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Self-similarity and a parameterization of proton structure function at small x
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racl Somctimes back, the coneept ol sell-similanty i the stiuctme of the proton at small v has been inioduced Wo make teanalysis ol
R A data moditying the formahsm proposed by Lastovicka so that the measuied fractal dimensions of proton e all posiuve Fuither

woment of the model v alvo suggested

vwords

oy 0545DI 1753 +n 123K -1 1560 11D

Introduction

<womples iegular shapes ol nature possess a hidden
rmetry called self-similanty [1,2] 1tis not uanslatonal o
Atanaisvinmelry, rather s a symmetty with espect to scale
are Systams exhibiting self-similanity 1s detined through its
1 amilar dimension, which s i general fraction, hence called
ctddimension: Cantor dust, Koch curve and Sierpinski gasket
sotie classical fractals having fiactal dimensions 0 63, 1 26
L8 1espectively, which he between Euchdean point and

Laees

Ihe scll-sumilar nature of hadion mulupaiticle production
nesses has been studied since nineteen eighties [3-9]
mever, these 1deas did not attract much attention n
temporary physics of deep inelastic lepton-hadron scattering
2002 when Lastovicha [10,11] proposed relevant formalism
I'tluncnional form of the structure function ,(x. @) at small
“Pecilically, a description ot Fi(x, 03] reﬂeclmé self-similarity
eved with four unknown parameters Dy, D, D,and D; to
determined from data While one of them (Dy) 15 just the
imalization constant, the other three are identified as fractal
emsions which are fitted to HERA collider data [12,13] The
ulic parametenization as described in Ref [10,11] provide an
cllent description of the data which covers a region of four
"mentum tansferred squared 0 045 <Q? < 120GeV? with a cut
Y01 1 exclude the valence quark region.

Sl suntlanty fractal dimension, deep indlastic scattenng struclure functuon low v

One apparent limitation ot the above parametenzation is that
out ol the four tited paramelters D", Dl. D, and Dy, one s neganve

(Dy=-13) AsDjisidenttied as the self-similanty dunension

associated with the magnification tactor |+ QA: .apositive
0

value will be more 1easonable

In order to exploie such a possibility, sometimes back, 1t was
suggested that [ 14,15] the proton 1s desciibed by a single [ractal
dimension D, charactenizing its seli-similar property i analogy
with classical monofractals More recently | 16], 1t 18 shown that
in this mit, monotiactal dimension is closely related o more
famthar x-slope [17] o1 Pomeron intercept [ 18-20]. Interestingly,
such monotiactal natuie 1n hadions 1s also advocated
references [21-23] within a vanant of statisucal quark model

However, our recent analysis | 16] suggests that only mn a
Limited x, Q% 1ange of HERA data, this oversimplitied model
appears to survive from the phenomenological point of view

The aim ot the present paper 15 (o repoit an alternative
analysis of HERA data by suttable modification of magmification
tactors as occurted in the tormalism wheie the estimaled
patameters are all posiive

2. Formalism

As noted in Ref [10], the self-similar objects are charactenized
by fractal dimension D and magnification factor M related
by
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_log M”

_ log (number of self - similar objects)
log M

log (magnification factor)

The dimension 1) should be, by detinition, positive so that
the number of self-similar objects increases as the length scale
1s decreased Magnification factors are expected to fulfil some
criteria They should be positive, non-zero and have no physical
dimension In Ref [10], 1t 1s argued that while 1/v 18 one ot the
unique magnification fuctors, in () space, two alternative forms

(Qg +q:)/Q(;' and Qg/(QS +qz) are possible

These two possibilines suggest two alternative forms of
unintegrated parton densities /(1. )

2 Dy +¢
log /,(x.q" )= D, lo /Iob[i" /.]r& log V.
(x.a’) = Dilog ) AL YA
O +q’
0D1|°l:'{ ¢ "/v)ﬂ’(, @
)

and  log/(x.q7)- Dy lug%log(gygé le]

52
+D, IogX + 1) Iug[ Yo 0+t )+ D, @)

Inegs (2)and (3). D, 1s the dimensional correlation relating
the x and ¢? factors in the unintegrated parton density while D,
and D, are the sell-similanty dimensions associated with x and
q? factors respectively, D, being the normahzation constant
Since the magnification factors should bc posmvc non-zero

(3 +47)f05 and
on /‘Qu +q° ) rather than ¢* has been made Integrating over
¢’, one obtains the ntegrated parton densities q,(x.0,) as

and dimensionless, a choice

%%
a(x0)= [ 1(x ¢ Jag® @
v

Using the defimtion of structure function as

Fl_,(r,Qz)=.\'Z(¢‘,1(q,(x.Ql)+q,(X.Ql))). ®)

we now get two alternative forms

(exp D)y v ™!
14Dy + Dy log |X

-II,Iol. Io( 4‘ Dysl
Q
x| x [l+ / ) @

A(x0?)=
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D+l

(exp Dy)03x
Ffx,0?)=——207
ma Fx2) 1-D,-Djlog )]

. xAMW[I‘EVMEJ(|+Q%2 )n.u Al
o -

While eq (6) 1s same as in Ref [10],eq (7) 15 the main ey,
of the present paper, with the change of the magnificauon (,
It 15 to be noted that eq. (7) 1s obtanable from (6) py
substitution of D and D, instead of D, and D,

3. Results and discussion

Forthe HERA data | 12,13], we find two sets of fits one wih )
0 (fit 1) corresponding to the absence of dimensional correly,
relating |/x and ¢ factors in the unintegrated parton den

and the other with Dy # 0 (fit2) In Fgures 1, 2, we have plug

Q=0 eV Q=0 15GeV Q' 26
v 03— ¢ ——rrre 04 v i m
-
- 5 Ty ks o,
o .
Zeus 4015 =0
w - w
orl— ot il ol ] e
' 10t 0 w0* 10 1 "
H .

Figure 1. F,(x.0") versus 1 m bins of ¢ with D, = 0 (eq (8)) 1he
bars represent (atal experimental error of ZEUS mensuremull whi
quadratic sum of statistical and systematic crrors

Fy(x, Q%) versus x m bins of 0 as measured by (* data of z
[13] and H1|[ 12), respectively using eq "(7) and constdermg?
0 Results of the fit yields

D,= 1427900584, 02 =0 0427 0 0039 GeV?
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C2 L) versus v bins of QF with 1), =0 (eq (8)) The error bars represent total experimental error of 1 measurement which are quadratic
statstical and sysiematic ernors

. J o0 26eV
he other set corresponds to 1, # 0(fit2) In Figures 3 . [ PO L. oy e
! we have shown the fitted curves using eq (7) for \Lrnﬂ
S[13and M1 [12] data Results of the fit yields 4 \M S - Tl ™y ]
3 015F 1 8 7 3
= ol -
D,- 06345400145, D,~ 02398 £0 0125, “ -
O 12581100157,D,- 1435200113, [ ——
R 0 1l £ | o+ o 0 w0t 0w
0, 004981 0 0013GeV? ) v "% " . '
lable P Q'=0125Gev* Q™=03Gev Q=0 4GeV*
able 1. we have recorded the estimated ¥~ For o ) ey 5[ rrrmy s v
patison, we also record in Table 2, the set of parameters -
o . i
letermined in Ref | 10] B ok 1 Gos L 1 Gos el
=, - - ~ * e =
A8 evident from figures, we are able to explain the = Ty o«
‘Adata of structure function at low x without abandoning

sttty of any of the fractal dimensions This we have T TR T e
¢tved through suitable redefinition of one of the

nificaion factors occurred in the formalism A study of os . 030V 0o 280
able 1 also shows that the fit with parameter D, fixed to

(F1t 1) has an almost twice better value of 7 than the < H\’\N 5

Mth D, parameter relaxed (fit 2), suggesting ;‘f.."’i' 1 &%
'omenologcal preference of the former Further, due to

Melry of eqs (6) and (7), D, - - D, and D; = ~D;. v n

] 10 w’
H

€xpects that the obtained parameters should be identical
‘Ptfor the change ot sign of D, and D, A comparison of Figure 3. F,(x.0°) versus x in bins of Q7 with 1); 20 (eq (9)) The error bars
1 1

le2 o represent lotal experimental error of ZEUS which are q
and fits of eqs (8) and (9) however, show that the sum of statistical and systematic errors
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‘lable 1 Results ol the fit of our analysis

D, n, n, D, Q. 7’ 2% dot
All it 0634540 0145 0 2W08+0 0125 1258120 0157 1 435220 0113 0 04980 0013 272 743 1356
D, fised 0496140 041 0 1200940 039 1427940 0SR4 0 042740 0039 142 28] 0071

Table 2 Results of the it of Rel |10}

I b, D, D, D, Q2 x 2 Mol
Al fit 0 33940 145 007320 001 101340 01 -1 28740 01 006210 01 136 6 082

D fixed 05200014 007440 001 1tconst) -1 28240 01 005120 002 138 4 0%2

parameters differ sigmficantly and D, cven has opposite sign
(re Dpassull positive) The difference in the measured values
of the parameters 15 presumably due 10 the difference of choice
of Q“' compared with Refs [10.11]

Let us make a few comments on improving the model This
formalism developed in Ref [10.11] as well as in the present
work 1s based on the relation (4) relating the unintegrated and
integrated quark density As the unintegrated quark densities
arc by defimtion, dimensionless (topological dimension 7 = 0
(eqs (2) and (3)). the integrated quark density (v 0*) will have
dimension of GeV? or mcasure ol inverse area as 1s evident fiom
the occurience of (), L 5 meqs (6)and(7) I'his can be avoided if
we use the relation [24,25]

‘.

Q-1 40V
T o v e

Q- 5GeV’

Q=3 86V

vy

wln0)-

0

mstead of (4), so that both the unintegrated and integiated ¢
density are dimensionless Such a possibility is curtently y
study |26]

Fmally, we comment on negauvity of D itsell
dimensional analysis, tt s argued [ 1] that it s not 1) b
combimation D, =1+ Dy+ Dylog(l/v) which should
positive For [); = =12 (lable 2), this condition n Rel |1
satisfied so long as v < 0 01 But this inference 18 stricth
[26] only if the un-integrated quark density has dimer

Q' 126V’ Q=180 '~20GeV Q2806
2 ey r-'wrl 1, Ve vrey - T | 3\ o v sy 2 s vy 1 ey ﬁ‘l
g'\\. =) \\\ 2! 1
- \ - -
-~
~ -
ol it FL
w0’ 0! w’ ' (A TEENTENTS
Q=35GeV Q'=60GeV
> v e e )——"'-1—""1_..
-
g €,
e -
N
- - J
10 10 1:' 10! 10*

3y . "
Figure 4 7.0 Q) versws x n bins of Q7 with 120 (eq (9)) The error bars represent total experimental error of Hi measurement whi ']

quadratic sum of staustical and systematic errors
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yoonirary o €gs (2) and (3) For dimensionless un-
corated quatk density, the corresponding himit on x 18
(0 *bevond the present HERA regime 6 2 x 107<x<02 A
e Py tree from such small x constraint as suggested in

present papet
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