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In the first part of this paper we critically examine the ultra-violet implications of theories that
exhibit Vainshtein screening, taking into account both the standard Wilsonian perspective as well as
more exotic possibilities. Aspects of this discussion draw on results from the second part of the paper
in which we perform a general study of derivatively coupled scalar theories using non–perturbative
exact renormalisation group techniques, which are of interest independently of their application to
modified gravity. In this context, we demonstrate the suppression of quantum corrections within
the Vainshtein radius and discuss the potential relation with the classicalisation conjecture. We
question whether the latter can be considered a realistic candidate for UV completion of large-scale
modifications of gravity on account of a dangerously low classicalisation/strong coupling scale.

I. ULTRA-VIOLET THOUGHTS ON THE VAINSHTEIN MECHANISM

Phenomenologically interesting cosmological models of the early and/or late universe often invoke strongly-coupled
non-linear dynamics dominated by higher-order operators. This includes k-inflation [1], k-essence [2], other dark energy
models [3], as well as a whole slew of large-distance modified gravity scenarios [4, 5] that rely on gravitational screening
mechanisms [6–12] to evade the bounds imposed by local gravity tests [13] (see [14], for a recent discussion of the
possible importance of screening in models of vacuum energy self-tuning and the cosmological constant problem [15–
17]). Although these setups are usually understood as effective field theories (EFTs), the strongly-coupled dynamics
often pushes them beyond their naive regime of validity. This is particularly true of cosmological models that exploit
derivative self-interactions for a new gravitational degree of freedom [6–8], where strong coupling and a breakdown of
perturbative unitarity often goes hand in hand with the process of Vainshtein screening [18, 19]. As a consequence,
although rarely stated, most models of Vainshtein dynamics are reliant on the hope that ultra-violet effects from
beyond naive cut-off are macroscopically suppressed, even though there is no obvious reason why this should be the
case. This is also true of generic k-inflation scenarios1.

Following LIGO/VIRGO’s observation of neutron star merger GW170817 and its optical counterpart GRB170817A
[23–27], the space of scalar-tensor theories relevant to late Universe dynamics has been significantly reduced [28–32].
This is because gravitational waves propagate anomalously through the cosmological background even in the vicinity
of heavy sources whenever the scalar mixes with curvature beyond a simple conformal coupling or so-called kinetic
gravity braiding [33], allowing us to pierce the Vainshtein screen for those particular theories [34]. For those scalar-
tensor theories that remain observationally viable, it has recently been suggested that the Vainshtein screen may be
pierced inside matter distributions [35, 36]. Earlier attempts to made use of bounds on the time variation of Newton’s
constant [37].

Here our interest lies in understanding ultra-violet aspects of theories with Vainshtein screening and the implications
for large-scale physics. Indeed, because higher-order operators necessarily dominate the macroscopic dynamics, the
ultra-violet sector is already playing the dominant role and we examine the extent to which we can trust the predictive
power of the entire Vainshtein program applied to modified gravity. We examine this in the context of both Wilsonian
and non-Wilsonian UV completions. To illustrate our immediate concerns, consider a low-energy theory described by
the cubic galileon [38],

L = X +
c

Λ3
X�φ, (1)

where X = − 1
2 (∂φ)2, c is some order one dimensionless number, and Λ is the scale at which perturbative unitarity

breaks down. Here we wish to focus on the dynamics of Vainshtein screening on a stable, asymptotically trivial branch
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1Note that there are consistent set-ups [20] that allow one to exploit strong coupling and yet remain below the effective field theory
cut-off, essentially thanks to naive dimensional analysis [21, 22] and factors of 4π.
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of solutions, rather than on more exotic cosmological configurations2. Indeed, if we assume that the scalar couples
to the trace of the energy-momentum tensor with gravitational strength, 1/MPl, screening occurs below the so-called
Vainshtein radius [38],

rV ∼
1

Λ

(
M

MPl

)1/3

, (2)

where M is the mass of a spherically symmetric source centred at the origin. Now, it is well known that the cubic
galileon does not admit a Lorentz-invariant UV completion in the Wilsonian sense, as can be shown using analyticity
arguments and the constraints they impose on low-energy scattering amplitudes [40] 3. This has led to various
speculations about the UV properties of galileon theories [41–44]. What is certainly true, however, is that one can
evade the constraints from scattering amplitudes by deforming the theory with a higher-dimensional operator of the
form gX2/Λ4 [44, 45]. Although the coupling g is technically natural on account of the fact that it breaks galileon
symmetry, recent studies suggest a new analyticity bound g > 3c2

10240π2

(
E
Λ

)8 [46], where the dispersion relation is
cut-off at the scale E < Λ. This bound is accurate to order E2/Λ2 and we choose E depending on how accurate
we want the bound to be. For example, for the bound to be accurate to 1 part in 100 we take E ∼ 0.1Λ, yielding
g & 10−13. This should be contrasted with the fact that Vainshtein screening is spoilt by the higher-order coupling

unless g <
(
M
Mpl

)−2/3

[47]. For the Sun, this imposes the constraint g . 10−26, which is clearly in conflict with
analyticity. It should come as no surprise that additional higher-order operators can have dangerous macroscopic
effects whenever the classical configuration begins to strongly probe the leading low-energy interaction. Another
example of this effect can be seen in the classical solution for higher-dimensional black holes when stringy corrections
are included [19]. For the Vainshtein mechanism to be trusted, at least in a Wilsonian framework, there needs to be
some underlying symmetry that allows one to reliably resum all of the operators that give macroscopically important
contributions within the screened environment [48]. We are only aware of one example in which such a resummation
is possible: DBIonic screening [49]. In this case, for gravitational strength coupling to matter, screening kicks in at

a scale 1
Λ

(
M
MPl

)1/2

and one can exploit the DBI symmetry to protect the macroscopic solution down to the strong-
coupling scale 1/Λ ∼ few millimetres. As an effective theory this is acceptable although analyticity considerations
again suggest that it may be challenging to embed this model in a conventional UV-complete set-up [40]. In all other
phenomenologically interesting examples of Vainshtein screening, the macroscopic solution on observable scales4 is
not protected from higher-order operators (assuming order-one couplings in units of the strong-coupling scale). In
these cases, for the Vainshtein mechanism to make trustworthy predictions at observable scales we must assume that
the higher-order operators are suppressed, a condition that is heavily reliant on the details of the microscopic theory.

In the next section we demonstrate how this extreme UV sensitivity appears generically for derivatively coupled
scalar theories, using the exact renormalisation group (ERG) formalism (for reviews, see [59–63]). Although such
theories are perturbatively non-renormalisable, our first task will be to look beyond an effective description and ask
if there exist any asymptotically safe examples. Such a scenario would remain predictive and under control even
in the deep Vainshtein regime, thanks to the presence of an attractive non-trivial UV fixed point surrounded by a
critical surface of finite dimension. However, as we will show, there are no non-trivial UV fixed points consistent with
asymptotic safety within this particular class of theories. Within a standard Wilsonian framework, we conclude that
our theories are at best effective theories valid up to some UV cut-off, and study the running of the couplings to
low energies on generic backgrounds, generalising the results of [67]. In particular, for fluctuations about a weakly-
coupled perturbative background we find that the theory is always attracted towards the gaussian (trivial) infra-red
fixed point, with the strong-coupling scale running to higher energies. In contrast, when the classical background
contains gradients large enough to probe the non-linear interactions of the theory, if the Vainshtein mechanism kicks in,
the running of the couplings is suppressed, with the running almost frozen to its UV-boundary condition sufficiently
deep inside the Vainshtein regime. This is easily understood because Vainshtein screening serves to suppress the
coupling between the quantum fluctuations and the background. As a consequence, the low-energy effective theory
is essentially equivalent to the UV boundary condition. This lack of running is consistent with the existence of a
strongly-coupled fixed point, but it is unrelated to the scenario of asymptotic safety. Rather, the fixed point is
infinitely strongly-coupled and we identify it with classicalisation [41], along the lines described in [42].

Although it has been argued that classicalisation can be studied within the framework of the Wilsonian RG [42],
it differs considerably from more familiar Wilsonian UV completions in that it does not include the addition of new

2Cosmological applications of cubic galileons have often focussed on self-accelerating configurations, which can be stable if we flip the
sign of the kinetic term in (1), but have recently been ruled out by ISW effects [39].

3These arguments rely on fundamental properties of the S-matrix, such as unitarity, analyticity (up to poles and branch cuts), crossing
symmetry, and polynomial boundedness. It is independent of whether or not there are any new UV degrees of freedom.

4In a gravitational context, we define observable scales as corresponding to 0.01-0.1 millimetre distances and above, as set by the
experimental limit of tabletop gravity experiments [13].
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heavy degrees of freedom. Indeed, analyticity considerations [40] in a number of examples suggest that this may
well be the correct path towards understanding the UV properties of theories exhibiting Vainshtein phenomena [43].
Classicalisation postulates that scattering at ultra-high energies remains unitary thanks to the preferential production
of an ultra-large number of soft quanta, and is best motivated in a gravitational setting where the classicalons are
identified as black holes. For a scalar field exhibiting Vainshtein screening the classicalon corresponds to a macroscopic
classical solution to the low-energy field equations. Our analysis in the next section reveals a suppression of quantum
fluctuations for strongly-coupled backgrounds, consistent with expectations from classicalisation [71, 75]. However,
this does not mean that UV completion by classicalisation is necessarily compatible with our Universe, at least for
theories that exhibit large-scale Vainshtein screening. The reason for this is entirely analogous to the question of why
gravity prevents the Higgs mass from being as large as the mass of the earth (say) [51]. In the current context of
Vainshtein screening, the point is that the corresponding classicalon will contaminate scattering dynamics at colliders.
This happens because the classicalisation scale is so low, far below the electroweak scale, meaning that any sufficiently
long-lived particle will become classicalized, behaving as an extended scalar configuration and decaying preferentially
into large numbers of low-energy scalar quanta (see [53] for a nice discussion of this phenomena, albeit for a much
higher classicalisation scale). Note that this happens even though the coupling strengths of the would-be classicalizer
are renormalised to weaker values in the screened environment close to the earth where collider experiments are taking
place.

To get a feel for the numbers involved, consider the cubic galileon theory described above with a strong-coupling
scale 1/Λ ∼ 1000km consistent with massive gravity at the current Hubble scale [52]. In a screened environment
close to a heavy source like the earth or the Sun, galileon fluctuations are suppressed by an environment-dependent Z
factor, with Z ∼

(
rV
r

)3/2 where r is the radial distance from the centre of the heavy source and rV , given by (2), is its
corresponding Vainshtein radius [4, 45]. This factor serves as to weaken the effective couplings so thatM eff

Pl ∼MPl

√
Z

is the strength of the effective coupling to matter and Λeff ∼ Λ
√
Z is the effective strong-coupling scale [45]. Given

the Vainshtein radius for the earth, rV ∼ 1017 m, on its surface where r ∼ 107 m, we pick up a factor of Z ∼ 1015.
Although the galileon fluctuations now couple to matter more than seven orders of magnitude more weakly than
gravity, the strong coupling governing its self-interactions still kicks in at a scale 1/Λeff ∼ cm. Taking the galileon to
be a classicalizer, this now sets the classicalisation scale to be sixteen orders of magnitude below the electroweak scale.
This means that sufficiently stable5, energetic and compact configurations will now produce classicalons. To see this,
consider a long-lived particle of mass m, such as the proton. Even when stationary, such a particle will be described

by a classicalon of size r∗ ∼ 1
Λeff

(
m
Meff
Pl

)1/3

� 1/m, provided m � (M eff
PlΛ

3
eff)

1
4 . For the proton mass the classicalon

size corresponds to around 10 nanometers, eight orders of magnitude larger than the Compton wavelength, greatly
enhancing its scattering cross-section. Furthermore, classicalon dynamics is generically dominated by decay into a
large number of light scalar quanta [41, 53], which could yield a significant amount of missing energy in colliders and
other possible signatures (see [57] for precision measurements in the closely related Higgsplosion scenario [54–56]). Of
course, the discussion here is somewhat heuristic. It would be very interesting to perform a more thorough analysis
of the constraints colliders place on classicalisation in this context. We emphasize that our concerns relate to the low
scale of classicalisation required in applications to theories with Vainshtein screening, and not to classicalisation in
general.

Returning to the standard Wilsonian perspective, how should we interpret the lack of running for effective theories
when Vainshtein screening is at work? In [67], in the context of Vainshtein screening for P (X) theories [58], the authors
focussed on the fact that the low-energy theory would essentially be insensitive to the Wilson cut-off, consistent with
a natural framework. Whilst this is certainly true, we also note that the UV boundary condition, in the absence of an
attractive, non–trivial UV fixed point, is controlled by its matching to whatever new Physics completes the theory.
When running is suppressed, the low-energy effective theory and all of its predictions become extremely sensitive to
the details of the UV matching. This is both a concern and an opportunity. A concern because the power of effective
field theory is lost and our ability to make predictions is no longer guaranteed to be insulated from the full tower of
irrelevant operators that could be present. An opportunity because if Nature has indeed chosen this path, then we
have an observational window on macroscopic scales that peers deep into the ultra-violet sector of the theory.

In our view, the Vainshtein mechanism is only viable when there is a known symmetry that allows one to resum
an infinite tower of large operators, as in DBI, or when it occurs within a UV complete framework. Although there
is no known example of a standard Wilsonian UV completion of Vainshtein screening, we could imagine one built
from a combination of light and heavy fields for which the light fields exhibit some sort of macroscopic screening close
to a source thanks to a non-perturbative mixing between the light and heavy sectors. However, once this happens,

5Stability should be measured with respect to the classicalon formation time, which we presume to be at least of the order 1/Λeff ∼
10−11 s.
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there is no sense in which we can regard the heavy sector as being decoupled and there is absolutely no reason to
expect the screening effects to be well-approximated by a truncated low-energy effective Lagrangian, as is normally
assumed to be the case. For a non-standard UV completion via classicalisation, we expect that the classicalisation
scale needed for a phenomenologically interesting modified gravity set-up is far too low and anticipate problems for
collider physics. More work to investigate this latter possibility is certainly required.

II. THE EXACT RENORMALISATION GROUP AND DERIVATIVELY COUPLED SCALARS

Motivated by our interest in the UV properties of theories that exhibit Vainshtein screening, we now investigate
the behaviour of derivatively coupled scalars using the exact renormalisation group formalism. Our discussion builds
on other attempts to investigate quantum corrections in similar theories: in particular, loop corrections to higher-
derivative scalar theories have been discussed in [68–70], with the exact renormalization group employed in [67, 72] 6.
The suppression of quantum fluctuations in a similar context has been highlighted in [67, 76], as well as in [71, 75], the
latter from the perspective of classicalisation [41]. Galileon non-renormalisation theorems, including the extensions
to heavy loops, have been proven in [77, 78] and will be perfectly consistent with our analysis. Quantum corrections
to galileons using a covariant framework were computed in [79, 80].

The ERG provides a powerful framework for computing the running of the effective action at all orders in loops,
implementing the Wilsonian idea of integrating out fluctuations, and facilitating the search for non–perturbative RG
fixed points. Formally, a solution to the ERG equations corresponds to a complete quantum solution to a given
field theory. In practise, however, the equations are far too complicated to solve exactly, and one typically employs
various approximation methods. To derive the ERG equation, we modify the Euclidean path integral by introducing
an infrared regulator,

eWk[J] =

∫
Dφ e−S[φ]+J·φ− 1

2φ·Rk·φ, (3)

where J(x) corresponds to an external source for the field φ(x) and Rk is an appropriately chosen regulator function
built out of a sliding RG scale k, implementing IR regularisation. Taking the Legendre transform of the generator of
connected Green’s functions, Wk[J ], yields the scale-dependent effective action, Γk[φ], where φ = δWk

δJ(x) is the average
classical field. Γk[φ] qualitatively captures the effects of integrating out all quantum fluctuations above the sliding
RG scale, k, up to the cut-off, and can be shown to satisfy the ERG equation [81, 82]

∂tΓk =
1

2
Tr

[
∂tRk

Γ
(2)
k +Rk

]
. (4)

Here, the supertrace ”Tr" sums over all momenta, spacetime and internal indices, Γ
(2)
k ≡

δ(2)Γk
δφ(x)δφ(y) denotes the inverse

propagator, and we define the RG-time derivative ∂t ≡ k∂k. The functional form of Rk needs to be chosen so that
the integral is regular in both the UV and the IR, and has the effect of suppressing quantum fluctuations below the
scale k. Accordingly, for a theory cut-off at some UV scale Λ0, Γk→Λ0

is identified as the bare action, while Γk→0 is
the usual effective action with all quantum fluctuations integrated out. Note that equation (4) is simply the Legendre
transform of Polchinski’s functional RG equation [83]. For further details on the ERG formalism, and asymptotic
safety, we refer the reader to the following review articles [59–66].

As stated above, our interest here lies in derivatively coupled scalar theories whose strongly-coupled non-linear
dynamics have been applied to cosmology, both at early and at late times (see eg [1–5]). Of course, generically these
theories are perturbatively non-renormalisable, and receive quantum corrections in the form of a tower of higher-
order operators. We will focus on theories of a single scalar field, invariant under constant shifts, consistent with a
Goldstone boson of some spontaneously broken underlying symmetry. Generically, the corresponding effective action
will take the form Γ[φ] =

∫
d4xP (∂φ, ∂∂φ, . . .) where we suppress the tensor indices in the derivatives, noting only

that the form of each individual operator respects Lorentz invariance. The presence of higher derivatives indicates
the existence of new heavy degrees of freedom in the theory typically introduced to preserve unitarity at high energies
(for a nice discussion, see [84]). In a standard Wilsonian set-up, the Wilson coefficients at the UV boundary of our
RG flow are set by proper matching on to the UV theory with the heavy degrees of freedom included.

6For applications of the exact renormalization group in other scalar-field theory setups with derivative interactions see also [64, 73, 74].
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In practise, such a general ansatz for the effective action is intractable from an ERG perspective. For this reason,
we truncate to theories of the form

Γ[φ] =

∫
d4xP (X,B), (5)

where X = − 1
2 (∂φ)2 and B = �φ. Provided P is non-linear in B, this truncation still extends beyond the so-

called Horndeski class of second order systems [85, 86], thereby allowing us to probe the quantum effects of any
additional heavy degrees of freedom in our theory. For the scale-dependent effective action, each operator is equipped
with a scale-dependent coupling. In particular, we will assume a polynomial ansatz, Γk[φ] =

∫
d4xPk(X,B), where

Pk(X,B) =
∑
n,m≥0 cn,m(k)XnBm. At the “true" cut-off of the theory, Λ0, the Wilson coefficients are assumed to be

order one in units of a (possibly different) scale Λ inherited from the UV theory, that is cn,m(Λ0) ∼ O(1)/Λ4n+3m−4.
For the bare action to respect perturbative unitarity we require Λ > Λ0. However, we are also interested in effects
at strong coupling, so we will also allow for Λ . Λ0, with Λ0 possibly even being infinite. As a caveat we note that
the polynomial ansatz is not especially well justified at strong coupling, although it is consistent with most of the
phenomenological models one finds in the literature. Furthermore, whenever we push our theory beyond the naive
unitarity cut-off, we are implicitly assuming that any higher derivatives do not yield problems with Ostrogradski
ghosts [87, 88] (see, eg, [89]).

We now evaluate the ERG equation (4) in the presence of a generic background field φ. To compute the inverse
propagator, we simply evaluate the scale-dependent field equations, perturb them to leading-order in the field, φ →
φ+ δφ, and extract the corresponding operator according to the relation

δ

[
δΓk
δφ(x)

]
=

∫
d4y

δ(2)Γk
δφ(x)δφ(y)

δφ(y). (6)

This yields the kinetic operator∫
d4y

δ(2)Γk
δφ(x)δφ(y)

δφ(y) =
(
Zµ∂

µ + Zµν∂
µ∂ν + 2∂µPBB�∂

µ + PBB�
2
)
δφ(x), (7)

where

Zµ = ∂µPX − ∂ν(PXX∂µφ∂νφ)−�(PXB∂µφ),

Zµν = (PX + ∂α(PXB∂αφ) +�PBB)δµν − PXX∂µφ∂νφ+ δµν − 2∂µ(PXB∂νφ), (8)

and we have dropped the index k for brevity.
The ERG equation makes use of a regularisation scheme in order to implement the integrating out of fast modes,

in the Wilsonian sense. To this end, we choose a generalised version of the so–called optimised cut–off [92, 93], given
by

Rk =
[
−Z1(k)(k2 +�) + Z2(k)(k4 −�2)

]
Θ(k2 +�), (9)

where k is the sliding RG scale, implementing IR regularisation. Z1(k) ≡ c1,0(k) is the (scale–dependent) coupling
of the canonical term in the effective action, ie the usual wave–function renormalisation for the scalar, while Z2(k) ≡
2c0,2(k) is the higher-derivative two-point vertex on a trivial background. Expanding the fluctuations in terms of
plane waves, δφ(x) =

∫
d4p

(2π)4 δφ(p)eipx, allows us to pass to Fourier space in the usual way, thereby trading ∂µ → ipµ.
We also note that the regulator is constructed in such a way such that it controls the spectrum of the kinetic operator
as Γ(2) → Γ(2) + Rk. Indeed, on a trivial background low-momentum modes with p < k no longer fluctuate since
Γ(2) +Rk → constant and non-zero, consistent with the idea that only the high-momentum fluctuations are integrated
out at finite coupling.

To proceed, we make the following ansatz for the background, φ = B
8 xµx

µ for constant B = �φ. This choice ensures
that the ERG equation (4) remains closed under the P (X,B) truncation, yet it is sufficiently general for us to treat
X = −B

2

32 xµx
µ and B as independent. The philosophy is analogous to the local potential approximation employed in

generic scalar field theories [94, 95], or indeed the constant curvature background used in f(R) truncations in the ERG
approach to quantum gravity [96, 97]. In any event, it will be sufficient for us to elucidate the interesting physics.

With this ansatz for the background, it is straightforward to show that the ERG equation (4) yields the following,

∂tP =
1

2

∫
|p|≤k

d4p

(2π)4

∂t(Z2k
4 − Z1k

2) + p2∂tZ1 − p4∂tZ2

α0 + iα1xµpµ + α2(xµpµ)2
, (10)
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where

α0 = −Z1k
2 + Z2k

4 + p2

(
Z1 − PX −

B

2
PXB −

XB

2
PX2B +

B2

4
PXB2 +

XB2

8
PX2B2

)
+ p4 (−Z2 + PBB) ,

α1 = −B
2

32
(12PXX + 4XPX3 − 3BPX2B −XBPX3B) + p2

(
B2

8
PXB2

)
,

α2 =
B2

32
(2PXX −BPX2B) , (11)

and we remind the reader that we have dropped the running index k on P (X,B) in the interests of brevity. Notice
also the finite range of integration, resulting from the regulator in the numerator of the ERG equation (4). To perform
the integration, we assume that xµ aligns with a fixed axis that makes an angle θ with the Euclidean momentum.
This allows us to write xµpµ = xp cos θ, where x =

√
xµxµ =

√
−32X
B2 and p = |p| = √pµpµ. Thanks to the cylindrical

symmetry, we can also perform two of the angular integrations so that,∫
|p|≤k

d4p→ 4π

∫ k

0

dpp3

∫ π

0

dθ sin2 θ .

The resulting RG flow is a complicated partial differential equation that is functionally dependent on X, B and the
RG scale k.

With the RG flow at hand, we proceed by asking whether such theories can be asymptotically safe, and therefore
UV complete. To this end, we look for a non-gaussian (non-trivial) fixed point at finite dimensionless couplings7,

c̃n,m(k) = cn,m(k)k4n+3m−4. (12)

At the fixed point, the non-vanishing c̃n,m(k) should be independent of the sliding RG scale k. In the appendix, we
prove the absence of such a fixed point within the class of P (X) theories. Note that although this is proven for the
particular background ansatz employed here, it is clear that its validity extends to more general backgrounds8. To go
beyond P (X), we must be content to prove the absence of the fixed point using a truncated polynomial expansion,
working up to operators of some particular dimension (see eg [90, 91]). Working up to dimension eleven operators,
we approximate the running of P (X,B) on perturbative backgrounds as follows

Pk(X,B) ≈ V (k) + Z1(k)X + c0,2(k)B2 + c1,1(k)XB + c2,0(k)X2 + c0,3(k)B3 + c1,2(k)XB2 + c2,1(k)X2B. (13)

Switching to dimensionless couplings, we equate operator coefficients on either side of the ERG equation (4) and
arrive at a set of flow equations of the form ∂tc̃n,m = βn,m(c̃i,j). The corresponding β-functions are given by lengthy
formulae that are not especially illuminating. However, we do note that the only fixed point in the reals corresponds
to the trivial one, with Ṽ = 1

128π2 , Z1 6= 0 and c̃n,m = 0. Further, linearisation of the beta functions about this fixed
point yields,

βV ≈ −4δṼ − 192π2Z1c̃0,2 − 2 c̃1,2 + c̃2,0

3072π4Z1
2 , (14)

βZ ≈
1

32

c̃1,2 − 2 c̃2,0
π2Z1

, (15)

β0,2 ≈ 2c̃0,2 −
1

32

c̃1,2
π2Z1

, (16)

β1,1 ≈ 3c̃1,1 −
3

32

c̃2,1
π2Z1

, (17)

and βn,m ≈ (4n + 3m − 4)c̃n,m otherwise. The associated eigenvalues are given by {−4, 0, 2, 3, 4, 5, 6, 7}, with the
marginal direction corresponding to deformations of the wavefunction δZ1. The only attractive direction in the UV is
along deformations of the vacuum energy δṼ , which is, anyway, non-dynamical in the absence of gravity. The rest of
the couplings are repelled away from the fixed point in the UV. At least at the level of our truncation we conclude that

7In order to describe the fixed point independently of the RG scale, it is often convenient to pass to dimensionless variables xµ →
x̃µ/k, φ→ kφ̃, such that d4x

cn,m(k)

Λ4n+3m−4X
nBm → d4x̃ c̃n,m(k)X̃nB̃m where we have the dimensionless couplings given by (12).

8In contrast, proving the existence (rather than absence) of a fixed point for a particular background ansatz does not guarantee that
the fixed point will exist for a more general ansatz.



7
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FIG. 1: RG flows for the truncation (13) after solving the ERG equation (10), displaying the running of the
following dimensionful couplings: ln

(
Z1(k)
Z1(Λ0)

)
(red), and ln

(
cn,m(k)
cn,m(Λ0)

)
with cn,m = c0,2 (blue), c1,1 (yellow), c2,0

(black), c0,3 (green), c1,2 (purple), c2,1 (cyan), with initial data kinitial = Λ0, Z1(Λ0) = 1, c0,2(Λ0) = −1/Λ2, and
cn,m(Λ0) = 1/Λ4n+3m−4 otherwise. Note that we chose to take c0,2(Λ0) < 0 to avoid running into a heavy pole in
the propagator, while in case (a) the curve of c1,2 is rescaled by an overall factor of 10−2 for illustration purposes. Λ
and Λ0 denote the bare strong-coupling scale and the theory’s cut-off respectively. Case (a) corresponds to
weakly-coupled initial conditions while cases (b) and (c) have more strongly-coupled initial conditions.

(a) Λ/Λ0 = 10

Λ0

Λ (k)
×107
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999999.85

999999.90

999999.95
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(b) Λ/Λ0 = 1
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(c) Λ/Λ0 = 0.1
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30
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FIG. 2: The running of the inverse strong-coupling scale in units of the cut-off, Λ0/Λ(k), associated with each
interaction operator for the same flows as presented in FIG. 1, adopting the same colour schemes. The “dressed”
strong-coupling length scale takes into accounting the wavefunction renormalisation of the scalar field at a given
scale, and is defined as 1/Λn,m(k) =

(
cn,m(k)/Z1(k)n+m

2

)1/(4n+3m−4). For the case (a) we did not include the
running strong-coupling scale associated with c1,2 for presentation purposes, since it runs to a slightly smaller length
scale in comparison to the other ones. For the same plot, we further rescaled the curves by a factor of 107 in order
to properly display their very gentle running.

there is no fixed point compatible with an asymptotically safe interacting theory. Instead, we find that all interactions
are attracted towards their trivial value in the infra-red.

An interesting check of our work is seen in the limit of galileon invariance [38], φ → φ + aµx
µ + b, where the

symmetry reduces the truncation down to

Pk(X,B) ≈ V (k) + Z1(k)X + c0,2(k)B2 + c1,1(k)XB + c0,3(k)B3 .

Of course, the resulting flow preserves the galileon symmetry, but more importantly we find that β1,1 = 3c̃1,1 iden-
tically, without any further approximation. This ensures that the cubic galileon coupling c1,1 does not run, even in
the presence of heavy states arising from the higher derivatives in our action, and reflects the enhanced galileon non-
renormalisation theorem discussed in [78]. In contrast, we find that there is running of the other couplings, c0,2, c0,3,
corresponding to interactions with higher powers of B.

Despite the absence of asymptotic safety, we can still study the RG flow for this class of derivatively coupled scalar
theories, treating them as effective theories, valid only up to some finite cut-off, Λ0, with the boundary condition
at Λ0 set by matching to whatever UV-completes the theory. Assuming initial conditions such that cn,m(Λ0) ∼
O(1)/Λ4n+3m−4, we have evolved the flows numerically down to low scales for the following three generic cases:
Λ0 � Λ, Λ0 ∼ Λ and Λ0 � Λ. In FIG. 1 we plot the running of each (dimensionful) coupling, while FIG. 2 shows the
running of the “dressed” length scale associated with the strength of each interaction, taking into account wavefunction
renormalisation. When the bare action is weakly-coupled Λ > Λ0, the couplings generically run to smaller values at
low energies (FIG. 1a), with the length scale of strong coupling for all interactions becoming slightly smaller (FIG.
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2a). The running is very gentle, consistent with the fact that we are always close to the gaussian fixed point. When
the bare action is more strongly-coupled Λ . Λ0, as shown in FIGs 1b and 1c, we see that there is some initial running
of the couplings, but that they quickly settle down to fixed values. From FIG. 2c we see that this feeble amount of
running kicks in whilst we are still in the strongly-coupled phase. Of course, the polynomial truncation described
above by (13) implicitly assumes a perturbative background with gentle gradients and is not particularly well suited
to the weakly-coupled regime. Nevertheless, as we will see shortly by studying non-perturbative backgrounds directly,
this feeble amount of running at strong coupling is a generic feature and is easily understood in terms of a quantum
Vainshtein mechanism. From FIG. 2c we also observe that there is an initial increase in the length scale of strong
coupling of each interaction, such that the infra-red theory sees interactions suppressed by a lower energy scale in
comparison to the bare theory. We have seen that this behaviour is actually quite generic and in contrast to the
special case studied in [67]9.

We conclude this section by asking what happens in the extremely non-perturbative regime, i.e. on backgrounds for
which |X| � Λ4, |B| � Λ3, relevant for Vainshtein screening. We should not be concerned that solutions exhibiting
Vainshtein screening around heavy sources do not correlate directly to our ansatz for φ (with constant B). What
is qualitatively important about Vainshtein screening is the dominance of higher order operators in the presence of
large gradients, such that we obtain large Z factors, and our ansatz allows us to mimic these qualitative features.
Further, whenever Vainshtein screening is operative there is often some particular interaction that dominates the
strongly-coupled background, let us assume that this is indeed so and that the background is dominated by one
particular polynomial interaction10, cn,mXnBm, where 4n + 3m − 4 > 2 and cn,m(Λ0) ∼ O(1)/Λ4n+3m−4. We
therefore approximate the running Lagrangian as

Pk(X,B) ≈ Z1(k)X + cn,m(k)XnBm ,

assumed to be valid when |X| � Λ4, |B| � Λ3, or equivalently, as Λ → 0. Plugging this ansatz into the ERG
equation (10) and using the fact that X/B2 = −x2/32, we obtain

∂tPk =
1

(2π)3

∫ k

0

dpp3

∫ π

0

dθ sin2 θ
∂t(−Z1k

2)− p2∂tZ1

−Z1k2 + cn,mXn−2Bm+2pθ(xp)
, (18)

where pθ(z) is a fourth-order polynomial with angular dependent coefficients. Given its boundary behaviour, we
express the coupling as cn,m(k) ∼ dn,m(k)/Λ4n+3m−4 with the assumption that dn,m(k) ∼ O(1). This is certainly
true near the boundary and will prove to be a self-consistent assumption on solving for the resulting flow. Indeed, as
Λ→ 0, we now find that the integrand on the right-hand side of this equation is generically suppressed. In principle,
this suppression could be absent thanks to cancellations in pθ(xp). However, these cancellations will only occur on
contributions to the integral of measure zero and will only matter if the integrand also diverges at precisely those
points. As this is clearly not the case we can safely infer that the integral itself is suppressed.

The suppression of the integral as Λ → 0 implies an absence of running. A similar conclusion was drawn in [67]
and the result is very easy to understand thanks to a comparison with Vainshtein screening [6–8]. Classically, the
Vainshtein mechanism works when the background induces a large Z factor for the classical fluctuations. For a single
scalar, the fluctuations about the strong background go as δL ⊃ Zµν [φ]∂µδφ∂νδφ and when Zµν [φ] is large, the
classical fluctuations begin to decouple from external sources. Schematically, in the above example, we have that
Z ∼

∣∣∣ dn,m
Λ4n+3m−4X

n−1Bm
∣∣∣� 1 in the limit |X| � Λ4, |B| � Λ3, given that the dm,n remain order one. What we are

seeing in the absence of running is a quantum version of Vainshtein screening in a non-perturbative setting. On these
strong backgrounds, the quantum fluctuations begin to decouple and the RG running is suppressed.

The absence of running also suggests that we have a non-trivial fixed point in the limit Λ→ 0. However, this is not
asymptotic safety since the dimensionless ratio of the coupling to either a fixed scale, or the RG scale, is divergent.
Indeed, what is unusual about the Λ → 0 limit is that it is infinitely strongly-coupled. As a result, the dynamical
dimension of the scalar is no longer given by its engineering dimension, but by dφ = 4−2(n+m)

2n+m . Because cm,n and,
equivalently, dm,n do not run, the leading-order part of the action,

∫
d4x

dn,m
Λ4n+3m−4X

nBm remains invariant under a
rescaling xµ → λxµ, φ → λ−dφφ, consistent with a scale-invariant fixed point. Writing Λ = εΛ∗ where Λ∗ is some
fixed finite scale and ε is small, we can absorb the powers of ε into a redefinition of ~ and understand the Λ→ 0 limit
as a classical scale-invariant limit. This is entirely consistent with the Wilsonian perspective on classicalisation [41]
advocated in [42] (see also discussion in [98]) for which the lack of running could have been regarded as a smoking gun

9For the case of P (X) = Z1X + c0,2X2, [67] showed that the length scale of strong coupling is shorter in the infra-red theory. We
also see this behaviour when we choose that particular boundary condition, but it is not generic for all boundary conditions. We attribute
this effect to the higher-order interactions not included in [67]. Considering the flow from low to high energies we would expect those
higher-order interactions to renormalise the wavefunction to larger values in the UV.

10It would be straightforward to generalise this argument to various non-polynomial interactions.
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[71, 75]. Of course, UV completion through classicalisation is only possible if there exist static self-sourcing classicalon
profiles whose radius grows with energy. Whether or not they exist can, in turn, be sensitive to the signs of couplings
constants in the classical action [99]. Clearly our background ansatz does not correspond to a self-sourced classicalon
solution, but by assuming that a non-linear interaction is dominating the dynamics, we are endowing the background
with one of the classicalon’s most important features. What we have shown here is the off–shell impact of this through
the suppression of running, staying frozen to the UV initial condition in the absence of relevant deformations11 that
could drive the RG flow to the infrared.

Although classicalisation is an interesting alternative to the standard Wilsonian path to a UV completion, we might
wish to avoid it in the context of large-distance modifications of gravity, with Vainshtein screening, to avoid running
into the potential issues outlined in the first part of this paper. Adopting a more conventional approach, we could
consider the implications of this behaviour within the context of a standard Wilsonian framework, with an effective
field theory cut off at some finite scale. Then the lack of running means that the low-energy dynamics is highly
sensitive to the boundary condition at the UV cut-off and therefore the details of UV matching. The predictive power
of effective field theory is lost in such a scenario. To proceed, one probably has to work with a top down approach
and hope for a conventional UV-complete model in which the large-scale observables are screened close to a source
on account of some non-perturbative mixing between the light and heavy sectors of the theory.

III. SUMMARY

In the first part of this paper, we have critically assessed the status of Vainshtein screening from an ultra-violet
perspective. By its very nature, Vainshtein screening probes strongly-coupled dynamics of the underlying theory on
observable scales. This inevitably pushes the UV sector of theory out to macroscopic scales, rendering an understand-
ing of the UV properties is essential if we are to make any trustworthy predictions. The least radical scenario would
be one in which new degrees of freedom help preserve perturbative unitarity, yet do not spoil the effects of screening.
This would correspond to a UV-complete theory of Vainshtein screening, in which the heavy sector plays a crucial
role and cannot be ignored. In the absence of new degrees of freedom, one is faced with two further possibilities. One
of these is UV completion through asymptotic safety [64–66]. This is investigated in the second part of our paper
as part of a broader analysis of the (non-perturbative) RG flow in derivatively coupled scalar theories. We find no
evidence for a non-gaussian fixed point consistent with asymptotic safety.

Staying within a conventional Wilsonian framework, where the derivatively coupled scalar theory is treated as an
effective field theory valid up to some cut-off, we studied the corresponding RG flow showing how on a weakly-coupled
perturbative background the theory runs towards the (trivial) gaussian fixed point in the infra-red. This means that
the interactions in the low-energy theory are suppressed by larger scales than their UV counterpart, in accordance
with their irrelevant nature. On a strongly-coupled background, we find that running is suppressed. This is consistent
with the Wilsonian perspective on classicalisation [41] alluded to in [42] and is the second alternative to integrating
in new degrees of freedom. Although classicalisation may be an interesting way to UV-complete this type of theory,
we have argued that its application to large-scale modified gravity scenarios is potentially problematic for collider
experiments because the classicalisation scale is so low. The details of this certainly merit further investigation.

Finally, let us compare aspects of our work with that of [67]. Our analysis generalises their results to a wider class
of models finding schematically similar behaviour in both the weakly-coupled and strongly-coupled, non-perturbative
regimes. However, our interpretation of the latter is somewhat different. Although we agree that there is no running
in this regime, we argue that this can be understood as a scale-invariant UV fixed point exhibiting classical behaviour.
To properly understand its quantum deformations we need an appropriate perturbative treatment, possibly adopting
the dual formalisms proposed in [100, 101].
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Appendix A: Absence of a non-gaussian fixed point for P (X).

We wish to show the absence of a non-trivial fixed-point solution of the ERG equation (10) for a generic function
P (X), not necessarily of a polynomial form. To this end we assume P (X,B) → P (X) in the ERG equation (10) so
that it becomes

∂tPk(X) =
1

2

∫
|p|≤k

d4p

(2π)4

−∂t(Z1k
2)− p2∂tZ1

α0 + iα1xµpµ + α2(xµpµ)2
, (A1)

where

α0 = −Z1k
2 + p2 (Z1 − PX) , α1 = −B

2

8
(3PXX +XPX3) , α2 =

B2

16
PXX , (A2)

and we remind the reader that we work with the background choice φ = B
8 xµx

µ, and B = �φ = constant (see
discussion around equation (10)). Now, as there is no B-dependence on the left-hand side of (A1), we require that the
same should be true on the right, for the equation to close under the P (X) form. In general, there is B-dependence
in α1 and α2, as well as in xµ. However, we recall that for the choice of background ansatz we can always trade
B2|x|2 → −32X, allowing us to eliminate the B-dependence in the combination α2(xµp

µ)2, but not in iα1xµp
µ. It

follows that α1 must be set to zero to have any hope of identifying a fixed point. Setting α1 = 0 leads to a differential
equation for P (X) which is easily solved at the fixed point to give

Pk(X) = Ṽ k4 + Z1X +
c̃−1

X
k8, (A3)

where Ṽ , Z1 and c̃−1 are all constants on the RG flow. The last term in this expression could easily be eliminated on
grounds of locality – even if we allow for it in principle, we find that it is forced to be absent at a fixed point anyway.
To see this, we now plug the solution (A3) back into the ERG equation (A1), and perform the angular integration as
in the main text to obtain,

4Ṽ + 8
c̃−1

X̃
=

4π

(2π)4

∫ 1

0

dp̃p̃3

∫ π

0

dθ sin2 θ
1

1 + c̃−1p̃2

Z1X̃2
(4 cos2 θ − 1)

, (A4)

with X̃ = X/k4 and p̃ = p/k. This equation should hold for all X̃. However, it is easy to check that this can only
be true when c̃−1 = 0 and Ṽ = 1/128π2. This corresponds to the gaussian fixed point, or in other words, the only
fixed-point solution is a free theory. We have thus proved the absence of the non-gaussian fixed point within the
P (X) class. We close by reminding the reader that the existence of a non-trivial fixed point should be evident for any
background choice, while the opposite is not in principle true.
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