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THE SUPERMARKET MODEL WITH BOUNDED QUEUE
LENGTHS IN EQUILIBRIUM

GRAHAM BRIGHTWELL, MARTANNE FAIRTHORNE,
AND MALWINA J. LUCZAK

ABSTRACT. In the supermarket model, there are n queues, each with
a single server. Customers arrive in a Poisson process with arrival rate
An, where A = A(n) € (0,1). Upon arrival, a customer selects d = d(n)
servers uniformly at random, and joins the queue of a least-loaded server
amongst those chosen. Service times are independent exponentially dis-
tributed random variables with mean 1. In this paper, we analyse the
behaviour of the supermarket model in the regime where A(n) = 1—n"¢
and d(n) = [n?|, where a and j are fixed numbers in (0,1]. For suit-
able pairs (a, 8), our results imply that, in equilibrium, with probability
tending to 1 as n — oo, the proportion of queues with length equal to
k= [a/B] is at least 1 — 2n ™+t =18 and there are no longer queues.
We further show that the process is rapidly mixing when started in a
good state, and give bounds on the speed of mixing for more general
initial conditions.

1. INTRODUCTION

The supermarket model is a well-studied Markov chain model for a dy-
namic load-balancing process. There are n servers, and customers arrive
according to a Poisson process with rate A = A(n) < 1. On arrival, a
customer inspects d = d(n) queues, chosen uniformly at random with re-
placement, and joins a shortest queue among those inspected (in case of a
tie, the first shortest queue in the list is joined). Each server serves one
customer at a time, and service times are iid random variables, with an
exponential distribution of mean 1.

A number of authors [17, 18, 23, 7, 8, 13, 11, 12, 9, 6, 5, 21] have studied
the supermarket model, as well as various extensions, e.g., to the setting of a
Jackson network [15] and to a version with one queue saved in memory [19,
14]. There are related ideas in other queueing models, for instance one where
one server inspects d queues and serves the longest [1].

Early papers on the supermarket model concentrated on the case where A
and d are held fixed as n tends to infinity. As with other related models (see,
e.g. [10, 20]), there is a dramatic change when d is increased from 1 to 2: if
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d = 1, the maximum queue length in equilibrium is of order logn, while if
d is a constant at least 2, then the maximum queue length in equilibrium is
of order loglogn/logd.

Luczak and McDiarmid [11] prove that, for fixed A and d, the sequence
of Markov chains indexed by n is rapidly mixing: as n — oo, the time for
the system to converge to equilibrium is of order logn, provided the initial
state has not too many customers and no very long queue. Also, they show
that, for d > 2, with probability tending to 1 as n — oo, in the equilibrium
distribution the maximum queue length takes one of at most 2 values, and
that these values are loglogn/logd + O(1).

More recently, there has been interest in regimes where the parameters
of the model may vary as n tends to infinity. Fairthorne [6] and Mukherjee
et al [21] treat the case where A < 1 is fixed and d = d(n) tends to infinity
with n. Eschenfeldt and Gamarnik [5] consider the “heavy traffic regime”,
where A = A(n) tends to 1 from below as n — 0o, and d is held fixed.

In this paper, we study a different regime. We focus on the case where
A=An)=1-n""and d = d(n) = |n®|, where a and f3 are fixed constants
in (0,1] with ¥ — 1 < o/ < k for some positive integer k. We also require
that 2ac < 1+ B(k — 1), for reasons that we shall explain after the statement
of Theorem 1.1 (see Remark (4)). Our results imply that, in equilibrium,
with high probability (i.e., with probability tending to 1 as n — o), the
proportion of queues of length exactly equal to k is at least 1 — on—atk-1)5
and there are no longer queues. Our methods actually cover a much broader
range of parameter values, but we focus on this case for ease of exposition.

We offer two reasons why such a regime might be of interest: for one, this
is a range of parameter values where near-perfect load balancing is achieved,
with bounded maximum queue length, even when the system is running at
nearly full capacity, and the values of d we obtain thus represent a sufficient
amount of resource (in terms of inspection of queue-lengths) required to
achieve this load-balancing. From a more theoretical viewpoint, we see our
regimes, for the different values of [a/f], as possessing a scaling limit as
n — oo, and varying the parameters so that o/ passes through an integer
is an example of a phase transition.

To motivate our results, we first give heuristics to indicate what behaviour
we might expect. Consider the infinite system of differential equations

dvéft) = A1) = v5(0)") = (5(8) = v (#), i1, (11)

where vo(¢) = 1 for all ¢. For an initial condition v(0) such that 1 > v;(0) >
v2(0) > ... > 0 and v;(0) — 0 as j — oo, there is a unique solution v(t)
(t > 0), with v(t) = (v;(t))j>1, which is such that 1 > vi(t) > wva(t) >
... >0 and vj(t) - 0 as j — oo, for each ¢t > 0. It follows from earlier
work [23, 7, 8, 13, 12] that, with high probability, for each j, the proportion of
queues of length at least j at time ¢ stays “close to” v;(t) over a bounded time
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interval (or an interval whose length tends to infinity at most polynomially
with n), assuming this is the case at time 0.

The system (1.1) has a unique, attractive, fixed point 7 = (7;);>1, such
that m; — 0 as j — oo, given by

7Tj = )\1+...+d]'—17 ] 2 1. (12)

If XA and d are fixed constants, then, in equilibrium, with high probability,
the proportion of queues of length at least j is close to m; for each j > 1;
see [7, 8, 11, 12].

For A\ and d functions of n, there is no single limiting differential equation
(1.1), but rather a sequence of approximating differential equations, each
with their own solutions and fixed points. In this paper, we do not address
the question of whether such approximations to the evolution of the process
are valid in generality, focussing solely on equilibrium behaviour and the
time to reach equilibrium. If A = 1 —n~% and d = |n”|, and k is an integer
with £ — 1 < /8 < k, then

T = AT S (1— n—cv)(lJro(l))cl’“‘1 > 1 — (1 4 o(1))n-o+E=15
= 1- 0(1)7

1
Tea1 = AT < exp(—dfnT) < exp(—gnkﬁ‘“) =o(1/n).

We will indeed show that, in equilibrium, with high probability, there are no
queues of length greater than k, while the proportion of queues with length
exactly k tends to 1 as n — co. Moreover we show that, for 0 < j < k, the
number of queues of length exactly j is very close to n(m; —mjy1) ~ pl—atif,

We also prove results on mixing time to equilibrium. We show that, if
we start in a “good” initial state (one without any very long queue, and
without too many customers in the system in total), then the mixing time
is of order n*+t(*=D8 Jogn, which is best possible up to the logarithmic term.
We also prove general bounds on the mixing time, in terms of the initial
number of customers and the initial maximum queue length, and show that
these bounds are also roughly best possible.

We will shortly state our main results precisely, but first we describe the
supermarket model more carefully. In fact, we describe a natural discrete-
time version of the process, which we shall work with throughout; as is
standard, one may convert results about the discrete time version to the
continuous model, with the understanding that one unit of time in the con-
tinuous model corresponds to about (1 + A\)n steps of the discrete model.

A queue-lengths vector is an n-tuple (z(1),...,z(n)) whose entries are
non-negative integers. If z(j) = i, we say that queue j has length i, or
that there are 7 customers in queue j; we think of these customers as in
positions 1,...,1 in the queue. We use similar terminology throughout; for
instance, to say that a customer arrives and joins queue j means that x(j)
increases by 1, and to say that a customer in queue j departs or is served
means that z(j) decreases by 1. Given a queue-lengths vector x, we write
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[z[1 = >=%_; #(j) to denote the total number of customers in state x, and
||| coc = maxx(j) to denote the maximum queue length in state .

For each i > 0, and each x € Z'}, we define u;(x) to be the proportion of
queues in x with length at least i. So ug(x) = 1 for all z, and, for each fixed
x, the u;(x) form a non-increasing sequence of multiples of 1/n, such that
ui(z) = 0 eventually. The sequence (u;(x))i>0 captures the “profile” of a
queue-lengths vector z, and we shall describe various sets of queue-lengths
vectors, and functions of the queue-lengths vector, in terms of the w;(x).

For positive integers n and d, and A\ € (0,1), we now define the (n,d, \)-
supermarket process. This process is a discrete-time Markov chain (X;),
whose state space is the set Z" of queue-lengths vectors, and where transi-
tions occur at non-negative integer times. Each transition is either a cus-
tomer arrival, with probability A\/(1 + X), or a potential departure, with
probability 1/(1 + X). If there is a potential departure, then a queue K
is selected uniformly at random from {1,...,n}: if there is a customer in
queue K, then they are served and depart the system. If there is an arrival,
then d queues are selected uniformly at random, with replacement, from
{1,...,n}, and the arriving customer joins a shortest queue among those
selected. To be precise, a d-tuple (K71,..., Ky) is selected, and the customer
joins queue k = K, where j is the least index such that z(K;) is minimal
among {z(K1),...,z(Ky)}.

For x € Z%, (X}) denotes a copy of the (n,d, \)-supermarket process
(X:) where Xy = = a.s. Throughout, we let (Y;) denote a copy of the
process in equilibrium. The processes depend on the parameters (n,d, \),
but we suppress this dependence in the notation. Throughout, we use (F3)
to denote the natural filtration of the process (X;). We use the notation
P(-) freely to denote probability in whatever space we work in.

We now state our main results. First, we describe sets of queue-lengths
vectors N'(n, «, 3): our aim is to prove that, for suitable values of o and 3,
with d = [n®], A = 1 — n~ and n sufficiently large, an equilibrium copy of
the (n,d, \)-supermarket process is concentrated in the set N (n,a, §).

For o, 8 € (0,1], let k = [a/B], and let N(n,a, ) be the set of all
queue-lengths vectors  such that: ugi1(z) =0 and, for 1 < j <k,

1 (i
_ @)n +(-1)8 <1 —uj(ac) < (1 +

1
logn

Jn—otG—D8,

(1

So, for x € N(n, a, B), we have the following.

(a) There are no queues of length k + 1 or greater.

(b) For 1 < j < k, the number of queues of length less than j is n(1 —
u;(z)), which lies between (1 + @)nl_‘”(ﬁl)ﬂ.

(c¢) In particular, the number of queues of length less than k is at most
(1+ @)nl_a"’(k_l)ﬁ = o(n), and so the proportion of queues of
length exactly k£ tends to 1 as n — oo.
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(d) For 1 < j < k — 1, the number of queues of length exactly j is
n(u;(x) — ujt1(x)), which lies between (1 £ ﬁ)nlfaﬂﬁ.

Theorem 1.1. Suppose that «, 5 € (0, 1] are constants with k—1 < o/ < k
for some natural number k, and that 2a < 1+ B(k — 1). Suppose also that
A=An)=1-n"%and d = d(n) = |n?|. Then, for n sufficiently large, a
copy (Yy) of the (n,d, \)-supermarket process in equilibrium satisfies

P(Y; ¢ N(n,a,f) < e 118",

Remarks

(1) In fact, our proofs go through essentially unchanged if we demand only
that 1 — A\(n) = n= %91 and d(n) = nf+9%2(") where 6,(n) and dy(n) tend
to zero as n — oo, and we replace instances of n=*tU=D# in the definition
of N'(n,a, ) by (1 —X)d’~!. For ease of exposition, we prefer to stick to
definite values of A and d; however, from now on we allow ourselves to write
simply d = n?, even though this need not be an integer.

(2) The conclusion of the theorem implies that it is rare for there to be
queues of length greater than k in equilibrium, and so in particular it is
rare for the last arriving customer to have joined a queue containing k£ other
customers. Theorem 1.1 can thus be used to make statements about the
performance of the system in equilibrium in terms of the total waiting time
for each customer; we leave the details to the interested reader.

(3) In the case where v < 3, Theorem 1.1 tells us that, in equilibrium,
the maximum queue-length is 1 with high probability, and therefore that it
will be extremely rare for an arriving customer to join a non-empty queue.
In this case, some of the complexity of our proof can be avoided. This
range is also covered by Fairthorne [6], with essentially the same proof and
some sharper results, e.g. giving conditions for the maximum queue-length
remaining equal to 1 for a time period n® for fixed K.

(4) We now indicate why the condition 2a < 1+ 3(k — 1) in Theorem 1.1 is
necessary. For a state in N (n,a, 8), the total number of customers in the
system is at least kn — ont—ot(k=1B 1f we consider the next n2® steps, the
number of arrivals minus the number of potential departures is asymptoti-
cally a normal random variable with mean and standard deviation both of
order n®. So the probability that the number of arrivals minus the num-
ber of departures is at least 3n® is bounded away from zero as n — oco. If
a>1—a+ (k—1)3, then this many excess arrivals would drive the total
number of customers in the system over kn, which certainly implies that
some queue of length k£ 4 1 would be created.

(5) If &« > 1 and 3 is arbitrary, a similar argument shows that, in equilibrium,
for each k, the probability that there is a queue of length at least k is bounded
away from zero. Indeed, starting from any state, for any k& € N, there is a
positive probability that, over the next n? transitions, the number of arrivals
exceeds the number of departures by at least kn.
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(6) For A < X, there is a coupling of the (n,d, \)- and (n, d, \')-supermarket
processes, so that at each time, each queue in the (n,d, \)-supermarket
process is no longer than in the (n,d, \')-supermarket process, provided this
is true at time 0. So, for instance, if at a given time there are at least m
queues with length k in the (n,d, \)-supermarket process, then there are
also at least m queues with length at least k in the (n,d, \')-supermarket
process. If a/f is equal to a positive integer k, and o < k/(k 4+ 1) (so
that the condition 2av < 1+ (k — 1)f is satisfied), then we can couple with
the process for slightly lower, and slightly higher, values of «, to see that
the maximum queue length in equilibrium is, with high probability, either
k or k + 1, and that most queues have length either k£ or k£ + 1. Similarly,
for d < d', there is a coupling of the (n,d’, \)-supermarket process and the
(n,d, N)-supermarket process such that, for all times ¢ > 0, and for each j,
the number of customers in position at least j in their queue is no higher in
the first process than the second (see [22, 7]).

Combining these arguments actually gives an essentially complete picture
of the maximum queue length in equilibrium for any parameters « € (0, 1),
B > 0. The regions of the («, 8)-plane not covered by Theorem 1.1 are of
the form By = {(a,f) :a <1, < B < 2];":11}. For a model with param-
eters in Ey, coupling in d shows that, with high probability, the maximum
queue length in equilibrium is at most k£ + 1; coupling in A shows that, with
high probability, the maximum queue length in equilibrium is at least k.
Moreover, the argument in Remark (4) shows that the value k 4+ 1 occurs
with probability bounded way from zero as n — oc.

(7) We define the model so that d queues are chosen with replacement, so
it makes sense to ask what happens if § > 1. In this case, most arriving
customers inspect every queue, and the situation is essentially the same
as when § = 1 (when most arriving customers inspect at least half of the
queues), or as when every arriving customer inspects every queue (the “join
the shortest queue” protocol). Our result in this case says that, for a < 1/2,
the maximum queue length is 1 with high probability in equilibrium. For
a > 1/2, we are in the region E; defined in the previous remark: the
maximum queue length is either 1 or 2 with high probability in equilibrium,
and the value 2 occurs with probability bounded away from 0. For the join
the shortest queue protocol and A = 1 — en~1/2, this situation is explored in
detail by Eschenfeldt and Gamarnik [4].

(8) The case aw = 1/2 has been studied in queueing theory under the name
of the Halfin-Whitt heavy traffic regime. In this case, Theorem 1.1 applies
whenever § < 1/2 and 1/2f is not an integer, and the result implies that,
in equilibrium, the proportion of queues of length [1/28] tends to 1 as
n — oo, and with high probability there are no longer queues. For g >
1/2, the maximum queue length in equilibrium is either 1 or 2 with high
probability, and the value 2 occurs with probability bounded away from 0,
as in Remark (4).
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This is an explicit example of a model where we have a type of scaling
limit: as we increase n with A = 1 —n~% and d = n?, we retain the property
that almost all queues have length k& = [a/f] in equilibrium, with high
probability, and the number of shorter queues is of order n!=+L2/818 — o(n).
As we adjust the parameters so that o/ passes through an integer value,
we have a phase transition to a different equilibrium regime.

As mentioned earlier, and explained in more detail in Section 2, our results
are in line with a more general hypothesis: for a very wide range of parameter
values, the maximum queue length of the (n,d, \)-supermarket model in
equilibrium is within 1 of the largest £ such that

T = Altdtedt T l

n

(Recall that 7 is the “predicted” proportion of queues of length at least k;
see (1.2).) This general hypothesis holds when A\ and d are constants:
see [11]. It is also valid for the range where A is fixed and d — oo: see [6],
and at least approximately when A — 1 and d is fixed: see [5].

We now state our results concerning “rapid mixing”, i.e., rapid conver-
gence to equilibrium. For x € Z', let L(X}) denote the law at time ¢ of the
(n,d, \)-supermarket process (X}) started in state z. Also let II denote the
stationary distribution of the (n,d, \)-supermarket process.

Theorem 1.2. Suppose that \(n) = 1—n"% and d(n) = n®, where a, 3 and
k = [a/B] satisfy the conditions of Theorem 1.1. Let x be a queue-lengths
vector in N'(n,a, 8). Then, for all sufficiently large n and for all t > 0,

dry (L(X),II) <n (2@_411 log? n + 4 exp (— 1600kn§+(k_1)5>> .

In other words, for a copy of the process started in a state in N'(n,«, 3),
the mixing time is at most of order n't*=1Dflogn = o(n!t®) = o(n?).
In fact, this upper bound on the mixing time is best possible up to the
logarithmic factor: we show that mixing, starting from states in N'(n, o, 3),
requires order at least n*t(* =18 gteps.

Theorem 1.3. Suppose that A(n) = 1 —n™ and d(n) = n®, where o, 3
and k = [a/B] satisfy the conditions of Theorem 1.1. For all sufficiently
large m, there is a state z € N(n,«a, 8) such that, fort < %nlﬂk*l)ﬁ,

dry(L(X7),TT) > 1 — 2" 118" n,

From states not in N(n,«, ), we cannot expect to have rapid mixing
in general. For instance, suppose we start from a state x with number of
customers ||z|; > kn. The expected decrease in the number of customers
at each step of the chain is at most Lj—i, so mixing takes at least of order
(lzl]lr — kn)(1 — A\)~t = (||| — kn)n® steps. Similarly, if we start with
one long queue, of length ||z|x > k, then mixing takes at least of order
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([[z]|co — k)n steps, to allow time for enough departures from the long queue.
This shows that, for instance, if either ||z||; > 2kn or ||zl > 2k, and

1
t < 1 max (||$1Hn°‘, Hx||oon), (1.3)

then the total variation distance dpy (L(X[,II) is near to 1. The next result
gives an upper bound on the mixing time for (X7) in terms of ||z||; and
||| oo, and shows that (1.3) is best possible up to the constant factor.

Theorem 1.4. Suppose that o and B satisfy the hypotheses of Theorem 1.1,

and let © be any queue-lengths vector with ||| < e1°8° " Then for n
sufficiently large and

t > 7200(kn'® + ||z][1n® + [[z]wn),
we have dpy (L(X]), 1) < 9e—t logn

In the case where the dominant term in the expression above is kn't®,
this result is not as sharp as that in Theorem 1.2, since a > (k — 1)0.

The supermarket model is an instance of a model whose behaviour has
been comprehensively analysed even though there are an unbounded number
of variables that need to be tracked — namely, the proportions u;(X;). While
what we achieve in this paper is similar to what is achieved by Luczak and
McDiarmid in [11] for the case where A and d are fixed as n — 0o, only some
of the techniques of that paper can be used here, as we now explain.

The proofs in [11] rely on a coupling of copies of the supermarket process
where the distance between coupled copies does not increase in time. This
coupling is, in particular, used to establish concentration of measure, over
a long time period, for Lipschitz functions of the queue-lengths vector; this
result is valid for any values of (n,d,\), and in particular in our setting.
Fast coalescence of coupled copies, and hence rapid mixing, is shown by
comparing the behaviour of the (n,d, \)-process (d > 2) with the (n, 1, A)-
process, which is easy to analyse. This then also implies concentration of
measure for Lipschitz functions in equilibrium, and that the profile of the
equilibrium process is well concentrated around the fixed point 7 of the
equations (1.1).

The coupling from [11] also underlies the proofs in the present paper.
However, in our regime, comparisons with the (n, 1, A)-process are too crude.
Thus we cannot show that the coupled copies coalesce quickly enough, until
we know something about the profiles of the copies, in particular that their
maximum queue lengths are small. Our approach is to investigate the equi-
librium distribution first, as well as the time for a copy of the process from
a fairly general starting state to reach a “good” set of states in which the
equilibrium copy spends most of its time. Having done this, we then prove
rapid mixing in a very similar way to the proof in [11].

To show anything about the equilibrium distribution, we would like to ex-
amine the trajectory of the vector u(Xy), whose components are the u;(X})
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for ¢ > 1. This seems difficult to do directly, but we perform a change of vari-
ables and analyse instead a collection of just k functions Q1 (X¢), ..., Qr(Xy).
These are linear functions of u1(Xy), ..., ux(X), with the property that the
drift of each @Q;(X¢) can be written, approximately, in terms of Q;(X;) and
Qj+1(X;) only. Exceptionally, the drift of Q(X;) is written in terms of
Qr(X:) and ugyq1(Xy) (which in fact is usually zero in equilibrium). The
particular forms of the ); are chosen by considering the Perron-Frobenius
eigenvalues of certain matrices M), derived from the drifts of the wu;(z).
Making this change of variables allows us to consider one function Q;(X¢)
at a time, and show that each in turn drifts towards its equilibrium mean
(which is derived from the fixed point 7 of (1.1)), and we are thus able to
prove enough about the trajectory of the Q;(X;) to show that, starting from
any reasonable state, with high probability the chain soon enters a good set
of states where, in particular, ug41(X¢) = 0, and so the maximum queue
length is at most k. We also show that, with high probability, the chain
remains in this good set of states for a long time, which implies that the
equilibrium copy spends the vast majority of its time in this set. The ar-
gument from [11] about coalescence of coupled copies can be used to show
rapid mixing from this good set of states. The drift of the function Qy to its
equilibrium is slower than that of any other @;, and its drift rate is approx-
imately n~1=(=1B  which is close to the spectral gap of the Markov chain
(X:), and hence determines the speed of mixing in Theorem 1.2.

The structure of the paper is as follows. In Section 2, we expand on the
discussion above, and motivate the definitions of the functions Q; : Z'} — R,
which are fundamental to the proof. In Section 3, we give a number of results
about the long-term behaviour of random walks with drifts, including several
variants on results from [11]. In Section 4, we describe the key coupling
from [11], and use it to prove some results about the maximum queue length
and number of customers. In Section 5, we discuss in detail the drifts of the
functions @;j. The proof of Theorem 1.1 starts in Section 6, where we show
how to derive a slightly stronger result from a sequence of lemmas. These
lemmas are proved in Sections 7-9. We prove our results on mixing times
in Section 10.

Note: this paper is heavily based on a manuscript [3] by the first and third
named authors, placed on the arXiv in 2012, but not published in any other
outlet. The present paper also incorporates results from the second author’s
PhD thesis [6]. The results proved in the present paper are in some sense
weaker than those in [3] and [6], as, purely for the sake of exposition, we only
treat the case where 1 —\(n) and d(n) are powers of n, and state our results
only in asymptotic form. In a more important sense, our results here are
stronger, as they cover essentially best possible ranges of exponents; the key
improvement in our methodology compared to [3] is that here we state and
use Lemma 3.2 in a form where we get a stronger bound when a function on
the state space stays the same with high probability at any step, allowing
us to take proper account of the fact that the @); for j < k rarely change
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value. Our intention is to update [3] to incorporate these improvements in
our more general setting.

2. HEURISTICS

In this section, we set out the intuition behind our results and proofs. As
before, let (Y;) be an equilibrium copy of the (n,d, A)-supermarket process.
Guided by the results in [6, 11], we start by supposing that, for each i > 1,
u;(Y:) is well-concentrated around its expectation u;, and seeing what that
implies about the u;. For a function F' defined on the state space, and a state
x, we define the drift of F' at x to be AF(z) = E[F(X41) — F(Xy) | X¢ = z],
which is independent of t. We have

Aui(Ye) = Elui(Yis1) —ui(Vy) [ V]
1
= mp\ui—l(n)d — Aui (YD) ? = i (V) + i1 (V2))-(2.1)
To see this, observe that, for ¢ > 1, conditioned on Y;, the probability
that the event at time ¢ + 1 is an arrival to a queue of length exactly ¢ — 1,
increasing u; by 1/n, is H% (ui_l(Yt)d — ui(Y})d), while the probability that
the event is a departure from a queue of length exactly ¢, decreasing wu; by
1/n, is HL/\ (ui(Yz) — ui+1(Y:)). Note that wug is identically equal to 1.
Taking expectations on both sides, and setting them to 0, we see that,
since (Y;) is in equilibrium,

1
0 =E[u;(Yey1) — wi(Y2)] = mp\ugq = = +ug],  (22)
where the approximations Ewu;(Y;)? ~ ué and Eu;—1(Y;)? =~ ud | are justi-
fied because of our assumption that u;(Y;) and u;—1(Y;) are well-concentrated
around their respective means u; and wu;_1.
The system of equations

O=Md - M —mi+mp (i=1,2,...), (2.3)
with m9 = 1, has a unique solution with m; — 0 as ¢ — co, namely:
o= AT G =0,1,..)),

as in (1.2). See [11] and the references therein for details.

By analogy with [11], and motivated by (2.2), if the u;(Y;) are well con-
centrated, we expect that u; ~ m;, for each i, and moreover that the values
of u;(Y;) will be close to the corresponding 7; with high probability. In the
regime of Theorem 1.1,

logm; =log(1— (1 =A)(1+4---+d 1) ~ —p=oFt=D8

for each ¢ > 1. As we are assuming that (k — 1)8 < a < k@3, this means
that m; is close to 1 for ¢« < k, and very close to 0 for ¢ > k. In particular,
mr+1 (which we expect to be the approximate proportion of queues of length
greater than k) is much smaller than 1/n, suggesting that, in equilibrium,
the probability that there is a queue of length greater than k is very small.
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On the other hand, the fact that mj is close to 1 suggests that, in equi-
librium, most queues have length exactly k. Moreover, 7¢ = 1 — o(1) for
i < k, so that 1 — 7 ~ d(1 — 7;), whereas 7 = o(1). We then obtain the
following linear approximation to the equations (2.3), written in terms of

variables 1 — @1, ...,1 — Qg:
0 = Ml—-a)+1—a1)—(1-—a9),
0 = —Ad(l — ’ai_l) + /\d(l — ﬂz) + (1 — ﬁl) — (1 — ’L~Li+1)
2<i<k—1),
0 = (- )+ (1—ay)—(1—N).

These linear equations have solution @ given by
L=t =1 =M1+ AN+ +AD)Y (i=1,...,k).
We then have the further approximation
-t~ (1=XNX\), (i=1,...,k),

and we aim to show that indeed each wu;(x) is close to the corresponding ;
with high probability in equilibrium.

Ideally, we would seek a single “Lyapunov” function of the u;(z), which
is small when wu;(x) =~ @; for each i, and larger otherwise, and which has a
downward drift outside of a small neighbourhood of %: we could then analyse
the trajectory of this function to show that (uq(z),. .., ux(x)) stays close to
for a long period. We have been unable to find such a function, and indeed
analysing the evolution of the w;(X;) directly appears to be challenging.
Instead, we work with a sequence of functions @Q;(x), j = 1,...,k, each
of the form Q;(z) = nY ] ;v;i(1 — u;(z)), where the ~,; are positive real
coefficients. This sequence of functions has the property that the drift of
each Q;(z) can be written (approximately) in terms of Q;(x) itself and
Qj+1().

Let us see how these coefficients should be chosen, starting with the special
case j = k, where we write ; for 74 ;. Consider a function of the form
Qr(z) = anzl ~i(1 —u;(x)). As in the argument leading to (2.1), we have
that the drift of this function satisfies

(1 +XNAQk(z)

k
= —(1+ M0 mAu(z)

i=1

k
= — Z Vil i1 (2) — Ay () — wi(2) + w1 (2))]
=1

k

= > 1 = w1 (@)?) = A = wi(2)?) = (1= wi(2)) + (1= uiga (2)].

i=1
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Making the approximations ug(x)? ~ 0, and 1 — u;(2)? ~ d(1 — u(z)) for

i1=1,...,k — 1, and rearranging, we arrive at
1+ N)AQk(x) >~ w(l = A —upgr(x)) + (-1 — ) (L — up(2))(2.4)
k—1
+ ) d(vis = %) = v+ viea) (L = wi@).
i=1

We set 79 = 0 for convenience of writing the above expression. This calcu-
lation is done carefully, with precise inequalities, in Lemma 5.1 below. We
would like to choose the ~; so that the vector

(Ad(v2 =) =71 +70, - M (Ve = Ye-1) = Yh-1 + Vh—2,Ve-1 — &) (2.5)

of coefficients of the (1—u;) in (2.4) is equal to some multiple — (1, . . ., Ye—1, V&)
of the vector with components ~y;, with u > 0. This would entail
k(x
(14 NAQK() = 3ol = A — ups (a)) — PO,

n

which in turn would mean that @ drifts towards a value of (1 — A —
ups1(xz))n/p. If also ugiq(z) is (nearly) equal to 0, we should obtain that
Qr(z) approaches V(1 — A\)n/u — if Q is above this value then it drifts
down, whereas if QQ is below then it drifts up. What we need in order for
the vector (2.5) to be a multiple of (’yl, e ,’yk) is for (71, e ,fyk) to be a
left eigenvector of the k x k& matrix

—-Ad—1 1 0 e 0 0 0
Ad —Ad—1 1 e 0 0 0
0 Ad —-Ad—-1 .- 0 0 0
M= : T S
0 0 0 e =Ad—1 1 0
0 0 0 e Ad —Ad—1 1
0 0 0 e 0 Ad -1
with eigenvalue —pu, or, equivalently, of the matrix
o 1 0 --- 0 0 O
AMd 0 1 -~ 0 0 O
0O Md O --- 0 0 O
Mj=Mp+ M+ D= & 00 00
o 0o o0 -+~ 0 1 0
0 0 0 --- X 0 1
0 0 0 --- 0 A M\

The non-negative matrix M, has a unique largest “Perron-Frobenius” eigen-
value, with a positive left eigenvector. By inspection, we see that, for k > 2,
this left eigenvector is close to the all-1 vector, with an eigenvalue close to
Ad + 1, so that M}, has largest eigenvalue very close to 0. Recursion shows
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that a better approximation to the Perron-Frobenius left eigenvector of M;,
is (’yl, . ,'yk), where
1 1—1
(Ad)" (M)

fori =1,...,k, and the largest eigenvalue p of M, is very close to —1/(\d)*~1.
We shall see in Lemma 5.1 that this approximation is close enough for our
purposes, enabling us to show that, with these choices of the ~;,

Qr(2)
n(Ad)k—1’

and thus Qg(z) drifts towards a value close to (1 — A)n(Ad)¥~!. A further
consequence is that, in order for Q¢ () to move from (142¢)(1—\)n(Ad)**
to (1£¢)(1—MN)n(Ad)*~1, it has to travel a distance of (1—\)n(Ad)*~! while
drifting at rate no greater than 2¢(1 — )), and so time of order n(\d)*~!
is required. This is then a lower bound on the mixing time from a “good”
state to equilibrium, nearly matching that in Theorem 1.2. We make this
argument precise at the very end of the paper.

For 1 < j < k, if Qj(z) = n>_]_;7;i(1 — u;), then a similar analysis
reveals that

(1+ N)AQu() = (1) -

J
(TH+NAQ; (x) = ~(1—ui(2)) [ji1 + Adyji1 — (A + D)zl +(1—ujp (2)).
i=1

(See the proof of Lemma 5.2.) We think of 1 —u;1(z) as an “external” term
(which in practice will be very close to Qj4+1(x)/n), which will determine
the value towards which @Q); drifts. We would like the rest of the expression
to be a negative multiple of Qj(z). For this we need ('yj,l, .. 77]-7]-) to be a
left eigenvector of the j x j matrix

—Ad—1 1 0 e 0 0 0
Ad —Ad —1 1 S 0 0 0
0 Ad —Ad—1 --- 0 0 0
Mj=| : S : :
0 0 0 e =Ad—1 1 0
0 0 0 “e Ad —Ad—1 1
0 0 0 “e 0 Ad —Ad—1
with eigenvalue —p < 0 or, equivalently, of the matrix
0O Md O --- 0 0 O
1 0 M --- 0 0 0
o1 0 --- 0 0 O
Mj=M;+\d+ D=1 0 o0 0
0 0 O 0 M O
0 0 O 1 0 M
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with eigenvalue Add+1— p. These matrices are tridiagonal Toeplitz matrices,
and there is an exact formula for the eigenvalues and eigenvectors. (See, for
instance, Example 7.2.5 in [16].) The Perron-Frobenius eigenvalue of M is

2/ Ad cos (j%), with left eigenvector (’yj,l, e a%}j) given by

() (j—i)/fm(jfl)‘
sin %

Vi =

This means that the largest eigenvalue of M; is —Ad + O(v/Ad), so that we
obtain

(1+ NAQ;(z) ~ —)\deTEm) + Qf*nl(x) (1<j<k)
meaning that Q;(z) will drift to a value close to Q;+1(z)/Ad. The choices of
coefficients ensure that, if the u;(z) are all near to @; ~ 1 — (1 — \)(Ad)’ 1,

then

J iosin(f)

Q@) = 1>l — wi(@) = n(1 = N) Y. ——I ()2,

i=1 i—1 Sin <JJ%>
and the top term ¢ = j dominates the rest of the sum, provided Ad is large,
so Qj(z) ~ (1 — uj(x)): this is also true for j = k. Thus the relationship
Qj ~ Qj+1/Md is as we would expect.

This means that, if Q;41(X;) remains in an interval around QjH =
n(1 — A)(Ad)’ for a long time, then Q;(X;) will enter some interval around
Qj within a short time, and stay there for a long time. We can then conduct
the analysis for each @; in turn, starting with j = &, to show that indeed
all the Q;(X¢) quickly become close to Qj, and stay close to Qj for a long
time. This will then imply that the u;(X;) all become and remain close to
Uj.

’ A subsidiary application of this same technique forms another important
step in the proofs (see the proof of Lemma 6.5(1)). If we do not assume that
ug+1(x) is zero, but instead build this term into our calculations, we obtain
the approximation

(14 NAQ(e) = (1= A= e (2)) —
If w11 (X;) remains above €(1—\), for some € > 0, for a long time, this drift
equation tells us that )y drifts down into an interval whose upper end is
below the value Qy, and then each of the Q; in turn drift down into intervals
whose upper ends are below the corresponding Qj, and remain there. For
j = 1, this means that the number of empty queues is at most (1—39)(1—A)n,
for some positive §, for a long period of time; this results in a persistent drift
down in the total number of customers (since the departure rate is bounded
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below by n — (1 —9)(1 — A\)n = An+ 6(1 — X\)n while the arrival rate is An),
and this is not possible.

3. RANDOM WALKS WITH DRIFTS

In this section, we state some general results about the long-term be-
haviour of real-valued functions of a Markov chain with bounds on the drift.
These are variants of results of Luczak and McDiarmid [11] and Brightwell
and Luczak [2], and we do not give the proofs in full detail.

We start with a lemma concerning random walks with a drift, adapted
from a result of Luczak and McDiarmid [11]. We have a sequence (R;) of real-
valued random variables; on some “good” event, the jumps Z; = Ry — Ry
have magnitude at most 1, and expectation at most —v < 0. The lemma
shows that, on the good event, with high probability, such a random walk,
started at some value rg, hits a lower value r; after not too many more than
(ro —r1)/v steps.

Lemma 3.1. Let o9 C 1 C ... C ¢, be a filtration, and let Z1, ..., Zy, be

random variables taking values in [—1, 1] such that each Z; is p;-measurable.

Let FEo, E1,...,En_1 be events where E; € @; for each i, and let EE =

ﬂ?lgl E;. Fixv € (0,1), and let 9,71 € R be such that ro > r; and vm >

2(ro —r1). Set Ry = ro and, for each integert > 0, let Ry = Ry + Z';f:l Z;.
Suppose that, for each i =1,...,m,

E(ZZ‘ ’ QOi—l) < —v on Ei—l N {Ri—l > 7”1}.

Then
2

P(EN{R; > r Vte{l,...,m}})gexp<—%).

We omit the proof, which is similar to one in [11].
For a discrete-time Markov process (X;) with state space X, a real-valued
function F' defined on X, and an element z of X', we define

AF(z) = E[F(Xy11) — F(X}) | X, = 2,

and call this the drift of F' (at z). Similarly, we shall also use the notation
AF(X) to denote the random variable E[F(X;y1) — F(X}) | X4].

The next lemma says that, if the function F' has a negative drift of mag-
nitude at least v > 0 on a good set U, and makes jumps of size at most 1,
then it is unlikely to increase by a large positive value before leaving U.

Lemma 3.2. Let a, v and p be positive real numbers, with v < p < 1.
Let (X¢)e>0 be a discrete-time Markov process with state-space X, adapted
to the filtration (¢)i>0. Let F' be a real-valued function on X such that,
|F(y) — F(z)| <1 whenever P(X;11 =y | X; =x) > 0. Let U be a subset of
X such that, for x e U, AF(x) < —v and P(F(X;41) = F(X;) | X; = x) >
1—p. Let Ty = inf{t : Xy ¢ U}, and let T = inf{t : F(X;) — F(Xo) > a}

Then 100
P(T < Ty) < —5e /.
(Y
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Proof. (Sketch) ~ We use Theorem 2.5 of [2], applied to the function F.
Translated into our setting, that result says that, for all ¢ > 0, and all
w > 0,

P({Ty >t} N {F(X;) — F(Xo) 4 vt > max(y/wpt,w)} | o) < 2e™/4.

For each ¢, we choose w(t) = 5,(2a + [vt — af). It is easy to verify that

max(y/w(t)pt,w(t)) < vt+a for each ¢t (note that the hypotheses imply that
v < p). Therefore

= Y 100
P(T < Ty | po) <23 e /4 < geve/0 3~ c=0%if%p < ?e—va/@’
t=0 i=0

as desired. O

We now use the two lemmas above to prove a result about real-valued
functions of a Markov chain which we shall use repeatedly in our proofs.

Lemma 3.3. Let h, v, ¢, p > 2, m, ¢ < 1 and s be positive real numbers
with vm > 2(c — h). Let (X¢)i>0 be a discrete-time Markov process with
state-space X, adapted to the filtration (vi)i>0. Let S be a subset of X, and
let F' be a real-valued function on X such that, for all x € S with F(x) > h,

AF(z) < —v, and P(F(Xi1) # F(Xy) | Xi = 2) <p,

and for allt > 0, |F(X1) — F(Xy)| <1 a.s. Let T* be any stopping time,
and suppose that F'(Xp+) < ¢ a.s.

Let
Ty = inf{t>T":X,¢8),
T, = inf{t>T": F(X;) <h},
Ty = inf{t>T):F(X;) > h+p}.
Then
(i) P(Ty ATy > T* +m) < exp(—v°m/8);

. 100s
(ii) P(To < sATp) < 2 exp(—pv/8p).

When we use the lemma, m will be much smaller than s, with high prob-
ability 7™ will be much smaller than s, and also P(Ty < s) will be small. In
these circumstances, the lemma allows us to conclude that P(77 > T 4+ m)
and P(Ty < s) are small. This means that, with high probability, F'(X})
decreases from its value at T (at most ¢) to below h in at most a further
m steps, and does not increase back above h + p before time s. We shall
sometimes use the conclusion of (ii) in the weaker form P(Th < s < Tp) <
1398 exp(—pv/8p). For most uses of part (ii), we shall simply set p = 1, but
on occasion we need to use the stronger result in cases where the function
F rarely changes value.




THE SUPERMARKET MODEL WITH BOUNDED QUEUE LENGTHS IN EQUILIBRIUM

Proof. We start by proving the lemma in the special case where the stopping
time T™ is equal to 0.

For (i), we apply Lemma 3.1. The filtration @9 C ¢1 C -+ C ¢y, will
be the initial segment of the filtration (¢¢)i>0. For t > 1, we set Z; =
F(X;) — F(X;-1), so that R, := Ry + >.'_, Zi = F(X;). For t > 0, we
set E; to be the event that Ty > ¢ (i.e., X; € S for all i with 0 < i < ¢),
so B = ﬂg’gl E; is the event that Ty > m. We set rg = F(Xp) < ¢, and
r1 = h. We may assume that ro > r1; otherwise 77 = 0 and there is nothing
to prove.

On the event E;_1 N{R;—1 > 71}, we have X;_1 € S and F(X;_1) > r; =
h,so E(Z; | ¢i—1) = AF(X;—1) < —v. Thus, noting that vm > 2(rg—r1) by
our assumption on m, we see that the conditions of Lemma 3.1 are satisfied.
The event that R; > r1 for all ¢t = 1,...,m is the event that 77 > m, so

P(Tl NTy > m) < P({Tl > m} N {TO > m}) < evam/Sj

as required for (i).
We move on to (ii). For each time r € {0,...,s — 1}, set

T(r)=min{t >0: F(X,1) ¢ [h,h+p)}.

We say that 7 is a departure pointif: Ty < r, F(X,;) € [h, h+1), F(X,17¢)) >
h+p, and r+ T(r) < s ATy. To say that T < s A Tp means that F(X})
crosses from its value, at most h, at time 77, up to a value at least h + p,
taking steps of size at most 1, by time s A Tp. This is equivalent to saying
that there is at least one departure point r € [0, s). Therefore

IP)(TQ < sA T())
s—1
< S P({T<r}n{F(X,) € b+ 1))
r=0

(X ir) = b+ p} 0 {r +T(r) < s ATh})
s—1
= D E [ﬂ{Tlg}ﬂ{F(Xr)e[h,hH)} E [L{r(X, 120 2h+oy LT () <m0} | @r]]
r=0
Fix any r € [0,s). We claim that, for any hy € [h,h + 1), on the ¢,-
measurable event that F'(X,) = hg, the conditional expectation

E [L{rx,,00)2htp} LT <snto} | #r]

is at most %e‘p”/ 8. This will imply that each term of the sum above
is at most 11?—206_””/81’, and so that P(Ty < s ATp) < %exp(—pv/&o), as
required.

To prove the claim, we use Lemma 3.2. We consider the re-indexed process
(X]) = (X,41); by the Markov property, this is a Markov chain with the same
transition probabilities as (X;), and initial state X/, = X, with F'(X{)) = ho.
We set ¢ = ¢4, for each 7, so that (X]) is adapted to the filtration (¢}).

2
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Weseta=h+p—ho>p—1>p/2. Wealsoset Y =SN{x: F(x) > h},
Ty = inf{i : X! ¢ U}, and T = inf{i : F(X,4;) > a}. Therefore, if
r+T(r) < Ty and F(X,47@)) = h+p, then T =T(r) < Ty.

For ¢ < Ty, we have X! | = X,4,-1 € S and F(X/_;) > h, and therefore
AF(X]_;) < —v, and also P(F(X]) = F(X!_,) | ¢i=1) > 1 —p. From
Lemma 3.2, we now conclude that, on the event F(X,) = hy,

P ({F(Xrr) 2 b+ p} 0 {r +T() < 5 < To} | 1)

100

0 100
<P(T<Ty)<—
v

e—va/dp « 77 —pv/8p
— ’l}2 b
as required. This completes the proof in the special case where T = 0.

We now proceed to the general case. Suppose then that the hypotheses of
the lemma are satisfied, with stopping time 7. We apply the result we have
just proved to the process (X;) = (X7+4¢). By the strong Markov property,
(X7/) is also a Markov process, adapted to the filtration (¢})i>0 = (@r*+t)t>0-
The condition that F(Xr-) < ¢ is equivalent to F(X() < c. Set:

Ty = inf{t>0:X,¢S}=inf{t >0: Xpey ¢S} =Ty —T*
T, = inf{t>0: F(X))<h}=inf{t >0: F(Xpryy) <h} =T, - T*
Ty = inf{t>T:F(X))>h+p}=inf{t >T| : F(Xp+4) > h+p} =T —T%,

and note that these are all stopping times with respect to the filtration (¢}).
The special case of the result (with 7% = 0) now tells us that:

(i) P(ATy>T"+m) = P(T*+T))A(T*+Ty) >T" +m)
= P(T]{ ATy > m)

< exp(—v’m/8);
(i) P(Tya<sATy) = P(T"+Ty<sA(T"+TY)))
< P(TH+ Ty <(T*+s)AN(TF+Tp))
= P(Ty <sAT))
100p
< 2 exp(—pv/8p).
In both cases, these are the desired results. O

We also use a “reversed” version of Lemma 3.3 where AF(z) > v for all
x in some “good” set S with F(z) < h. The result and proof are practi-
cally identical to Lemma 3.3, changing the directions of inequalities where
necessary, and using “reversed” versions of Lemmas 3.1 and 3.2.

The next lemma is a more precise version of Lemma 2.2 in [11]. We omit
the proof, which is exactly as in [11], except that we track more carefully
the values of the various constants appearing in that proof, and separate
out the effects of the two occurrences of § in that theorem. We will use this
result in our proof of Lemma 10.1, showing rapid mixing.
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Lemma 3.4. Let (¢¢)i>0 be a filtration. Let Zy,Zs, ... be {0, £1}-valued
random variables, where each Z; is @;-measurable. Let So > 0 a.s., and
for each positive integer j let Sj = So+ Y 1_y Zi. Let Ay, A1,... be events,
where each A; is @;-measurable.

Suppose that there is a positive integer ky and a constant § with 0 < § <
1/2 such that P(Z; = =1 | pi—1) >0 on Aj—1N{S;—1 € {1,..., ko —1}} and
P(Z; = =1 pi—1) > 3/4 on A;—1 N{S;—1 > ko}. Then, for each positive
integer m

m m—1 51(30—1
P < (]{SZ #0} N m AZ») <P(So > |m/16]) + 3exp (—200k0m) :
i=1 i=0

Several times we shall use the fact that, if Z is a binomial or Poisson
random variable with mean p, then for each 0 < € < 1 we have

P(Z —pu < —ep) < e~ (/2 (3.1)
4. COUPLING

We now introduce a natural coupling of copies of the (n, d, A)-supermarket
process (X[') with different initial states . The coupling is a natural adapta-
tion to discrete time of that in [11]. In this section, we make no assumptions
about the values of the parameters n, A and d.

We describe the coupling in terms of three independent sequences of ran-
dom variables. There is an iid sequence V = (V1,V3,...) of 0-1 random
variables where each V; takes value 1 with probability A\/(1 + \); V; = 1 if
and only if time ¢ is an arrival. Corresponding to every time 4 there is also
an ordered list D; of d queue indices, each chosen uniformly at random with
replacement. Let D = (D, Dy, ...). Furthermore, corresponding to every
time ¢ there is a uniformly chosen queue index D;. Let D= (f)l, Do, .. ).
At time 4, D; will be used if Z; = 1, and there will be an arrival to the first
shortest queue in D;; otherwise, there will be a departure from the queue
with index Dj, if that queue is currently non-empty.

Suppose that we are given a realisation (v,d,d) of (V,D, ]5) For each
possible initial queue-lengths vector x € Z'}, this realisation yields a deter-
ministic process (z;) with xg = x: let us write z; = s¢(z; v, d, E'l) Then, for
each x € Z', the process s;(x; V, D, D) has the distribution of the (n, d, A)-
supermarket process X with initial state . In this way, we construct copies
(X7F) of the (n,d, \)-supermarket process for each possible starting state z
on a single probability space. When we treat more than one such copy at
the same time, we always work in this probability space, and we let P(-)
denote the corresponding coupling measure.

We shall use the following lemma, which is a discrete-time analogue of
Lemma 2.3 in [11] and is proved in exactly the same way.

Lemma 4.1. Fiz any triple z,d,a~as above, and for each queue-lengths
vector xz, write sy(z) for si(x;z,d,d). Then, for each x,y € Z, both
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Is¢(x) — se(y)ll1 and [|si(x) — s¢(y)|lee are monincreasing; and further, if
0<t<t and si(x) < s¢(y), then sp(x) < sy(y).

Given positive real numbers ¢ and b, we set

Ao(0,0) = {z:]|z|lec < ¥ and ||z|; < bn};
A (£,b) {z 1 ||z]|co < 3¢ and ||z||1 < 3bn}.

We also set
= (1—-XN"tlog?n, b* = 2(1 = \) 71, Ay = Ag(£*,b%), Ay = AL (0, b%).

Thus a state z is in Ap if there are at most 2n(1 — \)~! customers in total,
and no more than (1 — \)™! logZn in any queue. These requirements are
relaxed by a factor of 3 in Aj;.

The next result tells us that the (n,d, \)-supermarket process (Y;), in
equilibrium, is very unlikely to be outside the set Ag, for any d. This is
accomplished by proving the result for d = 1, when the process is easy to
analyse explicitly, and then using coupling in d to deduce the result for all d.
Of course, the result is actually extremely weak for all d > 1, and later we
shall show a much stronger result whenever the various parameters of the
model satisfy the conditions of Theorem 1.1; the importance of the lemma
below is that it gets us started and enables us to say something about where
the equilibrium of the process lives.

Lemma 4.2. Let (Y;) be a copy of the (n,d, \)-supermarket process in equi-
librium. Then P(Y; ¢ Ag) < 2ne~108"n,

Proof. Let Y denote a stationary copy of the (n, 1, A\)-supermarket process,
in which each arriving customer joins a uniform random queue. Then the
queue lengths fft( j) are independent geometric random variables with mean
M/ (1= X), where P(Y;(j) = r) = (1 — A)X for r = 0,1,2,.... Therefore,
P(||Y;|o > ) < nA", and also it can easily be checked that

P (||i/t||1 > on(1 — )\)—1) < e/,

As mentioned in the remarks after Theorem 1.1, there is a coupling be-
tween supermarket processes with different values of d, which can be used
to show that the equilibrium copy (Y;) of the (n,d, \)-supermarket process,
for any d, also satisfies P ([|Y;]l1 > 2n(1 —A)7!) < e7™* and P(||Yifo >
log?n(1 — )71 < nAlg® n1-2)7" < pe=log®n g required. O

Next we prove a very crude concentration of measure result: if the process
(Y;) in equilibrium is concentrated inside some set Ag(¢,b), and we start a
copy (X[) of the process at a state z € Ay(¢,b), then the process (X7) is
unlikely to leave the larger set A;(¢,b) over a long period of time.

Lemma 4.3. Let £ and b be natural numbers and x a queue-lengths vector
in Ao(£,b). Let (Yz) be a copy of the (n,d, \)-supermarket process in equi-
librium, and let (X}) be a copy started in state x. Then for any natural
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number s,
P(3t € [0,s], X} ¢ A1(£,b)) <P(3t € [0,s], Vi ¢ Ap(£,D)).

Proof. By Lemma 4.1, we can couple (X[) and (Y;) in such a way that
| X7 — Y|[1 and || X} — Yi|loo are both non-increasing, and hence that, for
each t > 0,

12X [l 1XE = Yells + Vel < llz = Yol + [[Yilla

<
<zl + Yol + 1Yelly < b+ Yol + [[¥e]1,

and similarly
[ X lloo < €+ [[Yolloo + [[¥2]loo-
We deduce that, for each ¢ > 0,

{(Xi ¢ Au(6,0)) = {IXF [l > 30n} U{[[ X7l > 30}
C Aol > ony U{[IYellt > b} U{|[Yolleo > €} U{[[Yillo > £}

= {Yb §é A0(£7 b)} U {Y;f ¢ -AO(E’ b)}

The result now follows immediately. O

We shall use Lemma 4.3 later for general values of ¢ and b, but for now we
note the following immediate consequence of the previous two lemmas. Let
TL = T:El(.t) = inf{t : X} ¢ A;}: this will be an instance of a more general
notation we introduce later: when we have a pair of sets Sy C &1, we will
use T's to denote the first time we enter the inner set, and T; to denote the
first time after Ts that we leave the outer one.

Lemma 4.4. Let x be any queue-lengths vector in Ay. Then, for n suffi-
ciently large,

P(Th(z) < €318 ") < e73lo8™n,

Proof. The probability in question is P(3¢ € [0, e log’ ", Xi¥ ¢ A;p) which,
by Lemma 4.3 and Lemma 4.2, is at most

P(3t € [0,e36°7], Y, ¢ Ag) < (315" 4+ 1) P(V; ¢ Af) < 3nea T,

1

which, for n sufficiently large, is at most e~ 2 log” n

, as required. O

5. FUNCTIONS AND DRIFTS

We now start the detailed proofs of our main results.

As explained in Section 2, we will consider a sequence of functions @y,
Qk-1, ..., Q1 defined on the set Z'} of queue-lengths vectors. We now give
precise definitions of these functions, along with another function P,_1, and
derive some of their properties.

The results in this section will be used in the course of the proof of
Theorem 1.1, and we could assume that we are in the regime covered by our
theorem; however, for this section all that is necessary is that Ad > 16. In
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the special case kK = 1, we need only consider the function Q; = @1 and its
drift; otherwise we assume that k& > 2.

As in Section 2, let @, be the function defined on the set Z’} of all queue-
lengths vectors by

k
Qr(x) =nYy 7l — ui(x)),
=1

where, for i =1,...,k,
1 i—1

;i =1— 4 .
VI PYIL
It is also convenient to set 79 = 0. Evidently +; < 1 for each 4, an inequality
we shall use freely in future. We also note that, provided Ad > 2,

' 1 1 1
7’L+1 ’71 - ()\d)l ()\d)7'+1 ()\d)kj

(5.1)

fori =0,...,k — 1. Therefore ~; is increasing in i; also v, = 1 — k(Ad)~*.
If £k > 2, we set P_1(x) = nZi-:ll(l —wu;(x)). Also, for j =1,...,k—1,
we let Qj(z) =n > 7_; 7;i(1—u;(z)), where the coefficients v, ; are given by

- sin (l—”l)
i = a2 ),
. g
Sin m
Consistent with the expression above, we also define 7,0 = v;,j+1 = 0. It can
easily be checked that, foreachi=1,...,7—1,and foreach j =1,...,k—1,

T
Adyjiv1 +Yji-1 = 2v/\d cos <]+71>’y”

This is equivalent to saying that the +y;; form eigenvectors of the tridiag-
onal Toeplitz matrices M; given in Section 2, with eigenvalue —Ad — 1 +

2/ Ad cos (j%) .
We will need some bounds on the sizes of the Q;(z), for j < k. Observe
that 7;; = 1 for each j, while generally we have

sin(in/(j +1)) _ sin(in/(G +1) i (5.2)

~sin(jm/(j+1))  sin(r/(G+1))

since the sine function is concave on [0,7]. Thus (Ad)U=9/2 < ~;; <
i(Ad)U=9)/2 and therefore

() <n jz- (—4)/2 n n(Ad)i—1)/2 .
Qj(x) < ;@dw < AT S0P (6

provided Ad > 16. We also note at this point that changing one component
x(l) of x by £1 changes @Q;(x) by at most ;1 = (Ad)U—1/2,
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It can readily be checked that, for j > 1, the function

>/S <J+1)

is increasing over the range [1, j], and so we have, for 1 <i<j <k —2:

fli) =sin 17

’Yj—i—l,i _ mSIH
Vi sin(im/(j + 1

N
s
U
| 2.
B
ol oI
<.
=
~
—~|—~
<
+
[\

sin(27w/(j + 2
sin(m/(j +2))

using (5.2) for the final inequality. A consequence is that, for j =1,...,k—2,
and any x € Z,

Qj+1(2)

- (1 —uja(z +Z’Y;+1z — ui())
< (-l +22\ﬁ%z — ui(z))

< <1—uj+1<x>>+2m%)- (54)

For j = k — 1, we have the stronger inequality that, for any = € Z',

Qr—1(x) _

n

k
Zl—uz ) < (1 —up(z)) + (5.5)

We now prove that the drift of the function Qg (x) is approximately equal
1 1 Qilz)
1—X— - :
1+ A < w(T) = GpET

Lemma 5.1. If k > 2, then, for any state x € 7},

to

(1 +XAQk(x) < (1 = A) = uppa(x) + Aexp(—dQy(x)/kn))

1 Qr(z) 2
T n <1 - Ad)
L 1 k()
(1+MNAQk(z) > 7k((1 A) uk+1(x)) 0T n

_ <an1 (36))2 ()\d;’f—i”'
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For k=1, we have

(I+NAQ:(x) < ’yl((l — ) —ug(z) + )\exp(—dQl(:v)/n)) — Qléx),
T+ 0AQ() 2 (L) ~us(w) ~ D

Proof. As in (2.1), we have that, fori =1,...,k,
Au;(x) = o (z\ui_l(:c)d — /\ui(x)d —ui(z) + ui+1(x)) )
n(l+X)

and that wug is identically equal to 1. We deduce that

k
AQr(z) = —-n Z vilAu;(z)

- Zf: ( i ( )+/\ui(x)d+uz‘($)—ui+1($))-

We rearrange the formula above as follows:

(1 4+ A)AQk(x)
= e (1= ) dug(@) = g (@) + A0 = w1 (2)7) = (1= w(@)))

k—1
+37(M = i @)) = A = @) — (1= (@) + (1~ i (@)
i=1

. ((1 — ) + Aug(2)d — u;c+1(fff>)
k—1

k
"‘)‘Z Yir1 — i) (1 — ui(z Z —%i—1)(1 — ui(x)).

=1 =1

Here we have used the facts that 7o = 0 and 1 — uo(z) = 0.
Now, for 1 <i < k, we have 1 — u;(z) < 1 — ug(z) for all z, and ~; < 1.
Therefore Qr(z) < nk(1l — ug(z)), and hence

d
0 < up(z)? < <1 - QZS:)> < exp(—dQg(x)/kn).

For k£ > 2, in order to estimate the terms constituting the two sums, we
note the inequalities d(1—u)— (g) (1—u)? <1—u? < d(1—u). To obtain our
upper bound on AQy(z), we apply the inequality 1 — u;(x)? < d(1 — u;(x))
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for each i =1,...,k — 1. Using also (5.1), we have

k—1 k
A (i1 — i) (1 - )= (i = 7i-1) (L — ui(z))
i= =1
1 k—1 k

< MDY (i — )@ —wi(@) = Y (3 — yie) (1 — ui())

=1 =1

2

= | g 0

= Ad A 1 1 1

+ 3 |y~ e g g g 0 )

_ (Ad;“[(l fd)<1—uk<x>>+§<1—jd)u—w(x))]
1 Q

= T = <1‘A2d>'

This establishes the required upper bound on (1 + A\)AQ(z). The calcu-
lation works because the ~; are the entries of a good approximation to the
Perron-Frobenius eigenvector of the matrix M}, defined in Section 2.

For the lower bound, the previous calculation, and the bound 1 —u;(z)¢ >
d(l —u) — (g)(l —u)?, lead us to

k-1 i
AY (i =) (1 = wi(@)h) =Y (i = i) (1 — wi(@))
=1 i=1
k-1
- 1 =20 (1= i)
( ) - (Vi1 —
1 2 k-1 1
Q)T [(1 ) m) (- u@)+ 3 (1- ) a- ui<x>>]
- ( ) Z T —ui(2))? ~ W;k_leé:E)

Here we used the fact that 1 — 1/(\d) < ~; for each 1.
It remains to show that

( ) kzl (i1 = %)L~ u@)” < <anl(x)>2 (Ad;k‘i’"
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We observe that

(Qk_1(a¢)>2 _ kzl(/\d)(kli)/Z Siz

i=1 sin T
k—1
> Y ()M w(x)?
- k—1
> (MDY (i =) (1 wi@)?,
i=1

which implies the required inequality.
In the special case k = 1, the equation for the drift reduces to

Ql( )

(1+XAQ1(x) =71 = A —ug(x)) — + 7 (),

and both the required bounds follow immed1ately. (]

We prove a similar result for the functions Q;(z), 1 < j < k — 1. Ideally,
the drift bounds would be expressed in terms of Q;(z) itself and Qj41(x):
however, there is a complication. In the upper bound, there appears a term
which can be bounded above by )\( ) >0 95,i(1 = ui(z))?, and we would

like to show that this is small compared with Ad ZZ 1 7V4,i(1 —ui(z)). This
is true if 1 —u;(z) < 1/d, but in general we cannot assume this. We bound
this term above, very crudely, by

() ()50

we use the function P,_ here because its drifts are relatively easy to handle.

Lemma 5.2. Fix j with 1 < j <k —1. For any state x € Z'l, we have

1+ 0AQ; ) < 2%l <1_ 2 _de—1($)>+Qj+Ti(x)’

n VAd n
1030 2 w8 (14 ) - G

Proof. We begin by calculating

(14 )AQ(x Z’m( Maia () 4+ X (@) + (@) = wisa (2))

:Z’yj,z'()\(l—uiq(a:)d) A1—u;(z )—l—Z’ij( (1—u;(x ))+(1—ui+1(x))).
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Rearranging now gives
J
(1+MNAQj(z) = Z(’Yj,zel —%5,i) (1 — ui(2))
i=1
J
—A Z(’m — i) (1 = ui(2)?) +755(1 — wjpa ().
i=1
Recall that vj0 = v, +1 = 0, and note that v;1 > v;2 > --- > v;,; = L.
As before, we proceed by approximating 1 — u;(z)? by d(1 — u;(x)), for
i < j. Using first that 1 — u;(2)? < d(1 — u;(z)) for each i, we have
(1+X)AQ;(x)
J J
> Y (a1 — ) = wi(@) =AY (v — i) (1 — uil))
i=1 =1
+ (1= ujn (@)

J
= > (1L—ui(@)) [yji1 + Adjirr — Ad + D)yza] + (1 = ujpa (@)
=1

_ i 7]Z[Ad+1—2mcos (]11” + (1 —ujq1(x))

=1

n

Qj(z) i Qj+1(z) _ 2mQj(l")

- [)\aH— 1 —2v/Ad cos (gil)] @) | (1 —ujt1(2))

> =\

as claimed. In the last line above, we used (5.4), as well as the inequality
2V Adcos(m/(j+ 1)) > v2Ad > 1, valid since Ad > 16.
For the upper bound, we use the facts that 1 — ujii(x) <

Qinl® apd
()4 ) d ) 2 i "
1—ui(x)? > d(1 —ui(z)) — (5)(1 — ui(z))?, to obtain

(1 + )\)AQ](CC)
< - [/\d +1—2V\dcos <.j—|—7[-1):| Qjém + (1 —ujr1(x))
J
< > Z Yii — V5, i+1)(1 — Uz(x))2
=1
Q;(x) 2 Qj+1(x) Pk 1 d
< —xd=L (1—m>+ o <>§::%, x)).
This is the result we require, since Zgzl v5,i(1 —ui(x)) = Qj(x)/n. O

We have a similar result for the function P,_;. For this function, we need
only a fairly crude upper bound on the drift, and we omit the simple proof.
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Lemma 5.3. For any state x € Z'} , we have

AP 1(z)  Qr(x)
(k—1)n n

(1+MNAP_1(z) < —

6. HittinGg TiMES AND ExiT TIMES

At this point, we begin the proof of Theorem 1.1. Accordingly, from
now on we fix values of o, € (0,1), and a natural number k, satisfying
(k—1)8 < a < kB and 2a < 1+ (k — 1)8. Throughout the proof, we
consider the (n, d, \)-supermarket model with A =1 —n"% and d = n”. (As
mentioned in the Introduction, our proofs go through essentially unchanged
if we assume only that 1 — X\ = n=t9(") and d = nf+%(") where §;(n) and
d2(n) tend to zero as n — oo, where we replace the expression p-otl-18
in the definition of N¢(n, a, B) below by (1 — \)d’~1.)

We shall actually prove a result stronger than Theorem 1.1, in that we
replace the “tolerance” 1/logn in that result by a general function ¢ =
e(n). We assume that £(n) < 1/100, with 1/e(n) = o(n?) for every § > 0,
though in fact the proof goes through even if £(n) tends to zero as n~° for
d sufficiently small (in terms of « and ().

Accordingly, given a, 8 € (0,1), and € = ¢(n) as above, set k = [a/]
as usual, and let N¢(n, a, §) be the set of queue-lengths vectors x such that
ug4+1(z) =0 and, for 1 < j <k,

(1 —6)n ot <1 —yy(z) < (1 + 6e)n~otU-DA,

Theorem 6.1. Suppose that o, § € (0,1) are constants withk—1 < o/ < k
for some natural number k, and that 2a < 1+ B(k — 1). Suppose also that
A=An)=1-n"%andd = d(n) = nP. Lete = e(n) < 1/100 be any
function such that e(n)~! = o(n®) for every 6 > 0. Then, for n sufficiently
large, a copy (Y;) of the (n,d, \)-supermarket process in equilibrium satisfies

P (Y, ¢ N*(n,a, B)) < e 3'08" ",
Moreover, if Xo € N¥/%(n, o, B), then
P (Xt ¢ N°(n,«, B) for somet € [0, e3log’ n]) < ealog’n

Theorem 1.1 is the case of Theorem 6.1 with ¢ = 1/6 log n.

The assumptions of Theorem 6.1 assure us that functions of n such as
e~ In=2t(=DB 1092 i tend to zero, as the dominant term is the strictly neg-
ative power of n. We shall use such facts freely throughout the proof, and
we shall (sometimes tacitly) assume that n is sufficiently large.

We define a sequence of pairs of subsets of Z'}. Each pair consists of a set
So in which some inequality holds, and a set S; in which a looser version
of the inequality holds: we also demand that Sy and &1 be subsets of the
previous set R in the sequence. Associated with each pair (Sp,S1) in the
sequence is a hitting time

Ts = inf{t > Tr : X; € So},
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where (Rg, R1) is the previous pair in the sequence, and an exit time
Th=inf{t > Ts: X; ¢ S1}.

Our aim in each case is to prove that, with high probability, unless the
previous exit time T;r2 occurs early, Ts is unlikely to be larger than some
quantity ms whose order is polynomial in n. To be precise, if we start in a
state in Ay (¢, b), then the sum of all the mg is of order at most the maximum
of bn'*® and ¢n, so if £ and b are bounded by a polynomial in n, then so are
all the mg.

Throughout the proof, we set

S = €3 log n
We shall also prove that, again with high probability, each exit time T‘.l: is at
least sg, which is larger than the sum of all the terms mgs. For convenience,
we shall not be too precise about our error probabilities, and simply declare
them all to be at most 1/sp = e~ 3 3108”1 61 some small multiple of 1/s9. We
will thus prove that, with high probablhty, we enter each of the sets Sy in
turn, while remaining inside all the earlier sets Si.

We fix, for the moment, a pair of positive real numbers ¢ and b with

£>b>k. We set
q(0,b) = (22k + 72b)e " 'n'T 4 8¢n,

and we make the (mild) assumption that ¢ < e log? " so that ¢(¢,b) < s9/2.
The first pair of sets in our sequence will be as defined earlier:

Ao = Ag(4,0) = {z:]|z] < and ||z]1 < bn},
A1 = A1(4,0) = {x:]|z]loo <3¢ and |z|; < 3bn},

and we adopt the hypothesis that Xo = zg almost surely, where xq is a fixed
state in Ay = Ag(¢,b), so that Ty := min{t > 0: X; € Ay} =0.

For { = ¢* = n®log?n and b = b* = 2n®, Lemma 4.4 tells us that indeed
the exit time T:& = inf{t > 0: X; ¢ A;} is unlikely to be less than sg. For
smaller values of ¢ and b, we do not know this a priori.

The sets we define are dependent on the chosen values of n, a, 8 and
€, as well as on ¢ and b. For the most part, we drop reference to this
dependence from the notation. When we need to vary € while keeping all
other parameters fixed, we shall use the notation (e.g.) Bf to emphasise the
dependence. We define:

By = {z:Qi(z) < (1+e)n(l—N)\d)F 11N A,
Bi = {z:Qi(z) <(1+2)n(1 -\ 1N A,
Co = {z:P1() n(1—=X2)(Ad)* 1N By,
Ci = {z:P(x) (Ad)**} N By,

Dy = {z:Qk1
Dy = {z:Qk-

<
<
x) <
<

2k

3kn(l—A)
(1 + 4e)n(
( (

1 - M\ 2 N,
1+ 5e)n(l —

(
1z MDA ney,

)
)
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& = {z:upyi(z) <e(1—N) and Qp(z) > (1 —3e)n(l — M)A} N Dy,
& = {z:upsi(z) <e(1—N) and Qp(x) > (1 —4e)n(1 — N)(Ad)* 1N Dy.

Next we have a sequence of pairs of sets, indexed by j =k —1,...,1:
: : k—j—1/2 :
Gl = {a: @ ‘]k/)e}n(l — N < Q(x)
r k—j7j—1/2 , ;
<|1+@+ jk/)e}n(l - A)(Ad)ﬂ—l} ngitt,

g = {o:[1-@a+ k;‘j)ﬂn(l—k)(kd)j*l < Qj(2)

< :1 +(4+ %)a]n(l - A)(Ad)ﬂ‘*l} ngit.

where we declare GF to be equal to & . Finally, departing slightly from our
pattern, we define

H=Ho=H = {z:up1(z) =0}NG].
In the special case k = 1, only the pairs (By, B1), (&, 1) and H are defined.

The hitting times and exit times are all defined in accordance with the
pattern given. For instance Tp = inf{t : X; € By}, Th = inf{t >Tp: X; ¢
Bi}, and T = inf{t > T : Xy € Co}. We also set Tgr = Tg and Tgk = Tg,
in accordance with the notion that the set pair (GF~1, GF~1) follows (&, &)
in the sequence.

Initially, the sets above all depend on the values of £ and b defining the
initial pair of sets (A, A1), since all the sets are intersected with .4;. How-
ever, since states in ‘H have no queue of length k 4+ 1 or greater, we have
H C Ao(k, k) C A1(4,b) for all £,b > k, and so the set H does not depend

on ¢ and b, provided these parameters are each at least k.
We claim that H® C N = N¢(n, «, 8). Indeed, if z € HE, then

reBNDINENG N NGl n{z:upi(z) =0}

This implies that indeed ug41(x) = 0, and also that all the Q;(x) are within
a factor 1+ 5¢ of the values n(1 — \)(Ad)’~!. Tt now follows from (5.4) and
(5.5) that, for each j =1,...,k,

D) (1 )| < 200 = NODFHE < (1 - N,
n
and so 1 —u;(z) is within a factor 1+ He of n(1—A)(Ad)’~!, so that indeed
x € NE.
We now state a sequence of lemmas. Throughout, we assume that Xy =

xo a.s., where x¢ is an arbitrary state in Ag = Ag(¢, b).
Lemma 6.2. Let mp = 8ke1n(1 —\)~L.

(1) B(T AT} > mp) < 1/s0.

(2) P(T) < s0 < Th) < 1/so.
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Lemma 6.3. For k > 2, let me = 8kn(1 — \)~(\d)'~F.
(1) P(Te AT} > T +me) < 1/s0.
(2) P(T} < s0 < Tjp) < 1/s0.
Lemma 6.4. For k > 2, let mp = 8 'n(1 — \)~1(\d)~*/2.
(1) P(Tp AT} > Te + mp) < 1/sp.
(2) P(T}, < so < T}) < 1/s0.
Lemma 6.5. Let mg = mg(b) = (13k + 72b)e " 'n(1 — \)~ L.
(1) P(Tg ATL > Tp 4+ me) < 1/s0.
(2) P(T} < 59 < T}) < 1/s0.
Lemma 6.6. For k > 2, let mg = 32ke 'n(l — \)"t(A\d)~!. For j =
k—1,...,1, we have:
(1) Forj=k—1,...,1, P(Tgs AT}, > Tgirt +mg) < 1/s0;
(2) Forj=k—1,...,1, P(I}, < s0 < T§1) <1/s0.

Lemma 6.7. Let my = my(£) = n(8¢ + 321log®n).
(1) P(Ty A TSy > Tgr +may) < 1/s0.
(2) P(T}, < s0 < Tng) < 1/so.

We shall postpone the proofs of these lemmas to later sections. For the
remainder of this section, we show how the lemmas imply Theorem 6.1. To
start with, combining the lemmas gives the following result.

Proposition 6.8. For any o € Ay = Ao(¢,b), and a copy (X¢) of the
process with Xy = xqy a.s., we have
2k + 8
S0

Proof. The idea is that, with high probability, either the chain (X;) exits
A1 (¢,b) before time sg, or the chain enters each of the sets By, ..., Hg in
turn, within time ¢(¢,b), and does not exit any of the sets Ay, ..., H; before
time sg, which is what we need.

We assume that k£ > 2: if k = 1, the proof is very similar and shorter.
Consider the following list of events concerning the various stopping times
we have defined:

B ={T > s}, Ex={Ts<mg}, Es3={T}> s},

P(X; € H for allt € [q(¢,]),s0]) > 1— — }P’(Tj; < 80).

Ey={Te <mp+me}, Es={T}>s0}, E¢={Tp<mp+me+mp},
Er ={Th > s0}, Es={Te <mp+---+me}, Eo={T}> s},
By ={Tgr-1 <mp+---+mg+mg}, En= {Tgk—l >0k o

Bopps ={Tgr <mp+ -+ (k—1)mg}, Eaper = {T} > so},
Eopys = {To <mp+ -+ (k— )mg +mu}, Eopyo = {T), > s0}.
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If Eojys holds, then
Ty < mp+me+mp+meg+ (k—1)mg+my
= 8ke ln(1— N1 48kn(1—N)t(Ad)F
+ 8 (1 — A) " D) TF2 + (13k + 72b)en(1 — \)
+32(k — ke 'n(1 — \) 71 (Ad) ™! + n(8¢ + 321og? n)
8 8 32(k —1)

“1_ 1 _ -1 o€ ©
ke™'n(1—N) (8+)\d+)\d+13+ d

+ 32¢ log? n(l — )\)) + 72b€*1n(1 — )\)*1 4 80n
< e n(1—\)"H(22k + 72b) + 8(n
= q(¢,0b),

for sufficiently large n. Therefore, if £ = ﬂ?i‘{g E; holds, then in particular
FEokys and Eag1g hold, which implies that X; € H for ¢(¢,b) <t < sg. Thus
E is contained in the event {X; € H for all t € [¢(¢,b), so]}, and it suffices
to show that P(E) < 2’2—? +P(E;). We write

2k+9 Jj—1
P(E) = P(Ey) + Z P (Ejm ﬂ Ez> ;
§=2 i=1

and now we see that it suffices to prove that each of the terms IP <E N ﬂi;ll EZ>

is at most 1/sp.
We show how to derive the first few of these inequalities from Lemmas 6.2-
6.7; first we have

P(Ey N E1) = B(TY > s0, Ts > mp) < P(Ts ATh >mg) < 1/s9
by Lemma 6.2(1). Then we have
P(E3 N Ey N Ey) <P(E3NEy) =P(T) < so < Th) < 1/s0

IN

by Lemma 6.2(2). Next we have, using the fact that mg + m¢ < s,
P(E,NEiNEy;NE3) < P(E,NEyN E3)
= }P’(Tg > 80, ITg < mp, Te > mp + me)
< P(T¢ /\Tg >mg + me, Tg < mp)

< P(T¢ /\Tg > T+ me)

S 1/807
by Lemma 6.3(1). For j =5, ...,2k+9, the upper bound on P (E N ﬂi;ll EZ>
follows either as for j = 3 or as for j = 4: it is important here that
mg + me + mp +mg + (k—1)mg + my < q(£,b) < sp. O

We now have the following consequence for an equilibrium copy (Y;) of
the (n,d, \)-supermarket process.
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Corollary 6.9. P(Y; € H forallt € [0,s0]) > 1 — (4k +20)/s9 > 1 —
e‘ilOgQ”, for n sufficiently large.
Proof. Recall the definitions of £* and b* in Section 4. Set also ¢* = ¢(¢*,b*),
and note that ¢* < s¢/2, with plenty to spare. From Lemma 4.2, we have
that P(Yp ¢ Ag) < ne~08'n < e5log”n — 1/s0, since n > 5. Also, from
Lemma 4.4, for a copy (X[') of the process starting in a state z € Ay, we
have that IP’(TL < s0) < 1/s9. We now have

P(Y; ¢ H for some t € [0, s9/2])
P(Y; ¢ H for some t € [¢", ¢* + s0/2])

< P(Y; ¢ H for some t € [¢°,¢" + s0/2] | Yo € Ao) +P(Yo ¢ Ap)
< P(Y: ¢ H for some t € [¢,s0] | Yo € Ag) +P(Yy ¢ Ao)
< sup P(X} ¢ H for some t € [¢", s0]) + e
zEA] S0
_ 248 1 1 2+10
S0 S0 S0 S0 ’

by Proposition 6.8. Hence P(Y; ¢ H for some t € [0, so]) < (4k+20)/sp. O
The first part of Theorem 6.1 now follows, since we have already noted
that H® C N®.
We can also use Corollary 6.9 to prove the following more explicit version
of Proposition 6.8.

Theorem 6.10. Suppose that £ and b are at least k, and that q(¢,b) < so/2.
Let xg be any queue-lengths vector in Ay(¢,b), and suppose that Xy = xo
a.s. Then we have, for n sufficiently large,

1— efi log?n

k+2
P(X, € H for all t € [q(£,b),s0]) > 1 — 228 5

50
Proof. We apply, successively, Proposition 6.8, Lemma 4.3 and Corollary 6.9
to obtain that

P(Xt € H forallt e [Q(& b)v 30])

> 1- 220 ) <)

_ o %Sj ¥ _B@Et e [0,50), Xi ¢ AL D))
> 1220 pEre s Vi g Aofth)
> 1- 228 e o.s) Yig W)

> 1_2k+8_4k+20

)

S0 S0
as required. O



34 GRAHAM BRIGHTWELL, MARIANNE FAIRTHORNE, AND MALWINA J. LUCZAK

To see the final assertion of Theorem 6.1, suppose that Xy = zg a.s.,

where 1z is in the set

k=1

IT=ANByNCoNDyN&EN ﬂ géﬂ/Ho.

j=1
Then all the hitting times Ty, T¢, Tp, Tk, Té and Ty are equal to 0. In
the notation of the proof of Proposition 6.8, this implies that the events F;
for j even occur with probability 1. Also, by Lemma 4.4, P(E;) < 1/s0. So
following the proof of Proposition 6.8 yields that, for Xog = zg € Z,

P(X, € H forall t € [0,50]) > 1— (k+5)/s9>1—e 18" (6.1)
It can easily be seen that N'¢/6 C Z¢, and hence this result completes the
proof of Theorem 6.1.

7. PROOFS OF LEMMAS 6.2, 6.3 AND 6.4

In this section, we prove the first three of the sequence of lemmas stated
in the previous section, and also derive tighter inequalities on the drifts of
the functions Q;(z) for € D;. The proofs of the three lemmas are all
straightforward applications of Lemma 3.3, and all similar to one another.

Proof of Lemma 6.2

Proof. We apply Lemma 3.3. We set (¢;) = (F;), the natural filtration of
the process, and also: F' = Qp, S = Ay, p =1,

h=0+e)(1 =X)L, p=e(l—Nn\d) !
m=mp = 8keIn(l —\)7!, s =55 = e3198° " and T* = 0. It is clear that
p > 2 and that Qi(xz) < ¢ := kn for any = € Z}. We note also that Q

takes jumps of size at most 1.
Suppose now that Qx(x) > h. Then

o <_dQZ§;xt)> < e (_(1 - )\lz(Ad)k> . 5(14— N

The final inequality above is true comfortably, as (1 — )\)dk =n otkB = pd
for some ¢ > 0.
Hence, by Lemma 5.1, for x with Q(x) > h, we have

(4 DAGHED < A1) ) 4 A0
w130
m(( >+A4)> (142N - 2/5)

< (1-2) [1 + Z - +35/4)} - (1- )\)%.
So AQk(z) < —(1 — N)e/4 := —v. Note that mpv = 2c.

IN
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We have now verified that the conditions of Lemma 3.3 are satisfied, for
the given values of the parameters. As in the lemma, we have Ty = Tj;,
T1 = inf{t : ka(Xt) < h} and TQ = inf{t > T1 : Qk(Xt) > h+ ,0}

It need not be the case that 71 = Tp, since X7, need not be in Aj;.
However, we do have Th AT i\ =T A TL and thus

P(Tp A TL >mpg) = P(Ty A TI‘ > mpg)
< exp(—v*mp/8)
= exp(—ekn(l —\)/16) < 1/s0.

Also the events Ty < 59 < TL and Tg <so<T L coincide, so we have

P(T) < so<Th) < P(Ih<sy<Th)

100s
< 7 exp(—pv/8)
100sq _
= 2 exp(—e%(1 — \)’n(\d)F1/32)
100s 1 1—2a4(k—
— vz 0 exp(—EQ)\k ].n]. 2 +(k2 1),3/32)
S 1/307
as required. Here we used that 1 —2a + (kK —1)5 > 0. O

Proof of Lemma 6.3

Proof. Again we apply Lemma 3.3 to the Markov process (X;) with its
natural filtration. Set F'= Py, S = B1, p =1,

h = 2kn(1 — \)(Ad)*72, p = kn(1 — \)(Ad)* 2,
m =me = 8kn(1 — \)"1(\d)' ¥, and s = sg. Set T* = Tp. It is again clear
that p > 2, that P;_; takes jumps of size at most 1, and that Py_1(z) <
¢ :=kn for all z € Z". Here Ty = T}, Ty = inf{t > T : Po_1(X;) < h},
and 15 = inf{t > T : Pk—l(Xt) >h+ p}.
For z € By with Py_;(x) > h, we have Qx(z) < (14 2¢)n(1 — A\)(A\d)F!
and so, by Lemma 5.3,

_ /\defl(fL’) Qk(l’)

(I+MNAP4(z) < = 1) -
< =201 = NAD)F 2+ (14 26)(1 — A\)(Ad)F !
< 0= N0DH

We conclude that, for such z, AP_q(z) < —1(1 = A)(Ad)*~! := —v. Note
that mev = 2e.

As in the previous lemma, it need not be the case that T} = T¢, since
X7, need not be in Bj, so we may have T > T7. However, we do have



36 GRAHAM BRIGHTWELL, MARIANNE FAIRTHORNE, AND MALWINA J. LUCZAK
Ty AT} = Te AT} From Lemma 3.3, we obtain that

P(Te AT) > Ts+me) = P(Ty ATy > Ty +me)
< exp(—v’me/8)
= exp(—kn(1 — N)(Ad)*71/16) < 1/s0.

Similarly, the events Ty < sg < T; g, and T g < so < T, l]’;‘ coincide, and so,
for k > 2,

]P’(T(]zL < 59 < Tg) = ]P)(TQ < s0 < To)
10050
3 exp(=pv/8)
100sq
02
10080
vz P (

1/so0,

as required. ([l

IN

exp(—kn(1 — X\)%(\d)?*73/32)

IN

_k/\Qk—3n1—2a+(k—1)ﬁ+(k—2),6’/32)

IN

Sketch of proof of Lemma 6.4

Proof. The basic plan for this proof is the same as for the previous two
lemmas, but here we have to take account of the fact that Qx_1 can take
jumps of size up to ()\d)(k*2)/2, and accordingly we apply Lemma 3.3 to the
“scaled” function F(z) = Q}_,(z) = Qx_1(x)/(\d)*~2)/2,

Apart from this, the proof is identical in structure to that of Lemma 6.3,
and we give only the key calculation. For z € C; with Q)_,(z) > h =

(1 + 4e)n(1 — N(A)*2/2 we have Qp(z) < (1 + 2e)n(1 — A)(Ad)F1,

Pp_1(z) < 3kn(1 — N)(Ad)* 2 and Qp_1(x) > (1 + 4e)n(1 — N)(Ad)*2.

Thus, by Lemma 5.2 with j = k — 1, we have
(1+ MNAQk-1(x)

Qr—1(x) 2 dPy_1() Qr()
< —/\dn<1—m— - >+ .
k—2 2 k—2
< = Ad(1+4)(1 = N)(\d) <1 Vv 3kd(1 — \)(\d) >
+(142e)(1 = A (Ad)F !
< —(1 =N

Thus, for such z, the drift in the scaled chain satisfies AQ),_;(z) < —%e(1—
N (A)*/? .= —v. Now @Q,_,(z) < ¢ := 2n for all z by (5.3), and mpv = 2c.
It is now straightforward to derive the result. O
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A queue-lengths vector x € D satisfies the three inequalities:

Qr(z) < (1+2e)n(l =N\, (7.1)
Po_1(z) < 3kn(1—X\)(\d)F2,
Qr-1(z) < (145e)n(1—N)(Ad)*; (7.2)

in fact the second of these is redundant, as Py_1(z) < Qr—1(z) < 2n(1 —
M) (Ad)*2 for all x € Z. Substituting these bounds into the bounds of
Lemmas 5.1 and 5.2, we obtain the following.

Lemma 7.1. For x € D1, we have

(1+NAQk(z) < Bl = A —uppa(w)) — m
+ exp(—dQy(x) /kn) + %(1 — ),
(L4 NAQE) > Al = A uea(o) - ~ 200 — S0 ),
and, for 1< j <k—1,
(1+0AQ () < —)\deT(Lx) (1- ﬁ) v Qy+nl(x>
(1+2AQj(x) = —)\der(Lx) (1+%) n Qﬁnl(w)

8. PROOF OF LEMMA 6.5

This section is devoted to the rather more complex proof of Lemma 6.5.
First, we prove a statement stronger than part (1) of the lemma. We set

K = {x Supe1(z) < e(1— ) and Qp(z) > n(l — %)(1 - )\)()\d)k_l} N Dy;

Wi =inf{t > Tp: X; € K}.
Note that K C &, so to prove Lemma 6.5(1) it suffices to prove that

P(Wk ATL > Tp +meg) < 1/s0.

We prove this result on the assumption that Tp = 0 (i.e., that 9 € Ay N
By N CoNDy). The general case follows immediately by applying the result
for Tp = 0 to the shifted process (X[) = (Xrp,++), using the strong Markov
property. So our task is to show that P(W /\T% > mg) < 1/sg, where Wi =
inf{t > 0: X; € K}, whenever Xy = zg a.s., for any z¢ € Ay N By N CoN Dy.

We define the following further sets, hitting times and exit times. We set

£t = DK
- {x gt () > £(1— A) or Qu(z) < n(l — %)(1 - )\)()\d)k_l} nDi,
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Wkt = 0 and Wi, = inf{t > 0: X, ¢ £¥F'} = Wi AT). Also, for
ji=k,...,1, let

ol = {x : Qi) <n(L =Ny H(1 - % - é@} alvhe
L = {x :Qj(x) < n(1—X)(AdY (1 - % - % + 2;9} nL

Wei = inf{t > We 0 Xy € L))
WZ]‘ = inf{t > W : X; ¢ £])}.

Our goal is to show that IE"(I/VZ,€+1 <mg)>1—1/sp. If xyp € K, then
wt

i1 = 0 and we are done, so we may assume that z ¢ K, and hence that
zo € L8 Thus Lemma 6.5(1) follows from the proposition below.

Proposition 8.1. Let xg be any queue-lengths vector in E’f“. For a copy
(X1) of the (n,d, \)-supermarket process with Xo = xo a.s., we have

P(W!

k1 > mg) < 1/s0.

For the proof of Proposition 8.1, we fix a state g € E’f“, and work with
a copy (X) of the (n,d, \)-supermarket process where Xy = xg a.s.

Our general plan for proving Proposition 8.1 is as follows. We suppose
that the process (X;) stays inside £¥T! = Dy \ K over the interval [0,mg),
with the aim of showing that this event has low probability. Observe that, if
x € LA\ £E then upyq(z) > e(1—\) and Qi(z) > n(1— (A=) (Ad)F L
This “excess” in ugy1 would result in a downward drift in Qx(X}), so if the
process does not exit £]f+1 quickly, then it enters E’g quickly, and stays in
L% throughout the interval [0, mg): i.e., W, is small and ng is large, with
high probability. This means that Q(X;) maintains a “deficit” compared
to Qp := n(1 — A)(Ad)*~! until time mg. A deficit in Qy(X;) would lead
to a deficit in each Q;(X;) in turn, compared to Q; := n(1 — A\)(\d)I 1,
for j=k—1,k—2,...,1: each W,; is small, and WL is large, with high
probability. Finally, a deficit in Q1(X;) compared to Q = n(l — A) is
unsustainable, as this would lead to a drift down in the total number of
customers over a long enough time interval to empty the entire system of
customers. This would entail exiting the set By 2 E’f“, a contradiction.

Lemma 8.2. (1) P(Wpe AW}, > 12ke " n(1 — A)™1) < 1/650.
(2) P(W), <me < W) < 1/12s0.

Proof. We apply Lemma 3.3 to the process (X;), with its natural filtration,
and the function F = Q. We set h = (1 — £)n(l — A)(Ad)*! and p =
2=en(l — M) (Ad)F~t > 2. We also set S = LM and T* = 0. We note
that Qx(x) < ¢ := kn for every z, and we take m = 12ke~In(1 — \)7L,
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and s = mg — 1. Then Ty = WZkJrl’ Ty = inf{t : Qr(X;) < h} and
Ty = inf{t > T1 : Qx(X¢) > h + p}, as in the lemma.
For z € LV with Qg (x) > h, we have uj 1 (z) > e(1 — \) and = € D;.

So Lemma 7.1 applies, and we have

(14 X)AQk(z)
< Bl =X —up1(Xy)) — TL(Q/\Z)QIC@)—I + exp(—dQx(x)/kn) + %(1 - )
< A-N1-9=(1-NA-)+ 0=V +(1-N
= —ée(l —A).
So AQk(z) < —%e(1 — A) := —v for such z. Note that mv = 2c. Hence we

may apply Lemma 3.3.
As in earlier lemmas, we have T1 A Wzk b =Wee A Wzk +1, SO We obtain

P(Wer AWy >m) = P(Ty ATy > m)
< exp(—v*m/8)
= exp(—¢ekn(l —\)/24) < 1/6s0.
Also the events Wzk <mg < Wj;kﬂ and Th < mg < WZHI coincide, and

the second is equivalent to 1o < 5 < WLCH (since s =mg —1). So

P(Wh <me <Wi.) = P(Tz<s<Tp)

100s
< = exp(—pu/)
100s _
= — exp(—e?n(1 — A)2(\d)F~1/1152k)
< 1/12sp,
as required. O

The next lemma states that, if the process stays in some set E{H for a

long time, then it quickly enters the “next” set £}, and stays in E{ for a
long time.

Lemma 8.3. Foreachj=k—-1,...,1,

(1) P(W£j+l A W[:j > W£j+1 + 5_1n(1 — )\)_1) < 1/3]€80.

(2) P(W), < mg <W),,,) < 1/3ksq.

Proof. (Sketch) This proof is very similar to that of earlier lemmas, and we
mention only a few points. As in Lemma 6.4, we apply Lemma 3.3 to the

scaled process Q(z) = Q;(x)/(Ad)U=1/2. The key step is to show that,
for x € £J7 with Q) > h = n(l = A\)(A)VUD/2(1 - £ — g—i), we have
AQj(z) < —57(1 - N (Ad)UFD/2 .= —y. The proof now proceeds as earlier

ones.
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For part (2) of the lemma, we set p = 55n(1 — N (Ad)=D/2 We make
use of the fact that the value of Q;- only changes if either (i) the event is an
arrival, and some queue of length at most j — 1 is inspected, or (ii) the event
is a departure from some queue of length at most j. From any state x € E{,
the probability of (i) is at most d(1 — u;(z)) < dQ;(z)/n < (1 — A\)d’, and
the probability of (i) is at most (1 — uj11(x)) < Qj41(z)/n < (1 — N)d.
Hence we may apply Lemma 3.3(ii), with p = 2(1 — \)d’.

100mg¢
]P)(WL' <mg < WL‘H) < ) exp(—pv/8p)

100mg g2\
_ _ 1- A
2 P < 16082 ™ )>

1/3]€80.

IN

O

We now prove a hitting time lemma for || X;||;, the total number of cus-
tomers in the system at time ¢. Let Wy = min{t > W1 : || Xy||; = 0}.

Lemma 8.4.
P(W5, AW > Wer + 720 In(1 — \)71) < 1/12s0.

Proof. We apply Lemma 3.3(i) to the chain (X;), with the filtration (F3),
and the function F(x) = ||z||1, which takes jumps of size at most 1. Since
A1(€,b) D L} we have || Xo||; < ¢ := 3bn. We also set S = L}, T* = W,
h=0and m = 72bs"'n(1 — X)L

Note that || X411 — || X¢]|1 is equal to +1 if the event at time ¢ is an
arrival, with probability A/(14+)), and equal to —1 if the event is a potential
departure from a non-empty queue, with probability uj(X;)/(1 + A), so the
drift Al|z||; is equal to 1%\()\ —uy(z)). For x € L1, we have

Q1(z) e € € €
— — < - i S )<@a- —2).
Lrue) === <-4 (1 6 ok 24k:> <a-n( 6)
Hence, for z € L], (1+ N)A|z]i = (1 —wi(z)) — (1= X) < =5(1—)), and
so Allz|ly < —55(1 = ) := —v. Note that vm = 2c.

Hence we may apply Lemma 3.3(i). With Tp and T} as in that lemma,
we have Ty = WZI and T = Wy, so we conclude that
P(Wzl AW >We4+m) < exp(—v?m/8)
= exp(—ebn(l —\)/16) < 1/12s,
as required. O

We now combine Lemmas 8.2, 8.3 and 8.4 to prove Proposition 8.1.
Observe that, for a copy (X;) of the (n, d, \)-supermarket process starting
in a state xg € E’f“, exactly one of the following occurs:

(a) ngﬂ < meg,
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(b) not (a), and one of Wzk, Wzk,l, ce WL is less than meg,

(c) neither of the above, and W, > 12ke~tn(1 — \) 71,

(d) none of the above, and W, > Wpir1 + e tn(l — \)~! for some
j=k—1,...,1,

(e) none of the above, and Wy > W1 + 72be " tn(1 — \) 71,

(f) none of the above, and Wy < mg < WZHI.

Indeed, if none of (a)-(e) occurs, then Wz,k +1 > meg since (a) fails, and also
k-1
Wi = Wee+ Y (We = W) + (Wag — W)
j=1
< 12ke (1= NP4 (k= De a1 = N7 4720 (1 - A) !
< (13k+72b)e In(1 — N7 = me.
We now show that the probability of each of (b)—(f) is small. For (b),
Lemmas 8.2(2) and 8.3(2) give that

PWh AW A AW <me < WL L)

rk—1
k—1

< PVL < me < Whi)+ Y POVL < me < W)
j=1

1 1 1
= 680 + (k 1)3/€SQ = 2807
i.e., the probability of (b) is at most 1/2sy. The probability of (c) is at most
1/12sq by Lemma 8.2(1). The probability of (d) is at most (k—1) 5 < 1/3s¢
by Lemma 8.3(1). The probability of (e) is at most 1/12sg by Lemma 8.4.
Finally, (f) is not possible, since at time W there are no customers in the
system, so Qi (Xw,,) > n, and thus Wy > Tg, but also Té > Wzkﬂ since
LT C Dy C By by definition.

Thus the probability of (a), for a copy of the process starting in a state
in ﬁ’f“, is at least 1 — ﬁ — ﬁ — % — ﬁ =1- %, which is what we
need to prove Proposition 8.1, and thus also Lemma 6.5(1).

Now we move to the proof of Lemma 6.5(2), stating that the exit time Tg
is large with high probability. There are two things to prove here. The first
is that, if X; € &, then it is very unlikely that, at time ¢ 4+ 1, a customer
arrives and creates a queue of length k+1. The second is that, once Q(X;)
has reached (1 —3¢)n(1— \)(Ad)*~!, while uy,1(X¢) is at most £(1—\), Qp
is unlikely to “cross down against the drift” to (1 — 4¢)n(1 — \)(Ad)¥~1.

For t > 0, let L; denote the event that, at time ¢, a customer arrives
and joins a queue of length at least k (equivalently, the probability that the
event is an arrival and that all the selected queues have length at least k).
So Ly is the event that u;(X;) > u;(X;—1) for some j > k + 1.

Lemma 8.5. On the event that Xy € &1, we have P(Ly1 | Fy) < e~ log’n,
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Proof. From the definition of L;, we have P(L;y1 | Ft) = 1J%\uk(Xt)d <
up(X;)% For x € &, we have Qp(z) > (1 — 4e)n(l — N\)(Ad)*~! and
Qr-1(z) < (1+5e)n(l — A)(Ad)*2 < Len(l — A)(Ad)*~1. Therefore, by
(5.5), we have

1 — up(z) > an(x) - Q’“—;(“’“) > (1- ?@(1 ~ Nt >

(1—N)dF L.

N

Hence, on the event that X; € &1,

1

un(Xo)! < (1 L0 A)d’“)d < exp ( - A)d’f) < exp(—log?n),

as required. O

Let Ut = inf{t > T¢ : up11(Xy) > (1 — A)} and VI = inf{t > T¢ :
Qr(X:) < (1 —4e)n(1 — X)(Ad)*~1}, and note that Tj = T} A UT A VT, We
thus have

P(T} < so < T})) < PUT < s ATH AV + P(VT < s ATH AUT).

We claim that each of these last two probabilities is at most 1/2s¢. For
the first, we may apply Lemma 8.5. Observe that, if UT = ¢ + 1, then the
event L;y1 occurs. We now have:

1

vl

0

P(U < soATHAVT) = P(UT=t+1<TLAVT)

(]

o+
Il

0

so—1 so—1

=> PU'=t+land X;€&) = E[L{x,ee) B iz | Fo)]
t=0 t=0
so—1

IN

]E[]]'{XtGgl}]E(]lLtJrl | ft)]
t

Il
o

By Lemma 8.5, each term is at most e‘lOgQ”, and so we have
P(UT < 5o ATH A VT) < s0e7 18" < 124,

as claimed.

To obtain the other required inequality, we apply the reversed version of
Lemma 3.3(ii). We consider the process (X;), with its natural filtration, the
function F' = Qg, and the set S = {x : ugy1(x) < e(1 —N)} NDy. We set
h = (1-3)n(1-X)(Ad)* and p = en(1-X)(Ad)*~1 > 2. We also set s = s
and T* = Tg. We have Ty = inf{t > Tg : X; ¢ Dy or up1(Xy) > e(1 — M)},
so that Ty > T%/\UT (strict inequality occurs if TlT) < Tg). Also T = inf{t >
Te : Qu(Xy) > h}y = Tg, and Ty = inf{t > Te : Qp(Xy) < h — p} = V1.
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Take x € § with Qx(x) < h. As z € Dy, we apply Lemma 7.1 to obtain

(L+0AQa) 2 A1 = A wenfe)) - 25— S(1-
> Bl =N -2) ~ (1= N1 -32) - c(1-N)
> G—A)Klf§>ﬂ4@)—1+3e—g]

> e(1-M).

This yields AQg(z) > 3e(1 — A) := v, for such z.
The reversed version of Lemma 3.3(ii) gives that

P(VI <so ATHLAUT) < P(T < s ATo)

10080
< 200 ep(—pus)

100sq —
= 2 exp(—&?n(1 — A\)?(\d)F~1/16)
< 1/2sp,

as required. This completes the proof of Lemma 6.5.

9. PROOFS OF LEMMAS 6.6 AND 6.7
In this section, we prove the final two of our sequence of lemmas.

Proof of Lemma 6.6

Proof. Fix j with 1 < 5 < k — 1, and consider the state of the process at
the hitting time Tg;+1. The hitting time T; is the first time ¢t > Tg;+1 that

Q;(Xy) lies in the interval between [1 -4+ L,;lm)e n(l —A)(Ad)’~! and
[1 +(4+ ki]Tfl/Q)s] n(1—X)(Ad)?~1. Let By, be the event that Q; (Xng+1

[1 +(4+ ]%]Tﬁ/z)s} n(1—A)(Ad)’~1, and By be the event that Q; (X1501) <

[1 - @+ 2 )| n(1 = N (ay .

For part (1) of the lemma, we have to show that, on the event By, with
high probability Q;(X¢) enters the interval from above within time mg, and
also that, on the event By, with high probability Q;(X;) enters the interval
from below within time mg. These two results are essentially the same, and
we give details only for the first. Of course, we have nothing to prove on the
event that Q;(Xr,,,,) is already in the interval.

We apply Lemma 3.3(i) to (X¢), with its natural filtration, and the scaled
function F(z) = Q’(r) = Q;(x)/(A)U~1/2. We take S = Q{H and T* =
Tgi+1. We set

) >

k—j—1/2

e |n(1 =) (AU,

h=|1+ 4+
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and m = mg = 32ke " 'n(1 — A\)~1(Ad)~!. From (5.3), we have that Qj(x) <
c:=2n for all . Also Ty = TgTjJrl and T = inf{t > Tgj+1 : Q;-(Xt) < h}.
For x € g{“, we have

Q) < {1 + At kil)a} n(1l = N(Ad).

(This follows from the specification of g{“ for j < k — 1, and since GF =
& C By for j =k —1.) If also Q’;(x) > h, we have

Qi(x) > {1 Ty k—jk_l/z)g] n(1 = (MY,

Lemma 7.1 applies since x € Dy, so

(1+NAQ,(x) < —)\deTEx) (1- ) +Qj+nl<w)

k—j—1/2

< - [1 + 4+ )5] (1- )\)()\d)j<1 - i)

K 25k
%)s} (1= Ny

1+
1 ,
< ——e(1=XN)(\d)
< (1= N0,
and so AQ’(r) < —gee(l— N (A)UHD/2 .= —y. Note that vmg > 2c.
Lemma 3.3(i) now gives
P(Ty ATy > Tgirr +mg) < exp(—v>mg/8)
= exp(—en(l — \)(A\)YTV/2/16k)
< 1/250.

On the Tg;-measurable event By, the stopping times 17 ATy and Tg; AT
coincide, so we have

P(By, N {Tgs ATS; 10 > Tgren +mg}) < 1/2s0.
Essentially exactly the same calculation gives
P(By N {Tgs ANTS0 > Tginr +mg}) < 1/2s0,

and part (1) of the lemma now follows, for this value of j.

To prove part (2) of the lemma, we need to show that, once X; has
reached Qg , and while it remains in g{“, the process is unlikely to leave
the set g{ quickly. There are two separate things to prove: that Q;(X;) is

unlikely to cross against the drift from [1 +(4+ k_jT_l/Q)s] n(1—\)(Ad)’~!
to |1+ (4+ k%)e n(1 — X)(Ad)?~! before time sg, and also that Q;(X;) is
unlikely to cross against the drift from [1 —(4+ k”_JT_l/Q)e} n(1—X)(Ad)’~! to
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1—(4+ k—;])s} n(1—\)(Ad)?~! before time sg. Again, the two calculations
required here are essentially identical, and we shall concentrate on the first.
We apply Lemma 3.3(ii), again for the process (X;) with its natural filtra-
tion, and the scaled function F(z) = Q;(z)/(Ad)VU~1/2. We take the same
values of parameters as above, and additionally set p = 5zn(1 —\)(Ad)U—D/2
and s = sg. As before, we may take p = 2(1 — X\)d’. Here T5 = inf{t > 17 :
Q5(Xt) > h + p}.

100s
P(Ty < s0 < TgTj+1) < 2 - exp(—pv/8p)
10080 2 :
= 2 exp(—e“n(1l — X\)N /256k)
< 1/2sp.

Setting Up = inf{t > T1 : Q;(Xy) < |1 — (4 4+ ED)e|n(1 — N)(Ad)P 71}, we
have, similarly, P(Us < sg < ngﬂ) <1/2sp.
The events To A Uy < 59 < Tngj+1 and TgT]- <59 < TgT]-+1 coincide, so

P(T], < so<Tl) < P(Iy<s<Ty)+PUz <s<Tp)
1 1 1
< — )
- 2sp 250 S0

as required for part (2) for this value of j. O

Proof of Lemma 6.7

Proof. We first prove part (1). For i = 1,...,n, let N; be the number
of potential departures from queue 7 over the time period between T and
Tg1+myy, so Nj is a binomial random variable with parameters (mq, 1/n(1+
A)). Recall that L; is the event that, at time ¢, a customer arrives and joins
a queue of length k or longer, and observe that

P(Ty AT > Tgr +may)
Tg1+myu

< ]P’( U (@enixia egll})> +IP<32‘,Ni <3e).
t:Tg1+1

Indeed, at time Tg1, the process is in A; (¢, g), and so there is no queue with
more than 3¢ customers in it at that time. If there are at least 3¢ potential

. . Tg1+my
departures from each queue over the time interval, and (J, 7 i1 Lt does not
=g

occur, then by time Tg1 + my, every queue is reduced to length at most k,
and no new queue of length & + 1 is created before Tg1 + msy.
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Now let (X}) = (X1,,44), (F7) = (Fry,+¢) and Ly = L, 4. We have:

Tg1+mH my
IP’( U @n{xi.e Q%})) = P ( Uin{xi,e 911}))
t=Tg1+1 t=1

IN

Y PLin{X; 1 €Gi})

t=1
my

= D E[lix eqy Elly | Fi_yl]
t=1

2
< mye” 198 < 1/2s,

where we used the strong Markov property, and Lemma 8.5.
Recall that my = n(8¢ + 32log®n), so that the mean p of each Nj is
may /n(1+ X) > 40 + 16log? n. By (3.1), with € = 1/4, we have

]P)(Nz < 36) < }PJ(]VZ < Zlu,) < 67“/32 < 6*%10g2n

for each 7. Thus the probability that there are fewer than 3¢ departures from

1 2
any queue over the interval from T to T + myy is at most ne™ 2 log™n
1/2sp, and part (1) follows.

For part (2), as above we have
Tg1+s0

P( U (Lt N {thl € gll})) S 806_10g2n S 1/50.
t:Tg1+1

Thus ]P’(T;; <s9<T, gl) is at most the probability that X; exits the set H;

before time Tgl A 8o, necessarily by the creation of a new queue of length
k + 1, is at most 1/s¢, as required. O

10. RAPID MIXING

In this section, we prove our results about rapid mixing of the (n,d, \)-
supermarket process. We continue to assume that the functions A = A(n) =
1 —n"% d=d(n) =nP and € = ¢(n) of the model satisfy the conditions of
Theorem 6.1. We also assume throughout this section that b < £ < ei log? "
so that q(¢,b) = (22k + 72b)e ™ ! + 8/n < s0/2.

We say that two queue-lengths vectors are adjacent if they differ by one
customer in one queue, and we first consider two copies of the process start-
ing in adjacent states in Ay (¢, b), coupled according to the coupling referred
to in Lemma 4.1. The proof partly follows along the lines of the proof of
Lemma 2.6 in [11].

Lemma 10.1. Let x,y be a pair of adjacent states in Ay(¢,b), with x(jo) =
y(jo) — 1 for some queue jo, and x(j) = y(j) for j # jo. Consider coupled
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copies (X7) and (X}) of the (n,d, \)-supermarket process, where X¥ = x
and X{ = y. For n sufficiently large, and all times t > 2q(¢,b), we have

E|[X7 — XYl = P(XF # XV) < 2ei%¢" ",

Proof. By Lemma 4.1, X} and X/ are always neighbours or equal, always
X7 < X/, and if for some time s we have X* = XY, then X7 = X/ for all
t > s. Thus in particular E || X} — X/||; = P(X} # X/). The probability of
coalescence is increasing with ¢, so we may assume that t = 2¢(¢, b).

Initially, the queue jo is unbalanced, i.e., X¥(jo) # X{ (jo), and all other
queues are balanced. Observe that the index of the unbalanced queue in the
coupled pair of processes may change over time. Let W; denote the longer
of the unbalanced queue lengths at time ¢, if there is such a queue, and let
W; = 0 otherwise. The time for the two coupled processes to coalesce is the
time 7" until W; hits 0.

We first run (X7) and (X}') together using the coupling. Let T3 and T3,
denote the times T4, as defined in Section 6, for the two copies of the process,
and set T;, = T3, V T;,. By Theorem 6.10, T3, < q(¢,b) with probability at
least

1_ 2(6k + 28) 1 le*ing".
S0 - 3

We now track the performance of the coupling after time T7,. If the

processes have coalesced by time T3, (i.e., if T < T3)), then we are done.

Otherwise, X%% and X%*{ are still adjacent, and there is some random index
Jo such that the queue Jy is unbalanced, i.e., XI;L(JO) # Xy;[(JO), and all

other queues are balanced. Moreover, since ugy1(x) = 0 for all x € H, we
have WT;; < k.

We shall use Lemma 3.4 to give a suitable upper bound on P(W; > 0).
The idea is that, since, with high probability, both copies of the process
remain in H for a long time, the unbalanced queue length W; will often
drop below k, and then there is a chance of going all the way down to 0
before returning to k.

For each t > 0, let B; be the event that XY, X% € H for all s with
T} < s <t—1. It follows from Theorem 6.10 that P(B;) < (12k +56)/sp <
le‘ilog%, provided t < sg.

Let N, be the number of jumps of the longer unbalanced queue length
in the first 7 steps after T75;. Also set N = Nr, the total number of these
jumps, with Ny = 0if T < T73,. For j = 1,2,..., let T} be the time of the jth
jump after T3, if N > j, and otherwise set T = T}, V T. Thus, if T}, < T,
we have T, < Ty < --- <T =Ty =Tn41 = ---. If Tj; > T, then all of the
T; are equal to T7;.

Let Sy = y(Jo)IL{T;L<T} = Wry Lirs <13, the longer unbalanced queue
length at time ¢ = T, if coalescence has not occurred. For each positive
integer j, if N > j, let S; = Wy, which is either 0 or the longer of the
unbalanced queue lengths at time 7}, immediately after the jth arrival or
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departure at the unbalanced queue. Also, if N > j, let Z; be the £1-
valued random variable S; — S;_1. For each non-negative integer j, let ¢;
be the o-field Fryp-1 of all events before time Tj,1. Let also A; be the
¢j-measurable event Br, ,, that is the event that XY, X* € H for each s
with T, <s <Tjy — 1.

We shall use Lemma 3.4. We take the sequences (¢;);>0, (Z;);>0, (5;)j>0
and (A4;);>0 as defined above, and we set kg = k and § = 1/(Ad + 1). Note
first that, at any time ¢ < T, the probability, conditioned on F;, of an
arrival to the longer of the unbalanced queues is at most dA/n(1+ X), while
the conditional probability of a departure from that queue is 1/n(1 + X).
Therefore, on the event that N > j, the probability, conditioned on ¢;_1,
that the event at time T} is a departure from the longer unbalanced queue
is at least

1/n(1+4\) 1 5
n(l+A)+d\/n(l+X)  1+dx
In other words, on the event N > j we have P(Z; = —1 | pj_1) > 6.
We now show that, on the event {N > j} N A;_1 N {Sj—1 > k}, we have

To see this, consider a time ¢ > T3;. On the event By, we have X; € H C &,
and so, by Lemma 8.5, the conditional probability P(L;y; | F) that the
event at time ¢ 4+ 1 is an arrival to a queue of length k or greater is at
most e~ 198”7 Tn particular, on the event B, N {W;_1 > k}, the conditional
probability that the event at time ¢ 4+ 1 is an arrival joining the longer
unbalanced queue is at most ¢~ log? " while the conditional probability that
the event at time ¢t + 1 is a departure from the longer unbalanced queue is
1/n(1+ A). Therefore, on the event {N > j} N A;_1N{S;—1 > k}, we have

1/n(A+1) - 3
=%

B2y =—11em) 2 1/n(A+ 1) 4 ¢~ log”n

We have now shown that S, — So can be written as a sum ) ;" Z; for
{0, £1}-valued random variables Z; that satisfy the conditions of Lemma 3.4,
with kg = k and § = 1/(Ad + 1). (The argument above establishes this for
m < N: for m > N, we have set Z,, = S;, = 0, which also meets the
requirements of the lemma.) Note that 6—*~1) = (Ad + 1)F1 < 24F1.
Hence, for m > 16k,

m

P ( rW{SZ #0} N ”ﬁl Ai) < P(Syp > |m/16]) + 3exp (—%m)
i=1 i=0

< 04 3exp (—W)

Here P(+) refers to the coupling measure in the probability space of Section 4,
with coupled copies of the process for each possible starting state.
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Let ¢ = q(¢,b) and m = |g/4n]| > n®. Since, at each time after T, and
before T', a jump in the longer unbalanced queue occurs with probability
at least 1/2n while the queue is nonempty, we have, by inequality (3.1),
P{T > T} + q} N {Ny, < m}) < e ¥/1" Also,

m—1
P ({N,=m}n gmn{m < q}) <P(Bay) <P(By) <

efi log2 n

W =

Now we have that

P(T > 2q) P(T3; > q¢) + P({T > T3, + ¢} n{T}; < q})

P(Ty, > q) + PHT > T5, + q} N {Ny < m})

IN A

+}P’<{Nq > m}ﬂblfliﬁ{ﬁt < Q}>

m—1 m
+P<{Nq >m}in (] Ain({Si ;éO}).
=0 =1

To see this, note that {Ng > m} N/~ {S; =0} C {T < T}, + q}. Now we
have

_1

P(T >2q) < %e‘il"gz" +em9/16n 4 %e jlog*n

q
+oexp 1600kd*—1n
2 711 2 na—(k—l),@
< Z og?n 4 4 L
= 3¢ * eXp( 1600k

1 2
—=>log*n
< e 4 g ,
as required. O

Theorem 10.2. Let (X}) and (X)) be two copies of the (n, d, \)-supermarket
process, starting in states x and y in Ag(€,b). Then, for n sufficiently large
and t > 2q(¢,b), we have

E||IX7F — X!l < 2bne” 118" < em5log*n,

Proof. Given two distinct states z and y in Ay (¢, b), we can choose a path
T = 20,21,---,2m = y of adjacent states in Ag(¢,b) from = down to the
empty queue-lengths vector and back up to y, where m = ||z[j1 +||y[j1 < 20n.
By Lemma 10.1, for ¢t > 2¢(¢,b),

m—1
E|XF— X/ < Y E[X7 — X7y < 2bne” 110877,
1=0

as required. O
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We saw in Corollary 6.9 that Y; € Ag(¢,b) with probability at least 1 —
1 log?n

e 1 , whenever £,b > k, where (Y}) is a copy of the (n, d, \)-supermarket
process in equilibrium. Thus we have the following corollary.

Corollary 10.3. Take any £,b > k, and let (X}) be a copy of the (n,d,\)-
supermarket process starting in a state v € Ag(¢,b). Also let (Yz) be a copy
in equilibrium. Then, for n sufficiently large and t > 2q(¢,b), we have

dry (L(X]), L(Y7)) < 9¢—5 log?n
This now implies Theorem 1.4. We choose £(n) = 1/100. The hypothesis

that £ = ||z]|e < eilOgQ”, together with b = ||z|1/n < ¢, ensures that
q(¢,b) < 3so, and the setting of ¢ ensures that g(¢,b) < 7200(kn'*® +
bnlte 4+ En).

We now show that mixing actually takes place faster if we start from a
“good” state, i.e., a state in N/ = N,

Lemma 10.4. Let x,y be a pair of adjacent states in N, with x(jo) =
y(jo) — 1 for some queue jo, and x(j) = y(j) for j # jo. Consider coupled
copies (X}) and (X}) of the (n,d, \)-supermarket process. For n sufficiently
large and all times t > 0, we have

1.2 t
BIXE - Xl < e e (o).
Proof. The proof is nearly identical to that of Lemma 10.1. Instead of
starting by running the two copies of the process together until some time
T, we use the final part of Theorem 6.1, which tells us that, with probability
at most 1 — e 11°5°™ hoth X¥ and XV remain within A'® throughout the
interval 0 <t < sg. We may thus repeat the proof of Lemma 10.1 with T*
and ¢ = ¢(¢,b) replaced by 0, and running the second phase for any number
t of steps instead of g, and we obtain the result. ([

As before, we can use this result to deduce an upper bound on the mixing
time, starting from a good state.

Theorem 10.5. Let (X}) and (X}) be two copies of the (n, d, \)-supermarket
process with starting states © and y in N¢. Then, for n sufficiently large
and t > 0, we have
E[X7 = XY <n (et faexp (——L ).
b= 1600kd*—1n
Proof. (Sketch) Take any two queue-lengths vectors z and y in V. It is
straightforward to show that there is a path between x = 2921 -+ - 2z, = y in

N¢ of length m < 4n(1 — A\)(Ad)¥~! < n between z and y. The result now
follows as in the proof of Theorem 10.2. O

As before, since Yy lies in H® C N¢ with probability at least 1 — ¢~ 1log? "
by Corollary 6.9, we may now deduce that the total variation distance
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dry (L(XT), L(Y:)) is at most
=4 <€_411 " o <_ 1600/.ctdk—1n>>

19,2 t
< —log“n _
<n <2e 1 + 4exp < 1600kn1+(k—1)f3>>

whenever x € N*. This result is exactly the statement of Theorem 1.2
(where we take ¢ = 1/logn: the result would hold if our initial state were
in NV¢ for € a suitably small constant).

Theorem 1.2 shows that, from states € A/, we have mixing to equilib-
rium in time of order n'**~181ogn. We finish by proving Theorem 1.3,
showing that this bound is approximately best possible.

Note that there is a state z in Z¢ C H® C N with Qr(z) < (1—3e)n(1 —
M\ (Ad)F~1. However, we know from Corollary 6.9 that P(Y; € H/®) > 1 —
e~ 1198”1 g0 in order for dry (L(XF),1I) to be small, we need that Qx(X7) >
(1 —e)n(1 — A)(Ad)*~! with high probability. Set t = gn(Ad)*~".

For x € H*, we obtain from Lemma 7.1, with a calculation almost exactly
as in Lemma 8.2, that

(1+NAQk(x) < (1-XN)(1+¢/6)— m + exp (—dQy () /kn)

< 1=XN14+¢e/3—(1—4¢e)) <5e(1—N),

s0 AQk(z) < 5e(1 — \) also. We know from (6.1) that, with probability at

least 1 — e‘ik’g?”, XZ e H* forall s =0,...,t — 1, and we also have that

Qr(z) < kn for every state z. It follows that

t—1

EQr(X7) = Qu(z)+ ) E(E(AQ(X]) | Fy))

s=0
(1 3)n(1 = NYAD) " + 5et(1 — A) + kne~518°"
(1 —2¢)n(1 — N ()L,

N

<
<

A result from [11] (adapted for discrete time) states that, for some ab-
solute constant ¢, for any 1-Lipschitz function f, any starting state z, any
t > 0 and any u > 0,

P(f(X7) — Ef(X7)| = u) < e/,
Applying this with f = Q, t = %n()\d)k_l and u = et(1 — \), we find that
P(Qx(XF) > (1 —e)n(1 = )(Ad)* )
< P(Qr(X7) — EQu(X7) > en(1 — X)(Ad)* )
< ne—ca2n(1—)\)2()\d)k*1/2 < 1/80.

This completes the proof of Theorem 1.3.
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