View metadata, citation and similar papers at core.ac.uk

<
brought to you by .{ CORE

provided by Warwick Research Archives Portal Repository
K ’ 7 7

Original citation:
Brewster, Richard C. and Noel, Jonathan A. (2012) Extending precolourings of circular
cliques. Discrete Mathematics, 312 (1). pp. 35-41. doi:10.1016/j.disc.2011.02.008

Permanent WRAP URL:
http://wrap.warwick.ac.uk/104257

Copyright and reuse:

The Warwick Research Archive Portal (WRAP) makes this work by researchers of the
University of Warwick available open access under the following conditions. Copyright ©
and all moral rights to the version of the paper presented here belong to the individual
author(s) and/or other copyright owners. To the extent reasonable and practicable the
material made available in WRAP has been checked for eligibility before being made
available.

Copies of full items can be used for personal research or study, educational, or not-for-profit
purposes without prior permission or charge. Provided that the authors, title and full
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata
page and the content is not changed in any way.

Publisher’s statement:
© 2012, Elsevier. Licensed under the Creative Commons Attribution-NonCommercial-
NoDerivatives 4.0 International http://creativecommons.org/licenses/by-nc-nd/4.0/

A note on versions:

The version presented here may differ from the published version or, version of record, if
you wish to cite this item you are advised to consult the publisher’s version. Please see the
‘permanent WRAP url’ above for details on accessing the published version and note that
access may require a subscription.

For more information, please contact the WRAP Team at: wrap@warwick.ac.uk

warwick.ac.uk/lib-publications


https://core.ac.uk/display/159768421?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://go.warwick.ac.uk/lib-publications
http://go.warwick.ac.uk/lib-publications
http://wrap.warwick.ac.uk/104257
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:wrap@warwick.ac.uk

Extending precolourings of circular cliques

Richard C. Brewster Jonathan A. Noel
June 15, 2010

Abstract

Let G be a graph with circular chromatic number x.(G) = %.
Given P C V(G) where the components of G[P] are isomorphic to the
circular clique Gy, 4, suppose the vertices of P have been precoloured
with a (K, ¢')-colouring. We examine under what conditions one can
be assured the colouring extends to the entire graph. We study suf-
ficient conditions based on I;—f — g as well as the distance between
precoloured components of G[P]. In particular, we examine a conjec-
ture of Albertson and West showing the conditions for extendibility

are more complex than anticipated in their work.

1 Introduction

In [6], Thomassen asks if given a planar graph G and a 5-colouring of
P C V(G) with the restriction that the vertices of P are far enough apart,
can the colouring be extended to the entire graph? In [1], Albertson answers
the question in the affirmative provided the precoloured vertices are at dis-
tance at least four from each other. Fundamental in the result are two key
components: First, one requires 5 colours for the extended colouring despite
X(G) < 4. (In general, a precolouring of a planar graph is not extendible to
a 4-colouring of the entire graph.) Second, the precoloured vertices must be
sufficiently far apart. In fact, Albertson proves the following.

Theorem 1.1 (Albertson [1]). Suppose x(G) =r and P C V(G) such that
the distance between any two vertices in P is at least 4. Any (r+1)-colouring
of P can be extended to an (r + 1)-colouring of G.



There are now many papers on colouring extensions. The introduction
of [3] provides a nice overview. We focus on situation where the precoloured
vertices induce a collection of cliques.

Given P C V(G), define d(P) to be the minimum distance in G between
any two connected components of G[P]. A k-colouring of P is called a k-
precolouring. A more general result proved by Albertson in [1] says that any
(r + 1)-precolouring of a r-colourable graph can be extended to the entire
graph where the set P of precoloured vertices consists of k-cliques provided
d(P) > 6k — 2. This distance is improved by Kostochka to d(P) > 4k, (as
cited and proved in [2]); and by Albertson and Moore to d(P) > 3k when
r=k, [2]

In [3], Albertson and West study extending circular colourings where
the precoloured vertices form an independent set. They conjecture in the
case that G is (k, ¢)-colourable and the precoloured components are circular
cliques Gy 4, there is a distance d* such that any (£, ¢')-precolouring can be
extended provided l;—,, - % >1and d(P) > d*.

We settle this conjecture in the negative by constructing an infinite family
F with the following property. Given any ¢ and d, there is a (k, g)-colourable
graph G € F containing a collection P C V(G) of circular cliques Gy 4, such
that some (k', ¢’)-precolouring of P is nonextendible despite having l;—,’—g >/
and d(P) > d.

We then turn our attention to positive results. Extendibility results are
established for the cases when one of the ¢’ or ¢ equals 1, i.e. the one of the
two colourings is a classical vertex colouring.

Circular colourings and the extension product

We provide some key definitions for our work here and refer the reader to [7]
for standard definitions. Let k,q be positive integers such that & > 2¢. A
(k, q)-colouring of a graph G is an assignment ¢ : V(G) — {0,1,2,..., k—1}
such that for wv € E(G), ¢ < |c(u) — c¢(v)] < k —q. The circular complete
graph or circular clique Gy, 4 has vertices {0,1,...,k—1} and edges {ij : ¢ <
li —j| < k —q}. Thus Gy, is simply the (classical) complete graph on k
vertices.

The circular complete graphs play the role in circular colourings as do
the complete graphs in classical colourings. Adopting the homomorphism
point of view, see [4, 5], G admits a (k, ¢)-colouring if, and only if, there is
a homomorphism f : G — Gy, Recall, a homomorphism f : G — H is a
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mapping f : V(G) — V(H) such that uwv € E(G) implies f(u)f(v) € E(H).
We write G — H to indicate the existence of a homomorphism.

It turns out that G, — G if, and only if, g <
a graph G, if G — Gy 4, then G — Gy o for any ’;—: >
chromatic number of a graph G is defined as

Thus, given

The circular

QIR |

Xc(G) = inf {g G — G;w}
In [4], Bondy and Hell show the infimum may be replaced by a minimum.
The proof depends on the fact that optimum colourings must be surjective.
Surjective mappings play a key role in our constructions of nonextendible
families.
A fundamental construction in our work comes from [3].

Definition 1.2. Let G and H be graphs. The extension product G >x H has
as its vertex set V(G) x V(H) with (g1, h1)(ge, he) an edge if g1go € E(G)
and either hyhy € E(H) or hy = hs.

Alternatively one may view GG <1 H as the categorical product of G with
a reflexive copy (a loop on each vertex) of H. It is straightfoward to verify
G = H — @G via the projection onto the first coordinate. As a point of
notation, for a fixed i € V(H), the subgraph induced by {(v,i)|v € V(G)} is
isomorphic to G and is denoted by G*. Given a homomorphism f : G ><x H —
X, the mapping defined by fi(u) := f(u,i) is a homomorphism f; : G* — X.
Given ¢ : G — X, we may view V(G) = V(G") and thus write f; = ¢ if
filu) = p(u) for all u € V(G).

Of particular importance for us in the product G <1 P,,. Recall P, is the
path of length n — 1 with vertex set {1,2,...,n}.

L] L] L] /
2 Nonextendibility for large % - g
In this section we provide a negative answer to the conjecture of Albertson
and West. We examine extending circular colourings of Gy, , > P, where the

first and last copy of the circular clique Gy, have been (K, ¢')-coloured.
We begin with our key definition.

Definition 2.1. Let ¢ : G — H be a homomorphism and let v € V(G).
The homomorphism ¢ s uniquely extendible at v if whenever g : G — H
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Figure 1: The product K3 <1 P3 together with the two factors. The projection
onto the first coordinate is a homomorphism to K.

is a homomorphism with g(u) = @(u) for all u # v, then g(v) = p(v). If
@ is uniquely extendible at v for all v € V(QG), we simply say ¢ is uniquely
extendible.

The following proposition provides a straightforward, but useful charac-
terization of uniquely extendible homomorphisms.

Proposition 2.2. Let ¢ : G — H be a homomorphism. Then ¢ is uniquely
extendible at v if and only if

N Nulpw)| =1

weNg(v)

Proof. Suppose ¢ is uniquely extendible at v. Let T"= [, oy, Nul(p(w)).
The existence of ¢ ensures |T'| > 1. If z,y € T with ¢(v) # y, then we define
the homomorphism ¢ by

g(u):{ o(u)  ifu#v

Yy otherwise

contrary to the assumption that ¢ is uniquely extendible.

On the other hand, if ¢ is not uniquely extendible at v, then there is a
homomorphism g such that ¢ and g agree on all vertices of G —v but ¢(v) #
g(v). Then {¢(v), 9(v)} € Nyeng @ Nu(p(w)). The result follows. O

The crux of our approach is captured in the following proposition.
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Proposition 2.3. Let ¢ : G — H be uniquely extendible at v for all v €
V(G). Let f: G P, — H be a homomorphism such that fi = p. Then
fi=w foralli, 1 <i<n.

Proof. Consider a vertex (v,1) in G < P,. The subgraph "= G; — (v, 1) +
(v,2) is isomorphic to G. Moreover, the homomorphism f restricted to 7" is

a homomorphism of a copy of G to H which agrees with ¢ on all vertices of
T — (v,2). Thus f(v,2) = ¢(v,1). The result follows. O

The following theorem demonstrates the existence of uniquely extendible
homomorphisms between circular cliques.

Theorem 2.4. Let k, q, andt > 2 be positive integers where k = £1 (mod t),
and k > 3qt + 1. Then there exists a uniquely extendible homomorphism
("2 Gk,qt+1 — Gk,q+1-

Proof. Suppose k, ¢, and t statisfy the hypotheses. Further suppose k+1 = tg
for some integer g. The case k — 1 = tg is analogous. Denote the vertices of
Grgt+1 by {v; 1 0 <i < k—1} and the vertices of G, 441 by {i : 0 < i < k—1}.

Define ¢ : Grgs1 — Grgi1 by p(v;)) = gimod k. We claim ¢ is a
homomorphism. First observe k and g are relatively prime; thus, the mapping
¢ is injective. Let i € V(G g4+1). Consider ¢(vy;) = gti = (k+1)i =i mod k.
By injectivity, vy; is the unique vertex mapping to i. Consider a nonneighbour
of i, say i+ j for some j € {+1,£2,...,+q}. By our observation, the unique
pair of vertices mapping to (i,74 j) is (vy, viyej). In particular, this is a pair
of nonadjacent vertices (in Gy 4+1) since [tj| < ¢t + 1. Thus the pre-image
of any non-adjacent pair in Gy 411 is a unique pair of non-adjacent vertices
in Gy q4+1. Hence, ¢ is a homomorphism.

Next we show ¢ is uniquely extendible. Let v be any arbitrary vertex in
V(G qt+1)- Suppose to the contrary that ¢ is not uniquely extendible at vy;.
By Proposition 2.2 there is a vertex u in (¢ y(,,,) V(¢ (w)) different from 4.
Since p(w) € N(p(w)), it must be the case that u # p(w) for any w € N(vy;).
Hence, u = ¢(v) for some v & N(vy), ie. v € {ti & 1,ti £2,...,ti & qt}.
Thus assume u = i + jg for some 1 < j < gt. (The case —dt < j < —1 is
analogous.) We now establish a neighbour of v;; is mapped to a nonneighbour
of u, contrary to the definition of u. Observe, tq+ 1 < tq 4+ j < 2tq. Since
k > 3tq+1, vy, is adjacent to vyg4;. Also, @(Vgitegrj) = i+q+jg mod k. By
assumption u € N(p(viyig+4)); thus, u =i+ jg is adjacent to ©(vyieq+;) =
i+q+jg (in Ggg41), a contradiction. O



From the result above we obtain an infinite family of counterexamples to
the question posed by Albertson and West.

Corollary 2.5. Given positive integers £ and d*, there exists a (k, q)-colourable
graph containing two circular G4 cliques at distance greater than d* such
that for some ’;—: > s + 0 there is a (K',q')-precolouring of the two cliques

which does not extend to the entire graph.

The reader will undoubtably notice that in the corollary above, k' =
k. We now turn our attention to constructing (k, q)-colourable graphs that
have nonextendible (£, ¢')-precolourings where k' # k. Continuing with the
idea from the proof above, we study homomorphisms of the form ¢(v;) =
gt mod k.

Definition 2.6. Let ¢ : Gy, — Gi ¢ be a homomorphism. Label V(Gy ) =
{vo,v1,...,vk_1}. If p(v;) = gi mod k" for all v; € V(Gi,), then we say g
generates ¢.

Note that g acts on the vertices in Gy . Hence, it makes sense to study
mappings of this form for a fixed g and (£, ¢’), but differing input graphs,
i.e. differing (k,q).

Theorem 2.7. Suppose g generates a uniquely extendible homomorphism
¢ : Grg — Gig. Then g generates a uniquely extendible homomorphism
O ¢ Gryor grtir — G for any integer t > 1.

Proof. Again, let V(G ) = {vo, v1, ..., k—1}, V(Griotr grtir) = {V0, V1, . ., Vi1 },
and V(Gk/7q/) = {O, 1, cey K — 1}.
Let v; € V(Gj,q). Since ¢ is uniquely extendible we have

i+k—q i+k—q
N New, @) =] () Nop, ()| =| ) Noy,lg-)|=1
wGNGk’q(Ui) Jj=ti+q Jj=i+q

where the product g - j is reduced modulo k’. Since ¢ is a homomorphism,

©(v;) = gi is the unique vertex in ﬁé-j;g]\fgk,’q, (9-J), a fact we use below.



Now consider v; € V(Gyyom g+17). Under ¢f

itk 2th! —q—thk!

N Ne,, ,(p(w))| = N ch,,q,(so(vj))‘

WENG) oot gy onr (V) J=itq+tk

i+k+2tk! —q—tk'

= N New,lg-9)

j=itq+tk'

Again ¢ - j is reduced modulo &’ from which we obtain,

i+k+2tk’ —q—tk' i+k—q
ﬂ NGk’,q’(g']) - ﬂ NGk’,q’(g']) =1
J=ttq+tk! J=itq

By our remark above, ¢'(v;) = ¢(v;) = gi is the unique vertex belonging to

D;J;];;(?Ngk,’q, (g-7). Hence ¢ is a homomorphism and is uniquely extendible
by Proposition 2.2 O

Corollary 2.8. Given k', q" with ';—: > 2, for any € > 0 there exists k, q with
€ > s — 2 >0 and a uniquely extendible homomorphism ¢ : Gy, o — G .

Proof. Clearly, the identity map Gy o — Gy 4 is uniquely extendible and
generated by 1. By Proposition 2.7 we may choose k = k' 4+ 2tk’ and ¢ =
q + tk' for sufficiently large t. O

Thus, Corollary 2.8 shows that for any ';—: > 2, there are integers k and ¢
such that:

e 3>Ek>09

q
e there is a (k', ¢)-precolouring of P = G} ;U G} ; in Gy 4> Py; and,
e this precolouring is not extendible (for any n).

Hence, we obtain an infinite family of counterexamples to the Albertson and
West conjecture where k' # k. However, in our examples k£’ < k. Given the
positive results published for (ordinary) precolourings of (ordinary) cliques
and the use of Kempe chains, it does seem reasonable to study the case when
k' > k.



In the next section we present positive extension results; however, either
the cliques or the colourings are classical cliques or colourings. We conclude
this section with a small result highlighting the necessity of the hypothesis
% > 3 appearing in the forthcoming theorems.

Corollary 2.9. Ifk —2q+ 2| q— 1, then there exists a uniquely extendible
homomorphism ¢ : G ; — Gr_2442.1-

Proof. Let ¢ —1 =t(k — 2¢g +2). The identity map Gy_g4+21 — Gi_24+2,1 18
uniquely extendible and generate by 1. By Proposition 2.7 there is a uniquely
extendible homomorphism ¢ : G (y—2q+42)+2t(k—2q+1),1+t(k—2g+2) — Gh—2g41,1 OT
©:Grq— Gr_ag411 0

3 Positive Results

In [2] Albertson and Moore study the problem of extending a (k+1)-colouring
of a k-colourable graph where the precoloured components are k-cliques.
They also study the problem when the precoloured components are general
subgraphs. In the latter case the penalty for having general subgraphs is a
larger number of colours may be required for the extension. In this spirit
we now turn attention to extending a (£, ¢')-colouring of a (k, ¢)-colourable
graph where the precoloured components are circular cliques. As the results
in the previous section indicate, this general situation is complex. Thus we
restrict our attention to two special cases: either ¢ = 1 as in Theorem 3.2 or
¢ = 1 asin Theorem 3.4. In an approach similar to Albertson and Moore, we
reduce to the case where the precoloured components are essentially cliques.
Thus the following theorem will be of particular use.

Theorem 3.1 (Albertson and Moore [2]). Let G be a graph with x(G) =k
and P C V(G) such that the components of G|P| are isomorphic to K. If
d(P) > 2k + 2|%|, then any (k + 1)-colouring of P extends to a (k + 1)-
colouring of G.

Our first result is on circular colourings of k-cliques. Notice for ';—: > k41,
the vertices 0,¢',2¢, ..., k¢’ induce a copy of Ky in Gy . Our approach in
the next theorem is to reduce an arbitrary (', d')-precolouring to a (k + 1)-
colouring using multiples of ¢’. At this point we use Theorem 3.1 to extend.



Theorem 3.2. Let G be a k-colourable graph and P C V(G) such that P
induces k-cliques. ]f% > k+1 and d(P) > 4k + 2L§J, then any (K',q')-
colouring of P extends to a (k',q')-colouring of G.

Proof. Let ¢ be the (K, ¢')-colouring we wish to extend and let ¢ be a k-
colouring of G. Further suppose K is a clique from P. We shall extend ¢ to
a ball of radius k£ around K so that all vertices on the boundary of the ball
receive a colour that is a multiple of ¢'.

Given the symmetry of Gy, we may assume for ease of demonstration

one vertex receives colour from {0,1,...,¢' — 1} and no vertex receives a
colour from {k¥' — ¢, k' — ¢ +1,..., k' — 1} under ¢. We label the vertices of
K as vy, vy, ...,v5_1 S0 that ¢(vg) < p(v1) < -+ < p(vr_1) and we designate

the colour of v; under ¢ to be i, i.e. ¢(v;) =i. Observe c¢(v;)q" < @(v;)

We now extend ¢ to a ball of radius k£ around K as follows. Let u be a
vertex at distance i from K, 1 <i < k. Let v be the vertex in K such that
c(u) = ¢(v). Assign

| id if c(v) =7 and j <1
lu) = { o(v)  otherwise.

At this point ¢ colours the vertices at distance k from K with the colours
0,¢,...,(k—1).

To see this extension of ¢ is a homomorphism, consider a vertex u at
distance ¢ from K. Let w be a neighbour of u at distance at most ¢ from
K. There are vertices v/, w’ in K such that c¢(u') = ¢(u) and c(w’) = c(w).
First suppose c(u) > i. If c(w) > 7 as well, we have p(w) = ¢(w’) and
p(u)p(w) = o(u)p(w') € E(Gr,g). If c(w) <, then

p(w) = c(w)g' < (i —1)¢ < (c(u) = 1)q" < p(u) = ¢

and again p(u)p(w) is an edge of Gy . Next suppose c(u) < ¢ and thus
ou) = c(u)d. If p(w) = c(w)q, then 1 < |e(u) — c(w)| < k — 1 implies
o(u)p(w) is an edge of Gy . Finally if c(w) # c(w)q/, then c(w) > i — 1.
Since ¢(u) < i and c(u) # ¢(w) we conclude

p(u) = c(u)q < (c(w) —1)¢" < p(w) — ¢

Repeat this process for each clique in P obtaining a collection of pre-

coloured components whose boundaries are coloured with with 0,¢/, ..., (k' —
1)¢’. The components are distance at least 2k + 2| £ | apart. By Theorem 3.1
this colouring may be extended to the entire graph. O
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We now consider extending (classical) k’-colourings where the precoloured
components are G, 4. The general problem of extending colourings where the
precoloured components are not cliques is considered in [2]. In our work the
assumption that the precoloured components are circular cliques allows us
to use fewer colours than is required in [2].

In the following we will consider the vertices of Gy, to be {0,1,2,..., k—
1} and assume that all arithmetic is done modulo k. We think of the ver-
tices i,¢ + 1,4 4+ 2,...,7 + t as being consecutive and forming the interval
4,1+ t]. Given Gy, with % > 3 we note that any independent set must
be contained in an interval of ¢ vertices (and thus of length ¢ — 1). We also
remind the reader that ¢ : Giq — Ki/q), where c(i) = |i/q], is a homo-
morphism. The fibres of ¢ are the intervals [0,q¢ — 1], [q,2¢ — 1], [2¢,3q —
1, .. [(Tk/q] —2)q, ([k/q] —2)q][([k/q] — 1)q, k — 1]. We label these inter-
vals as Iy, I1, Iy, ..., Itk q—1- Bach interval has ¢ vertices with the possible
exception of the last interval which has at most ¢ vertices.

Any homomorphism ¢’ : Gy, — Kj where the fibres of ¢’ are the same
as the fibres listed above for c is called a canonical colouring of K;,. Our
strategy for extending a k’-colouring to all of GG is to extend the precolouring
of each copy of Gj 4 to a canonical colouring on the boundary vertices of a
ball around the circular clique. Once this has been done we apply Albertson’s
method to extend the colouring to the remainder of the graph. The ideas in
the proof are straightforward but rather technical. The reader may wish to
consult Figure 2 as a guide to the proof.

Lemma 3.3. Suppose k,q > 2 are integers such that % > 3. Further
suppose k' > [ﬁ +1 and n = (ﬁ + 2. Then any K -colouring of Gy, in
G = Gy g > B, can be extended to all of G in such a way that Gy receives
a canonical colouring.

Proof. As in the previous section, we let the copies of G, in the product
be denoted Gj,, for 1 <4 < n. Also, V(Gj, ) = {(0,), (1,4),...,(k = 1,4)}.
Let ¢; be the k’ colouring of qu We shall define for each 1 =2,3,...n
G : }W — K} so that ¢;_; and ¢; are compatible homomorphisms (in the
sense of the collection defining a homomorphism Gy, > P, — Kj/).

We shall also denote the colours of Ky as 0,1,2,...k" — 1 where there is
no risk of confusion based on the context.

Denote the colour of (0, 1) under ¢y as 0, i.e. let ¢;(0,1) = 0. All vertices in

Gi. k.q coloured 0 belong to an interval say [(fo, 1), (1, 1)] of length at most ¢—1.
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Iy I I I I
V(Grg) |0 1 23 4 5|6 7 8]9 10 11[12 13
i=1 |0 0 1|1 2 2(2 3 3[3 4 4[4 0
i=2 |00 1|12 2[5 3 3|3 4 4|4 0
i=3 |00 1|22 2[5 3 3|3 4 4|4 0
i=4 |1 11|22 255 53 4 4|4 0
i=5 [1 1 1|22 2|55 5|3 3 3[4 0
i=6 |11 1|22 2[5 5 5|3 3 3|4 4

Figure 2: A 6-colouring of G143 > Ps modified from ¢ = 1 to 7 = 6 into a
canonical colouring. Changes at each round are marked in bold. For i = 2
the interval [(y, 9] is partitioned to avoid a multiple of ¢ = 3. For i = 3,
the vertices in [; are coloured 2. For ¢ = 4, the intervals Iy, I, are made
monochromatic. For ¢ = 5,7 = 6, the intervals I3, I, are made respectively
monochromatic.

Let /1 = ro+1 and denote by 1 the colour of (¢1,1), i.e. ¢1(¢1,1) = 1. Let ry be
the last vertex in [¢1, {;+q—1] coloured 1 by ¢;. Continuing in this manner, we
partition G, into intervals [(¢o, 1), (ro, 1)], [(¢1, 1), (r1, 1)], [(€2, 1), (72, 1)], . . .,
(€, 1), (7m, 1)]. This partition has the property that ¢;(¢;,1) = 7 and all ver-
tices of colour i lie in the interval [(r; — ¢+ 1,1), (14, 1)].

We now define ¢y with two goals in mind. First, the intervals identified
above, [(;,r;], will be monochromatic under ¢;. Second, we will ensure that
one of these intervals does not contain a vertex of the form (¢ - ¢, 2).

If each interval [(¢;,1),(r;,1)] contains a vertex of the form (t - ¢, 1),
then there are precisely [k/q| such intervals. Since k' > [k/q] + 1, the
colour m + 1 < k' is not mapped to by ¢;. In this case, we find an interval
[(€p, 1), (rp,1)] of length at least two, and partition the interval into two

intervals [(£,,1), (r,, 1)], [(r}, +1,1), (1, 1)] = [lm41, "m1] where only one of
the two intervals contains a vertex of the form (i-¢,1). Finally, relabel 7, as
Tp.

Define

&(i,2) = j if (i,1) € [(6,1),(r1)], 1<j<m+1

On the other hand, if some interval [(¢;, 1), (1;,1)] does not contain a vertex
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of the form (¢ - ¢, 1), then we define
e(i,2)= j if(@1) €|t,1),(r, )], 1<j<m

Hence at this point we have a colouring where all the vertices of colour j
under ¢y are precisely the vertices in the interval [(¢;,2), (r;,2)]. Also by
construction there is an interval [({s, 2), (rs, 2)] not containing a vertex of the
form (¢ - q,2).
Let t - ¢ be the (unique) multiple of ¢ in [(¢s — ¢+ 1,2), ({5 — 1,2)].
Define

: s if (4,2) € [(tq,2), ((t+1)g — 1,2)]
s(i, 3) :{ c2(1,2)  otherwise. ! !

It is straightforward to verify c3 is a proper colouring and compatible with
¢o. Recall Iy = [t - ¢, min{(t + 1)q,k — 1}]. In particular, a vertex belongs to
interval I, (in G ) if and only if the vertex receives colour s under cs. In
other words, we have stretched the interval of vertices receiving colour s to
be precisely one of the canonical intervals.

For the moment assume both I;_; and [;;1 have length ¢ — 1. Let c3(tq —
1,3) = 71 and c3((t 4+ 1)q,3) = j2. Observe the vertices coloured j; by c3 are
all contained in the interval [((t—1)g, 3), (t¢—1, 3)] and the vertices coloured
Jo are contained in the interval [((¢t + 1)¢,3),((t + 1)¢ — 1,3)]. From this
observation we can define

.jl if (173> S [((t_ 1)Q7 3>7(tq_ 173)]
04(i> 4) = .j2 1f (Zv 3) € [((t + 1)(], 3)7 ((t + 1>q - 17 3)]
c3(i,3)  otherwise.

At this point canonical intervals I;_q, I;, ;11 in Gi,q are monochromatic.
The correctness of this extension depends on the fact that I;_; has length
q — 1 and thus all vertices of colour j; in Gi,q belong to I;_;. This argument
may fail when working with I, /4. Hence we can continue extending outward
from I, either in two directions (as described above) or in one direction so
that the final interval considered is If/,. In the worse case (I, = Iy or
Iy = It/q1-1), we require n = [k/q| + 2 steps to reach a canonical colouring.
Should we reach a canonical colouring sooner, we simply fix that colouring
for the remaining columns in the product. The result follows. O

We finish the paper with an extension result for ([k/q] + 1)-colourings of
G4 cliques in (k, ¢)-colourable graphs.
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Theorem 3.4. Suppose x.(G) = g and P C V(G) induces of a subgraph of G
consisting of circular cliques Gy . Further suppose % > 3 and ged(k, q) =

1. If the distance between any two cliques is at least 5[k/q] + 4, then any
([k/q] + 1)-colouring of P can be extended to a ([k/q] + 1)-colouring of G.

Proof. Let K be a circular clique in P. As above let N;(K) be the vertices
at distance ¢ from K. Let h be a (k,q)-colouring of G and let ¢ be the
k' = ([k/q] + 1)-colouring of P.

Define ¢; = ¢(K) and h; = h(K). Since ged(k,q) = 1, h; must be a
bijection, [5]; hence, ¢ = c;oh] " is a k’-colouring of G}, ,. By Lemma 3.3 there
is an extension of ¢’ to a canonical colouring of G} | in the product Gy 4 > P,
where n = [k/q] + 2. Consider the subgraph N;(K). The (k,q)-colouring
h restricted to N;(K) is a mapping to Gy ,. Composing this with ¢; gives a
k'-colouring of N;(K). In particular we obtain an extension of ¢ from K to
Ni(K)UNy(K)UN3(K)U---UN,(K) where the k’-colouring of N,,(K) is a
canonical colouring. We can replace KUN; (K)UNy(K)UN;(K)U- - -UN,(K)
with a copy of K} using the canonical colouring to colour the clique. Repeat
this for each component of P.

We can now apply Albertson and Moore’s result (Theorem 3.1) to extend
the k’-colouring to the remainder of the graph. O

We remark the condition ged(k,q) = 1 can be relaxed. One only needs
that the colouring ¢; factors through h to obtain ¢ for each copy of K €
P. The necessity of this factoring can be seen from the following example.
Consider Ggo on vertices {0,1,...,5} union K3 on vertices {a,b,c}. Join
a to {2,3,4,5}, b to {0,1,4,5} and ¢ to {0,1,2,3}. The resulting graph is
(6,2)-colourable: map {0,1,a} to 0; {2,3,b} to 2; and {4,5,c} to 4. The
precolouring ¢;(0) = 0;¢1(1) = 1(2) = 1;1(3) = c1(4) = 2;¢1(5) = 3 is a
4-colouring of G that does not extend the rest of the graph, i.e. to the Kj
on {a,b,c}.
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