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IL. AN INTERGENERATIONAL RATIONALE FOR FERTILITY ASSUMPTIONS
IN LONG TERM WORLD POPULATION PROJECTIONS
Herwig Birg*

A. INTRODUCTION AND FRAMEWORK OF THE
ANALYSIS

The analysis of fertility and generative behav-
iour usually concentrates on persons, couples,
families, social communities, ethnic groups, na-
tions or generations. These individuals and groups
are examples for various decision making units
with different objective functions and specific
constraints for their generative behaviour. In this
contribution, the elementary units for fertility de-
cisions are generations. Generations may be re-
garded as the most natural units of making fertility
decisions because the mere existence of any gen-
eration depends on the fertility decisions of the
preceding ones.

There are many emotional, cultural, social and
economic interactions between the behavioural
units making fertility relevant decisions. This is
especially true for generations which are very in-
tensively connected by family ties, by kinship and
by the societal and institutional regulations like
the financial arrangements in the educational sys-
tem, the health system and the pension system.
Fertility theories differ very much according to
the kind of the explanatory variables taken into
account in the approaches of the various scientific
disciplines like the economic theory of fertility,
the anthropological-sociological fertility theories
and the demographic theories, e.g. the transition
theory and the biographic theory of fertility which
tries to combine the explanatory power of differ-
ent disciplines in an holistic approach.' Even more
relevant than these distinctions, which emphasize
the theoretical characteristics of the underlying
scientific approaches, is the methodological ques-
tion of whether the generations are treated as
separate single units, which make their fertility
decisions independently from each other by
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maximizing their objective functions separately or
whether they are regarded as one trans-
generational decisions making unit constituting a
chain of consecutive generations.

In this contribution, the fertility analysis of gen-
erations is based on two concepts: The first is de-
noted as the “chain of generations concept” in
which the successive generations are linked by
intergenerational financial transfers. The corre-
sponding chain of successive generations consti-
tutes the decision making unit for fertility deci-
sions. In the second concept, denoted as the
“single generation concept”, fertility is analysed
in the framework of a model including intergen-
erational transfers in the same way as in the chain
of generations concept, but treats each generation
as a separately acting unit which tries to maximize
its objective function independently from the ac-
tions of the preceding and of the succeeding gen-
erations.

B. THE THEORETICAL CONCEPT®

Most models of optimal population growth and
fertility are developed by economists in the
framework of neoclassical economic theory.
These models are based on the objective functions
of optimum per capita output, consumption and on
central economic variables like the interest rate
and the rate of savings. Contrary to these neoclas-
sical models, which are based on restrictive eco-
nomic concepts like production and utility func-
tions, the subsequent models use more general
notions.’ The assumptions made are as follows:

(1) Every generation in the sequence of genera-
tions is linked both to the preceding and to the
succeeding one by way of intergenerational trans-
fers. During childhood and youth, each generation
starts out as a recipient of material support from
it's parent’s generation. During it’s mid-phase,
each generation provides material support to two
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other generations, i.e. to it's children and to it‘s
parents who have now grown old. Finally, it en-
ters the third phase during which it in turn is a net
recipient of assistance from its children who have
now entered the mid-phase. Special assumptions
on the length of the three phases are not made.
Furthermore, it is not necessary to make explicit
assumptions on the life expectancy of the genera-
tions or on the relative length of the three phases
(see figure 1).

(2) The relative sizes of the generations in
demographic terms are significant for the balance
between the support received and given during an
entire life-course. This raises the question of how
significant the size of a particular generation, as
determined by the birth rate, will be for the ratio
of assistance received to assistance given. Let the
following be the notation used to analyse this rela-
tionship:

Gx = the size of generation x

Gx-1 = the size of generation x’s parental
generation

Gx+1= the size of generation X’s children's
generation

ox = the services rendered and assistance

given by generation x per head of its children’s
generation

Px = the services rendered and assistance
given by generation x per head of its parents’ gen-
eration

The value of the services rendered and assistance
given by generation x to its children’s generation
can be obtained by multiplying the size of its chil-
dren’s generation by the services per head of that
generation, i.e. by the expression ,G,,;. Likewise,
the services and assistance rendered to the paren-
tal generation is ,Gy.;. That means that generation
x provides a total amount of service and assistance

Figure L. Intergenerational transfers in a chain of generation
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to other generations of
axGxH t ﬂxGx—l (1)

Correspondingly, generation x in turn will receive
a total of

ax—lGx t ﬁx-l'lGx (2)
from its predecessor and successor generations.

The services/assistance given or received ( or )
have the index x appended to them because each
generation can potentially have its own approach
to these activities.

(3) The ratio of the services/assistance received
and given to or by generation x is referred to as
the “intergenerational transfer quotient Tx for
generation x”:

aG. +pG
T; . ; x+l ﬂx x-1 (3)
ax—lGx t ﬂxHGx

The basic assumption made is that each genera-
tions objective function is to minimize its transfer
quotient T,.

C. FERTILITY IN THE “CHAIN OF
GENERATIONS MODEL”

The transfer quotient depends on the sizes of the
three generations of Gy, Gy and Gy,1. To mini-
mize the transfer quotient for generation x is not a
trivial problem. For example, one important as-
pect of a favourable quotient for generation x is
that the number of its children, i.e. G, should not
be too large. However, because the same argu-
ment applies to all generations, including the pre-
ceding one G,.;, generation x’s size when in the
denominator of the transfer quotient would be all
the smaller, making its transfer quotient less fa-
vourable, the more the parental generation G,.;
kept down the number of children it had for the
sake of improving its own transfer quotient. In
other words, this is a trans-generational, dynamic
optimization problem.
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The problem can best be expressed by asking
what ratio between the generations G,.;, G, and
G,,1 will yield the optimum, i.c. the lowest, trans-
fer quotient. The numerical ratio between two
consecutive generations is termed the net repro-
duction rate (NRR). Since any particular NRR
always relates two generations to one another, the
three generations involved in the transfer quo-
tients can be represented by two net reproduction
rates, as follows:

Goa _ NRR (4a)
G, A
Gx
o= NRR,_, (4b)

x-1

By substituting these expressions into the defini-
tional equation (3) for the transfer quotient, we
obtain:

o NRR +
x X x NRRX_I

T,= | %)
ax—] t ﬂx+l

To begin with, let us seek to establish the opti-
mum value of the transfer quotient when net re-
production rates and the “assistance output” rates
and specific to the generations are equal, i.e. when

NRR_ = NRR._, = NRR 63)
a.=a. ,=a (6b)

B.=h.=8 (6¢)

In this case, instead of equation (5) we have the
simplified expression

1
NRR+ f——
NRR

a+p @

T=

The net reproduction rate yielding the optimum,
i.e. lowest, value for the transfer quotient is found
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by setting the derivative of T with respect to NRR
to zero. The result is:

NRR™ = \ﬁ
o (82)

Substitution of NRR™ from equation (8a) into
equation (7) yields the optimal value of the trans-
fer quotient:

Topl -
a+ p (8b)

The dependence of the transfer quotient upon
the net reproduction rate as expressed in equation

(7) is portrayed graphically in figure 2. As the net
reproduction rate increases, the transfer quotient
initially falls, as the support provided to the older
generation is spread among more people in the
middle generation. However, because the effort
they need to make for the young generation also
increases as a result, the optimum value of the
transfer quotient is reached with a net reproduc-
tion rate of exactly one. For all NRR figures
above that, the transfer quotient increases in pro-
portion.

The conclusions which can be drawn from this
outcome are directly apparent from the equa-
tion (8a) showing the optimum NRR and from
equation (8b) showing the optimal transfer quo-
tient:*

Figure 2. Dependance of the International Transfer Quotient upon the Net Reproduction Rate
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(a) A country's optimum net reproduction rate
does not depend on the actual level of per capita
assistance provided to the succeeding generation
(o) or to the older generation (3), but on the ratio
of the latter to the former (B/c) So if both forms
of support are larger in country B than in country
A by the same margin, there will be no affect on
the optimum net reproduction rate.

(b) The larger the amount of assistance provided
per capita to the younger generation (o) relative to
that provided per capita to the older generation
(B), the lower the optimum net reproduction rate
will be, and vice versa.

(c) If the value of the assistance given to the
younger and older generations is equal on a per
capita basis (0=f), the optimum net reproduction
rate = 1, regardless of the actual amount of sup-
port transferred from generation to generation:
thus the population will remain constant without
any need for immigration or emigration.

(d) If the assistance given to the young generation
is greater than that given to the older one (a>f),
the optimum net reproduction rate < 1, which
means the population will decline if there is no net
immigration.

(e) If the assistance given to the young generation
is less than that given to the older one (0<f), the
optimum net reproduction rate > 1, which means
the population will grow if there is no net emigra-
tion.

(f) The social and economic power to determine
the relative amounts of per capita assistance given
to the young and the old normally lies with the
generation in the middle which is active in the
working world. It is to the advantage of this active
generation if it keeps a damper on the amount of
assistance given to the young per head while fa-
vouring assistance to the old, particularly since
this generation has already left it‘s own phases of
childhood and youth, in which it was a recipient,
whereas its phase of old-age when it will again
require support still lies ahead. Consequently, in
any society, like numerous developing countries,
which does not protect children from being ex-
ploited by the middle generation (e.g. by prohibit-
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ing child labour or passing laws for the benefit of
children and young people, say on school provi-
sion), one would expect the balance of assistance
provided to shift in favour of the older generation,
making B>0, and the optimum net reproduction
rate > 1, resulting in persisting population growth.
Figure 2 outlines these links by examining three
examples:

Example 1 (less developed countries):

o = 050
B = 150
NRRopt = 1.732

Numerous developing countries with high net re-
production rates correspond to example 1.

Example 2 (stationary populations and world
population as a whole):

o = 100
i} = 100
NRR,, = 100

This example represents an ideal case in which a
population remains constant when viewed net of
migratory flows. It‘s net reproduction rate is 1.00
(approx. 2 children eventually reaching adult age
and reproducing themselves per woman).

Example 3 (more developed countries):

o = 141
B = 0.59
NRR,y = 0.65

The figures in example 3 were chosen so as to
reflect roughly the circumstances in a developed
country like Germany today. In this case, the net
reproduction rate is 0.65. Please note that the op-
timum net reproduction rate depends solely on the
ratio of o to B, and not on the absolute value of
either parameter. That being the case, the figures
shown in the example for o and f do not actually
have to agree with the absolute parameters exist-
ing in the real world but only with their relative
values. One may conclude from this example that
the objective of maintaining a constant popula-
tion, with a net reproduction rate of 1.0, without
the need for net immigration will be unattainable
as long as the assistance provided to the younger
generation (per head of that generation) is greater
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than that given, per head, to the older generation.
Is the per capita inter-generational transfer in fa-
vour of the younger generation lower or higher
than that in favour of the older generation? The
answer cannot be found simply by examining sta-
tistics on family or household income and expen-
diture, for these figures are, firstly, themselves
influenced by government policy on families, and
secondly, they fail to take into account any of the
government services and infrastructure provided
to the younger or to the older generation. What is
needed is an assessment which takes in all real
payments or transfers of assistance, so that would
have to include such items as expenditure on the
educational system etc. The same naturally ap-
plies to the support given to the older generation.
Many of the real provisions made by the state are
economic quantities which cannot be directly cap-
tured in statistical information, but they can cer-
tainly be empirically estimated using statistics as a
basis, though the necessary research input is high.

Another issue to be addressed in this theoretical
treatment is that of what effects can be expected
to be generated if an ever-greater proportion of the
transfers per head of the younger or older genera-
tion are no longer made by individuals or families,
but by society as a whole or by government bod-
ies. Suppose the sum of individual services (o)
and societal services (o) per head of the younger
generation is constant, and likewise for the ser-
vices to the older generation:

s

a=o'+a’ d=a-a
)

,B=,3i+,33 .Bi=B‘,BS (10)

Let us further assume that the members of the
middle generation only bear their individual share
of the services given, although they have been, or
will later be, recipients both of the individual and
of the societal assistance given to younger and
older people. Based on these assumptions, the
numerator of the transfer quotient, showing the
services or assistance given out, will only contain
the individual items, whereas the denominator
will show both the individual and societal trans-
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fers received by the same generation during its
lifetime:

'NRR, + [ VRR
x=1

(ai+ as)+(ﬂi + ,Bs) (11)

Here too, let us begin by assuming a net repro-
duction rate which remains constant from genera-
tion to generation (NRRx-1 = NRRx = NRR),
yields the following optimum net reproduction
rate, where the transfer quotient is at a minimum:

NRR™ = |2

(12)

The derivation of the optimum net reproduction
rate is based on legally and culturally defined
standards for the assistance provided, per capita,
to the younger or older generation. If these find-
ings are applied to the situation, say, in Germany,
the following statements can be made:

Summary (with reference to a more developed
country like Germany):

(I) The greater the proportion of the assistance
provided (per capita) to people in the late old-age
phase of the life-cycle which is borne by society
at large or by the state, the lower the optimum net
reproduction rate will be, all other factors being
equal. In Germany, for example, the birth rate be-
gan to decline at the time a collective insurance
programme for old-age pensions was introduced
(in the Bismarckian social reforms of the 1890s),
thus backing up this finding. Of course, one
should not take that to mean that the introduction
of a state social insurance scheme was the only
factor behind the fall in the birth rate in the 20th

century.

(ID) The greater the proportion of the assistance
provided (per capita) to children and young peo-
ple which is borne by society at large or by the
state, the higher the optimum net reproduction rate
will be. It is this functional relationship which
nurtures the hope in industrial countries that it will
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be possible to raise the net reproduction rate sub-
stantially with the help of government policy to-
wards families.

(IIT) Whether the net reproduction rate is greater
than, equal to or less then unity, or in other words
whether the population net of migration will grow,
remain constant or shrink in the long term, de-
pends on the ratio between the portion of per cap-
ita assistance provided by society at large to the
older generation and the portion of per capita as-
sistance it provides to the younger generation.

(IV) For example, the introduction of nurs-
ing-care insurance in Germany in 1995 has raised
the proportion of per capita services to the older
sections of the population which is borne by soci-
ety or at least collectively, the effect of which is to
lower the optimum net reproduction rate. So in a
population like Germany‘s which is shrinking
since 1972 without net immigration, the introduc-
tion of nursing-care insurance for senior citizens
will mean that net immigration needs to be even
higher than it already was in order to maintain a
constant population. (In the early 1990tees the
number of refugees asylum seekers and other im-
migrants was above one million per annum and
above the number of births so that Germany‘s
population grew despite of the birth deficit.)

Nursing-care insurance thus intensifies the
cause of the low birth rate and of the aging of
Germany‘s population, which is the actual reason
for introducing the insurance scheme in the first
place. From the purely demographic point of
view, the measure is counter-productive, apart
from which it breaches the principles laid down in
the Federal Constitution Court‘s much-publicized
judgement of July 7, 1992 (on pension rights for
the women who had worked to clear the rubble in
Germany*s cities after the World-War-II bomb-
ings), because it increases still more the transfer
payments made by families with several children
to pensioners with few or no children, instead of
reducing this “inverse solidarity”.

D. FERTILITY IN THE “SINGLE
GENERATION MODEL™

So far, we have set out to establish the optimum
net reproduction rate on the basis of the functional

relationship between the NRR and the inter-
generational transfer quotient, while assuming that
the net reproduction rate sought or obtained will
be equal in all generations. In other words, we
imagined that what might be termed a “chain of
generations” existed as the focus of people‘s ac-
tions, linking the different sections of the popula-
tion together in a community of consecutive gen-
erations giving assistance and reciprocating it.

Let us now drop this rather idealistic conception
in favour of a more realistic view, enquiring what
the optimum number of children per woman will
be if the focus of action is not the community of
generations but a single one, generation x. So the
new question posed is: What are the optimum pat-
terns of reproductive behaviour and family struc-
ture in terms of the transfer quotient for the gen-
eration under examination if it seeks solely to
optimize the benefits to itself?

Taking generation x’s point of view in isolation,
the outcome of this seems to be directly apparent
from equation (5). The only quantities which gen-
eration x can influence in a bid to minimize its
transfer quotient are the number of children it has,
the amount of assistance it provides per head of its
children (ox) and the amount of assistance it pro-
vides per head to its parent‘s generation (Bx) The
generation x’s transfer quotient will be at an opti-
mum when its net reproduction rate NRRx, the
amount of assistance ax provided per child and
the amount of assistance per head provided to the
parental generation Bx are all at their lowest. In
contrast to the outcome of the trans-generational
optimization problem considered prior to this one,
the transfer quotient seems now to be at its lowest,
when the number of children per woman is zero.
But this simple outcome is only valid for a rather
unrealistic condition. In the following it will be
demonstrated that the result is more complicated.

The central assumptions made in this argument
are that generation x’s transfer quotient is inde-
pendent of the values of o and B and independent
of the net reproduction rate of the preceding and
succeeding generations. Which net reproduction
rate is optimal, if these assumptions do not hold?
To answer this question four cases will be distin-
guished:
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Case 1:

Case 2:

Case 3:
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Equal values of o for all generations and

generation specific values of B and
NRR,

equal vaues of B for all generations and
generation specific values of o and
NRR,,

equal values of o, equal values of  and
generation specific net reproduction rates
NRR,, and

Case 4: equal net reproduction rates for all gen-
erations and generation specific values of

0, and ;.

In the following it will be shown that in these four
cases the problem of the single generation model
equals the problem treated in game theory: There
is no way for a single generation x to optimize its
transfer quotient independently from the preced-
ing and succeeding generations.
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Case 1

In case (1) the central assumption and the equation for the transfer quotient are given by the equations:

a.=a_ =a (13)
RR_+
m X X NRRX_I
]; =
o+ x+l (14)

The optimal value of T, is found setting the partial derivative of T, with respect to a. to zero:

8T, NRR(+B..)-(aNRR + B,/ NRR,,) .

da (a+ B, 15)

The condition for the minimum of T, derived from (15) is:

NRR, NRR, = 2

ﬂx+1 (16)

Substitution of NRR, from equation (16) into equation (14) yields the optimal value of the transfer quo-
tient:

RR_+ NRR. -
alv X X ﬁxﬂ - NRRx
ot p (17

opt _
T? =

The interpretation of equations (16) and (17) yields: It is not possible for generation x to minimize T, by a
low value for its net reproduction rate independently from the value of the net reproduction rate of gen-
eration x+1 since according to equation (16) NRR, and NRR,,, are not independent. If in equation (16)
NRR, is decreased, NRR,; has to be increased so that the minimum of T, can not be reached simply by a
decrease of NRR,.
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Case 2

In case (2) the basic assumption and the corresponding transfer quotient are given by equations (18) and
(19):

ﬂx=ﬂ-l=ﬁ (18)

a NRR,+ 8

NRRx-l
T; =
a_+p (19)

Setting the partial derivative of Tx with respect to  to zero

O, _ (@, +P)INRR, - (@NRR. + JINRR.))
aﬂ (ax—l + ﬂ)z (20)

The condition for the minimum of Tx derived from (20) is:

a NRR_ = o
* * NRR_, 1)
Substitution of NRRx from equation (21) into equation (19) yields the optimal transfer quotient:
ax——l + ﬂ
o NRR_, NRR_, _ 1 _ NRR
* ax—l + ﬂ N RRx-l ax-l : (22)

Interpreting these equations the result is the following. The transfer quotient of generation x is low, if
NRR, is low, but according to condition (21) a decrease of NRR, is not possible without an increase of
NRR, . If generation x-1 minimizes its own transfer quotient by a low NRR, ; the net reproduction rate of
generation x-2 has to be increased and so on. As in case (1) the conclusion of case (2) is that there is no

way for a single generation to achieve its optimal transfer quotient independently from the preceding and
the succeeding generations.
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Case 3
The following assumptions are made:

a.=a,_ =a

ﬂx=ﬁ-—l=ﬁ

Using the definition
y=o+p

the transfer quotient is

(- B)NRR, + b g

NRR__, [ ,6]
=1 _ |11 & R + ———
1 yNR"+N

x-1

/4

Setting the partial derivative of Tx with respect to Y equal to zero

oL,
=-NRR, + =0
Gy

we obtain the condition for the minimum of Tx:

NRR_-NRR_, =1

Substitution of NRRx-1 from equation (27) into equation (25) yields:

T;U]Jt = NRRx

(23a)

(23b)

(24)

(25)

(26)

@7)

(28)

The interpretation of equations (27) and (28) results in the same conclusions as in the cases (2) and (3).
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Case 4

In this case the basic assumption is that the net reproduction rates of the generations are equal but the val-

ues of the o's and ‘s are different:

NRR,= NRR_, = NRR

1
NRR+ f. ——
_& * NRR

T
g (ax—l + ﬁx+l)

Setting the partial derivative of T, with respect to NRR equal to zero:

1
éT ax_ xNRR2=

X

aVRR i ax-l t ﬂxﬂ

0

yields the optimal net reproduction rate

B

a

X

NRR* =

and the optimal transfer quotient

Topg - 2Vax-ﬂx

. ax—l + ﬁxH

(29)

(30)

G

(32)

(33)

The interpretation of these equations is: Generation x cannot minimize its transfer quotient simply by de-
creasing the values ox and Px independently from the preceding and succeeding generations, because a

corresponding decrease of ax-1 and Bx+1 in equation (33) would cause a rise of Tx.
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E. CONCLUSION FOR THE WORLD
POPULATION AS A CHAIN OF GENERATIONS

The general result of the interpretations of the
four cases based on the single generation model
is: For a single generation x, it is not possible to
optimize its own benefits without any regard for
what would happen if other generations acted in
the same way. A specific generation can only
reach its optimal fertility if the preceding and the
succeeding generations also practice optimal fer-
tility rates. A more general conclusion is: If the
different generations chose to violate the universal
ethical principle laid down in Immanuel Kant's
categoric imperative - they cannot achieve their
optimal transfer quotient and optimal fertility. If
they acknowledge this principle they would act

like a community or chain of generations, all of
which would experience the optimum succes-
sively. But even if this principle would cause an
in-built tendency to an optimal level of the net
reproduction rate, the value of the reproduction
rate can be less than one or more than one. The
level of the net reproductions rate would be one
only in the ideal case that the amount of support
given by a generation per head of its children’s
generation equals exactly the amount of support
given per head of it's parent‘s generation. This
result can be interpreted as a rationale for fertility
assumptions in long term world population projec-
tions if the world population is regarded as a chain
of generations which tries to achieve an optimal
solution of its dynamic intergenerational optimi-
zation problem.
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