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a ∈ R
n ¼�?BA@S�»�_5=@?BA@?BcKT\`_�UÊ»�_�<>TV<KA[=9¼�T�¼�H@?BA[T

ā = ( 1
ā1

, . . . , 1
ān

)
LN<>Q�QDTV<>_�A[TbËK¾

Π = Πā = {x ∈
R

n | 〈ā, x〉 ≤ 1 , x ≥ 0 }
A@S>T¦L�=[=[_K\V?ÂLNA[T`Q+»DH@?O=@UÌWÍXÎTt»DH[_xc7?OQDT�L
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ü
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È]_�H�A1¼�_ÊLNH@ËD?BA@HMLNH@¾"=@CDË>=[TVA[=
A, B ⊂ R

n A@S>T Þ¦ã ìDÿ�Õ�ÔÉØMÿ ã Ø ç â ?O=�QDT�Æ><>T`Q�Ë7¾�A@S>TbE�_�H@U°CDhÂL
A+B = {z = a+b | a ∈ A, b ∈ B}

LN<>Q.E�_�H
λ ∈ R

LN<]Q
A ⊂ R

n A@S>TÇâ ç7å àGã � å ã�äMß5àGã Õ�ì?O=JQDT�Æ><>T`Q¦Ë7¾
λA = {x = λa | a ∈ A}.

;�E
A
LN<>Q

B
LNH[T°\`_�<7cdT�Ú¦=[TVA[=bA@S>TV<¦A@S>T.=[TVA[=

A+B
LN<>Q

λA
LNHMTJLNhO=[_°\`_�<7cdT�Ú�LN<>Q�? E0U�_�H[T`_^cdTVH

A
LN<>Q

B
LNH[T�»�_�hB¾7A[_�»�T`=xÛ7A@S>TV<

A+BLN<>Q
λA
LNH[T�LNhO=[_.»�_�hB¾7A[_�»�T`=xW���SKC>=�A@S>TÇR¦?B<DPd_^¼�=@P7?n=@CDU _NE0Æ><D?BA[TVhB¾"U�LN<7¾�»�_�hB¾7A[_�»�T`=�?O=
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U�L^Ú
〈c, x〉CD<>QDTVH

(P0) x = z1 + z2 + . . . + zk¼�?BA@S
〈ai, zi〉 ≤ αi i ∈ {1, ..., k},

zi ≥ 0

¼�?BA@S
c, ai, zi ∈ R

n LN<>Q αi ∈ R.

IKA@H@C>\VA@C>HMLNhÇ»DH[_�»�TVH@A@?OT`=�LNË�_�CDA"A@S>T�R¦?B<DPd_^¼�=@P7?J=@CDU _NEg»DH@?O=@U�=xÛ�=@C>\MS L�=�A@S>T¦<7CDU.Ë�TVH
_NEbE�L�\`T`=ÊLN<>Q�=@¾7UÊU�TVA@H@?OT`=.E�_�H�A@S>T"�dTV<>TVH@?O\t\xL�=[T�S]LxcdT"Ë�T`TV<Í=@A@C>Qª?OT`Q�?B<2
 3	�1WrX
T"S]L`cKT
\xLNhBhOT`Q�L°Æ><D?BA[Tg=@CDU _NEÉ»DH@?O=@U�=JL°Á1\`TV»DS>_�?OQ7ÄMW
Ã9_�<7A@HMLNH@¾.A[_ÇA@S>T`=[T�?B<7cdT`=@A@?B�KLNA@?O_�<>=xÛd¼9T�QD_Ç<>_�AÉE�_7\VC>=Y_�<ÊA@S>T��dTV<>TVH@?O\�_�HÉÁ�<>_�<>QDTV�dTV<>TVHMLNA[TVÄ
\xL�=[T¦?B< A@S>T¦»DH[T`=[TV<7A�»�LN»�TVHxW ïJ=�L
\`_�<>=[T`ÐKC>TV<>\`T5Û�A@S>T¦H[T`=@CDhBA[=�LNH[T¦¼9TxLNPKTVH"ËDCDA�U�_�H[T
�dTV<>TVHMLNh�W&;1<Z»]LNH@A@?O\VCDhÂLNHxÛÇ¼9T�»DH[_xc7?OQDT
LÎcKTVH[=@?O_�< _NE.A@S>T�\`_�?B<>\V?OQDTV<>\`TrA@S>T`_�H[TVU ¼�SD?O\[S
¾7?OTVhOQD='LJ<>T`\`T`=[=MLNH@¾�LN<>QÊ=@C�4�\V?OTV<7A'\`_�<>Qª?BA@?O_�<ÊE�_�HÉU�L^Úª?BU�LNhDE�L�\`T`=65gËDCDAYhÂL�\[Pª=YA@S>T�=@»�T`\V? Æ]\
TV<7CDU�TVHMLNA@?O_�<�_NEÉA@S>Tg\`_K_�H[Qª?B<]LNA[T`=ÇL�=�=@»�T`\V? Æ]T`Q�?B<7
 3	�1W
��SD?O=�cdTVH[=@?O_�<.A@CDH@<>=�_�CDA�A[_bË�T'U°C>\MS.U�_�H[T9=@CD?BAMLNËDhOT½E�_�H�\`_�UÊ»DCDAMLNA@?O_�<�LNhª»DCDH@»�_5=[T`=xW{XZS>TV<
\`_�UÊ»DCDA@?B<D��A@S>T'U�L^Úª?BU�LNh7E�L�\`T`=É_NE�\`TV»DS>_�?OQD=xÛ�¼�T9QD_b<>_�A�¼�LN<7A�A[_bA[T`=@A{E�_�H�<>_�<>QDTV�dTV<>TVHML�\`¾
?B<¦L�Qªc5LN<>\`T5W�8JTV<>\`T5ÛªA@S>TVH[TÇ?O=�L.»]LNH@A@?O\VCDhÂLNHbTVUÊ»DS]L�=@?O=�_�<�\`_�UÊ»DCDAMLNA@?O_�<]LNh�L�=@»�T`\VA[=�?B<tA@S>T
»DH[T`=[TV<7A�»]LN»�TVHxW

90TVA�C>=�QDTV<>_�A[T�ËK¾
0 ∈ R

n A@S]T"_�H@?B�5?B<Í_NEÇLN<>Q�Ë7¾ ei A@S>T i
��A@S�CD<D?BA�cKT`\VA[_�H�_NE

R
n E�_�H

i ∈ {1, ..., n}.
È]_�HbL.cKT`\VA[_�H

a = (a1, . . . , an) > 0 ∈ R
n,
hOTVA

Πa =
\`_�<Kc ({

0, a1, . . . , an
})

¼�?BA@S
ai = aie

i, i ∈ {1, ..., n}.
X
T�\xLNhBh

Πa
L � Ö ã Ø�â L�=[=[_K\V?ÂLNA[T`Q A[_ZA@S>T�cKT`\VA[_�H

a = (a1, . . . , an) > 0 ∈ R
n.

� Ë>=[TVH@cKT�A@S]LNA
Πa = {x ∈ R

n | 〈ā, x〉 ≤ α
LN<>Q

x ≥ 0 },
¼�S>TVH[T

ā =
(

α
a1

, ..., α
an

)
∈

R
n ?O=�\xLNhBhOT`Q�A@S>TÊÕ çªà Ò�ÖÇì�Õ�Ö�â ß�å;: < ÕNÖ å Ò�=�Ò å α > 0 > _NE Πa.

;1<�A@SD?O=9»]LN»�TVH�¼9TJ¼�?BhBh0LNhB¼�L`¾ª=
\MS>_K_5=[T

α = 1.

XÎT�\xLNhBh
∆a =

\`_�<Kc ({
a1, . . . , an

})

A@S>T@? ß Ö[Ò à Õ <Vßdä Ò°_NE
Πa.

XZS>TV<>TVcKTVH¦¼�TrS�L`cKT�Æ><D?BA[TVhB¾ U�LN<K¾ cKT`\�AM_�H[=xÛ�=MLx¾
a(1), ..., a(K) ∈ R

n ¼�?BA@S a(k) =(
a

(k)
1 , . . . , a

(k)
n

)
> 0 ∈ R

n,
¼9T�¼�?BhBh0¼�H@?BA[TÇE�_�H�A@S>T�\`_�H@HMTV=@»�_�<>Qª?B<D��»DH@?O=@U�=

Π(k) = Πa(k)
=
\`_�<Kc ({

0, a(k),1, . . . , a(k),n
})
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¼�?BA@S
a(k),i = a

(k)
i ei, i ∈ {1, ..., n}, k ∈ {1, . . . , K}.

U VXWDY[Z\YgýJú^]`_Íú^aYþxø½þ^ú"÷cb&ù9þN÷
ýJþ	_7deY

8JTV<>\`T�E�_�H@A@S
¼9T�¼�H@?BA[T
I = {1, . . . , n}

W�È]_�HÇA@S>T�\`_�<KcKT�Ú�S7CDhBh½_NE�A@S>TÊT�ÚªA@H[TVU�T�»�_�?B<KA[=
ai1 , ..., air

_NEÉA@S>TÇ»DH@?O=@U
Πa
¼�TÇ¼�?BhBh0C>=[TÇA@S>T°LNËDËDH[TVc7?ÂLNA@?O_�<

\`_�<7c ({
ai1 , . . . , air

})
= [ai1 , . . . , air ] = ∆

(a)
J

,

¼�?BA@S
J = {i1, . . . , ir}.

È>_�H�L.\`_�hBhOT`\VA@?O_�<�_NE{»DH@?O=@U�=
Πa(k)

, k = 1, . . . , K,
¼9TJ¼�?BhBh�¼�H@?BA[T

∆
(k)

J
(k) = ∆

(a)(k)

J
(k)

E�_�H�A@S]T�\`_�<7cdT�Ú�S7CDhBh{_NEÉA@S>T�T�ÚªA@H[TVU�T�»�_�?B<KAM=
{

a(k),l
}

l∈J
(k)

⊂ Πa(k)

¼�S>TV<>TVcKTVH
J (k) ⊆ I

?O=�=@CDË>=[TVA�_NEY\`_7_�H[Qª?B<]LNA[T`=xW
f½|7�Î�
sÎoPgGmhg
i{ÕNÖ ß =�Ò äxà ÕNÖ

a = (a1, . . . , an) > 0 ∈ R
n å Ò à Πa

è Ò à�á Ò ß ØMØ`Õ äVã�ß5à Ò@× � Ö ã Ø�âkjml á Ò�ìon < Õ�Ö
Ò�=�Ò�Ö�Ó�Òqp à Ö[Ò�â"Ò�ØxÒ à

S ⊂ ∆a
à�á Ò�Ö[Ò�Òqp ã Ø à

J ⊆ I
Ø çDä�á�à�áªß5à

S =
\`_�<7c ({

ai
})

i∈J
= ∆

(a)
J

.

rgues)s]�utv90TVA
S ⊂ Πa

Ë�TtLN<ÍT�ÚªA@H[TVU�Tt=[TVAÊ_NEbA@S>T�wÉLNH[TVA[_e��E�L�\`T
∆a
_NE

Πa.
��S>TV<ÍËK¾

QDT�Æ><D?BA@?O_�<�_NEbLN<�T�ÚªA@H[TVU�T�=[TVAg¼�T�S]L`cKTÊA@S]LNAgE�_�H°TVcKTVH@¾�A2¼9_�»�_�?B<7A[=
u, v ∈ Πa

¼�S>_5=[T
hB?B<>T��1=[TV�5U�TV<7A

[u, v]
?B<7A[TVH[=[T`\VA[=

S
Û½?�W T5W

[u, v] ∩ S 6= ∅
Û½?BA.E�_�hBhO_^¼�=ÊA@S]LNA

u, v ∈ S.
;�E

¼�T�»�TVH�E�_�H@U A@SD?O=°»DH[_7\`T`QªCDH[T�¼�?BA@S�A@S>T�T�ÚªA@H[TVU�T�»�_�?B<7A[=._NE
Πa
¼�T��dTVA�L�\`_�hBhOT`\VA@?O_�<�_NE

T�ÚªA@H[TVU�T�»�_�?B<KA[= {
ai

}
i∈J

_NE
Πa
¼�SD?O\[S�LNH[TgTVhOTVU�TV<KAM=b_NE

S.
8JTV<>\`TÇ?BA�E�_�hBhO_x¼�=�A@S]LNA

S =
\`_�<Kc ({

ai
})

i∈J
= ∆

(a)
JS>_�hOQD=�A@H@C>T�¼�SD?O\[S�»DH[_^cKTV=�A@S>TgL�=[=[TVH@A@?O_�<0W x�gB|hgB�yg

��S>T¦PdTV¾�E�_�H�LNhBhb?B<7cdT`=@A@?B�KLNA@?O_�<>=�_NEgA@S>T¦=@A@H@C>\VA@CDH[T�_NEgA@S>T¦R�? <>Pd_^¼�=@P7?b=@CDU _NEg»DH@?O=@U�=
_�Hb\`TV»DS>_�?OQD=�?O=�A@S>T�A@S>T`_�H[TVU$_�<tA@S>T°L�QDQª?BA@?O_�<�_NE�E�L�\`T`=°ÀG=[T`Tz
 ò	�ÉLN<>Q7
 ñQ�GÅ�ÛD¼�SD?O\[S�¼�T�¼�?BhBh
=@AMLNA[T�S>TVH[T�?B<tA@S>TÇE�_�hBhO_x¼�?B<D��¼�Lx¾P1

f½|7�Î�
s oPgÂo|{q}°z{| it|Kº�s��7~�s]w^�Â¹^��s��|s]���ns>º5|7w��Qgk��Ò à
a(1), . . . , a(K) ∈ R

n è Ò ß<Vß â ã�å Ó"Õ < � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

Π =

K∑

k=1

Π(k)

Ô ãGà�á
Π(k) = Πa(k) < Õ�Ö

k ∈ {1, ..., K}
è Ò à�á Ò�+KÒ�ì�Ò�Ö ß5à Ò@× ä Ò � á Õ ã ×Gj���Ò à

F ⊂ Π
è Ò ß

â ß p ã â ß�å#<Vßdä Ò�Õ <
Π,
ã j�ÒQj�Qª?BU

F = (n − 1)
ß ì�× å Ò à

nF ∈ R
n è Ò ß ìÎÕ çªà Ò�Ö°ì�Õ�Ö�â ß�å Õ <à�á Ò <Vßdä Ò

F,
ã j�ÒQj
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F = Π ∩ {x ∈ Π | 〈nF , x〉 = d∗ }, j = 1, ..., k,Ô á Ò�ÖMÒ
d∗ = max

x∈Π

〈nF , x〉 > 0.

l á Ò�ì à�á Ò�ÖMÒ�Òqp ã Ø à Ø
K0 ⊆ {1, . . . , K}

ß ì�× ã ì�×KÒqp�ØxÒ à Ø
J (k) ⊆ I (k ∈ K0)

Ø çDä�á¦à�áªß�à

F =
∑

k∈K0

∆
(k)

J
(k) + p

Ô á Ò�ÖMÒ
p
ã Ø ß Ø ç â$Õ < Òqp à Ö[Ò�â�Ò � Õ ã ì à Ø°Õ <�à�á ÒgÖ[Ò�â ß�ã ì ã ì#+ � Ö ã Ø�â.Ø {

Π(k)
}

k/∈K0

.

rgues)s]�ut��9¾�
0���6��S>T`_�H[TVU��5W í�A@S>TVH[TgT�Úª?O=@A�»DH@?O=@U�=
Π(i1), ...,Π(ir) =@C>\MStA@S]LNA

F = Si1 + ... + Sir + p

¼�?BA@S
Sij = {x ∈ Π(ij) | 〈nF , x〉 = dij }, j = 1, ..., r,

¼�S>TVH[T
dij = max

x∈Π
ij

〈nF , x〉 > 0
LN<>Q

p
?O=°Lt=@CDU�_NE�T�ÚªA@H[TVU�T�»�_�?B<7A[=g_NE�A@S>TÊH[TVU�LN?B<D?B<D�

»DH@?O=@U�=xW
wYCDA

K0 = {i1, . . . , ir}
WJIK?B<>\`T°TVcKTVH@¾

Sk
?O=JLN<�T�ÚªA@H[TVU�T.=@CDË>=[TVAJ_NEYA[S>T�wÉLNH[TVA[_�E�L�\`T°_NE

Π(k),
?BAb\`LN<�Ë�TÇ¼�H@?BA@A[TV<�L�=

Sk = ∆
(k)

J
(k)¼�?BA@S�LÊ=@CD?BAMLNËDhOTg=@CDË>=[TVA

J (k) ⊆ I
W x�gB|�gB�yg

8JTV<>\`T�TVcdTVH@¾�U�L^Úª?BU�LNh�E�L�\`T.\`_�<KAMLN?B<>=gL�A@HMLN<>=@hÂLNA[T�_NE½A@S>T�R¦?B<DPd_^¼�=@P7?�=@CDU _NE'<>_�<���/xTVH[_
Qª?BU�TV<>=@?O_�<]LNh>T�ÚªA@H[TVU�T�=[TVA[=É_NE]»DH@?O=@U�=xW � Ë>=[TVH@cdT9A@S]LNA�A@S>T�_�CDA[TVHÉ<>_�H@U�LNhO=Y_NE]A@S>T'U�L^Úª?BU�LNh
E�L�\`T�LN<>Q
A@S>T"R¦?B<DPd_^¼�=@P7?9=@CDU _NE�<>_�<���/xTVH[_�Qª?BU�TV<>=@?O_�<]LNh�T�ÚªA@H[TVU�T"=[TVA[=._NE�»DH[?B=@U�=ÊLNH[T
T`ÐKC]LNh0CD»tA[_�L.<>_�<D<>TV�KLNA@?BcKTgU°CDhBA@?B»DhOT5W

8JTV<>\`T�E�_�H@A@S+¼�T�C>=[T
K = {1, . . . , K}

E�_�HÊA@S>Tt?B<>QDT�Ú+=[T�A�_NEgL�\`_�hBhOT`\VA@?O_�< _NEÇ»�_5=@?BA@?BcdT
cKT`\VA[_�H[=xWY;1<tc7?OTV¼ _NEÉA@S>TgLNË�_xcKT�»DH[T`=[TV<KAMLNA@?O_�<¦¼9T°L�=[=@?B�5<tA[_�TVcdTVH@¾"U�L^Úª?BU�LNhnE�L�\`T

F ⊂ Π =
K∑

k=1

Π(k) =
∑

k∈K

Π(k)

A@S>TÇE�_�hBhO_^¼�?B<D��\`_�hBhOT`\VA@?O_�<�_NEÉ»]LN?BH[=�_NEÉ?B<>QDT�Ú�=[TVA[=

IF =

(
K0,

[
J (k)

]
k∈K0

)
.

8JTVH[T
K0 ⊂ K

?O=ÇA@S>T�=[TVA�_NE9?B<>Qª?O\`T`=�_NE9A@S>_5=[T�»DH@?O=@U�=
Π(k),

A@S>T.E�L�\`T�_NE'¼�SD?O\[Sr?O=Ç<>_�A
/xTVH[_e�1Qª?BU�TV<>=@?O_�<�LNh{¼�?BA@S�H[T`=@»�T`\VA�A[_

nF
Ûª?�W T5WBÛDA@S]LNAb=MLNA@?O=�EG¾

Qª?BU
(Sk) =

Qª?BU (
{x ∈ Π(k) | 〈nF , x〉 = dk }

)
≥ 1

¼�?BA@S
dk = max

x∈Π
k
〈nF , x〉 > 0

WÊïbhO=[_DÛ
J (k) \`_�<7AMLN?B<>=gA@S>T�?B<>Qª?O\`T`=°_NE�A@S>T�T�ÚªA@H[TVU�TÊ»�_�?B<7A[=

_NEÉA@SD?O=�E�L�\`TÇ?B<
Π(k).

XÎT�\xLNhBh{=[TVA
IF
A@S>T äMß ì�Õ�ì ã�ä[ß�å Ö[Ò < Ò�ÖMÒ�ì ä ÒgØ�ÓNØ à Ò�â$Õ <

F.
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rguesh~�s]w^�Â¹^��s��ZoPgO�)g
��Ò à

a(1), ..., a(K) ∈ R
n è Ò ß�<Vß â ã�å Ó"Õ < � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

Π =
K∑

k=1

Π(k)

Ô ãGà�á
Π(k) = Πa(k) < Õ�Ö

k ∈ K.
�{Ò à

F ⊂ Π
è Ò ß â ß p ã â ß�å�<Vßdä Ò ß ì�×

nF ∈ R
n è Ò ß ìÕ çªà Ò�Ö°ì�Õ�Ö�â ß�å Õ <�à�á Ò <�ßdä Ò

F.

l á Ò�ì
nF
ã Ø ß Ø à Ö ã�ä`àGå Ó � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖQj

rgues)s]�ut�90TVA0C>={L�=[=@CDU�TYA@S]LNA
F ⊂ Π

?O={L�U�L^Úª?BU�LNh5E�L�\`TY_NE
Π
LN<>Q�A@S]LNA

nF = (α1 . . . αn) ∈
R

n ?O=bLN<¦_�CDA[TVH�<>_�H@U�LNh0¼�?BA@S�hOTVcdTVh 1 _NE F.
��S>TV<

F = {x ∈ Π | 〈nF , x〉 = 1 }.
�9¾"A@S>TgQDT`\`_�UÊ»�_5=@?BA@?O_�<¦»>H@?B<>\V? »>hBTgA@S>TVH[TgT�Úª?O=@A�»DH@?O=@U�=

Π(k) (k ∈ K0)
=@C>\MStA@S]LNA

F =
∑

k∈K0

∆
(k)

J
(k) + p

=MLNA@?O=�EG¾7?B<D�
∆

(k)

J
(k) = {x ∈ Π(k) | 〈nF , x〉 = dij }, k ∈ K0

¼�S>TVH[T
dk = max

x∈Π
k
〈nF , x〉 > 0

LN<>Q
p
?O=ÊL�=@CDU _NEbT�ÚªA@H[TVU�T�»�_�?B<7A[=._NE�A@S>T�H[TVU�LN?B<D?B<D�

»DH@?O=@U�=xW½R�_�H[T`_xcKTVH
〈nF , a(k)i〉 = dk (i ∈ J (k)).IK?B<>\`T

〈nF , a(k),i〉 = αia
(k)
i?BA�E�_�hBhO_x¼�=�A@S]LNA

αi > 0
LN<>Q�EGH[_�U�A@S>T¦L�=[=@CDUÊ»DA@?O_�< A@S]LNA

F
?O="L�U�L^Úª?BU�LNh�E�L�\`T5Û9?�W T5W

Qª?BU
F = n−1,

?BA'E�_�hBhO_x¼�='A@S]LNA�LNhBh�\`_�UÊ»�_�<>TV<7A[=�_NE
nF
LNH[T��5H[TxLNA[TVH9A@S]LN<^/xTVH[_DW�x�gB|�gB�yg

}°z{|Gs]uN|7� oPg0��g
��Ò à

a(1), ..., a(K) ∈ R
n è Ò ß�<Vß â ã�å Ó"Õ < � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

Π =
K∑

k=1

Π(k)

Ô ãGà�á
Π(k) = Πa(k) < Õ�Ö

k ∈ K.
�{Ò à

F ⊂ Π
è Ò ß â ß p ã â ß�å)<Vßdä Ò¦Õ <

Π
Ô ãGà�á Õ çªà Ò�Ö

ì�Õ�Ö�â ß�å
nF ∈ R

n ß ì�× å Ò à Ô ãGà�á Ø ç7ãGà�ßKè�å Ò K0 ⊆ K

F =
∑

k∈K0

∆
(k)

J
(k) + p

Ô ãGà�á
∆

(k)

J
(k) = {x ∈ Π(k) | 〈nF , x〉 = dk }, k ∈ K0

Ô á Ò�ÖMÒ
dk = max

x∈Π
k
〈nF , x〉 > 0

ß ì�×
p
ã Ø ß Ø ç â Õ < Òqp à Ö[Ò�â�Ò � Õ ã ì à Ø�Õ <"à�á Ò"Ö[Ò�â ß�ã ì ã ì#+

� Ö ã Ø�â.ØQj@l á Ò�ìon < Õ�Ö ß ì>Ó�×KÒ ä Õ�â � ÕNØ ãGàGã Õ�ì�Õ < I = {1, . . . , n}
ã ì à Õ à Ô'Õ�ì�Õ�ì�Ò�â � à Ó�× ã Ø é Õ ã ì àØ ç>è ØxÒ à Ø

I0
ß ì�×

I1
à�á Ò�Ö[ÒÊÒqp ã Ø à Ø

κ ∈ K0
Ø çDä�á�à�áªß5à

J (κ) áªß Ø ß ì�Õ�ì�Ò�â � à Ó ã ì à Ò�ÖMØxÒ ä`àGã Õ�ìÔ ãGà�á¦è Õ à�á ØxÒ à Ø
I0
ß ì�×

I1.
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rgues)s]�uty90TVA'C>=9L�=[=@CDU�T�A@S]LNA½A@S]TbL�=[=[TVH@A@?O_�<�?O=½<>_�A½A@H@C]T�W;��S>TV<�A@S>TVH[TbT�Úª?O=@A[=9L�QDT`\`_�UÊ»�_e�
=@?BA@?O_�<�_NE

{1, . . . , n}
?B<7A[_�A1¼�_�<>_�<>TVUÊ»DA2¾¦Qª?O=���_�?B<KAÇ=@CDË>=[TVA[=

I0
LN<>Q

I1
=@C>\MS¦A@S]LNAÇTVcdTVH@¾

=[TVA
J (k) EGH[_�U A@S>Tg\xLN<>_�<D?O\xLNh{H[T�E�TVH[TV<>\`Tg=@¾ª=@A[TVU _NE F Ë�TVhO_�<D�d=bTV?BA@S>TVH�A[_ I0

_�H�A[_
I1
W

�J_^¼gÛªA[_�TVcdTVH@¾
κ ∈ K0

¼�TgL�=[=@?B�5<¦L.ÆDÚDT`Q�?B<>QDT�Ú
ik ∈ J (k) LN<>Q¦L.H[_^¼���cdT`\VA[_�H

â(k) =
∑

i∈J
(k)

a(k)i − a(k)ik

IK?B<>\`T
〈nF , a(k)i)〉 = 〈nF , a(k)ik〉 (i ∈ J (k),?BA�E�_�hBhO_x¼�=�A@S]LNA�A@S>TgLNË�_xcKTÇH[_^¼���cdT`\VA[_�Hb?O=�_�H@A@S>_��d_�<]LNh{A[_�A@S>Tg_�CDA[TVH�<>_�H@U�LNh0cKT`\VA[_�H

nF .

�J_^¼ ¼�TtËDCD?BhOQ L�U�LNA@H@? ÚÍA@S]LNA�?B<7cd_�hBcKT`=�LNhBh�A@S>T`=[TtH[_x¼���cKT`\VA[_�H[=xWI�JT`\`T`=[=MLNH@?BhB¾dÛ�L^EGA[TVH"L
=@CD?BAMLNËDhOT�»�TVH@U°CDAMLNA@?O_�<�_NEÉH[_x¼�=JLN<>Qt\`_�hBCDUÊ<>=xÛDA@S>?B=�U�LNA@H@? ÚtS]L�=�A@S>TJE�_�hBhO_^¼�?B<D�ÊE�_�H@U�1

M =

· · · I0 · · · · · · I1 · · ·


A 0

0 B




.

IK?B<>\`T�A@S>T�_�CDA[TVH�<>_�H@U�LNh0cdT`\VA[_�H
nF
?O=�CD<D?OÐKC>TVhB¾�QDTVA[TVH@UÊ?B<>T`QtCD»tA[_�L°»�_5=@?BA@?BcdTÇU.CDhBA@?B»DhOT

LN<>Q¦Ë�TVhO_�<D�d=JA[_�A@S>T°PdTVH@<>TVh�_NE½A@S>T�LNË�_^cdTgU�LNA@H@? Ú
M,
¼�T°QDT`QªC>\`T5Û]A@S]LNAJA@S>TgHMLN<DP�_NE

M?O=
(n − 1).

;�EbË�_�A@SÍ=@CDË���U�LNA@H@?O\`T`=
A
LN<>Q

B
QD_�<>_�A�S]LxcdT�EGCDhBh�HMLN<DP�ÛYA@S>TV<

M
S]L�=ÊLNA�U�_5=@A�HMLN<DP

(n − 2)
¼�SD?O\MS�?O=J<>_�AJ»�_5=[=@? Ë>hBT5Û�=[_�¼�T.\xLN<rL�=[=@CDU�T5Û�A@S]LNA

B
S]L�=bEGCDhBh�HMLN<DP�LN<>Q

A
<>_�AxW

8JTV<>\`TÊA@S>TÊT`ÐKC]LNA@?O_�<
MnF = 0

S]L�=°L�=[_�hBCDA@?O_�<0Û0¼�S>TVH[T�LNhBh½\`_�UÊ»�_�<>TV<7A[=°_NE
nF
¼�?BA@S

?B<>Qª?O\`T`=�?B<
I1
c5LN<D?O=@S¦LN<>QtA@SD?O=�?O=bL�\`_�<7A@HML�Qª?O\VA@?O_�<¦A[_mwYH[_�»�_5=@?BA@?O_�<�îªW 3ªW x�gB|hgB�yg

� VXWDY��Ïú�þN÷
ýJþNûDYg÷
ý�Y�VXWDY�ú�ù,Y�]

� ?BcKTV<tA2¼9_�\`_�<KcKT�Út=[TVA[=
A, B ⊂ R

n ¼�T�QDTV<>_�A[T�Ë7¾

A ∨ B =
\`_�<Kc

(A ∪ B)

A@S>Tg\`_�<7cdT�Ú�S7CDhBh{_NEÉA@S>TV?BH�CD<D?O_�<0W½ïbhO=[_�¼9T�¼�H@?BA[T

Πa
J = ∆a

J ∨ {0}

E�_�HbA@S>T°»DH@?O=@UÏ�dTV<>TVHMLNA[T`Q¦Ë7¾¦LN<�T�ÚªA@H[TVU�T.=[TVAJ_NE
∆a W���S>T°<>_�AMLNA@?O_�< Π

(k)

J
(k)

A@S>TV<¦H[T�E�TVH[=
A[_ÊA@S>T�cdT`\VA[_�H

a(k) _NE½L°E�LNUÊ?BhB¾KW;��S>TV<�¼�TÇS]LxcdT 1
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}°z{|Gs]uN|7�Ì�)gGmhg
��Ò à

a(1), ..., a(K) ∈ R
n è Ò ß�<Vß â ã�å Ó"Õ < � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

Π =
K∑

k=1

Π(k)

Ô ãGà�á
Π(k) = Πa(k) < Õ�Ö

k ∈ {1, ..., m}.
�{Ò à

F ⊂ Π
è Ò ß â ß p ã â ß�å�<Vßdä Ò.Õ <

Π
j

l á Ò�ì ß =�Ò ä`à Õ�Ö
nF ∈ R

n ã Ø ß ì Õ çªà Ò�Ö�ì�Õ�Ö�â ß�å�:1à Õ à�á Ò å Ò�=�Ò å
1> Õ <�à�á Ò"â ß p ã â ß�åP<Vßdä Ò

F ⊂ Π
ã <�ß ì�×"Õ�ì å Ó ã <�à�á Ò�Ö[ÒÊÒqp ã Ø à

K0 ⊂ K
ß ì�× <Vßdä ÒMØ

∆
(k)

J
(k) ⊂ Π(k), k ∈ K0

ß ØgÔ9Ò åÂå�ß Ø � ÕNØ ãGàGã =�Ò�ì ç â è Ò�ÖMØ ck ∈ R
Ô áKã�ä�á Ø ß5àGã Ø < Ó à�á Ò < Õ å�å Õ�Ô ã ì#+ ä Õ�ì�× ãGàGã Õ�ìDØxÙ

  j�i0Õ�Ö�Ò�=�Ò�Ö�Ó
k ∈ K0

à�á Ò å ã ì�Ò ß Ö <Mç ì ä`àGã Õ�ì
x 7→ 〈nF x〉

ã Ø ä Õ�ìDØ à�ß ì à Òu¡ çDß�å½à Õ
1
Õ�ì

à�á Ò <Vßdä Ò
ck∆

(k)

J
(k)

j
Ü j ã < n < Õ�ÖJØ`Õ�â�Ò

k, l ∈ K0
n à Ô'Õ"× ã ¢ Ò�ÖMÒ�ì àh<Vßdä ÒMØ

ck∆
(k)

J
(k)

ß ì�×
cl∆

(l)

J
(l)

áªß =�Ò�Òqp à ÖMÒ�â�Ò
� Õ ã ì à ØbÔ áKã�ä�á�å ã ÒgÕ�ì à�á ÒbØ ß â�Ò ä Õ^Õ�Ö@× ã ì ß5à Ò ß p ã Ø£n à�á Ò�ì à�á ÒMØxÒ°Òqp à Ö[Ò�â�Ò � Õ ã ì à Ø ä Õ ã ì�¤äVã ×KÒQj

¥ j�l á Ò � Ö ã Ø�â
Π̂ =

∨

k∈K0

ckΠ
(k)

J
(k)

ã Ø
n
¤�× ã â�Ò�ìDØ ã Õ�ì ß�å�ß ì�× ãGà ØJÕ çªà Ò�ÖJì�Õ�Ö�â ß�å¦:1à Õ à�á Ò å Ò�=�Ò å

1> ã Ø à�á ÒÇÕ çªà Ò�Öbì�Õ�Ö�â ß�å nFÕ <
F.

rgues)s]�ut,9{T�A�C>=�L�=[=@CDU�TJA@S]LNA
F ⊂ Π

?O=�L°U�L^Úª?BU�LNh�E�L�\`TÇ_NE
Π
LN<>Q"A@S]LNA

nF ∈ R
n ?O=�LN<_�CDA[TVH�<>_�H@U�LNh�_NE

F.
��S>TV<

F = {x ∈ Π | 〈nF x〉 = 1 }.

�9¾"A@S>TgQDT`\`_�UÊ»�_5=@?BA@?O_�<¦»>H@?B<>\V? »>hBTgA@S>TVH[TgT�Úª?O=@A�»DH@?O=@U�=
Π(k) k ∈ K0

=@C>\MStA@S]LNA

F =
∑

k∈K0

∆
(k)

J
(k) + p

¼�S>TVH[T
p
?O=°L"=@CDU�_NE�T�ÚªA@H[TVU�T�»�_�?B<KA[=g_NE�A@S>T�H[TVU�LN?B<D?B<D��»DH@?O=@U�=�¼�?BA@S
? <]QDT�Ú

k /∈ K0
W

ïb�KLN?B<�¼�TÇP7<>_^¼ A@S]LNA�¼�?BA@S

∆
(k)

J
(k) = {x ∈ Π(k) | 〈nF , x〉 = dk }, k ∈ K0,

¼�?BA@S
dk = max

x∈Π
(k)
〈nF , x〉 > 0

W
�J_^¼ _�Ë>=[TVH@cKTÇA@S]LNA�A@S>TÇE�L�\`T`=

∆
(k)

J
(k) (k ∈ K0)LNH[T�hB¾7?B<D��?B<t»]LNHMLNhBhOTVh0S7¾7»�T�H[»DhÂLN<>T`=xÛD<]LNU�TVhB¾

Hk = {z ∈ R
n | 〈nF , x〉 = dk }, k ∈ K0,
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¼�?BA@S
dk > 0 (k ∈ K0).

�J_x¼ \MS>_K_5=[T

ck =
1

dk
, k ∈ K0.

��S>TV<�A@S>TÇÆ>H[=@A�\`_�<>Qª?BA@?O_�<¦?O=�=MLNA@?O=�Æ]T`QnW
�J_^¼ L�=[=@CDU�TtA@S]LNA�A2¼9_rE�L�\`T`=

ck∆
(k)

J
(k)

LN<>Q
cl∆

(l)

J
(l)

S]L`cKT¦TMÚªA[H[TVU�T�»�_�?B<7A[=�¼�SD?O\[SZhB?OT
_�<�A@S>T

j
��A@S¦\`_K_�H[Qª?B<]LNA[T.L^Úª?O=xÛª?�W T

cka
(k)
j ej ∈ ck∆

(k)

J
(k)

LN<>Q
cla

(l)
j ej ∈ cl∆

(l)

J
(l) .��S>TV<

〈nF , a
(k)
j ej〉 = dk

LN<>Q
〈nF , a

(l)
j ej〉 = dl,

S>TV<>\`T
dk

a
(k)
j

=
dl

a
(l)
j¼�SD?O\MS�U�TxLN<>=�A@S]LNA

cka
(k)
j = cla

(l)
j .8JTV<>\`T5ÛÉA@S>T�A1¼�_¦T�ÚªA@H[TVU�T�»�_�?B<KA[=�\`_�?B<>\V?BQ>T�W¦ïÇ=.L�\`_�<>=[T`ÐKC>TV<>\`T5ÛÉ<>_¦T�ÚªA@H[TVU�T�»�_�?B<7A._NE

LN<7¾�E�L�\`T
ck∆

(k)

J
(k)

¼�?BhBh0Ë�T`\`_�U�T°LN<�?B<D<>TVH�»�_�?B<7A�?B<

Π̂ =
∨

k∈K0

ckΠ
(k)

J
(k)

¼�SD?O\MS�?BUÊ»DhB?OT`=�A@S]LNAbQª?BU
Π̂ = = n − 1.

R�_�H[T`_^cdTVH�A@S>TJEGCD<>\VA@?O_�<

x 7→ 〈nF , x〉

?O=�\`_�<>=@AMLN<7A�T`ÐKC]LNh�A[_
1
_�<

Π̂
LN<>Q"A@S>TVH[T�E�_�H[T

nF ∈ R
n ?O=�LN<�_�CDAMT�H�<>_�H@U�LNh½À�A[_.A@S>TbhOTVcKTVh

1
Å9_NE

Π̂
¼�SD?O\MS�»DH[_xcKT`=�_�<>TgQª?BH[T`\VA@?O_�<¦_NEÉA@S>T�A@S>T`_�H[TVU�W

È]_�H"A@S>T�\`_�<7cdTVH[=[T�Qª?BH[T`\VA@?O_�< hOTVA"C>=tL�=[=@CDU�T¦A@S]LNA"A@S>TVH[T�T�Úª?O=@A[=�LÎ=[TVA
K0 ⊂ K

LN<]Q
E�L�\`T`=

∆
(k)

J
(k) ⊂ Π(k)

_NEYA@S>T°\`_�H@H[T`=@»�_�<>Qª?B<D�"»DH@?O=@U�=JL�=�¼�TVhBhÉL�=�»�_5=@?BA@?BcKTg<KCDU.Ë�TVH[=
ck ∈ R, k ∈ K0

¼�?BA@S¦A@S>T
E�_�hBhO_^¼�?B<D��»DH[_�»�TVH@A@?OT`=Q1

�5WÇÈ]_�HbTVcKTVH@¾
k ∈ K0

A@S>TghB?B<>TxLNHbEGCD<>\VA@?O_�<
x 7→ 〈nF , x〉

?O=b\`_�<>=@AMLN<7AJT`ÐKC]LNh{A[_
1
_�<

A@S>TÇE�L�\`T
ck∆

(k)

J
(k)

W
îªWÇ;�E½A2¼9_"Qª?©¨nTVH[TV<7AJE�L�\`TV=

ck∆
(k)

J
(k)

LN<>Q
cl∆

(l)

J
(l)

S]L`cKT.T�ÚªA@H[TVU�T°»�_�?B<KA[=�_�<�A@S>T.=MLNU�T
\`_7_�H[Qª?B<]LNA[T.L^Úª?O=xÛªA@S>TV<�A@S>TV¾�\`_�?B<>\V?OQDT5W
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3ªW«��S>T�»DH@?O=@U
À�3ªW0�^Å

Π̂ =
∨

k∈K0

ckΠ
(k)

J
(k)

?O=
n
�1Qª?BU�TV<>=@?O_�<]LNh>LN<]Q°?BA[=É_�CDA[TVHÉ<>_�H@U�LNh{À�A[_bA@S>T9hOTVcdTVh

1
Å0\`_�?B<>\V?OQDT`=Y¼�?BA@S.A@S]T9_�CDA[TVH

<>_�H@U�LNh
nF
_NE

F.

��S>TV<ÊhOTVAÉC>=É\`_�<>=@?OQDTVHÉA@S>T�_�CDAMT�HY<>_�H@U�LNh{À�A[_bA[S>T9hBTVcKTVh
1
Å
nS
_NE]A@S>T9<��1Qª?BU�TV<>=@?O_�<]LNh>»DH@?O=@U

Π̂
L�=��5?BcdTV<
Ë7¾+À�3ªW0�^Å«��S>T�EGCD<>\VA@?O_�<]LNh

f(·) = 〈nS , ·〉
L�\MSD?OT�cKT`=g?BA[=�U�L^Úª?BU�LNh½c5LNhBC>T`=°_�<

A@S>T�»DH@?O=@U�=
{
Π(k)

}
k∈K0_�<�A@S>TÇE�L�\`T`=

∆
(k)

J
(k) ⊂ Π(k) (k ∈ K0).

IK?B<>\`T.TVcKTVH@¾tU�L^Úª?BU�LNh{E�L�\`T°_NE
Π
?O=bA@S>T.=@CDU$_NEYE�L�\`T`=J_NE½A@S>Tg»DH@?O=@U�=

Π(k) (k ∈ K)
Û]?BA

E�_�hBhO_^¼�=�A@S]LNAJL.A@HMLN<]=@hOLNAMTg_NEÉA@S>T�=[TVA
∑

k∈K0

ckD
(k)

J
(k)

?O=�\`_�<7AMLN?B<>T`Q�?B<¦L.U�L^Úª?BU�LNh0E�L�\VT
F ⊂ Π.

�J_^¼ ¼�TÇ¼�?BhBh0»DH[_^cdTÇA@S�LNA

Qª?BU

 ∑

k∈K0

ck∆
(k)

J
(k)


 = n − 1

S>_�hOQD=.A@H@C>T5W�;1<>QDT`T`QnÛ�Ë7¾
\`_�<>Qª?BA@?O_�<�3dÅg_NE�A@S>T�L�=[=[TVH@A@?O_�<ÎA@S>T�»DH@?O=@U ∨
k∈K0

ckΠ
(k)

J
(k)

?O=
EGCDhBh©�1Qª?BU�TV<>=@?O_�<]LNh�W;8JTV<>\`T½A@S>TywÉLNH[TVA[_e��E�L�\`T9S]L�=0A@S>T'Qª?BU�TV<>=@?O_�<

(n−1).
IK?B<>\`T'A@S>TywÉLNH[TVA[_e�

E�L�\`T�_NE
Π̂
?O=YA@S>T�\`_�<KcKT�Ú�S7CDhBh>_NE�A@S>T�E�L�\`T`=

ck∆
(k)

J
(k) (k ∈ K0),

A@S>TVH[T�T�Úª?O=@A½T`Qª�dT`=½_NE�A@SD?O=
E�L�\`TÊ¼�SD?O\[S�LNH[TÊ_�H@A@S>_��d_�<]LNh'A[_tA@S>TÊcdT`\VA[_�H

nS
LN<>Q
=@»]LN<�L"hB?B<>TxLNH°=@»]L�\`T�_NE�Qª?BU�TV<>=@?O_�<

(n − 1),
¼�SD?O\MS�U�TxLN<>=�A@S]LNA�Qª?BU ∑

k∈K0
ck∆

(k)

J
(k) = n − 1.

Ã9_�<>=[T`ÐKC>TV<7A@hB¾dÛ
F
LN<>QrA@S>T�=[T�A ∑

k∈K0
ck∆

(k)

J
(k)

S]LxcdTÊA@S>TÊ=MLNU�TÊ_�C>A[TVH�<>_�H@U�LNh�W"IK?B<>\`T
A@S>T�=[TVA ∑

k∈K0
ck∆

(k)

J
(k)

LN<>QÊA@S>T�»DH@?O=@U
Π̂
S�L`cKT�\`_�UÊU�_�<�_�CDA[TVH½<>_�H@U�LNhO=xÛdA@S>T�\`_�<KcKTVH[=[T

Qª?BH[T`\VA@?O_�<¦?O=�»DH[_^cdT`QnW x�gB|hgB�yg
��S>T`_�H[TVUX3ªW0�b�5?BcKT`=�Lg»�_5=[=@?BËD?BhB?BA1¾�E�_�H�LN<�LNË>=@A@HML�\VA�QDT`=[\�H[? »>A@?O_�<t_NE{A@S>TgØ à Ö çDä`àGç Ö[Ò°Õ <6<Vßdä ÒMØ
?B<�SD?B�5S>TVHbQª?BU�TV<>=@?O_�<>=xW
rguesh~�s]w^�Â¹^��s�� �)gÂoPg
��Ò à

a = (a1, . . . , an) > 0 ∈ R
n ß ì�× b = (b1, . . . , bn) > 0 ∈ R

n è Ò � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ
ß ì�× å Ò à

Πa
ß ì�×

Πb
è Ò à�á Ò ß ØMØ`Õ äVã�ß5à Ò[× � Ö ã Ø�â.ØQj

¬ ØMØ ç â�Ò à�áªß5àÊà�á Ò å ã ì�Ò ß Ö <Mç ì ä`àGã Õ�ì
x 7→ 〈a, x〉

ßdä�áKã Ò�=�ÒMØ ãGà Ø¦â ß p ã â ç â Õ�=�Ò�Ö
Πb
ã ì

à�á Ò�Òqp à ÖMÒ�â�Ò � Õ ã ì à bi0 = bi0e
i0 ∈ Πb,

à�á Ò�ì
bi0

ai0

Πa ⊇ Πb

ß ì�×
bi0e

i0
ã Ø ß"ä Õ�â�â�Õ�ì
Òqp à Ö[Ò�â�Ò � Õ ã ì à Õ <°è Õ à�á�à�á Ò � Ö ã Ø�â.Ø bi0

ai0
Πa
ß ì�×

Πb
j
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rgues)s]�utJIK?B<>\`T�A@S>TghB?B<>TxLNH�E�C><>\VA@?O_�<
x 7→ 〈a, x〉

L�\MSD?OTVcdT`=b?BA[=�U�L^Úª?BU.CDU$_xcKTVH
Πb
?B<�A@S>T

T�ÚªA@H[TVU�T�»�_�?B<KA
bi0e

i0 ∈ Πb
Ûª¼�TÇS]LxcdT

max
{
〈a, x〉 | x ∈ Πb

}
=

bi0

ai0¼�SD?O\MS�?BUÊ»DhB?OT`=
bi0

ai0

Πa ⊇ Πb

LN<>QtA@S]LNA bi0
ai0

Πa
LN<>Q

Πb S]LxcKT bi0e
i0
L�=bL�\`_�UÊU�_�<�T�ÚªA@H[TVU�T�»�_�?B<7AxW x�gB|hgB�yg

² ³�´�ý�Y�aµ´�÷
û¶b·YJù�] ü�øy´Êø½þ^ú"÷7a

��TV<KAMLNA@?BcKTVhB¾�¼9T�\`_�<>=@?OQDTVH½A@S>T�\xL�=[T�_NE�A2¼9_�»DH@?O=@U�=xWÉÈ>_�H½\`_�<7cdTV<D?OTV<>\`T�¼9T�C>=[T�LÇ=@?BUÊ»DhB? Æ]T`Q
<>_�AMLNA@?O_�<0WYÈ>_�H�A2¼�_bcdT`\VA[_�H[=

a = (a1, . . . , an) > 0 ∈ R
n LN<>Q b = (b1, . . . , bn) > 0 ∈ R

n¼�TÇ¼�H@?BA[T
A = Πa =

\`_�<Kc ({
0, a1, . . . , an

})
LN<>Q

B = Πb =
\`_�<7c ({

0, b1, . . . , bn
})

E�_�H�A@S>T�L�=[=[_K\V?ÂLNA[T`Q�»DH@?O=@U�=xWY;1<"A@SD?O=�\xL�=[T5Û7? E{A@S>TJA2¼9_.»DH@?O=@U�=
A
LN<>Q

B
S]LxcdT�L.\`_�UÊU�_�<

T�ÚªA@H[TVU�T�»�_�?B<KAb_�<�A@S>TV?BH�wÉLNH[TVA[_e��E�L�\`T`=bA@S>TV<�A@S>TÇE�_�hBhO_x¼�?B<D��=@AMLNA[TVU�TV<7A�S>_�hOQD=Q1
f½|7�Î�
sD��gGmhg
æ]ç ��� ÕNØxÒ à�áªß5à ai = bi á Õ å ×NØ à Ö ç Ò < Õ�ÖÇØ`Õ�â�Ò i ∈ I.

l á Ò�ì < Õ�Ö�Ò�=�Ò�Ö�Ó ã ì�×KÒqp
l 6= i

á Õ å ×NØxÙ
  j

al ∈ A
ã Ø ß ì
Òqp à ÖMÒ�â�Ò � Õ ã ì à Õ < A ∨ B

ã <gß ì�×"Õ�ì å Ó ã < al

bl
≥ ai

biÜ j
bl ∈ B

ã Ø ß ì
Òqp à Ö[Ò�â"Ò � Õ ã ì à Õ < A ∨ B
ã <gß ì�×"Õ�ì å Ó ã < al

bl
≤ ai

bi
.

rgues)s]�ut�;1<tc7?OTV¼ _NE
A =

\`_�<7c ({
0, a1, . . . , an

}) LN<>Q
B =

\`_�<7c ({
0, b1, . . . , bn

})

¼�TÇS]LxcKT
A∨B =

\`_�<7c ({
0, max{a1, b1}e

1, . . . , max{ai−1, bi−1}e
i−1, ake

i, max{ai+1, bi+1}e
i+1,

. . . . . . . . . , max{al, bl}e
l, . . . , max{an, bn}e

n
})

.

�J_^¼
bl ∈ B

?O=�LN<�T�ÚªA@H[TVU�TJ»�_�?B<KA�_NE
A∨B

? EÉLN<>Q"_�<DhB¾�? E
al ≤ bl

¼�SD?O\MS�?O=�T`ÐKCD?Bc5LNhOTV<KA
A[_ al

bl
≤ 1 = ai

bi
,
Ë�T`\xLNC>=[T

ai = bi
ËK¾tL�=[=@CDUÊ»DA@?O_�<0W

��S>T�»DH[_7_NEY_NEÉA@S>TÇÆ>H[=@A�=@AMLNA[TVU�TV<7A�?O=�?OQDTV<7A@?O\`LNh{A[_ÊA@SD?O=�_�<>T5W x�gB|hgB�yg
�J_^¼ ¼9T�\`_�<>=@?OQDTVH�A@S>T�\xL�=[T�_NEÇA@SDH[T`T�»DH@?O=@U�=xW+X
T¦LNCD�5U�TV<KA�A@S>T�<>_�AMLNA@?O_�< ËK¾�?B<KA@H[_e�
QªC>\V?B<D�

C = Πc =
\`_�<7c ({

0, c1, . . . , cn
})
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f½|7�Î�
sD��gÂoPg
��Ò à

a, b, c
è Ò � ÕNØ ãGàGã =�Ò^=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

A, B, C
è Ò à�á Ò ß ØMØ`Õ äVã�ß5à Ò[× � Ö ã Ø�â.ØQj ¬ ØMØ ç â�Ò

à�áªß5àM< Õ�Ö ß ì ã ì�×KÒqp
i ∈ I

à�á Ò�Òq¡ çDß5àGã Õ�ìDØ
ai = bi = ci á Õ å × à Ö ç ÒQjl á Ò�ìon < Õ�Ö.Ò�=�Ò�Ö�Ó

l 6= i
n à�á Ò�Òqp à Ö[Ò�â"Ò � Õ ã ì à cl ∈ C

ã Ø ß ìÎÒqp à Ö[Ò�â�Ò � Õ ã ì à Õ < A ∨ B ∨ Cß ØgÔ9Ò åÂå0ã <gß ì�×"Õ�ì å Ó ã <
ai

ci
≥

al

cl

ß ì�× bi

ci
≥

bl

clã ØÇØ ß5àGã Ø ë Ò[×Gj
rgues)s]�ut���S>T.»DH[_7_NE'?O=Ç?OQDTV<KA@?O\xLNhYA[_"A@S>T.»DH[_K_NE�_NE'A@S]T°»DHMT�c7?O_�C>=¸90TVUÊU�L^
>W0�5Wg;�E

A, BLN<>Q
C
LNH[T°L�=bLNË�_^cdT5ÛDA@S>TV<�¼9T�S]L`cKT

A ∨ B ∨ C =

\`_�<7c ({
0, max{a1, b1, c1}e

1, . . . , max{ai−1, bi−1, ci−1}e
i−1, aie

i, max{ai+1, bi+1, ci+1}e
i+1,

. . . . . . . . . , max{al, bl, cl}e
l, . . . , max{an, bn, cn}e

n
})

.

�J_^¼
cl ∈ C

?O=gLN<rT�ÚªA@H[TVU�T�»�_�?B<7A�_NE
A ∨ B ∨ C

? E�LN<>Q�_�<DhB¾¦? E
al ≤ cl

LN<>Q
bl ≤ cl¼�SD?O\MS�?O=ÇT`ÐKCD?Bc5LNhOTV<KAJA[_ al

cl
≤ 1 = ai

ci

LN<]Q bl

bl
≤ 1 = bi

ci

Ë�T`\xLNC>=[T
ai = bi = ci

S>_�hOQD=JËK¾
L�=[=@CDUÊ»DA@?O_�<0W x�gB|hgB�yg

rguesh~�s]w^�Â¹^��s��¹��gO�)g
��Ò à

a, b
è Ò � Õ^Ø ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

A, B
è Ò à�á Ò ß ØMØVÕ äVã�ß5à Ò@× � Ö ã Ø�â.ØQj�i0Õ�Ö i ∈ I

å Ò à

F i
A =

\`_�<Kc ({
al | l ∈ {1, ..., n}

¼�?BA@S al

bl
≥

ai

bi

})

ß ì�×
F i

B =
\`_�<Kc ({

bl | l ∈ {1, ..., n}
¼�?BA@S al

bl
≤

ai

bi

})
.

l á Ò�ìon < Õ�Ö.Ò�=�Ò�Ö�Ó ã ì�×KÒqp
i ∈ I

à�á ÒÇØ ç â

F i
A + F i

B

ã Ø ä Õ�ì à�ß�ã ì�Ò@× ã ì ß â ß p ã â ß�å�<Vßdä Ò.Õ <
A + B.

rgues)s]�ut�ïJ=
biA
LN<>Q

aiB
S]L`cKT�L�\`_�UÊU�_�<
T�ÚªA@H[TVU�T.»�_�?B<7AxÛ�A@S>T.H[T`=@CDhBAbE�_�hBhO_^¼�=J?BUÊU�T��

Qª?ÂLNA[TVhB¾"EGH[_�UX90TVUÊU�L�
>W0�°LN<>Q���S>T`_�H[TVUº3ªW0�5W x�gB|�gB�yg

XÎTÇU�Lx¾"<>_x¼ H[T�E�_�H@U.CDhÂLNA[T�wYH[_�»�_5=@?BA@?O_�<v
>W 3.?B<�A[TVH@U�=�_NEÉ»�TVH@U°CDAMLNA[?B_�<]=JL�=�E�_�hBhO_^¼�=xW
it|�»Y���Â¹^��s��°��g0��g�90TVA

a > 0, b > 0
Ë�TgcKT`\VA[_�H[=J_NE

R
n W�ï »�TVH@U.CDAMLNA@?O_�< π : I −→ I?O=�\xLNhBhOT`Q¦L � ÕNØ ãGàGã Õ�ì ã ì#+ � Ò�Ö�â çªà�ß5àGã Õ�ì�? EÉA@S>Tg=[T`ÐKC>TV<>\`Tg_NEYÐKC>_�A@?OTV<KA[=

aπ(1)

bπ(1)

≥
aπ(2)

bπ(2)

≥ . . . ≥ . . . ≥
aπ(l)

bπ(l)

≥ . . . . . . ≥
aπ(n)

bπ(n)

?O='U�_�<>_�A[_�<D?O\xLNhBhB¾"QDT`\VH[TxL�=@? <>�>WÉXÎT�=MLx¾�A@S]LNA9A@S>T�cdT`\VA[_�H[=
a, b
L�='¼9TVhBhnL�=½A@S>TbA1¼�_g»DH@?O=@U�=

A = Πa
LN<>Q

B = Πb
LNH[TÊ?B< ÖMÒ�+ ç7åBß Ö � ÕNØ ãGàGã Õ�ì�? E�A@S>TV?BH°»�_5=@?BA@?O_�<D?B<D��»�TVH@U.CDAMLNA@?O_�<�?O=CD<D?OÐKC>TVhB¾tQDT�Æ><>T`QnWy��S>TÇ»�_5=@?BA@?O_�<D?B<D��»�TVH@U°CDAMLNA[?B_�<�?O=�A@S>TV<¦QDTV<>_�A[T`QtË7¾

π(A,B).



? �������������­���7®#¯G'GF#L°¯#��%°O#FG"�J�&#!#¯�!)(	$��GL ? ��*

ï »�_5=@?BA@?O_�<D?B<D�t»�TVH@U.CDAMLNA@?O_�<
H[T�¼]T`\�AM=ÇA@S>T�½ÂÖ[Ò åBß5àGã =�Ò � ÕNØ ãGàGã Õ�ì#¾'_NE'A@S>TÊL�=[=[_7\V?ÂLNA[T`Q�»DH@?O=@U�=
A
LN<>Q

B
W°IKC>\[S
L�»�TVH@U°CDAMLNA@?O_�<
Q>_KT`=�LNhB¼�L`¾ª=�T�Úª?O=@AxÛ]A@S]_�CD�5S�?BAJU�Lx¾�<>_�AÇË�T.CD<D?OÐKC>TVhB¾

QDTVA[TVH@UÊ?B<>T`QnW���_.L`cK_�?OQ�QDTV�dTV<>TVHMLNA[T`Q"\xL�=[T`=xÛK¼9T�¼�?BhBh]S>TV<>\`T�E�_�H@A@StLNhB¼�L`¾ª=�L�=[=@CDU�T�A@S]LNA�LNhBh
»DH@?O=@U�=JLNH[TÇ»]LN?BH@¼�?O=[T�?B<�H[TV�5CDhÂLNH�»�_5=@?BA@?O_�<0W

¿ s]ues�vGv�sDu^�I��gÂ�¹{q�nsDºd|Kw"s>�{�°rJ|Ku���y0¹xsª¹^��s��{w��Qg«�{Ò à
a = (a1, . . . , an) > 0 ∈ R

n ß ì�×
b = (b1, . . . , bn) > 0 ∈ R

n è ÒB+ ã =�Ò�ìPj��{Ò à π(A,B)
è Ò à�á Ò � ÕNØ ãGàGã Õ�ì ã ì#+ � Ò�ÖVâ çªà�ß5àGã Õ�ì�Õ < Aß ì�×

B.
l á Ò�ìon < Õ�Ö.Ò�=�Ò�Ö�Ó

i ∈ I
ß ì�×

F i
A =
\`_�<Kc ({

al | l ∈ {1, ..., n}
¼�?BA@S

π−1
(A,B)(l) ≤ π−1

(A,B)(i)
})

ß ì�×
F i

B =
\`_�<7c ({

bl | l ∈ {1, ..., n}
¼�?BA@S

π−1
(A,B)(l) ≥ π−1

(A,B)(i)
})

à�á Ò�Ø ç â
F i

A + F i
Bã Ø ä Õ�ì à�ß�ã ì�Ò@× ã ì ß â ß p ã â ß�å�<Vßdä Ò.Õ <

A + B.

� ?BcKTV<tA2¼9_Ê»DH@?O=@U�=
A
LN<>Q

B,
¼�SD?O\[S�LNH[T�?B<tH[TV�5CDhÂLNHb»�_5=@?BA@?O_�<0W���S>TV<�A@S]TÇ<���A@CD»DhOT

Π

(
A

B

)
=

[
π(A,B)(1), π(A,B)(2), . . . , π(A,B)(n)

]
.

?O=bLÊ=@A@H@?O\VA@hB¾�QDT`\VH[TxL�=@?B<D�"=[T�Ab_NEÉ?B<>Qª?O\`T`=xÛDA@S>T�Õ�Ö[×KÒ�Ö.?B<>QªC>\`T`Q�ËK¾
π(A,B),

?�W T5W

i ≥ j ⇐⇒ π−1
(A,B)(i) ≤ π−1

(A,B)(j).

90TVA�C>=�<>_^¼ ?B<KA@H[_7QªC>\`T�A@S>T°LNËDËDH[TVc7?ÂLNA@?O_�<
AB(i) = F i

A + F i
B,

E�_�H'A@S>Tb=@CDU _NE0A1¼�_�E�L�\`T`=�L�='QDT�Æ><>T`Q�LNË�_xcKT5W���S>TV<�E�_�H9TVcdTVH@¾
i ∈ I

A@S>Tb»]LNH@A9_NE0A@S>T�E�L�\`T
AB(i)

¼�SD?O\[S�Ë�TVhO_�<D�d=9A[_
A
?O=9QDTVA[TVH@UÊ?B<>T`Q�ËK¾�A@S>Tb?B<>Qª?O\`T`=9¼�SD?O\MStLNH[TJ�5H[TxLNA[TVH�_�H�T`ÐKC]LNh

A[_
k
?B<�A@S>Tg_�H[QDTVH�?B<>QªC>\`T`QtË7¾

π(A,B)
LN<>QtA@S>T�»]LNH@Ab_NEÉA@S>TJE�L�\`T

AB(i)
¼�SD?O\MS�Ë�TVhO_�<D�d=

A[_
B
?O=9QDTVA[TVH@UÊ?B<>T`Q"Ë7¾ÊA@S>Tb?B<>Qª?O\`T`=9¼�SD?O\MStLNH[TbhOT`=[=9_�H�T`ÐKC]LNh]AM_

k
?B<"A@S>TJ_�H[QDTVH9?B<>QªC>\`T`Q

Ë7¾
π(A,B).

;1<tA[TVH@U�=b_NEÉA@S>T�»�_5=@?BA@?O_�<D?B<D��»�TVH@U.CDAMLNA@?O_�<¦¼�T�QDT`QªC>\`TÇEGH[_�UX90TVUÊU�L�
>W î�1
rguesh~�s]w^�Â¹^��s��¹��gOl)g
æ]ç ��� ÕNØxÒÊÔ9Ò ß Ö[Ò�+ ã =�Ò�ì

3
=�Ò ä`à Õ�ÖMØ

a > 0 ∈ R
n, b > 0 ∈ R

n,
ß ì�×

c > 0 ∈ R
n ß ì�×å Ò à

A, B
ß ì�×

C
è Ò à�á Ò ß ØMØ`Õ äVã�ß5à Ò[× � Ö ã Ø�â.ØQj Þ Õ�Ö[Ò@Õ�=�Ò�Ö£n å Ò à π(A,B)

ß ì�×
π(A,C)

è Ò à�á Ò
ä Õ�Ö�Ö[ÒMØ � Õ�ì�× ã ì#+ � ÕNØ ãGàGã Õ�ì ã ì#+ � Ò�Ö�â çªà�ß5àGã Õ�ìDØQj
l á Ò�ì < Õ�Ö�Ò�=�Ò�Ö�Ó ã ì�×KÒqp

i ∈ I
à�á Ò�Ø ç â

ABC(i) = F i
A + F i

B + F i
C

Ô ãGà�á

F i
A =
\`_�<7c ({

al | l ∈ I
¼�?BA@S

π−1
(A,B)(l) ≤ π−1

(A,B)(i)
LN<>Q

π−1
(A,C)(l) ≤ π−1

(A,C)(i)
})



? �������������­���7®#¯G'GF#L°¯#��%°O#FG"�J�&#!#¯�!)(	$��GL ? � T

F i
B =
\`_�<Kc ({

al | l ∈ {1, ..., n}
¼�?BA@S

π−1
(B,A)(l) ≤ π−1

(B,A)(i)
LN<>Q

π−1
(B,C)(l) ≤ π−1

(B,C)(i)
})

ß ì�×
F i

C =
\`_�<7c ({

al | l ∈ {1, ..., n}
¼�?BA@S

π−1
(C,A)(l) ≤ π−1

(C,A)(i)
LN<>Q

π−1
(C,B)(l) ≤ π−1

(C,B)(i)
})

ã Ø ä Õ�ì à�ß�ã ì�Ò@× ã ì ß â ß p ã â ß�å�<Vßdä Ò.Õ <
A + B + C.

rgues)s]�utYXÎT'P7<>_^¼�A@S�LNA
biciA, aiciB

LN<>Q
aibiC

S]L`cKT�LJ\`_�UÊU�_�<�T�ÚªA@H[TVU�T9»�_�?B<KAxW��J_^¼
A@S>T�H[T`=@CDhBA�E�_�hBhO_x¼�=�?BUÊU�T`Qª?ÂLNA[TVh ¾�EGH[_�UX90TVUÊU�L�
>W î�LN<>Q���S>T`_�H[TVUº3ªW0�5W x�gB|hgB�yg

�J_�A[TtA@S>T�A@S>T¦L�=@?BUÊ?BhÂLNH�\`_�<>Qª?BA@?O_�< =@AMLNA[T`QÍ?B<¹wYH[_�»�_5=@?BA@?O_�<I
>W ò�?O=ÊA@H@C>T�E�_�H�LN<K¾ÎÆ><D?BA[T
=@CDU�W

rguesh~�s]w^�Â¹^��s��¹��g�kMg
æ]ç ��� ÕNØxÒ�Ô9Ò áªß =�Ò 3

=�Ò ä`à Õ�ÖMØ
a > 0 ∈ R

n, b > 0 ∈ R
n,
ß ì�×

c > 0 ∈ R
n ß ì�× å Ò à

A = Πa, B = Πb,
ß ì�×

C = Πc
è Ò à�á Ò ß ØMØ`Õ äVã�ß5à Ò[× � Ö ã Ø�â.ØQj Þ Õ�ÖMÒ@Õ�=�Ò�Ö£n å Ò à π(A,B)

ß ì�×
π(A,C)

è Ò à�á Ò ä Õ�Ö�Ö[ÒMØ � Õ�ì�× ã ì#+ � ÕNØ ãGàGã Õ�ì ã ì#+ � Ò�Ö�â çªà�ß5àGã Õ�ìDØQj
À <;< Õ�Ö à Ô'Õ ã ì�× ã�ä ÒMØ

i, l ∈ I
Ô9Ò áªß =�ÒxÙ

Á i ≥ l
?B<�A@S>T�_�H[QDTVH�?B<>QªC>\`T`Q�ËK¾

π(A,B),

Á l ≥ i
?B<�A@S>T�_�H[QDTVH�?B<>QªC>\`T`Q�ËK¾

π(A,C),

à�á Ò�ì
AB(l)

ß ì�×
AC(i)

áªß =�Ò ß � ß Ö ß�å�å Ò å Ò@×Q+KÒ�Ô áKã�ä�á�ã Ø � ß Ö ß�åÂå Ò å'à Õ à�á Ò å ã ì�Ò�Ø`Ò�+�â�Ò�ì àè Ò à Ô9Ò[Ò�ì
ai ß ì�× al ß ì�× ä Õ�ì�=�Ò�ÖMØxÒ å ÓGj

rgues)s]�ut��9¾ÂwYH[_�»�_5=@?BA@?O_�<v
>W 3.¼�TÇS]LxcdT 1
F l

A =
\`_�<Kc ({

ar | r ∈ I
¼�?BA@S

r ≥ l
?B<tA@S>Tg_�H[QDTVH�?B<>QªC>\`T`QtË7¾

π(A,B)

})
,

F l
B =
\`_�<Kc ({

bs | s ∈ I
¼�?BA@S

s ≤ l
?B<tA@S>Tg_�H[QDTVH�?B<>QªC>\`T`QtË7¾

π(A,B)

})
,

F i
A =
\`_�<7c ({

as | s ∈ I
¼�?BA@S

s ≥ i
?B<�A@S>Tg_�H[QDTVH�?B<>QªC>\`T`QtË7¾

π(A,C)

})
LN<>Q

F i
C =
\`_�<Kc ({

cs | s ∈ I
¼�?BA@S

s ≤ i
?B<�A@S>T�_�HMQDTVH�?B<>QªC>\`T`QtË7¾

π(A,C)

})
.

IK?B<>\`T
i ≥ l

?B<tA@S>Tg_�H[QDTVH�?B<>QªC>\`T`Q�ËK¾
π(A,B)

?O=�E�_�hBhO_^¼�=xÛxA@S]LNA0A@S>TYhB?B<>TY=[TV�5U�TV<7A
[ai, al] ⊂

F l
A.
ïb<]LNhO_��d_�C>=@hB¾KÛ0=@?B<>\`T

l ≥ i
?B<�A@S>T�_�H[QDTVH�?B<>QDC>\`TVQ�ËK¾

π(A,B)
?BAJE�_�hBhO_^¼�=xÛnA@S]LNA�A@S>T

hB?B<>Tg=[TV�5U�TV<7A
[ai, al] ⊂ F i

A.
8JTV<>\`T

[ai, al] ⊂ AB(l)
LN<>Q

[ai, al] ⊂ AC(i).

��S>Tg\`_�<7cdTVH[=[TgQª?BH[T`\VA@?O_�<�?O=bLNhO=[_�\VhOTxLNHxW x�gB|hgB�yg
wYH[_�»�_5=@?BA@?O_�<Ã
>W ñ��5?BcKT`=.L�»�_5=[=@?BËD?BhB?BA2¾rA[_¦\`_�<>=@A@H@C>\VAÊLtU�L^Úª?BU�LNh'E�L�\`T�ËK¾ÎL�Q��2C>=@A@?B<D��A1¼�_
»]LNHMLNhBhOTVh�T`Qª�dT`=xWYX
TÇ¼�?BhBh0C>=[TÇA@S>T�<>_�AMLNA@?O_�<�1

AB(l)AC(i) = F l
A + F l

B + F i
C = F i

A + F l
B + F i

C .

È]_�H�A@S>T��dTV<>TVHMLNh{\xL�=[T�¼9T�S]L`cKT 1
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}°z{|Gs]uN|7�Ë��gOp)g
��Ò à

a(1), ..., a(K) ∈ R
n è Ò ß�<Vß â ã�å Ó"Õ < � ÕNØ ãGàGã =�Ò�=�Ò ä`à Õ�ÖMØ ß ì�× å Ò à

Π =
K∑

k=1

Π(k)

Ô ãGà�á
Π(k) = Πa(k) < Õ�Ö

k ∈ K.
��Ò à

F ⊂ Π
è Ò ß â ß p ã â ß�å�<Vßdä Ò9Ô ãGà�á.ä[ß ì�Õ�ì ã�ä[ß�å Ö[Ò < Ò�ÖMÒ�ì ä Ò

Ø�ÓNØ à Ò�â
IF =

(
K0,

[
J (k)

]
k∈K0

)

Ø çDä�á¦à�á7ß5à
F =

∑

k∈K0

∆
(k)

J
(k) + p,

Ô ãGà�á�ß Ø ç7ãGà�ßKè�å Ò�Ø ç â
p
Õ < Òqp à ÖMÒ�â�Ò � Õ ã ì à Ø°Õ <�à�á ÒgÖ[Ò�â ß�ã ì ã ì#+ � Ö ã Ø�â.Ø ã ØÇØ ß5àGã Ø ë Ò[×Gjl á Ò�ìon < Õ�ÖÇÒ�=�Ò�Ö�Ó à Ô'Õ�× ã ¢ Ò�Ö[Ò�ì à�ã ì�× ã�ä ÒMØ

p, q ∈ K0
n{Ô9Ò áªß =�Ò < Õ�Ö à�á Ò ã ì�×KÒqp°ØxÒ à Ø

J (p) ß ì�×
J (q) à�áªß5à Ô ã�à�á ÖMÒMØ � Ò ä`à9à Õ à�á Ò.Õ�Ö@×KÒ�Ö ã ì�× çDä Ò[× è Ó π(Π(p),Π(q))

à�á Ò ã ì�Òu¡ çDß�å ãGà Ó

min
{

J (p)
}

≥ max
{

J (q)
}

á Õ å ×NØ à Ö ç ÒQj
rgues)s]�ut���SD?O=�?O=bLN<t?BUÊU�T`Qª?ÂLNA[T°\`_�<>=[T`ÐKC>TV<>\`Tg_NE;wYH[_�»�_5=@?BA@?O_�<v
>W 3ªW x�gB|hgB�yg

Ì VXWDY[Í û�ÎÉü7aÉøy]`Yg÷�øÏb&ù9ú¦ý�Y�a�a�Ð|VIÑ ú`Ò�ÓD´k]`_7d	Y�a

Ô�Õ0s>�7~Év�|��PgGmhg�XÎT�\`_�<>=@?OQDTVH
3
»DH@?O=@U�=�?B<

R
4 ¼�SD?O\MS�LNH[T��5?BcdTV<�ËK¾P1

A Ö \`_�<Kc
{(0, 0, 0, 0), (7, 0, 0, 0), (0, 5, 0, 0), (0, 0, 3, 0), (0, 0, 0, 1)}

B Ö \`_�<Kc
{(0, 0, 0, 0), (2, 0, 0, 0), (0, 1, 0, 0), (0, 0, 10, 0), (0, 0, 0, 1)}

C Ö \`_�<Kc
{(0, 0, 0, 0), (1, 0, 0, 0), (0, 6, 0, 0), (0, 0, 6, 0), (0, 0, 0, 5)}È]_�H�A@S>T�»�T�H[U°CDAMLNA@?O_�<>=b¼9T�S]LxcdT

π(A,B) =

(
1 2 3 4
2 1 4 3

)

π(A,C) =

(
1 2 3 4
1 2 3 4

)

π(B,C) =

(
1 2 3 4
1 3 2 4

)

8JTV<>\`T�¼�TÇS]LxcdT 1

Π

(
A

B

)
= [ 2, 1, 4, 3 ]
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Π

(
A

C

)
= [ 1, 2, 3, 4 ]

Π

(
B

C

)
= [ 1, 3, 2, 4 ]

l ßKè�å Ò.Õ < i ßdä ÒMØ

×PØ£ÙÛÚ�Ü Ý Þ�ßRà�ÜGá�âÛã ä�å Þ;ßRà�ÜGá�âÛã ä�å Þ�ßRà�ÜGá�âÛã ä�å Þ�ßRà�ÜGá�âÛã ä�åâçæRâÛã è	ä
k = 1 k = 2 k = 3 k = 4

π(A,B) [a1, a2] + [b1, b3, b4]︸ ︷︷ ︸
AB(1)

AB(2) = B AB(3) = A [a1, a2, a3] + [b3, b4]︸ ︷︷ ︸
AB(4)

π(A,C) AC(1) = C [a1, a2] + [c2, c3, c4]︸ ︷︷ ︸
AC(2)

[a1, a2, a3] + [c3, c4]︸ ︷︷ ︸
AC(3)

AC(4) = A

π(B,C) BC(1) = C [b1, b2, b3] + [c3, c4]︸ ︷︷ ︸
BC(2)

[b1, b3] + [c2, c3, c4]︸ ︷︷ ︸
BC(3)

BC(4) = B

é¸êPë�ì�íPîeì�ïeð�ë�ñ¦îeì
9 òôó ïeîeìeõBé¸êPîkö ó ì£÷ òôó ïeîmë�ì¸ïeø�ùPì£÷Nð�úPï	÷Nîeíûñ�üDé¸êPîeø�ð�îeýÏþPõ ÿ��)ë ÷¸ë�ì��

F = [a1, a2] + [b1, b3] + [c2, c4],ñ¦îeï ó úPì�î���îkê ó�� î��
	 min{1, 2} ≥ max{1, 3, 4}

ë�ù�÷NêPîmø�ð�íPîeð�ë�ùPíPúPïeîeí ñoü
π(A,B),

	 min{1, 2} ≥ max{2, 3, 4}
ë�ù�÷NêPîmø�ð�íPîeð�ë�ùPíPúPïeîeí ñoü

π(A,C),

	 min{1, 3} ≥ max{2, 3, 4}
ë�ù�÷NêPîmø�ð�íPîeð�ë�ùPíPúPïeîeí ñoü

π(B,C).


�îeùPïeî�÷NêPî�ë�ùPíPî���ì�î	÷
��êPë�ïRêvñ¦îeö�ø�ù���ì�÷Nø
A

ë�ì
{1, 2},

÷NêPî�ë�ùPíPî��vì�î	÷
��êPë�ïRêvñ¦îeö�ø�ù���ì
÷Nø

B
ë�ì
{1, 3, 4} ∩ {1, 3} = {1, 3}, ó ì ò ø�ö�ö�ø���ì ò ð�ø�ý ÷NêPîmë�ùPî���ú ó ö�ë ÷Në îeì«ë�ý��Pö ë îeíDñoü

÷NêPîmø�ð�íPîeð�ì�ø ò π(A,B) ó ùPí π(B,C). � ù ó ö�ø���ø�úPì�ö üv÷NêPîmì�î	÷�ø ò ë�ùPíPë�ïeîeì {2, 4} ñ¦îeö�ø�ù���ì
÷Nø

C,
ñ�îeï ó úPì�î {2, 4} = Π

(
B
C

)
\ {1, 3}.

é¸êPîkïeø�ð�ð�îeì��¦ø�ùPíPë�ù���ì£ühì£÷Nîeý ø ò ë�ùPî���ú ó ö�ë ÷Në îeì ò ø�ð A + B + C
ë�ì��

30x1 + 30x2 + 5x3 + 6x4 ≤ 300
5x1 + 7x2 + x3 + 10x4 ≤ 95
5x1 + 10x2 + x3 + 2x4 ≤ 70
5x1 + 10x2 + x3 + 5x4 ≤ 85

150x1 + 210x2 + 35x3 + 42x4 ≤ 1610
15x1 + 21x2 + 35x3 + 42x4 ≤ 665
15x1 + 21x2 + 35x3 + 105x4 ≤ 980
25x1 + 30x2 + 5x3 + 6x4 ≤ 255
10x1 + 14x2 + 7x3 + 70x4 ≤ 490
25x1 + 35x2 + 5x3 + 7x4 ≤ 260.
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é¸êPî��¦ø�ö ü�÷Nø���î
A + B + C

ê ó ì¸÷NêPî ò ø�ö�ö�ø���ë ù��
21

î��h÷Nð�îeývî��¦ø�ë�ùo÷Nì��

(0, 0, 0, 0), (10, 0, 0, 0), (9, 1, 0, 0), (9, 0, 6, 0), (9, 0, 0, 5), (7, 1, 10, 0), (7, 0, 16, 0),
(7, 0, 10, 5), (7, 0, 0, 6), (2, 6, 0, 0), (2, 5, 0, 5), (0, 7, 0, 0), (0, 6, 0, 5), (0, 6, 10, 0)
(0, 5, 16, 0), (0, 5, 10, 5), (0, 0, 19, 0), (0, 0, 13, 5), (0, 5, 0, 6), (0, 0, 10, 6), (0, 0, 0, 7).

Ô�Õ0s>�7~Év�|��PgÂoPg
XÎT�\`_�<>=@?OQDTVH

4
»DH@?O=@U�=�?B<

R
5 ¼�SD?O\[S�LNH[T��5?BcdTV<�Ë7¾P1

A Ö \`_�<Kc
{(0, 0, 0, 0, 0), (7, 0, 0, 0, 0), (0, 5, 0, 0, 0), (0, 0, 3, 0, 0), (0, 0, 0, 1, 0), (0, 0, 0, 0, 9)}

B Ö \`_�<Kc
{(0, 0, 0, 0, 0), (2, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 10, 0, 0), (0, 0, 0, 1, 0), (0, 0, 0, 0, 3)}

C Ö \`_�<Kc
{(0, 0, 0, 0, 0), (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 4, 0, 0), (0, 0, 0, 5, 0), (0, 0, 0, 0, 2)}

D Ö \`_�<Kc
{(0, 0, 0, 0, 0), (2, 0, 0, 0, 0), (0, 3, 0, 0, 0), (0, 0, 24, 0, 0), (0, 0, 0, 4, 0), (0, 0, 0, 0, 8)}

È]_�H�A@S>T`=[T�»DH@?O=@U�=�¼�TÇS]LxcdT 1

Π

(
A

B

)
= [ 2, 1, 5, 4, 3 ]

Π

(
A

C

)
= [ 1, 2, 5, 3, 4 ]

Π

(
A

D

)
= [ 1, 2, 5, 4, 3 ]

Π

(
B

C

)
= [ 3, 1, 5, 2, 4 ]

Π

(
B

D

)
= [ 1, 3, 5, 2, 4 ]

Π

(
C

D

)
= [ 4, 1, 2, 5, 3 ]

È>H[_�UXwYH[_�»�_5=@?BA@?O_�<�3ªW î�?BA�E�_�hBhO_^¼�=�A@S]LNA
AB(3) = AC(4) = AD(3) = A,

AB(2) = BC(4) = BD(4) = B,

AC(1) = BC(3) = CD(3) = C,

AD(1) = BD(1) = CD(4) = D.

�JT�ÚªA�¼�T"S]L`cKT
12
E�L�\`T`=.�dTV<>TVHMLNA[T`QÍËK¾ÎA2¼9_�»DH@?O=@U�=xÛY¼�S>TVH[Tt_�<>T�E�L�\`T�_NEJA@S>T��dTV<>TVHMLNAç�

?B<D��»DH@?O=@U�=�?O=�_�<>T��1Qª?BU�TV<>=@?O_�<]LNh1Wy��SD?O=bLNH[T�A@S>TÇE�L�\`T`=Q1
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AB(1) = [a1, a2] + [b1, b3, b4, b5] , AB(4) = [b3, b4] + [a1, a2, a3, a5]
EGH[_�U

Π
(

A
B

)

AC(2) = [a1, a2] + [c2, c3, c4, c5] , AC(3) = [c3, c4] + [a1, a2, a3, a5]
EGH[_�U

Π
(

A
C

)

AD(2) = [a1, a2] + [d2, d3, d4, d5] , AD(4) = [d3, d4] + [a1, a2, a4, a5]
EGH[_�U

Π
(

A
B

)

BC(1) = [b1, b3] + [c1, c2, c4, c5] , BC(2) = [c2, c4] + [b1, b2, b3, b5]
EGH[_�U

Π
(

A
B

)

BD(3) = [b1, b3] + [d2, d3, d4, d5] , BC(2) = [d2, d4] + [b1, b2, b3, b5]
EGH[_�U

Π
(

A
B

)

CD(1) = [c1, c4] + [d1, d2, d3, d5] , CD(5) = [d3, d5] + [c1, c2, c4, c5]
EGH[_�U

Π
(

A
B

)

��S>TVH[T�LNH[T
6
E�L�\`T`=��dTV<>TVHMLNA[T`Q ËK¾ÍA1¼�_r»DH@?O=@U�=xÛ�¼�S>TVH[T�Ë�_�A@S+E�L�\`T`="_NE�A@S>Tt�dTV<>TVHMLNA@?B<D�

»DH@?O=@U�=�?O=�A1¼�_e�1Qª?BU�TV<>=@?O_�<]LNh�Wy��SD?O=�E�L�\`T`=�LNH[TÇ�dTV<>TVHMLNA[T`Q�Ë7¾�A@S>TÇUÊ?OQDQªhOT�TVhOTVU�TV<7A[=�?B<tA@S>T
_�H[QDTVH[T`Q�í	��A@CD»�TVhO=

Π
(

A
B

)
,
TVA[\ 1

AB(5) = [a1, a,a5] + [b3, b4, b5]
EGH[_�U

Π
(

A
B

)

AC(5) = [a1, a2, a5] + [c3, c4, c5]
EGH[_�U

Π
(

A
C

)

AD(5) = [a1, a2, a5] + [d3, d4, d5]
EGH[_�U

Π
(

A
B

)

BC(5) = [b1, b3, b5] + [c2, c4, c5]
EGH[_�U

Π
(

A
B

)

BD(5) = [b1, b3, b5] + [d3, d4, d5]
EGH[_�U

Π
(

A
B

)

CD(2) = [c1, c2, c4] + [d2, d3, d5]
EGH[_�U

Π
(

A
B

)

��S>T�<>T�ÚªA
12
E�L�\`T`=gLNH[T��dTV<>TVHMLNA[T`QrË7¾¦A@SDH[T`T�»DH@?O=@U�=xW.�9¾���S>T`_�H[TVU îªW 
tA@SD?O=JE�L�\`T`=�\xLN<

Ë�TÇ�dTV<>TVHMLNA[T`QtËK¾�_�<>T�_�H�Ë7¾�A2¼9_�?B<>Qª?O\`T`=�E�_�H�A@S>TgL�Q��2C>=@A@U�TV<KAxWYXÎTJË�TV�5?B<�¼�?BA@StA@S>TJÆ>H[=@A
4
E�L�\`T`=xÛª¼�SD?O\[S�LNH[TÇ�dTV<>TVHMLNA[T`Q�Ë7¾tL�Q��2C>=@A@?B<D��_�<>T�?B<>QDT�ÚnW���SD?O=bLNH[T�A@S>TÇE�L�\`T`=Q1

ABC(5) = [a1, a2, a5] + [b3, b5] + [c4, c5]
E�_�H

min{1, 2, 5} = max{3, 4, 5}
?B<

Π(A
B ),

min{1, 2, 5} = max{3, 4, 5}
?B<

Π(A
C ),

min{1, 3, 5} = max{2, 4, 5}
?B<

Π(B
C ),

ABD(5) = [a1, a2, a5] + [b3, b5] + [d4, d5]
E�_�H

min{1, 2, 5} = max{3, 4, 5}
?B<

Π(A
B ),

min{1, 2, 5} = max{3, 4, 5}
?B<

Π( A
D ),

min{1, 3, 5} = max{2, 4, 5}
?B<

Π(B
D ),

ACD(2) = [a1, a2] + [b2, b4] + [d2, d3, d5]
E�_�H

min{1, 2} = max{2, 3, 4, 5}
?B<

Π(A
B ),

min{1, 2} = max{2, 3, 4, 5}
?B<

Π( A
D ),

min{1, 2, 4} = max{2, 3, 5}
?B<

Π(B
D ),

ACD(5) = [a1, a2, a5] + [c4, c5] + [d3, d5]
E�_�H

min{1, 2, 5} = max{3, 4, 5}
?B<

Π(A
C ),

min{1, 2, 5} = max{3, 4, 5}
?B<

Π( A
D ),

min{1, 2, 4, 5} = max{3, 5}
?B<

Π( C
D ),
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(AB(1))(AC(2)) = [a1, a2] + [b1, b3, b5] + [c2, c4]
E�_�H

min{1, 2} = max{1, 3, 4, 5}
?B<

Π(A
B ),

min{1, 2} = max{2, 3, 4, 5}
?B<

Π(A
C ),LN<>Q

min{1, 3, 5} > max{2, 4}
?B<

Π(B
C ),_�H

min{1, 3} > max{2, 4, 5}
?B<

Π(B
C ),

(AC(2))(BC(5)) = [a1, a2] + [b3, b5] + [c2, c4, c5]
E�_�H

min{2, 3, 4, 5} = max{1, 2}
?B<

Π(C
A ),

min{2, 4, 5} = max{1, 3, 5}
?B<

Π(C
B ),

min{1, 2} > max{3, 4, 5}
?B<

Π(A
B ),

(AB(1))(BD(5)) = [a1, a2] + [b1, b3, b5] + [c4, c5]
E�_�H

min{1, 3, 4, 5} = max{1, 2}
?B<

Π(B
A ),

min{1, 3, 5} = max{2, 4, 5}
?B<

Π(B
D ),

min{1, 2} > max{3, 4, 5}
?B<

Π( A
D ),

(AB(1))(BD(3)) = [a1, a2] + [b1, b3, b5] + [c2, c4]
E�_�H

min{1, 3, 4, 5} = max{1, 2}
?B<

Π(B
A ),

min{1, 3} = max{2, 3, 4, 5}
?B<

Π(B
D ),LN<>Q

min{1, 2} > max{3, 4, 5}
?B<

Π( A
D ),_�H

min{1, 2, 5} > max{3, 4}
?B<

Π( A
D ),

(AC(2))(CD(5)) = [a1, a2] + [c2, c4, c5] + [d3, d5]
E�_�H

min{2, 3, 4, 5} = max{1, 2}
?B<

Π(C
A ),

min{1, 2, 4, 5} = max{3, 5}
?B<

Π( C
D ),

min{1, 2} > max{3, 4, 5}
?B<

Π( A
D ),

(CD(2))(BD(5)) = [b1, b3, b5] + [c2, c4] + [d2, d5]
E�_�H

min{2, 4, 5} = max{1, 3, 5}
?B<

Π(D
B ),

min{2, 3, 5} = max{1, 2, 4}
?B<

Π(D
C ),

min{1, 3, 5} > max{2, 4}
?B<

Π(B
C ),

(BD(3))(CD(5)) = [b1, b3] + [c2, c4, c5] + [d3, d5]
E�_�H

min{2, 3, 4, 5} = max{1, 3}
?B<

Π(D
B ),

min{3, 5} = max{1, 2, 4, 5}
?B<

Π(D
C ),

min{1, 3} > max{2, 4, 5}
?B<

Π(B
C ),

(BD(3))(CD(2)) = [b1, b3] + [c2, c4] + [d2, d3, d4]
E�_�H

min{2, 3, 4, 5} = max{1, 3}
?B<

Π(D
B ),

min{2, 3, 5} = max{1, 2, 4}
?B<

Π(D
C ),LN<>Q

min{1, 2} > max{2, 4, 5}
?B<

Π(B
C ),_�H

min{1, 3, 5} > max{2, 4}
?B<

Π(B
C ),

é¸êPîeð�îkë�ì¸ø�ùPî òôó ïeî���êPë�ïRê ë�ì���îeùPîeð ó ÷Nîeí ñoü ó ö�ö ò ø�úPð��Pð�ë�ì�ývì��PëÛõ î#õ

(AB(1))(AC(2))(BD(3) = [a1, a2] + [b1, b3] + [c2, c4] + [d3, d5].

é¸êPë�ì òôó ïeî@ï ó ùDñ¦î@íPî	÷Nîeð�ývë�ùPîeí�ñ�ü�é«êPîeø�ð�îeýµþPõ ÿ ò ð�ø�ý�÷NêPî ò ø�ö�ö ø���ë�ù��kë�ùPî���ú ó ö�ë ÷Në îeì��



? ����� ������!�"��)� ? ��ª

2 > 1 > 3
ë�ù

Π(A
B

),
1 > 2

ë�ù
Π(A

C
),

min{1, 3} > 2
ë�ù

Π(B
C

),
1 > 3

ë�ù
Π(B

D
),

2 > 3
ë�ù

Π(C
D

).

é¸êPë�ì,î�� ó ý��Pö�îeì,ì�êPø#�2÷Nê ó ÷�ë ÷,ë�ì$��ø�ì�ì�ë�ñPö�î�÷Nø@íPî	÷Nîeð�ývë�ùPî ó ö�ö òôó ïeîeì,ø ò ÷NêPî�% ë�ù�&�ø���ì�&�ë
ì�úPý ø ò �Pð�ë�ì�ývì ò ø�ð¸ì�ý ó ö�ö6íPë�ývîeùPì�ë�ø�ùPìeõ
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