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Abstract : We consider the end state of collapsing null radiation together with monopole field in higher
dimensional spacetime The condition for the formation of a naked singularity as a result of the collapse has
been obtained It 1s found that under certain restriction on the mass function, the collapse leads to a strong
curvature naked singulanty, violating CCH
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1. Introduction

In the framework of the Einstein Theory of relativity, spacetime singularities can be formed
by grawitational collapse. If a singularity forms, it is crucial to consider physical phenomena
around it, whether the singularity is covered by event horizon of the gravity or not. The
Cosmic Censorship Hypothesis (CCH) [1] states that such singularities will always be
covered by event horizons and hence can never be wvisible from the outside. Despite
several attempts by many researchers, neither general proof nor precise mathematical
formulation of this hypothesis has been available so far. On the contrary, several
examples of naked singularities have been found. The examples of naked singularities
known in spherical collapse arise from various forms of matters. These include dust [2-
5], radiation [6-10], perfect fluid [11,12], null strange quark fluid [13,14] etc.

Vaidya solution is one of the most important solution among the above solutions.
Papapetrouy [15] first showed that this solution could yield a naked singularity. Since then,
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this solution 1s being used to analyse the scenario of grawvitational collapse In genera
relativity Wang and Wu [16] generalized the Vaidya solution to a more general case
which include most of the known solutions to the Einstein field equations, such ag
monopole solution, charged Vaidya solution, Husain solution Later on, Patl et al [17)
have shown that under certain conditions on mass function, the grawvitational collapse of
generalized Vaidya solutons may yield naked singulanties which appear in Vaidya ang
Tolman-bondi spacetimes are of the same nature Various important features such as the
degree of in-homogeneity of the collapse necessary to produce a naked singularty the
Cauchy horizon equation, the apparent honzon equation, and the strength of the singulanty
have a mutual correspondence in both metnics [cf 18] Recently, Sye Gao and Lemos
[19] have shown that it 1s possible to match the two solutions in one single spacetime
the Tolman-Bondi-Vaidya spacetime

There 1s a considerable motivation provided in the past few years for considerng
the possibility for the spacetime to have extra dimensions String theory has created the
interest 1n higher dimensional spacetimes Although the extra dimension i1s not directly
observable, but TeV-scale theory [20,21] suggests that our universe, may have large extra
dimensions Hence to prove or to disprove cosmic censorship hypothesis, it becomes
necessary to study the grawvitational collapse in the higher dimensions as well In this
respect many research papers have been appeared on higher dimensional gravitational
collapse [22-28], which show that either naked singularhes or black holes may form in
higher dimensional collapse depending upon the nature of the inttial data

In the present paper, we discuss the gravitational collapse of null flud around
monopole field in the higher dimensional spacetme Our am 1s to investigate the
influence of a monopole field on Vaidya collapse and to study the naked singularities that
may possibly form in this collapse

This work 1s organized as follows In the Section 2, we describe the five
dimensional monopole-Vaidya spacetime In Section 3, we discuss the nature of the
collapse, finally in Section 4 we conclude the paper

2. Monopole-Vaidya solution in five dimensional spacetime
Let us consider five dimensional spherically symmetric spacetime described by the metric
[28,29]

m(v,r)
as® = -[1 —— ]dv*‘ +2dvdr + r?(dof +sin° 6,003 + sin? 0, sin® 9,d0f ) | ()

where v 1s an advanced Eddington time coordinate, r is the radial coordinate with
O<r<e, and m(v,n) 1s the mass function giving gravitational mass inside the sphere of

radial coordinate r
Non-vanishing components of the Einstein tensor for the above metnc are given by

. —3m’ 1 3m _ 4 _—m’
Gg:G‘"z“,T' Go=33 Gf—G§=G4—2r§, @
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where{X"}={v, r6,0,,0,}, (14 =0123,4) and( )and(’) represent partial derivatives with
respect to v and r respectively

Combining eq (2) with field equations

G, =«T, , (3)
we find that the corresponding energy momentum tenspr can be wntten in the form
[16,30] §

— 7"

T, =T +T, (4)
where

T =01,
and

T\ = (p+P)(Ln, +1n,)+ Pg,, (5)
Using egs (2-5), we can wnte the expressions for o, p and P as

3m(v,r 3m'(v,r -m"’(v,r

o= (3)’ _""'(a)' P=— (2_')’ ®)

2nr 2kr 2kr

where p, P are energy density and pressure, while o 1s the energy density of the Vaidya
null radiation

We have considered null vectors /,, n, such that

. 1 m(v,r) .
0 0 _ &1
lll ':b;l' 77;, = 2—[1—. Al(‘)“ —by‘ ’

r.e

LI*=nn*=0, In* - -1 (7)

7:“”, can be considered as the component of the matter field that moves along the null
hyper surface v = constant When p = P = 0, the solutions reduce to the higher
dimensional Vaidya solution with m = m(v) [31] This flud in general belongs to the type
Il fluds and the energy conditions for this type of fluids are given by [28-30,32]

)] The weak and strong energy condition
0>0 p20, P20 (8)
(n) The dominant energy condition
6>0,p2P20, P20 9
Following Refs. [16,29], we define the monopole solution In five dimensional spacetime
g(v,r)=ar?, (10)

Where a 1s an arbitrary positive constant
Monopoles are formed due to a gauge-symmetry breaking and have many properties
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of elementary particles Most of therr energy 1s concentrated in a small région near
monopole core [33]
Mass function in five dimensional Vaidya space is defined by [31, 34]

0 v<O
f(v)= Av? Osv<T

1
m, v>T ()

where A 1s a positive constant

Since the energy momentum tensor 1s linear in terms of the mass functions, a
hinear superposition of particular solutions s also a solution of the Einstein field equations
[16] In particular, the combination

m(v,r)=Av? +ar?, (12)

would represent the monopole-Vaidya solution in five dimensional spacetime

For v < 0, the spacetime is higher dimensional monopole solution with f(v) = 0
The radiation 1s focussed into a central singulanty at r = 0, v = 0, of growing mass f(1)
At v = T, say, the radiation 1s turned off For v > T, the extenor spacetime settles to the
higher dimensional Schwarzschild field embedded in a monopole field Thus v = 0 to 1
= T, the metric 1s monopole-Vaidya, whereas for v > T it 1s an Schwarzschild-monopole
spacettime Note that presence of monopole breaks the asymptotic geometry of the
spacetime

To investigate the structure of the collapse we need to consider the radial null
geodesics defined by ds?=0 taking 6, =0, =60, =0 Into account

Radial null geodesic equations (taking the null condition K?K, =0 nto account
where K® =dx*/dk s the tangent vector of a geodesic) for the metnc (1) are

aK¥ m m <
o HlEae ) =0, 1
dK’ m m m mm m 2 (m 2m
st~ + — — — (K" - - |[K’'K"=0 14)
dk +[2r YTy * 2rt P ]( ) +(r2 re ] (
Let
K =dv_R_(V.I’) (15)

K =ﬂ(1-ﬂ(_‘i:.’l (16)
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where A satisfies the differential equation

dR R2(1_3_m+mJ=o

ok 2r7 roor 17)

3. Nature of the collapse

To investigate the nature of the collapse, we follow the * thod descrnibed in Ref [10]
Foughly speaking naked singularties are singulanties that may be seen by physically
allowed observer 1e outgoing light rays starting from tha singulanty terminate on the
singularity in the past. The central shell-focussing singulanty (1 e that occurnng at r = 0)
is naked, if the radial null geodesic equation admits one or more positive real roots [35]

With the choice of the mass function (12), the matnc (1) admits a homothetic
Kiling field given by

gr=v-Lar?. (18)
which satisfies the equation

L:gab =§ab + ':ba = 29ab: (19)
where L denotes the lie dernvative

It can be seen that £“K, 1s constant along radial null geodesics, that is

&K, =vK +1K =8, (20)
where S Is constant
Eq (20), because of the eqs (12), (15) and (16) yields

R= 25 _, 1)
AXP-(1-a)X+2

where we have put X = vwr and 1s known as a self similarnty vanable

To investigate the nature of the singulanty we need to consider the radial null
geodesics defined by ds® = 0

Equation for the radial null geodesics for the metric (1) are given by

w2

ar 1-m/r? (22)
With the choice of the mass function (12), above equation becomes

dy__ 2 (23)

dr 1-A(v/rf -a .
It can be observed that the above differential equation has a singulanty at r=0, v=0

For the geodesic tangent to be uniquely defined and to exist at this point, we must
have [35]

. dv 2
X, = lim v - im — =——/—s— (24)
vs0 1 v=0 dr 1-AX,"-a
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that is
AXS-(1-a) X, +2=0. (25)

The above algebraic equation decides the nature of the singularity. If the above equation
has a real and positive root, then there is a future directed radial null geodesic originating
from r = 0, v = 0; in this case, the singulanty will be naked. If eq. (25) has no real and
positive root, then the singularity will be covered and the collapse proceeds to form a
black hole.

From the theory of equations, it can be checked that eq. (25) has two real and
positive roots if

3
O<a< and0<As(1;—:—)— (26)

Thus if the above condition is satisfied, then the higher dimensional monopole-Vaidya
coliapse leads to a naked singularity, otherwise the collapse ends into a black hole. In
particular if we choose 4 = 0.01, a = 0.5 then we get two positive real roots X; = 6.1005
and X, = 3.4373. Table 1 shows the positive roots corresponding to different values of
a and A.

Table 1. Roots of the eq (25) corresponding to different vatues of a

and A.
a A Positive real roots

Root X, Root X,

0.3 0.010000 6.1005 3.4373
0.009000 6.6667 3.3333

0.008000 7.2963 3.2492

0.5 0.004000 7.8078 5.0000
0.003000 10.0000 4.5742

0.002000 13.2001 4.3232

0.7 0.001000 10.0172 9.9892
0.000800 12.4347 8.5259

0.000800 14.0281 8.0661

0.9 0.000030 41.6047 243100
0.000020 56.9593 22.1832

0.000010 87.8885 20.9149

Four dimensional monopole-Vaidya collapse has been discussed in Ref. [17] and it
has been shown that, the collapse leads to a naked singularity if

2
o«xs(-':;—). 27)
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Thus comparison with the analogous 4D case shows that naked singularity occurs for a

sightly smaller value of the parameter A in 5D. .

3

}

Strong curvature singularity is regarded as a more serious gviolation of cosmic censorship
as compared to a weak one. It is believed that spacetlmg cannot be extended through
a strong singularity, but is possibly extendible through a wgak one [36]. In Tipler's sense
[37], singularity is said to be a strong curvature singularity’if collapsing volume elements
crushed to zero at the singularity. According to Clarke and Krofak criteria [38], a
singularity is strong curvature type if

Strength of a naked singularity :

H 2 b
¢ = lim k R K*K® >0 (28)
where K? is tangent to the radial null geodesic, R, is the Ricci tensor and k is an affine
parameter.

In order to examine the strength of a singularity along radial null geodesics, we
observe that

ok rdk Pk (29)
Using egs. (15) and (16), above equation becomes
ax R 2
K37 —[Ax?-(1-a X+2]_ (30)
From egs. (15) and (16), we obtain
a b - 2
-llmeH KK Ilnakz[zr (k)
. (kR
~3AX, 1'53[72” (32)

At the singularity, kK — 0, r — 0 and X — a,, where a, is a root of eq. (25). Hence applying
LHospital's rule and using some algebra, we obtain

. (kR
lim| = |= — (33)
k'—w[ r? ] 1-1X,2-a
Ihserting the above equation into eq. (32), we get
31X,

=- . (34)
(1-AX?-a)

Thus Clarke and Krolak condition for the strong curvature smgulanty [38] is satisfied.
Hence, the naked singularity arising in this spacetime is strong.
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4. Conclusion

We have presented the scenario for the gravitational collapse of a monopole field together
with Vaidya null radiation in higher dimensional spacetime. The possible occurrence of 3
naked singularity has been investigated and it has been shown that at least for a
particular choice of the parameters, a naked singularity is formed.

We have estimated the strength of a naked singularity by Clarke and Krolak criteria
[38]) and it is found that these singularities are of strong curvature type.

Since in the absence of monopole field, spacetime becomes asymptotically flat, one
can argue that the condition of asymptotically flatness does not play any significant role
in the formation of the naked singularity.

Occurrence of a strong curvature singularity in the higher dimensional monopole-
Vaidya spacetime suggests that this solution violates the CCH.

Similar solutions in four dimensions have been obtained earlier [17] and it has been
shown that under certain conditions on the mass function m(v,r), these solutions admi
naked singularities. In fact, we can find a class of the functions m(v,) such that

m(v,ry=Av+F(v,r)

where F(v,r)/r is a polynomial in r(or in v), then the only contribution to the condition
for the existence of the null geodesics emanating from the central singularity is from Av.
the Vaidya mass. However, while choosing the function m(v,r), one has to take the care
that the energy conditions mentioned in egs. (8) and (9) should not be violated. The same
idea of choosing m(v,n) can be extended to higher dimensions as well.
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