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FORCE-BASED ATOMISTIC/CONTINUUM BLENDING FOR
MULTILATTICES

DEREK OLSON, XINGJIE LI, CHRISTOPH ORTNER, BRIAN VAN KOTEN

ABSTRACT. We formulate the blended force-based quasicontinuum (BQCF) method for multilat-
tices and develop rigorous error estimates in terms of the approximation parameters: atomistic
region, blending region and continuum finite element mesh. Balancing the approximation parame-
ters yields a convergent atomistic/continuum multiscale method for multilattices with point defects,
including a rigorous convergence rate in terms of the computational cost. The analysis is illustrated
with numerical results for a Stone—Wales defect in graphene.

1. INTRODUCTION

A full twenty years has passed since the original proposal of the quasicontinuum method [36]
captivated the materials science community with the potential to model material phenomena
spanning vastly different length scales. The quasicontinuum (QC) method was among the first
of the so-called atomistic-to-continuum (AtC) coupling algorithms which sought to bridge the gap
between length scales from the nano to macroscale. A remarkable number of these AtC methods
have been proposed since (see e.g. [51, B1l, 28] for a thorough discussion of many of these), and
recently a mathematical framework has begun to emerge to analyze and compare several of these
methods for defects in crystalline materials comprised of a Bravais lattice. Indeed, all three of
the blended force-based quasicontinuum method (BQCF), blended energy-based quasicontinuum
(BQCE), and blended ghost force correction (BGFC) methods have recently been analyzed in
the context of a single defect in a two or three dimensional Bravais lattice [25, 41] as has the
optimization-based AtC approach of [35]. Analyses in two and three dimensional Bravais lattices
also exist for the AtC method of [26], but this has not yet been extended to allow for defects.
Meanwhile, the methods [30), 46}, 45] have been shown to be consistent (or free of ghost forces) for
pair potential interactions only.

In the present work, we resolve the long-standing challenge to develop a rigorous numerical
analysis for AtC methods in the context of multilattices, which allows for more than one atom to
be present in the unit cell of the crystal. This description includes important materials such as hep
metals, diamond structures, and recently discovered 2D materials such as graphene and hexagonal
boron nitride.

Concretely, we generalise the formulation and analysis of the blended force-based quasicontinuum
(BQCF) method. Our main result is that, for a point defect in a homogeneous host crystal, the
BQCF method for multilattices exhibits the same rate of convergence as in the Bravais lattice
case. This is in sharp contrast with the blended energy-based quasicontinuum method for which
a reduced convergence rate is expected in the multilattice setting [41].

The present work represents the first analysis that has been undertaken that remains valid for an
AtC method which permits defects in a two or three dimensional multilattice. Even analyses of AtC
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methods for defect-free multilattices remain extremely sparse: the homogenized QC method [2, 1],
for example, only allows for dead load external forces while the cascading Cauchy-Born method
was rigorously analyzed only in one-dimensional multilattices for phase transforming materials [13].

As its name entails, the BQCF method is a force-based AtC method where a hybrid force
operator is constructed instead of a hybrid energy functional [14] 47, 48] 26| [7, 5]. The primary
advantage of force-based methods is that the forces can easily be defined in a way to avoid spurious
interface effects (ghost forces); that is, the defect-free perfect crystal is a bona fide equilibrium
configuration of the AtC force operator. The cost of defining the BQCF method and other force-
based methods to be free of ghost forces is that these force fields are no longer conservative,
which creates significant challenges in their numerical analysis [15, 27]. The blended force-based
methods, originally studied in [23] [7), 5, 26], seek to overcome this problem by a smooth blending
between atomistic and continuum forces over a region called the blending, overlap, or handshake
region. Similar force-based blending methods have also been applied to coupling peridynamics
with classical elasticity [43].

An alternative to the force-based paradigm is the energy-based paradigm where a global, hybrid
energy is defined which is some combination of atomistic and continuum energies. This encom-
passes the original quasicontinuum method and many other offshoots and ancestors [36], 52} 3], 16,
49, 12, [18], [§]. The peril of these methods is the aforementioned ghost forces, and it remains open
to construct a general, ghost-force free, energy-based AtC method for Bravais lattices in two or
three dimensions. As such we do not concern ourselves with an energy-based AtC method for
multilattices; however, see [41] [44] for promising directions.

1.1. Outline. We begin in Section [2| by formulating an atomistic model for a multilattice material
describing a single point defect embedded in an infinite homogeneous crystal. This is a canonical
extension of the framework adopted for Bravais lattices in [35, 25] 24] 17, [41].

In Section |3| we then formulate the BQCF method for this model and state our main results:
(1) existence of a solution to the multilattice BQCF method and (2) a sharp error estimate. We
also convert this error estimate to an estimate in terms of the computational complexity of the
BQCF method in Section which in particular allows us to balance approximation parameters
to obtain a formulation optimised for the error / cost ratio. We present a numerical verification of
these rates by testing the method on a Stone-Wales defect in graphene. The complexity estimates
obtained for the BQCF method for point defects in multilattices match those estimates in [25] for
Bravais lattices.

Finally, Section 4] covers the technical details needed to prove our main result, Theorem[6] These
technical details can be seen as generalizations of the results of Bravais lattices, and the primary
new component is having to account for shifts between atoms in the same unit cell.

1.2. Notation. We introduce new notation throughout the paper required to carry out the anal-
ysis. For the convenience of the reader, we have listed many of these in Appendix [B] Here, we
briefly establish several basic conventions we make throughout. We use d and n to denote the
dimensions of the domain and range respectively, calligraphic fonts (e.g. £, M) to denote lattices,
sans-serif fonts (e.g. F, G) for n x d matrices, the lower case Greek letters a, 3,7, d, ¢, x are used as
subscripts denoting atomic species, and the lower case Greek letters p, 7,0 denote vectors (bond
directions) between lattice sites.

The symbol | - | is used to denote the ¢? norm of a single vector in R™, while || - || is used to
denote either an /7 or L” norm over a specified set. We use - for the dot product between two
vectors, ® as the tensor product, and : as the inner product on tensors.
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Derivatives of functions f : R? — R" are denoted by Vf : R? — R%" and higher order
derivatives by V/f. Given F' : X — Y where X and Y are Banach spaces, we denote Fréchet
or Gateaux derivatives by ¢/F, j indicating the order. We will most commonly interpret these
derivatives as (multi-)linear forms and use them when Y = R, in which case we will then write the
Gateaux derivatives as

(8*F(z)z,y), x,y,2 € X and so on for higher order derivatives.

We reserve D for specific finite difference operators (defined in and ), and use Bpg to
denote the ball of radius R about the origin.

We use the modified Vinogradov notation z < y throughout the manuscript to mean there exists
a positive constant C' such that x < Cy. Where appropriate, we clarify what the constant C' is
allowed to depend on; in particular if there is any dependence on approximation parameters then
it will always be made explicit.

2. AToMIsTIC MODEL

2.1. Defect-free Multilattice. We consider an infinite Bravais lattice, or simply a lattice, L,
defined by

L:=FZ%  for some F € R™ det(F) =1, andd € {2,3},

where the requirement det(F) = 1 is purely a notational convenience. From a physical standpoint
by taking symmetry into account, it can be shown that there are only 14 unique physical lattices
in 3D and five in 2D (see e.g. [51]); however, we consider the lattice to merely be a mathematical
framework. A multilattice is then obtained by associating a basis of S atoms to each lattice site,
and this is also referred to as a crystal when the Bravais lattice is interpreted as one of the unique
physical lattices.
For each site £ € £, these S atoms are located inside the unit cell of & at positions € + pr! for
prf e RYand a =0,...,5 — 1. The multilattice is then defined by
5-1
M = U L+ prt.
a=0
We call each £ + pr! a sublattice; here the addition “+” means a translation of the lattice £ by
the vector p*f. Without loss of generality, we further assume pief = 0 (one atom is always located
at a lattice site). Furthermore, we make the distinction between a lattice site, which we use to
refer to a site in the Bravais lattice, £, and an atom which is an element in the multilattice M.
Two simple examples of multilattices are shown in Figure (1] including the 2D hexagonal lattice
(e.g., graphene) for which

L= ap (\65 ‘é?f) 7, S5=2 py— <8> p1 = ag <\{%2) a0:33—\/2. (2.1)

(The ag = 33% prefactor is due to the normalisation det(F) = 1.)

For each species of atom, we define the deformation field y, (&) as the deformation of the atom
of species « at site . We note that y, : £ — R" where the range dimension n € {2,3} may
be different than the domain dimension d to allow, e.g., for out of plane displacements in 2D.
However, we remark that our later assumptions on stability of the multilattice (Assumption
will place a restriction on the out of plane behavior; for example bending, or rippling, cannot
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(a) 2D graphene: the dashed circles indicate (b) 3D rock salt: the interior cube represents a
the interaction neighbourhoods of the highlighted possible choice of unit cell.
atoms.

FiGure 1. Examples of multilattice structures.

currently be incorporated into the analysis. We further discuss the issues involved in this in our
concluding discussion, Section . In the case of these out of plane displacements, we will use £ € R?
3
0
dislocations, we could also consider n = 1 for an anti-plane screw dislocation model by fixing a
second coordinate to be constant in this framework.)

The set of all sublattice deformations is denoted by y := (ya)i;}) and displacements by u :=
(ua)i_h. Equivalently we can describe the kinematics of a multilattice by a pair (Y,p) where
Y : L — R" is a deformation field and py, ..., ps_1 : £ — R™ are shift fields. The two descriptions
are related by

as both a vector in R? and as the vector € R®. (We remark that though we will not consider

Y€)= w0(8), palé) =walé) —w0(&);  and  wal§) = Y(§) + palf),

and analogous expressions hold for displacements as well.
We now turn to a description of the energy. We will make the fundamental modeling assumption
that the total potential energy of the system can be written as a sum of site potentials—that is,

Erom(y) =) V(Dy(£)), (2.2)

el

where the various new symbols introduced are specified in the following. We also note that this
assumption is not restrictive as almost any reasonable classical potential such as an n-body po-
tential, pair functional, or bond-order potential may be written in this form. The main restriction
is that long-range Coulomb interaction is excluded.
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We use Dy(€) to denote the collection of finite differences (relative atom positions) needed to
compute the energy at site £&. More precisely, we specify a finite set of triples

S—1
RCLx{0,1,...,8=1} x{0,1,....S = 1}\ | J{(0aa)},

and use

Dipapyy(8) == ys(§ + p) — yal§) (2.3)

to denote the relative positions of species [ at site £ + p and species « at site €. The collection of
finite differences, or finite difference stencils, Dy, is then defined by

Dy(£> = (D(pozﬁ)y<§))(paﬁ)e7g . (24>
In terms of (Y, p), this this notation becomes

Dipap)(Y,p) =Y (E+p) =Y (&) +ps(€+p) —pal(§) and D(Y,p) := (Diap)(Y.P)) (pas)er-

For future reference we remark that we can write

Dipapyy = Dpys(§) + ps(§) — pal(§),

where D,f(&) :== f(€ + p) — f(§). Moreover, we define the set of lattice vectors in R as
Ri:={pe€ L:3pap) € R}.

The site potential is then a function V : (R")®R — RU {400}, where +oc allows for singularities
in the potential (though we will later assume certain smoothness of the potential for convenience
of the analysis).

Since the homogeneous reference configuration, y™f, defined by

yrei(€) =&+ pi, (2.5)

for constant p™ € R™ yields infinite energy, (due to an infinite sum over constant values of the
site potential in the reference configuration), we thus will consider an energy difference functional
defined on displacements from the reference state instead of . For a displacement u = (U, p)
from the reference state y™' let

V(Du(§)) = V(D(y™ +u)(€)),

and then the associated energy difference functional is defined by

Efom(w) =Y V(Du(§)) = V(0). (2.6)

el

where V'(0) is a constant which will not affect minimization or force computations, so for simplicity,
we assume without loss of generality that V(0) = 0. In Theorem 2| below, we recall a result of [34]

that characterizes for which displacements, u, & (u) is well-defined.
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A convenient notation for derivatives of V' is the following: if (paf),(770) € R and g =
(g(paﬁ))(paﬂ)eR S (Rn>R7 we set

ovig) .
Vi) (@))i = 75—, i=1,...,n,
99 o)
oV (g)
‘/7 a3 (g> =
(pa?) ag(paﬂ)
9?V(g) .
Vs (@i = 55— “— hi=1....m,
9(+6)99 (pas)
9°V(g)
v aB)(T g) = —F >
(paB)(6)(9) T -

and note that this can be extended to derivatives of arbitrary order. Furthermore, we adopt the
convention that if (paf) ¢ R, then Va5 = 0.
The following standing assumptions on the interaction range and site potentials are made.

Assumption 1.
(V.1) The interaction range, R, satisfies

For each a € {0,...,S — 1}, the set of vectors p such that (paa) € R spans R?,
and (0afB) € R foralla# 5 €{0,...,5 —1}.

(V.2) V is four times continuously differentiable with uniformly bounded derivatives and satisfies
V(0) = 0 (for simplicity of notation). Since V : (R")® — R, the statement that V has
uniformly bounded derivatives means there exists M such that for any multi-index v with
7l < 4, [8,V] < M.

We remark that (V.1) may always be met by enlarging the interaction range, R. On the
other hand, (V.2) is made for simplicity of the analysis; it can be weakened to admit interatomic
potentials with typical singularities under collisions of atoms, but this would introduce several
additional technicalities in our analysis.

Next, we specify the function space over which & (w) is defined, which can be achieved in
several equivalent ways. A convenient route is by first defining a continuous, piecewise linear
interpolant of an atomistic displacement. Let 7, be a simplicial decomposition of £ obtained as
n [25]: first let T := conv{0, ey, e;} (where conv represents the convex hull of a set) be the unit
triangle in 2D and Ti,..., Ty six congruent tetrahedra in 3D that subdivide the unit cube (see
Figure 1 in [25] for an illustration in 3D) and then define

- _J{E+FIe-FliceL}), ifd=2
T {e+FLceLli=1,....6}, ifd=3.

We will often refer to this as the atomistic triangulation or fully refined triangulation. As noted
before, we may always enlarge the interaction range, R, so we may assume without loss of generality
that

if conv{¢, & + p} is an edge of Ty, then there exist «, § such that (paf) € R.

Given a discrete set of displacement values u : £ — R", we then denote the continuous, piecewise
linear interpolant of u with respect to 7, by Iu = u. We will use both notations, [u and u,
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depending on which is notationally more convenient. Subsequently, we define the function space

U= {u= ()"0 ta: L= R [|Jull, < oo}, where

a=0 -
5-1
]l = Z ||Vlua||%2(Rd) + Z [ Tuq — IUBH%Z(Rd)-
a=0 a#f3
Clearly, || - ||a is not a norm on U since ||ul|, = 0 only implies that each u,(§) is a constant
independent of a. However, || - ||, is a semi-norm on U and hence a true norm on the quotient

space
U :=U/R" = {{(ua + O CeRY} cU}.

Since the atomistic energy is invariant with respect to addition by constants, it is exactly this
quotient space which we utilize as our function space. We also note that w and (U, p) are two
equivalent descriptions for the displacements, and an equivalent norm on this space which will be
convenient in terms of the (U, p) description is

S—1
U P)lla = IVIU | Gagay + D 1Pl f2ga.

a=1
A dense subspace of U that we will use as a test function space is Uy where

Uy := {ue U : supp(VIug), and supp(lu, — lug) are compact} ,
ng = Z/[O/Rn

As proven in [34], this test space is dense in U.

Lemma 1. [34, Lemma A.1] The quotient space Uy is dense in U.

2.2. Point Defect. We now introduce a framework to embed a point defect in a homogeneous
multilattice. This problem has been heavily used in analyzing and comparing different AtC meth-
ods for simple lattices in [35], 25] 28] [41] as it allows for a range of non-trivial benchmark problems
and serves as a first step in analyzing more complicated scenarios such as interacting defects [21].
Point defects can be thought of as zero-dimensional defects representing a change to a single site
in the lattice. Common examples include vacancies, interstitials, substitutions, and in graphene,
the Stone-Wales defect which we use for our numerical verification.

Our first task is to define an analog of & | for point defects, which is well-defined on the function
space U. We accomplish this through a site-dependent site potential, V., which must take into
account the defective structure of the lattice near the defect core, which we assume to be at or

near the origin. We then write the atomistic potential energy as
E'(u) = Y Ve(Du(€)). (27)
gec
As in Assumption [T} we require certain smoothness of the site-dependent site potential in addi-

tion to homogeneity outside of a defect core.

Assumption 2.
(V.8) There exists Raet > 0 such that Ve =V for all || > Raes-

(V.4) Each V¢ is four times continuously differentiable with uniformly bounded derivatives.
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We now recall from [34, Theorem 2.2] that £* and &2, are well-defined on U; the main idea of
the proof is that both are defined on displacements having compact support, and by density of U,
in U, they may be uniquely extended by continuity to all of U.

Theorem 2. [34, Lemma 3.3] Assume the reference configuration y*" with y*(£) = & + prt is
an equilibrium configuration of the defect free energy meaning that

D D Vien(DY™(€) - Du(§) =0, Vv el (2.8)
EeL (paB)eR
Then & (u) and E*(u) may be uniquely extended to continuous functions on U which are C3

(three times continuously differentiable) on U.

Remark 1. The condition (2.8)) that the reference configuration be an equilibrium is equivalent
to requiring the shifts are equilibrated within each cell. See [34, Lemma 9] for details. Such
reference configurations are thus straightforward to generate numerically. 0

Since we will eventually be working with a finite domain on which there is no difference between
the original functionals and their extensions, we make no distinction between an energy and its
continuous extension.

We are now able to pose the defect equilibration problem which we wish to approximate with
the BQCF method, that is, to find 4> € U such that

u® € argglelalc‘f (u), (2.9)

where arg min represents the set of local minima of a functional.

While Assumptions [1] and [2| can be readily weakened in various ways, the next assumption
concerning existence and stability of a defect configuration minimizing £* is essential for our
analysis:

Assumption 3. (Strong Stability) There exists a solution, u*, to (2.9) and a constant v, > 0
such that
(28 (u™®)v,v) > 7.|lv|)? Yo € U.

Proving Assumption 3] turns out to be notoriously difficult; indeed the only result of this kind
we are aware of is for a special case of a screw dislocation in a simple lattice [2I, Remark 3.2] under
anti-plane deformation. Nevertheless, we expect it to hold for wvirtually all realistic defects and
realistic interatomic potentials. We also mention that it can be numerically checked a posteriori
once the defect configuration has been computed.

A useful consequence of Assumption [3|is the following regularity result, which is proven in [34]
and extends the analogous simple lattice result [I7]. These decay rates will be an essential com-
ponent for converting the BQCF error estimates in terms of solution regularity that are presented
in Section [3] into complexity estimates that are numerically verified in Section [3.4]
Theorem 3. [34, Theorem 2.5 For p = py ... px, the defect solution (U, p™) satisfies

DUl S (L+1ENTF, for1< k<3, 210
1Dop (O S (L4 1E))"F, for0<k<2 andalla=0,...,5—1. .

The implied constant is allowed to depend on the interaction range through the mazximum of |p| for
p € Ry, the site potential, and 7,.
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These decay rates will be an essential component for converting the BQCF' error estimates in
terms of solution regularity that are presented in Section [3| into complexity estimates that are
numerically verified in Section [3.4]

Since we will compare discrete atomistic configurations with continuous finite element functions,
it will be useful to reformulate Theorem |3|in terms of gradients of smooth interpolants, which we
define in the next lemma (see [25] for further details and the proof).

Lemma 4. Letu: £ — R", then there exists a unique function Tu : R* — R"™ with Tu € C>'(RY)
such that

(1) Tu is multiquintic in € + F(0,1)¢ for each € € L. i
(2) Given any multiindex v with |y| < 2, the interpolant satisfies 0, Iu(§) = D3 u(§) where
D" are nearest-neighbor finite difference operators,

D™ (€)= u(§),

D?n’lu(f) = %(u(f + Fe;) —u(& —Fe;))  (e; is the ith standard basis vector),
D™ u(€) == u(¢ + Fe;) — 2u(€) + u(€ — Fey),
D’rymu<£> = Dilnyhl‘ . Dgn’|7d|u(£)'

We will apply I to both displacements and shifts using the notation
I(U,p) = (IU,Ip) = (U, p).
Then, combining Theorem [3| and Lemma yields the following result.

Theorem 5. The defect solution (U™, p™) satisfies
IVIIU ()| S (1 +[))' =, forj=1,2,

%0 0 . (2.11)
IVipee(x)| < (1 4+ |z|))~7, forj=0,1,2, and allaw =0,...,5 — 1,

where the implied constant is again allowed to depend on the interaction range, the site potential,
and 7.

3. BQCF METHOD FORMULATION AND MAIN RESULTS

Any AtC approximation of the defect problem must include the following ingredients: the
atomistic and continuum domains, a coarsened finite element mesh in the continuum region, a
specification of the continuum model, and finally and most importantly a mechanism for coupling
the atomistic and continuum components.

We define the atomistic and continuum domains for the multilattice BQCF method by making
similar choices as in the BQCF method for Bravais lattices [25]. We first give an intuitive descrip-
tion of the domains involved, but will (re-)define them again below after introducing the blending
function. Choose a computational domain Q C R? to be a (large) polygonal domain containing
the origin (the defect). Fix a “defect core” region (.o such that, if Ve # V, then £ € Qgoe.
Then take €2,, the atomistic domain, to be a polygonal domain with ... C 2, C €, and set €,
the continuum domain to be Q. = 2\ Qe In blending methods, the atomistic and continuum

domains overlap in a blending region 2, = Q. N2, over which the atomistic and continuum forces
will be blended.
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Next, we define a finite element mesh 7 over € with nodes N},. For now we only require that
the finite element mesh is fully refined over €,, that is, if TN Q, # 0, then T € T if and only if
T € T., but we will state further assumptions in Section [3.1

The continuum model we adopt is the Cauchy-Born model [I1], 9] 36], a nonlinear hyperelastic
model, which is amenable to AtC couplings due to the definition of the strain energy density
function in terms of the atomistic potential V/,

Wes(G,p) == V((GP +pp — pa)(pa,B)G’R) for G € R™ and p € (R"),

without resorting to any constitutive laws. We note that G here is the deformation gradient of
lattice sites in a unit cell while p are the displacements of shift vectors; in contrast with typical
continuum treatments of multilattices, we maintain the shift vectors as degrees of freedom in the
Cauchy-Born model and do not minimize them out.

For Wt displacement fields, U, and L shift fields, p, this leads to a Cauchy-Born energy
functional, formally (for now) defined by

R4 Rd
where
V(U> p) = (v(paﬁ)(U> p))(pa/j)en = (VPU +p5 _pa)(pa,@)ER

is a continuum variant of the atomistic finite difference stencil

D(U,p)(x) = (Dpap)(U, P)@)) poprer = (DU (@) + Ps(x + p) = Pa(®)) (pug)er

The admissible finite element space we consider will be P; finite elements for both the displace-
ments and the shifts subject to homogeneous boundary conditions. However, we will again consider
equivalence classes of finite element functions by taking a quotient space. Thus, we define

U, = {ueC(Q):ulr e P(T), VT €T},

Llh = Llh/]R”,
Upo = {ue C'RY) :ulp € Pi(T), VT €EThu=0onR"\Q},
Upo = Upo/R",

S—
’Ph,O = {p = (p07 o 7PS—1) - Po = 07 and P1,---,Ps5-1 S (uh,0> 1}~

These spaces are endowed with the norm
5-1
(U, )2 = IVU I 2gay + D IallF2@a) = IVU3200) + P12 g0

a=0

where |[[p||72ge) = S Ipall? (may 13 used for brevity. Along with the finite element space, we
also introduce the standard piecewise linear finite element interpolant, [, defined as usual through
Lu(v) = u(v) for v € Nj,.

The BQCF method is defined by blending forces on each degree of freedom, (v,a) € N, X
{0,...,5 — 1}, where the forces are defined by a weighted average of atomistic and continuum
forces:
0E*(U, p) 9g°(U,p)

FoNU,p) = (1— CP(V»W + QO(V)W,

(3.1)
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where the blending function, ¢, satisfies ¢ € C*1(RY) with ¢ = 0 in Qeore and ¢ = 1 in RY\ Q,.
The BQCF method then seeks to solve ]-"quf(U7 p) =0 for all v ¢ 0. Equivalently, we can write
the force balance equations in weak form using the variational operator

(FP (U, p), (W, r))

—ZZqucf (W +714) (v)
~Y Y- so<u>>M W 1) )+ o) Py )

- Oug (V) O (v)
= (6&*(U,p), (1 =)W, (1 = )7))
+(0E°(U, p), (In(W), In (7)), (3.2)

where the last equal sign comes from direct calculation. The BQCF approximation to the defect
optimization problem (2.9) is then to find (U,p) € Upno X Phryo such that

(FP!(U.p), (Wyr)) = 0. V(W.r) € Uno x Pho. (3.3)

The variational formulation is preferred for the analysis while the force-based formulation (from
which the name BQCF is derived) is preferred for implementation. The pointwise formulation (3.1
was essentially how the original BQCF method was proposed for Bravais lattices [6], and this
was analyzed in a finite-difference framework without defects for Bravais lattices in [26, 23]. The
variational formulation ({3.2) was introduced in [25] for Bravais lattices, and its subsequent analysis
led to one of the first complete analyses of an AtC method capable of modeling defects.

3.1. Assumptions on the Approximation Parameters. We now summarise the precise tech-
nical requirements on the approximation parameters, ¢, €2, Q,, Qy, Q¢, Tn, which will be analogous
to those in [25].
We begin by summarising basic assumptions on the blending function:
(1) peC> and 0 < p <1
(2) If Ve # V, then ¢(§) = 0. This means that ¢ vanishes near any defect, hence the pure
atomistic force is employed in those regions.
(3) There exists K > 0 such that p(z) = 1 if |x| > K. That is, ¢ is identically one far away
from the defect.

As the second step we specify the computational domain €2 and its corresponding partition 7p,.
First, we shall require that supp(1 —¢) C € always holds. To state the required properties for 7y,
we first precisely specify the sub-domains in terms of ¢ and ). Let

Tent = max{|p| : (paB) € R}

be an interaction cut-off radius, let r.; be the radius of the smallest ball circumscribing the unit
cell of £, and define rpug := max{rcu, reen}. Then we set

Qu:= supp(l — ) + Bupyer D= supp(Vp) + Burye
Qc = SUPP(SO) kY + B4Tbuf-r7 Qcore = Q \ QC'

The size and shape regularity of the various subdomains are parameterized in terms of inner and
outer radii: for t € {a,c,b, core}, we set

re:=sup{r >0: B, C QU Qcore}, R:= i%f{R >0: 8 C Bgr},
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supp(V) SR -
(shaded area) o 00 -

F1GURE 2. A diagram showing a selected number of domains and their inner and
outer radii.

where we recall the notation By to denote the ball of radius R about the origin. The corresponding
outer and inner radii for the complete domain 2 are, respectively, denoted by R, and r;:

ri:=sup{r>0:B,CQ}, R,:= i%f{R > 0:Q C Bgr}.

Finally, we define an overlapping exterior domain,
Qext = Rd \ B'ri/27

which will be used to quantify the far-field error made by truncating to a finite computational
domain.
For the sake of completeness, we now restate a crucial condition on the finite element mesh:

(4) The finite element mesh is fully refined over ,, that is, if TN, # 0, then T € Ty, if and
only if T € T,.

To conclude this discussion we note that only the blending function ¢ and the finite element
mesh 7, are free approximation parameters, while the subdomains and corresponding radii are
derived (in particular, = |J 7). In our analysis we will require bounds on the “shape regularity”
of ¢, Ty, and the domains defined above:

Assumption 4. In addition to (1)-(4) there exist constants Cr,,C, > 0, which shall be fived
throughout, such that

j —4 . ar
IVl < CoRY forj =123, and  max—- < Cr,

where o denotes the radius of the smallest ball circumscribing T and pr the radius of the largest
ball contained in T'. Defining the mesh size function
h(x) := max or,

TETh:
zeT
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there exists s > 1 such that the mesh satisfies the growth condition

T
@) < o (2

Moreover, there exists C, > 0 and a positive integer \ such that

1 3
d —“1tla < core < - a- 4
an 4R <R 4R (3.4)

). lal = R

R, < C,R\

core

While C, will feature heavily in our analysis, the parameter C7, will only enter implicitly in
the form of constants in interpolation error estimates. The condition iRa < Reore < %Ra greatly
simplifies the analysis. It is likely this could be weakened by an extremely refined analysis as can
be done in one dimension [23], but the asymptotic estimates obtained would be unchanged with the
exception of an improved prefactor so we do not pursue this. Moreover, though one can generate
blending functions which satisfy these assumptions using splines, we point out that in practical
implementations one can relax the regularity requirements on the blending functions, and this has
provided no loss in performance in simulations carried out for lattices in [24].

3.2. Main Result. Our main result concerns the existence of a solution to (3.3) and an estimate
on the error committed.

Theorem 6. Suppose that Assumptions[1] [3, and[3 are valid. Then there exists R, such that,
for any approzimation parameters satisfying Assumption || as well as Reore > R .., there exists a
solution (U9t pPat) € Uy, o X P to the BQOF equations (3.3)) that satisfies

HV[UOO—VquCme(Rd) + Ip™ — quCme(Rd) N ’Ytr<HhV2ono|\L2(Qc) (3.5)
+ 1BV Ip™ 00 + IV IU= ] 12(00) + TP 221000 )-

where

o V1+1og(Ro/Ra), ifd=2,
T =Y 1, ifd=3.

The implied constant, as well as R, ., may depend on C, and Cy,, the interatomic potentials
V, Ve, the mazimum of |p| for p € R, and the stability constant, 7,.

Remark 2. The quantity 7, arises from a trace inequality that is needed when estimating
interpolants on the atomistic mesh in terms of interpolants on the continuum mesh, c.f. [Lemma
4.6][25]. O

Section [4]is devoted to proving Theorem [6] but before we embark on this, we first demonstrate
how the error estimate can be combined with the regularity estimates of Theorem [5] to yield an
optimised BQCF scheme with balanced approximation parameters. This is followed by a numerical
test on a Stone-Wales defect in graphene, validating our theoretical convergence rates.

3.3. Optimal parameter choices. Once we restrict ourselves to a Cauchy—Born energy with P;
discretisation as the continuum model, the free parameters in the design of the BQCF method
are the domain, €2; blending function, ¢; and finite element mesh, 7, in the sense that once these

are set according to Section , then the BQCF method (3.3)) is fully formulated. Ideally, these
parameters should be chosen in an optimal way so as to obtain the most efficient method.
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The choice of blending function is, in the case of the BQCF method, arbitrary as long as
Assumption [] is satisfied. There are many choices to make for the blending function which meet
these requirements, see e.g. [29].

The finite element mesh and hence the choice of {2 may, however, be optimized. The key to
choosing the finite element mesh and size of €1 lies in applying the decay results of Theorem |5 to
our error estimate , [28, 241, 29]. In obtaining our optimized parameters, we do not provide
rigorous proofs but instead use heuristic assumptions to arrive at approximate choices which can
then be rigorously analyzed numerically. To start, we assume that the mesh size function h(x) is
radial, i.e., h(z) = h(]z|). Then, ignoring logarithmic factors in ;, and employing the estimate
1+7|7t <77t for r > 1, the error estimate (3.5) can be further estimated by

IVIU> — VU |12, 00y + 11D% — P2, 2y

R 00
S [ meEtars [
Tcore 1

/27y

Next, we note that from the definitions of €2, ), and r;, we have r; = R, + 4ry.g so that we may
make the replacement r; &~ R.. Denoting the number of degrees of freedom by DoF (nodes in the
continuum finite element mesh times the number of species in the multilattice), we can then carry
out an optimization problem consisting of minimizing this error estimate subject to a fixed number
of degrees of freedom, DoF. This problem is exactly the same as for the Bravais lattice and is

Re 00
min / \h(r)|Pr =3 dr + / = dr,
Tcore 1

heL?,Re>0 /2R

This problem is solved in [32] where it is found that there are approximate minimisers of the
1+d
form h(r) = (T / Ra) +d/2 A simplified approximate solution can be obtained by first minimizing

ff’c h(r)|?r=3=4dr with respect to h where the same expression for h will result, but instead of
also minimizing with respect to R., one can simply note that the error then becomes

Rc S
/ |h(r) |34 dr + / r i dr Srod P4 ROYS R7P 4 R (3.6)
Tcore 1/2Rc

In order to balance the sources of error, one should take R, = R Finally, by simply writing
the number of degrees of freedom as the sum of those in the atomistic and continuum regions, it
is possible to derive the result that #DoF ~ R?; further details can be found in [32, 33 28| 25].

After making the estimation , < (log DoF)/? [25] for d = 2, the main error estimate, (3.5]),
currently written in terms of solution regularity, may now be replaced by an estimate of (3.6) in
terms of computational cost since #DoF ~ R%:

IVIU — VU3 gy + D™ — P72 50

_ {(DOF)_1_2/d log DoF,

d=2 (3.7)
(DoF)~1=2/d d =3,

which exactly matches the rate for the Bravais lattice case [25]. This is due to the fact that the
limiting factor in both error estimates is the P; finite element approximation.

Remark 3. In the Bravais lattice analysis [25], the expression of R, in terms of R, is incorrect
which has led to an error in the expression for the error estimate in terms of the degrees of freedom.
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In that paper, a different mesh scaling is also used, but should the same mesh scaling be used, the
error estimates in terms of the degrees of freedom would be identical up to a constant prefactor. [

3.4. Numerical tests. In addition to providing a means to estimating the computational cost of
the BQCF method, the estimate (3.7 is also convenient to verify numerically. We have carried
this out for a Stone-Wales defect in graphene using both the BQCF method and a fully atomistic
method.

For the latter we simply minimize the full atomistic energy over displacements that are non-zero
only on the computational domain 2 (clamped boundary conditions). Using the methods discussed
in Section [4] it is not difficult to show that the solution, (UP", pP), to this atomistic Galerkin
method exists and satisfies the error estimate

[V 10U — VU |y + 119 — p™|12gse) S (D)2 (35)

[

We now set the model up for the Stone—Wales defect in graphene, recalling first the multilattice
parameter values given in Section 2, We choose a Stillinger-Weber [50] type interatomic potential
with a pair potential and bond angle potential component. The interaction range we consider is

R = {(p100), (p200), (—p100), (—p200), (p1 — p200), (p2 — p100),
(001), (010), (=p201), (p210), (—p101), (p110),
(p111), (p211), (=p111), (—pa11), (p1 — p211), (p2 — pr11)},
which is depicted in Figure[I] In this notation, the site potential is given by

Z QS D(ﬂaﬁ (5)) + ﬁ(D(—mOl)y(g)v D(—Pl—mﬂl)y(f))

(paB) G’R

+ HD(py0yY(&)s D(—pp01yY(§)) + I D py—p201yY (&), D(—ppo1yy(§))
+I(D(p110)Y(€)s Dipy1210Y(§)) + V(D p1100Y(§), D(pr10)y(§))
(D(ﬂ1+p210)y<€> D(P210)y(£))7

where ¢(r) = r=12 — 2r=0 is a pair potential term and
19(7’1,7”2): < +1/2)

is a three-body term that penalizes angles that differ from 2¢

The Stone-Wales defect shown in Figure (3] is obtained by rotating the bond between the two
carbon atoms at the origin site by ninety degrees about the midpoint of this bond. One way of
incorporating this defect into our framework is to define a reference configuration (Yj,p;) where
Yo(§) = FE for all € # 0 with F and p; given by the graphene parameters in . At the origin,
we set Yp(0) = Rot(0) and p;(0) = Rot(p;), where Rot represents the ninety degree rotation about
the midpoint of the segment conv{0, p;}. Then we set Ve(D(U,p)(€)) = V(D(Yo + U, p1 + p)(€)).

We choose hexagonal domains for e, €24, €2, etc., and use a blending function which approxi-
mately minimizes the L? norm of VZp on €, [29]. We select the inner width, re, of the hexagon
Qcore to be from the range R, ={8,12,16, 20,24} with x = 1/2, and then the remaining domains
are chosen as scaled hexagons satisfying the requirements of Section [3{and Theorem@ (see Figure 10
in [24] for a representative illustration of this domain decomposition for a Bravais lattice). Finally,

ry -

|7“1|\7“2|

our finite element mesh is graded radially with approximate mesh size h(r) = (Ria)g/ ? as described

earlier in this section with d = 2. The BQCF equations were solved by a preconditioned nonlinear
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(a) A perfect graphene sheet. (b) An unrelaxed Stone-Wales defect.

FiGURE 3. Examples of a perfect graphene sheet and a Stone-Wales defect. The
dotted lines in the right display indicate bonds that are broken during the rotation
of the highlighted atoms.

conjugate gradient algorithm with line-search based on force-orthogonality only (in BQCF there
is no energy functional for which descent can be imposed).

In Figure 4| we show the error in the displacement gradients and the single graphene shift vector
for the computed BQCF solution versus the number of degrees of freedom. Both match our
theoretical predictions from and indeed demonstrate that the error estimates are sharp (up
to logarithms). We also show the error committed by the atomistic Galerkin method (which is
estimated in (3.8))), to demonstrate the practical gain achieved by the BQCF method.
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Covergence rates for Stone-Wales: shift

Convergence rates for Stone-Wales: displacement .
' ' 107
10—1 L
-1/2 ~
3 Dok =
=5 SV
> |
\ £ 107 ¢
£ 107 =
o5 =
>
-©-ATM DoF~!
4 -5 BQCF 3 —=—BQCF
103L ‘ ‘ J 103
10° 10* 10° 10*
DoF DoF
(a) Error in displacement field for Stone-Wales de-  (b) Error in shift field for Stone-Wales defect.
fect.

FiGURE 4. BQCF error plotted against degrees of freedom. We have also plot-
ted the “purely atomistic” error, denoted by ATM, which is the solution obtained
by truncating the infinite dimensional atomistic problem to a finite domain using
homogeneous Dirichlet boundary conditions.

4. PROOFS

The remainder of this paper is devoted to proving our main result, Theorem |§| As in [25], the
abstract framework for the proof is provided by the inverse function theorem [28] 37, 20], which we
recall for reference and which is used to establish well-posedness of the nonlinear BQCF variational
equation in Theorem [6]

Theorem 7 (Inverse Function Theorem [37, 20]). Let X and Y be Banach spaces with
f:X =Y, feCYU) with U C X an open set containing xy. Suppose that n > 0,0 > 0, and
L > 0 exist such that || f(xo)|ly <, 0f(x0) is invertible with ||6 f(x0) " ||lz(v,x) < 0, Bayo(20) C U,
8f is Lipschitz continuous on Ba,,(x0) with Lipschitz constant L, and 2Lno® < 1. Then there
exists a Ct inverse function g : By(yo) = Bayo (o) and thus an element & € X such that f(Z) =0
and

||ZL‘0 — f“X < 27’]0‘

The nonlinear operator we consider is the variational BQCF operator FPRCF (U, p), and the
point about which we linearize is o = (U, pp) := (U™, p>) where 11, is a projection operator
defined in the following section. In Section 4.2 we prove a consistency estimate on the residual
./T"BQCF(U}“ ph):

sup  [(FEE (U, pr), (W) | S 10V2U 1200 + |RVE™| 1200
W) llm=1 (4.1)

FIVU || 12(00e) + D711 22 (2exe) -
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The invertibility condition on the derivative of P9 is proven as a coercivity condition in Sec-
tion 4.3 where we show that

(SFPT (U, pr) (W, 7). (W,m)) 2 (W) |20, V(W.r) € Uno X P, (42)

provided that the atomistic region is sufficiently large.

After we prove these two estimates, in Section we combine them with a Lipschitz estimate
on 6FP%" and apply the inverse function theorem to prove Theorem @

Throughout this analysis, we continue to use the modified Vinogradov notation x < y, where
the implied constants are allowed to depend on the shape regularity constants C7r, , C, (which are
defined in Assumption 4] and ), the interatomic potentials (and their interaction range), and
the stability constant ~,.

4.1. Cauchy—Born Modeling Error. In preparation for the consistency analysis in Section
we first establish several auxiliary results about the Cauchy-Born model.

A central technical tool in the analysis of AtC coupling methods is the ability to compare
discrete atomistic displacements which are the natural atomistic kinematic variables (recall that
the atomistic displacements are equivalent to atomistic site displacements plus atomistic shift
vectors), and continuous displacement and shift fields which capture the continuum kinematics. We
have already introduced several interpolants which serve this task: a micro-interpolant, I; a finite
element interpolant, I,; and a smooth interpolant, I. We will also introduce a quasi-interpolant in
this section which will allow us to define an analytically convenient atomistic version of stress [40].

We use ((x) to denote the nodal basis function associated with the origin for the atomistic finite
element mesh 7, and (¢(z) := ((z — &) to denote the nodal basis function at site £. We may then
write the micro-interpolant fu = u as

a(z) =Y u(€)(x — &)
¢eL
The quasi-interpolant of u is then defined by a convolution with
u*(z) := (¢ xu)(x). (4.3)

It will later be important that this convolution operation is invertible and stable. This is a
consequence of [38, Lemma 5], which we state here for reference.

Lemma 8. [38, Lemma 5] For a given atomistic displacement, u, there exists a unique atomistic
displacement 1 with the property that ¢ * 4(§) = u(&) for all & € L.

One of the primary uses of the u* interpolant will be the development of an atomistic stress
function which can be compared to the continuum stress in the Cauchy-Born model [40]. The
first variation of the continuum model may be written in terms of a stress tensor,

(6E°(U, q) / S Vet (VU + @5 — @) rirer) - (V,W 475 — 72)
Rd

(paB)

- / S Vi (V(U,q)) & p: VI + / 3 Vi T U i) 03 10)
Rd(paﬁ)

- / Z[SE(U,q VW+/ ZSC 2)]ap(rs — Ta)s
Rd 8
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where we defined

SiU.Q@)s = > Vias(V(U,q)(x)) @ p,

a,p:

(paB)ER (4_5)
[SSU. @) (@)]ag =Y Vipas)(V(U, q)()).

PER1

To compare the atomistic and continuum models, we now construct an analogous atomistic
stress tensor. Its definition will make it clear why we introduced the seemingly unnecessary sum
over ( in the first group in (4.4). The basic idea is to extend the construction of [40]: the
argument V(U,q)(x) in will be replaced by a local averaging of first order finite difference
approximations D(U, q)(§) for £ near x.

Lemma 9. For (U,q) € U, define the atomistic stress tensors

[S3(U, q)(2)]5 = Z Z Vipas) (D(U,q)(€)) ® p)w,(€ — ),

(paB)ER (4.6)
[SHU. @)(@)ap = D Y Vipan (DU, @)(€)wo(€ — ).
pPER1 EEL
where  wy(x) = /0 ((x +tp)dt. (4.7)
Then
(668 (U, q), (W* 7 / { > [sa (VW + Vrp)
Rt L5

+ Z[Si(U, q)]aﬂ - (Fg — fa)}dx.
a,B

where W* and r* are defined through (4.3)).

Proof. We start by computing the first variation of £ (U, q) with the test pair (W*,r*):
(0&m (U, @), (W™, 77))
=3 Y Vs (DW.@)©) - (D€ + Dyr(©) +75(6) = rif9)). (49

§eL (paB)eER

Arguing as in [40, Eq. (2.4)] we obtain
D,W*(&) + Dpri(§) = /R ) wy(é — ) (V,W +V,r3) dv and (4.10)
5(6) — rale) = / anl€ — ) (75 — 72) do. (111)
Substltutln and into and recalling the definitions of the atomistic stress
(@

tensors from D y1elds the stated clalm ([l
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We refer to the error between the continuum and atomistic stress functions as the Cauchy-Born
modeling error and quantify it in the next lemma; see [40] for an analogous result for Bravais
lattices.

Lemma 10. Assume that U € C*'(R%;R") and p, € CHH(RY, R") for each . Fiz v € R? and
set

cu = 9 x = B Teut 0 .

Tew = max|pl, v 2reue (0)

1. If VU and p are constant in v,, then
[Sa(U,p) ()]s = [Sa(U, @) (z)]s  and [S{(U,p)(x)]as = [SS(U, @) (2)]as- (4.12)
2. In general,
|[S§(U, p) ()]s — [S§(U. p)(2)]5| S IV Ull=(wa) + [Vl o)
|[S2(U, p)(@)]ap — [SS (U, p)(@)]as| S IV2Ull=(n) + 1Vl o)
with the implied constant depending only on the interatomic potential V.

Proof. 1. The identity (4.12) is an immediate consequence of the definitions (4.5)), (4.6 and of
> we—2)=1.
3

2. We define an auxiliary homogeneous displacement (U" ") with VU" = VU(z) and ¢* =
g(z). Then we have

Sa(U, @)(2)]s — 185(U, @) (2)]5 = [Si(U, @) (x)]s — [SI(U™, @")(x)]5.
Since we assumed that V is twice continuously differentiable, with globally bounded second
derivatives, we obtain

S8, @) (@) ~ [S3U, @)(2)s] =[5V, @) (@)}s ~ [SHU", ¢")@)]s|
- X > (Vo (V. 0)9)) - pam(Dw,q><f>>]®p)wp<f—x>\
(paﬁ)ER
< Z Z\D = D(U", q")(&)|w, (€ — )
(paﬁ)GR

S|VU = VU |y + @ = @[22y + VUl 2wy + 1V 2500
S IVl + IVl )

where in obtaining the last two inequalities we have used a Taylor expansion of the finite differences
and the fact that w,(§ — ) as defined in (4.7)) vanishes off of v,. The proof for the comparison of
the “shift” stress tensors is nearly identical so is omitted. 0

With this pointwise estimate, and using the fact that U is piecewise polynomial, it is straight-
forward to deduce the following Cauchy-Born modeling error estimate over 2.

Corollary 11. For the atomistic and continuum stress tensors defined above,
153U, )]s = SUU™, @6 | 120y S IV2U12000) + VG220

11820, @)]as — S50, @®)as | 20y S VU r200) + IV 120
)
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Remark 4. The stress estimates for a multilattice are one order lower in terms of derivatives than
the corresponding Bravais lattice estimates. A refined analysis shows that this estimate cannot
be improved without an underlying point symmetry for the multilattice. When this symmetry
is present in multilattices, it is possible to define a symmetrized Cauchy-Born energy with an
improved estimate [22]. O

4.2. Consistency. Our first task in completing the residual estimate is to define the pro-
jection from atomistic functions to finite element functions satisfying the Dirichlet boundary con-
ditions so we first truncate the solution to a finite domain. For that, let n be a smooth “bump
function” with support in B;(0) and equal to one on Bj4(0). Let A be an “annular region”
containing the support of V(In(x/R)), i.e, Ag := Bryor,(0) \ Bs/ap—2r,,s 2 supp(V(In(z/R)))
and define the truncation operator by

Tra () = n(z/R) (ma - ﬁ / Tuo da:>.

Further, let S, be the Scott—Zhang quasi-interpolation operator [42] onto the finite element mesh
Tn. We then define the projection operator by

Myt = Sp(Thua), T = {Mua}o_), (4.13)
pe = (g — o), Thp = {hpa}o s, I, (U, p) := (II,U,1;p).
(Recall that r; is the radius of the largest ball inscribed in 2.) Note that VII,u, as well as
Myue — yug = Sy [n(x/ri) (Tug — Tug)]

have support contained in 2. We also have the following approximation results.

Lemma 12. Tuoke (U,p) =uw € U. Then
IVU — VI, gU || 2ra) + [|Pa — i, mPall 12wy S IR0 |12, + 1AV B[ 2(0)
VU r2(00) + 1Bl 22000005
IVU = VI rU |20 + 1Pa — ThaPallz@) S 1hV2U | 2000 + 11V 1200
VU2 @ur0e) + 1Pl 22(00ene)-

The proof is very similar to the proof of Lemma [I| (with only additional estimates required
for the finite element interpolants) and therefore omitted. See also [35, Lemma 1.8] for similar
estimates, the main difference being the usage of the Scott-Zhang interpolant which allows for L?
interpolation bounds on H' functions, see [10, 42].

We can now prove the bound ([4.1).

Theorem 13 (BQCF Consistency). Define (Uy, pp) := I1,(U>, p>) where (U, p™) satisfies
Assumption |3, If Assumptions|[1] and |9 are valid also and if the blending function, ¢, and finite el-
ement mesh, Tr, satisfy the requirements of Section[d, then the BQCF consistency error is bounded

by
(FP U, o), Wor))| S Y (Hhv2U||L2(QC) + [|EVBall 2200 + IV Ul 22(000)

1Bl 200 ) - W)t Y(Wo7) € Ung X P,
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and vy is a trace inequality constant (see Lemma 4.6 in [25]) given by

B \/1—|—log(R0/Ra), if d=2,
Y 4 ifd=3,

Before beginning the proof, we make some preliminary remarks. First, we observe that, since
the Scott—Zhang interpolation operator is a projection it follows that

D50y Un(§) = Dpap) U™ (€) for ¢ e L7

where £* := LN (supp(l — ¢) + Rq). Furthermore, since §&€*(U>, p>*) = 0, the residual error in
the BQCF variational operator is equivalent to

(FPL Uy pn), (W) — (61U, p™), (U, q))
— (08U, ), (1 — )W, 1)) + G (U pn), (W), Tn(or)))  (4.14)
- <563<U007p00)7 (U7 Q)>,

where (W,7) € Upo x Phyo is an arbitrary given pair of test functions in the finite element test
function space, while (U,q) € U x P is a test pair that we are free to choose. The obvious
candidate choice is (U, q) = (W, r) in which case we would have

<quCf(Uhvph)7 (W7 T)) - <58a<Uooapoo>7 (U7 q)>
= —(0E* (U™, p). (2)(W,r)) + (8 (Un, pn), (In(eW), In(epr)))-

The resulting residual error is concentrated only over (2. due to Vi having support in .. The
issue in estimating this quantity is that when we convert the atomistic residual into the atomistic-
stress format, the test function appears as a piecewise linear function with respect to the atomistic
mesh 7., whereas the test function is piecewise linear with respect to the graded mesh 7}, in the
continuum portion. For this reason, we shall add correction terms to our previous candidate choice

(U,q) = (W,r) via
U=W+(Z"=oW), qo=7a+ (22 —pra), a=1,...,5—-1, (4.15)

where (Z,z) € U x P will be chosen to satisfy certain approximation estimates as stated in
Lemma [14] below. The reason we use Z* and 2 instead of merely Z and z, is that we shall
eventually make use of the atomistic stress representation from (4.8). The BQCF residual error

from (4.14]) then becomes

(FP(Un, o), (Wor)) = QENU, p), (W + (27 = W), 7+ (2" = gr))

(4.16)
= (0 (Un, pn), (In(eW), In(epr))) — (6EX(U>, p*), (27, 27))
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Moreover, since we are blending by site and using P; elements for the shifts, we may use the same
form for Z and z as obtained in the simple lattice case [25] for both displacements and shifts.

Lemma 14. Suppose W € Uy and v € Ppo. Then for f € VVkl)CQ(]Rd) and for Zn, Z, Zhe, Za QS
defined above,

| 12 = 2)ds S |V ey - IV Zallogo, (4.17)
Qe

/Q £ (zha — 2a) dz < 1V Fllzzcan - l1znall ey (4.18)

1Zn — Z| 120000 S IV 20 r200), (4.19)

12ha — Zallze) S 12hallz2@0), (4.20)

IVZill200 S Vel VIV 22000 (4.21)

| 2hallL20) S Irallze (4.22)

Proof. We begin by letting we := supp({(z — ¢)) and C := {£ € L : we C Q.}. Then we observe
that Z; and Z are constant on any patch we with € ¢ C, and furthermore Z, = Z. Intuitively,
this should hold because if £ ¢ C, then either ¢ is near the defect core where ¢ = 0 and hence
Zn = 0 and Z = 0; or £ is near the exterior to the boundary of € where Z, is constant. For
this to rigorously hold, we need to recall the buffer, By.g, in the definition of 2. which then
makes proving the statement possible. Moreover, Z, = Z on any patch we with £ ¢ C due to the
normalization factor in the definition of Z. For f € VVl1 2(Rd) we then have

17— Zdr =Y / @2 - Zu(@) il — €)ds

e ¢eL
Z / f(z — Zp(2))¢(x — §)dz  since Z, = Z is constant for § ¢ C
geL: e
wECQ

_ Z/ ( ][ )(Z(f) — Zn(x))((x — &)da (4.23)

gec
_]if

<> |f
S D NV Al IV Zall 2w

¢ec
¢ec
SV Fllz@o IV Zall 200)-
This proves (4.17)). Proving (4.18]) is analogous:

/ [+ Gha = Za) dz S IV F 20 - [Vanall 20 S IV 2 @) - 2nall 2200
Qe

1Z(€) = ZnllL2we)
L2 (we)

where in obtaining the final inequality we have used that for T' € T,

IVenllzery S hrllznllrzay S llznllze).-
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For these choices, we also have the following norm estimates (4.19)) and (4.20)):
1Z1 = Z|lz200) S 1V Znll22(00)
12ha = Zallz2@0) S [12hallz2@0)-
To obtain the first of these, we simply take f = Z — Zj, in yielding
1Zn = ZII2200) S IV Zh = V220 - IV 20200 S IV 20720 + IV 21220
N HVZhH%Q(QC) + ||VZ||%2(QC) N HVZhH%Z(QC
where we have applied Young’s inequality to deduce the estimate
(CxVZ) ‘
f(dx

For the second of these, we simply have

||%2(QC)>

IV 2120 = IV Z sy = || m

< IV Zull e €T ey S IV ZRlI72 0

L2(R4)

|2ha = Zallz@0) < l2nallzz) + 1Zallzzn) S 2rallzz@e) + 1zallzz @)
S lznallzz@e) + [[2nall 2@

where we have again used Young’s inequality for convolutions. Next, upon recalling the definition

X _{ VI+1log(Re/Ry), ifd=2,
tr —

1, ifd=3,
we have and ([4.22):
IV Zull200) S Yl VW 200,
Iznallz20) S lIrallz2o-
The first of these is a consequence of [25, Lemma 7]. The second is a result of 0 < ¢ < 1:
1znallz200) = Hn(ra)llzg < [Hn(ra)llzz@o = Irallzz@
O
We are now ready to prove Theorem [13]

Proof of Theorem [73. Since Tu interpolates u at & € £, we may replace discrete U™ with contin-
uous U = U in (4.16])) which leaves us with estimating

(PPN Uy, pr), (W, r)) = (FP9N Uy, p), (W, 7)) — (€U, p™), (U, q))
= (6E°(Un, pn), (In(eW), In(r))) — (6EX (U™, ™), (27, 2")).

Recalling that Z;, := I,(eW), 2z = I(pr), and the atomistic and continuum stress represen-
tations of (4.6) and (4.5), we split this into three terms using simple algebraic manipulations
as

(0E(Un pn), (In(W), In(iom))) — (SEX(U>, %), (2", 2*)))

/ Z Uh>ph : VZh - [Sa<Uoo7ﬁoo ‘
R4

T a5

(4.24)

/ Z (Uns Pr)lag * (2ha — 2np)
R4

/ Zsa (U, p™))s : Vs
R4
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Next, we analyze these terms separately.

Term Tj: The T term is identical to the simple lattice case after accounting for the addi-
tional approximation of the shifts. Following the ideas from the simple lattice case [25], we break
down T} into three additional terms as in Section 6.4.1 of [25] (the difference being we do not
consider a quadrature error), and apply the estimates of stress differences from Corollary |11 and
the approximating estimates from Lemma (12| and ( . This produces

Ty S ’/ Z{Sd Un,pn)]s — [S3(U>, 5™) Ns} : VZ,da

+

/ S5(U>=,p™) s} : (VZ), — VZ)da
R4

/ > ASUT5)]s — S50, p™)]a} : VZ da
Rd 8

< %r<||hv2ﬁ°°||gmc) + |RVE® 1200

IV 2(00m) + 1Bl 2200 ) - IV 2z
Term T,: For the shift term T, we have

’ /Rd SEUn, pr)las * (2ha — 2n5) — D _[SS(T, 5)]ag - (2ha — 2ns)

a75

/Rdzsc (U%,8™)]as - (2ha — 2hp — (Za —zﬁ))‘
/Rd Z [SSU,5™)ag - (20 = 28) = D[S0, 5)]as - (Za — zm‘

0675

=15 + Ts,2 + Ts,3'

Using Lipschitz continuity of 6V (in the definition of S¢) and the fact that z; is supported in
). followed by an application of the test function estimate (4.22]), we obtain

Tl S (IVIWU = V0200 + TP = Bllzze) ) 128l

< (IVIU = V020 + 100 = Bllizqeny ) 17 egee
Using the stress estimate, Corollary followed by the application of the test function norm

estimates and (| -, we get
Lol S (IV20 200 + 9Bl 2000 ) 1] 22ge
S (IV20 1200 + VBl 200 ) I l2ceey

Finally, to treat z;, — 2 inside T} 5, we use (£.18)) of Lemma |14 with f = [SS(T>®, p™®)]as followed
by an application of (4.22), the chain rule, and (4.5)):

ITya| < HV(SC 0, p> >HL2(QC)thHL2(Rd
S VST, 5) - V(VU™ + 5) || 1200 17| 22 Ra) -
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Combining our estimates for 75,759, and 753 and appealing to Lemma [12] to estimate 75, along
with the crude estimate h = 1 gives

TS (InV20% a0 + IKVE 20
IV T 20y + 1Bl 20000 ) 7 220

Term T3: Finally, to estimate T7? we split it into
[ S5

/ Z (SE(UOO71500)]5 - [83(00071500)],3) 1 Vz
R4 3

T3] =

IS

+

/ SIS0, 5] 1 V2
Rd

B
=: Til + T;Q.

To estimate T7,, we note that it is similar to T in that V,Z5 is zero off Q. (which is due to the
support of the blending function and the definition of €).; see the proof of Lemma [14] for further
explanation) so we utilize the stress estimate in Corollary [11] along with the bound

IVzsll S 1Zsll < llrsll

which follows from

1Z8]] < llzngllzie by (4.20)
S lIrsllzz o by (4.22).

This produces
135 (IV2 0200 + V5% 200 ) V2] 22ey
S (V200 + 1IVB sz ) 7l z2quey-

Meanwhile, we may integrate T7, by parts and use the aforementioned fact that ||Zs]| < ||rsl to
obtain
T3S Y|
B

Applying the chain rule to div ([Sg(ﬁ“,ﬁ“)]g) (just like for Ty o), we get

div ([830,5)]s ),

L2(09) 7] L2 (ra)-

T3 S T3+ Tha S (IV20 a0 + IVBl200 ) 7l 22gee)
S (V20200 + 1AVE* 200 ) 7 ll2ceey

Combining our estimates for T}, Ty, and T3 yields the stated result. O
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4.3. Stability. The second key ingredient in our proof of Theorem |§| is the stability estimate (4.2));
this in turn implies a bound on the inverse of the linearised BQCF operator, which we will use in
a quantitative version of the inverse function theorem to establish existence of the solution to our
BQCF equations. Conceptually, the proof of stability is similar to that of the simple lattice case
presented in [25].

Theorem 15 (Stability of BQCF). Suppose that Assumptions @, and@ hold. There exists
a critical size, R} .., of the atomistic region such that, for all shape reqular meshes and blending

functions meeting the requirements of Section [5 and Reore > Rioe

DNy € (GF U, pX)(Wor), (Wor)), Y (W,r) € Uno X Pho.

As an intermediate step we also prove stability of the reference state.

Theorem 16 (Stability of BQCF at Reference State). Suppose that Assumptz’ons @ and@
hold. There exists a critical size R}, of the atomistic region such that, for all meshes having

shape regularity constant bounded below by C7, and blending functions meeting the requirements of
Section |3 and Reore > R

— core’

hom

3 :
Tl (W)l < QR O)(W.r), (Wor), ¥ (Wor) € Ung X Php.

Before we present the proofs of these results in Sections [4.5 and [4.6] we apply them to complete
the proof of our main result, Theorem [6]

4.4. Proof of the main result.

Proof of Theorem [6. We apply the inverse function theorem, Theorem [7] to the BQCF variational
operator FP4¢ at the linearization point II, (U, p°°). The parameters n and o defined in Theo-
rem [7] are

1= Y (|hV?U | 12000 + 10V B 2(00) + VU L2(000r0)
+ 1Bl 2 00e)) - NV, ) lat, V(W,) € U X Phy,

which is the consistency error from Theorem ([13]), and

1. Da

=g
which is the coercivity constant from Theorem that exists so long as Reore > Ry, Where R7
is furnished by Theorem (15)). (The requirement R.oe > RY .. means the domain decomposition
procedure meets the requirements stated in Theorem |§|) The Lipschitz estimate on 6FP9 is
a direct result of the assumptions made on the site potential in Assumption [Il Applying the
inverse function theorem with these parameters gives existence of (UP%f pPd°t) and the stated
error estimate, , follows from the inverse function theorem and the approximation lemma,
Lemma O

g

The remainder of the paper is devoted to proving Theorems [15] and
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4.5. Stability of BQCF at defect-free reference state. We first prove Theorem that is,
coercivity of the homogeneous BQCF operator,

(0F g ()W), (W) = (82E0m (0)((L = )W, (1 = @)r), (W, 7))
+ (3% E°(0) (In(eW), In(eor)), (W, 7).

That is, we want to show that there exists yy,qcs independent of the approximation parameters such
that, for sufficiently large R ore,

0 < Yoqet| (W, ) |2 < (6F st (0) (W, 7), (W, 7)) (4.25)

hom

The proof via contradiction is involved; hence we first outline and motivate the procedure and
then give a number of technical results required to prove the theorem at the end of this section.
The main idea is that the linearized BQCF operator consists of an atomistic second variation
and a continuum second variation. Each of these can be individually shown to be coercive so
intuitively, we would expect this linearized operator to be coercive for any test pair (W, r) with
support concentrated near the origin (in which case the blending function is zero) and for (W, r)
with support concentrated far from the origin (in which case the blending function would be one).
Thus, we expect the only possible instabilities to occur with test pairs having some support over the
blending region. Since there is no defect in the homogeneous case, any such instability should also
occur for any geometric setup, i.e., we can consider the BQCF method for a sequence of growing
atomistic domain sizes and should still have an unstable mode. Thus we shall consider such a
sequence and then rescale this sequence so that the atomistic region in each case is contained in
a ball of fixed radius about the origin and such that these unstable modes converge (in a sense to
be made precise momentarily) to some continuum limit. We then consider evaluating the suitably
rescaled linearized BQCF operator on this sequence and show using the aforementioned stability of
the atomistic and continuum components and convergence of the test pairs (W, r) that this leads to
a contradiction. One of the main technical difficulties encountered here is that due to blending by
forces, the individual atomistic/continuum components and hence the linearized BQCF operator
is not a symmetric bilinear form. Thus we must take some care in converting the force-based
formulation to a form suitable to using the existing coercivity estimates on the atomistic and
continuum Hessians.

The negation of is: “for all atomistic region sizes R,, there exists a blending function ¢
and a mesh 7, compatible with the assumptions of Section (and in particular Assumption [4]),
as well as a test pair, (W, r) with norm scaled to one, such that

S > GFLE )W, 7), (W, 7). (4.26)

Thus, for contradiction, suppose that there exists a sequence R,, — 0o with associated meshes
Th,n, blending functions ¢, finite element spaces U}, , X P} o, and test pairs (W, r,) € Uy, o x Py
with norm one such that

3
7> DD Vs : Dioas) (1= 0a)Was (1= 00)70) 2 Dipagy (W, 70)
€€L (pah) (1)

+ /Rd SN Vs Vipas) Inlen(Wa, 1)) Vipas) (Wi, ) da,
(paB) (v70)

(4.27)

where we have omitted the argument, 0, in V(ja8)(r1s)(0) and where I, is now the piecewise linear
interpolant on 7, .
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We now rescale space in (4.26]) and derive a continuum scaling limit, from which we will be able
to obtain a contradiction. To that end, let €, = 1/ R, ,, and define the set of scaled parameters

én = enf
Ty = €,T
Pn(@n) = 6,721 (En/en) (4.28)

~

Wn(in) = G%L_dﬂWn(fin/en)
@n(i'n) = Spn(:%n/ﬁn)'

In terms of these rescaled quantities, we define V := €,'V, = V3, (when the subscript n is clear
we use V) and then have

Ve, WallZamay = IVaWalli2ga), lenVa,PullTamay = IVaralf2ga),
”TQHLZ (Rd) = ’lra"L2 (R)>
and the rescaled BQCF operator is
(BFPIT (0) (Wi, 7n)y (Wi, 720)) =

hom,n
EZ Z C:D,((1~- @n)(Wmﬁn)) : Dn(Wn7ﬁn)(g)
éEenL (429)
C : V(I (@n (Wi, 7)) : V(W 7)) dii,
Rd

where I}, ,, is the piecewise linear interpolant on €, 7}, and

Dn(Wv"g) (D(Paﬁ (W r)) (paB)ER’
W(E+ enp) + EnT(E + €np) = W(E) — ni(€)

€n

D(pap), (W 7’)(5)

The rescaling of the shifts 7% is one order lower than the rescaling of displacements, which is due
to the fact that shifts are already discrete gradients.

We also define an interpolant onto the scaled lattice €,L£ by I,,, a projection operator from the
scaled lattice to finite element spaces Uy o X P} g on Ty by Iy := Sp T, ., and the scaled finite
element basis function

Gu(2) = €,°C(/en).

Since VIV, is bounded in L? and since each 72 is also bounded (both having norm less than
one), we may extract weakly convergent subsequences. Furthermore, ent is also bounded in L?
so we may take it to be weakly convergent as well. By replacing the original sequences with these
weakly convergent subsequences (for notational convenience), we have v, — @WO, o — 7,
and ent — 1:28‘ in L?(R?) for some functions Wo,fg, and Rg for each . However, since 7 is
bounded in L? and €,7#* — 0 in L2, RS = 0.

Next we choose explicit equivalence representatives for Wn; namely, we choose W, such that
fBl — 0. For this choice, we have ||W, 280y S ||@Wn||L2(Bl(0)), and as H' is compactly

embedded in L2, there exists a strongly convergent subsequence, which we again denote by Wi,
such that W, — Wj strongly in L?*(B1(0)).
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We also note here that W,, — W, in the space
H'RYR") == {f € H- (R, R")/R" : |V || 12y < 00},

and so W, € H' (R, R") as well [39].

The purpose of these subsequences is to use the pairs (W,, #,) to test with 5.7-"1;03&”(0). However,
as these test pairs only consist of weakly convergent sequences and since the inner product of two
weakly convergent sequences is not necessarily convergent, we further split W, and , into the
sum of a strongly convergent sequence and a sequence weakly convergent to zero.

This splitting is accomplished by setting
X = Ma(my, * Wo)s 35 = My, * 75), (4.30)

where 7 is a standard mollifier, n;(x) = j~%n(x/j), and j, — 0 sufficiently slowly to ensure that
the sequences X, and sy are strongly convergent to, respectively, Wy and 7g. We will impose
several further properties on the sequence j,, in Lemma [17] below, but for the remainder of the
present section, we make the following conventions for notational convenience.

Remark 5. To simplify and lessen the notations hereafter, we drop the hat notation on the
sequences X,,, Z,, Sp, t, as well as on their derivatives, and so forth. 0]
Further, we define

Yni=1=¢n, and Viasr) = Vs (o) (0),

and use the notation

Vipas)re)(+) 10w = w' [Viapym (- )]v Vo,w €R?,
C:DW,q):D(Z,7):= > > Viapire : Dipas)(W.q) : Dirs)(Z,7),

C:V(W,q):V(Z,r):

I
=
he)

S
=
-~
2
Nt
—
4
Q
=
~
4
N
2

where the argument of V(,as)(r16)(-) is omitted if evaluated at the reference state.

Lemma 17.  There exists g € C' is such that 1, — 1y in C*(B1(0)). Furthermore, there
exists a sequence j, — 0 such that the sequences defined by X, s, in and Z, =W, — X,
and t& = r& — s% satisfy the following convergence properties, where — and — denote respectively
strong and weak L*(RY) convergence.

VW, = VWy, ro— ry, €Vr,—0, VX, — VW, s, — rg,

e, Vs, -0, VZ,—~ 0, t,— 0, ¢, Vt, — 0, (4.31)
Wn — WO m Lz(Bl(O)), Xn — W() m L2(B1(0))7 Zn — 0in L2(B1(0))
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Moreover, let I denote the identity and upon defining the quantities

Ry ()= Ry (¥n) (2) =
d Z Z V (paB)( T’yé 775 (¢n(Xn>3n ® Eﬁ /0 ’ Cn(é +ip— I) dtv

§€enL (pap)
(179)

RShift(ZE)I: Rshift (wn) (l’) =
n Z Z V. (pa)( 776 Drvs), (@Dnme”S")C"@ z),

§€enl (pap)
(t76)

S0 (@)= R (1) (2), S (a):= R (1) ()
Smner(x) e
eSS Vigasyrs) * Digosyn(€nXn, Unsn) - Dirasy X 80),

g€enl (pap)
(179)

the sequence j, may further be chosen so that

Sdef Z Vpa,B ‘r'yé T'y&)(W()a 80)7

(paB)
(174)

SShlft Z Vv(paﬁ T'y(5 Tv&)(W()v 30)7

(paBB)
(779)

Rdef Z V (pap) T75 0V 776)(¢0W0, (IR (4.32)

(paB)
(779)

Rshlft Z V(pas) T75 V(mg)(iﬁoWoﬂﬁOSO)

(paBB)
(779)

Slnner _>/ Z Vpaﬁ )(76) (v(paﬂ (¢0(WO,80))) : (v(776)<W0730))d.137

(paB)
(779)

with convergence being in L*(R?).

Proof. The key fact in proving this result is that j, may be chosen to tend to zero sufficiently
slowly such that any one of these properties holds individually, and by appropriately selecting
subsequences using a diagonalization argument, they may be chosen so that all hold simultaneously.

The full proof is given in the Appendix. O
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. . bqcf .
We now state a convergence result for “cross-terms” appearing in 0+ n( ) involving products

of strongly and weakly convergent (to zero) sequences. The proof is given in the appendix.

Lemma 18. With Z,, X,,,t,, and s, as defined in Lemma

' Y C: Dy(¥nZn, tntn) : Du(X,8,) =0, and (4.33)
Ecen L

€' Y C: Dy(tnXn, nSn) : Du(Zn,tn) = 0. (4.34)
E€en L

The next lemma manipulates the product of two weakly convergent sequences. The idea is that
we may shift the blending function function ¥,, = 1 —¢,, in a way to use coercivity of the atomistic
and continuum Hessians. The proof is again given in the appendix.

Lemma 19. Let Z,, X,,t,, Sp, 0, = VUn, and 6y = /Wy be as defined above in Lemma .
Then

lim ! > C: D072y, 02,) : Do(Zn, )
n—oo
§€enl
= lim e > C: Dy(0,Zn, Ontn) : Dy(00 20, Onty).
n—oo

E€enl
We are now positioned to prove Theorem [16]

Proof of Theorem[16, Stability of BQCF at Reference State. We use the scaling (4.29)) and substi-
tute (from Lemma (17 the quantities W,, = Z,, + X,,, r& = 2+ 5% 1, = 1 —,, and 0,, = \/T — p,,.
We divide the proof into three steps: (1) we derive an expression for the atomistic portion of

5f}?f;fn(0) in the liminf as n — oo, (2) we derive an expression for the continuum component

of 5.7-':33;%(0), and (3) we combine the results and use stability of the individual atomistic and

continuum components to derive a contradiction.

Step 1: The first variation, 6., bacf (0), computed in (4.29) is a sum of an atomistic and continuum

hom,n
component. The discrete, atomistic contribution is

(0% Ehomn (0)(1 = @) (W, ), (Wi 10))
=€l > C:Dy(02W,,027,) « Do(Wiy, )

E€en L
=er > C:Dy(03Zy + 02X, 02t + 025,) : Dy(Zy + Xt + 85)
§€enl
Sk [ (02Z,,0%t,) : D(Znst) + Dp(02 Z, 024,) = DX, 5)
€enl
4 Dy(02X,,028,) : Du(Zn,tn) + Do(62X,0,028,) - D(Xon, sn)]. (4.35)

This final expression consists of four different pairings of the form D, (-,-) : D,(-,-); upon taking
liminf as n — oo, we use Lemma on the first pairing, Lemma on the second and third
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pairings, and the final convergence property of S"(z) from Lemma (17| on the fourth pairing to
arrive at the following expression for the atomistic contribution:

lim inf <525§0m,n(0)(1 — @)W mn), Wa,y )

n—o0

= liminfe! Y C: Dy(0,Zy,0nt,) : Da(0nZy, 0rt,)

n—oo €€5n£ (4'36>

+ C: V(QSW(), 637’0) : V(Wo, ’r‘o) dx.

Ra

Step 2: Meanwhile, the continuum component of §F2% (0) from ([@.29) is

om,n

<525€(0)[h7n(g0an, OnTn), (Wn,'rn)> = /Rd C: V(Ih,n(@an),Ihm(gpnrn)) : V(W) da.
(4.37)

Using standard P;-nodal interpolation error estimates and the fact that each V¢, has support
on By, it is straightforward to prove that (c.f. Lemma

nlggo [V Ihn(0nWn) = V(0nWa) || L2 ey = 0,

, . N 4.38
T [ (212) = (201 1m0 = 0. (43%)

Thus, taking the liminf of (4.37)) and applying (4.38)) we obtain

lim inf (62E°(0) L0 (@Wi, ), (Wi, 7)) =liminf [ C: V(p,Wy, pnrn) : V(Wy, 1) da.

n—00 n—00 R4

(4.39)
Substituting the decomposition (W,,,r,) := (Z, + X, t, + s,,) into (4.39) yields
lim inf (8*E°(0) L4, (@Wa, 70n), (Wi, 7))
n—oo
= lirginf/ [C :V(onZn, oatn) : V(Zn,tn) + C: V(pnZn, outy) : V(Xn, Sp) (4.40)
n—00  Jpd

FC V(00 X, 0nn) : V(Znitn) + C 2 Vpn X, onn) : V(Xn, sn)} dz.

This final expression again gives four pairings just as in step one but now of the form V(-,-) : V(,-).
The first pairing we momentarily leave alone, the second and third pairings both converge to zero
by virtue of strong convergence of VX, s,, and weak convergence of VZ,,t, to 0 from Lemma [I7]
and the final pairing converges to V(@oWo, woro) @ V(Wo,79) again as a result of the strong
convergence properties of VX,,, s, from Lemma . These facts simplify to

lim inf (82€°(0) I (Wi, 97n), (W, 7))

n—oo

= liminf/ [C: V(enZn, onty) : V(Zn, ) (4.41)
Rd

n—oo

+ C : V(poWo, oro) : V(Wy, TO)} dx.

As in the atomistic case, our goal is again to think of ¢, as a square, ¢, := /@n> and to shift one
factor of |/, to each component of the duality pairing. Using an argument very similar to that
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in the proof of Lemma [19| (which we therefore omit) we obtain

lim inf C: V(onZn, patn) : V(Z,, t,)

n—oo Rd

= liminf/ C: V(VerZn, N ontn) : V(N OnZns /Ontn)-
R4

n—oo
Inserting the last result into (4.41)), we obtain

lim inf (5*E°(0) L4 (OWa, 7n), (Wi, 7)) (4.42)

= 1iminf/ [C: V(VnZns /Putn) - V(N OnZns A/ Putn) + C 2 VoW, poro) : V(Wo, 0)] da.
R4

n—oo
Step 3: Upon adding the atomistic components from (4.36]) to the continuum contributions (4.42))

and recalling that 62 = 1 — ¢, we have the following expression for 5]:}?33 ,(0):

lim inf (525 (0)(Wo, 7)), (Wi, 7))

T 00 hom,n
= lirginf/ (C : V(\/@nZny /Putn) : V(N Py /utn) + C: V(Wo, o) : V(Wo,10)] da
n—oo Rd
+ liminfel Y C: Dy(v/1 = ¢nZu. /1= @utn) : Da(v/1 = 0nZn, /1= guts)
n—oo

E€en L
(4.43)

Next, using stability of the homogeneous atomistic model in this scaling,
<528§0m,n(0)(Wn7 )y (Whs ) 2> Yall (W, Tn)”?x?

(which can easily be proven (c.f. [34,[I7]) due to Assumption [3)) and the fact that atomistic stability
implies Cauchy—Born Stability [34, Theorem 3.6], that is,

(02 (0) (W, ), Wy ) = 7all (W) 155
we hence have from that
nggfwf;g;ﬁn(oan, 70), (W, ) (4.44)
= it (€ (/B /Bt (VorZs N But) + (€5 (Wo,m0). (W, o))
+ (0 Ehomn (V1 = nZn, V1 = @utn), (V1 = 00 Zn, /1 = put))]
> ligg'g}f %[IIV(\/@Zn)Hi%Rd) + ||\/@tn||i2a@d) + ||VWO||i2(Rd) + ||’r0||%2(Rd)
IV I (/T = 20 Z) By + I (/T = ot 32z
Similar to (4.38) (c.f. Lemma , standard nodal interpolation error estimates imply that

li_)m VI, (/1= ¢nZy) = V(1= 0nZy)||2rey =0, and

nhjgo 110 (V/1 = ontn) — (v/1 - ‘antn>||L2(R’1) =0.
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Thus, ) becomes
hm 1nf((5quCf (0)(Wh,7p), (Wh,my)

hom,n
> liminf 5, _HV(\/%Zn)Hiz(Rd) + [V@ntall72@ay + IVWollZ2@ey + 70ll72 e
+ VT o Zo) gy + VT = patallEaqua) (4.45)
= liminf v, |[IV(v/@nZn) [72@a) + IV (V1 = 00 Z0) |12y + [Enl72 e

+ IV Wol Zaggs) + Iroll3es)
Next observe

IV (Ve Zu)l2@a) + IV (V1 = 00 Z0) 172 a)
= / [lv(v Spn) ® Zn + V (anZn|2 + |V( V I Spn) ® Zn + V - SOHVZNP] dx

= / 2V(VB) ® Za s VBV 20+ IV (VER) © Zuf? + 0ulV 2, da
+/ [QV(\/ - Qpn ® Z /1= (,DnVZ + |V V I Spn) X Zn|2 + (1 - Qpn)|VZn|2} dz

Since Z, converges strongly to zero in L(supp(V(v/T — ¢,,))) by Lemmal[L7] (supp(V(v/T = ¢n)) C
By(0)), it follows from (4.46) that

lim inf HV(\/_%Zn)Hiz sy IV T 00 Za) gy = Hminf V2, 3. (447)

Substituting (4.47) into ( - produces

hm 1nf<5]-"chf (0)(Wh, ), (Wh, 7))

hom,n

(4.46)

> timinf 5 [V Za 3y + [l + IVIWolZaga) + 7o)z |

(4.48)
> liminf %[IIVZnHiz(Rd) +[tallz2@ey + VXl T2y + H%Hizmd)]
= ligiogf%[HVWnH%?(Rd) + HTHH%Z(Rd)} = TYa;
which contradicts our assumption in (4.27)). O

4.6. Reference Stability Implies Defect Stability. Having established stability of the ho-
mogeneous BQCF operator we obtain stability of §FP4(IT,, ,, (U, p™)), i.e. Theorem as a
relatively straightforward consequence. Before entering into the proof we remark that we now
no longer employ the rescalings of Section The basic idea of the proof is that the linearized
homogeneous BQCF operator and linearized BQCF operator agree for any (W, r) which is zero
in a large enough neighborhood about the origin. Thus, to prove stability of the true linearized
BQCF operator, we again consider the possibility of a sequence, (W,,, 7,,), of unstable modes whose
support is contained in larger and larger balls about the origin. We will then split each (W,,,r,)
into components concentrated near the origin (where we can use atomistic stability) and correction
terms supported far from the origin where we use stability of the linearized homogeneous operator.
As before, the main difficulty is converting the atomistic component of the BQCF operator to a
form where we may utilize atomistic coercivity.
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Proof of Theorem[15. We prove this result by contradiction as well. Therefore suppose, as in the
proof of Theorem , that there exists R,, — oo with associated meshes 7}, ,,, blending functions
¢n, and test pairs (W, r,) € U} o X P}, with norm scaled to one, such that

- > Z Z Z V (paB) 7’75 DU ) D (paB) (( @n)wm (1 - @n)fn) : D(Paﬁ)(er’;n)
£€L (paB) (T79)

/ SN Vs o0 (VU © Vs T @0 (W #0)) 1 Vpas (W #2) dz - (449)

(paB) (T79)

=: <(5.F,Bqu<Un)(Wn7 Tn)a (Wm rn)>>

where, for notational simplicity we have defined U,, := Iy, (U, p*) and redefined §F>94 from
the previous section without a scaling by e.

Upon extracting a subsequence, we may assume without loss of generality that VIV, — VIV
for W, € H! and r, — ro € L?. For each R, n, W, and r, are piecewise linear with respect to
the mesh 7, on €2,,. Hence the convergence is strong on any finite collection of elements on 7,
since weak convergence implies strong convergence on finite dimensional spaces. It also follows
from the full refinement of the mesh assumption on €2, ,, that W, and 7, are also piecewise linear
with respect to 7,.

Having established these basic facts, we will yet again split (W,,, r,) into the sum of a strongly
convergent sequence and weakly convergent sequence as in [25, Theorem 4.9]. For each n, we take
nn(z) to be a smooth bump function satisfying 7, (z) = 1 on By /s, (0) and n,(z) has support
contained in B, ., (0). Similar to the definition of II;, we then set

A’I’L = B'f'core,n \ B(l/Q)’I"core,n _|_ B2T1)uff

and

X, = L,(n,Wo) — nn][ Wy dz, =W, — X, 8n:=1IL,(nro), t,:=m7,—58,. (4.50)

Similar to Lemma [12] we have, with these definitions,
VX, — VW, and VZ,—0 in L*R%
and
8, =+ 19, and t, —0 in L*(R%).

Then we note that the norm defined by
Up)li =) IDUP)EP, where [DUP)E = Y [Dyan(U.p)E).
el (paB)ER

is equivalent to the |- ||, norm on U by [34, Lemma 2.1]. Thus, since we are dealing with functions
which are P! with respect to 7, on a growing atomistic region, then the continuous convergence
results for VX,,,VZ,,s,, and t, imply corresponding discrete convergence results:

D(X,,8,) = D(Wy,m9) and D(Z,,t,) —0  in *(L). (4.51)
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With this decomposition, we now substitute the test pair (W,,,r,) = (X, + Z,, s, +1t,) from (4.50))
into
(OF N UL) (X + Zn, 80+ ), (X + Zy S+ 1))
= (6F (UL (X, 80), (X, 80)) + (0F 9 (Un)(Xins 80), (Zns t0)) (4.52)
+ (0F 9N U (Zns tn), (Xns 80)) + (OF(Un) (Zins ), (Zns )

Also recall the definition of §FPf which is

<5]:anCf(Un)(an Tn), W, T0))
= <525a(Un)<(1 — @) (W, 'rn))7 (Way 7))
+ <525°(Un)(<pn(Wn, rn)), (W, 7).

Since D(X,,, s,) each have support where ¢,, = 0 and 11, ,,(U,,) = (U,,) there, we can rewrite the
first three terms of (4.52)) without the blending function as

(SFPCN U (X + Zny 8p + 1), (Xn 4 Zny 8p + 1))
= (0%E*(U,)(Xn, 80), (X, 80)) + (284U (X, 8n), (Zn, tn)) (4.53)
+ (8282 (UL) (Zn, tn), (X, 80)) + OFPNUN 2, 1), (Zn, t0)).

Moreover, D(Z,,t,) has support only where V; = V and so from the convergence properties (4.51)),
it follows that (62£%(U,)(Xn, 8n), (Zn, t,)) and (62E2(U,)(Z,, t,), (X,, 8n)) both go to zero as
n — oQ.

For the first term in , using the atomistic stability assumption, Assumption |3, we obtain

<625a(Un)<Xnv 8n), (X, 8n)) = 7all(Xa, Sn)HIQIﬂ' (4.54)
Thus, taking the lim inf as n — oo in (4.53) yields

lim inf (S F9N(U,) (X + Zn, 8n + ), (Xn + Zp, 8n + 1))
n—o0

. 2 Ly bact (4.55)
> liminf v, || (X, 8n) |5y + Iminf (0 F (U, (Z,, t0), (Zn, tn))

Thus, we are only left to treat (§F29N(U,)(Z,,t,), (Zn, t,)), the far-field contribution, as defined
in (4.50). The strategy here is that far from the defect core we may replace 6F°9(U,,) with
6F% (0) and then apply Theorem . Thus, we first estimate,

OF U (Zns tn) s (Zns )
= <5]:bQCf (Un)(Zn’tn>’(vatn)>

hom,n

= OF (0)(Za )y (Zu b)) + ([SF2E (U) = 6F2E (0)](Zosta), (Zont))  (250)

hom,n hom,n hom,n

3 C C
> ZVaH(Zna tn)”?ml + <[5‘F111)(?mf,n(Un) - 5]:}E)<?mf,n<0)] (Zm tn)> (Zm tn>>-

where we applied Theorem [16/in the final step. (Note that there is a slight notational discrepancy
in that our 7% s indexed by n here while there is no index in Theorem . However, we may
still use this theorem since Reoren — 00 50 we may assume R, > R\ in the statement of that
theorem.)
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Next, we estimate the remaining group in (4.56)),
([0F (U,) — 6F2E (0)](Znstn)s (Zasty))

hom,n hom,n
S |< [528§0m(Un> - 528}?0m(0):| (1 - gpﬂ)(Zna tn)a (Zrm tn)>’
+ [([F°E(U) = EO)] Dun(2n(Zn, 1), (Zns )|
< Y Vipas) e (DUn) = Viigag)r40) (0) | = supp(D(Zn )
(paB)(778)
N Dpap) (1 = o) (Zn, ) |2y [| Di7y6) (Zns )] o2
+ > IWVieas)9 (YU) = Vipas)r6) (0) | (supp( (Zost))
(paB)(T9)
’ ”v(ﬂaﬁ)((l - ¢n)<Zn7 tn)) ”LQ(Rd) ||v(776)<Zn7 tn) ||L2(Rd)-
From Lemma [12] and the decay rates from Theorem [5| we have
||V(pa5)(775)(DUn) - ‘/:(paﬁ)(T"/(S)(O)||f°°(supp(D(Zn7tn)) — 0, and

(4.57)
1V 008736 (VUn) =V (pa5)(r18) (O) | o (supp(w (20 ,20)) = O-
Consequently,
([0 F v (Un) = 6 Fys n(0)] (Za £0), (Zns t0) ) = 0,
and from (4.56]),
3
lim inf (67, (Un) (Zns ), (Zn £0)) 2 5%l (Zns o) [ (4.58)
n—oo
Combining (4.55)) and (4.58)), we can therefore conclude that
lim inf (F0% (I (Un))(Xn + Zn, S+ ), (X + Ziy S0 + £2))
n—oo
o 3
= hgr_l)g)lf [%%H(Xm 8n) I + Z’YaH(Zna tn)”?nl} (4.59)

> timint D[V Xl 2oy + 5l 2oy & 1920 agey + ol
Notice that we have
IVWoll32 gy = (VWa, VW) = (V(Xo, + Z,), V(X + Z0))
= VXl 72 (e + 2V X0, VZ0) + IV Zy [ 72 (rey:

so we get
IVXallZ2ga) + IV Zollfogey = IVWall L) — 2(V X, VZ0).

Applying the same treatments to [|7,||?, we have from ([4.59) that
lim inf (8 FPI (T (U) (X + Ziny 80+ ), (X + Zny 80 + 1))
n—oo

PR o
> lliri}g)lf ZL’}/a |:van||%2(Rd) - 2(VZn> V-Xvn)LQ(Rd) + Z Hrn ||%2(Rd)

- ZQ(SZ,tz)L‘Z(Rd)}

R oA o ;
> lim inf 1 [HVWnH%Q(Rd) + Z HT"H%Q(W)} e
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which is a contradiction to (4.49). In attaining the last equality, we have used (-,-)z2 to denote
the L? inner product, and we have again used the fact that the inner product of the strongly
convergent sequence VX, and weakly convergent sequence VZ, (c.f. Lemma converges to

zero and similarly for the inner product of the strongly convergent s, and weakly convergent
t,. O

5. DIiscussioN

We presented the first complete error analysis of an atomistic-to-continuum coupling method
for multilattices capable of incorporating defects in the analysis. Our results for the blended force-
based quasicontinuum method extend the existing results for Bravais lattices [25], with the striking
conclusion that the convergence rates in the simple and multi-lattice cases coincide for the optimal
mesh coarsening. Our computational results for a Stone-Wales defect in graphene confirm our
theoretical predictions.

We have concerned ourselves here with the case of point defects, though we see no conceptually
challenging obstacles to include dislocations in the analysis so long as there is an analogous decay
result to Theorem 3| However, as previously mentioned, we are still limited in our ability to model
physical effects such as bending or rippling in two-dimensional materials such as graphene due
to several factors. First, our assumption concerning stability of the multilattice, Assumption
uses a norm, |[|[VIU| g2 + ||[Ip]|12, which does not take any bending energy into account and so
we do not guarantee our lattice is stable in this situation. We could have of course formulated
a different assumption using a discrete variant of ||[V2Us|| (where Us represents the out of plane
displacement), but it is a very challenging question to extend the BQCF method and its analysis to
such a situation. The next issue that must be answered is what continuum model to use since the
Cauchy—Born model used herein is not adequate to model such effects. Possible alternatives would
be to use higher-order Cauchy—Born rules [19, 53] which rely on higher-order strain gradients, or
the so-called exponential Cauchy—Born rule [4]. In either of these cases, to use a similar analysis
to what we have presented, one would have to establish new stress estimates akin to Corollary
as well ensuring that the continuum model chosen is stable provided the atomistic model is. We
are also confronted with the problem of choosing a finite element space capable of approximating
H? functions, which likewise challenges the analysis as well as the implementation.

Finally, we remark that extensions to charged defects in ionic crystals, which represent a wide
class of important multilattice crystals, represent yet another difficult challenge, largely due to the
long-range nature of the interatomic forces.

APPENDIX A. PROOFS OF CONVERGENCE LEMMAS

The following elementary lemma will be used to construct the “diagonal” sequence alluded to
when we first introduced Lemma [17

Lemma 20. Let {£3}5°_, be a sequence of functions from H*(R?) x (L*(R%))% — V& for V«
a Banach space where o ranges in some finite index set S. Let (vg,89) € H'(R?) x (L?(R%))%
with n the standard mollifier (n;(x) = j7n(x/j)), v; = n; * vo, 8; := n; * 8o, j > 0, and f :
(H', (L?)%) — V* continuous. Further assume that for each fized j > 0, L% (v;,8;) = f*(v;,8;)
i V* as m — oo for each a. Then there exists a sequence j, — 0 such that

Lo(vj,,85,) = [*(vo,s0) for each .

Moreover, the sequence j, may be taken to satisfy j, > 1/\/Ran where R, ,, is taken from (4.28))
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Proof. Fix a and j > 0 and note that £ (v;,s;) — f*(vj,s;) as m — oco. Thus we may choose
ng(j) large enough such that for n > ng(j)

1£5 (vj, 85) — [ (vj, 85)lve < . (A1)

Since a belongs to a finite set S, we may define ng(j) = max, n§(j). Now define j,, by

Jn =max{l,1/y/Ra1} forn=1,...,n0(1/2) —1,
Jn =max{1/2,1/\/Raa} forn=mny(1/2),...,n0(1/3) — 1,
Jn = max{l/m,1/\/Ram} forn=mne(l/m),...,ne(1/(m+1))— 1.

For n > ny(1), we obtain from ({A.1)) that

Hﬁz(v‘?n? SJn) - f@(/an7 sjn)HVa S .]TL - 0 (A2>
By continuity of f, f*(v;,,s;.) — f*(vo, So), and so (A.2)) implies the desired result. O

Remark 6. In the above proof, we made the requirement j,, > 1/4/Ra,, so that 1/R,,, =€, < j2,
where ¢, is used in the scaling (4.28)). This ensures that

€.V (), * §0)||L2(R'1) = enl|(Vn;,) * §0||L2(Rd)

< &ll(Vn)lerwey[[30]| L2y by Young’s Inequality
€n * 1/ Jnll V0l L1 eyl 01| L2 ey

< 3l Vil e 50l L2 ey — 0.

O
The collection of operators and continuous functions that we apply this lemma to are the ones
enumerated in Lemma [I7, which may now prove.

Proof of Lemma[17. We begin by noting that the properties of are clear from the definitions
of W,, X, Z,,, 7, 8, t, provided that we can show VX, — VI, and s,, — 3. Moreover, we can
immediately note that with ,, = 1 —¢,,, V4, and V21, are uniformly bounded on the compact
set supp(¥m) C €nBr,..(0) = B1(0) by the assumptions on the blending function in Assumption
and the definition of ¢,. Thus, by Arzela-Ascoli and by replacing the original sequence by a
subsequence if necessary, we may assume 1, — 1o in C! for some 1y € C'(By(0)).
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We now set about proving VX, — VW, and s, — 79 and the remaining properties in
Lemma ([17). To that end, define

[’1 = Hh,ma fl(VVv ’3) = (W7 S)a
L2 (W, s) = e, d Z sz(paﬁ )rv8) © Dirvysym (W, 8) ®—/ Cn(E+1tp — ),

g€em L (pap) (179)

PPW.8):= Y D Vipapims) - Vs (W), 8(2)) @ p,

(pf) (776)

LW, ) := Egn Z Z Z Vieap)(r18) * (Dizr6)m(W, 8))¢m (€ — ),

E€eml (paf) (T79)

FPw,s) = Z Z Vipas)(rye) : Vire)(W(z), s(x)),

(paB) (T76)

P
LaWes)i=en > > > Vipaprw) - Doy (W, toms) @ 6—/0 Gn(§ +tp — ),

£cem L (paf) (Tv6)

AW, s) = Z Z V0ap)v6) + V(rs) (oW (1), 0s(1)) @ p,
(pa) (T9)

[’iw(W7 S) = Egn Z Z Z V(PGB)(775) 7”75 (¢mW wms))Cm(g - {E),

£cemL (paB) (T79)

(W, s) = Z Z Vipap)(rvs) 1V (y8) (VoW (), Yos()),
(pap) (T6)

‘Cfn(W7 S) =€ d Z Z Zv(pa,@ (T79) poz,é’) (d)mW ¢m ) : 7'75,m(W> S),

E€em L (paf) Ty

fﬁ(VVa 3) = / Z Z V (paB)(Tv9) (¢OW) + wo( )) . (VTW + 56 — 87) dx.

(paB) (T76)

If we can show that each of these satisfies the hypothesis of Lemma then we may apply the
conclusion of that lemma to deduce Lemmma We focus primarily on £ and f* and briefly
touch on the other cases at the end.
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We fix j and set W := v; and s := s; and set i, () := i o™ Cu(x + tp) dt. Then note that
pm (& — ) =0 unless [z — &| < €,|p|. Hence

W{im L2 (W, s)(x)

= WILLH})O Gd Z Z Z V (paB)(Tv6) D(T'y§ (d}m (5)7 ¢m3(5)) ® p,um(f - .T)

£eem L (pap) (T70)

= lim e > > > Vs ¢ [Dirroyn(aW (€), 0n(€)) = Virs) (W (@), s ()

g€emL (paf) (179)

+V (0) (YW (), %s(m))} & pim (€ — )
= lim € > DD Vias)iens) : [Dirrsyn (UmW (), ¥ms(€))

§€emL (paf) (1v0)

= Vr0) (mW (), 0n5(x)) ] @ ppin (€ — )
+ lim. SN Vipasyesm) : Vs @nW (@), ¥ms(x) @ pel, Y pim(§ — 1)

(paB) (T79) c€eml

= mll_I)I;O Em Z Z Z V:(,Daﬁ)(T’Ws) T’yé (l/Jm (£)7¢m3(£))

£cemL (pap) (Tv0)

= Vi) @mW (), Ym8(2))] © ppim (€ — )
+ Z Z Vipas)(rrom) = V(ry8) (VoW (), Yos(z)) & p,

(paB) (776)

since €, Y. pm(§ —2) = 1 and since ¢, — 1o in C'. For the first limit above, we note that
pm (& — ) =0 unless |z — &| < €,|p| implies

[ (179), (@Z)m (€)>¢m3(€)) _V(T%)(@bmw(x)a@bms(x))} = O(em)

Thus
Tilillw Egm Z Z Z V(PQB)(T’W;) T’y&) (djm (g)ad}ms(g))

£€em L (pap) (T79)

- V(ms) (YW (), Ym8(2))] ® ppm (€ — )

= lim > Y Viasew : [0(en)] @05, 3 pim(€ = 2)

(pap) (179) E€em L
= lim >} Viase 1 [O(en)] @ p = 0.
(paB) (T79)

We have thus shown that

WILLI%O £4 W S Z Z ‘/(paﬁ )(T79) (T’Y(S)(,[?Z)OW('Z')7 1/105(517)) ® p= f4(W> S).
(paB) (776)

The proof for £° proceeds in exactly the same manner, and the proofs for £2 and £3 are likewise
very similar with the exception that 1), is no longer present.
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For L5, using a Taylor expansion and the fact that V2, is uniformly bounded in m by As-
sumption [4]
Dr,mwm@) = DT,mwm(é) - Vﬂ'wm(g) + V‘rwm(€>
= O(Em) + erm(f) — VTQ/)O(g)

Furthermore, since W and s are smooth, D, ,,W converges to V,W in L? and ¢* on compact
subsets, and the same holds for D, ,,ss converging to V,sz. Consequently,

D(748),m(WmW, 10 8) = V(746 (oW, ¢hps) in L? and £? on bounded sets.

Convergence of L5(W, s) to f¢(W, s) now follows from this and convergence of the quadrature rule

ril_lgoﬁd Z Z vaa@)(ma (paB);m (VoW ¥08) : Virsm(W, 8),

Eeem L (paB) Y0
to
/ Z Z v (paB)(1v6) paﬂ) (%W %S) 7"75,m<W7 8) dx.
B1(0 paﬁ ) ™8

Lastly, we note that £'(W,s) — f1(W,s) as a result of first approximating (W, s) by smooth
functions having support contained in B_(0) for some 0 < < 1 and then using standard inter-
polation estimates for smooth functions along with the mesh growth assumption of Assumption [4

Specifically, let W,,, s, € Cg° such that VW, — VW, V?*W,, — V2W, s,, — s, and Vs,, — Vs
in L? where VW, and s,, have support in B,_+(0). Then
”Hh,m(VVa S) - (VV; S)Hml S ||Hh,m(VV7 3) - Hh,m<Wma Sm)”ml + ||Hh7m<Wma Sm) - (Wma Sm)”ml
+ [(Wans 8) — (W, 8) ||
5 ||(I/V7 S) - (Wma Sm)”ml + ||Hh,m<Wma Sm) - (Wma Sm)Hmb
(A.3)

after using stability of Il ,, with respect to the ml norm. By our choice of (W,,,s,,), it follows
that

H(W7 S) - (Wm; Sm)“ml — 0. (A4>
Using the definition of the ml norm and standard interpolation estimates, we also possess
”Hh,m(an Sm) - (va SM)Hml 5 HhmVQWmHLz(Rd) + ||hmvsm||L2(Rd)' (A-5)

Since, VW,,, and s,, have support in B.(0) and since we have the mesh growth |hm(x)| <

€m(€m|z/€m|)® from our ChOlce of Scahng and Assumption [d] it follows that |k, (z)| < €17*7 on
B_-+(0). It then follows from ([A.5]) that

T (W $m) = (W, 8m) [l S EHVHVZW lz2e) + 61*”!|V8mHL2 (®a) = 0, (A.6)
for appropriately chosen . Applying the results (A.4) and - to ) then produces
[ m (W, 8) = (W, 8) [l = 0,

as desired.
Then as a consequence of Lemma [20| applied to each of these operators, we obtain a sequence
Jjn — 0 which satisfies the desired convergence results of . 0
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Proof of Lemma[18 To prove the first convergence result (4.33)), we note by Lemma there exists
Y, = (¥nZ,) such that ¢, Z,(§) = (fn * Yn)(ﬁ) =: (Y;)(f) for all £ € ¢,L, and similarly there
exists b (@/}n ») such that ¥,t,(§) = (En * Bn)(f) = (b;)(g) We further note that from the

proof of [25, Lemma 4.10, Step 3] and the fact that V(¢,,Z,) — 0, we also have VY, — 0. To
show that b& — 0, observe for a smooth function p with compact support that

i [ i [0 G+ B [ - Gue)
n— o0 n—00

n—oo

n—oo

= lim (55*571)-#:1};1{)10/155(%#)'

From Lemma , we have 1,, — 1)y in L? (since these functions are compactly supported), and this
latter expression is then an inner product of a weakly convergent sequence (t& — 0) and strongly
convergent sequence which therefore converges to zero.

Having established that VY, 0% — 0, we can use the functions S%f(x) and S (z) from
Lemma [I7 to write

d Z Z Z V(paﬁ )(T79) Paﬁ) <¢nZn7wn n) : 775),n(Xn,Sn)

£€enL (pap) (T79)
= /S?Lef(m) (VY 46, Vb2) + /Sihift(x) (B2 —b2) =0,
using the strong convergence of S8 (z) and S$"(x) from Lemma [17] and the weak convergence:
VY, 5 — 0.
The second convergence result (4.34]) is proven in L nearly an identical manner by choosing Y, = Zn

and b, = ¢, such that Z, = (, * 7. and t,, = (, * t, and using the convergence results for RAef ()
and RN (z) from Lemma |17 O

Proof of Lemma[19. Observe

d 2
nh_?oloﬁ Z Z Z V(pap)(r8) * Dipap), (9 Zny Optyn) : D (T78), n(Zn, tn),
§€enL (pap) (T79)

o d _ 2 2.8\ _ p2(40 _ 4BY) .
= nlgf)lo €n Z Z Z V(paB)(r49) (me(enzn) + enDpn(bt,) — 0, (1 tn)) (Drn(Zn)+
E€en L (paf) (T79)
€nDT,n(ti) - (tl - ti))
. d . 2 .
= dmer Y > > Visew)  Dpnl0nZn) : Drn(Zn)

£€enL (pa) (Tv9)

+ nh_{go € Z Z Z Vipap)(ry) * Dpu(072,) : (GnDT,n(ti) = (th — ti))

£€enl (paf) (179)

1 d . 2.8\ _ p2ia\ .
+ nh_{lolo €n Z Z Z V(P@ﬂ)(TWs) : (Tpvn(entn) entn) . DT,n(Zn)

§eenl (paf) (T6)

. d . 2,8\ _ p2iay . 8\ _ (47 _ 49
+ nh—>I£10 €n Z Z Z V(PCXB)(T’Y(s) . (Tpvn(entn) entn) : (EHDT,n(tn> (tn tn))
gcenl (pap) (Ty6)
(A7)

This gives four terms to manipulate, which we label in order as A}, A7, A%, and A}. The first of
these is, after using the product rule for finite differences (and the associated notation 7),, f(§) =
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f(§+enp)),

lim A7

n—oo

— 1 d . . .
= lim ¢, SN Viassie)  {00Z0Dpn(0n) : Drn(Za) + Tpin(00) Dypin(0nZ0) 2 Drn(Z) }-
geenl (paf) (T7v96)
(A.8)

Recall that Z,, — 0 in L? on B;(0) D supp(f,,) and hence also in £ due to being piecewise linear.
Therefore, continuing the limit in (A.8§]),

lim A}
n—o0

— 1 d . .

N nhlgo €n Z Z Z Vipa)(rys) : {Tp,n(9n>D/),n(9nZn) : Drn(Zn)
£€enl (paB) (T6)

+ Dypn(0070) : Dyn(60) 70}

— Tim 4 : ) A9

= Tim el 3 3 S Viasen  {Dpnl00Z0) - (L) = Ten(0)) Drn(Ze) B9
£€enl (paf) (T76)

— 1 d . .

- nlg& €n Z Z Z ‘/,(paﬁ)(f’yd) . {Dp,n(‘gnZn) . DT,n(enZn)}y

£€enL (pap) (T79)

where in arriving at the last line we used the fact that (7),,(6,) — T7n(6,)) — 0 in L* and H*
boundedness of Z,.

By replacing Z,, with €,t2, we have may write the second of the terms in (A.7) as

lim A5
n—oo

_ 1 d . . g 2 (418
= lim E"g;u% (Z;) Vipas) 1) - {Dpn(0nZn) = Drn(€a0ntS) + Dy (022,) = (£ — 1)}
Enkl (po Ty

_ T d . . 1)
= nhg& €n Z Z Z V,(paﬁ)(T'yzS) . {Dp,n(QnZn) . Dm(enQth)
£€enL (paf) (179)
+ (Dpn(0n)(00Z0) + Tp(00) Dy (00 Z0)) = (£, — 17)}
. d . . §
= nh_)rglo e Z Z Z V. (paB)(r6) {Dp,n(enzn) : Dy (€n0nty)
£€enL (pap) (179)
+ Dypn(0nZn) : (Tpm(en) — O + Qn)(ti - t?z)}
_ 1 d . . d b _ 4y
n nh—>n§o “n Z Z Z Viipap)(r16) * { Dpin(0nZn) : (Drn(€nbnty) + On(ty —10)) }-

g€enl (pap) (179)
(A.10)
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The third term from (A.7) is, after using the previously established convergence properties of
Zy,t, and 0,

lim A%
n—oo

_ : d . 218\ _ p2ia0\ .
- nh%r{olo En Z Z Z V(PQB)(T’Y@ . (Tﬂvn(gntn) entn) . DTW(ZTL)
g€enl (pap) (19)

T d . _ B BY _ p2pay .
= nlglolo €n 562; (z%) (z;) Vipas)8) + (Tpn(0n) = 00)Tpn(0nly) + 02 1,0(0nt,) — 0,t7) = Drn(Zy)
enL (paf) (T

= lim A Vs : {(Tpn(0nth) — 04t%)  0,D,0(Z0) }

g€enl (paf) (r70)

= dim e 3 ST S Viasrn  {Tn(0at) — 6.5 (Toa(62)Drn(Z0) + Drn(6.)(Z0)) )
§€enL (paf) (T79)

= nh_glo €n Z Z Z V. (paB)(779) : {(Tpm(entg) — Onty) : D‘r,n(enZn)}

§cenl (paf) (19)

(A.11)
After again using the convergence properties of ,,, it is then straightforward to show
o, A
= i d . B _ ay . 0 _ Y (A12>
nh_{l(;lo €n Z Z Z V(Paﬁ)(T’Y&) . (TPJL(HTLtn) entn> . (TT,n(entn) Hntn>

€eenL (pap) (19)

The equations (A.9)), (A.10), (A.11)), and (A.12]) applied to (A.7]) give the conclusion of the Lemma.
0J

Lemma 21. Let W,,r,, and @, be defined as in the proof of Theorem with Iy, the Py
interpolant onto Ty,,. Then

IV In(0nWn) — V(SOan)HL?(Rd) — 0,

. ( A13)
H[h,n(gpnrn) - (90nrn)||L2(Rd) — 0. (

Proof. Let T be any element of 7, and Ir the linear interpolant onto this triangle. Then
HV]T(QOan) - v((ann)”B(T) N hT||V2<90nWN)”L2(T)
< hel|[V20n @ Wall 2y + hel|[Von @ VWoll2ry  (A14)
S hel[Wallzeery + hr[[ VWall L2y

We recall that Ve, has support on By (0) due to our choice of scaling and that |, B1(0) W,dr =0

due to our choice of equivalence class representative. Because of this and the estimate (A.14])), it
then follows that

IVIr(0nWh) = V(eaWo)llr2wey S hrl|Wall20)) + hrl| VWall 228, 0
S hr[VWall 228, 0)

by the Poincaré inequality. Since hy = O(e,) on L?(B;(0)) due to the full mesh refinement
assumption, we obtain the first result.
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For the second one, the argument is the similar except that we have h2, we need not use the
Poincaré inequality, and we do not immediately have that Vr is bounded. However, we note that

W[V roery S BT V2 V78| ooy
S bl T2 ey S berllrglzeery

which could be used to obtain the result for r. UJ

APPENDIX B. NOTATION

This section summarizes notation used in the manuscript.

e L — a Bravais lattice

e M — a multilattice

e S=1{0,...,5 — 1} — the index set of atomic species

e £ — an element of £ or eL for € > 0.

a, 3,7,9,t,x — indexes denoting atomic species

p,T,0 € L — vectors between lattice sites

R — an interaction range whose elements are triples of the form (paf) € L x S x S

Ry :={pe€ L:3(paf) € R} — projection of R onto lattice direction

Teut := max{|p| : (pafB) € R} — a finite cut-off distance

reenl — the radius of the smallest ball inscribing the unit cell of £

Touff = max{rcuty rcell}

u = (ua) 7(1) — vector of displacements of all species of atoms

(U p) — displacement /shift description defined by U = ug and p, = us — ug
°f and p™f — the reference deformation and shifts

D(paﬁ)u(€) = ug(§ + p) — ual§), Dipapy(U,p) = U+ p) — U(E) + ps(& + p) — pal§)
Du(§) = (D(Paﬁ)u(f))(pag)ng DU, p)(§) = (D(paﬁ)(U7 p)(g))(paﬁ)eR

Ve(Dy(€)) and Ve(Du) — site potentials defined on deformations and displacements, re-
spectively
e £%(u) and &, (u) — energy difference functionals for defective and defect free lattice.
e 7, — atomistic scale finite element mesh of triangles in 2D and tetrahedra in 3D
((z),{(x) = ((x — &) — nodal basis function of 7T, associated with the origin and ¢
respectively

fo x + tp)dt — an auxiliary function
I ua, ] U Ip, or iy, U, Py — a piecewise linear interpolant with respect to 7,
Tug, fU, Ipa or G, ff,ﬁa — a C?! interpolant with respect to 7T,
u*(z) := (¢ * u)(x) — quasi-interpolant of u defined through convolution
| -] — meaning depends on context: |-| is £2 norm of a vector, matrix, higher order tensor,
or finite difference stencil. |T'| is area or volume of element 7" in a finite element partition,
|7| is the order of a multiindex.

e || |leza) — ¢ norm over a set A. If f : A — R? is a vector-valued function, ||f||ew) =
(PCaealF(@)P).
e | -]l — norm on admissible displacements defined by |lul? = S27- oIV Tug |12 T2(RY)

Zogéﬁ [ Tuq — ]uﬁHQp(Rd)'
e U —space of admissible displacements defined by

U= {u=(u)5: tua: L—=R" ||lull, <oo} /R
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U, —space of test displacements defined by
{(U,p) : supp(VIU), py =0, and supp(Ip,) are compact} /R"

() — a finite polygonal domain
¢ —the blending function
Q, := supp(l — ¢) + Bay,,, — the atomistic domain
Qp := supp(Ve) + By, . — the blending region
Q. := supp(p) N Q2+ By, . — the continuum region
Qeore := 2\ Q. — the defect core region
» — the (coarse) finite element mesh on {2
h(z) := maxp.,er Diam(T) — the mesh size function
Ry :=infr{R > 0:Q; C Br(0)} — an exterior measure of a domain )
re ;= sup,{r > 0: B.(0) C {;} — an interior measure of a domain €2
R, :=1infr{R > 0:Q C Bg(0)} — an exterior measurement of 2
ri :=sup,{r > 0: B,(0) C 2} — an interior measurement of {2
Qeyt = R\ B, /2(0) — exterior of 2
I;,— the standard piecewise linear nodal interpolant on 7y,
S — the Scott-Zhang quasi-interpolant on 7p,.
Wes(U, p) — Cauchy—Born strain energy density function
E°(U, p) — Cauchy—Born energy functional
U, := {ueC’Q):ulr e P(T), VT €T,} — afinite element space
Uy, := U,/R™ space of admissible finite element displacements
Upp = {ueC'RY :ulr € PiI(T), VYT € Tpu=0onR*\Q} — finite element space
satisfying homogeneous boundary conditions
U= Upo/R™ — finite element quotient space

e Pro:= {0} x Upno)°' — finite element space for shifts

T, P12 = IVU 2o ey + S 1PalZe@ay = IVUI22(ga) + [PI22(ga) — norm on finite
element spaces

. \5-1 Sl
o [[pllLr == >aso IPalles IVPllLe == 3200 [[VPal Ly
e 7(x) — a smooth bump function or standard mollifying function depending on the context

Trua(x) = n(x/R) (Iua - @Af Tug d:c) — a truncation operator
R

e := Sk(T),us) — an projection operator from discrete displacements to finite element
displacements

o I1;p, := I} (uy — up) — a projection operator on shifts
e [S5(U,q)(x)]s and [SS(U, q)(x)]ap— continuum stress function associated with displace-

ments and shifts

[S3(U, q)(x)]s and [ S(U, q)(x)]as —atomistic stress function associated with displacements
and shifts

V(paﬂ)(md)( ' ) viwi= w' [‘/7(0045)(7'“/5)( ' )}U Vo, w € R"

C:D(W.q): D(Z,r) = Z(paﬁ)ER Z(mé)en Vipap)8) * Dipap)(W. q) : D(zr5)(Z,7)

C: V<W7 Q) : V<Zv T) = Z(paﬁ)eR 2(775)672 V(paﬁ) TY6) (v W+Qﬁ qa) (v Z+r,3_r0<)
©n — a sequence of blending functions

1% =1- Pn

Oy = \/W

B,, B.(x) — Ball of radius r about the origin or ball of radius r about z.
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e supp(f) — support of a function f.

e Diam(U) — diameter of the set U measured with the Euclidean norm.
e (R")® — direct product of vectors with |R| terms.

e ' — transpose of a matrix.

e ® — tensor product.

e VJ — jth derivative of a function defined on R

e 0, — multiindex notation for derivatives.

e [P(U) — Standard Lebesgue spaces.

e WH"P(U) — Standard Sobolev spaces.

o WHPU)={f:U—=R:: fe WrP(V)VV CC U}

o HHU) =WHk2(U), H}(U) = {f € H*(U) : Trace(f) =0 on U }.
e C* — space of k times continuously differentiable functions

° fU f dx — average value of f over U.

49
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