
 

Effect of Magnetization on the Tunneling Anomaly in Compressible Quantum Hall States

Debanjan Chowdhury, Brian Skinner, and Patrick A. Lee
Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

(Received 8 December 2017; published 29 June 2018)

Tunneling of electrons into a two-dimensional electron system is known to exhibit an anomaly at low
bias, in which the tunneling conductance vanishes due to a many-body interaction effect. Recent
experiments have measured this anomaly between two copies of the half-filled Landau level as a function of
in-plane magnetic field, and they suggest that increasing spin polarization drives a deeper suppression of
tunneling. Here, we present a theory of the tunneling anomaly between two copies of the partially spin-
polarized Halperin-Lee-Read state, and we show that the conventional description of the tunneling
anomaly, based on the Coulomb self-energy of the injected charge packet, is inconsistent with the
experimental observation. We propose that the experiment is operating in a different regime, not previously
considered, in which the charge-spreading action is determined by the compressibility of the composite
fermions.
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Introduction.—The tunneling of electrons into a metal is
known to exhibit a “tunneling anomaly” (TA), in which
electron-electron interactions cause the tunneling conduct-
ance to vanish continuously as the bias voltage is brought to
zero. Conceptually, the tunneling process can be separated
into two distinct steps: (1) a fast, “single-particle” trans-
mission of an electron across the tunneling barrier and (2) a
slower, “many-body” process in which the electronic fluid
in the metal rearranges to accommodate the extra electron
[as depicted in Fig. 1(a)]. At low voltages, the latter process
acts as a bottleneck and therefore effectively determines the
tunneling rate and the tunneling conductivity. For this
reason, a measurement of the TA can be used to probe the
nature of interactions in an electron system.
In the half-filled Landau level of a two-dimensional

electron system, electrons realize a particularly interesting
and strongly correlated metallic phase. The lack of a
quantized Hall effect at filling factor ν ¼ 1=2 can be
understood within the framework of composite fermions
(CFs) [2], where each electron is attached to two flux
quanta. This state was described by Halperin, Lee, and
Read (HLR) [3] in terms of a low-energy effective field
theory for the CFs coupled to an emergent gauge field with
a Chern-Simons (CS) term. At filling factor ν ¼ 1=2, the
CFs see no magnetic field on average and form a Fermi
surface. When an electron tunnels into the half-filled
Landau level, it is this CF fluid whose many-body
rearrangement provides the bottleneck for tunneling. One
can therefore expect that the tunneling conductance into the
ν ¼ 1=2 state is influenced by a combination of the state’s
properties, including the charge conductivity, the electron-
electron interaction strength, and the compressibility.
The tunneling between two quantum Hall systems with

total filling factor νT ¼ 1 has attracted particular interest

during the past three decades, with experiments showing
clear evidence for a TA [4–6]. Theoretical explanations for
this anomaly have focused primarily on the limit of
spatially well-separated layers and have assumed complete
spin polarization [7–9]. Numerous studies during the past
two decades, however, have shown that at low electron

(c)

FIG. 1. (a) Schematic illustration of the tunneling process. At
low bias voltage, the tunneling of an electron from the top layer to
the bottom layer must be accompanied by an outward spreading
of positive (negative) charge in the top (bottom) layer. (b) Ex-
perimentally measured tunneling current [1] as a function of
voltage for d ¼ 1.96lB, where lB ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℏc=eB⊥
p

. From left to
right, different lines correspond to Bk ranging from 0 to 3.23 T,
with B⊥ ¼ 3.23 T held constant. (c) Schematic map of the three
regimes (labeled I, II, III) described in this Letter. (Inset)
Schematic depiction of the scale of the spreading charge relative
to the layer separation.
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density the half-filled Landau level is not fully spin
polarized [10–20]. A very recent experiment [1] has
returned to the problem of the TA in bilayers with total
filling νT ¼ 1, focusing on the role of spin polarization in
bilayers with relatively small spacing d. The authors of [1]
found that, as the spin polarization is increased using an in-
plane magnetic field, the tunneling conductance is increas-
ingly suppressed [Fig. 1(b)].
In this Letter, we focus on the TA in quantum Hall

bilayers at low bias voltage, and we show that the
suppression of tunneling with increasing spin polarization
is inconsistent with previous theoretical treatments of the
TA, which predict an increase in tunneling current with
spin polarization. Thus, an explanation of the experimental
data apparently requires us to consider a qualitatively new
regime. We compute the one-electron spectral function that
describes the tunneling of electrons in a quantum Hall
bilayer at νT ¼ 1, and we show that its behavior can be
understood in terms of three regimes [summarized graphi-
cally in Fig. 1(c)].
These regimes can be understood qualitatively as fol-

lows. The many-particle rearrangement that accompanies
electron tunneling is characterized by a typical length scale
r, which describes the spatial extent of the perturbation of
charge density in the two layers, and a typical energy
UðrÞ ∼ eV, where V is the bias voltage. At large interlayer
spacing d (regime I), the Coulomb energy is dominated by
the intralayer Coulomb interaction, and UIðrÞ ∼ e2=ðϵrÞ,
where −e is the electron charge and ϵ is the dielectric
constant. When d is reduced to the point that r ≫ d,
interlayer interactions become important (regime II), and
the Coulomb energy of the two spreading charge packets
becomes similar to that of a plane capacitor: UIIðrÞ∼
e2d=ðϵr2Þ. Equating UIðrÞ and UIIðrÞ, and using
UðrÞ ∼ eV, implies that the boundary between these two
regimes is described by V ∼ e=ðϵdÞ. As we show below,
neither regime I nor II is consistent with the experiments of
Ref. [1]. However, if d is made very small (regime III), then
the Coulomb energy of the spreading charge is quenched,
and UðrÞ is instead dominated by the energy associated
with the finite compressibility of the spreading charge
packet, UIIIðrÞ ∼ ξd=r2. Here, ξd ∼ ℏ2=m� is the compress-
ibility, where m� is the effective mass of the CFs. Since
ℏ2=m� is of order e2lB=ϵ in the HLR state, the boundary
between regimes II and III corresponds to d=lB reaching a
constant of order unity.
We note that our focus is on low voltages, V ≪ e=ðϵlBÞ,

where the current is far below its peak value Imax. The
behavior of the peak current was considered in Ref. [21],
where the evolution of the peak with in-plane magnetic
field was explained in terms of the field-dependent shift in
the position of the guiding center of the tunneled electron.
This shift is not relevant for the TA, since at low voltage the
length scale r is much longer than the magnitude of the
shift.

Model.—Let ψe;s;σðrÞ and ψ s;σðrÞ represent the electron
and CF annihilation operators, respectively, at position r in
layer sð¼ 1; 2Þ, with spin quantum number σð¼ ↑;↓Þ. Let
ρs;σðrÞ be the density of electrons (or, equivalently, CFs)
with spin σ in layer s. We attach flux to the electrons such
that a CF of any spin orientation sees ϕ flux quanta attached
to electrons of both spin components in the same layer and
no flux quanta attached to electrons in the opposite layer
[22]. The global densities of electrons in a given layer,
n↑ð↓Þ, are such that n↑ þ n↓ ¼ n and n↑ − n↓ ¼ ζn, where
n is the total electron concentration and ζ is the relative
polarization.
Each CF then sees an effective average field B⊥ ¼

B⊥ − 2πϕn=e. We are interested in the problem where each
layer is at ν ¼ ν↑ þ ν↓ ¼ nhc=eB⊥ ¼ 1=2, i.e., where
B⊥ ¼ 4πn=e; the unique choice for doing this is when
ϕ ¼ 2. The CFs (of either spin component) do not see a
magnetic field on average and they form Fermi surfaces in
each layer with Fermi wave vectors kF↑ð↓Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πn↑ð↓Þ

p
[23]. We note that our results below can be generalized in a
straightforward fashion to other even-denominator, gapless,
spin-polarized filling fractions. All of the regimes described
above remain qualitatively similar, but the numerical
prefactors of the tunneling exponents will be different.
The low-energy field theory for the CF Fermi surfaces

minimally coupled to the gauge field is given by [3,22]

L ¼ L0 þ Lint þ LCS;

L0 ¼
X
s;σ

�
ψ†
s;σðr; τÞ½∂τ þ ias0ðr; τÞ�ψ s;σðr; τÞ

þ 1

2m�
σ
ψ†
s;σðr; τÞ½−i∇þ Δasðr; τÞ�2ψ s;σðr; tÞ

�
;

Lint ¼
X
s;s0

1

2

Z
r

Z
r0
Vs;s0 ðr − r0Þ∶ρsðrÞρs0 ðr0Þ∶ ð1Þ

where m�
↑ð↓Þ denote the effective masses for the different

spin components, Δa denotes the gauge field minus eA,
with A being the external vector potential, and “∶ ∶”
denotes normal ordering. The Coulomb interaction

Vs;s0 ðrÞ ¼ 2πe2=½ϵ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ d2ð1 − δs;s0 Þ

q
�, is insensitive to

the spin label.
The Chern-Simons term is

LCS ¼ −
i
2π

X
ss0

Z
r
K−1

ss0a
s
0ðr; τÞẑ · ½∇ × as

0 ðr; τÞ�; ð2Þ

where, as discussed earlier, Kss0 is diagonal with respect to
the layer index: Kss0 ¼ ϕδss0 . Integrating out as0ðr; τÞ from
the action leads to the constraint

X
σ

ρs;σðr; tÞ ¼
ẑ · ∇ × asðr; τÞ

2πϕ
≡ bsðr; τÞ

2πϕ
: ð3Þ

PHYSICAL REVIEW LETTERS 120, 266601 (2018)

266601-2



That is, ϕ fictitious as flux quanta are attached to both spin
species in each layer and bs ¼ ð∂xasy − ∂yasxÞ is the
magnetic field associated with the internal gauge field.
Spectral function.—The single-electron Green’s function

associated with tunneling an electron with spin σ into layer
s at r ¼ 0 and time t ¼ 0 and then removing an electron at
r ¼ 0 with the same spin and from the same layer at a later
time t ¼ τ is given by Gs;σðτÞ ¼ hψe;s;σð0; τÞψ†

e;s;σð0; 0Þi,

Gs;σðτÞ ¼
Z

D½ψa�ψ s;σðτÞψ†
s;σð0ÞδðMM̄Þ

× expð−S½ψ†;ψ ; aμ�Þ; ð4Þ

where S½ψ†;ψ ; aμ� is the imaginary-time action correspond-
ing to the field theory introduced in Eq. (1). Here, δðMM̄Þ
denotes the boundary condition in space-time on the gauge
field, corresponding to creating and annihilating two
flux quanta, and the path integral measure D½ψa�≡Q

s0;σ0

Dψ†
s0;σ0Dψ s0;σ0Das

0
μ . In the path integral, the above boundary

condition can be equivalently interpreted [8] as inserting and
subsequently removing a doubly charged monopole [24].
The Green’s function in Eq. (4) can be reexpressed as a

path integral over the CF fields with the configuration of aμ
held fixed and a path integral over all allowed configura-
tions of aμ subject to the appropriate boundary conditions.
For the bilayer problem, the boundary condition requires a
current that sources the internal gauge field,

j1μ ¼ ½θðx0 − τÞ − θðx0Þ�δð2ÞðrÞδμ0; ð5Þ

for the top layer and j2μ ¼ −j1μ for the bottom layer, which
corresponds to the creation of a monopole in the top and an
antimonopole in the bottom layer at time t ¼ 0, both of
which are removed at a later time τ at the same position
r ¼ 0. In the limit of times much longer than the inverse
Fermi energy, this process couples only to the low-energy
diffusive mode [3,22] with ω ∼ VðqÞq3, where VðqÞ ¼
2πe2ð1 − e−qdÞ=ðϵqÞ.
Interestingly, the boundary condition of Eq. (5) does not

contain any information about the spin of the injected
electron; the inserted monopole or antimonopole does not
have a spin quantum number. The constraint associated
with the flux attachment [Eq. (3)] dictates the total CF
density but gives no information about the magnetization of
the perturbation. In general, this magnetization (the spin
composition of the spreading charge) is not simply equal to
that of the injected electron, as one might naively expect.
This is because the CS field couples the spin-up and spin-
down currents to each other, such that a CF current of either
spin gives rise to a transverse CS gauge field that is felt by
both spin components. In this way, any perturbation of CF
density, regardless of its initial spin composition, quickly
evolves to contain a mixture of both components that may
not reflect the magnetization ζ of the background.

In the limit where the charge spreading is driven purely
by the Coulomb energy of the perturbation, the magneti-
zation of the perturbation is irrelevant for the charge
spreading, since the Coulomb interaction is independent
of spin. However, this is not the case in the regime where
the dominant energy scale driving the charge spreading is
provided by the finite compressibility of the CF fluid.
Instead, in the long-time limit, the magnetization of the
perturbation is determined by the ratio of the different spin
compressibilities, as we show below.
In order to incorporate the dynamic evolution of the spin

degree of freedom and the associated magnetization,
we introduce the field δmðr; τÞ subject to the following
constraint

δρ↑ðr; τÞ − δρ↓ðr; τÞ ¼ δmðr; τÞ; ð6Þ

δρ↑ðr; τÞ þ δρ↓ðr; τÞ ¼ δnðr; τÞ ¼ δbðr; τÞ
2πϕ

; ð7Þ

where δρ↑ð↓Þ ¼ ρ↑ð↓Þ − n↑ð↓Þ, so that δb=ð2πϕÞ and δm
represent the deviation of the density and the magnetiza-
tion, respectively, from the homogeneous ground state.
Introducing the field δm implies an additional contribution
to the action SM½δm�, which we leave unspecified for the
time being. The Green’s function is then given by

Gs;σðτÞ ¼
Z

D½a�D½δm�δðMM̄Þhψ s;σðτÞψ†
s;σð0Þia

× expð−Seff ½aμ� − SM½δm�Þ; ð8Þ

expð−Seff ½aμ�Þ≡
Z

D½ψ � expð−S½ψ†;ψ ; aμ�Þ: ð9Þ

We now assume that the low-energy suppression of the
spectral function arises predominantly from the expone-
ntial saddle point contribution, Seff ½aμ; jμ; δm� ¼ Seff ½aμ� þ
SM½δm̄� − R

r a
s
μjsμ, evaluated at the value of aμ ¼ āμ that

incorporates the boundary condition (see Supplemental
Material for details [26]). That is, Gs;σðτÞ ≈ expð−Seff ½āμ;
jμ; δm�ÞG0ðτÞ, where G0ðτÞ can be at most an algebraically
decaying function of τ.
To obtain Seff ½aμ�, we integrate out the CFs and obtain

within RPA the effective action [3] of the form Seff ½a� ¼
Sem þ SCS, where

Sem ¼ 1

2

X
iωn

Z
q
½εðq;ωÞjeq;ωj2 þ βðq;ωÞjbq;ωj2�; ð10Þ

where iωn are the Bosonic Matsubara frequencies and eα ¼∂0aα − ∂αa0 is the electric field associated with the internal
gauge field. The effective dielectric function εðq;ωÞ and
inverse magnetic permeability βðq;ωÞ derive their momen-
tum and frequency dependence from the underlying CF
Fermi surfaces,
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εðq;ωÞ ¼ 2ðkF↑ þ kF↓Þ
4πjωnjq

¼ 2kF
4πjωnjq

gðζÞ; ð11Þ

βðq;ωÞ ¼ χd þ
1

ð2πϕÞ2 VðqÞ; ð12Þ

where gðζÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ ζÞ=2p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ζÞ=2p
and χd ¼

ð∂μ=∂nÞ=ð2πϕÞ2, where μ is the chemical potential [27].
Following Refs. [8,28], and for the boundary condition

in Eq. (5), the action is given by

SeffðτÞ ¼ ð2πϕÞ2
Z
ω

Z
q

εðq;ωÞβðq;ωÞ
βðq;ωÞq2 þ εðq;ωÞω2

× ½1 − cosðωτÞ�: ð13Þ

Finally, the total action of the system is obtained by
subtracting the action associated with the work performed
by the voltage source from the action computed above,

SðτÞ ¼ SeffðτÞ − eVτ: ð14Þ

Optimizing the above action over τ gives an optimal
time τ�ðVÞ that characterizes the charge accommodation
time, and the tunneling conductivity is given by
∼ exp ( − S½τ�ðVÞ�=ℏ). We have arrived at the same results
for the tunneling action using a complementary semi-
classical hydrodynamic description for the spreading
charge [9] in another paper [29].
We now consider the various parametric regimes for the

tunneling action.
Large layer separation.—Let us first consider the regime

of large layer separation (region I), where qd ≫ 1, with
q−1 ∼ r. In this limit, VðqÞ ≈ 2πe2=ϵq is singular at small q
and βðq;ωÞ ≈ VðqÞ=ð2πϕÞ2. The charge spreading in the
two layers decouples and the tunneling action (at zero
temperature) is given by

S½τ�ðVÞ� ¼ 2AgðζÞ e
2=ϵlB
2eV

; ð15Þ

where A ¼ 4π and the extra factor of 2 arises due to the
contribution from the two layers. This regime is represented
as region I in Fig. 1(c). Equation (15) describes a charge-
spreading action that decreases with increasing spin
polarization ζ. One can think of this decrease as arising
from the increase of the CF conductivity with increasing
spin polarization [30], which allows the perturbation to
spread more quickly and lowers the associated action. This
dependence is in the opposite direction to what was
observed in experiment [Fig. 1(b)] [1].
Small layer separation.—When the layer separation is

small (qd ≪ 1), we can approximate the Coulomb inter-
action as VðqÞ ≈ 2πe2d=ϵ. In this regime, βðq;ωÞ is
independent of momentum at leading order and we denote

it as simply β. The tunneling action (at zero temperature)
then has the form

S½τ�ðVÞ� ¼ 2CkFgðζÞ
ffiffiffiffiffiffiffiffiffi
β

2eV

r
; ð16Þ

where C ¼ ½−210πΓ3ð−1=3Þ=37�1=2. Previous studies [7,8]
(which assumed ζ ¼ 1) have focused on the regime where
the Coulomb energy dominates the compressibility,
VðqÞ ≫ ð2πϕÞ2χd, such that β ≈ e2d=ð8πϵÞ. In this limit
(region II), the action takes the form

S½τ�ðVÞ� ¼ 2CkFgðζÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2d=8πϵ
2eV

r
: ð17Þ

Once again, the action decreases with increasing ζ and is at
odds with the observations of Ref. [1]. The action also
increases with increasing d.
Let us instead consider the situation where χd ≫

VðqÞ=ð2πϕÞ2, so that β ≃ χd. It is important to note that,
while this regime (region III) corresponds to small d=lB,
we are simultaneously assuming that the metallic CF state
remains a good description and there is no instability
toward excitonic condensation [31,32]. This assumption
is equivalent to assuming either that d=lB remains larger
than the critical value associated with exciton instability
or that the temperature is larger than the condensation
temperature.
In this limit, the two oppositely charged layers are so

close that the Coulomb energy of the perturbation is
effectively eliminated, and the action is given by twice
of the action for a single (decoupled) layer with no long-
range Coulomb repulsion. Of course, there can still be a
residual interaction on short length scales between the
different spin components of the CFs, which can be
described phenomenologically within a Landau Fermi
liquid approach with undetermined Landau parameters
[33]. We assume rotational invariance and use the dimen-
sionless Landau parameters Fσσ0

l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
m�

σm�
σ0

p
fσσ

0
l =ð2πÞ

[34]. For our purpose, it is sufficient to consider only
the l ¼ 0 component, corresponding to the compression
mode of the Fermi surfaces. Following Landau’s expansion
to quadratic order, the energy can be written as [30]

δEðδρ↑; δρ↓Þ ¼ π
ð1þ F↑↑

0 Þ
m�

↑

ðδρ↑Þ2 þ π
ð1þ F↓↓

0 Þ
m�

↓

ðδρ↓Þ2

þ 2π
F↑↓
0ffiffiffiffiffiffiffiffiffiffiffiffi

m�
↑m

�
↓

q δρ↑δρ↓: ð18Þ

Using Eq. (7), this can be reexpressed as
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δEðδn; δmÞ ¼ π

4

�
2

meff
þ f↑↑0 þ f↓↓0 þ 2f↑↓0

2π

�
ðδnÞ2

þ π

4

�
2

meff
þ f↑↑0 þ f↓↓0 − 2f↑↓0

2π

�
ðδmÞ2

þ 2π

4

�
1

m↑
−

1

m↓
þ f↑↑0 − f↓↓0

2π

�
δnδm; ð19Þ

where we have introduced a reduced mass, meff ¼
2m�

↑m
�
↓=ðm�

↑ þm�
↓Þ (the factor of 2 ensures that, in the

limit of identical masses, meff ¼ m�
↑ð↓ÞÞ.

By completing the square for δm in the above expansion,
one can immediately see that

χd ¼
1

32π

�
2

meff
þfs↑0 þfs↓0

2π
−
ð 1
m↑

− 1
m↓

þ fs↑
0
−fs↓

0

2π Þ2

ð 2
meff

þ fa
0

2πÞ

�
; ð20Þ

where fs↑ð↓Þ0 ¼ f↑↑ð↓↓Þ0 þf↑↓0 and fa0 ¼ f↑↑0 þ f↓↓0 − 2f↑↓0 .
In the limit of complete spin polarization, χd is deter-
mined by the usual compressibility and is proportional to
ð1þF↑↑

0 Þ=m�
↑ [30].

The tunneling action in region III is then given by
Eq. (16), with β ¼ χd. In this description, the dependence
of the tunneling current on spin polarization ζ depends on
the way in which the Landau parameters vary with ζ. This
dependence cannot be known a priori, but in principle, it
can be deduced from experiments, done as a function of ζ.
It is plausible that our description in this regime correctly
reproduces the experimental results of Ref. [1], but this
remains to be shown experimentally. For example, one can
measure the inverse compressibility, which is proportional
to χd above, through capacitance [35]. In addition, it would
be interesting to measure the dependence of density on
magnetic field at fixed chemical potential, which would
give a susceptibility inversely proportional to fs↑0 − fs↓0 .
Summary and outlook.—In this Letter, we have presented

a derivation of the action associated with electron tunneling
between two compressible CF systems, which determines
the tunneling current. In particular, we have examined the
role of incomplete spin polarization across a range of values
for the interlayer separation. One of our main results is that a
description where charge spreading is driven primarily by
the Coulomb energy of the density perturbation (as in
Refs. [7–9]) is inconsistent with recent experiments [1].
This observation has led us to identify a new regime of
behavior for the TA, in which charge spreading is dominated
by the finite compressibility of the electron liquid.
In addition to the experiments we propose above, our

results suggest that at small d=lB the tunneling current
should have the functional form ln I ∝ −1=

ffiffiffiffi
V

p
implied by

Eq. (16). The experimentally measured tunneling current is
indeed consistent with this functional form [1,36] at small

voltage (see Supplemental Material for details [26]).
Further, the effect of spin polarization on the tunneling
current should become weaker with increasing d=lB, as the
system moves from the compressibility- to the Coulomb-
dominated regime. At large enough d=lB ≫ 1, the depend-
ence of tunneling current on spin polarization should
reverse sign. Finally, we note that the formalism developed
in our Letter can be used to describe tunneling experiments
in other “vortex metals” [37], e.g., in two-dimensional
disordered thin film superconductors at large magnetic
fields [38,39].
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