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Abstract: Correlations between charged and neutral pions at high energies are investigated in 
the framework of a cluster model in which neutral clusters have a decay distribution deter- 
mined by isospin conservation and statistical independence. For (n 0 )n_ an asymptotic ex- 
pansion around the mean ( n )  leading asymptotically to a quadratic form in n_ is derived 
and compared with data. 

Recent experiments [ 1, 2] have provided data on correlations between charged 
and neutral pions in inelastic high-energy scattering and it seems now worthwile to 
obtain representative fits for the various theoretical concepts. 

In this note we study the cluster model  [3] in which independently produced 
neutral clusters [4] decay isotropically in their rest frames. Following the stan- 
dard picture with factorized momentum and mass dependence of  the cluster for- 
mation one can write the generating function for the multiplici ty distribution 
simply as 

G(z+, z_, z0) = exp {(N c) [GD(z+, z _ ,  z0) -- 1] } , (1) 

where (N c) is the average number of  central clusters. G D is the generating function 
for the decay, which is obtained after averaging over the cluster masses and which 
is assumed to be energy independent.  To avoid many parameters the presence of  
the leading particles and the special behaviour of  the fragmentation cluster is dis- 
regarded. 

Existing work [5 ] which only takes into account a fixed cluster decay multi- 
plicity seems no longer compatible with data and one has to turn to a suitable mul- 
t iplicity distr ibution [6]. For  this purpose we assume an approximate Poisson dis- 
t r ibut ion for the total  cluster decay multiplicities. In order to determine the ratios 
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o f  the various charged states we apply the statistical weights derived by Cerulus [7] 
for the decay probabil i t ies  for isospin zero clusters and obta in  the following decay  

mul t ip l ic i ty  d is t r ibut ion  

+1 
3`m+ + m_ + m  0 

pD 2-m+ -m - f 
m+,m_,mo=6m+, m- m+!m_!mo! -1 

(2) 

where 3, is a single parameter  describing the size of  the clusters and N(3`) is the prop- 
er normal izat ion.  Eq. (2) then  leads to the following generating funct ion  for the 

cluster decay* 

GD(z+,z_,Zo) = ~ zm+zm-zmOpDm m m 
- -  U + '  --~ 0 

m+ = m_, m 0 

+1 

f 
-1  

= 

dx eZoXXI0 [ zV~-+~_ 3`(1 +x)] 

+1 
f dxeXXlo [3`(1 + x ) ]  

-1  

d x ( 1  + x)m++m-xm°/N(3`),  

(3) 

where lo(x) is the modif ied Bessel funct ion.  
It is now sufficient to consider correlations between negative and neutra l  secon- 

daries as the others can be obta ined  by  charge conservation.  Applying the approp- 
riate different ia t ions to eq. (3) we f ind** 

* In eq. (3) an even and odd number of ~r ° contribute. One could assume that the clusters 
have vacuum quantum numbers, but the elimination of the states with negative G-parity 
does not significantly change the following results. 

** The correlation integrals between negative pions, C k = 0 k , can be calculated using the 
multiplication theorem for Bessel function (see for example [8]). It allows one to rewrite 
the numerator on the right hand side of eq. (3) as 

oo 
S-~ ( z + z -  1) k +1 

2 - k  f dxe  z°kx [ h ( t + x ) ] k l k [ M l + x ) ] .  L . . /  

k = 0  k! -1 

Substituting the resulting expression in eq. (1) and applying the derivatives 

(d/dz_) k G(z+ = 1, z_, z 0 = 1) Iz_ = l 

an integral representation for Cko = O, k_ is obtained. With the help of 
g 

f e t t  klk(t  )=e zz  k + l  [1 k ( z ) - I  k+l(z)]/(2k+l) 
0 

the final result given in eq. (4) is found. In a similar, slightly more elaborate way the sub- 
sequent relations are derived. 
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Xk 
Ck o = O, k_ = k = (Nc} 2k  + 1 

Cko= 1,k =k = 
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Ik(2X) - I k + 1(2x) 

I o ( 2 x )  - 1 1 ( 2 x )  ' 

0Vc) ~k [2X/(2k + 3) - ~,/(2k + 1)11k(2X) -- [(2X -- 1)/(2k + 3) - ~,/(2k + 1)l Ik+ 1 (2X) 

10 (2X)- - I  1 (2~) 

Ck o = 2, k_ = k = ~Nc)~2 k + 3) (2k + 5) 

X {[4X + X 2 ((2k + 3)(2k + 5)/(2k + 1) --8)]Ik (2X) - 

- [4 (k  + 1) - 2X(2k - 1)+ X2 ((2k + 3)(2k + 5)/(2k + 1) - 8)] Ik+ l(2X)) 

X {I0(2X) - Ii(2;k)) -1 . (4) 

In order to obtain the parameter ), the ratio C _ _ [ ( n )  is used, which is estimated 
from the proton-proton data [1] above 50 GeV/e as C _ _ / ( n _ )  ~_ 0.7 + 0.1. In this 
way X is determined as ~ = 1.5 + 0.1, which corresponds to an average number of  
particles per cluster of  (ntot)D = 2.8 + 0.3 ((n+) D = (n_) D = (n0)D)*, which is in agree- 
ment  with other estimates [4]. Using this value of X the following asymptotic ratios 
can be calculated: C _ _  _ / ( n _ )  ~ 0.38 -+ 0.12 (at present energies not in agreement 
with experimental data [1 ]), C_o/<n_> _~ 1.1 -+ 0.1 (not inconsistent with available 
data [9]), C__0/<n_> ~_ 0.83 -+ 0.2 and Co0/<n_> _~ 1.3 + 0.2 (data not yet avail- 
able)**. The results yield the following ordering of  the two-particle correlation 
parameters:~C+_ > COO > C_ 0 > C _ .  Eqs. (4) imply the relation 
COO + C 0_ = C _ _  + C+_, which is also found (asymptotically) in the framework 
of  other models [10, 11]. 

The interrelation in the production of  charged and neutral particles can also be 
examined with the associated average multiplicity, <n0> n _. For the analysis o f  this 
quantity it is convenient to exploit the fact, that asymptotic expansions around 
the mean are applicable, if the correlations are of  short range, i.e. 
Ck(s) s-+ ** I n s  [12, 13]. To expand (n0>n_ around <n_> we start with the follow- 
ing representation: 

* Because of this low value for (ntot)D, the Cerulus coefficients for low multiplicities are the 
relevant ones for the following results. 

** For the ratio Rch  ' ch(0,  O)/Ro, ch (0,0)  o f  the normalized correlation functions at the 
center in rapidity, Yl = Y2 = 0, the considered model  gives the value 1.08 + 0 .02 ,  which is 
in agreement with ISR data [1]. 
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(no) n P(n ) = I f  dte - in -  t Cl'k(eit  1) G(z_=eit, l,1) (5) 
_ - -  L . k = O - - ~ -  " - -  , 

- -  ? T  

and proceed along the method described in ref. [13], where the corresponding ex- 
pansion for the multiplicity distribution P(n_) is derived. This way one ends up 
with the asymptotic expansion 

C_O (C_o+C _ o ) D 2 - C  o(C +3C +(n )) 
(no) n_ = (no) + -D--X_ + . . . . . . . .  2D 4_ (x 2 - 1) 

+ o(1/x/~ s), (6) 

where x = (n_ - (n_))/D_ and D 2 = (n 2) - (n_) 2. The coefficients can be calcu- 
lated using eq. (4) and the result is shown in fig. 1. Satisfactory agreement with the 
data [2, 9] is found. The negative coefficient ofx 2 implies a downward curvature. Re- 
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Fig. 1. (no> n as a func t ion  o f  (n_ - ( n _ D D .  Data are form ref. [9], the  solid curve shows 
the  results  f rom e,q. 6. 
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writing the above expansion (6) in powers of  n_ ((no)n_ ~-a 0 +bon_ + Co n2)  one 
obtains an asymptotical ly constant slope of  

C_ 0 (C_o + C__o)D2 - C_o(C___  + 3C__ + (n_)) 
b 0 - -  ~ _ 0 . 6 7 + 0 . 0 3 ,  

D 2 - D 6 

which is also in good agreement with fitted values at the highest energies available 
(b 0 = 0.69 + 0.15 at 305 GeV/c and 0.62 +- 0.14 at 1500 GeV/c [9]); c o vanishes 
asymptotical ly.  

Interchanging charged and uncharged an equivalent expansion for (n_)no is ob- 
tained. The slope parameter is predicted to be b_  ~_ 0.75 b o. 

Similar relations can be derived for the higher associated correlations. Interesting 
experimentally might be (CoQ)n _. We find for the leading term at n_  = ( n ~  the 
expression (Coo - (C_o)2/DZ_) ~_ 0.56 ( n ) .  

The purpose of  this paper is to show that a model with isospin-zero clusters 
indeed reproduces the main features of  the high energy correlation data. But be- 
cause o f  the present experimental  errors and as "asympto t ia"  is not yet  reached 
many models [2, 3, 10, 14] are able to explain this set of  data. 
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