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Abstract

In this work, diffusion Monte Carlo (DMC) methodology was extended to allow
for the calculation of rotationally excited states by expansion into a functional space.
This new methodology was used to study CH; and its deuterated isotopologues.
Previous results regarding the localization of deuterium atoms within the Hg subunit
are corroborated, and new results regarding the lack of change in the wavefunction
upon rotational excitation up to J = 10 are shown. The method was then tested
concurrently with the previously established fixed node DMC method on HyD™
and HDJ, to determine its efficacy in capturing rovibrational coupling. This mixed
method was found to produce errors up to 20 cm™! for states with J = 2 and
Vasym = 1. Group theory was then used to analyze the cause of the error, and showed

the exclusion of Coriolis coupling terms to likely be at fault.



1 Introduction

The chemistry that takes place in the interstellar medium is very different from that which
takes place on Earth. Floppy molecules, those that exhibit large amplitude motions even
in their ground state, frequently form in this environment. This class of molecules contains
exotic species such as HoDT™ and CH; (pictured in Figure 2). The vibrations and rotations
of these molecules differ greatly from what a simple harmonic oscillator or rigid rotor model
predict.! Radio astronomical measurements provide evidence for chemical concentrations
and temperatures by comparison to experimentally collected spectra of astrochemical
species.? As can be seen in Figure 1, the rotationally resolved spectra of floppy molecules
are often quite complex, and can be better understood when theoretical studies are paired
with experiment.?® The infrared spectra of these species provide an excellent opportunity
for deepening the theoretical understanding of rotations and vibrations in astrochemical
species as well as reactive intermediates in the atmosphere.* This type of spectrum can
give insights into molecular structure, as well as the degree of rotation-vibration coupling,
both of which can impact chemical reactivity. Calculations of ground and excited state

energies can be used to assign a spectrum of this type with specific transitions.
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Figure 1: The infrared spectrum of CHZ | taken by Oka in 1999,° is exceptionally rich and
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difficult to understand with basic theories; energies are given in cm™
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Figure 2: Three important geometries of CH; ; all of the hydrogen atoms may permute
with one another, and each of these geometries are sampled in the ground state



Variational calculations are frequently an accurate method of determining transition
energies, but the computational cost grows very quickly with system size, especially
for floppy molecules. For small systems such as Hj this is yet feasible, but for larger
floppy systems such as CHZ, the calculations are very slow to converge.® Diffusion Monte
Carlo (DMC), originally a ground state method, has been expanded to allow calculations
of rotationally and vibrationally excited state energies and wavefunctions, providing a
method for determining the transition energies encapsulated in a spectrum. This method
has been used in many different capacities, from studies of electrons on 2-D surfaces, to
quantum dots and bosonic gasses.” ? In recent history, there have been many applications
of DMC to floppy molecules and systems, including HF dimers, Criegee intermediates,

water clusters, and of course CH; . 41013

2 Diffusion Monte Carlo

DMC takes advantage of the similarity between the Fick diffusion equation and the
time-dependent Schrodinger equation and allows one to obtain the ground state energy

and wavefunction of a quantum system. In one dimension:

oC 0*C
o = Doz (1)
O h? 02

In these equations, C' is a concentration gradient, ¢ is time, D is the diffusion coefficient,
x is position, ¢ and h are fundamental constants, ¥ is the wavefunction, m is a particle’s
mass, and V(x) is a potential function. Adding a linear term to the diffusion equation

(kC) and converting the Schréodinger equation to imaginary time (7 = it/h) yields:

oC 0*C
o = Paaz ke (3)
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The isomorphism that has been constructed between the equations can be manipulated.
The algorithm for DMC was laid out by Anderson in 1975.'4 In this approach, the
wavefunction is expanded in an ensemble of weighted (W;) 3N-dimensional Dirac delta-

functions called walkers, N being the number of atoms in the system.

Nyalker

(R|W(r Z Wi(1)8*N (R — Ri(7)) (5)

The split operator approximation to the solution of the time-dependent Schrédinger

equation is used to propagate the wavefunction in imaginary time:
U7+ 07)) e eV EDor eI (7)) (6)

In this ansatz, the kinetic energy operator leads to walker diffusion; each delta-function is
displaced in each of its 3N dimensions by a random value. The random value is determined
by a Gaussian distribution with a standard deviation, o = \/m , where d7 is the time
step and my, is the mass of the kth atom in the system. The potential energy is obtained
from an applicable potential energy surface. The additional reference energy term, .,
becomes the ground state energy while the distribution of walkers approaches the ground

state wavefunction:

U(r) = Y cuthnexp (B, — Eper)7] (7)
\IJ(T) = CO@bO + Z ann €xXp [_(En - Eref)T] (8)
Th_glo U(r) = ctho 9)

The reference energy is calculated using the average potential energy of the walkers, V,
and a correction based on total weights, Wiya1, with an empirically determined coefficient,

= (207)71
Wtotal(T) - Wtotal(o)

Eref(T) = ‘7<T> - Wtotal(o)

(10)




The correction term is included to prevent large fluctuations in the total weight of the

walkers. Weights associated with each walker are also updated each time step according to:
Wilr + ) = exp | = (Vi(r +07) = Byet(r)) 87| Wi(7) (11)

In order to maintain a distribution of walkers, walkers with weights below Wip,esn are
replaced. This is accomplished by splitting the highest weight walker into two with half of
the weight and removing the low weight walker from the ensemble. In this work, Wipesn is
defined to be 1/Nyaner- In order to estimate expectation values and construct probability
distributions, a technique called descendant weighting is employed.!® In this scheme, the
weight of a walker at a chosen time in the simulation, W;, as well as the total weight
attributed to that original walker after n time steps, W;(7 + nd7) = D;, are used. For an

arbitrary multiplicative operator, A, the expectation value is determined by:

Nywalker

‘ W A;D;
(A) = (12)

The values of W;D; can also be used to construct a histogram for a given coordinate,

which can be interpreted as a probability distribution.

3 Rotational Basis Diffusion Monte Carlo

The calculation of rotationally excited state energies and wavefunctions can be performed

with DMC by incorporating a rotational state vector associated with each walker:

walker

(R|W(r Z Wi(1)8*N (R — Ry(1)) |®,,5(7)) (13)



The state vector |®; ;) utilizes a symmetrized basis of analytic solutions to the symmetric

top rigid rotor problem with appropriate coefficients and parity p = +1:

ZCNM ) K), (14)

1 K
1K), = el ) (1) 1, =) (15)

The coefficients are updated according to first order time-dependent perturbation theory:

Ci7J7K7p(7_+57—) :OZJKJ) 57’ZOZJK/ JK|p rot( 1(7_+57—))|J K/> (16)
K'p

The states are then orthogonalized by the Gram-Schmidt process and normalized. In

these equations, J represents the angular momentum of a basis state and K represents

the projection of the angular momentum onto a given axis, the z-axis in this case. The

quantum propagator is modified to include a rotational Hamiltonian:
Dot (R) = ZJ I,5(R)J (17)

U (7 + 67)) mv e (V- Fret(M)IT g ~huotd7 o =T07 |y (1) (18)

The o and (8 in the rotational Hamiltonian are the x, y, and z Cartesian directions, J, is
an angular momentum operator, and [;}3 is an element of the inverse moment of inertia
tensor. Using the symmetric top basis allows one to use raising and lowering operators to
determine the couplings between basis states. Rotational energies are then calculated as

expectation values of the rotational Hamiltonian in the Eckart frame:

Eror(Bi(r)) = (®i(7) ot (Bi()) |1, (7)) (19)

The Eckart frame is a body fixed coordinate system which minimizes the rotation-vibration
coupling. This frame requires a reference geometry, which has been chosen to be the

equilibrium geometry. The transformation from the space fixed coordinate system to the



Eckart frame is outlined elsewhere.!® The resultant rotational energies are added to the
walker potential energies prior to calculating a series of reference energies. The principles
used to calculate the energies and wavefunctions of rotational states corresponding to a
single .J value can easily be expanded to include multiple .J states in a single calculation. !2

Rather than dressing the walkers with a single rotational state vector, they are dressed

with Ngiate vectors, each having a unique weight:

N, walker

(Rlw(r) = Y *NR-FE(m)| W) e

i=1

1
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The single reference energy is replaced by a vector of length Ngia.ie. The reference energies
and weights are calculated individually as before. This simultaneous calculation of multiple
states is a marked difference from previous DMC calculations performed in the McCoy

group, where a single state was calculated in each simulation.

3.1 Application to CHZ and its Deuterated Isotopologues

One advantage of the DMC method is its ability to determine the projection of the
wavefunction along any number of relevant coordinates. In this section, DMC is used
to compare the C-H and H-H bond lengths in CHZ and its deuterated isotopologues,
CH,D*, CH3D;, CH,D3, CHDJ, and CD7. Rotationally excited states up to J = 10
were included in the analysis; the calculated energies for CHS are given in Table 1. As
can be seen in the table, as J increases, the amount of parity mixing in the calculation
also increases. Nevertheless, the calculated energies are quite close to rigid rotor energies.
For CHZ, The variation between energies of K levels for a single J state is observed to
be quite small, which is characteristic for a spherical top molecule. This changes for the
doubly deuterated isotopologue, which have a greater range of energies. Several of these

are included in Table 2. A full tabulation of calculated rotationally excited energies are



given in the Appendix in Table 8. For each isotopologue, a single set of calculations
simultaneously produces all of the given energies; this allows correlated sampling to be

used in the analysis to minimize the apparent statistical error.

Table 1: Comparison Between the Multi-State DMC and Rigid-Rotor Energies (in cm™!)
for Representative Rotationally Excited States of CH; with 99% confidence intervals

J Epuc (p)" Epne” () Epuic  Fag”
1 7.70 £0.19 1.00 7.77+0.15 1.00 7.75 707

2 23.15+£054 —1.00 2335047 099 2324 23.24
3 | 46.35£1.10 097 46.62+£1.04 —-094 46.46 46.44
4 7126177 092 Tr.72+£133 079 7741 7737
5 | 11571 +1.97 0.73 11646 +1.22 —-0.67 116.07 116.04
6 | 161.40£2.87 —-0.58 163.04£2.62 0.48 162.40 162.45
7 121436 £4.16 —-0.42 21743+1.39 0.35 21641 216.59
8 | 27458 £5.61 0.31 279.73+£2.19 —-0.22 278.09 278.46
9 |342.056£7.27 —-0.25 349.50+£1.02 0.12 34743 348.07
10 | 416.77£9.12 —0.23 427.71 £5.85 —0.18 424.46 425.41

@ The largest and smallest energy evaluated for a given value of J using the
multi-state DMC calculations with J,.« = 10.

b The average parity of the DMC state.

¢ The energy average of the calculated 2J + 1 energies for a given value of J.

4 Rigid-rotor energies, Egr, are the eigenvalues of the rotational Hamiltonian
for the equilibrium structur with averaged rotational constants:
(A)o = 3.890 cm™! (B)y = 3.862 cm™! (C)¢ = 3.849 cm~?



Table 2: Energies of ground and rotationally excited states up to J = 3, where £, nethod
represents the number of deuterium atoms, n, and the method used (DMC or rigid rotor).
A full tabulation of rotationally excited energies for CHZ and its deuterated isotopologues
up to J = 10 is included in the Appendix in Table 8

Eopvc | Eorr|  FEopuc | Forr|  Espuc | Esrr
10920 £ 7 — 9699 + 8 — 9097 £ 10 —
770 £+£0.19 | 7.71 | 542 4+£0.09 | 549 | 487 £0.05 | 4.88
707 £ 0.11 776 | 5.64 £0.10 | 5.74 | 489 £0.07 | 4.94
707 +£0.15 | 7.90 | 5.8 +£0.12 | 6.46 | 5.00£0.02 | 5.11

23.15 £ 0.54 | 23.12 | 16.15 = 0.21 | 16.45 | 14.50 £ 0.16 | 14.53
23.19 £ 0.39 | 23.12 | 16.33 &= 0.28 | 16.51 | 14.75 £ 0.21 | 14.58
23.20 £ 0.43 | 23.23 | 17.17 £ 0.25 | 16.94 | 14.83 = 0.16 | 14.87
23.30 £ 0.42 | 23.33 | 17.38 = 0.30 | 17.48 | 14.83 &= 0.14 | 14.94
23.35 £ 0.47 | 23.56 | 17.69 & 0.39 | 18.65 | 14.89 4+ 0.15 | 15.17
46.35 = 1.10 | 46.18 | 31.73 & 0.44 | 32.72 | 29.03 & 0.36 | 28.95
46.36 &+ 1.07 | 46.19 | 31.82 £ 0.53 | 32.77 | 29.22 £ 0.24 | 28.97
46.38 £+ 0.34 | 46.40 | 34.23 + 0.39 | 33.61 | 29.40 4+ 0.20 | 29.52
46.42 £ 0.85 | 46.44 | 34.39 + 0.64 | 33.93 | 29.57 4+ 0.36 | 29.59
46.54 £ 0.79 | 46.51 | 34.65 + 0.56 | 34.18 | 29.60 4 0.42 | 29.85
46.59 4+ 0.44 | 46.69 | 34.86 & 0.52 | 35.18 | 29.91 + 0.36 | 29.93
46.62 £ 1.04 | 47.02 | 35.46 &+ 0.86 | 36.82 | 29.91 + 0.36 | 30.22

QO W W WWWWNDNDNDDNDDINE O

As part of the analysis, positions of the hydrogen atoms were assigned to letters, as shown
in Figure 2. Positions A and B are given to the two hydrogen atoms that are closest
together; these two atoms compose what can be considered an Hy subunit. Positions B
and C are defined by having the next shortest H-H bond length. Positions D and E are
given to the remaining hydrogen atoms. An Hj subunit is composed of the C, D, and E
hydrogen atoms; the C-H bonds of these atoms are shorter than those of the Hy subunit,

shown in Figure 3.
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Figure 3: Using the position labels, the hydrogen atoms can be grouped into Hy and Hj
subunits which have different C-H bond lengths

The analysis of hydrogens based on them being contained in well-defined subunits can also
be justified with the probability distribution of the H-H bond lengths. Figure 4b shows

the H-H bond lengths in CHZ, with a significant shoulder at r = 1.0 A for the H, subunit.

] (a) — J= (b)
—— J=10

Relative Probability
o o O o O -
o N A O 0 O N

1.0 1.2 1.4 0.5 1.0 1.5 2.0 2.5

re-n (A) rH-H (A)

Figure 4: The C-H bond lengths of CHZ nearly compose a normal distribution while the
H-H bond lengths have a significant shoulder at shorter bond lengths, representing the Hy
subunit. Analysis of rotationally excited states up to J = 10 using DMC shows negligible
change in the probability distribution with respect to rotational excitation.

o
oo

Intuitively, the deuterium atoms tend to localize in the Hz subunit, as can be seen in

Table 3 and in Figure 5. For example, CH;D* was found to have its deuterium atom

11



in the A or B positions only 7% of the time, while CHD} had its hydrogen atom in A
or B 89% of the time. This would be predicted by a simple harmonic oscillator model,
due to the heightened mass of the deuterium atom lending itself to a shorter C-H bond
length. These results are very similar to previously established results.'® With rotational

excitation up to J = 10 in this model, no significant difference was observed.

ABC | % CH,D* % CH3Dy % CH,D; % CHD}
HHH 75 42 — —
HHD 18 39 64 —
HDH 2 4 <1 —
DHH 5 12 24 —
HDD — 1 09 35
DHD — <1 <1 54
DDH — <1 1 8
DDD — — <1 3

Table 3: ABC positions occupied by hydrogen or deuterium atoms; deuterium atoms tend
to localize to the C, D, and E positions

Deconstructed C-H Bonds: Label vs. C-D in CHED;

— Total
c-D
- Ha Labeled

H2 Labeled

0.8

0.6

Relative Probability

0.4

0.2

0.8 0.9 1 1.1 1.2 1.3 14 15 16 17 1.8
C-H Bond Distance (Angstroms)

Figure 5: The probability distribution of the C-H/D bonds can be deconstructed for
CH3DJ to show that deuterium atoms localize closer to the central carbon atom

Using the position labels, two additional coordinates may be defined, ¢ and ¢. The

coordinate ¢ is determined by the bond lengths between Hp, Hg, Hc:

12



g =TBCc — TAB (21)

¢ is determined by first defining the vector connecting the carbon atom to the center of
mass of the Hz subunit to lie along the z-axis. The x-axis is then defined by 74p lying in
the zz plane. ¢ is then given by the angle between xz plane and the planes containing
H¢, Hp, or Hg and the z-axis. Depictions of these two coordinates are given in Figure 6,
along with probability distributions for J = 0 and J = 10. These probability distributions
show the hallmark of CHZ: all of the hydrogen atoms can permute positions with one
another as there is significant probability where ¢ = 0 and for all values of ¢. Again, it is
seen that rotational excitation of CHZ within the framework of DMC has negligible effect
on the probability distribution. This is not completely unforeseen, as the coupling effects

are not explicitly included in the DMC model.

212
S 1.0 1 (c) (d)
[v]
0 08 1 M
o c
D_ 06 1 \’,_\. B
m -
=% : \
T 0.2 1 B
& 0.0 gy - . v
00 02 04 06 08 1.0 .180  -90 0 90 180
q (A) ¢ (%)

Figure 6: The coordinates ¢ and ¢ are shown above with their respective probability
distributions at J = 0 (black) and J = 10 (dashed red)

Similar plots can be made with respect to deuteration; C-H and H-H bond length
distributions, as well as distributions of ¢ and ¢ can be seen below for the doubly and
triply deuterated isotopologues in Figures 7 through 10. The presented isotopologues
were chosen as they differ the greatest in structure from CHF due to deuteron/mass
localization. As can be seen, the C-H/D and H/D-H/D bond distributions become slightly
more localized around 1.1 and 1.9 A, respectively, with more deuteration. The ¢ coordinate
appears to have negligible differences with deuteration, while the ¢ coordinate seems to

differ in a complex fashion.
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Figure 7: With increasing number of deuterons, the C-H bond length probability distribu-

tion tends to localize around 1.1 A
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Figure 8: With increasing number of deuterons, the H-H bond length probability distribu-
tion tends to localize around 1.9 A
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g Projection Probability Distribution
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Figure 9: Very little change is observed in ¢ as CHZ is deuterated
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Figure 10: The ¢ coordinate changes in a complex manner as CH; is deuterated
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4 Fixed Node DMC

Vibrations may be incorporated into the DMC calculation by placing a node in the
wavefunction. !’ 18 In cases with high symmetry, such as the asymmetric stretch of HoD™T
or HDJ, the node may be known analytically. In other cases, the node may be moved
adiabatically along a carefully selected coordinate. When the energy is minimized and
equal on both sides of the node, the location of the node is optimal.!® The node is

implemented by reducing the weight of a walker to zero if it crosses the node.

Figure 11: The wavefunction is split into two parts where the amplitude of the wavefunction
is zero, such as the equilibrium bond length for the first excited state of a harmonic
oscillator

4.1 Recrossing Correction

Due to the finite time step used, there is a nonzero probability that a walker will diffuse
across the node and back within a single step. This can largely be overcome by introducing
a recrossing correction, as shown by Anderson.?° The probability that the walker has
recrossed the node, Pecoss as shown in Equation 22, is compared to a random real number,

r, in the range (0,1). The walker has its weight set to zero if Pecoss 1S greater than r.

Megd(T)d(T + 0T
Precross = exXp [_ T ( )57_( )] (22)
L /s (s)
—— = GG+ o7) (23)
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In these equations, meg is the effective mass for a specific vibrational mode, while d(7)
is the distance to that node at time 7. The definition of the effective mass requires the
use of the diagonal elements of the G-matrix expressed in terms of the nodal coordinates,
the background of which is given elsewhere.?"?? For the asymmetric stretch of HoD™, the
distance to the node and the effective mass are defined below; the coordinates i, r9, and

fupu are given in Figure 12.
A(r) = —=(r1(7) — ra(7) (24
T) = r(7) — ro(T
/5 1 2

mpimy

\/<mD + my (1 — cos QHDH(T))> <mD + mu (1 — cos Oupu(T + 57)))

(25)

Megr =

5 Rovibrational Excitation in H,D™

H,D* provides a highly symmetric test case to determine whether ro-vibrational excitation
can be calculated by combining the previously described DMC approaches. The rovibra-
tional state energies have been well characterized by Tennyson et al.?3 The asymmetric
stretch of HoD™, corresponding to the nuclear motions in Figure 12, has an analytically
known node when the two H-D bond lengths are equal in length. Using the rotational
basis and fixed node methods synchronously provides the sets of energies for the HyD™
rovibrational energies given in Table 4. Just like the CHZ calculations earlier, all energies
are found simultaneously in a single set of calculations, allowing one to use correlated
sampling to reduce the statistical error. It should be noted here that the DMC method
was altered to “symmetrize” the walkers. The walkers are given weights for both the
ground and vibrationally excited state. The geometry of walkers was flipped if they crossed
the asymmetric stretch node, therefore forcing a constant sign of the I_'(J,.J, + J,J)
coupling term. This term coupled the ground and vibrationally excited states in the
rotational Hamiltonian. As can be seen in the table, the v,m = 0 energies are quite
accurate, while the rotationally excited Vsym = 1 energies differ by up to 20 ecm™'. An

identical trend is seen in Table 5 for the analogous HD; ion.

17



Dt —
r2
e|—|DH

Figure 12: H,D™ is shown with arrows representing the asymmetric stretch, as well as the
definitions for the axes

Table 4: H,D™ Rovibrational Energies

Rot. State v =0 DMC v =0 Var. v =1DMC v =1 Var.
|/, K), — ZPE | Energy (cm™') | Energy (cm™')* | Energy (cm™') | Energy (cm™')*
|0, 0) 3978 +£ 9 — 2333 £ 6 2335.0
I, 1>Jr 45.6 £ 0.3 45.7 43.2 + 0.4 48.5
1,1) 59.8 £ 0.2 60.0 61.6 £ 0.7 67.4
11,0), 72.5 £ 0.2 72.4 73.9 £ 0.7 73.9
|2,2>+ 131.2 £ 1.1 131.6 125.1 £ 0.9 142.3
12,2)_ 138.1 £ 0.5 138.8 135.8 £ 1.2 155.6
2, 1>+ 176.1 £ 1.1 175.9 172.6 £ 1.5 177.0
12,1)_ 218.5 £ 0.7 218.6 2278 + 2.4 233.0
|2,0>+ 223.9+ 0.9 223.8 232.1 + 2.7 234.1
Table 5: HDJ Rovibrational Energies
Rot. State v =0 DMC v =0 Var. v =1DMC v =1 Var.
|/, K)p — ZPE | Energy (cm™!) | Energy (cm™1)?® | Energy (cm™!) | Energy (cm™!)2
0, 0) 3563 + 6 — 2081 + 8 2079.2
11, 1>+ 34.7 £ 0.2 34.9 35.3 £0.3 40.1
1,1) 49.1 + 0.3 49.2 47.3 £ 0.9 50.2
I, 0>+ 579 £ 0.3 58.0 7.7 £ 0.8 o7.8
|2,2>+ 101.8 + 0.8 101.7 102.2 £ 1.2 115.4
12,2) _ 109.6 £+ 0.5 110.2 107.7 £ 1.1 124.1
2, 1)+ 136.2 + 0.6 136.3 138.8 £ 1.3 146.5
12,1)_ 179.1 £ 1.1 179.1 174.6 £ 3.2 176.2
|2,0>+ 181.5 + 1.0 182.0 178.3 £ 3.3 179.1
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5.1 Group Theoretical Analysis

Using group theory, one can gain an understanding of the failure of the calculation. The
mixing of states of the same symmetry, namely Coriolis coupling, is not explicitly included
in the DMC calculation, and the resultant energies therefore differ. Coriolis coupling terms
require nontrivial calculation and do not present an obvious extension to the current DMC
method. Rotational excitation is determined by rotations of the space fixed coordinate
frame into the body fixed Eckart frame by Euler angles. As stated before, the Eckart frame
is used as it has been shown to minimize the coupling between rotations and vibrations.
Euler angles, as shown in Figure 13, can have many different conventions, but generally, a
rotation from one coordinate frame to another in 3-dimensional space requires 3 angles,
X, 0, and ¢. The functions used to describe rotational excitation, and their irreducible

representations, are given below in Table 6.

Figure 13: Rotational excitation is defined by functions of the Euler angles depicted here
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CQV E CQ Oxy Oy r

Ay 1 1 1 1 -

A, 1 1 -1 1| -

B, 1 1 1 1| -

B, 1 -1 -1 1 -

0 0 7m—0 0 w—-0| -

X X X =X X -

|1,1), ocsinfcosx 1 1 1 1 | A
|1,1)_ o sin@sin x 1 -1 -1 1 Bo
|1,0), o< cosd 1 -1 1 -1 | By
2,2) o sin® @ cos 2 1 1 1 1| A
2,2) _ oc sin® @ sin 2 1 -1 -1 1 | B,
12,1), ocsinfcosfcosy | 1 -1 1 -1 | By
|2,1)_ o sinfcosfsiny | 1 1 -1 -1 | A
2,0), oc3cos*d — 1 1 1 1 1| A

Table 6: Character table for the Cy, point group, in which HyD* belongs, including the
symmetrized rotational basis functions.

Taking the direct product of irreducible representations of rotationally excited states with
that of vibrationally excited states gives a final irreducible representation of calculated
states. These can then be compared between states that have one quantum of excitation
in the asymmetric stretch versus those that have one in the bend vibration, the nearest
set of energy levels. The final irreducible representations, as well as state energies, are

given below for J = 0,1,2 and v = 1 in the bend and asymmetric stretch in Table 7.

State Bend Bend Rovib. | Asym. Str. | DMC Asym. Str. | Var.-DMC Rovib.
|J,K), | Irr. Rep. | Energy (cm™') | Trr. Rep. Energy (cm™1) Energy (cm™1)
|0, 0) Ay 2206.244 B, 23334 1.6

I, 1>+ Ay 2247.018 B, 2376.6 5.4
1,1 | B, 2250.132 A 2395.0 5.7
1,00, | B 2278.765 Ay 2407.3 0.1
2.2), | A 2318.616 B, 2158.5 17.2
12,2) _ Bo 2322.992 Ay 2469.2 19.8

|12, 1>+ By 2379.618 Ay 2506.0 4.4
12,1)_ Ay 2415.760 By 2561.2 5.3
2,00, | A 2427.370 B, 2565.5 2.0

Table 7: Listing of irreducible representations of rovibrational states of HoD™, as well
as comparison of DMC to variationally calculated literature values and the energy gaps
between states of the same symmetry

Using the energy gaps and irreducible representation labels, an energy level diagram can

be constructed showing the mixing that is occuring versus what is being calculated. This
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has been done for the J = 1 states below, showing that if mixing between bend excited
and asymmetric stretch excited states was included, the energy levels of the asymmetric

stretch states would be pushed upward.

Figure 14: The following energy level diagram shows how the mixing of excluded states
from the DMC calculation likely lead to the error in the calculation

E
1.0y ——
11,0), 11,0),
1,1)_
1,1)_
1,14
Lit. Asym. Str. 7 11,1),

DMC Asym. Str.

1,0),

1,1)_

11,1),

Lit. Bend

6 Conclusion

In this work, we have provided an advancement in diffusion Monte Carlo methodology,
allowing quick application to rotationally excited states of small molecules. This was
used to show that rotational excitation of CHZ and its deuterated isotopologues has little
effect on the overall wavefunction. It was also used to increase the body of evidence that
hydrogen and deuterium atoms will tend to localize in a predictable manner around the
central carbon atom in these molecules. The methodology was then tested with fixed

node diffusion Monte Carlo, to determine the efficacy of combining the approaches for
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rovibrational effects. The combined method had significantly larger errors, which was
shown to likely occur from the exclusion of Coriolis coupling terms. These terms present

a nontrivial addition to diffusion Monte Carlo methodology for further testing.
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8 Appendix

Table 8: Tabulation of rotationally excited energies in cm™! with 99% confidence intervals for CHY and
its deuterated isotopologues, calculated by rotational basis DMC; the given J = 0 energies correspond

to calculated zero point energies

J CHY CH.D* CHsDJ CH,DJ CHD; CD/

0 | 10920 + 7 10303 + 4 9699 + 8 9097 + 10 8567 + 7 8042 + 5

1| 770 £019  623+006 542+ 009 487 +£005 434+007  3.90 £ 0.07
1| 7774011 676 +008  564+010 489+ 007 434+008  3.94 =+ 0.05
1| 7774£015  6774+0.10 58 £0.12 500=£0.02 437008  3.95 4 0.10
2 | 2315+ 0.54 1870 £ 0.17  16.15 + 0.21 1450 £ 0.16 12.97 + 0.19  11.73 + 0.26
2 | 23194039 19.16+£0.10 1633+ 0.28 1475 £ 0.21 12.99 + 0.22  11.74 + 0.18
2 | 23204043 1917 +£0.22 1717 4£0.25 14.83 £ 0.16 13.09 £ 0.22 11.75 £ 0.24
2 | 2330+ 042 20.89+0.38 17.384+0.30 14.83 +0.14 13.09 + 0.29 11.81 + 0.28
2 | 2335+ 047 20.89 +0.38 17.69 +0.39 14.89 + 0.15 13.11 + 0.28 11.88 + 0.22
3 [ 4635+ 1.10 3739 + 0.33  31.73 £ 044 29.03 + 0.36 25.89 & 0.50  23.46 + 0.61
3| 4636 £ 1.07 3775+ 048 31.824+0.53 29224+ 024 2590 + 0.50 23.46 + 0.61
3| 4638 £ 034 37774032 34234039 2940 + 020 26.09 + 0.11  23.48 + 0.46
3| 4642 £ 085 3943 +£024 34394064 2957+ 036 26.14 + 040 2354 + 0.54
3| 4654 £ 0.79  39.45+0.25 34.65 £ 0.56 29.60 & 0.42 26.19 £ 0.41  23.58 £ 0.22
3| 4659 + 044 4242 £0.90 34.86 +0.52 2991 +0.36 26.23 + 0.72  23.68 + 0.26
3] 46.62 £ 1.04 4242 +£0.90 3546 +0.86 29.91 +0.36 26.24 + 0.71  23.75 + 0.51
4 [ 7726 £ 1.77 6230 £ 057 5228 £ 0.73 4844 + 049 43.07 £ 0.93  39.07 + 0.86
4] 7726 £1.75 6249 +£0.82 5230 = 080 4856 + 0.65 43.07 = 0.93  39.08 + 1.10
4| 7729 £056  62.61 +0.65 5559 + 0.54 48.64 + 0.45 4340 + 0.39  39.08 & 1.11
4| 7737 £1.39  64.13£0.20 55724094 49.19 £ 0.67 43.45 £ 0.50  39.11 = 0.92
4| 77384+ 1.30 6420 £ 047  57.93+0.95 49.20 + 0.35 43.59 £ 0.36  39.31 + 0.46
4| 7744+ 055 6715+ 0.68 5815+ 1.26 49.23 +0.33  43.63 £ 0.80  39.34 + 0.48
4| 7747 +£1.67 6715+ 0.68 5853+ 086 49.34 + 0.69 43.65 + 0.58  39.34 + 0.45
4| 7753 £048 71.35+1.63 58.60 &£ 0.91 50.08 £ 0.64 43.76 £ 1.38  39.52 & 0.86
4| 77724133 7135+ 163 58744 148 50.08 +£0.64 43.76 + 1.38  39.56 + 0.67
5 [115.71 £ 1.97 9338 £0.97 77.80 & 1.02 72.59 + 0.81 64.49 + 1.49 5352 + 141
5 | 115.77 £2.31 9338 £ 1.18  77.81 & 1.07 72.62 £ 0.82 64.49 + 149 58.54 + 1.44
5 11587 £ 1.15  93.72 £ 1.09  81.94 £ 0.86 73.16 + 0.97 64.93 + 0.78 58.62 + 1.71
51115.89 £ 231  95.00 & 042  81.98 +1.28 7322+ 0.50 65.00 + 0.79  58.62 + 1.72
51115.89 £ 231 9510 & 1.01 8544 4+ 1.64 7327 £ 0.58 65.27 + 0.54  58.92 + 0.87
5 |115.98 £ 1.84 98.04 £ 0.54 8574 &= 1.12 73.64 & 1.09 65.36 + 1.02  58.93 + 0.89
5 11621 £ 059  98.05 + 0.56  87.06 =219 73.84 +1.04 6543 £ 1.19  58.96 & 0.87
5111623 093 102.25 + 1.35  87.59 & 1.56  74.30 + 0.54  65.48 + 0.89  59.09 & 0.64
5111625 + 0.96 10225+ 1.35 87.94 4+ 1.83 74.30 £ 0.54 6548 + 0.82  59.10 + 1.23
5 | 116.46 220 107.67 +2.57 88.18 £ 1.38 7537 +1.00 65.68 +225 59.19 + 0.67
5 | 116.46 + 1.22 107.67 +2.57 89.18 = 1.25 7537 + 1.00  65.68 + 2.25  59.35 + 1.17
6 | 161.40 £ 2.87 13042 &= 1.62 108.30 & 1.34 10149 + 1.36 90.13 + 2.19  81.81 + 2.11

Continued on next page
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Table 8 — continued from previous page

J CHY CH.D* CHsDJ CH,DI CHD; CD7

6 | 161.42 + 3.07 130.58 &= 1.57 108.30 + 1.31 101.67 + 0.79 90.13 + 2.19  81.81 + 2.13
6 | 162.08 £ 2.04 131.10 = 1.62 113.32 4+ 1.28 102.00 + 1.24 90.81 + 1.31  82.09 + 2.45
6 | 162.17 £ 220 132.07 =080 113.35 4+ 1.63 102.26 + 0.96 90.81 + 1.31  82.09 + 2.44
6 | 162.27 £2.59 13214 & 1.68 117.48 +2.01 102.53 + 1.24 91.25 £ 0.91  82.40 + 1.36
6 | 162.28 £ 2.55 135.09 & 0.62 117.72 + 1.15 102.81 + 1.62 91.31 + 1.07  82.45 + 1.44
6 | 162.58 + 0.86 135.13 &= 0.79 120.71 +2.77 102.90 + 1.51 91.53 + 0.92  82.46 + 1.46
6 | 162.64 +£2.96 139.32 & 1.11 120.99 4+ 2.82 103.28 + 0.63 91.56 + 1.75  82.50 + 1.64
6 | 162.71 £ 1.37 139.32 & 1.11 121.97 + 1.68 103.34 + 0.67 91.57 & 1.45  82.71 =+ 0.92
6 | 162.76 + 1.30 144.74 =223 123.83 +2.27 104.52 + 0.83 91.71 + 1.46  82.74 + 0.93
6 | 162.94 + 0.52 144.74 =223 123.84 +2.27 104.52 + 0.82 91.75 + 1.47  82.76 + 1.03
6 | 162.97 + 1.44 151.38 £3.75 124.05 +2.50 105.77 + 1.45 91.98 +3.32  82.97 + 1.67
6 | 163.04 £2.62 151.38 £ 3.75 124.87 & 1.68 105.77 + 1.45 91.99 + 3.32  82.98 + 1.19
7 [214.36 £ 4.16 17358 £ 221 143.76 = 1.66 134.58 + 1.17 119.98 + 3.01 108.93 + 3.01
7 [214.37 £4.09 173.84 £235 14376 = 1.64 135.64 +2.05 119.98 + 3.01 108.93 + 3.00
7 | 215.80 £ 2.67 174.76 £ 2.19 149.73 &+ 1.73 136.24 + 1.56 120.86 + 1.99 109.52 + 3.33
7 [ 215.86 £ 3.11 175.32 £ 226 149.75 &+ 1.99 136.38 4+ 2.18 120.86 + 1.99 109.52 + 3.34
7 | 216.18 +3.86 17540 + 1.38 154.72 = 2.41 136.39 + 1.47 121.48 + 1.32 109.67 + 1.96
7 121648 £ 1.31 17828 + 0.84 154.77 & 1.40 136.49 4+ 2.27 121.49 + 1.34  109.71 + 2.17
7 21649 £ 259 17834 £ 1.46 158.66 & 3.19 136.54 &+ 1.46 121.87 + 1.40 109.91 + 2.12
7 21649 + 2.58 182.55 + 1.07 160.26 & 2.48 136.87 + 0.92 121.93 + 1.92 109.92 + 2.13
7 121691 £ 1.59 182.56 + 1.06 160.32 & 4.58 137.26 + 1.00 122.01 + 2.42 110.21 + 1.39
7 [216.98 £ 1.47 187.97 £ 1.92 16226 = 2.71 138.48 + 0.82 122.08 + 1.66 110.24 + 1.48
7 [217.03 £4.20 187.97 £ 1.92 162.69 & 2.40 138.53 + 0.83 122.17 + 1.43 110.24 + 1.47
7 [217.23 £ 1.16  194.61 + 3.33 165.74 &= 3.28 139.86 + 1.19 122.34 + 2.26 110.38 + 2.17
7 | 217.25 + 243 194.61 + 3.33 166.12 = 2.93 139.86 + 1.19 122.41 + 2.34 110.40 + 1.28
7 121732 £ 1.15 20246 + 5.16 166.18 = 2.70 141.28 + 1.98 122.67 + 4.55 110.48 + 1.27
7 [ 21743 £ 1.39 20246 £ 5.16 166.21 & 3.69 141.28 4+ 1.98 122.68 + 4.56 110.64 + 1.77
8 | 274.58 £ 5.61 222.85 £ 299 18420 + 2.06 173.16 + 2.18 154.02 + 3.99 139.90 + 4.12
8 | 274.60 + 5.62 223.13 +3.26 184.20 £ 2.05 174.21 +3.11 154.02 + 3.99 139.90 + 4.10
8 | 276.74 £ 3.64 22459 £ 2.92 191.12 4+ 2.19 174.28 + 2.13 155.12 + 2.81 140.75 + 2.85
8 | 277.02 £ 5.03 224.64 =281 191.14 + 2.36 174.43 +3.05 155.12 + 2.81 140.76 + 2.69
8 | 277.16 £ 422 225.06 = 2.19 197.03 + 2.86 174.74 + 1.36 155.93 + 1.92 140.95 + 4.45
8 | 277.93 £1.99 227.63+ 1.05 197.03 4+ 1.96 174.86 + 1.33 155.93 + 1.92 140.95 + 4.45
8 | 278.23 £ 5.51 227.65 & 2.56 201.91 & 3.55 174.88 + 2.59 156.50 + 1.77 141.32 + 2.86
8 | 278.67 £ 291 231.93+1.39 202.77 + 2.55 176.03 + 2.13 156.51 + 1.90 141.34 + 2.91
8 | 278.70 £ 2.87 231.96 & 1.33 204.53 + 545 176.19 + 1.47 156.77 + 3.04 141.50 + 1.99
8 | 278.83 +3.37 237.36 + 1.76 207.32 £ 2.99 177.19 + 1.02 156.78 + 2.85 141.55 + 2.68
8 | 278.88 £ 1.47 237.37 &£ 1.75 207.41 4+ 3.22 177.46 + 1.09 156.88 + 2.14 141.65 + 2.08
8 | 278.93 + 1.37 244.00 = 2.95 209.09 + 4.20 178.80 + 1.08 157.01 + 2.04 141.69 + 2.18
8 | 279.20 + 223 244.00 = 2.95 209.47 + 3.63 178.81 + 1.09 157.21 + 2.14 141.88 + 1.56
8 [ 279.31 + 1.11 251.86 + 4.67 213.46 & 4.35 180.30 + 1.64 157.36 + 3.26 141.94 & 1.75
8 | 279.44 £ 124 251.86 & 4.67 213.51 + 4.18 180.31 + 1.64 157.43 + 3.38 141.95 + 1.72

Continued on next page
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Table 8 — continued from previous page

CHZ

CH,D*

CHsDJ

CH,D7

CHD;

CD?

279.50 £ 2.18
279.73 £ 2.19

260.89 £ 6.78
260.89 £ 6.78

213.79 £ 4.54
213.92 £ 2.94

181.91 £ 2.59
181.91 £ 2.59

157.72 £+ 5.95
157.72 £ 5.94

142.10 £ 2.31
142.10 £ 1.77

O O © O © O OV O© O © O OV O O© O© OV O O O oY\

342.05 £ 7.27
342.06 £ 7.31
344.93 £ 5.38
345.13 £ 6.44
345.88 £ 5.23
346.63 + 6.31
347.00 £ 2.97
347.66 £ 3.80
348.36 £ 3.36
348.64 £ 1.45
348.81 £ 0.98
348.84 £ 1.47
349.04 + 4.07
349.05 £ 4.04
349.35 £ 3.66
349.36 £ 2.03
349.38 £ 2.38
349.44 £ 241
349.50 £ 1.02

278.21 £ 3.99
278.42 £ 4.27
279.98 £ 3.87
280.67 £ 3.54
281.05 £ 3.08
283.14 £ 3.11
283.17 £ 1.34
287.43 £ 1.95
287.51 £ 1.98
292.90 £ 1.92
29291 £ 1.88
299.53 £ 2.69
299.54 £ 2.69
307.40 £ 4.20
307.40 £ 4.20
316.46 £ 6.22
316.46 £ 6.22
326.63 £ 8.54
326.63 £ 8.54

229.64 £ 2.59
229.64 £ 2.59
237.48 £ 2.69
237.50 £ 2.80
244.32 + 2.61
244.36 £ 3.31
250.10 £ 3.97
250.54 £ 2.44
254.63 £ 5.75
256.01 £ 3.34
256.18 £ 3.87
259.76 £ 5.07
260.70 £ 5.13
261.90 = 5.01
262.17 £ 3.79
266.19 £ 5.01
266.65 £ 5.60
267.16 £ 4.49
267.19 £ 5.74

216.38 + 4.21
216.50 £ 4.01
216.67 £ 1.69
217.04 £ 3.06
217.61 £ 2.71
217.63 £ 2.31
218.55 £ 2.97
220.38 £ 2.09
220.39 £ 1.34
220.51 £ 1.95
221.41 £ 1.58
22259 £ 1.19
222.67 £ 1.22
22421 £1.44
22421 £1.44
225.86 £ 2.18
225.86 £ 2.18
227.64 £ 3.30
227.64 £ 3.30

192.24 + 5.12
192.24 + 5.12
193.57 £ 3.77
193.57 £ 3.77
194.60 £ 2.71
194.60 + 2.70
195.33 + 2.17
195.36 + 2.17
195.75 £ 3.11
195.79 + 4.03
195.88 + 2.70
195.95 + 3.14
196.30 £ 2.96
196.38 + 2.76
196.61 £ 3.09
196.76 + 4.44
196.80 £ 4.53
197.11 + 7.48
197.11 + 7.48

174.70 £ 5.48
174.70 + 5.47
175.63 £ 3.73
175.65 £ 3.60
176.41 £ 5.82
176.42 + 5.82
176.49 + 3.26
176.55 + 2.61
176.73 £ 3.74
176.73 £+ 3.77
177.04 £ 2.91
177.11 + 3.05
177.27 £ 2.14
177.29 + 2.11
177.31 £ 2.73
177.36 £+ 2.43
177.42 £ 1.88
177.55 + 2.21
177.58 £+ 2.33

S o S G G o g |y
O OO DO DO DO DD DO DD OO OO oo o0 o0 o oo

416.77 £ 9.12
416.77 £ 9.07
420.34 £ 7.74
420.47 £ 7.97
421.81 £ 6.19
422.37 £ 6.69
423.60 £ 4.63
424.32 £ 3.41
42472 £ 4.74
425.64 £ 1.99
425.86 £ 4.96
426.50 £ 1.51
426.59 £ 1.53
426.72 £ 2.98
427.00 £ 1.16
427.05 £ 2.48
427.07 £ 2.19
427.15 £ 2.38
427.42 £ 3.72
427.71 £ 5.98
427.71 £ 5.85

339.63 £ 5.20
339.72 £ 5.39
341.65 £ 4.93
342.61 £ 4.39
343.34 £ 4.17
344.58 £ 3.60
345.06 £ 2.13
349.06 + 2.41
349.10 £ 3.53
354.56 £ 2.50
354.62 £ 2.33
361.21 £ 2.73
361.21 £ 2.74
369.07 £ 3.87
369.07 £+ 3.87
378.16 £ 5.69
378.16 £ 5.69
388.40 £ 7.93
388.40 £ 7.93
399.62 £ 10.38
399.62 £ 10.38

280.07 £ 3.27
280.07 £ 3.26
288.84 £ 3.28
288.85 £ 3.34
296.62 + 3.29
296.67 £ 3.80
303.38 £ 4.45
303.51 £ 2.75
309.03 £ 6.01
310.74 £ 6.69
310.94 £ 3.37
313.87 £ 6.14
315.20 £ 4.79
318.46 £ 5.51
318.56 £ 6.03
320.47 £ 3.58
321.04 £ 5.27
324.70 £ 7.06
325.21 £ 6.17
325.58 £ 6.28
325.90 £ 7.16

262.78 £ 5.21
262.87 £ 5.32
263.49 £ 2.40
264.80 £ 4.38
266.04 £ 3.50
266.28 £ 2.67
267.33 £ 2.12
267.62 + 3.71
267.63 £ 1.70
270.20 £ 2.90
270.52 £ 2.24
271.14 £ 1.47
271.51 £ 1.61
27298 £ 1.44
273.02 £ 1.44
274.71 £ 1.89
27471 £ 1.89
276.53 £ 2.82
276.53 £ 2.82
278.47 £ 4.10
278.47 £ 4.10

234.64 £ 6.41
234.64 £ 6.41
236.20 £ 4.88
236.20 £ 4.88
237.47 £ 3.65
237.47 £ 3.65
238.40 £ 2.81
238.42 £ 2.80
238.96 + 3.04
239.07 £ 4.61
239.12 £ 2.98
239.20 £ 4.67
239.58 £ 3.57
239.65 £ 3.95
240.07 £ 3.78
240.21 £ 3.95
240.34 £ 4.24
240.51 £ 5.80
240.54 £ 5.82
240.84 £ 9.18
240.85 £ 9.18

213.35 £ 7.15
213.35 £ 7.14
214.33 £ 4.85
214.36 £ 4.72
215.22 £ 3.98
215.36 £ 3.39
215.93 £ 7.42
215.93 £ 7.43
216.13 £ 4.76
216.20 £ 4.84
216.26 £ 3.03
216.35 + 2.41
216.46 £ 3.92
216.49 £ 4.05
216.59 £ 3.01
216.72 £ 3.26
216.76 £ 2.22
216.82 £ 2.33
216.86 £ 2.89
216.93 £ 2.81
216.99 £ 2.80
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