =1+ 228 BeR; plz) =2+ |z]), v €R;
)
)= (14 [2)? W2+ [z?), >0, u > 0; p(x) = In"(2 + [2]*), ¥ > 0;
)

= exp(—(1 + |z]?)7), v > 0; each weight function r(x) in examples

(1) = (5).
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4.1.2 A nondegenerate PDE problem

We now consider the problem of the previous chapter but applied to the case
where the operator L in nondegenerate in spatial variables and its coefficients are
unbounded.

Consider V a reflexive separable Banach space embedded continuously and
densely into a Hilbert space H. Consider also the normal triple with continuous
and dense embeddings V <— H = H* < V*, where H* is the dual of H.

We have the Cauchy problem

L(t)u — yr +f(t)=0 in [0,7], u(0)=yg
and T € (0,00), f € L*([0,T);V*),g € H and L(t),di linear operators from V' to
V* for all t > 0. t
Consider the second-order parabolic partial differential equation problem, with

second order operator L, such that:
2

8137;813]'

L(t,x) = a;;(t, ) o

+ c(t, z)

with a;j, b;, ¢ are real valued functions on [0, 7] x R%.

Consider now the Cauchy Problem:

Lu—u+ f=0in Q

u(0,7) = g(z) in R? (4.1)

with 7' € (0,00); Q = [0, T] x R? and f and g functions.

Considering the operator L under a coercivity condition and some assumptions
on the behaviour of the weights r and p, on the operators coeficients and on the
free data f and g as in [27].

Assumption 4.1.2.1. Let r and p be a positive smooth functions on R? and an

integer m > 0. There are constants A > 0, K such that

1Y gt 2)&E > AP S0 |G, for allt > 0,2 € RY € € RY,

2. |D%a;;| < Kp* 1ol for all |a] <m V1, |D%| < Kptlel |Dec| < K for
all |a| < m, where |D2| is the o*-partial derivative operator with respect to

T,

3. f € LX([0, T]; W™= 12(r, p)) and g € W™2(r, p).
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Defining next the generalized solution of the problem, solution which we will

state its existence and uniqueness in the conditions defined.
Definition 4.1.2.2. We say that u € C([0, T]; W%2(r, p)) is a generalized solution
of problem (4.1) on [0, 77 if

Lou e L2([0, T} Wh2(r, p));

2. For every t € [0,T],

(ult). ) =(g.) + / { — (ay(s)Dsu(s), Dje)
b(s)D;u(s) — Dja;;(s)Diu(s), )
o(s)u(s), @) + (F(s), o) bds

+
+

—~

holds for all ¢ € C§°.

Remark 19. The notation (-, -) in the above definition stands for the inner product
in W%2(r, p). Alternatively to the infinite differentiability of ¢ in (2), it can be
required that ¢ € Wh2(r, p).

Definition 4.1.2.3. u(t,z) € [0,T] x R is called a classical solution of (4.1) if:
1. u(t,z) € C*2([0,T] x R?)

2. For all x € R, Vt € [0, 7]

u(t,z) = g(x) +/0 {%(aij%u(s,x) + a;pu(s, )

+ fi(s, ) + (bzi

8%@(3, ) + cu(s, z) }ds

Owing to [27, 31] we have the result that states the existence and uniqueness
of solution to (4.1).

Theorem 4.1.2.4 (Existence and uniqueness of generalized solution). Under
(1)—(2) in Assumption (4.1.1.3), with m + 1 in place of m, with m > 0 an
integer, and (1)—(3) in Assumption (4.1.2.1), problem (4.1) admits a unique

generalized solution u on [0, T]. Moreover

we C([0,T); W™2(r, p)) N L2([0, T); W™2(r, p))
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and

T
sup () Bymagrp + / O] ———"
0

0<t<T
T
S (I (N O] —

with N a constant.

Under the conditions of (4.1.1.3) and (3.1.3.1) and considering
m > g +n,n > 0 there exists a unique generalized solution of (4.1) which has a
modification in x that states the existence of classical solution of (4.1), as proved
in [31].

4.1.3 A degenerate PDE problem

The approach to the degenerate problem is the main issue in this thesis. Consider
the problem defined above with the operator L degenerate and the unbounded
coefficients.

Consider V a reflexive separable Banach space embedded continuously and
densely into a Hilbert space H. Consider also the normal triple with continuous
and dense embeddings V — H = H* — V*, where H* is the dual of H.

We have the Cauchy problem

L(t)u — % +f(t)=0 in [0,7], u(0)=g
and T € (0,00), f € L*([0,T];V*),g € H and L(t),% linear operators from V' to
V* for all ¢ > 0.
Consider the second-order parabolic partial differential equation problem, with
second order operator L, such as:
92

0
M +bi(t, x)m— +c(t, v)

L(t,x) = a;;(t, x) D

with a;j, b;, ¢ are real valued functions on [0, 7] x R%.
Consider now the Cauchy Problem:

Lu—ut—i—f:Oan

u(0,2) = g(x) in R (4.2)

with T € (0,00); Q = [0, 7] x R? and f, g functions.
We have to state the same results, based on [31] that we established above

but to degenerate case.
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In order to obtain a unique solution to problem (4.2) the coefficients must

satisfy some regularity conditions, adapted from [31].

Assumption 4.1.3.1. Let r, p be positive smooth functions on R, m > 0 and k

constant. Consider | =1,2,....d.

1. Emists a matriz valued function o : [0,T] x R — R4 sych that

oo™ = aij

o) < K2 for ait (1,2) € [0,7) x B,

p;()

n=12..,d.

2. Fori,j=1,2,....d and £ € R%:

|D%a;;| < fpiapj forall ja] <m+1Vv2
1Dob;| < 25 and | Dol < &
p° p°

3. f € LX([0,T],W™12(r, p)) and g € W™(r, p)

0]

1,2,...,d and

Definition 4.1.3.2. (u(t)):cjo, is called a generalized solution of problem (4.2)

if:
Lowe LX[0,T); W™2(r, p));

2. For every t € [0,T],

(ult). ) = (9. 0) + / [~ (ay(s)Dsu(s). Dy0)

+ (bi(s) Dyu(s) — Djai;(s)Diu(s), ¢)

+(c(s)u(s), ) + (f(5), @) pds

holds for all ¢ € C§°.

Definition 4.1.3.3. We say that u(t,z) € [0,7] x R? is a classical solution of

problem (4.2) if:
1. u € CO%([0,T] x RY);

2. For every t € [0,T7,

u(t) = g + / (057(5) D, )

+ bi(s)Dy,u(s,x) + c(s)u(s,x) + f(s,x))ds
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The existence and uniqueness of solution to problem (4.2) is set in the next

theorem.

Theorem 4.1.3.4. Let m > 1 and assume the conditions in Assumption (4.1.3.1).
Then, there is a generalized solution (u(t))icjor) of the problem (4.2). Moreover,
u € L2([0,T], W™2(r, p)) N C([0,T], W™=12(r, p)) and

T
su w()I? " +/ w2 i dt
OStST H ( )”W ,2(7’7[)) 0 || ( )” ’Q(T,p)

< N (I8 [ IO By

with N a constant and m' € [0, m].

Proof. The proof can be seen in [31], with the adaptation to the present problem.
]

4.2 Finite-difference approximation

At this point, we will define our discrete framework for the degenerate case with
unbounded coefficients. First we need to set the spaces where this approach is

developed: weighted discrete Sobolev spaces.

4.2.1 The weighted discrete Sobolev spaces

Consider the next function space in our framework.

(1) = {v: Z§ = R olpe) < ool

with the norm
1/2

|2y = Z 7“2’“(97)’%(1 )

xEfo

and with the inner product

’U w loz(r E ’f’ U

:cEZd

for all v, w € 1°%(r).

Define, also, another function space:

ll’Q(T, p) = {U : Z}Cll —R: ’U’ll,Q(nP) < OO},
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with the norm

d
[Vl 2y = [l + D 00 vliagy

i=1
and with the inner product
d
(v, W)z = (v, wW)p2(r) + Z(@jv, O w2,
i=1

where v,w are functions in [2(r, p).

Consider the functions v of [0,7] in R? such that, for all ¢ € [0,7],
v:Q(h) = R and w(t) = {w(t,z) : * € Z2}. Define also the subspaces:

o C([0,T];1%%(r))

o I(0,T(rp) = {w ¢ [0,T) = 1(np) : lwl < oo}, with
T
|W|%2 = fo |w<t) l21*2(7",p)dt'

The proof of following results are in [26, 31] and now we will set some import-
ant results on the new discretized weighted Sobolev spaces, which allows us to

prove some of the most important results on this chapter.

Proposition 4.2.1.1. [%%(r) is an Hilbert space.
Proposition 4.2.1.2. [Y%(r, p) is a reflerive and separable Banach space.

Proposition 4.2.1.3. [Y2(r, p) is continuous and densely embedded into ["2(r).

Remark 20. As in the bounded coefficients case, f;, can have a weaker condition,
such that, f, € L*([0, T]; (I%2(r, p))*), with (I%%(r, p))* the dual of I**(r, p).

4.2.2 The discretized problem

In the case of the discretization with unbounded data it is necessary to define
the framework on the new environment, considering the basis of the framework

defined in previous chapter.
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As in [26] and previous in this thesis, consider the new problem, discretized

version of the second order parabolic Cauchy problem, in R?.
Lyw—u+f,=0 in Q(h)=1[0,T]x Z (4.3)

u(0,2) = gn(z) in Z

with 7" € (0,00), f5 and g, such as
frn:Q(Mh) =R and g,:Z! =R

So, we have:

+c(t, z)u — Ou + fu(t,z) =0

(e, ) 2 =

(%ci@xj n ze

Based on Assumption (4.1.3.1), where regularity conditions under coefficients

in the exact problem are imposed, we have:

Assumption 4.2.2.1. Consider the following conditions and let r and p be pos-

itive smooth functions on RY
1. fn € L*([0,T7;1%%(r))
2. gn € 1%%(r).

Remark 21. 0] a;;(t, )| = [~ (a;;(t, x + he;) — ai(t,2))| < |2ai;(t,x + 7e;)],
with 0 <7 < h.

Now we can define the generalized solution of (4.3), solution we want to prove

that exists and is unique.

Definition 4.2.2.2. v € C([0,T7];1%*(r)) N L*([0,T];1(r, p)) is a generalized
solution of the discrete problem (4.3) if, for all ¢ € [0, 7] and for all p € IV%(r, p)

(ult), ©) =(gn 0 / {—(a5(5)0Fu(s), 0 )
T (bi(8)0Fu(s) — B ()07 u(s), o)
T (e(s)u(s), @) + (fals), 9} }ds

with (-, ) representing the inner product in [%2(r).
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Considering the previous assumptions and the framework described, we can

state the existence and uniqueness of solution.

Theorem 4.2.2.3. Considering the conditions (1) — (2) of Assumption (4.1.3.1)
and (1) — (2) in Assumption (4.2.2.1), the discrete problem (4.3) has a unique
generalized solution in [0,T].

Moreover,

T
sup [0+ [ OBt < Nl + [ U0t

t€[0,T]

where N is a constant not depending on h.

Proof. Consider a new a;; such that aj}(t,z,\) = ay;(t, ) + X with A € (0,1).
Let L)(s) : 1Y2(r, p) — (I%%(r, p))*, for every s € [0, T]. We define

(LA (s)0, @) == —(aij ()05, 05 @) + (bi(5)07 9 — 0F ai;(s)97 0, @) + (c(s)¥, ),
for all s € [0,T], ¢, € IY2(r, p).

We have to prove that this new problem, with the change in coefficients, has

a unique solution.
1. 3K, X > 0 constants : (Lp(s)y,¥) + MN|Y|n2¢p) < K| 1020)
2. JK constant : |[(Ly(s)Y, @) < K||[Y|li2(mp) - [@]li2(r,p)5

for all s € [0,T], ¢,v € IY3(r, p).

For the first property, owing to (1) and (2) in Assumption (4.1.3.1), conditions

under the regularity of coefficients, and with the previous inner product, we have

(Lu(s)y, ) = ZZT a;;j(s)0; YO ph?

+er — 9 a;j(s))0; bh? + Zr c(s)yh
§—)\ZZTQ}p@j@/)|2hd+2KZZr2p}6j@/}w‘hd

+KZZ:2|1/J|2hd -
:_AZIHpajwufo,g(r)+2Kzzr2pyaj¢¢|hd

+ K[l 205

(4.4)

where the variable z € Zj! is omitted, Y  denotes the summation over Z{ and

Do Zj the summation over {1,2,...,d}. We use the Cauchy’s inequality on the
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second term in estimate (4.4), and obtain

(Ln(s)9,9) < = AZHpawum +5KZZ v oo b

+— ZZ PR+ K lfoa )

= - /\Z Hpa;r¢||lo,2(7a) - >‘H¢Hl0v2(r) + &TKZ HpaijlQo,z(T)

K
+ —l1Pllo2y + (K + Ml
<= A||¢qu> )+ K[l

with A > 0, K constants, by taking e sufficiently small. The first property is
proved.

The second property follows from (2) in Assumption (4.1.3.1), conditions un-

der the derivatives of the coefficients, and Cauchy-Schwarz inequality

[(Ln(s), ©)]
= ’ =0 rPay(s)0 wdf oht + Y 0> " r%bi(s)0; doh

— Z Z r?0F ai;(s)0; oh? + Z TQC(s)wgohd‘
< KZZ 20?0 o o| ht + KZZ 2| po | B+ KZ 2 h| h?

iy T

< KZ Hp@jq/;”loz(?‘) Z Hpa;‘r(leo,Q(r) + KZ Hpg;erloz(r) ||S0Hl0’2(7')
i J i

+ K¢ llo2) ooy
< K¢z - [1@lln2mp),

where the same writing conventions are kept.

Owing to Theorem (4.1.3.4) the result of the existence of generalized solution

to the problem follows.

192(r, p) and [Y%(r, p) are Hilbert spaces in L?*(R) and the weak derivatives of
these spaces are also in L*(R).

As we fixed, we have a;(t,z, ) = a;(t,z) + A, A € (0,1) through a change on
the original a;;(t, x).

Consider u)y the generalized solution of the discretized problem. Then
ux € C([0,T],1%%(r, p)) N L*([0, 71, 14%(r, p)).
Let f € L*([0,T1,1%%(r, p)) and g, € 1%%(r, p).
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Consider the linear functional Ly, : [Y%(r, p) — (I%2(r, p))* with the same inner
product and norm defined above.

Assume the conditions in (4.1.2.1) on the behaviour of the weights r and p
on the operator coefficients and on the free data f, and g,. We have that u, is
weakly convergent to u in C([0,T],1%%(r, p)) N L*([0, T],1**(r, p)) and

(ur(t),2) = (gm, 0) + / {—(ay(s) + N0 ur(s), 05 )
(bs(5)0Fur(s) — 0 (as;(s) + X)0Tux(s), @)
T (els)un(s), @) + {fals). ) s

Due to properties:

gn € 1%%(r,p) C W™?(r,p) C L*(r,p) =

= (ghvgp)log(r,p) S (gv SD)W"“Q(T,p) S (gvso)LQ(r,p) and
fn € L2(([0,T],1%%(r, p)) C L*(r, p) =

= (fha 90)10’2(7‘,/)) < (fa h)LQ(r,p)

As a consequence we have:

(1a(8):9) < (0.9) 120 + [ {=l5(5) + NDrus): Dy
+ (bi(s)Diu(s) — Dj(as; + A) Diu(s), @) r2(r,p)
+ (e(s)u(s) + f, ) r2(np Hds

Then, we just fixed a bound to the left hand of the estimative which is valid
and in limit is the solution of the nondegenerate problem, not depending on .
Moreover, since A — 07, uy — u.

And our proof is now complete. O

4.2.3 Approximation results

To characterize our approximations results, in particular that the scheme is con-
sistent, we have to define the rate of convergence of the solution to the prob-
lem (4.3)and approximate partial derivatives. A result corresponding to the one

presented bellow is proved in [26] for the nondegenerate case.
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Proposition 4.2.3.1. Consider r and p positive functions on R?. Consider m an
integer such that m > g. Consider, in Assumption (4.1.3.1), that the conditions
(1) — (2) are satisfied and also that p(x) > C on R, with C > 0 a constant. Let
u(t) € Wmt22(r p), v(t) € W™T32(r, p), for all t € [0,T]. Then there erists a
constant N independent of h such that

1.3 (@) fuai(t, @) — 0f ult,o)|F 2 ()" < WENJu(t) fBymen

7,p)
mGZ,‘f
2. Z ) |tgigs (t, ) — 05 0 v tl” pt(@)h? < BEN[o(t) [fymiszgp).
CEGZd

for all t € 10,T).

Proof. The proof we now develop follows the main ideas of the corresponding
proof on [26].
Let us prove (1). We define a suitable geometric setting, and then obtain an
estimate for
X(2) |us(t, 2) = O ult )| pP(a)

with x € ZZ, using a Sobolev’s inequality on a fixed ball.

Let us consider d-cells
Ry ={(z" 2% ... 29 eR": 2} <2’ <2l +h, i=12,...,d},

with @y, = (z},22,...,2%) € Z¢ fixed. Consider the particular d-cell where h = 1
and z; = (0,0,...,0), and denote it R?. Now, take open balls B;, such that
By, D Ry, with the vertices {z},z} + h, ¢ = 1,2,...,d} laying on the limiting
sphere. Denote BY the ball containing RY.

For every x;, € Z{, recalling that the conditions of the theorem, function u(t)
(function v(t)) has a modification in & which is continuously differentiable in x up
to the order 2 (up to the order 3), and the derivatives equal the weak derivatives,

for every t € [0, 7], we have, by the mean-value theorem,
Ofu(t,zn) = h ™ (u(t, wp + hey) — u(t, zn)) = ugi (t, T + Ohey)

and
|wgi (t, 2n) — O w(t, on)| = |y (t, 2n) — wgi (t, zy + Ohe;)]
< D ugigi (t, 2 + 0'he;)|

for some 0 < ¢ < 0 < 1. Clearly,

[tgigi (t, T + 0'he;)| < sup |ugiqi(t, )|, (4.6)
zERy,
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and then, from (4.5) and (4.6),

|y (8, 1) — @;’u(t,xh)‘Q < h? sup |ugigi(t, )] (4.7)
TERy

We change variable in order to have the supremum in (4.7) calculated over the

fixed d-cell RY:

SUp |Ugigi(t, )| = sup |ugizi(t, xp + hx)l. (4.8)
zeR, z€RY
As
SUP [tgigi (t, 2 + ha)|® < sup |ugigi(t, 2 + hx)]?, (4.9)
z€RY? zeBY

from (4.7) — (4.9) we immediately obtain

r(xn) [ug (¢, 21) — O ult, xh)|2p2(a:h)

< K2 ;s;% (rz(a:h + hax) |ugigi(t, xp + h$)|2 PQ(xh + hx)) (4.10)

< h? sup (r*(zp + ha) [ugigi (t, xh + hx)|? o (zp + hx)) .

xEB?

If U, V are open subsets of R? with V' C U and w € W™2(U) then w €
W™2(V) and also, if w € W™?(U) and ¢ € C$°(U) then ¢ € W™?(U) and
Cw € W™2(U) and we have, for m > d/2, by using a Sobolev’s inequality

sup |T(xh + hx)uxlxl (t7 Tp + hl’)p(!ﬁh + hZL’)|2

zeB?
, (4.11)
255 / D2 (r(h + Bt )tgene (£, 2 + ) p(an + ha)|? da,
jaf<m ¥ BY
with NV a constant independent of h. Observe that the Leibniz’ formula
a
D¢ (rugizip)| = < )DB 7p) D% Pty
1Dz ( )] [;X 5 (rp)
- (4.12)
- () (S ()orrrn) v
f<a A

holds (the arguments of r, p and w,i,i are omitted). Also, keeping the same

convention,
|DVr| < K?"p_M and |D’8_7p} < Kpl—(lm—\v\)’

with K a constant, and then

> (5 ) D'rD?p

v<B v

25 <5> I 1 =UBI=hD < =181 (4.13)
o
v<B
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with N a constant. From (4.11) — (4.13), we get

sup |r(z, + ha)ugiyi (t, 2 + ha)p(z, + he)|?
z€BY)

<N Z Z/ (zh + ha) [p'~ ‘6|(:1:h+hx)‘ : (4.14)
la|<m fLa

: |D§’ﬁumimi (t,xn + hx)‘ dx.

Owing to Holder inequality and to the hypotheses on function p, the integral
in (4.14) can be estimated by

/ r(zp, + h) |p1_|5l(mh + ha) DY Pugigi (t, 2 4 har) ‘2 dx
BY

<N r 2(ay, + ha) | p 2H1ed=18D (2, 4 ha) D2 Prugigi (t, ), + hx)‘zdx
BY
(4.15)
. sup ‘p 1- |a‘(xh+hx){
zeBY)

<N [ r*(xn+ha)|p 2HUA=IBD (2, + ha) DO Pugiyi (t, 21 4 ha) ] dx.
BO

Thus, from (4.14) and (4.15),

Sup [1(z + b )ugig (t, 2 + ha)p(zy, + ha)[?
z€BY

<sz/ (e + ha)|p

la]<m B<a

2+(lel=181) (zp + hx)

2
- DO Paugigi(t, xp, + hx)‘ dx

<N Z / (zp, + ha) |p2+|a‘ (zp + hx) DY ugigi(t, xp, +h:z:)| dx
la|<m (416)

<N Z / (xp, + hx) ’pl‘xh—l—hx)D u(t, xh+hx| dx

|a|<m+2

=N > / Pl () D2u(t, )| h b2l de

|oo| <m+2

<NZ/ Pl () Deut, z)|* h-4de.

|a|<m+2

Finally, owing to the particular geometry of the framework we have set, from
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(4.10) and (4.16) we obtain

Z ()| ugi (t, ) — 0 ult, x)‘2p2(x)hd

zerll
< Nh? Z Z/ |°“( )D2u tx‘ dx

|a|<m+2 3, e Z§ B (xp)

< Nh? Z Z/ |°“(95)D§u(t,x)‘2dx

la|<m+2 2, ez h(ach)
< RN [|u(t) [[fymerea

7,p)

where By (z) := By, Rn(xp) :== Ry, and the proof for (1) is complete.
The proof for (2) follows the same steps. O

Now we finally state the rate of convergence.

Theorem 4.2.3.2. Consider, in Assumption (4.1.3.1), that the conditions (1) —
(2) are satisfied and also that p(z) > C on R, with C > 0 a constant. Con-

sider m an integer such that m > g and let u be the solution of problem (4.2)

in Theorem (4.1.53.4) and wy, the solution of (4.3) in Theorem (4.2.2.3). For
u € L2([0,T); W™t32(r p)), we have

T
supreio.r1|u(t) — un(t)[foz +/ Ju(t) = un(t) |2, dt
0

T
<IN [ W0t Mo = iy + [ 170 = 50t
0
with N a constant not depending on h.

Proof. Fix apy(t,z,\) = a(t,z) + A, A € (0,1).
From (3.6) and (4.3), we have that u — uy, satisfies the problem

{ (u—wup) = Lp(u —up) + (L — Lp)u+ (f — frn) in Q(h)
(u—up)(0,2) = (g — gn)(z) on Zf.

Under the conditions of theorem, there are modifications in x such that the

(4.17)

data f and g are continuous in z, for every ¢ € [0,T]. Then, we see that f — f, €
L*([0,TT;1%%(r)) and g — g € 1%2(r).
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With respect to the term (L — L})u, note that if u(t) € W™m32(r, p), for all
t € 10,7,

> @) (L = L) @u)] b

zEZl‘f
=3 2w (et ) 40 (2o — 00 ) ult.) + blton) (L — 0 ) ulto)| a
_xezgr x) |(a;(t,z DT, 20 | ult, x i(t, @ oz, T u(t,
= Z () |ag(t, x) ( - 88*) u(t, z) + bi(t, x) ( 0 _ 8+) u(t, ) th
Fe7 R BT R A AT A

< W NJJult) sy < 00,

owing to (2) in Assumption (4.1.3.1) and to Theorem (4.2.3.1). Thus (L —
Ly)(t)u(t) € 1%%(r), for every t € [0,T]. Moreover, as by assumption u €
L2([0,T); WmF32(r, p)), we obtain immediately (L — L))u € L2([0, T]; 1%%(r)).

As seen before, problem (4.17) satisfies the hypotheses of Proposition (4.2.2.3).
Holding the estimate,

T
sup ||U(t)—Uh(t)||?o,2(r)+/ lu(t) = wn()][2 0 dt
0

0<t<T

T T
< N(Hg — gnlloa) +/0 1£(t) = fu (@)l dt +/0 I = L) (&)u(®)lo2() dt)-

Owing again to (2) in Assumption (4.1.3.1) and to Proposition (4.2.3.1), the result
follows.

]

The following Corollary gives us the rate of convergence with a better struc-

tured statement.

Corollary 4.2.3.3. Let the hypotheses of Theorem (4.2.8.3) be satisfied, and
denote u the solution of (4.2) in Theorem (4.1.5.4) and uy, the solution of (4.3)
in Theorem (4.2.2.3). If there is a constant N independent of h such that

T
m—mﬁw@+/ = (0) ooyt
0

T
S th (|g|12/V"L’2(7‘7P) +/ |f(t)|12/l/ml’2(7‘7p)dt)
0

then

T
sup |u(t) — Uh(t)’l%%?(r) + /0 lu(t) — uh(t)‘?va(r,p)dt

0<t<T
T
< hAN ( / () Firmss.2 ()0t + |glHmee ) + / | f(t)|%vm_1,2(r,p)dt).
0 0

Proof. The result is an immediate consequence of Theorem (4.2.3.2). O
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4.2.4 The special one-dimensional case

As in Chapter 3,we now applly our methodology to the one dimension on spatial
variable, in degenerate case (our pretended goal) for the unbounded coefficients
case. The results we will prove are stronger than the results in [28, 45].
Consider the Cauchy Problem in R.
ou

Lu—a—l—f:O in Q (4.18)

u(0,z) =g(z) in R

where Q) = [0, T] xR, T is a positive constant and L is the second-order partial

differential operator with unbounded coefficients in R:
L(t,z) = alt, x)a—z + b(t, J;)2 + c(t, ),
0x? ox

t with values in [0, 7] and f, ¢ real valued functions.

In order to study the existence and uniqueness of problem (4.18) we must
recall the weighted Sobolev spaces, defined on (4.1) and the solvability conditions
of PDEs with unbounded coefficients in those spaces, in the degenerated case.

We now present one particularization case of one presented before that we

include for completeness.

Assumption 4.2.4.1. Let r and p be positive smooth functions on R, consider

m a nonnegative integer and a constant k.
1. a(t,x) > N\p*(z), X constant;

2. For allt € [0,T], for all x € R:
|D%| < kp?~1el, for all |a| <m +1V2
and | Db < kp'~lel and |Dc| < kp~I°l for all |a| < m, where D is the

o' partial derivative with respect to x;

8. f € L¥[0,T; W™ (r, p)) and g € W™3(r, p).

Assumption 4.2.4.2. Consider m a positive integer and r, p positive smooth

functions on R. There is a constant k such that
1. |Dap| S kplfa}.

2. |Dor| < ko,
p
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N2

r(z

3. SUD|;_y(<c (T(y) + %) =k, fore>0andx,y € R

~

Now, we can state the definition of generalized and classical solution of (4.18).

Definition 4.2.4.3. (u(t)):cjo,r] is said to be a generalized solution of the problem
(4.18) if:

1. ue LA([0, T]; W™2(r, p));
2. VYt € [0,T],
(ult), ) = (9. 0) + / {(=a(s)Dyu(s), Dsp)

+ (b(s) Dzu(s) — Dza(s) Dau(z), )
+ (c(s)u(s), ) + (f(s), ) }ds.

for all p € C§° and (-, ) representing the inner product in W%2(r, p).

The following result defines the conditions to the existence and uniqueness of

a generalized solution to the problem (4.18).

Theorem 4.2.4.4. Let m > 1 and assume the conditions on (4.2.4.1) and on
(4.2.4.2).  Then, there exists a unique generalized solution uw € [0,T] for the
problem (4.18). Moreover,

u € L*([0,T], W™(r, p)) 0 L*([0, T, W™ 2(r, p))

and

T
supreom)| () By / () By
0
T
< N(lgPymsgr + / PO By, p)it)
0

with N constant.

Proof. This proof can be seen at [31]. O
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Discrete framework

To adapt our results to the special one dimension case, we now define the
h-grid, on R, with h € (0,1]:

Zp={rx€eR:x=nh, n=0,+1,+2 .}
and consider the difference quotients in space, for all z € Zj,:

e Forward: 0Tu = 9t u(t,z) = u(t,z + h})L — u(t, x);
u(t,z) — ult,x — h)

h

e Backward: 0" u =0 u(t,z) =

Let L; be the discrete operator, such that:

Ly(t,z) = a(t,z)0~ 0" + b(t,x)0" + c(t, z).

So, the discrete version of the second order parabolic Cauchy problem, can be

written as:

Lnu—u+fr=0 in Q) =[0,T]x Z (4.19)
u(0,2) = gn(z) in Z, (4.20)

with 7" € (0,00) and fj, and g, functions such that
frn:Qh) - R and g,:Z, — R.

To complete the framework we must define the discrete version of weighted

Sobolev spaces. So, instead of W%2(r, p) we will consider:

10’2(7‘) = {U : |U‘l0,2(r) < OO}

with norm

1/2
"U’lO,Q(T) = (Z TQ(,:E)lU(aj)‘?h)

TEZp

and inner product

(v, w2y = Y rP@(@)w@)h, Yo,w e l%?(r),

[ASYAN
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and the discrete version of the weighted Sobolev space Wh2(r, p):

2 (r,p) = {w  [wlia) < oo}

with norm

|W|121’2( = |W|12072(r) + [pdtwli.s

7,0)

with inner product

(W, 2)112(rp) = (W, 2)102(r) + (POT W, POT 2)10.2(r),
for all w, z € I"%(r, p).
Owing to (4.2) and to [27], we have the following properties:
e [%%(r) and [Y*(r, p) are Hilbert spaces;
o [v]2(ry < V|, for all v e 1M2(r, p);

e [12(r,p) is a reflexive and separable Banach space, continuous and densely
embedded into the Hilbert space (>?(r) (proof follows from [26]).

Consider the spaces:

e C([0,T];1%*(r)): space of continuous [*?(r)-valued functions on [0, T;

o L2([0,T);1m2(r, p) = {2 : [0,T] = I™2(r, p) = [ 12(t) B, < 00}, with
m = 0,1 and 2z : Q(h) — R functions such that (z(¢))(z) = z2(t,z) for all
te[0,T], x € Zn.

Next Assumption gives us some conditions over the data f;, and gy,.

Assumption 4.2.4.5. Let r be a smooth positive function on R. We assume
1. fn € L*([0,T];1%%(r));

2. gn € l0’2(7“).
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Definition 4.2.4.6. v € C([0,T7];1%*(r)) N L*([0,T];1"*(r, p)) is a generalized
solution of (4.18) if, for every t € [0, 7],
(0.9) = (01:9) + [ { = al0u(:).0%)

+(b(s)0Tu(s) — 0" a(s)0 u(s), @)
+(c(s)u(s), @) + (fu(s), ¥) pds

holds for all ¢ € I2(r, p).

Remark 22. Above, (-,-) is the inner product in [%2(r).

Based on Theorem (4.2.4.4), with the previous Definition and Assumption we

can now ensure that the problem has a unique generalized solution.

Theorem 4.2.4.7. Under (1)—(2) in Assumption (4.2.4.1) and (1)—(2) in As-
sumption (4.2.4.5), problem (4.18) has a unique generalized solution u in [0, T].

Moreover

T
s a0y [ Rttt < Nl + [ 10,
0<t<T 0

with N a constant independent of h.

Proof. The corresponding proof for the d dimensional case is above. ]

Approximations results

In this subsection we prove that the solution of the discrete problem approxim-
ates the solution of the exact problem. The results presented to the one dimension
case are stronger than the ones to the multidimensional case.

Next Theorem states the consistency of the scheme.

Theorem 4.2.4.8. Let r, p be positive functions on R and assume the conditions
in (4.2.4.2), with p(x) > C on R and with C > 0.

Let u(t) € W2(r, p), v(t) € W*%(r,p), for all t € [0,T). There exists a constant
N such that, for all t € [0,T]:

1. ZmeZh 7”2(33)‘Dxu(t, .T) - a+u<t7 QZ)PpQ(Q})h S h2N|u(t)|I2/V2’2(r,p)
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2. Y vz, T2(@)|Dozv(t, 2) — 0~ 0% u(t, 2)?p!(x)h < R2N[o(t)[fys2,,)
with m =0, 1.

Proof. This proof follows the main steps for the degenerate case in [45].

Let us prove (1). Observe that the forward difference quotient can be written
Otu(t,z) = h H(u(t,z + h) — u(t, z)) /—ut:z:—l—hq)d
Thus

(%_aJr)u(t’:E):/l(a u(t,z) — 6(? (tw+hq)>d

—h// 052 u(t, z + hgs)dsdg.
From (4.21), using Jensen’s inequality, we obtain
0 + 2
= _ <
‘(ax 8 u(t, ) h / /
hg
- h/ I
<h/qdq/ ‘82 tx+v)d (4.22)
/ ’—u (t,x +v)

z+h 82
= 5/ @U(ta z)

Observe also that from (4.22), using (3) in Assumption (4.2.4.2) we have, for
any

6 €(0,1),

(4.21)

u(t, z + hqs)‘ dsdq

2

2
Wu(t, x +v)| dvdg

dv

2(@)] (o~ 0" Yutt, )| (@)

z+h 2 2 (423)
< hN7*(x + 0h)p*(x + 0h) / ‘mu(t, 2)| dz.
- z
As, by the mean value theorem for integration, for some 6 € (0, 1),
z+h (92 2
r?(z + 0h)p*(x + 6h) / ‘Wu(t, z)’ dz
@ : (4.24)




from(4.23) and (4.24), using Hélder inequality, we obtain

0 2

2 9 o 2
(@) (55— 0 ulto)| 0(@)

< hN o r2(2) a—2u(t z)‘2 Yz)dz- sup |p3(2)]

<hN | S 5ult:2)| p e (4.25)

z+h 82 2
<hN r?(2) mu(t 2)| p'(2)dz,
z

owing to the hypotheses on the weights p.
Finally, summing up (4.25) over Z;, we get

> rQ(x)) (% - )ut ))QPZ(x)h <N () [Fy2e(p,

TEL

with N a constant independent of h, and (1) is proved.

We now prove (2). Writing the forward and backward difference quotients

Otu(t,x) =h vtz +h) —ov(t,x)) = /0 8856 (t,z + hq)dq

and )
O v(t,z) =h ' (v(t,r) —v(t,z — h)) = / ﬁv(t, x — hs)ds,
o Ox

respectively, we have for the second-order difference quotient
Lo 7o [t
-9t — - B — — e — B — —
o~ 0%v(t,x) =0 /0 8$U(t’x + hq)dq /0 ((% /0 aggv(t@ + hq hs)dq)ds

1 1 82
- / / @v(t, x+ h(q — s))dsdq.
o Jo

Thus
02 0?
((%2 -0 8+ (t,x) / / (%2 ~ 32 v(t, x4+ h(q — s)))dsdq

—h/// q—s—vtm+hv(q—s))dvdsdq.

From (4.26), by Jensen’s inequality,

o2
K@—@ 8+ tx <h2///]q—s|
(a-5) 2
:h/o/o/o (q—s)‘@v(t,m—f—w)’dwdsdq
1 1 h 83 2
_h//|q—s}dsdq/ ’%U(t,az+w)‘dw
z+h 83
/‘ —h/x ‘ﬁv(t,z)

(4.26)

su(t,z + ho(g — 5)) ’2dvdsdq

A

2

dz,

| /\

33



and, following the same steps as in the proof of (1), we finally obtain
2 0 -+ % 4 2 2
> @) (55 — 070" ot )| p @)k < BN () s,
TEZp

with N a constant independent of h, and (2) is proved. ]

Next we will present the rate of convergence of the solution. For that it is
necessary to impose to the solution of (4.18) problem to another regularity con-
dition, remaining the Theorem (4.2.4.7) satisfied. As a basis, consider Theorem
(4.2.3.2).

Theorem 4.2.4.9. Ler r,p be positive functions on R. Consider satisfied the
conditions in Assumption (4.2.4.2) and let p(x) > C on R, with C' constant. Let
u be the solution of (4.18) in Theorem (4.2.4.4) and uy, the solution of the same
problem but in conditions of Theorem (4.2.4.7). For u € L*([0,T]; W32%(r, p)) we

have
T
supte[o,T]]u(t)—uh(t)\?o,a(,,) +/ lu(t) — Uh(t>|121,2(r7p)dt
L
<N [ bzt + Vg = ol

T
+A\ﬂw<MWhmw

with N a constant independent of h.

Proof. From (4.18) and (4.19), we have that u — u;, satisfies the problem

(4.27)

{(U —up); = Lp(u —up) + (L — Lp)u+ (f — frn) in Q(h)
(u—up)(0,2) = (g —gn)(x) in Z.

Owing to f(t) and ¢ are continuous in x for every ¢ € [0,7], we have that
f— fn€ L*([0,T);1%%(r)) and g — gy € (*2(r). Consider a*(t,z,\) = a(t,z) + X,
with A € (0,1).
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With respect to the term (L — L))u, if u(t) € W32(r, p) for all t € [0, 7],

— TQ(I‘)‘(CL(t, x) + )\)(% — 8_8+)u(t, x) + b(t, x)(% — 0+)u(t, :L’)|2h
h ) 02 ot 9, N 2
= r (z)‘a(t,x)(@ — 070N u(t,z) + b(t,x)(% — 0N )u(t,z)|"h

< BANu(t)[fys2,) < 00,

owing to (2) in Assumption (4.2.4.1) and to Theorem (4.2.4.7).  Thus

(L — L) (t)u(t) € 1%%(r), for every t € [0,T]. Moreover, we have, by assumption,

u € L([0,T]; W32(r, p)), we obtain immediately (L — L})u € L([0, T]; 1%2(r)).
So, we have that problem (4.27) satisfies the hypotheses of Theorem (4.2.4.4),

therefore holding the estimate

T
sup HU(t)—uh(t)H?oa(T)Jr/O () = un ()2, )t

0<t<T
T T
<N (lo = aullagy + [ 150 = 5O+ [ 1= LOuOegt)

So the result follows. ]
As a consequence of the Theorem (4.2.4.9), we can state:

Corollary 4.2.4.10. Consider satisfied the conditions is Theorem (4.2.4.9). Let
u be the solution of (4.18) in (4.2.4.4) and uy, the solution of the same problem
in (4.2.4.7). If exists

T

T
|g_gh|12072(r)+/ |f(t)_fh(t)|l2072(r)dt§h2N<|g|12/Vma2(r,p)+/ |f(t)|12/l/m_172(r,p)dt>
0

0

then

T
sup |u(t) — uh(t)|l20,z(r) +/ lu(t) — uh(t)|121,z(rjp)dt
0<t<T 0

T T
< h? N( / |u(t) [fymss.2(py At + |Gl mez ) + / | f(t)|%vm_1,2(w)dt>.
0 0

form=0,1.
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Chapter 5

Conclusion and further research

In this thesis we used the framework in the works [31, 32] and extended the
studies [26, 27, 28, 30, 45] to the spacial approximation to the solution of the
Cauchy problem for a degenerate multidimensional second order linear parabolic
PDE both in the cases where the PDE coefficients are bounded and unbounded.

The same results have been presented before but to the case where the operator
of the second order linear parabolic PDE is nondegenerate. This thesis presents
the results applied to the degenerate case, thus completing the existing gap on
this theory scheme. Therefore, attending to Chapter 3 and to [26, 27, 28, 31,
45] and to this dissertation, we now have constituted a complete theory on the
numerical approximation, with finite-difference schemes, of partial differential
equations arising in finance, for both degenerate and degenerate cases, whether
considering bounded and unbounded coefficients.

For that, a semi-discretized version of the PDE problem was constructed with
the use of a finite-difference scheme, in discrete Sobolev and weighted Sobolev
spaces.

Existence and uniqueness results for the generalized solution to the semi-
discretized problem were deduced, as well as for its stability and for the scheme’s
consistency. Finally a convergence result was proved and a convergence rate
obtained.

The case where there is only one dimension in space was treated separately,
since stronger results could be obtained.

Although we have only studied the semi-discretization in space, a full discret-
ization can be easily obtained by combining the results in the present study with
the one in [26, 29, 45] for the time discretization.

Also, in order to obtain implementable numerical schemes, there is the need to
localize the semi-discretized problem to a discrete bounded domain, with the im-
position of artificial discrete boundary conditions. In this connection, the works

[18, 19]), where transparent discrete boundary conditions are imposed, are par-

36



ticularly meaningful.
Finally, the order of accuracy of the schemes we constructed are very low.
Therefore, there is also the need to accelerate the schemes.

Thus, possible future research directions are:

e Obtaining a full discretization in the whole space;

e Localizing the discretized problem to a finite computational domain, by

imposing transparent discrete boundary conditions;

e Accelerating the numerical scheme, namely with the construction of an ADI

scheme.
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