
Reduced synthesis in harmonic analysis and compact synthesis in
operator theory

Shulman, V. S., Todorov, I. G., & Turowska, L. (2017). Reduced synthesis in harmonic analysis and compact
synthesis in operator theory. Functional Analysis and Its Applications, 51(3), 240-243. DOI: 10.1007/s10688-
017-0189-9

Published in:
Functional Analysis and Its Applications

Document Version:
Peer reviewed version

Queen's University Belfast - Research Portal:
Link to publication record in Queen's University Belfast Research Portal

Publisher rights
© 2017 Springer Science+Business Media, LLC.
This work is made available online in accordance with the publisher’s policies. Please refer to any applicable terms of use of the publisher.

General rights
Copyright for the publications made accessible via the Queen's University Belfast Research Portal is retained by the author(s) and / or other
copyright owners and it is a condition of accessing these publications that users recognise and abide by the legal requirements associated
with these rights.

Take down policy
The Research Portal is Queen's institutional repository that provides access to Queen's research output. Every effort has been made to
ensure that content in the Research Portal does not infringe any person's rights, or applicable UK laws. If you discover content in the
Research Portal that you believe breaches copyright or violates any law, please contact openaccess@qub.ac.uk.

Download date:06. Aug. 2018

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Queen's University Research Portal

https://core.ac.uk/display/160108629?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://pure.qub.ac.uk/portal/en/publications/reduced-synthesis-in-harmonic-analysis-and-compact-synthesis-in-operator-theory(a83b0798-455f-4144-8824-87b750373258).html


Êîìïàêòíûé ñèíòåç

È.Ã.Òîäîðîâ, Ë.Òóðîâñêàÿ è Â.Ñ.Øóëüìàí

1 Îñëàáëåííûé ñèíòåç â ãàðìîíè÷åñêîì àíàëèçå

Íàïîìíèì, âíà÷àëå, êàê îïðåäåëÿþòñÿ (ñì. [3]) íåêîòîðûå ïîíÿòèÿ ãàðìîíè÷åñêîãî
àíàëèçà â ñëó÷àå íåêîììóòàòèâíûõ ãðóïï (òî åñòü, â îòñóòñòâèå äóàëüíîé ãðóïïû).

Ïóñòü G � ëîêàëüíî êîìïàêòíàÿ ãðóïïà. Îáîçíà÷èì ÷åðåç λ : G → B(L2(G)),
s 7→ λs, åå ëåâîå ðåãóëÿðíîå ïðåäñòàâëåíèå: (λsξ)(x) = ξ(s−1x). Òåì æå ñèìâîëîì ìû
îáîçíà÷àåì è ðåãóëÿðíîå ïðåäñòàâëåíèå àëãåáðû L1(G) íà L2(G).

Ïðèâåäåííàÿ ãðóïïîâàÿ Ñ*-àëãåáðà C∗
r (G) ãðóïïû G � ýòî çàìûêàíèå ïî îïåðà-

òîðíîé íîðìå àëãåáðû λ(L1(G)) = {λ(f) : f ∈ L1(G)}; åå *-ñëàáîå çàìûêàíèå VN(G)
íàçûâàåòñÿ àëãåáðîé ôîí Íåéìàíà ãðóïïû G.

Àëãåáðîé Ôóðüå ãðóïïû G íàçûâàåòñÿ àëãåáðà A(G) âñåõ ôóíêöèé u : G → C
äîïóñêàþùèõ ïðåäñòàâëåíèå âèäà u(x) = (λxξ, η), ãäå ξ, η ∈ L2(G). Ýòî êîììóòàòèâ-
íàÿ ðåãóëÿðíàÿ áàíàõîâà àëãåáðà îòíîñèòåëüíî íîðìû ∥u∥ = inf{∥ξ∥∥η∥}. Åå èäåàëàì
ñîïîñòàâëÿþòñÿ ìíîæåñòâà íóëåé: null J = {s ∈ G : u(s) = 0 äëÿ âñåõ u ∈ J}, è, íàïðî-
òèâ, çàìêíóòûì ïîäìíîæåñòâàì ñîïîñòàâëÿþòñÿ èäåàëû I(E) = {f ∈ A(G) : f(s) =
0, s ∈ E}, J0(E) = {f ∈ A(G) : f(s) = 0 â îêðåñòíîñòè E, íîñèòåëü f êîìïàêòåí} �
íàèáîëüøèé è íàèìåíüøèé èäåàëû ñ ìíîæåñòâîì íóëåé E. Ïîëàãàÿ J(E) = J0(E), ìû
ãîâîðèì, ÷òî E ÿâëÿåòñÿ ìíîæåñòâîì ñèíòåçà, åñëè I(E) = J(E).

×òîáû îïðåäåëèòü ïîíÿòèå îñëàáëåííîãî ñèíòåçà, çàïèøåì ýòî ðàâåíñòâî, ïåðåéäÿ
ê àííóëÿòîðàì â ñîïðÿæåííîì ïðîñòðàíñòâå: I(E)⊥ = J(E)⊥. Ïðîñòðàíñòâî, ñîïðÿ-
æåííîå ê A(G), ìîæåò áûòü îòîæäåñòâëåíî ñ VN(G) ïóòåì ñîïîñòàâëåíèÿ êàæäîìó
îïåðàòîðó T ∈ VN(G) ôóíêöèîíàëà u 7→ (Tξ, η), ãäå u(s) = (λsξ, η). Áóäåì ãîâîðèòü,
÷òî çàìêíóòîå ìíîæåñòâî E ⊂ G äîïóñêàåò îñëàáëåííûé ñèíòåç, åñëè

C∗
r (G) ∩ I(E)⊥ = C∗

r (G) ∩ J(E)⊥.

Â êëàññè÷åñêîì ñëó÷àåG = T ýòî îçíà÷àåò, ÷òî âñå ñîñðåäîòî÷åííûå íà E ïñåâäîôóíê-
öèè (ðàñïðåäåëåíèÿ, êîýôôèöèåíòû Ôóðüå êîòîðûõ ñòðåìÿòñÿ ê íóëþ), àïïðîêñèìè-
ðóþòñÿ ìåðàìè, ñîñðåäîòî÷åííûìè íà E. Â ÷àñòíîñòè, âñå ìíîæåñòâà åäèíñòâåííîñòè
(ò.å. íå íåñóùèå íåíóëåâûõ ïñåâäîôóíêöèé) äîïóñêàþò îñëàáëåííûé ñèíòåç. Êëàññ
ìíîæåñòâ åäèíñòâåííîñòè èíòåíñèâíî èçó÷àëñÿ, ïîñêîëüêó îí èãðàåò âàæíóþ ðîëü â
òåîðèè òðèãîíîìåòðè÷åñêèõ ðÿäîâ. Â îáùåì ñëó÷àå, ãîâîðÿò, ÷òî E ÿâëÿåòñÿ ìíîæå-
ñòâîì åäèíñòâåííîñòè (èëè U -ìíîæåñòâîì), åñëè C∗

r (G) ∩ J(E)⊥ = {0}.
Ë.Øâàðö â çíàìåíèòîé ðàáîòå [6] ïîêàçàë, ÷òî ñôåðà Sn−1 íå ÿâëÿåòñÿ ìíîæåñòâîì

ñèíòåçà â ãðóïïå Rn ïðè n ≥ 3. Ñ äðóãîé ñòîðîíû, Âàðîïóëîñ [10] äîêàçàë, ÷òî S2
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äîïóñêàåò îñëàáëåííûé ñèíòåç â R3. Îêàçûâàåòñÿ, ÷òî íà áîëüøèå ðàçìåðíîñòè ýòîò
ðåçóëüòàò íå ïåðåíîñèòñÿ:

noness Òåîðåìà 1.1 (i) Ïðè n ≥ 4 ñôåðà Sn−1 íå ÿâëÿåòñÿ ìíîæåñòâîì îñëàáëåííîãî ñèí-
òåçà â Rn.

(ii) Ïðè n ≥ 6 ñâåòîâîé êîíóñ {x ∈ Rn : x21 + x22 + ...+ x2n−1 − x2n = 0} íå ÿâëÿåòñÿ
ìíîæåñòâîì îñëàáëåííîãî ñèíòåçà â Rn.

Ñëåäóþùèé ðåçóëüòàò óñèëèâàåò èçâåñòíóþ òåîðåìó Ìàÿâýíà [4]. Äëÿ êîììóòà-
òèâíûõ ìåòðèçóåìûõ ãðóïï îí áûë ïîëó÷åí Ñàåêè [5].

Ma Òåîðåìà 1.2 Âñÿêàÿ íåäèñêðåòíàÿ ëîêàëüíî êîìïàêòíàÿ ãðóïïà, èìåþùàÿ îòêðû-
òóþ êîììóòàòèâíóþ ïîäãðóïïó, ñîäåðæèò çàìêíóòîå ìíîæåñòâî, íå ÿâëÿþùååñÿ
ìíîæåñòâîì îñëàáëåííîãî ñèíòåçà.

2 Êîìïàêòíûé ñèíòåç

Ïóñòü (X,µ) è (Y, ν) � ñòàíäàðòíûå ïðîñòðàíñòâà ñ ìåðàìè. Ïðÿìîóãîëüíèêàìè â X×
Y ìû áóäåì íàçûâàòü ìíîæåñòâà âèäà α×β, ãäå α ⊆ X è β ⊆ Y èçìåðèìû. Ìíîæåñòâî
íàçûâàåòñÿ ìàðãèíàëüíî íóëåâûì, åñëè îíî ñîäåðæèòñÿ â (α × Y ) ∪ (X × β), ãäå α, β
èìåþò íóëåâóþ ìåðó. Ïîäìíîæåñòâà E,F ⊆ X × Y ìàðãèíàëüíî ýêâèâàëåíòíû (E ≃
F ), åñëè èõ ñèììåòðè÷åñêàÿ ðàçíîñòü ìàðãèíàëüíî íóëåâàÿ. Ïîäìíîæåñòâî E ⊂ X×Y
íàçûâàåòñÿ ω-îòêðûòûì, åñëè îíî ìàðãèíàëüíî ýêâèâàëåíòíî ñ÷åòíîìó îáúåäèíåíèþ
ïðÿìîóãîëüíèêîâ. Äîïîëíåíèÿ ê ω-îòêðûòûì ìíîæåñòâàì íàçûâàþòñÿ ω-çàìêíóòûìè
[2].

Ïóñòü H1 = L2(X,µ) è H2 = L2(Y, ν). ×åðåç B(H1, H2) îáîçíà÷àåòñÿ ïðîñòðàíñòâî
îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ èç H1 â H2, à ÷åðåç K(H1, H2) (Cp(H1, H2)) �
ïðîñòðàíñòâî êîìïàêòíûõ îïåðàòîðîâ (ñîîòâåòñòâåííî, èäåàëû Øýòòåíà).

Îïåðàòîð óìíîæåíèÿ íà f ∈ L∞(X,µ) â L2(X,µ) îáîçíà÷àåòñÿ Mf . Ìíîæåñòâî
âñåõ òàêèõ îïåðàòîðîâ îáðàçóåò ìàêñèìàëüíóþ àáåëåâó ñàìîñîïðÿæåííóþ àëãåáðó
îïåðàòîðîâ (masa) íà L2(X,µ). Äëÿ èçìåðèìîãî ìíîæåñòâà α ⊆ X ìû îáîçíà÷àåì
÷åðåç χα åãî õàðàêòåðèñòè÷åñêóþ ôóíêöèþ è ïîëàãàåì P (α) = Mχα . Ïîäïðîñòðàí-
ñòâî W ⊆ B(H1, H2) íàçûâàåòñÿ masa-áèìîäóëåì, åñëè MψTMφ ∈ W äëÿ âñåõ T ∈ W ,
φ ∈ L∞(X,µ) è ψ ∈ L∞(Y, ν).

Ñêàæåì, ÷òî ω-çàìêíóòîå ïîäìíîæåñòâî E ⊆ X×Y íåñåò îïåðàòîð T ∈ B(H1, H2)
(èëè T ñîñðåäîòî÷åí íà E), åñëè P (β)TP (α) = 0, êîãäà α× β ∩E = ∅. Ó ëþáîãî M ⊆
B(H1, H2), ñóùåñòâóåò íîñèòåëü, òî åñòü íàèìåíüøåå (ñ òî÷íîñòüþ äî ìàðãèíàëüíîé
ýêâèâàëåíòíîñòè) ω-çàìêíóòîå ìíîæåñòâî suppM, íåñóùåå âñå îïåðàòîðû èç M [2].

Äëÿ ôèêñèðîâàííîãî E ìíîæåñòâî Mmax(E) âñåõ îïåðàòîðîâ, ñîñðåäîòî÷åííûõ
íà E, ÿâëÿåòñÿ w∗-çàìêíóòûì masa-áèìîäóëåì ñ íîñèòåëåì E. Îíî ÿâëÿåòñÿ íàè-
áîëüøèì èç áèìîäóëåé ñ ýòèìè ñâîéñòâàìè (îòêóäà è îáîçíà÷åíèå). Ñîãëàñíî [8],
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ñóùåñòâóåò è íàèìåíüøèé w∗-çàìêíóòûé masa-áèìîäóëü ñ íîñèòåëåì E, îí îáîçíà-
÷àåòñÿ Mmin(E). Åñëè Mmin(E) = Mmax(E), òî, ïî îïðåäåëåíèþ, E äîïóñêàåò îïå-
ðàòîðíûé ñèíòåç. Åñëè æå âûïîëíåíî áîëåå ñëàáîå óñëîâèå Mmin(E) ∩ K(H1, H2) =
Mmax(E)∩K(H1, H2), òî E äîïóñêàåò êîìïàêòíûé ñèíòåç. Àíàëîãè÷íî îïðåäåëÿþòñÿ
Cp(H1, H2)-ñèíòåçèðóåìûå ìíîæåñòâà.

Ïðèìåðàìè êîìïàêòíî-ñèíòåçèðóåìûõ ìíîæåñòâ ÿâëÿþòñÿ îïåðàòîðíûå U -ìíîæåñòâà,
èçó÷åíèþ êîòîðûõ ïîñâÿùåíà ðàáîòà [7].

ess-comp Òåîðåìà 2.1 Ïóñòü G � ëîêàëüíî êîìïàêòíàÿ ãðóïïà ñî âòîðîé àêñèîìîé ñ÷åò-
íîñòè, òàêàÿ ÷òî àëãåáðà A(G) èìååò (íå îáÿçàòåëüíî îãðàíè÷åííóþ) àïïðîêñèìà-
òèâíóþ åäèíèöó. Çàìêíóòîå ïîäìíîæåñòâî E ⊂ G äîïóñêàåò îñëàáëåííûé ñèíòåç
òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî E∗ := {(x, y) : yx−1 ∈ E} ⊂ G×G äîïóñêàåò
êîìïàêòíûé ñèíòåç (â êà÷åñòâå ìåðû â G ðàññìàòðèâàåòñÿ ëåâàÿ ìåðà Õààðà).

Ýòîò ðåçóëüòàò ðàáîòàåò "â îáå ñòîðîíû" � îïåðàòîðíûé ïîäõîä ÷àñòî óäîáíåå
ñïåêòðàëüíîãî, à ðåçóëüòàòû è êîíñòðóêöèè ãàðìîíè÷åñêîãî àíàëèçà ïîëó÷àþò ïî-
ëåçíûå îïåðàòîðíûå ïðèëîæåíèÿ. Â ÷àñòíîñòè, èñïîëüçóÿ òåîðåìó 2.1 è òåîðåìó 1.1,
ëåãêî ïîêàçàòü, ÷òî ïåðåñå÷åíèå äâóõ ìíîæåñòâ êîìïàêòíîãî ñèíòåçà ìîæåò íå äîïóñ-
êàòü êîìïàêòíûé ñèíòåç. Âîïðîñ î êîìïàêòíîé ñèíòåçèðóåìîñòè îáúåäèíåíèÿ äâóõ
ìíîæåñòâ êîìïàêòíîãî ñèíòåçà îòêðûò, òàê æå êàê àíàëîãè÷íûé âîïðîñ äëÿ îïåðà-
òîðíîãî è äëÿ ñïåêòðàëüíîãî ñèíòåçà (ïîñëåäíèé � ýòî îäíà èç èçâåñòíåéøèõ ïðîáëåì
ãàðìîíè÷åñêîãî àíàëèçà).

Íàøåé ñëåäóþùåé çàäà÷åé ÿâëÿåòñÿ íàõîæäåíèå óäîáíûõ êðèòåðèåâ êîìïàêòíîé
ñèíòåçèðóåìîñòè.

Ïðåäëîæåíèå 2.2 Ïóñòü E � ω-çàìêíóòîå ïîäìíîæåñòâî â X × Y . (i) Åñëè ëþ-
áîé êîìïàêòíûé îïåðàòîð, ñîñðåäîòî÷åííûé íà E, ÿâëÿåòñÿ *-ñëàáûì ïðåäåëîì îïå-
ðàòîðîâ Ãèëüáåðòà-Øìèäòà, ñîñðåäîòî÷åííûõ íà E, òî E ÿâëÿåòñÿ ìíîæåñòâîì
êîìïàêòíîãî ñèíòåçà.

(ii) Ïðè óñëîâèè, ÷òî E ÿâëÿåòñÿ ω-çàìûêàíèåì ñâîåé ω-âíóòðåííîñòè, âåðíî è
îáðàòíîå; áîëåå òîãî, èç êîìïàêòíîé ñèíòåçèðóåìîñòè ñëåäóåò â ýòîì ñëó÷àå, ÷òî
Mmax(E)∩K(H1, H2) ÿâëÿåòñÿ çàìêíóòîé ïî îïåðàòîðíîé íîðìå ëèíåéíîé îáîëî÷êîé
îïåðàòîðîâ ðàíãà 1, ñîñðåäîòî÷åííûõ íà E.

×òîáû ïîëó÷èòü "ñòðóêòóðíûå" êðèòåðèè êîìïàêòíîé ñèíòåçèðóåìîñòè, ââåäåì
íåêîòîðûå îïðåäåëåíèÿ.

Ïîäìíîæåñòâî Q ⊂ X × Y íàçûâàåòñÿ ýëåìåíòàðíûì, åñëè îíî ÿâëÿåòñÿ îáúåäè-
íåíèåì êîíå÷íîãî ÷èñëà ïðÿìîóãîëüíèêîâ (èõ ìîæíî ñ÷èòàòü íåïåðåñåêàþùèìèñÿ):
Q =

∑n
i=1Πi, Πi = Ai×Bi. Òàêîå ìíîæåñòâî îïðåäåëÿåò ïðîåêòîð T 7→

∑n
i=1 PAi

TPBi

â B(H1, H2), êîòîðûé ìû îáîçíà÷èì πQ. Åãî îáðàçîì ÿâëÿåòñÿ Mmax(Q).
Áóäåì íàçûâàòü ìíîæåñòâî E ⊂ X × Y òîíêèì, åñëè îíî ÿâëÿåòñÿ ïåðåñå÷å-

íèåì óáûâàþùåé ïîñëåäîâàòåëüíîñòè ýëåìåíòàðíûõ ìíîæåñòâ {Qn}∞n=1, òàêîé ÷òî
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∥πQn(T )∥ → 0 äëÿ ëþáîãî êîìïàêòíîãî îïåðàòîðà T . Ìíîæåñòâî, ïðåäñòàâèìîå â âè-
äå îáúåäèíåíèÿ òîíêîãî è ω-îòêðûòîãî ìíîæåñòâà, íàçûâàåòñÿ ìíîæåñòâîì ñ òîíêîé
ãðàíèöåé.

Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò, ÷òî ìíîæåñòâà ñ òîíêîé ãðàíèöåé îáðàçóþò
"ñòàáèëèçèðóþùèé" ïîäêëàññ â êëàññå ìíîæåñòâ êîìïàêòíîãî ñèíòåçà.

intersection Òåîðåìà 2.3 Åñëè τ ⊂ X × Y � ìíîæåñòâî êîìïàêòíîãî ñèíòåçà, à E � ìíîæå-
ñòâî ñ òîíêîé ãðàíèöåé, òî èõ îáúåäèíåíèå è ïåðåñå÷åíèå � ìíîæåñòâà êîìïàêò-
íîãî ñèíòåçà.

Ìíîæåñòâà âèäà E = {(x, y) ∈ X × Y : fj(x) ≤ gj(y), j = 1, . . . , n}, ãäå fj : X →
R, gj : Y → R � èçìåðèìûå ôóíêöèè, íàçâàþòñÿ ìíîæåñòâàìè êîíå÷íîé øèðèíû.
Èçâåñòíî [8], ÷òî ìíîæåñòâà êîíå÷íîé øèðèíû äîïóñêàþò îïåðàòîðíûé ñèíòåç; ýòîò
ðåçóëüòàò îáîáùàåò òåîðåìó Àðâåñîíà [1] î ðåôëåêñèâíîñòè êîììóòàòèâíûõ ðåøåòîê,
ïîðîæäåííûõ êîíå÷íûì ÷èñëîì öåïî÷åê.

thinwidth Ïðåäëîæåíèå 2.4 Âñÿêîå ìíîæåñòâî êîíå÷íîé øèðèíû èìååò òîíêóþ ãðàíèöó.

Ïðèìåíÿÿ òåîðåìó 2.3, ìû çàêëþ÷àåì, ÷òî ïåðåñå÷åíèå (è îáúåäèíåíèå) ìíîæå-
ñòâà êîíå÷íîé øèðèíû ñ ìíîæåñòâîì êîìïàêòíîãî ñèíòåçà ÿâëÿþòñÿ ìíîæåñòâàìè
êîìïàêòíîãî ñèíòåçà. Ïðÿìîé àíàëîã ýòîãî ðåçóëüòàòà äëÿ îïåðàòîðíîãî ñèíòåçà (â
÷àñòè ïåðåñå÷åíèé) íåâåðåí, êàê ïîêàçûâàåò [8, òåîðåìà 4.9].

Ïðèìåðû ìíîæåñòâ êîìïàêòíîãî ñèíòåçà, èìåþùèå áîëåå ñëîæíóþ ñòðóêòóðó, ìîæ-
íî ïîëó÷èòü, èñïîëüçóÿ òåîðåìó 2.1 è èçâåñòíûå êîíñòðóêöèè ãàðìîíè÷åñêîãî àíàëèçà.

Â çàêëþ÷åíèå óêàæåì îäíî ïðèìåíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ê òåîðèè ëèíåé-
íûõ îïåðàòîðíûõ óðàâíåíèé "Ôóãëèäîâà òèïà".

Òåîðåìà 2.5 Ïóñòü p > 2. Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà m > (24p − 12)/(p − 2)
ñóùåñòâóþò êîììóòàòèâíûå ñåìåéñòâà íîðìàëüíûõ îïåðàòîðîâ {Ai}mi=1, {Bi}mi=1 è
îïåðàòîð X ∈ Cp, òàêèå ÷òî

∑m
i=1AiXBi = 0, íî

∑m
i=1A

∗
iXB

∗
i ̸= 0.

Êîìïàêòíûé îïåðàòîð, ðàçëè÷àþùèé äàííûå óðàâíåíèÿ ìîæíî íàéòè, êîãäàm ≥
25.

Çàìåòèì, ÷òî â êëàññå C2 äàííûå ëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ ýêâèâàëåíòíû.
Äðóãèå äîñòàòî÷íûå óñëîâèÿ ýêâèâàëåíòíîñòè ýòèõ (è áëèçêèõ ê íèì) óðàâíåíèé ìîæ-
íî íàéòè â [9].
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