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To investigate the possibility of whether electron-phonon coupling can enhance orbital fluctuations
in iron-based superconductors, we develop an ab initio method to construct the effective low-energy
models including the phonon-related terms. With the derived effective electron-phonon interactions
and phonon frequencies, we estimate the static part (ω ¼ 0) of the phonon-mediated effective on site intra-
or interorbital electron-electron attractions as ∼ − 0.4 eV and exchange or pair-hopping terms as
∼ − 0.02 eV. We analyze the model with the derived interactions together with the Coulomb repulsions
within the random phase approximation. We find that the enhancement of the orbital fluctuations due to the
electron-phonon interactions is small, and that the spin fluctuations enhanced by the Coulomb repulsions
dominate. It leads to the superconducting state with the sign reversal in the gap functions (s� wave).
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Introduction.—The mechanism of superconductivity in
iron-based superconductors has attracted much attention
owing to its high critical temperature (Tc) [1]. The pairing
symmetry of the Cooper pair is a central issue and in active
debate. There are two strong candidates. One is the
spin-fluctuation-mediated s� pairing with a sign reversal
in the gap functions [2–11], which is consistent with the
phase sensitive experiments [12,13]. The other is the orbital-
fluctuation-mediated sþþ pairing without sign changes
[14–16], which seems to be compatible with the robustness
of the superconductivity against impurity doping [17,18].
As for the orbital fluctuations, it has recently been pro-
posed that not only the Coulomb interactions but also the
electron-phonon (e-ph) couplings can play a role [14,15].
To examine the scenario quantitatively and conclude the
controversy on the pairing symmetry, it is highly required to
derive, from first principles, the effective model both with
the electronic and the phononic part and analyze it. While
the ab initio derivations of the electronic model have widely
been done [19–24], that for the phonon-related part has not
been performed due to the lack of methodology.
In this Letter, we present an ab initio effective low-

energy model including phonon terms for the iron-based
superconductor, LaFeAsO. The effective e-ph interactions
and phonon frequencies in the model are estimated using
the density-functional perturbation theory (DFPT) [25]
with a constraint that screening processes in the Fe-3d
bands are excluded. From the derived parameters, we
estimated the phonon-mediated on site electron-electron
(e-e) attractions. The resulting values for the static part
are ∼ − 0.4 eV for the intra- and interorbital terms and
∼ − 0.02 eV for the exchange and pair-hopping ones.
The magnitude of the obtained exchange interaction is

considerably smaller than the one which gives the sþþ-
wave solution ∼ − 0.4 eV [14].
We analyzed the model including electronic repul-

sions as well as the derived phonon-mediated interactions
within the random phase approximation (RPA). Because of
the small phonon-mediated on site exchange and pair-
hopping interactions, the enhancement of the orbital
fluctuations is small, and the spin fluctuations enhanced
by Coulomb repulsions are dominant and mediate the s�-
wave pairing.

Method.—Here, we describe the ab initio downfolding
method to evaluate the e-ph couplings and the phonon
frequencies in the effective model. The model consists of
the phonons and the electronic degrees of freedom belong-
ing to the subspace near the Fermi level, which we call
target subspace (t subspace). In the case of LaFeAsO, we
choose the Hilbert space spanned by the Fe-3d bands as the
t subspace. In this low-energy model, the degrees of
freedom residing far from the Fermi level are eliminated,
which give the renormalization for the effective parameters
[26,27]. We consider the renormalization effects by calcu-
lating partially screened (renormalized) e-ph couplings and
phonon frequencies with excluding the t-subspace contri-
bution, which is to be accounted when the model is solved
[28–30]. This exclusion is achieved by imposing a con-
straint to the DFPT calculation. Below, we describe the
basic idea and practical treatments.
The frequency for phonon mode ν with momentum q

is determined by the secular equation
P

κ0α0 ½Cαα0
κκ0 ðqÞ−

Mκω
2
qνδκκ0δαα0 �eα0κ0 ðqνÞ ¼ 0 with Mκ and α being the mass

of atom κ and the Cartesian components, respectively.
The interatomic force constants Cαα0

κκ0 ðqÞ are given by
Cαα0
κκ0 ðqÞ ¼ bareCαα0

κκ0 ðqÞ þ ren.Cαα0
κκ0 ðqÞ, where
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renCαα0
κκ0 ðqÞ ¼

1

N

Z � ∂nðrÞ
∂uακ ðqÞ

�� ∂V ionðrÞ
∂uα0κ0 ðqÞ

dr; (1)

with N, nðrÞ, uðqÞ, and V ionðrÞ being the number of unit
cells in the crystal, electron density, ionic displacement, and
ionic potential, respectively. Here, renCαα0

κκ0 ðqÞ gives the
renormalization of the phonon frequencies via the linear
e-ph coupling, and bareCαα0

κκ0 ðqÞ gives the bare phonon
frequencies [31]. The e-ph couplings are evaluated
as gνn0nðk;qÞ ¼

P
καe

α
κ ðqνÞdκαn0nðk;qÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Mκωqν

p
, where

dκαn0nðk;qÞ ¼ hψn0kþqj∂VSCFðrÞ=∂uακ ðqÞjψnki is a coupling
between the Bloch states ψnk with momentum k and band
n and ψn0kþq. The derivative of the self-consistent field
potential ∂VSCFðrÞ=∂uακ ðqÞ is written as

∂VSCFðrÞ
∂uακ ðqÞ ¼ ∂V ionðrÞ

∂uακ ðqÞ þ
Z �

e2

jr− r0j þ
dVxcðrÞ

dn
δðr− r0Þ

�

×
∂nðr0Þ
∂uακ ðqÞdr

0; (2)

with VxcðrÞ being the exchange-correlation potential. In
the rhs of this formula, the first term denotes the bare
potential and the second one denotes the screening poten-
tial. The electron density response ∂nðrÞ=∂uακ ðqÞ in
Eqs. (1) and (2) gives the renormalization of the phonon
frequencies and the screening for the e-ph couplings. This
response is explicitly written as

∂nðrÞ
∂uακ ðqÞ¼ 2

X
nmk

fnk−fmkþq

εnk−εmkþq
ψ�
nkðrÞψmkþqðrÞdκαmnðk;qÞ; (3)

where εnk and fnk are the eigenvalue and its occupancy,
respectively.
For the derivation of the effective model, we calculate the

density response with excluding the contribution from the
case where both ψmkþq and ψnk belong to the t subspace.
Then, with the resulting density response, we evaluate the
partially screened (renormalized) quantities such as gðpÞ and
ωðpÞ. We call the scheme “constrained DFPT (cDFPT)”.
Without theconstraint, fullyscreenedquantitiesarecalculated,
to which we attach the superscript “f”, instead of “p” [33].
Now, we write down the phonon-related terms in the

effective model. The effective e-ph interactions are

He-ph¼
1ffiffiffiffiffiffiffi
Nk

p
X
qν

X
kijσ

gðpÞνij ðk;qÞcσ†ikþqc
σ
jkðbqνþb†−qνÞ; (4)

where bqν (b
†
qν) is the annihilation (creation) operator of the

phonon with the wave vector q and the branch ν. cσik (cσ†ik)
annihilates (creates) the i-th Wannier orbital’s electron with
the wave vector k and the spin σ. Nk is the number of k
points. The phonon one-body part is given as

Hph ¼
X
qν

ωðpÞ
qν b

†
qνbqν: (5)

The momentum-space-averaged phonon-mediated effec-
tive e-e interaction VðpÞ

ij;i0j0 [Fig. 1(a)] is given by

VðpÞ
ij;i0j0 ðωlÞ ¼

1

Nq

X
qν

�
1

Nk

X
k

gðpÞνij ðk;qÞ
�
DðpÞ

qν ðωlÞ

×

�
1

Nk

X
k0

½gðpÞνi0j0 ðk0;qÞ��
�
; (6)

where ωl ¼ 2πlT is the boson Matsubara frequency and

DðpÞ
qν ðωlÞ ¼ −2ωðpÞ

qν =ðω2
l þ ωðpÞ2

qν Þ. Note that VðpÞ
ij;i0j0 corre-

sponds to the on site quantity because of the momentum-
space averaging. This VðpÞ

ij;i0j0 is distinguished from the
momentum-space-averaged phonon-mediated effective
pairing interaction V 0ðpÞ

ij;i0j0 [Fig. 1(b)] as

V 0ðpÞ
ij;i0j0 ðωlÞ¼

1

NqNk

X
qν

X
k

gðpÞνij ðk;qÞDðpÞ
qν ðωlÞ

h
gðpÞνj0i0 ðk;qÞ

i�
:

(7)

Results.—We performed density-functional calculations
with QUANTUM ESPRESSO package [34]. The generalized-
gradient approximation with the Perdew-Burke-Ernzerhof
parameterization [35] and the Troullier-Martins norm-
conserving pseudopotentials [36] in the Kleinman-
Bylander representation [37] are adopted. The cutoff
energy for the wave functions is set to 95 Ry, and we
employ 8 × 8 × 6 k points. The phonon frequencies and
the e-ph interactions are calculated using the DFPT [25]
with and without the constraint, where 4 × 4 × 3 q mesh
and a Gaussian smearing of 0.02 Ry are employed. The
maximally localized Wannier function [38] is used as the
basis of the model. The lattice parameter and the internal
coordinates are fully optimized and we get a ¼ 4.0344 Å,
c ¼ 8.9005 Å, zLa ¼ 0.14233, and zAs ¼ 0.63330. These
values are in good agreement with those of Refs. [39,40].
We show in Fig. 2(a) our calculated band structure (solid

curves)ofLaFeAsOwith theoptimizedstructureandcompare
with theWannier-interpolatedband(dottedones) for theFe-3d
orbitals.Hereafter,d3Z2−R2 ,dXZ,dYZ,dX2−Y2 , anddXY orbitals
arerepresentedas1,2,3,4,and5,respectively,wheretheX and
Y axes are parallel to the nearest Fe-As bonds and theZ axis is
perpendicular to theFeAs layer.Thescreeningandself-energy
effects within the energy range from the bottom of the Fe-3d
bands up to 2.32 eVare excluded to derive gðpÞ and ωðpÞ.

(a) (b)

FIG. 1. Feynman diagrams for phonon-mediated effective (a)
e-e [Eq. (6)] and (b) pairing [Eq. (7)] interactions. Solid lines with
arrows are electron propagators, wavy lines are phonon Green’s
functions, and dots represent e-ph couplings.
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Figure 2(b) displays our calculated phonon dispersions
with (dotted curves) and without (solid ones) the constraint
on the t-subspace screening. We see a discernible differ-
ence in the frequencies for the phonon modes which couple
to the t-subspace electrons. However, the difference is not
large, at most ∼20%.
Table I lists our calculated static on site phonon-

mediated interactions. The upper left-side two 5 × 5 matri-
ces are the e-e interaction VðpÞ

ij;i0j0 ð0Þ in Eq. (6). The

intra- and interorbital terms VðpÞ
ii;jjð0Þ are ∼ − 0.4 eV, while

the exchange and pair-hopping terms VðpÞ
ij;ijð0Þ ¼ VðpÞ

ij;jið0Þ
are rather small as ∼ − 0.02 eV. Compared to the on site
Coulomb repulsion U ∼ 2 eV [23], VðpÞ

ii;iið0Þ ∼ −0.4 eV are
not negligible. However, it should be noted here that, while
UðωlÞ is almost constant up to the typical plasmon
frequency (∼25 eV in the iron-based superconductors

[41]), the attractions VðpÞ
ij;i0j0 ðωlÞ quickly decay as ωl

increases and vanish around ωl ∼ ωD with ωD being the
Debye frequency.

The three matrices in the upper right side of Table I are
the effective pairing interactions V 0ðpÞ

ij;i0j0 ð0Þ in Eq. (7).
Because of the off site pairing interactions, the pair-
hopping terms V 0ðpÞ

ij;jið0Þ are substantially larger in magni-
tude than the on site quantities VðpÞ

ij;jið0Þ.
The lower part of Table I describes fully screened ones

VðfÞ
ij;i0j0 ð0Þ and V 0ðfÞ

ij;i0j0 ð0Þ. The intra- and interorbital terms
are efficiently screened from the t-subspace electrons,
while others are not. We note that the quantityP

ijV
0ðfÞ
ij;jiNið0ÞNjð0Þ=Nð0Þ with Nið0Þ [Nð0Þ] being the

partial [total] density of states at the Fermi level is ∼0.18,
which gives a reasonable estimate to the total e-ph coupling
constant λ ∼ 0.2 in this system [39].

Effect on pairing symmetry.—Here, we analyze a five-band
model including the electronic repulsions and phonon-
mediated interactions within the RPA. The calculation
detail follows Refs. [14,15]. The spin and charge suscep-
tibilities are given by χ̂sðcÞðqÞ ¼ χ̂0ðqÞ½1 − Γ̂sðcÞχ̂0ðqÞ�−1,
where χ̂0ðqÞ is the irreducible susceptibility and
Γs
ij;i0j0 ¼ U, U0, J, and J0 for i ¼ j ¼ i0 ¼ j0,

i ¼ i0 ≠ j ¼ j0, i ¼ j ≠ i0 ¼ j0, i ¼ j0 ≠ i0 ¼ j,
respectively, [14]. U (U0) is the intra- (inter)orbital
Coulomb repulsion, J is the Hund’s coupling, and J0 is
the pair hopping. The matrix Γ̂c is given by Γ̂c ¼
−Ĉ − 2V̂ðpÞðωlÞ, where Cij;i0j0 ¼ U, −U0 þ 2J, 2U0 − J,
and J0 for i ¼ j ¼ i0 ¼ j0, i ¼ i0 ≠ j ¼ j0, i ¼ j ≠ i0 ¼ j0,
i ¼ j0 ≠ i0 ¼ j, respectively, [14].
With these susceptibilities, we solve the linearized gap

equation

λEΔii0 ðkÞ¼
T
N

X
k0;ji

Wij1;j4i0 ðk−k0ÞG0
j1j2

ðk0Þ

×Δj2;j3ðk0ÞG0
j4;j3

ð−k0Þ; (8)
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FIG. 2 (color online). (a) Band structure of LaFeAsO for the
optimized structure (red solid curves). Blue dotted curves denote
the Wannier-interpolated band dispersion. (b) Fully (red solid
curves) and partially (blued dotted curves) renormalized phonon
dispersion of LaFeAsO.

TABLE I. Our calculated static phonon-mediated effective electron-electron interaction Vij;i0j0 ðωl ¼ 0Þ and pairing interaction
V 0
ij;i0j0 ðωl ¼ 0Þ. Note that the values are represented with the negative sign. The upper (lower) panel shows the partially (fully) screened

interactions. Vij;i0j0 is symmetric with respect to i↔j, i0↔j0, and ðijÞ↔ði0j0Þ. V 0
ij;i0j0 is symmetric with respect to ðii0Þ↔ðjj0Þ and

ðijÞ↔ði0j0Þ. Units are given in eV.

−VðpÞ
ii;jj −VðpÞ

ij;ijð ¼ −VðpÞ
ij;jiÞ × 10 −V 0ðpÞ

ii;jj −V 0ðpÞ
ij;ji −V 0ðpÞ

ij;ij × 10

1 2 3 4 5 2 3 4 5 1 2 3 4 5 2 3 4 5 2 3 4 5

1 0.47 0.44 0.44 0.38 0.44 0.23 0.23 0.21 0.03 0.57 0.49 0.49 0.33 0.44 0.09 0.09 0.22 0.12 0.001 0.001 0.41 0.61
2 � � � 0.43 0.41 0.36 0.42 � � � 0.06 0.20 0.23 � � � 0.52 0.48 0.27 0.46 � � � 0.10 0.16 0.14 � � � −0.21 −0.21 0.28
3 � � � � � � 0.43 0.36 0.42 � � � � � � 0.20 0.23 � � � � � � 0.52 0.27 0.46 � � � � � � 0.16 0.14 � � � � � � −0.21 0.28
4 � � � � � � � � � 0.32 0.35 � � � � � � � � � 0.03 � � � � � � � � � 0.54 0.23 � � � � � � � � � 0.08 � � � � � � � � � −0.03
5 � � � � � � � � � � � � 0.43 � � � � � � � � � � � � � � � � � � � � � � � � 0.69 � � � � � � � � � � � � � � � � � � � � � � � �

−VðfÞ
ii;jj × 10 −VðfÞ

ij;ijð ¼ −VðfÞ
ij;jiÞ × 10 −V 0ðfÞ

ii;jj × 10 −V 0ðfÞ
ij;ji −V 0ðfÞ

ij;ij × 10

1 2 3 4 5 2 3 4 5 1 2 3 4 5 2 3 4 5 2 3 4 5

1 0.27 0.28 0.28 0.24 0.21 0.25 0.25 0.24 0.01 1.80 0.97 0.97 −0.46 0.32 0.13 0.13 0.31 0.17 −0.11 −0.11 0.86 0.98
2 � � � 0.37 0.24 0.27 0.21 � � � 0.03 0.14 0.18 � � � 1.60 1.05 −0.89 1.07 � � � 0.15 0.22 0.18 � � � −0.30 −0.57 0.14
3 � � � � � � 0.37 0.27 0.21 � � � � � � 0.14 0.18 � � � � � � 1.60 −0.89 1.07 � � � � � � 0.22 0.18 � � � � � � −0.57 0.14
4 � � � � � � � � � 0.39 0.11 � � � � � � � � � 0.04 � � � � � � � � � 3.48 −1.87 � � � � � � � � � 0.12 � � � � � � � � � −0.02
5 � � � � � � � � � � � � 0.28 � � � � � � � � � � � � � � � � � � � � � � � � 4.33 � � � � � � � � � � � � � � � � � � � � � � � �
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where Δii0 ðkÞ [G0
ii0 ðkÞ] is the gap (noninteracting Green’s)

function in the orbital representation and Wij;i0j0 ðqÞ is the
pairing interaction kernel. For the singlet pairing, ŴðqÞ ¼
− 3

2
Γ̂sχ̂sðqÞΓ̂s þ 1

2
Γ̂cχ̂cðqÞΓ̂c − 1

2
ðΓ̂s − Γ̂0cÞ with Γ̂0c ¼

−Ĉ − 2V̂ 0ðpÞðωlÞ [42]. The eigenvalue λE grows as the
temperature decreases, reaching unity at the superconduct-
ing transition temperature.
We adopt two dimensional model and 64 × 64 k-point

meshes and 2048 Matsubara frequencies are taken. The
temperature and the filling are set to T ¼ 0.02 eV and
n ¼ 6.1, respectively. We discuss the structure of the
diagonal elements of the gap-function matrices in the band
representation at the lowest Matsubara frequency and we
denote them as φmðkÞ with m being the band index. When
the Coulomb interactions are large, the RPA treatment is
known to be unstable [3]. So, we scale the original ab initio
electronic interactions U, U0, J, and J0 [45] by 1=2 with

keeping the phonon-mediated interactions VðpÞ
ij;i0j0 and

V 0ðpÞ
ij;i0j0 at the original values in Table I.
Our calculated gap functionsφ2ðkÞ,φ3ðkÞ, andφ4ðkÞ are

shown in Figs. 3(a), 3(b), and 3(c), respectively. We see the
signchange in thegap functionson theFermi surfaces (FS’s);
i.e., the s�-wave state is realized. In our parameter setting,
the phonon-mediated interactions are considerably over-
emphasized to the scaled electronic repulsions; nevertheless,
we get the s�-wave solution. Thus, the sþþ-wave pairing
based on the orbital fluctuations due to the e-ph interactions
would not be realized in the ab initio parameter range [46].
To clarify why the s�-wave state is stable even if we

introduce the e-ph interactions, we analyze simpler models.
We use the following Coulomb parameters: U ¼ 0.8 eV,
U0 ¼ 0.69U, and J¼ J0 ¼ 0.16U. For the phonon-mediated
interaction matrix V̂ [47], we consider two parameter
sets. One is the same as that of Ref. [14]; the exchange terms
Vij;ij are set to be equal to the intraorbital ones Vii;ii such
as V24;24 ¼ V34;34 ¼ V22;22 ¼ V33;33 ¼ −V22;33 ¼ VðωlÞ,
where VðωlÞ¼Vð0Þω2

D=ðω2
l þω2

DÞ with Vð0Þ¼
−0.385 eV and ωD ¼ 0.02 eV [48]. Note that Vij;i0j0 has
the symmetry on the index interchange as i↔j, i0↔j0, and

ðijÞ↔ði0j0Þ. The other parameter set is based on the present
ab initio results; the exchange terms are appreciably weak-
ened from the intra- and interorbital ones; V24;24 ¼ V34;34 ¼
VðωlÞ=20 and V22;22 ¼ V33;33 ¼ V22;33 ¼ VðωlÞ. With the
former parameter set, we see an enhancement of the orbital
fluctuations and get the sþþ-wave state, while, in the latter
case, the spin fluctuations enhanced by the Coulomb repul-
sions develop and bring about the s�-wave pairing. In the
analysis for the former case, we checked that the sign change
of V22;33 has no qualitative effect on the pairing symmetry.
Therefore, it is deduced that the magnitudes of V24;24 and
V34;34 are crucial in determining sþþ-or s�-wave states.
When the exchange and pair-hopping terms V24;24 ¼

V24;42 ¼ V34;34 ¼ V34;43 are large in magnitude, the scatter-
ing channelsW24;42 andW34;43, which connectΔ44 andΔ22,
and Δ44 and Δ33, respectively, are enhanced through the
charge sector and both channels have the positive value [14].
Theseattractivepairingchannels lead to the samesign inΔ22,
Δ33, and Δ44. Since the FS’s consist of these three (2–4)
orbitals, the sþþ-wave state is realized. On the other hand,
whenV24;24 andV34;34 are small as with the ab initio results,
the scattering channels enhanced by the spin part become
dominant and the s�-wave state is realized. Thus, the e-ph
interactionswith theab initio energy scale alone cannot drive
the orbital-fluctuation-mediated sþþ-wave pairing [49].

Conclusion.—We have developed an ab initio downfold-
ing method for e-ph coupled systems and applied it to
the derivation of the effective model of LaFeAsO. With
the derived effective e-ph interactions gðpÞ and phonon
frequencies ωðpÞ, we have estimated the phonon-mediated

effective on site e-e interactions as VðpÞ
ii;iið0Þ ∼ VðpÞ

ii;jjð0Þ ∼
−0.4 eV and VðpÞ

ij;ijð0Þ ¼ VðpÞ
ij;jið0Þ ∼ −0.02 eV. We have

analyzed the derived five band model consisting of Fe-3d
bands using the RPA. The sþþ-wave pairing is not realized
with the ab initio e-ph interaction with the tiny exchange
and pair-hopping terms, and the s�-wave state mediated by
spin-fluctuations is robustly realized.
While our study is concentrated on LaFeAsO, it would

be interesting to perform a comprehensive cDFPT study for
the other iron-based superconductors including those with
different topology of Fermi surfaces [52–55], and inves-
tigate the material dependence. Furthermore, our developed
cDFPT also enables the quantitative study of other super-
conductors and different areas of research related to
phonons, such as multiferroics, thermoelectric materials,
dielectrics, and polaron problems. These applications are
interesting and important future issues.
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