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Abstract

In this thesis we consider invariant optimal control problems and invariant sub-Riemannian
structures on Lie groups. Primarily, we are concerned with the equivalence and classification
of problems (resp. structures). In the first chapter, both the class of invariant optimal control
problems and the class of invariant sub-Riemannian structures are organised as categories.
The latter category is shown to be functorially equivalent to a subcategory of the former
category. Via the Pontryagin Maximum Principle, we associate to each invariant optimal control
problem (resp. invariant sub-Riemannian structure) a quadratic Hamilton-Poisson system on
the associated Lie-Poisson space. These Hamiltonian systems are also organised as a category
and hence the Pontryagin lift is realised as a contravariant functor. Basic properties of these
categories are investigated.

The rest of this thesis is concerned with the classification (and investigation) of certain sub-
classes of structures and systems. In the second chapter, the homogeneous positive semidefinite
quadratic Hamilton-Poisson systems on three-dimensional Lie-Poisson spaces are classified up
to compatibility with a linear isomorphism; a list of 23 normal forms is exhibited. In the third
chapter, we classify the invariant sub-Riemannian structures in three dimensions and calculate
the isometry group for each normal form. By comparing our results with known results, we
show that most isometries (in three dimensions) are in fact the composition of a left translation
and a Lie group isomorphism. In the fourth and last chapter of this thesis, we classify the
sub-Riemannian and Riemannian structures on the (2n + 1)-dimensional Heisenberg groups.
Furthermore, we find the isometry group and geodesics of each normal form.

Key words and phrases: invariant control system, sub-Riemannian geometry, Lie groups, feedback
equivalence, isometry, quadratic Hamilton-Poisson systems.
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Introduction

Geometric control theory began in the late 1960s with the study of (nonlinear) control systems
by using concepts and methods from differential geometry (cf. [70,114]). A (smooth) control
system may roughly be described a family of vector fields on a manifold, smoothly parametrized
by a set of controls; an integral curve corresponding to some admissible control curve is called a
trajectory of the system. The first basic question one asks of a control system is whether or not
any two points can be connected by a trajectory: this is known as the controllability problem.
Once one has established that two points can be connected by a trajectory, one may wish to
find a trajectory that minimizes some (practical) cost function: this is known as the optimality
problem. A key result in optimal control theory is the Pontryagin Maximum Principle which
provides necessary conditions for optimal trajectories (see, e.g., [14]).

A significant class of control systems rich in symmetry are those evolving on Lie groups and
invariant under left translations; for such systems, the left translation of any trajectory is a
trajectory. This class of systems was first considered in 1972 by Brockett [45] and by Jurdjevic
and Sussmann [73]; it forms a natural geometric framework for various (variational) problems
in mathematical physics, mechanics, elasticity, and dynamical systems (cf. [14, 42,70, 71]).
In the last few decades substantial work on applied nonlinear control has drawn attention to
left-invariant control affine systems evolving on matrix Lie groups of low dimension (see, e.g.,
[72,103,108,109] and the references therein). We give two motivating examples of (optimal
control) problems; such problems initially stimulated the growth of this research area.

The plate-ball problem ([69]). The plate-ball problem consists of the following kine-
matic situation: a ball rolls without slipping between two horizontal plates; the lower plate is
fixed and the ball is rolled through the horizontal movement of the upper plate. The problem
is to transfer the ball from a given initial position and orientation to a prescribed final position
and orientation along a path which minimizes fOT |lv(t)||dt. Here v(t) denotes the velocity of
the moving plate and T is the time of transfer.

This problem can be regarded as invariant optimal control problem on the five-dimensional
Lie group

e 0 0
R? x SO (3) = 0 e 0] :x,22€R, ReSO(3)
0 0 R
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specified by the dynamical law

1000 0 0000 O
0000 0 0100 0
Gg=g|lw |0 00 0 1| +u|0 0 0 0 0
0000 0 0000 —1
0010 0 0001 0

boundary conditions ¢(0) = go, g(T") = g1, and cost functional fOT u? +u3 dt — min.

Control of Serret-Frenet systems (|70, p. 25|, see also [107,109]). A differentiable
curve (t) in the Euclidean plane E?, parametrized by arc length, can be lifted to the group
of motions of E? by means of a positively oriented orthonormal moving frame wv1, vy defined
by

YO =vit),  0(t) = w(Da(t),  02(l) = —k(Hvi(t) (0.1)

where k(t) is the signed curvature of ~(¢). The moving frame can be expressed by a rotation
matrix R(t) whose columns consist of the coordinates of v; and v, relative to a fixed orthonor-
mal frame ey, ey € E2. Identifying vectors with their coordinate vectors, we have R(t)e; = v;.
The curve ~(t), along with its moving frame, can be represented as a curve g(t) on the group
of motions of E2, namely

1 0 0

R :’yl,WQGR,RGSO(Q)

Interpreting the curvature () as a control function, the Serret-Frenet differential system (0.1)
can then written as an (inhomogeneous) left-invariant control system

0 0 0 0 0
g=gl| |l 0 O] +s(®) |0 O —1]], g € SE(2).
0 0 0 0 1

In this way, many classic variational problems in geometry become problems in optimal control.
For example, the problem of finding a curve «(t) that will satisfy the given boundary conditions
7(0) = a, %(0) = a, ¥(T) =b, %(T) = b, and will minimize fOT k2(t) dt goes back to Euler; its
solutions are known as the elastica.

On the other hand, a sub-Riemannian structure on a smooth manifold consists of a non-
integrable distribution with a Riemannian metric on this distribution. Sub-Riemannian struc-
tures can be thought of as generalizing Riemannian structures, in the sense that if the dis-
tribution is the entire tangent bundle, then we recover a Riemannian structure. When the
distribution is bracket generating, then any two points on the manifold can be joined by a
curve tangent to the distribution ([47,94]). A fundamental problem in sub-Riemannian geom-
etry is to determine the minimizing geodesics of a structure, i.e., to find those curves tangent
to the distribution that have minimal length (with respect to the given metric).



Introduction 3

It is perhaps not surprising that there is some significant overlap between the theory of
smooth optimal control problems and geodesics of various structures in differential geometry
(cf. [12,13]). Indeed, (locally) a sub-Riemannian structure can be regarded as a smooth
control system, linear in the controls, together with a quadratic cost. Moreover, the Pontryagin
Maximum Principle is often used to obtain first order necessary conditions for minimising
geodesics of sub-Riemannian structures. “Iiven in the classical case of Riemannian geometry,
the maximum principle approach to finding geodesics leads to a final result much simpler and
shorter than the traditional method of using the Levi-Civita connection” (][13]).

A sub-Riemannian structure on a Lie group is said to be left-invariant if the both the
distribution and the metric are invariant under left translations (i.e., each left translation by
a group element is an isometry of the structure). Such structures are the basic models of
sub-Riemannian manifolds and as such serve to elucidate general features of sub-Riemannian
geometry (cf. [10]). We note that the former of the two optimal control problems mentioned
above (the plate-ball problem) may be reinterpreted as determining a minimising geodesic for a
left-invariant sub-Riemannian structure on R? x SO (3); the latter problem however cannot be
reinterpreted in this way (as the system is affine but not linear in the controls). Recently, left-
invariant sub-Riemannian structures (especially on low-dimensional Lie groups) have received
a fair amount of attention (see e.g., [3,10,17,18,44,46,89,92,111], also [62,75,117]).

In this thesis we consider invariant optimal control problems and left-invariant sub-Riemannian
structures on Lie groups, as well as the associated Hamilton-Poisson systems (obtained via the
Pontryagin Maximum Principle). Primarily, we are interested in the equivalence and interre-
lations between systems (resp. structures) in each of these classes, as well as the functorial
interrelations between these classes themselves. Furthermore, we are also interested in the
classification of various subclasses of systems (resp. structures).

Chapter 1 is concerned with formalising (as categories) invariant optimal control problems,
left-invariant sub-Riemannian structures, and Hamilton-Poisson systems. The class of invariant
optimal control problems (with affine dynamics and quadratic cost) is organised as a category
of cost-extended systems. Morphisms in this category are Lie group homomorphisms preserv-
ing the underlying left-invariant control affine system as well as the quadratic cost. By means
of the Pontryagin Maximum Principle, we associate to each cost-extended system a quadratic
Hamilton-Poisson system on the associated Lie-Poisson space; this in turn yields a contravari-
ant functor from the category of cost-extended systems to the category of Hamilton-Poisson
systems. Left-invariant sub-Riemannian structures are also organised into a category (with
morphisms being Lie group homomorphisms preserving the distribution and the metric) which
is shown to be functorially equivalent to a full subcategory of the category of cost-extended
systems. Lastly, a few examples illustrating some of the results of the chapter are discussed.

The rest of this thesis is concerned with the classification (and investigation) of certain
subclasses of structures (and systems). Generally, there are two strategies followed when in-
vestigating (various) structures on Lie groups or Lie algebras. The first strategy is to make a
systematic study of structures on low-dimensional Lie groups (or algebras). The second strat-
egy is to investigate structures on a (sufficiently) regular family of groups (usually parametrized
by dimension); frequently occurring cases are subclasses of the nilpotent Lie groups. We shall
consider structures on the three-dimensional groups and algebras, as well as on the family of
Heisenberg groups.
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Chapter 2 is concerned with the classification of a class of quadratic Hamilton-Poisson
systems in three dimensions. Specifically, we consider the homogeneous quadratic Hamilton-
Poisson systems on three-dimensional Lie-Poisson spaces. Such systems are of interest in their
own right (apart from arising in invariant optimal control), as class of Hamiltonian dynamical
systems. For each Lie-Poisson space, we classify the systems up to linear equivalence (i.e., the
associated Hamiltonian vector fields being compatible with a linear isomorphism). Thereafter
we determine whether any systems on distinct (non-isomorphic) Lie-Poisson spaces are linearly
equivalent and so arrive at a general classification; a list of 23 normal forms is exhibited.

Chapter 3 is concerned with the classification of left-invariant sub-Riemannian structures
in three dimensions, as well as the description of isometries between such structures. For each
simply connected three-dimensional Lie group, we classify the left-invariant sub-Riemannian
structures up to isometric group isomorphism. For each normal form we determine the associ-
ated quadratic Hamilton-Poisson system (and its normal form as presented in Chapter 2), as
well as the subgroup of isometries fixing the identity. By comparing our results to the classifi-
cation of Agrachev and Barilari [10], we are able to show that most isometries are in fact the
composition of a left translation and a group isomorphism.

Chapter 4 is concerned with sub-Riemannian and Riemannian structures on the (2n + 1)-
dimensional Heisenberg groups. We classify these structures up to isometry. The associated
isometry group for each normal form is determined. By use of the isometries, simple expressions
for the geodesics are obtained. Finally, the similarities between the results for the Riemannian
and sub-Riemannian structures are (partially) explained by a result in the first chapter.

We append (Appendix A) a classification of the three-dimensional Lie groups and Lie al-
gebras, as well as matrix representations of these groups and automorphism groups of the Lie
algebras. Appendix B contains some tables relevant to Chapters 2 and 3. Mathematica was
used to facilitate some computations in Chapters 2 and 3; sample code for some typical cases
is given in Appendix C.

Much of the material presented in this thesis expands on the following publications:

[38] Biggs R., Remsing C.C., Cost-extended control systems on Lie groups, Mediterr. J. Math.
11 (2014), 193-215.

[33] Biggs R., Remsing C.C., A classification of quadratic Hamilton-Poisson systems in three
dimensions, in Fifteenth International Conference on Geometry, Integrability and Quan-
tization, Editors .M. Mladenov, A. Ludu, A. Yoshioka, Bulgarian Academy of Sciences,
Varna, Bulgaria, 2013, 67-78.

[30] Biggs R., Nagy P.T., A classification of sub-Riemannian structures on the Heisenberg
groups, Acta Polytech. Hungar. 10 (2013), 41-52.

Among others, the following publications (although not part of the presentation made in this
thesis) form part of its conceptualization:

[31] Biggs R., Remsing C.C.; A category of control systems, An. Stiinf. Univ. “Ovidius”
Constanta Ser. Mat. 20 (2012), 355-367.

[37] Biggs R., Remsing C.C., Control systems on three-dimensional Lie groups: equivalence
and controllability, J. Dyn. Control Syst. 20 (2014), 307-339.

Several papers, expanding on the results of this thesis, are in preparation.



Chapter 1

Invariant systems and structures on
Lie groups

In this chapter we consider invariant optimal control problems for which the underlying invariant
system is afline in the controls and for which the cost function is quadratic in the controls. This
class of problems has received considerable attention in the last few decades. Various physical
problems have been modelled in this manner, for instance optimal path planning for airplanes,
motion planning for wheeled mobile robots, spacecraft attitude control, and the control of
underactuated underwater vehicles ([83,103,124]); also, the control of quantum systems and the
dynamic formation of DNA ([52,61]). Many problems (as well as sub-Riemannian structures)
on various low-dimensional matrix Lie groups have been considered by a number of authors
(see, e.g., [28,29,43,69,72,74,93,96, 102,108, 109]).

We wish to develop a language for comparing such invariant optimal control problems;
in particular, we want to introduce a form of equivalence. Category theory (see, e.g., [2,
86]) provides a convenient (and elegant) framework for these purposes. Indeed, for various
problems in systems and control theory such a framework has proved useful (see, e.g., [31,97,
115,116]). For invariant sub-Riemannian structures, our formulation of equivalence turns out
to be equivalent to structures being related by an isometric Lie group isomorphism (i.e., an
isometry which is also a Lie group isomorphism).

In the first section we formally define what we mean by a left-invariant control affine sys-
tem. We briefly discuss equivalence of these control systems (our equivalence of optimal control
problems involves the equivalence of the underlying control systems). We then formally intro-
duce the class of invariant optimal control problems to be considered and state the Pontryagin
Maximum Principle (adapted to invariant optimal control problems).

To each invariant optimal control problem we associate a cost-extended system. In the
second section we introduce the category of cost-extended systems and investigate some basic
properties. In particular, we show that morphisms in the category behave well with respect to
optimal (and extremal) trajectories and characterise equivalence in this category.

By means of the Pontryagin Maximum Principle, we associate to each cost-extended system
a quadratic Hamilton-Poisson systems on the associated Lie-Poisson space. In the third section
we introduce a category of Hamilton-Poisson systems and realize the Pontryagin lift as a con-

5



6 1.1. Invariant control affine systems

travariant functor from the category of cost-extended systems to this category. In particular, we
find that if two cost-extended systems are equivalent, then their associated Hamilton-Poisson
systems are equivalent.

In the fourth section we consider invariant sub-Riemannian structures. We organise these
structures as a category and show that this category is functorially equivalent to a full sub-
category of the cost-extended systems. We briefly compare our formalism of equivalence (of
sub-Riemannian structures) to that of being isometric. Lastly, we show that by promoting some
central vector fields of a sub-Riemannian structure to an orthogonal complement of the distri-
bution, one obtains a sub-Riemannian (or Riemannian) structure with very similar geodesics.

In the fifth and last section we provide examples illustrating some of the main results of
this chapter (as well as one counter example).

Note. Much of the material (regarding cost-extended systems) presented in this chapter appears
in [38] (which is an extension of [32]).

1.1 Invariant control affine systems

A k-input left-invariant control affine system 3 = (G, =) on a (real, finite-dimensional, con-
nected) Lie group G consists of a family of left-invariant vector fields =, on G, affinely
parametrized by controls u € R¥. Such a system is written as

§=Zulg) =Z(g:u) = g(A+wB1 +-- twBy), g€G, ueckh
Here A, Bi,..., By are elements of the Lie algebra g with Bi,..., By linearly independent.
The “product” gA denotes the left translation 7T1Lg - A of A € g by the tangent map of
Ly, : G — G, h = gh. (When G is a matrix Lie group, this product is simply a matrix
multiplication.) Note that the dynamics = : G x R¥ — T'G are invariant under left translations,
ie., Z(g,u) = g=(1,u). ¥ is completely determined by the specification of its state space
G and its parametrization map =(1,-). When G is fixed, we specify ¥ = (G,Z) by simply
writing
Y A+wBr+ -+ upBy.

The trace T' of a system ¥ is the affine subspace I' = A +T° = A + (By,..., By) of g.
(Here I'° = (By,..., By) is the subspace of g spanned by By,...,B.) A system ¥ is called
homogeneous if A € TV, and inhomogeneous otherwise; Y is said to be drift free if A = 0.
Also, ¥ is said to have full rank if its trace generates the whole Lie algebra, i.e., Lie(I') = g.

Remark 1.1. We have the following characterization of the full-rank condition for systems on
G when dimG = 3. No homogeneous single-input system has full rank. An inhomogeneous
single-input system has full rank if and only if A, By, and [A, Bi] are linearly independent. A
homogeneous two-input system has full rank if and only if By, B, and [By, Bs| are linearly
independent. Any inhomogeneous two-input or (homogeneous) three-input system has full
rank.

The admissible controls are piecewise continuous maps u(-) : [0,7] — R¥. A trajectory
for an admissible control u(-) is an absolutely continuous curve g(-) : [0,7] — G such that
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g(t) = g(t)=2(1,u(t)) for almost every t € [0,7]; the pair (g(-),u(-)) is referred to as a
controlled trajectory. We say that a system > is controllable if for any gg, g1 € G, there exists
a trajectory ¢(-) :[0,7] — G such that g(0) = go and g(T') = ¢1. If X is controllable, then it
has full rank. For more details about invariant control systems see, e.g., [14,70,73,110].

Remark 1.2. If (g(-),u(:)) is a controlled trajectory, then its left translation (hg(:),u(-)) is
a controlled trajectory.

Note. Left-invariant control systems on Lie groups were organised as a category in [31]; some
basic properties were investigated.

1.1.1 Equivalence of systems

The most natural equivalence relation for control systems is equivalence up to coordinate
changes in the state space. This is called state space equivalence (see [68]). State space equiv-
alence is well understood. It establishes a one-to-one correspondence between the trajectories
of the equivalent systems. However, this equivalence relation is very strong. In the (general)
analytic case, Krener characterized local state space equivalence in terms of the existence of a
linear isomorphism preserving iterated Lie brackets of the system’s vector fields (|77], see also
[14,113,114]).

Another fundamental equivalence relation for control systems is that of feedback equivalence.
Two feedback equivalent control systems have the same set of trajectories (up to a diffeomor-
phism in the state space) which are parametrized differently by admissible controls. Feedback
equivalence has been extensively studied in the last few decades (see [105] and the references
therein).

We briefly consider these equivalences in the context of left-invariant control systems ([41]).
Characterizations of state space equivalence and (detached) feedback equivalence are obtained
in terms of Lie group isomorphisms.

State space equivalence

Two systems X and X' are called state space equivalent if there exists a diffeomorphism
¢ : G — G such that for each control value u € R¥ the vector fields =, and =/, are ¢-related,
ie., Ty0-Z(g,u) == (¢(g),u) for g €G and u € R¥. We have the following simple algebraic

characterization of this equivalence.

Proposition 1.3 ([41], see also [77]). Two full-rank systems Y. and ' are stale space equiv-
alent if and only if there exists a Lie group isomorphism ¢ : G — G such that Thi¢-Z(1,u) =
='(1,u) for all u € R”.

Proof sketch. Suppose that Y and Y/ are state space equivalent equivalent. By composition
with a left translation, we may assume ¢(1) = 1. As the elements Z,(1), u € R¥ generate
g and the push-forward ¢,=, of left-invariant vector fields =, are left invariant, it follows
that ¢ is a Lie group isomorphism satisfying the requisite property (cf. [31]). Conversely,
suppose that ¢ : G — G’ is a Lie group isomorphism as prescribed. Then Ty¢ - E(g,u) =

Ti(¢o Ly) - Z(1,u) = Ta(Lg(g) 0 ¢) - E(1,u) = E(d(g), u). O
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State space equivalence is quite a strong equivalence relation. Hence, there are so many
equivalence classes that any general classification appears to be very difficult if not impossible.
However, there is a chance for some reasonable classification in low dimensions. We give an
example to illustrate this point.

Example 1.4 ([4]). Any two-input inhomogeneous full-rank control affine system on the Eu-
clidean group SE(2) is state space equivalent to exactly one of the following systems

Yiagy ¢ odis Hu (B + v k2) + up(BLEo)
Yoasy 1 BEL B2+ 2l +ui(aks) +ua by
Y3asy @ BEL+ il + yelis + ui(Ey + y3ls) + us(okis).

Here a > 0,8 # 0 and v1,72,73 € R, with different values of these parameters yielding distinct
(non-equivalent) class representatives.

Note. A complete classification (under state space equivalence) of systems on SE(2) appears
in [4], whereas a classification of systems on SE(1,1) appears in [24]. For a classification of
systems on SO (2,1)g, see [40].

Detached feedback equivalence

We specialize feedback equivalence in the context of invariant systems by requiring that the
feedback transformations are compatible with the Lie group structure. Two systems 3 and
Y are called detached feedback equivalent if there exist diffeomorphisms ¢ : G — G’ and
¢ : R¥ — R* such that for each control value u € R¥ the vector fields =, and E:O () are

¢-related, i.e., Tyd - =(g,u) = =/ (#(g), p(u)) for g € G and u € R¥. We have the following
simple algebraic characterization of this equivalence in terms of the traces I' = im=(1,-) and
I"=imZ/(1,:) of ¥ and >’

Proposition 1.5 ([41]). Two full-rank systems > and ' are detached feedback equivalent if
and only if there exists a Lie group isomorphism ¢ : G — G’ such that Ty¢ - T =17,

Proof sketch. Suppose Y and Y/ are detached feedback equivalent. By composing ¢ with an
appropriate left translation, we may assume ¢(1) = 1’. Hence T1¢-Z(1,u) = Z/(1’,p(u)) and
so Ty¢-T' =T". Moreover, as the elements Z,(1), u € R¥ generate g and the push-forward of
the left-invariant vector fields =, are left invariant, it follows that ¢ is a group isomorphism
(cf. [31]). On the other hand, suppose there exists a group isomorphism ¢ : G — G’ such
that T1¢ - T' = I'. Then there exists a unique affine isomorphism ¢ : R¥ — R* such that
Tyo-Z2(1,u) = =Z(1,p(u)). As with state space equivalence, by left-invariance and the fact
that ¢ is a Lie group isomorphism, it then follows that T,¢ - =Z(g,u) = Z'(¢(g), p(u)). O

Detached feedback equivalence is notably weaker than state space equivalence. To illustrate
this point, we give a classification, under detached feedback equivalence, of the same class of
systems considered in Example 1.4.
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Example 1.6 ([36,37]). Any two-input inhomogeneous full-rank control affine system on SE (2)
is detached feedback equivalent to exactly one of the following systems

Y11 By turBs +usks
Yoo 1 alis +uilEy +usks.

Here o > 0 parametrizes a family of class representatives, each different value corresponding
to a distinct non-equivalent representative.

Note. Equivalence and controllability of left-invariant control affine systems on three-dimensional
matrix Lie groups was investigated in [37] (see also [34-36]). On higher dimensional Lie groups,

left-invariant control affine systems have been classified on the six-dimensional orthogonal group

SO (4) [6] and the four-dimensional oscillator group [39].

1.1.2 Optimal control and Pontryagin Maximum Principle

We shall consider the class of left-invariant optimal control problems on Lie groups with fixed
terminal time, affine dynamics, and affine quadratic cost. Formally, such problems are written
as

G=g(A+wB+ - tuBy), geG, uecR" (1.1)
9(0) =go, 9(T) = (1.2)
T
J = / x(u(t)) dt — min, x(u) = (u—0)"T Q (u—v). (1.3)
0
Here G is a (real, finite-dimensional) connected Lie group with Lie algebra g, A, By, ..., B €
g (with Bi, ..., By linearly independent), u = (u1,...,ux) € R*¥, v € R*, and Q is a

positive definite k& x k& matrix. To each such problem, we associate a cost-extended system
(3, x). Here ¥ is the control system (1.1) and the cost function y : R¥ — R has the form
x(u) = (u—v)T Q(u —v). Each cost-extended system corresponds to a family of invariant
optimal control problems; by specification of the boundary data B(go,g1,7), the associated
problem is uniquely determined.

The Pontryagin Maximum Principle provides necessary conditions for optimality which are
naturally expressed in the language of the geometry of the cotangent bundle T*G of G (see
[14,57,70]). The cotangent bundle 7*G can be trivialized (from the left) such that 7*G =
G x g*; here g* is the dual of the Lie algebra g. More precisely, each element (g,p) € G x g*
is identified with (TyL,1)* - p € T;G. To an optimal control problem (1.1)—(1.2)—(1.3) we
associate, for each real number A and each control parameter u € R* a Hamiltonian function
on T*°G =G x gh:

H(€) = Ax(u) + £(Eulg))
= Ax(u) +p(Eu(1)),  §=(g,p) € T*G. (1.4)

We denote by FI{} the corresponding Hamiltonian vector field (with respect to the symplectic
structure on 1T*G).
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Lemma 1.7 ([70, Chapter 12|, see also [14, Chapter 18]). A curve &(-) = (g(-),p()) is an

integral curve of (the time varying Hamiltonian vector field) H ;\@ if and only if

9(t) =E(g(t), u(t)) pt) = ad™ By (1) - p(1).
Here (ad® A-p)(B) = p(|A,B]) for A,Beg and p € g*.
In terms of the above Hamiltonians, the Maximum Principle can be stated as follows.

Maximum Principle. Suppose the controlled trajectory (g(-),u(:)) defined over the interval
[0,7T] is a solution for the optimal control problem (1.1)—(1.2)—(1.3). Then, there exists a curve
() 0,7 = T*G with £(t) € T5 G, t € [0,T], and there exists a real number A < 0, such

that the following conditions hold ?”or almost every t € [0,T] :
(A, &) # (0,0) (1.5)
§(t) = Hiyy (6(8) (1.6)
Hé\(t) &) = max H) (£(t)) = constant. (1.7)

Any optimal trajectory, g(:) : [0,7] — G is the projection of an integral curve £() of the
(time-varying) Hamiltonian vector field H é\@). A trajectory-control pair (£(-),u(-)) is said to
be an extremal pair if it satisfies the conditions (1.5), (1.6), and (1.7). We call the projection
(9(-),u(-)) of an extremal pair an extremal controlled trajectory (here g(t) = w(£(t)) where
7w T*G — G is the canonical projection). An extremal controlled trajectory is called normal
it A <0 and abnormal if A = 0.

1.2 Cost-extended systems

1.2.1 Definition and basic properties

We define now the concrete category LiCAS™ of cost-extended left-invariant control affine
systems. An object is a cost-extended system (X, x), where the system ¥ = (G,=Z) is a (k-
input) left-invariant control affine system and the cost y : R¥ = R, u — (u —v)T Q (u —v)
is a positive definite affine quadratic form. A morphism ® = (¢, ) : (3, x) — (X, X)) is a
mapping

D:GXRE G xR, (g,u) > (6(g), p(w)

where the state component ¢ : G — G’ is a Lie group homomorphism and the feedback compo-
nent ¢ : RF — R* is an affine isomorphism (in particular, k = k), such that the diagrams

GxRF — 2 G xR¥ RF — 7 L RF
R
/
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commute, or equivalently

Tyd Zulg) = E,(0(9))  and X op=rx
for some r > 0. Here 4, denotes the dilation by r.

Remark 1.8. If ® = (¢,¢) : (X, x) = (¥, x) and & = (¢/,¢") : X, X)) — (X", x") are
morphisms, then ® o ® = (¢ 0o, ' o) : (3, x) — (3, x”) is indeed a morphism as

Ty(¢' 0 ) Zul9) = Ty Ty - Eul9) = To(9)d * Eppuy($(9)) = Elprop) () (¢ 0 9)(9))
and X" o (¢ o) =1 o =rry.
Lemma 1.9. Let ® = (¢,0) : (3,x) = (3, X)) be a LiCAS™-morphism.

1. The constant r is unique.

2. The state component ¢ : G — G' of a LiCAS"-morphism maps controlled trajectories
to controlled trajectories.

3. The feedback component ¢ : R¥ — R* uniquely determined by Ty¢-Z(1,u) = Z'(1, o(u)).

Proof. (1). If x' oy = rx, then <X:f12><“> =7 for u #v.
(2). Suppose ® = (¢,0) : (O, x) — (3,%) is a morphism and let (g(-),u(")) be a
t

controlled trajectory of Y. Then %qﬁ(g(t)) = Tywy¢ - Z(g(t),ut)) = Z(o(g(t), p(u(t)), i
(p(g(+)), o(u(+))) is a controlled trajectory of 3.

(3). The map Z'(1,-) : R*¥ — T is an affine isomorphism and hence has inverse Z/=! : T —
R*. Consequently, if Tyr¢-Z(1,u) = Z'(1,p(u)) for u € R¥ then ¢ =="1oTi¢po=(1,-). O

We can characterise morphisms at the level of Lie algebras as follows.

Lemma 1.10. ® = (¢,¢) : (O = (G,2),x) — (& (G',:'), X'} is a morphism if and only if
¢ : G — G is a Lie group homomorphism, ¢ : RE — R is an affine isomorphism, and for
some r >0 the diagrams

RF— ¥ L, RF R ¥ L RF
EO—z)l lE/u—f) Xl lxl
g—— g/ R— R
Tié or

commute, or equivalently,

—/

Ti¢-=(1,u) = E'(1, p(u)) and X' op =ryx.

Proof. Necessity follows by definition. Suppose the maps ¢ and ¢, and a constant r > 0,
satisfy the conditions of the proposition. As ¢ is a Lie group morphism, we have (¢o Lp)(g) =
(Lyny 0 @)(g) for g, h € G. Hence Ty - =(g, u) = T1Lyg) - T1¢ - Z(1,u). Therefore

Tyd - E(g,u) = TrLyg) - T - E(1,u) = Th Ly - Z'(1, o(u)) = Z'(d(g), e(u)). O
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Let (g(-),u(-)) be a controlled trajectory, defined over an interval [0, 7], of a cost-extended
system (33, x). We say (g(-),u(-)) is a wvirtually optimal controlled trajectory or VOCT of
(3, x) if it is a solution for the associated optimal control problem (with boundary data
B(g(0),g(T),T)). On the other hand, we say (g(:),u(-)) is a normal (resp. abnormal) ez-
tremal controlled trajectory or ECT of (X,x) if it satisfies the necessary conditions of the
Pontryagin Maximum Principle (see Section 1.1.2).

Lemma 1.11. If (g(-),u(*)) is a VOCT (resp. ECT), then its left translation (hg(-),u(-))
by he G is a VOCT (resp. ECT).

Proof. Suppose (g(-),u(:)) is a VOCT, but the controlled trajectory ( g(-),u(*)) is not a
VOCT. Then there ex1sts a controlled trajectory (¢'(-),u/(+)) such that ¢'(0) = hg(()) g(T) =
ho(T) and J(/()) = Jx(@/(1) < L x((t)) = T(u(). Accordingly, (h~g'(),u()) is a
controlled traJectory such that h_lg’(()) = g(0), h=¢'(T) = g(T), and J(u ()) < J(u(-)).
However, this contradicts the fact that (g(:),u(-)) is a VOCT. Hence the left translation
(hg(-),u()) of a VOCT (g(-),u(-)) must be a VOCT.

Suppose (g(-),u(:)) is an ECT. Then there exists p(:) : [0, 7] — g+ such that (£(-),u(-)),

() =(g(),p(") satisfies (1.5)-(1.6)-(1.7). We claim that (£'(-),u(-)), §'(-) = (hg(-), p(-)) also
satisfies (1.5)-(1.6)-(1.7) and so (hg(:),u(-)) is an ECT. The condition (\,&(t)) # (0,0) (1.5)
)
1.

N N

is equivalent to (A, p(-)) #Z 0 and thus holds. As £hg(t) = h=(g(t),u(t)) = Z(hg(t),u(t)), it
follows by Lemma 1.7 that (1.6) holds. Finally, as the Hamiltonian H ) is G-invariant, it
follows that (1.7) holds. O

~—~

We now investigate the compatibility of VOCTs and ECTs with morphisms. First, we show
that if the image under a morphism of a controlled trajectory is a VOCT (resp. ECT), then
that controlled trajectory is a VOCT (resp. ECT).

Theorem 1.12. Let ® = (¢, ) : (,x) — (X', x’) be a LICAS" -morphism and let (g(-),u(-))
be a controlled trajectory of 3.

1. If (pog(r),poul’)) isa VOCOT of (¥',X'), then (9(-),u(:)) is a VOCT of (%, ).

2. If (pog(-),pou(")) is a normal ECT of (3',%'), then (g(*),u(-)) is a normal ECT of
(2 X))

3. If ® is an epimorphism and (¢ o g(-), o o u(:)) is an abnormal ECT of (3',X'), then
(9(-),u(")) is an abnormal ECT of (3, x).

Proof. (1). Suppose (g(-),u(-)) is a controlled trajectory of (3,x) such that its image (¢o

g(-),pou(-)) isa VOCT of (X', x'), but (g(-),u(-)) is not a VOCT of (3, x). Then there exists
another controlled trajectory (h(-),v(:)) of (%, x) such that h(0) = g(0), A(T) = g(T), and

T T
ﬂw»Axmmw<Axwmmﬂw»
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Hence (¢ o h(),pou(-)) is a controlled trajectory of (¥',x’) such that (for some r > 0)

T T
T(pou()) = / (0 o @) (o(t)) dt = r / X(@(t)) dt
' ) dt = oy ) dt =T
<r/0 x(u(®)) /O(xw)(U()) — T'(goul)).

This contradicts the fact that (¢ o g(+),pou(-)) is a VOCT of (3, x').
(2 and 3). 'The Hamiltonian functions (1.4) associated to (3, x) and (3, x’) are given by

Hu(g,p) = p(Eu(1)) + Ax(u) and  H,(¢',p") = p'(Z,(1)) + A ()

)

respectively (for a fixed ). Let ¢'(:) = ¢og(-) and /() = p ou(-). We suppose (¢'(- ) !
is an ECT of (3',x’). Then there exists p'(-) : [0,T] — g* such that (&'(:),u'(-)), &(t
(¢'(1), P/ (1)) satisfies (1.5)-(1.6)-(1.7). As &'(t) = Hz’L(t)(ﬁ’ t)) (1.6) we have (see Lemma 1.7)

~—

Here (ad® A -p)(B) = p([A, B]) for A,B € ¢ and p € g"*. Let p(-) = 1 (Tu$)* - p/(-) and
&(t) = (g(t), p(t)). (Here r > 0 is the unique constant associated to ).

We show that (£(+), u()) satisfies (1.6)-(1.7). By assumption we have that §(t) = Z(g(t), u(t)).
Thus, in order to satisfy (1.6), we are left to show that p(t) = ad®=Z)(1) - p(t). Indeed, for
A € g* we have

) i) A
1) - (T1p- A)
ad” Z,y(1) - (1)) - (T2 - A)

==
/-\.5
\./@\

el L e

N

~

o~
\_/\_/\_/

[Tl(p St ( )7T1¢A]
(T1¢ - [Eun (1), A])
ﬁu(t)(]-) ’p(t)) - A

~

SIS
*/—\/—\/—\

v T 1 e B oS B
o
o
[1

In order to show that (£(-),u(-)) satisfies (1.7), we first show that H,(£(t)) = %H;<u>(£'(t))
for u € R*. Indeed,

HL(E(1)) = pl1) - Za(1) + Ax(w)
— (A(T19)* - Y1) - (1) + Ax(w)
— 1p/() - Ely (1) + 1A (o)
— LH ) (€ 0).
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Hence, it follows that

Hoyy (1) = +Hy i (€'(1))

= max 1H', &) (= constant)
u/eRk/
1y /
= ma H
uER)’I5 <£ )
= max H,, (£(t)) = constant
u€ERF

It is left to show that (1.5) holds when (¢'(),%/(:)) is a normal or when (¢'(-),u/(-)) is
abnormal and ® is an epimorphism. If (¢'(+),%/(+)) is normal, then A < 0 and so (X &(+)) Z 0.
Suppose ® is an epimorphism and (¢'(-),v/(-)) is abnormal. As the state component ¢ is
surjective we have that (Ti¢)* is injective. Hence, as (N, &'(7)) £ 0, i.e., p'(-) £ 0, it follows
that p(-) = 2(Tud)* - p'(t) £ 0, Le., (A E()) Z0. O

Next we show that, under a LiCAS"-epimorphism, any VOCT (resp. ECT) is the image
of some VOCT (resp. ECT).

Theorem 1.13. Let & = (¢, ) : (X, %) — (X, X)) be a LiCAS™ -epimorphism.

(i) If (¢'(:),u' (")) is a VOCT of (X',X), then there exists a VOCT (g(-),u(-)) of (3,x)

(
such that (g'(-),w'()) = (¢og(-), p o u(")).

(
(it) If (¢'(-),u' (")) is an ECT of (3),X"), then there exists an ECT (g(-),u(-)) of (3,x) such
that (¢'(-),w'(-)) = (¢ o g(-),pou()).

Proof. Suppose that (¢'(),/(:)) is a VOCT (resp. ECT) of (3',x'). As ¢ is surjective,
there exists g € G such that ¢(g) = ¢'(0). Accordingly, there exists a controlled trajectory
(g(), o ou/(+)) of ¥ such that g(0) = g. We claim that the image of (g(), o~ ou/(-)) under
®is (¢'(+),u/(+)). Now

% (9(t) = Tywy¢ - Elg(t), ¢~ (W (1)) = Z(@(g(1)), (w0 ™ )(W'(1))) = = (d(g (1)), ' (1))

u
)

Hence, as ¢(g(-)) and ¢'(-) solve the same Cauchy problem, they are equal. By Theorem 1.12,
it then follows that (g(-),~'owu(-)) is a VOCT (resp. ECT) of (3, ). 0

Accordingly, we have that a LiCAS™-isomorphism establishes a one-to-one correspondence
between VOCTSs (resp. ECTSs).

Corollary 1.14. Suppose ® = (¢, ) : (£, %) = (X', X') is a LiCAS™ -isomorphism.
(i) (g(-),u(:)) is a VOCT if and only if (o g(-),pou(-)) is a VOCT.
(ii) (g(:),u(:)) is an ECT if and only if (¢ o g(-),pou(-)) is an ECT.

Lastly, we show that when the state component ¢ : G — G’ is a Lie group covering
homomorphism (i.e., ¢ is surjective and Ty ¢ is a linear isomorphism), then ECTs project and
lift to ECTs. We note that the proof is formally very similar to that of Theorem 1.12.
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Theorem 1.15. Suppose ® = (¢, ¢) : (X, x) — (X, %) is a LiCAS" -epimorphism with state
component ¢ a covering homomorphism. Then a controlled trajectory (g(-),u(-)) is an ECT

of (3,%) if and only if (¢pog(-),pou(-)) is an ECT of (X', x").

Proof. 1f (g(-),u(-)) is a controlled trajectory and (¢og(-), pou(-)) is an ECT, then (g(-), u(-))
is an ECT by Theorem 1.12. Conversely, suppose (g(:),u(-)) is an ECT. The Hamiltonian
functions (1.4) associated to (3, x) and (3, x’) are given by

Hu(g,p) = p(Eu(1)) + Ax(u) and  H,(¢',p") = p'(Z,(1) + A (u)

respectively (for a fixed \). Accordingly, there exists p(-) : [0,7] — g* such that (£(-),u(-)),
E(t) = (g(t), p(t)) satisfies (1.5)-(1.6)-(1.7). As £(t) = Flg<t)(£(t)) (1.6) we have (see Lemma 1.7)

g@) = E(g(t), u(t)) pt) = ad” By (1) - p(t).

Here (ad* A-p)(B) = p(|A, B]) for A,B € g and p € g*. Let ¢'(-) = ¢pog(+) and /(-) = pou(-).
As ¢ is a covering homomorphism, T1¢ is a Lie algebra isomorphism and so ((T3¢)~1)* : g* —
g’* is well defined. Let p'(-) = »((T1g)~1)* -p(-). (Here » > 0 is the unique constant associated
to ®). We claim that (£'(:),u/(+)), &(-) = (9(-),p(:)) satisfies (1.5)-(1.6)-(1.7).

Tyd - E(g(t), u(t)) = =Z'(¢'(t), v (t)), we have that §'(t) = =Z'(¢'(t),'(t)). Thus, in order
to satisfy (1.6), we are left to show that p/(t) = ad* E;,<t)(1) -p'(t). Indeed, for A € g’* we
have

Pt - A=r((T) ™) - p(t)) - A
(
(ad® Eyy(1) - p(t)) - (Tag - A)

n(1), (Trg)~" - A]

In order to show that (£(-),u(-)) satisfies (1.7), we first show that H(’pw) (&) = rHy(£(1))
for u € R¥. Indeed,

H ) (€108) = /(1) 0y (1) + 2 ()
(T Ty PO iy (1) + 2 ()
(1) + ot
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Hence, it follows that

Hyy iy (€(1)) = rHugy (6(1))

= max rH, (&(1)) (= constant)
u€RFk

= max rH —1(y t
o CRE () (5( ))

= max H,, (¢/(t)) = constant
w ER¥

It is left to show that (1.5) holds. We have (A, p(-)) # 0. Hence, as ((T1¢)~1)* is bijective, we
have (A, p'(-)) = (A, r((Tag)~")* - p()) #0. O

Remark 1.16. The above result is not true for VOCTs.

1.2.2 Equivalence

We say that two cost-extended systems (X,x) and (X', x') are cost equivalent (shortly C-
equivalent) if they are isomorphic in LiCAS™. We have the following basic results.

Proposition 1.17. (3 = (G,Z),x) and (X' = (G',Z),X") are C-equivalent if and only if
there exist a Lie group isomorphism ¢ : G — G' and an affine isomorphism ¢ : R¥ — R¥ such
that T1¢ - Z(1,u) = Z'(1,0(u)) and x' o =rx for some r > 0.

Proof. (X = (G,Z),x) and (X' = (G',Z'),x’) are C-equivalent, i.e., we have a LiCAS"-
isomorphism (¢, ) : G x R — G’ x R¥, (g,u) — (¢(g),v(u)). It follows that Lie group
homomorphism ¢ is bijective and hence a Lie group isomorphism. Hence, by Lemma 1.10
we have that ¢ and ¢ satisfy the required properties. Conversely, suppose there exist a
Lie group isomorphism ¢ : G — G’ and an affine isomorphism ¢ : R¥ — R* such that
Tyo-=2(1,u) = Z'(1,0(u)) and x' oy = ry for some r > 0. By Lemma 1.10 we have that
(¢, ) is a morphism. We have that (¢, ) is an isomorphism as it has inverse (¢! o=1). O

Corollary 1.18. If (3, x) and (3, x') are C-equivalent, then Y. and Y are detached feedback
equivalent.

Proof. Follows by Propositions 1.5 and 1.17. O

Corollary 1.19. Let 3 and Y be two k-input full-rank systems, and let x : R¥ - R be any
admissible cost.

(i) If > and X' are state space equivalent, then (X,x) and (X', x) are C-equivalent.

(it) If ¥ and ' are detached feedback equivalent, then (X,x o @) and (¥',x) are C-
equivalent. (Here (¢, ) defines the detached feedback equivalence.)

Proposition 1.20. Any cost-extended system (3 = (G,Z),x) is C-equivalent to a system
(¥ =(G, 2, x") with T' =T and x'(uv) =u'u.
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Proof. Let x(u) = (u—v)" Q (u—v). As @ is symmetric and positive-definite, there exists (see
e.g., [90]) a non-singular real matrix R such that RTQR = I. Let ¢ : R¥ - R* w+s Ru+v
and let = : G x R*¥ - TG, Z(1,u) = Z(1,¢(u)). Then Tiidg -Z(1,u) = Z(1,¢(u)) and
x(p(u)) = uTRTQRu = v u. The result then follows by Proposition 1.17. O

For a k-input system Y = (G,Z), let Ty denote the group of feedback transformations
leaving 3 invariant. More precisely,

Ty = {p € AfF(R®) : Fp € dAut(G), - Z(1,u) = 2(1,¢(u))}.

Likewise, for an admissible cost y : R¥ — R, let 7, denote the group of feedback transforma-
tions leaving x invariant. More precisely,

T = {p € AMfF(R¥) : xop =ry for some r > 0}.

Here Aff (R¥) is the group of affine automorphisms of R*, Aut(G) is the group of Lie group
automorphisms, and d Aut(G) = {T1¢ : ¢ € Aut(G)}.

Proposition 1.21. (3,x) and (3,%) are C-equivalent if and only if there exists ¢ € Ty
such that X' = rx oy for some r > 0.

Proof. Suppose there exists a LiCAS"-isomorphism ® = ¢ x ¢ : (X,x) — (3,x). Then
Ti¢ € dAut(G) and Ti¢-Z(1,u) = Z(1,p(u)). Hence ¢ € Ts. Also, as ® is a LiCAS™-
isomorphism, there exists a constant r > 0 such that y’ o ¢ = ry. Therefore, ¢ = ¢~ € Ty
and x' = ryo .

Conversely, suppose there exists some ¢~ € Ty; such that x’ = ryo@~! for some r > 0,
i.e., x'op =ry. As ¢ € Ty, there exists an automorphism ¢ : G — G such that Ty1¢-Z(1,u) =
=(1, @(u)). The result then follows by Proposition 1.17. ™

Proposition 1.22. (3 = (G,Z),x) and (' = (G',Z),x) are C-equivalent if and only if there
exists a Lie group isomorphism ¢ : G — G’ and ¢ € Ty, such that ='(1,u) = T1¢ - Z(1, p(u)).

Proof. Suppose we have a LiCAS"-isomorphism ® = ¢ x ¢ : (X,x) = (¥/,x). Then Ty¢ -
Z(1,u) = Z'(1,¢(u)) and yo @ = rx for some r > 0. Hence ¢ € T,, and so ¢ = ¢~ € T,.
Also, T1¢ - Z(1,p(u)) = ='(1,u).

Conversely, suppose that ¢ : G — G’ is a Lie group isomorphism, ¢~! € T, and =/ (1,u) =
Ti¢ - Z(1,¢7 (u)). Then Ti¢ - Z(1,u) = Z'(1,p(u)) and y o p = ry for some r > 0 (as
© € Ty). The result then follows by proposition 1.17. O

1.3 Pontryagin lift and Hamilton-Poisson systems

To any cost-extended system (32, y) on a Lie group G we associate a (lifted) Hamilton-Poisson
system on the associated Lie-Poisson space g*, via the Pontryagin Maximum Principle (cf.
[14,70,110]). Indeed, the maximum condition (1.7) eliminates the parameter « from the family
of Hamiltonians (H,); as a result, we obtain a smooth G-invariant function H on 7*G = G xg*.
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This Hamilton-Poisson system on 7*G can be reduced (cf. [78]) to a Hamilton-Poisson system
on the (minus) Lie-Poisson space g*, with Poisson bracket given by

FG} = —p - [dF(p), dG(p)]-

Here F,G € C*(g*) and dF(p),dG(p) are elements of the double dual g** which is canoni-
cally identified with the Lie algebra g. We shall realize the Pontryagin lift as a contravariant
functor (cf. [57]) between the category of cost-extended systems and an appropriate category
of quadratic Hamilton-Poisson systems.

A quadratic Hamilton-Poisson system (g*, Ha o) is specified by

Haig:g" =R, p—p-A+Qp).

Here A € g and @ is a quadratic form on g*. If A = 0, then the system is called homogeneous;
otherwise, it is called inhomogeneous. When g* is fixed, a system (g*, H4,0) is identified with
its Hamiltonian H 4 0. To each function H € C*°(g*), we associate a Hamiltonian vector field
H on g* specified by H[F] = {F,H}. A function C' € C°(g*) is a Casimir function i
{C,F} =0 for all F € C™(g*), or, equivalently C = 0. A linear map ¢ : g* — b* is a
linear Poisson morphism it {F,G}op = {Foy,Go} forall F,G € C*(h*). Linear Poisson
morphisms are exactly the dual maps of Lie algebra homomorphisms; indeed, this leads to a
contravariant functor from the category of finite-dimensional Lie algebras to the category of
Poisson manifolds (see, e.g., [79,88]).

Let (Fi,...,F,) be an ordered basis for the Lie algebra g and let (E},..., E}) denote
the corresponding dual basis for g*. We write elements B € g as column vectors and elements
p € g* as row vectors. Whenever convenient, linear maps will be identified with their matrices.
If we write elements u € R¥ as column vectors as well, then we can express Z,(1) = A +
uiB1+ ... +upBr as Z4(1) = A + Bu, where B = [Bl Bk] is a n x k matrix. The
equations of motion for the integral curve p(-) of the Hamiltonian vector field H corresponding
to H € C*°(g*) then take the form p;, = —p - [E;, dH(p)].

Let (3, x) be a cost-extended system with

Zu(1) = A+ By, x(u) = (u—v)"Qu—v).
An application of the Pontryagin Maximum Principle yields the following result.

Theorem 1.23 (cf. [70,78]). Any normal ECT (g(-),u(:)) of (¥3,x) is given by
g(t) = E(g(0),u(t)),  ult) = Q' BT p(t)" +v

where p(-) : [0, T] — g* is an integral curve for the Hamilton-Poisson system on g* specified
by
H(p)=p(A+Buv)+4+pBQ ' BT p'. (1.8)

Proof. The Hamiltonian (1.4) is given by H,(g,p) = pA +pBu + A(u —v)T Q (u — v).

Now, 8&“ (9,p) = pB + 2\ u —v) T Q. Hence the maximum max, H,(g,p) occurs at u' =
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—%pB Q™' + v (for a normal ECT we have A < 0). Therefore the maximized Hamiltonian
is given by

H{(g,p) = max Hu(g,p)

=pA+pB(—%Q 'BTp  +0)+ 32 pBQ'QQ BT pT
—p(A B - L pBQ BT

As the maximized Hamiltonian H is defined and smooth, it follows that if (£(-),u(:)) satisfies
(1.5)-(1.6)-(1.7) , then £(t) = H(£(t)) and u(-) = —5 Q7B p() + v; moreover, if £(1) =
(g(-),p(-)) is an integral curve of H, then the pair (£(),a()), @(-) = —5 Q1B Tp() +v
satisfies (1.5)-(1.6)-(1.7) (see [14, Chapter 12]). Accordingly the normal ECTs are the projection
(9(-),p(-)) of the pairs (£(-),u()) where u(-) = —5x Q~'BTp(-) +v and £() = (9(),p())
is an integral curve of the Hamiltonian vector field H on T*G = G x g*. However, as the

Hamiltonian H is G-invariant, the integral curves (g(-),p(:)) of H are given by (see, e.g.,
[70, Chapter 12])

9(t) = g()dH(p(t))  and  p(t) = ad” dH (p(2)) - p(t)

where H is viewed as a function on g* and dH(p) € g** is canonically identified with an
element in g. Accordingly we get ¢(t) = Z(g(t), u(t)) where u(t) = —5=Q~ ' BT pt)" +v and
k

p(t) is an integral curve of the Hamiltonian system (g*, H). Finally, as the pair (A, &(:)) can
be multiplied by any positive number [14, Chapter 12], we take \ = —% for convenience. [

Remark 1.24. BQ~'BT is a positive semidefinite matrix (of rank k).

Accordingly, the study of extremal controls of a cost-extended system may be reduced,
essentially, to the study of the associated Hamilton-Poisson system (1.8). We define the concrete
category of quadratic Hamilton-Poisson systems, HP", as follows. An object is a pair (g*, H),
where H = Hy o : g* = R, p— p(A) + Q(p). Here A € g and Q is a positive semidefinite
quadratic form on g*. (When g* is fixed, (g*,H) is identified with H.) A morphism
¥ (gt H) — ((¢)*, H') is a linear mapping v : g* — (g/)* such that H and H’ are
compatible with 1, i.e., T,y - H(p) = H'((p)) for p € g*. If v : (g*, H) — ((¢/)* , H') and
(@), HYY — ((¢7)2, H") are morphisms, then ¢/ o : (g%, H) — ((g")*, H") is indeed a

morphism as T,(¢/ 0 9) - H(p) = Ty’ - H'(¥(p)) = H'((4' 0 )(p)). We will say that two
Hamilton-Poisson systems (g*, H) and ((g’)*, H') are linearly equivalent or L-equivalent if

they are isomorphic in HP".

Proposition 1.25. The following pairs of Hamilton-Poisson systems (on g*, specified by their
Hamiltonians) are L-equivalent:

1. Hagot and Haq, where v 1 g* — g* is a linear Lie-Poisson automorphism;
2. Hag and Hp,q, where r > 0;

3. Hpag and Hyg + C, where C is a Casimir function.
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Proof. (1). As 1 is a (linear) Poisson isomorphism, it follows that TWo Hy g o = FIAQ o)
: —
(see e.g., [88]), i.e.,, Yu Hagot = Hag.

(2). Let p(-) be an integral curve of FIA@ i.e., suppose p;(t) = —p(t) - [E:, A+ p()T Q.
Let p(-) = #+p(-). Then py(t) = —ip(t) - [y, A+ p(t)TQ] = —p(t) - [Es, A+ p(t)TrQ]. Thus
p() is an integral curve of Ha,q. Thus Hag and Ha,q are compatible with the dilation
O1/p 1> %p (as 41/, maps the flow of FIAyQ to the flow of ﬁAJ«Q).

(3). Wehave {Haqg+C,F} ={Haq,F} for F'e C*®(g*). Thus Hag TC = Hag, e,
these vector fields are compatible with the identity map. O

We now realize the Pontryagin lift as a contravariant functor from LiCAS™ to HP".

Lemma 1.26. Let (3, x) and (X', X") be cost-extended systems with Z,(1) = A+ Bu and
= (1) = A"+ B, respectively. If @ = (¢,0) : O, x) = %), ou) = Ru+ ¢ is a

Uu

LiCAS" -morphism, then
Tig A=A 1+ By Rvu+ o =1
T1¢B=B'R RQT'RT =r(Q)L
Here r is the unique positive constant associated to the morphism ®.

Proof. As T1¢-Z(1,u) = Z'(1,¢(u)), we have Ty A+TiroBu = A'+ B’y +B’' Ru. Equating
the coefficients of u yields Ty¢p A = A’ + B¢y and T1¢B = B'R. Also, as rxy = x' oy for
some 7 > 0, we have
rlu—0)T Q(u—v) = (p(u) =) Q' (plu) —v)
=(w—R7'(V = 0))T BT Q R(u— R (v — o).

Consequently, as @ and RT @’ R are symmetric and positive definite, it follows that rQ =
RTQ'R and Ru + ¢y ='. O

Theorem 1.27. The assignment
m(Ev X) - (g*—v H(E,X))
¢:<¢7 ) * %<T ¢)* *
P20 T2 (1)) = (@) Hiw ) ————— (a7, Hs )

defines a contravariant functor B : LICAS™ — HP". Here Hs x) denotes the Hamiltonian
associated to (33,x) as given in (1.8).

Proof. Let (3,x) and (3, x’) be cost-extended systems with Z(1,u) = A+Bwu and Z'(1,u') =

A" + B’ v/, respectively. The associated Hamilton-Poisson systems on g* and (g')*, are re-

spectively given by

H(Zyx)(p) =p(A+Buv)+ % pBQ! BT pT
Hisyxh(p) =p (A" + B V) + 5 p B (Q) ™ (B pT.
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Let ® = (¢,9): (3, %) = (¥, X)), v(u) = Ru+yo bea LiCAS™-morphism. Then, by Lemma
1.26, we have

p(Tip(A+Bu)+ipTi¢oBQ'B T T1gT pT
p(A'+B' (Rv+po) +ipB' RQT'R'B pT
P (A/ +BI,UI) T %p B/ (QI)—l B/TpT.

(His ) 0 (T19)*)(p)

Thus the vector fields associated with Hsy .y and Hs o (T19)*, respectively, are compat-
ible with the dilation ¢,/ (Proposition 1.25). Furthermore, the vector fields associated with
Hs 0 (T1¢)* and Hs, ), respectively, are compatible with the linear Poisson morphism
(Ty¢)*. Consequently 1(Ty¢)* : ((g)*, Hisy ) = (8%, Hisyy) is a HPZ-morphism.

For LiCAS" morphisms ® : (%,x) — (3, x') and & : (3, %) — (3", ¥") we have

PP 0 D) = L(T1(¢ 0 9))* = L(T19)* L (T1d))* = R(D) o P(P)

For the identity morphism id(s; ) = (ide, idgr) : (3, x) — (3, x) we have P(id(y ) = idg- =
idy(s0- H

Corollary 1.28. If (X,x) and (3X,x') are C-equivalent, then B(3,x) and V', x') are
L-equivalent.

Remark 1.29. The converse of the above statement is not true in general. In fact, one can
construct cost-extended systems with different numbers of inputs, but equivalent Hamiltonians

([38])-

1.4 Invariant sub-Riemannian structures

1.4.1 Formalism

A left-invariant sub-Riemannian manifold is a triplet (G,D,g), where G is a (real, finite-
dimensional) connected Lie group, D is a smooth nonintegrable left-invariant distribution on
G, and g is a left-invariant Riemannian metric on D. More precisely, D(1) is a linear subspace
of the Lie algebra g of G and D(g) = ¢gD(1); the metric gy is a positive definite symmetric
bilinear form on g and gy(g4,gB) = g1(A,B) for A,B € g, g € G. Again, the product
gA is given by T1Lg, - A, where Ly : h — gh is the left translation by ¢ and 77L, is the
tangent map of L, at identity. When D =TG (i.e., D(1) = g) then we have a left-invariant
Riemannian manifold which we simply denote (G, g). Note that the structure (D,g) on G is
completely determined by the subspace D(1) C g and the scalar product g3 on D(1). We
say that a list of k smooth vector fields (Xi,..., Xg) is an orthonormal frame for (G,D,g)
if D(g) = span(X1(g),...,Xr(g)) and g(X;, X;) = d;;. We note that any left-invariant sub-
Riemannian structure on a Lie group admits a (global) orthonormal frame of left-invariant
vector fields.

An absolutely continuous curve g(:) : [0, 7] — G is called a D-curve if ¢(t) € D(g(t))
for almost all ¢ € [0,7]. We shall assume that D satisfies the bracket generating condition,
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i.e., D(1) generates g; this condition is necessary and sufficient for any two points in G to be
connected by a D-curve (see, e.g., [47,94]). The length of a horizontal curve g(-) is given by

T
£(g(-)) /O g(g(t), g(t)) dt.

A sub-Riemannian manifold (G, D, g) is endowed with a natural metric space structure, namely
the Carnot-Carathéodory distance (|47,94]):

dee(g,h) = inf{f(g(-)) : g(-) is a horizontal curve joining g and h}.

A standard argument (see, e.g., [100], cf. [11]) shows that the length minimization problem

9() € D(g(t)),  9(0) = g0, 9(T) = gu,

T . (1.9)
| Vela.) — nin
is equivalent to the energy minimization problem, or invariant optimal control problem
§=Zug), ueR"  g(0) = go, g(T) = ¢
T (1.10)
/)Mwmﬁ—%mm
0
Here Z,(1) = u1B1 + -+ + upBr where Bj,..., By are some linearly independent elements

of g such that (By,...,Bg) = D(1); x(u(t)) = u(®)TQu(t) = g1(Zu) (1), Zy() (1)) for some
k x k positive definite (symmetric) matrix . Indeed, energy minimizers are exactly those
length minimizers which have constant speed

Accordingly, to solve the length minimising problem (1.9), it suffices to solve a corresponding
optimal control problem (1.10). We shall call the projection ¢(-) of a normal (resp. abnormal)
ECT (g(-),u(-)) a normal (resp. abnormal) geodesic. Likewise, the projection g(-) of a VOCT
(g(-),u(-)) will be referred to as a minimising geodesic. Note that a minimising geodesic realizes
the Carnot-Carathéodory distance between its endpoints. We find it convenient to restate a
modified form of Theorem 1.23 in this context.

Theorem 1.30. Let (Xy,...,Xg) be an orthonormal frame of left-invariant vector fields for
(G,D,g). The normal geodesics g(-) of (G,D,g) are given by

g = gur X1(1) + - +upXy(1))
ui(t) = p(t) - Xo(1), p(t) = H(p(t))

where (g*, H) is the Hamilton-Poisson system specified by H(p) =

S p(Xa(1))2

[

1.4.2 Functorial relation to LiCAS"”

We define the concrete category LiSR of left-invariant sub-Riemannian manifolds as follows.
An object is a left-invariant sub-Riemannian (or Riemannian) manifold (G, D, g) with bracket
generating-distribution D. A morphism ¢ : (G, D,g) — (G',D',g’) is a Lie group homomor-
phism ¢ : G — G’ such that



Chapter 1. Invariant systems and structures on Lie groups 23

1. D(1) nkerT1¢ = {0},

2. Tyé - D(g) = D'(¢(g)) for g €G,
3. and rgy(gA,gB) = g(’ﬁ(g)(T(b -gA,To-gB) for g € G, A, B € D(1) and some r > 0.

Note that the first two conditions imply that dimD(1) = dimD’(1); we also have that for a
given morphism ¢, the constant r > 0 is uniquely defined. Furthermore, if ¢ : (G,D,g) —
(G, D,g) and ¢ : (G, D,g') — (G, D" g") are morphisms, then ¢ o ¢ : (G,D,g) —
(G", D" g") is indeed a morphism.

Analogous to Lemma 1.10, we can characterise morphisms as follows.

Lemma 1.31. A Lie group homomorphism ¢ : G — G' defines a morphism ¢ : (G, D,g) —
(G',D',g') if and only if D(1) Nker Th¢ = {0},

Ti¢- D) =D (1) and rgi(A, B)=gl.(Th¢ A Ti¢p-B) A Beg.

Proof. Necessity follows by definition. Suppose the map ¢ and a constant r > 0 satisfy the
conditions of the proposition. As ¢ is a Lie group morphism, we have (¢oLp)(g) = (Lgn)09)(9)
for g, h € G. Hence Ty¢p-D(g) = T4¢-gD(1) = T1Lgg)-T1¢-D(1) = T1L¢<g)~D’(1') =D (¢(g9))
for g € G. Likewise, we have rgy(gA, gB) = rg1(A, B) = g}, (T1¢- A, Th¢-B) = g(’ﬁ@ (TyLy(g) -
(T A), Ty Lygy) - (116~ B)) = gl (Ty - gA, Ty gB) for g € G, A, B € D(1). =

We show that LiSR is equivalent (as a category) to a full subcategory of LiCAS". Let
LiCAS;' be the full subcategory of LICAS™ with objects (3, x) being full-rank homogeneous
systems (i.e., Z(1,0) =0 and Lie(I') = g) with homogeneous cost (i.e., x(0) = 0). Let (¥, x)
be a LiCAS;' object. We denote by Ds; the associated left-invariant distribution specified
by Dsx(1) = I' = imZ(1,-). We denote by g the unique left-invariant metric (on Ds;)
satisfying g™ (2(1,u),2(1,u)) = x(u) for u € R,

Theorem 1.32. The assignment
8:(27X) - (G7 DZ: g(27X))
d=(o, /o
§((2 0 22 () = (G, Ds, g™Y) —2 (6, Dy, g)

defines a covariant functor §: LICAS; — LiSR.

Proof. Let ® = (¢, ) : (%,%) = (¥, X') bea LiCAS{-morphism. Furthermore, let (G, D, g) =
F(3,x) and (G, D', g") = O, x). We have Ti¢ - Z(1,u) = Z/(1',p(u)) and x' o = ryx.

Hence Ty¢p - D(1) = Ti¢ - imZ(1,-) = im=Z'(1',-) = D'(1'). Let A, B € D(1). There exists

u € R¥ such that A = Z(1,u). Therefore

g1 (Tid- A, Tug- A) = g1 (Z'(1,0(w), Z'(1, p(u)))
= (x o p)(u)
= rx(u)

=rg1(E(1,u),=2(1,u))
=rgi(A, A).
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Thus g}, (T1¢ - A, T1¢ - B) = rgi(A, B). Consequently, by Lemma 1.31, we have that F(®) :
(G,D,g) — (G, D, g') is indeed a morphism.

For LiCAS; morphisms ® : (3,x) — (3,x) and & : (X x) — (X", x") we have
F(@' o ®) = ¢ 0o ¢ =F(P') o F(P). For the identity morphism id; ) = (idg,idgs) : (X,x) —
(>, x) we have §(id(x,)) = ide = idg(z,y)- -

Lemma 1.33. § is surjective on objects, i.e., for any LiSR-object (G,D,g) there exists a
LiCAS;'-object (3, %) such that F(2,x) = (G, D, g).

Proof. Let (G,D,g) be a LiSR-object and let (A, Ag,..., Ax) be an orthonormal basis for
(D(1),g1). Define a cost-extended system (3, x) on G by Z(1,u) = u1 Ay +usAs+-- -+ urAg
and x(u) = u'u. Then F(3,x) = (G, D, g). O

Theorem 1.34. § is an equivalence of categories.

Proof. By the preceding lemma we have that § is isomorphism-dense. Hence it suffices to show
that § is full and faithful.

Let (X,x) and (¥/,x') be a pair of LiCASg-objects and let (G,D,g) = F(%,x) and
(G, D, g) = F>, x). Suppose ¢ : F(X,x) = (', x') is a LiSR-morphism. Then T3¢ -
im=(1,) = im=/(1,-). Hence, there exists a unique linear isomorphism ¢ : R¥ — R* such
that T1¢ - Z(1,u) = Z/(1,p(u)). We claim that ® = (¢, ) is a LiCAS;-morphism. Indeed,
Ti¢p-2(1,u) = Z'(1,¢(u)) by definition and

Thus §(®) = ¢ and so § is full.

Suppose ® = (¢, ), ®' = (¢, ¢') : (X, x) = (3, X’) are two LiCAS-morphisms such that
F(@)=¢=¢ =F(P). As Tvp-Z(1,u) = T1¢’ - Z(1,u) we have Z'(1',p(u)) = =Z'(1/,¢'(u))
and so ¢ = ¢’ (see Lemma 1.9). Thus ® = ®'. Consequently, § is faithful. O

Corollary 1.35. Two LiCASg -objects (X,%) and (X',X') are C-equivalent if and only if
F(32,x) and F(X',x") are LiSR-isomorphic.

Accordingly, if ¢ : (G,D,g) — (G',D',g') is a LiSR-morphism, then there exists a
LiCASy-morphism @ : (3,x) — (3,%') such that ¢ = F(®) (and (G,D,g) = F(%, %),
(G", D, g') = F(>',X')). We can thus restate results concerning the compatibility of LiCAS'-
morphisms with VOCTs and ECTs in terms of the compatibility of LiSR-morphisms with
geodesics.

Corollary 1.36. Let ¢ : (G,D,g) — (G, D', g') be a LiSR-morphism and let g(-) be a
D-curve.

e Suppose ¢ is a LiSR-morphism.
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— If ¢pog(-) is a minimising geodesic, then g(-) is a minimizing geodesic.
— If ¢pog(-) is a normal geodesic, then ¢(-) is a normal geodesic.

e Suppose ¢ is a LiSR-epimorphism.

— If ¢og(-) is an abnormal geodesic, then g(-) is an abnormal geodesic.
— If ¢ is a Lie group covering homomorphism, then g(-) is a normal (resp. abnormal)
geodesic if and only if ¢pog(-) is a normal (resp. abnormal) geodesic.

e Suppose ¢ is a LiSR-isomorphism.

— g(-) is a minimising geodesic if and only if ¢ o g(-) is a minimising geodesic.
— g(-) is a normal (resp. abnormal) geodesic if and only if ¢ o g(-) is a normal (resp.
abnormal) geodesic.

Remark 1.37. Let ¢ : (G,D,g) — (G', D', g') be a LiSR-epimorphism. In this case we can
restate the above result in terms of lifted curves. We have that quﬁ‘D(g) : D(g) — D'(¢(g))
is a linear isomorphism for g € G. Hence, for every D'-curve ¢'(-) and go € G such that
#(g0) = ¢’(0) there exists a unique D-curve g(-) such that g(0) = go and ¢og(-) =4'(-). We
call g(-) the D-lift through go of ¢’(-). In these terms, the D-lift of a (minimising, normal,
or abnormal) geodesic of (G, D', g’) is a (resp. minimising, normal, or abnormal) geodesic of
(6,D,g).

Remark 1.38. Analogous to Lemma 1.11, we have that the left translation hg(-) of any
(minimising, normal, or abnormal) geodesic is a (resp. minimising, normal, or abnormal)
geodesic.

Analogous to Theorem 1.27, we have a contravariant functor from LiSR to HP".

Theorem 1.39. There exists a unique contravariant functor $ : LiSR — HP" such that the
diagram

LiCAS) — L LiSR

¥ /

HP"

commutes.

Proof. As § is an equivalence of categories and § surjective on objects, there exists a functor
® : LiSR — LiCASBq such that & is an equivalence and §o® : LiSR — LiSR is the identity
functor (see, e.g., [86]). Let $ =Po &. Then $ : LiSR — HP" is a contravariant functor.
We claim that $oF =B, ie., Po®BoF =*P. Let (X,x) be a LiCAS;-object and let
(XX = (BoF) (X, x). We have that F(X',x') = (Fo & o F)(X,x) = F(, x). Therefore, as
®oF is full, there exists a LiCAS; -isomorphism ¢xy : (X', x') = (X, x) such that F(¢px ) =
idg(s2y)- It follows that ¢ = idg and r = 1. Consequently, if (3,x) is given by Z,(1) = Bu
and x(u) = u'Qu, then (X',%') is given by Z/,(1) = Bou and x'(v') = u'T¢ T Qpu (here the
linear map ¢ : R¥ — R¥ is identified with its matrix). Consequently the Hamiltonian systems
(1.8) associated to these systems are B(3,x) = (g*, H), H = $pBQ™'BTpT and P, x/) =
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(g%, H'), H = 1pBp(p'Q'¢T )BT pT = H. That is to say, F(',x) = B(, x), ie.
(BoBoF)(X,x) =B, x) for any LiCAS-object (3, ).

Now let ¢ x ¢ : (%, x) = (X', X') be a LiCAS;-morphism between some LiCAS;-objects
(3, x) and (3, x'); further, let ¢’ x ¢/ = (& o F)(¢p x ). We have that F(¢ x @) = F(¢' x ¢')
and so ¢ = ¢’ and r = r’. Consequently,

l/(T1¢')*

(Fo80F) ((B0) 25 (X)) = (BoBoF)(Nx) T (PoBoF)(,¥)
Lo gy
=) T B X))

=B (200 &5 07.X)).

Hence, we have that ST o & oF = as claimed.
Suppose §' : LiSR — HP" is another contravariant functor such that $'oJ = 3. Then
HoFod=PLo& and so H = N. L

Corollary 1.40 (Compare with Theorems 1.27 and 1.30). The contravariant functor $ :
LiSR — HP" s given by

fj(G,D,g) - (g*—vH(G,D,g))v H(G,D,g) - % p(XZ(]-))2

K2

® . (),
f)((G,D,g) — (GI7DI7 gl)) - ((gl)—v H(G’,D’,g’)) —1> (g—v H(G,D,g))'

I
—

Here (X1,...,Xk) is any left-invariant orthonormal frame for (G, D, g).

1.4.3 Isometries and £-isometries

An isometry between two left-invariant sub-Riemannian (or Riemannian) manifolds (G, D, g)
and (G, D', g') is a diffeomorphism ¢ : G — G’ such that

»D=D  and g-=9¢'g

ie., Ty¢-D(g) = D'(P(g)) and gy(gA, gB) = gy (Ty¢-gA, Ty¢p-gB) for g€ G and A, B € g.
If the isometry ¢ is a Lie group isomorphism, we shall say it is an £-isometry. If there exists
an isometry (resp. £-isometry) between two structures, then we say they are isometric (resp.
£-isometric). Note that, by definition, any left translation Ly, : G — G, h+ gh is an isometry
between a left-invariant structure (G, D, g) and itself.

We can characterize isomorphisms in LiSR. in terms of £-isometries.

Proposition 1.41. Two invariant sub-Riemannian structures (G,D,g) and (G,D,g) are
LiSR-isomorphic if and only if they are L£-isometric up to rescaling, i.e., there exists a Lie
group isomorphism ¢ : G — G such that ¢, D = D' and rg = ¢*g’ for some r > 0.

Corollary 1.42. Two LiCASg -objects (X,x) and (X',X') are C-equivalent if and only if
F(2,x) and FX',x') are L-isometric up to rescaling.
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Clearly every £-isometry is a isometry. At least in some contexts, every isometry is the
composition of a left translation and a £-isometry.

Theorem 1.43 (cf. [80, 81, 125]). Let (G,g) and (G',g') be two invariant Riemannian
structures on simply connected nilpotent Lie groups G and G, respectively. A diffeomor-
phism ¢ : G — G’ is an isometry between (G,g) and (G'.g') if and only if ¢ is the
composition ¢ = Lgyo ¢ of a left translation Lgny on G' and a Lie group isomorphism
(]5’ = L¢<1)71 o (]5 : G — G such that g1 (A, B) = gll,(Tl(bl : A,Tl(bl : B)

Corollary 1.44. Two invariant Riemannian structures on simply connected nilpotent Lie
groups are isomelric if and only if they are L-isomelric.

A k-step Carnot group G is a simply connected nilpotent Lie group whose Lie algebra g
has stratification g = g1 ®go®- - - Bgr with [g1,95] = 9145, 7= 1,...,k—1 and [g;, gx] = {0},
j=1,...,k. Let D be the left-invariant distribution on G specified by D(1) = g;. Once we fix
a left-invariant metric g on D we have a left-invariant structure on G (note that D is bracket
generating). We shall refer to such a structure as a sub-Riemannian Carnot group. Analogous
to the above theorem, we have the following characterization of the isometries between such
structures.

Theorem 1.45 (cf. [63,75], see also [48,82]). Let (G,D,g) and (G',D',g') be two sub-
Riemannian Carnot groups. A diffeomorphism ¢ : G — G’ is an isometry between (G, D, g)
and (G, D', g') if and only if ¢ is the composition ¢ = Lygqyo ¢ of a left translation Ly
on G' and a Lie group isomorphism ¢ = Lgqy10¢:G — G such that Th¢' - D(1) = D'(1')
and g1(A, B) =g, (Th¢' - A, Tv¢' - B).

Corollary 1.46. Two sub-Riemannian Carnol groups are isomelric if and only if they are
L-isometric.

Remark 1.47. Among the three-dimensional simply connected Lie groups, only the Abelian
R? and Heisenberg Hs groups are nilpotent. Among the four-dimensional simply connected
Lie groups, only the Abelian R?, trivially extended Heisenberg H3z x R and Engel G41 groups
are nilpotent (see, e.g, [95,98,101]). Except for the Abelian groups, all these groups admit
sub-Riemannian Carnot groups.

Remark 1.48. If two sub-Riemannian structures are £-isometric, then their corresponding
quadratic Hamilton-Poisson systems are L-equivalent (Theorem 1.39). However, this does not
hold for isometries in general. A counterexample is given by the isometric sub-Riemannian
structures on the three-dimensional Lie groups Aff (R) x R and SL (2,R). Although the struc-
tures are isomorphic (Theorem 3.7, [10]), their associated Hamilton-Poisson systems are not
L-equivalent (see Theorem 2.15 and Propositions 3.9 and 3.16).

1.4.4 Central expansions

Let G be a Lie group with Lie algebra g and let N a closed central subgroup of G with
Lie algebra n. Further, let ¢ : G — G/N be the canonical quotient map. We say that an
invariant sub-Riemannian (or Riemannian) structure (G, D,g) is a central expansion of a sub-
Riemannian structure (G, D, g), with respect to N, if
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1. (G,D,g) tames (G,D,g) (i, D(1) C D(1) and g\D =g);
2. the g;-orthogonal complement of D(1) N n is D(1), i.e.,

D(1) = (D) nn)t = {A e D) : g1(A,B) =0 for B e D(1)Nn}.

As the following Lemma shows, any central expansion (G,D,g) of (G, D,g) with respect
to N can be constructed by promoting central vector fields.

Lemma 1.49. (G,D,g) is a central expansion of (G,D,g) with respect to N if and only if
(G,D,g) admits a left-invariant orthonormal frame (X1,..., Xg) such that

span(Xy(1),..., Xp(1)) Nn = {0}

and (G, D, ) admits a corresponding left-invariant orthonormal frame (X1, ..., Xg, Z1, -, Zm)
such that Z1(1),...,Zn(1) € n CZ(g).

Proof. Suppose (G, D, g) is a central expansion of (G,D,g) with respect to N. As (G, D, g) is
an invariant sub-Riemannian structure, it admits a left-invariant orthonormal frame (X, ..., Xg).
Moreover, we have D(1) = (D(1)Nn)* and so span(Xi1(1),..., Xx(1))Nn = {0}. As (G, D, g)
tames (G,D,g) the vectors (X1,...,X;) are orthonormal for (G,D,g). As D(1) decom-
poses as the orthogonal direct sum D(1) = D(1) @ D(1) N n and X(1),...,X,(1) span
D(1), there exists left-invariant vector fields Z1,..., Z,, with Z1(1),...,Z,(1) € n such that
(X1,...,Xp, Z1,..., %) is an orthonormal frame for (G, D, g).

Conversely, suppose (G, D, g) admits a left-invariant orthonormal frame (X1,..., Xx) with
span(X1(1),...,X,(1)) Nn = {0} and (G,D,g&) admits a corresponding left-invariant or-
thonormal frame (Xi,..., Xk, Z1,..., %) with Z1(1),...,Z,,(1) € n C Z(g). Then D(1) =
span(Xl, - ,Xk) C D(].) and gg(ale(g) + ...+ aka(g), lel(g) + ...+ kak(g)) = a1~b1 -+
cootagby = gglar Xi(g) + ... + arXi(g), b1 X1(g) + ... + b Xk(g)) so g\D =g, le, (GD,g)
tames (G,D,g). Moreover, we have that D(1) decomposes as an orthonormal direct sum
D(1) = span(X1, ..., Xg) ®span(Zy,. .., Zn) = D(1) D(1) Nn. ™

We show that the normal geodesics of a central expansion of a structure are related to the
normal geodesics of that structure. Let (G,D,g) be a central expansion of (G,D,g) with
respect to N. Further, let G (resp. G) denote the set of normal geodesics of (G, D, g) (resp.
(G, D,8)).

Theorem 1.50. The images of the sets G and G under ¢ : G — G/N are identical, i.e.,

9(G) = a(9).

Proof. Let (X1,..., Xx) bea left-invariant orthonormal frame for (G, D, g) and let (Xi, ..., Xk,
Xk+1,---,Xpn) be aleft-invariant orthonormal frame for (G, D, g) with Xy11(1),..., Xn(1) €n
(see Lemma 1.49). The Hamiltonian systems on g* associated to (G, D, g) and (G,D,g) are
given by (see Theorem 1.30)

p(Xs(1))?

N[

H(p) =

N[

p(Xs(1))*  and  H(p) =
=1 i=1
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respectively. We claim that C(p) = %Z?:kJrlp(Xi(l))Q is a Casimir function. Indeed,
{F,CYp) = —p([dF(p), 32y Xa(D)]) = —p(0) = 0 as 377, 1) Xi(1) € Z(g). Consequently,
as H = H 4 C, it follows that the Hamiltonian vector fields on g* associated to H and H

are identical. We denote this vector field H.
The normal geodesics for (G,D,g) and (G, D,g) are given by (see Theorem 1.30)

L9 = MOX )+ DX, ) = plr) - Xi(1), o) = Hp(t)
and
L9 = m X260 b T nDXg (D), walt) = p(0) X)), ple) = ()

respectively. Note that @;(-) = us(-) for ¢ = 1,...,k. We claim that Tyq - X;(g) = 0 for
i =k+1,...,n. Indeed, the flow of X; is i(g) = gexp(tX;(1)) and as X;(1) € n we have that
exp(tXi(1)) € N; consequently g(¢i(g)) = q(g) q(exp(tXs(1)) = ¢(g) and so Tyq - Xi(g) = 0.
Therefore, for the normal geodesics §(-) and g(-) corresponding to a fixed integral curve p(-)
of FL we have

% 2(G(1) = Tayg - m () X1 (G@) + - + Tyq - wn () Xn(9(1))

I
<
=
~~
o~
N
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=
L)
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o~
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o~
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and likewise

S alg(t) = w0 Xa(g(0) -+ un(t) Ty Xelo(0)

Hence, if ¢(§(0)) = q(g(0)), then the curves ¢t — ¢(g(t)) and t — q(g(t)) solve the same
Cauchy problem and hence are identical. It therefore follows (by varying through all initial
conditions and integral curves p(-) of H) that ¢(G) = ¢(G). O

Corollary 1.51. Let g(-) be a D-curve; g(-) is normal geodesic of (G,D,g) if and only if
there exists normal geodesic G(-) of the central expansion (G,D,g) such that g(0) = G(0) and
qog(-) =qog().

Proof. Suppose g(-) is a normal geodesic of (G,D,g). As ¢(G) = ¢(G), there exists a normal
geodesic G(-) of (G,D,g) such that ¢(g(t)) = q(§(t)). By use of a suitable left-translation (by
an element h € ker g = N), we may assume §(0) = g(0) (see Remark 1.38).

Conversely, suppose §(-) is a normal geodesic of (G,D,g) such that g(0) = §(0) and
gog(:) =qog(-). As ¢(G) = ¢(G), there exists a normal geodesic ¢'(-) of (G,D,g) such that
qog'(:) = qog(-). Again, by use of a suitable left-translation (by an element h € kerq = N),
we may assume ¢'(0) = §(0). We claim that g(-) = ¢’(). Indeed, as gog'(:) = gog(-) we have
that

Trq-g(t) ™" §(t) = Ty Latoeyy -1 Ty 09 () = Ty n Lotgr )y Ty a-' ) = Tog-g' (1)~ 3 (¢).

Consequently, as qu‘D(l) : D(1) — g/n is injective (since D(1) N n = {0}), we have
g@®)~ta(t) = ¢'(t)~1 ¢'(t). Therefore the curves g(-) and ¢'() solve the same Cauchy problem
and hence are identical. O
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Remark 1.52. For any D-curve j(-), there exists a unique D-curve g(-) such that g(0) = §(0)
and gog(-) =qog(-). We call g(-) the D-projection of g(-). Note that the D-projection of
g(+) is the D-lift through §(0) of the D'-curve go g(-) where D'(1') = Tiq-D(1) C g/n (see
Remark 1.37). In these terms, the normal geodesics of (G, D,g) are exactly the D-projections

of the normal geodesics of the normal geodesics of (G, D, g).

Corollary 1.53. If (G,D1,8') and (G, Da,g?) are two central expansions of (G,D,g) with
respect to N, then q(G') = ¢(G?). Here G' and G? denote the respective sets of mormal
geodesics.

Remark 1.54. Theorem 1.50 does not hold for abnormal geodesics. A counterexample shall
be provided in Section 1.5.2.

Remark 1.55. Central expansions are stable under LiSR-isomorphisms, i.e., if ¢ : (G, D, g) —
(G',D',g') is a LiSR-isomorphism and (G,D,g) is a central expansion of (G,D,g), then
(G', 0D, $4&) is a central expansion of (G, D’,g'). However, this is not true for isometries
in general. For example the sub-Riemannian structure on Aff(R)o X R (see Proposition 3.9)

admits a Riemannian central expansion whereas the isometric structure on SL (2, R) (see Propo-
sition 3.16 and Theorem 3.7) does not.

1.5 Examples

In the first subsection, we illustrate the main results of this chapter by giving simple but demon-
strative examples involving the three-dimensional Heisenberg group. In the second subsection
we give a counterexample showing that Theorem 1.50 does not hold for abnormal geodesics.

1.5.1 Structures on the three-dimensional Heisenberg group

The three-dimensional Heisenberg group

H3: :m(z,w,y) :vavyeR

o O =
O = R
— @ N

has Lie algebra

0 = z
0 0 y| =zb1+albhr+ylks: z,x,y €R
0 0 0

bs =

The center of hs is spanned by FE; and correspondingly the center of Hs is {m(z,0,0) : z €
R}. The group of automorphisms of hs3 is given by

T2Ys — Yars X1 Y1
Aut(hs) = 0 X2 Yo| X1, T2,%3,Y1,Y2, Y3 € R, xoyz —yowz £ 0
0 r3 Y3

As Hj is simply connected, dAut(Hs) = Aut(hs).
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Proposition 1.56. Any controllable cost-extended system on Hjz is C-equivalent to exactly
one of the cost-extended systems

Xi () =ui +uj
S22y By + ugEs
Xo () = (ur — 1) + uj
2,1) .
(E@’l)a &2’”) : 2 By w By + uaFs
XY (W) = (ur — ) + 3
(3,0) .
(2(370)7Xg>70)) : { % N surkn - ugkn + usks,
sz’ >(U) = (u1 — 041)2 + (u2 — a2)2 + u%

Here o, 1,00 > 0 parametrize families of (non-equivalent) class representatives.

Proof. Hs is simply connected and completely solvable. Hence, a control system 3 with trace
I' = A+TY on H3 is controllable if and only if Lie(T°) = b3 (cf. [110]). Consequently, it is fairly
easy to show that any controllable system on Hs is detached feedback equivalent to exactly one
of X0 2D or %30 ([35]). Accordingly, any controllable cost-extended system (32, y) is
C-equivalent to (229 /), (22D ) or (230 y') for some cost X' (see Corollary 1.19).
Suppose (3, ) is C-equivalent to (3%, y/). For ¢ € d Aut(Hs) we have 1-Z220(1,u) =
up (w1 B+ ao Byt wsEs) +us(y1 B +y2Fo +ysEs). Hence, if ’(/J'E<2’O>(1, u) = E<2’O>(1, w(u)) for
some affine isomorphism ¢ and all u € R¥, then ¢ is a linear isomorphism, 2; = y; = 0, and
o(u) = (w2u1+yauz, vau1+ysuz). Accordingly Tye0 = GL(2,R). Let x'(u) = (u—v) T Q(u—v)

for some v € R? and positive definite matrix @ = {abl ab} . We have
2
S T S
Var T
/ ! al Taz T / :
=1 1 € Ty and ¢ Q¢ = diag(l, 1).

b2
—Q‘FUJZ

Hence (%20 y') is C-equivalent to (229 y), with x"(u) = (x' 0 ¢')(u) = (u; — pcos0)? +
(ug — psin®)? for some p >0 and # € R (see Proposition 1.21). If p = 0, then (%20 y") =

(E<2’O>,X<12’O>). Suppose p > 0. Then, " = {pcos& —psind

psind  peosd } is an element of Tye,0 such
that

n—1 |pcost |1 nT. o 92 0
v {psin&} n {O} and @ T = {O P2

Thus (339, ) is C-equivalent to (E@’O),X(;’O))7 as X<22’O> = p%x”ogp” = (u1 —1)? +u2 (again

by Proposition 1.21).
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We claim that (E@’O),x(f’o)) and (Z<2’O>,x<22’0)) are not C-equivalent. Suppose that they

Y1 Y2 (20) _ .. (2,0

are C-equivalent. Then there exists ¢ = L | € Ts2,0 such that x; rxs o for
1 22

1
some r > 0 (Proposition 1.21). In particular, we have ! {8} = {0}7 a contradiction.
A similar argument holds for the inhomogeneous two-input case. We have Tye1n =
SL (2,R); more details may be found in [32, Example 4]. Likewise, in the three-input case

any cost-extended system is equivalent to exactly one cost-extended system (E<3’O>,X5§’ ’O))
with aq, 0 > 0. ]

Corollary 1.57 (cf. Proposition 3.10; also Theorems 4.6 and 4.8). Any invariant sub-Riemannian
structure on Hs is isometric up to rescaling to the structure (Hz, DM, g given by

DY) = (B, By, gtV = diag(1,1)

i.e., with orthonormal frame (EQL , E3L) On the other hand, any invariant Riemannian structure
on Hs is isometric up to rescaling to the structure (Hs,g®) given by

g1 = diag(1,1,1)
i.e., with orthonormal frame (BT, EY, EY). Here EF, EL, and EL denote the left-invariant
vector fields specified by EL(1) = E;.

Proof. For any invariant sub-Riemannian structure (Hs, D, g) there exists a controllable cost-
extended system (3, x) with x(0) = 0 and Z(1,0) = 0 such that F(3,x) = (Hs,D,g)
(Lemma 1.33). If (%, ) is C-equivalent to some cost-extended system (3, x’) with =Z'(1,0) =
0, then x’(0) = 0. Consequently (X, x) is C-equivalent to (E@’O),X(f’())). It therefore follows,

by Corollary 1.42, that (Hs,D,g) = (X, x) is isometric up to rescaling to S(E@’O),X(f’())) =
(Hs, D(<01>>, g). Likewise, any invariant Riemannian structure is equivalent to 3(2(3,0)7X§)3,0)) =
(Hz, ™). O

A classification of the cost-extended systems or sub-Riemannian structures also yields some
information regarding the equivalence of the corresponding quadratic Hamilton-Poisson sys-
tems. For instance, we have the following result.

Corollary 1.58. Any quadratic Hamilton-Poisson systems ((h3)*, H) with Hamiltonian H(p) =
Q(p) being a positive-definite quadratic form is L-equivalent to the system on (h3)* with
Hamiltonian H'(p) = 3(p? + p3 + pl).

Proof. Let ((hs)*,H) be a quadratic Hamilton-Poisson system with Hamiltonian H(p) =
pQp' being a positive-definite quadratic form. For the cost-extended system (X, x) on Hs
specified by
(%, y) : { ot u ks +U2_E2 +us b
’ x(u) = zu’ Q7!

we have that P>, x) = ((h3)", H). Furthermore, we have that (3,y) is C-equivalent to
(E<3’O>,X§)3’O>) (we have a =0 as Z(1,0) = 239(1,0) = 0 and X( ) = 0). Consequently, by
Corollary 1.28, we have that ((h3)*, H) is L-equivalent to ‘,B(ng’ )= ((ha)*, H). O
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Next, we give some applications of the properties of epimorphisms in LiCAS™ (Theo-
rem 1.12) and LiSR (Corollary 1.36). Let ¢ : Hz — R? = Hj/Z(H3) be the Lie group
epimorphism given by

1 = 2
g: |0 1 y|—(x,y).
0 0 1

Further, let Y. be the invariant control system on the Abelian group R? specified by
Yt upTiq- Ex +uxTig - Es.
The quotient map ¢ : Hs — R? induces the following LiCAS"-epimorphisms
L (gridge) £ (320, x7) = (2,477

2. (q,idRQ) : (2<270)7X<2270>) — (27X<2270>)

3. (.1dge) : (53, x2) = (20")
and the following LiSR-epimorphism

4. q:(Hs3, DM gy - (R2 g) = 3@(2,0)7%12,0)).

Accordingly, a subclass of the ECTs of (E@’O),X(f’()))7 (E<2’0>,X<22’0>)7 and (22V, v, re-
spectively, are controlled trajectories with image (under (g,idgp2)) being ECTs of the Abelian
structures (3, X<12’O>)7 (%, X<22’0>)7 and (3, X<a2’1>)7 respectively. Likewise for the sub-Riemannian
structure (Hs, DM, gM) a subelass of the normal geodesics are the lifts of the geodesics (being
straight lines) of the Euclidean space (R? g) (see Remark 1.37). We provide details for the
latter situation. The (normal) geodesics of (R?,g) are simply (z(t),y(t)) = (a1 +bit, az + bat),
a1, a2, b1, bs € R. Accordingly,

Proposition 1.59. The DY -curves
1 a1 +bit co+arbat+ %5152152

g(t) =10 1 a2 + bt , Co,a1,a2,bl,bg cR
0 0 1

are some normal geodesics of (Hs, DV, gt >)
Proof. Suppose g(t) = m(z(t), 2(t),y(t)) is a DW-curve such that ¢(g(t)) = (a1 + bit,as +
bot), ie., x(t) = a1 + byt and y(t) = as + bot. As g(t) is a DW-curve we have that
Fm(z(), (1), y(1)) € PPV (m(2(t),2(1),y(t))) or equivalently

p d
(1)~ Sm((0),2(0), y(1)) € DO(1)

Yy

0 () —a(®)y(t)+ (1)

0 0 y(t) e <E2,E3> .
0

Therefore, 2(t) = x(t) y(t) = aibs + b1bot and so z(t) = co + ar1bat + %b1b2t27 o € R. By
Corollary 1.36, it follows that g¢(t) is a normal geodesic. O
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Lastly, we claim that the Riemannian structures on Hjs are simply central expansions of
the sub-Riemannian structures on Hs.

Proposition 1.60. The Riemannian structure (Hz,g®) is a central expansion of the sub-
Riemannian structure (Hs, D™ g with respect to Z(Hs).

Accordingly, the image under ¢ of the set of normal geodesics of (Hz,g(®) and the image
under ¢ of the set of normal geodesics of (Hs, D™, g} are identical. More details, and
explicit calculation of the geodesics for structures on Hony1, will be given in Chapter 4.

1.5.2 Abnormal geodesics on SO (3) x R

The four-dimensional trivial expansion of the orthogonal group

0
0 T
0 cg g=1,detg=1,welR

0 o= —-y O
—x 0 z 0

s0(3) DR = y -z 0 0 =xk1+ybs+zE3+wFEy @ x,y,z,w €R
0 0 0 w

The nonzero commutators of so(3) @R are [Ey, Fs| = Fy, [Es, B = Fy, [E1, Es] = F3. The
center of so(3) ®R is span(Fy). Correspondingly, the center of SO (3) x R is {1} x R. The
quotient ¢ : SO(3) x R — SO (3) = (SO (3) x R)/Z(S0 (3) x R) may simply be realized as
q:(g,w) —g.

We give an example of an invariant sub-Riemannian structure on SO (3) x R admitting
central expansion such that images under ¢ : SO (3) x R — SO (3) of the respective classes
of abnormal geodesics are not identical. By left translation, it is enough to show this for the
abnormal geodesics through identity (i.e., g(0) = 1).

Consider the sub-Riemannian structure (SO (3) x R, D,g) with left-invariant orthonormal
frame (Xl,XQ) given by Xl(].) = I+ E; and X2(1) =F|+ Ey + 2H,.

Proposition 1.61. The abnormal geodesics of (SO (3) x R, D,g) through the identity are the
curves on the subgroup

cos(V2t) L sin(ft) —Lsin(\/it) 0

) | —Lsin(v2e) l(1+cos V2t)) l(1—(:os V2t) 0|
exp(RX»(1)) = gsm(ﬂt) ;@ ~ cos(y/31) ;(1 | cos(v21)) ! L teR
0 0 0 e?

with Lie algebra span(Xsz(1)).
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Proof. Consider the optimal control problem (1.10) associated to (SO (3) x R, D, g) via the
orthonormal frame (X7, X3), i.e., Z(1,u) = u1 X1(1) + u2X2(1) and x(u) = u? + u3. Suppose
(EC),u(t)), &) = (g(t),p(t) € (SO(3) x R) x (s0(3) @ R)* is an abnormal extremal. Then
(1.7) implies p(t) X1(1) = p(t)- Xa(1) = 0, ey pr(t) +pa(t) — 0 and py(t) +pa(t) +2pa(t) — 0
(here p = p1 B + po 53 + p3 E%). Consequently (see Lemma 1.7)

0= %(pl(t) +pa(®)) = =p(0) - [X1(), Bugey (1)] = ua(O)ps(t)
0 = < (pu() + pa(t) +2pa(1)) = =p(t) - [Xa(1), By (1)] = —ua(D)ps(?):
If p3(-) # 0 then ui(-) = ua(-) = 0 and ¢(-) is constant, i.e., g(t) = ¢g(0). Suppose ps(-) = 0.
Then

d

0= Eps(t) —p(l) - [E3, Zuey (1)) = —u2pi(l) + (u1 + u2)p2(l) = —uipa(t).

By (1.5) we have that p4(-) # 0 and so u1(-) = 0. Hence, ¢(t) = u2(t)X2(g(t)) and so g(t) is
a curve evolving on exp(RX2(1)).
On the other hand, for any curve g(t) evolving on exp(RX(1)) there exists UQ() such
-1,

t
that g(t) = ua(t)Xa(g(1)). We have that (£(-),u(-)), £(t) = (9(),p(1)), p(t) = (=1,-1,0,1),
u1(t) = 0 satisfies (1.5)—(1.6)—(1.7). O

Remark 1.62 ([84, Section 9.5]). The integral curves of X, are strictly abnormal geodesics
and are locally minimizing.

On the other hand, let (SO (3)xR, D, &) be the central expansion of (SO (3) xR, D, g) with
respect to Z(SO (3) x R) having left-invariant orthonormal frame (X, Xo, X3) with X3(1) =
E, (see Lemma 1.49).

Proposition 1.63. The abnormal geodesics of (SO (3) x R, D, g) through the identity are the
curves on the center (SO (3) xR, D, g) = {1} xR.

Proof. Consider the optimal control problem (1.10) associated to (SO (3) x R,D,g) via the
orthonormal frame (X1, Xs, X3), i.e., 2(1,u) = w1 X1(1) + u2X2(1) + u2X3(1) and x(u) =
uf +uf +uf. Suppose (£(),u("), £(t) = (9(1),p(t)) € (SO(3) x R) x (s0(3) ®R)* is an
abnormal extremal. Then (1.7) implies p(t) - X1(1) = p(¢) - X2(1) = p(t) - X3(1) = 0, i.e.,
p1(t) = pa(t) = pa(t) = 0. Consequently (see Lemma 1.7)

0= %(pl(t) +pa(t)) = =p(0) - [X1(), Zugey ()] = ua(t)ps(t)

L) palt) +24(0)) = 50 [Xa(1), Zug (1] =~ ()ps(0)

By (1.5) we have that ps(-) # 0 and so u1(-) = uz(-) = 0. Consequently §(t) = us(t)Xs(g(t))
and so g(-) evolves on Z(SO (3) x R).

On the other hand, for any curve g(¢) evolving on exp(RX3(1)) there exists wus(-) such
that §(t) = us(l)Xs(g(t)). We have that (€(),u(-), £(1) = (g(t),p(1)), p(t) = (0,0,1,0),
ui(t) = ug(t) = 0 satisfies (1.5)—(1.6)—(1.7).

O:

O



36 1.5. Examples

Hence the image under ¢ of the abnormal geodesics (through identity) of (SO (3) xR, D, g)
are simply curves tangent to exp(R7Tiq - X2(1)) = ¢(exp(RX2(1))). On the other hand, the
abnormal geodesics (through identity) of (SO (3) x R, D, &) have trivial image under ¢. Conse-
quently, we have that ¢(G) # ¢(G) when G and G denote the respective collections of abnormal

geodesics.



Chapter 2

Quadratic Hamilton-Poisson systems
in three dimensions

The dual space of a Lie algebra admits a natural Poisson structure, namely the Lie-Poisson
structure. Quadratic and homogeneous Hamiltonian systems on these structures form a natural
setting for a variety of interesting dynamical systems; prevalent examples are Euler’s classic
equations for the rigid body as well as its extensions and generalizations (see, e.g., [1, 6567,
70,88,120]).

As discussed in the first chapter (Section 1.3), quadratic Hamilton-Poisson systems (on
Lie-Poisson spaces) arise naturally in the study of invariant optimal control problems as well
as invariant sub-Riemannian structures on Lie groups. In this vein, a number of quadratic
Hamilton-Poisson systems on lower-dimensional Lie-Poisson spaces have been considered (see,
e.g., [5,9,29,51,93,104, 109]).

The equivalence of quadratic Hamilton-Poisson systems on Lie-Poisson spaces has been
investigated by a few authors. Specifically, normal forms have been computed for a special
class of quadratic systems ([119-121]). Orthogonal equivalence of systems on so (3)* has also
been considered ([53]) whereas linear equivalence (of both homogeneous and inhomogeneous
quadratic) systems was considered in [8]. On the other hand, we have classifications of homo-
geneous quadratic systems on se (2)* ([7]) and se (1, 1)X ([26]).

In this chapter, we classify a significant subclass of quadratic Hamilton-Poisson systems on
three-dimensional Lie-Poisson spaces. More precisely, we consider those systems that are both
homogeneous and for which the underlying quadratic form is positive semidefinite (in particu-
lar, the Hamiltonian associated to any LiCASg'-object or invariant sub-Riemannian structure
belongs to this class). This class covers a number of systems recently considered by several
authors (see, e.g., [7,8,20-23,26,121]). In our opinion, the most significant consequence of our
classification is that a number of these systems (on distinct Lie-Poisson spaces), which have
been treated independently, are in fact linearly equivalent. Moreover, the reduction to normal
form should dramatically simplify the computational complexity in investigating stability and
integration.

Our classification of systems (under L-equivalence, see Section 1.3) is carried out in two
parts. First, we classify systems within the context of each three-dimensional Lie-Poisson
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space (by making use of the Bianchi-Behr classification of three-dimensional Lie algebras, see
Appendix A.1). Subsequently, we consider equivalences of systems on non-isomorphic Lie-
Poisson spaces. Finally, an exhaustive and non-redundant list of normal forms is exhibited.
Moreover, by identifying some simple invariants, we arrive at a taxonomy of systems.

Some of the computations involved in this chapter are quite demanding and hence Mathe-
matica was used to facilitate these computations (typical code is given in Appendix C.1); these
details shall often be omitted from the proofs. We note that as the same classification procedure
is carried out for each Lie algebra, some of the details are repetitive. Furthermore, we note
that we shall make no explicit mention of the case of trivial dynamics (i.e., H(p) = 0).

Note. Some of the material presented in this chapter appears in [33]. A substantially expanded
version of this paper, dealing with the classification, and the systematic investigation of stability
and integration, of positive semidefinite homogeneous quadratic Hamilton-Poisson systems on
three-dimensional Lie-Poisson spaces is in preparation.

Preliminaries

For the purposes of this chapter we find it convenient to change notation slightly. Given a basis
(I, I, I53) for a Lie algebra g (as in Appendix A.1), an element p = p1 B} + p2 25 + ps L]
expressed in the dual basis (E£7, £, E5) will be written as a column matrix p = (p;)i1<i<s. A
system Hg (on g*) is then represented as Ho(p) = p' @p, where @ is a positive semidefinite
3x3 matrix. The equations of motion of a Hamiltonian H (on each of the respective associated
Lie-Poisson spaces) take the form

pi = _p([EivdH(p)Dv i=1,...,n

For the sake of convenience, all linear maps will be identified with their corresponding matri-
ces. Accordingly, as linear Poisson automorphisms are exactly the dual maps of Lie algebra
automorphism, the group of (matrices of) linear Poisson automorphisms can be obtained from
the group of Lie algebra automorphisms (Appendix A.3) by simply taking the transpose.

An exhaustive list of Casimir functions, for low-dimensional Lie algebras, was obtained by
Patera et al. [98]; For each three-dimensional Lie-Poisson space g* (associated to a three-
dimensional Lie algebra g) we exhibit its Casimir function:

g21 D01 : C(p) =ps g1 C(p) =m
P2 2
g32 C’(p) = prert g3.3 C’(p) :z—l
1 1
sP1 T 502
g34 © C(p) = pi — 13 034 1 Clp) = — 22—
1#£a>0 (i§p1 F §p2) atl
. (76"
P1 — P2
845 : C(p) = pi +p3 855+ C(p) = (0} +p3) (7 )
a>0 p1+ip2
936 : p% +p% —pg g3.7 © p%er% +p§.

On the trivial Lie-Poisson space (3g1)*, every function is a Casimir function. Note that only
391, 921 D91, 931, 094, 095, 036, and ga7 admit globally defined Casimir functions.
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2.1 Systems on solvable Lie algebras

For each solvable Lie algebra g, we classify all Hamilton-Poisson systems (g*, Hg), where Q is
a positive semidefinite quadratic form on g*; an exhaustive and non-redundant list of class rep-
resentatives is obtained. The classification procedure is as follows. We use the three basic types
of equivalence (Proposition 1.25) to simplify the form of Q as much as possible (note however
that some Lie-Poisson spaces admit no polynomial Casimir.) This type of normalization is
often sufficient for arriving at class representatives. However, in some cases further normal-
ization may be required; in such cases we find, explicitly, linear isomorphisms conjugating the
Hamiltonian vector fields in question.

Lastly, we verify that no two of the class representatives obtained are equivalent, as follows.
Suppose two representatives are equivalent. Then the associated Hamiltonian vector fields H
and H' are compatible with a linear isomorphism ¢ = (¥)1<s j<3, i.e, ¥ -H — H' o). This
is shown to lead to a contradiction.

2.1.1 Type g21 P,

The nonzero commutators of go1 ® g1 are [E1, Fa] = Er; C(p) = ps is a Casimir function.

Proposition 2.1. On (g21 ® g1)*, any system is equivalent to exactly one of the systems

Hi(p) = Hy(p) = p3 Hs(p) = pi + p3
Hy(p) = (p1 +ps)? Hs(p) = p3 + (p1 + ps)*.

Proof. Let Ho(p) = p" Qp and let

ar b b
Q= |b1 ax b3
bg bg as
Suppose as > 0. Then
x 0 0
b b
po |-
0 0 v

is a linear Poisson automorphism (for any nonzero real numbers x and v) such that

2 (a1a2 —b%) vx(azba—b1b3)

Cl,2 O a,2

1T 2 2

LV QY= 0 1 0
vm(agbg—blbg) O Uz(&z&g—b%)

Cl,% a,%

02 (agag—b%)

—C(p).

a3

2
Suppose aiay — b% #£0 and let 2 = W/ala&ﬁ;. If asby —b1bs = 0, then H is equivalent to Hs.
1

If ajag — b2 = 0, then H is equivalent to Ha, as —=(H o)) = Ha(p) +

a3z
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If agby — b1bs # 0, then there exists v,w € R such that (H o9)(p) = (p1 + p3)? + p3 +wC(p);
hence H is equivalent to Hs.

Suppose az = 0. Then ¢ = diag(x, 1,v) is a linear Poisson automorphism (for any nonzero
numbers 2 and v) such that

x2a; 0 wvrby

¢TQY=10 0 0
vaby 0 vias
If a1 #0 and by #£ 0, then H is equivalent to Hy. If a1 # 0 and by = 0, then H is equivalent
to Hy. (If a1 =0, then H is equivalent to the trivial system Hy(p) = 0.)

It is straightforward to show that no two of these five systems are equivalent. We provide
details only for one case: we show that Hs(p) = p? +p3 and Hy(p) = (p1 + pa)? are not
equivalent. Suppose Hy and Hj are equ1valent i.e., suppose there exists a linear isomorphism
WY :go1 gL — go1 DB g1 such that - H4 = H5 o. Let ¢ have matrix (¢;)1<ij<3. Then

. 2p1 (Y12p1 — 1ip2) B 0
Y- Hy(p) = | 2p1 (Yaep1 — Y21p2) (Hso)(p) = |*1
2p1 (13201 — Ya1p2) 0

%1 = 2 (Y1101 + Yrap2 + 13ps) (P11 + P31)pr + (P12 + s2)pa + (P13 + ¥33)pa)
Hence, by equating coefficients, we get 111 = Y19 = 1031 = W32 = 0. This contradicts that ¢ is
an isomorphism. O
2.1.2 Type ds.1

The Heisenberg Lie algebra gs; has nonzero commutators [Fo, E3] = F1; C(p) = p1 is a
Casimir function.

Proposition 2.2 ([32]). On (gs.1)", any system is equivalent to exactly one of the systems
Hy(p) = p3 Hy(p) = p3 + p3.
Proof. Let Ho(p) =p'" Qp, where

ar by by
Q=101 ax b3
bg bg as
Suppose as # 0. Then
1 0 0
p=1]0 1 0
_b b
a3 a3

is a linear Poisson automorphism such that

b3 babs / /

- a] — as bl - a% 0 ay bl 0
. b . ! /

'(/J Ql/J - b1 - % az — ﬁ 0 — 1 2 0

0 0 as 0 0 a
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If a, =0, then H is equivalent to H;. Suppose a # 0. Then

1
vy 00
ro| b 1
L T R
0 0 =
3
is a linear Poisson automorphism such that
ajah—(8)"
’(/JIT’(/JTQ’(/J’(/JI _ Cl,g(a,/z)2 0 0
0 1 0
0 0 1

Thus H is equivalent to Hs.
Now suppose a3 = 0 and assume ay # 0 (if as = as = 0, then H is equivalent to the
trivial system Ho(p) = 0). Then

1
~ e 0 O
W= b1 0 -
a3? Vaz
0 1 0
is a linear Poisson automorphism such that
ajag—b?
. a7 L 0 0
v QY= 0 00
0 0 1

Hence H is equivalent to Hy

It remains to be shown that H; and Hz are not equivalent. Assume that they are equiva-
lent, i.e., suppose there exists a linear isomorphism 1 such that - Hy = Ho o). Let ¢ have
matrix (’(/Jz'j)lgingg. Then

—211201P3 0
—2Woep1ps | = | —2 (Y11p1 + Yizp2 + Yisps) (Ya1p1 + Ysapa + Yssps)
—21)3001P3 2 (Y11p1 + 12p2 + Y13p3) (Y2101 + Yaop2 + Pazps)

must hold for all pq,ps,ps € R. A straightforward argument shows that 1 is not an isomor-
phism, a contradiction. [

2.1.3 Type ds.2

The nonzero commutators of gso are [Fo, F3| = E1 — Fy and [Fs, 1| = E1; (g3.2)* does not
admit any polynomial Casimir functions.
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Proposition 2.3. On (gs2)*, any system is equivalent to exactly one of the systems
Hi(p) = i Hy(p) = 1} Hs(p) = 3
Hy(p) = pi + 13 Hs(p) = pi + 13 He g(p) = Bpi +p3 + 3.
Here >0 paramelrizes o fomily of non-equivalent class representalives.

Proof. Let Ho(p) =p' Qp, where

a1 bl bg
Q= |b1 ax b3
bg bg as
Suppose a3 # 0. Then
as 0 0
1/1 = 0 as 0
—by —bs 1
is a linear Poisson automorphism such that
a1as — b% a3b1 — bgbg 0 a’l bll 0
LyTQup = |asby —babs agaz—b3 0| = by dh 0
0 0 1 0 0 1

If a, = 0, then it is easy to show that H is equivalent to either Hs or Hs. Suppose a) # 0.
Then

1

\/Zz 0 0

r_ | _ 1 1 0

’(/J (&/2)3/2 a,/z
0 1
is a linear Poisson automorphism such that
a’la(’z—gb’l)z 00
1 0T T I @3

LyTyTQuy = | ) |
0 0 1

Thus H is equivalent to Hg g with g > 0.
Suppose as = 0. If ax =0, then H is equivalent to Hi. Suppose as # 0. Then

1 00
b
Yp=]-2+ 10
0 01
is a linear Poisson automorphism such that
ajag—b7
Cl,2

warbi o
2
—wTQv=1 o 1 0

0 00
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Hence H is equivalent to the intermediate system HY = 8p? +p3 with 8> 0. If 8 =0, then
H’ﬁ is equivalent to Hy. If 0 < 8 < i then H’ﬁ is equivalent to Hs. Indeed,

45 -2 0
v=128 J1-45—-1 0
0 0 -4
is a linear isomorphism such that
0
¥ Hy(p) = 0 = (Hz09)(p).
85 (8pt — p1p2 + 13)
If 8= i then
1 -2 0
Yy=10 1 0
0 0 4
is a linear isomorphism such that
0
Y- Hg(p) = 0 , = (Hio9)(p).
—2(p1 — 2p2)

Thus H) is equivalent to Hy. If 8 > %7 then H /g is equivalent to H,4. Indeed,
4

43 -2 0
v=128 —-1-yI2ZB—3 0
0 0 125
is a linear isomorphism such that
0
¥ - Hy(p) = 0 = (Hy o 9)(p)-

—245 (Bp? — p1p2 + p3)
Tedious but straightforward computations show that none of the class representatives are
equivalent. In particular, Hgs and Hep are equivalent only if = /' (see Appendix C.1 for
sample Mathematica code to verify this fact). O

2.1.4 Type ds3.3

The nonzero commutators of gs3 are [Fs, B3] = —FEy and [Es, E1] = Fq; (gs.3)* does not
admit any polynomial Casimir functions.

Proposition 2.4. On (gs.3)™, any system is equivalent to exactly one of the systems

Hi(p) = p} Ha(p) = p3 Hs(p) = pi + 3
Hy(p) = p}+p3 Hs(p) = pi+ p3 +p3.
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Proof. Let Ho(p) =p' Qp, where

a1 bl bg
Q=101 ax b3

bg bg as

Suppose as # 0. Then

1 0 0
=10 1

by b

a3 a3

is a linear Poisson automorphism such that

2
gl/f sza bl—% ag—z—z 0 - bOl G(/)2 (1)
0 0 as

If a, = 0, then it is easy to show that H is equivalent to either Hy or Hs. Suppose a) # 0.
Then
x 0 0
Y S R
3
0 0 1J
is a linear Poisson automorphism (for all nonzero x and v) such that
I 2
[mQ(a’l — <;'2> )y 0 O-‘
0 vial, 0f -
L 0 0 1J

Thus H is equivalent to Hs or the intermediate system H'(p) = p3 + p3. However,

LT Quy! =

'(/]” _

O = O
_ o O

1
0
0

is an automorphism such that H' o ¢ = Hj.
Likewise, if a3 =0, then H is equivalent to H; or Hy (or the trivial system Ho(p) = 0).
It is straightforward to verify that none of the representatives are equivalent. O

2.1.5 Type g3,

The semi-Euclidean Lie algebra g9, has nonzero commutators [Ey, F3] = Ey and [E3, Ey] =
—FEy; C(p) = p? — p3 is a Casimir function.

Proposition 2.5 ([26]). On (g3,)*, any system is equivalent to exactly one of the systems

Hi(p) = p} Ha(p) = p3 Hs(p) = pi + 3
Hy(p) = (p1 + p2)? Hs(p) = (p1 + p2)? + p.
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Proof. Let Ho(p) =p' Qp, where

a1 bl bg
Q= |b1 ax b3
bg bg as
Suppose as # 0. Then
1 0 0
v=1]0 1 0
_b b
a3 a3

is a linear Poisson automorphism such that

alag—b% a3b] —boby

a3 g 0 a, b 0
1 '(/]T Q r(/] — | agbi—babs3 &2&3—1)% ol = /1 a/2 0
a3 a% a% 0 0 .
0 0 1

Suppose ¥, # 0 and suppose that a} # a} or (a})? # (¥])?. Then

_a’1+a’2+ (a’1+a’2)2—4(b’1)2

1 o 0
V=1 a bt/ (@ tah) —a(8))
B 20/ 1 0
1
0 0 1
is a linear Poisson automorphism such that
al 0 0
1 T 4T /
LT TQuy' = |0 daf 0
0 0 1

for some af >0, af > 0. (If ¥} = 0, then we have the same situation.) If af = af =0, then H

is equivalent to Hy. Suppose af > 0 or a > 0. Then H is equivalent to H' = (ay +a4)p? +p32,

as H'(p) — a4C(p) = afp? + a4p3 + p3. Furthermore 1" = diag( &,1,1+&,2,, \/&,1,1+a,2,7 1) is a linear

Poisson automorphism such that (H’ o 4")(p) = p? + p3. Thus H is equivalent to Hj.
Suppose that a} = a} and (a})? = (¥))2. Then

ay kay 0
VT QY= |kay a0
0 0 1

with & = £1. If af = 0, then H is equivalent to Hj. Suppose a} > 0. Then ¢/ =

. 1 1 . . . .
diag( AN 1) is a linear Poisson automorphism such that

1 k£ 0
LuTeTQuy = [k 1 0
0 01
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If k=1, then H isequivalent to Hs. If k = —1, then ¢ = diag(1, -1, —1) is a linear Poisson
automorphism such that

1 1 0
% ,(/JIIT ’(/]IT ’(/JT Q'(/J ’(/Jl ’(/]II =11 1 0
0 0 1

Hence if kK = —1, then H is again equivalent to Hs.
Similarly, if as = 0, then H is equivalent to H; or Hy (or the trivial system Ho(p) = 0).
Straightforward computations again show that none of the class representatives are equivalent.
O

2.1.6 Type g5,

The nonzero commutators of g§, are [y, B3| = Iy —a Ly and [Es, Ey| = a By — Ea; (g5 ,)
does not admit any polynomial Casimir functions. The classification of systems on (g§,)
depends on the value of a. We find it convenient to classify the entire collection {((g§,)*,H) :

a >0, a« # 1} of systems, rather than classifying for each fixed value for «. Moreover, we will
use class representatives not strictly belonging to this collection.

*
*

Proposition 2.6. Any system ((g54)*,H), o >0, o # 1 is equivalent to exactly one of the
systems

((a5)%,13) ((95.4)%, (p1 +p2)* + p3)
(850", (01— p2)® +p3) (850", BpT +p5 +13)
((a3.0%, 1) ((g3.3)", 7 + 3)
((g3.3)%,p})

Here 0 <3 <1, a>0, a#£1 parametrize families of non-equivalent systems.

Proof. Consider the system ((g54)%,Hg), a > 0, a # 1. By arguments similar to those in
proof of Proposition 2.5, we have that ((g§,)*, Ho) is equivalent to one of the systems

Hi(p) = p3 Hs = (p1 + pa)° Hs(p) = (p1 +p2)° +p3
Hag(p) = p} + B} Hy = (p1 — pa)? Hs(p) = (p1 —p2)® + p2
Hz5(p) = B2+ p3 -+ pl

on (g5,)*. Here 0 < 8 < 1 parametrizes families of representatives. It turns out that no
further reduction of Hy, Hs, Hg, or Hz g is possible.

The systems ((g5,4)*, H3) and ((g54)*, Ha) are both equivalent to the system ((gs.3)* ,p?),
for any a >0, a # 1. Indeed, the required linear isomorphisms have matrices

l—a 1—« 0 —1-a 14+« 0
=1 0 1 0 and Y = 0 1 0
0 0 —l+a 0 0 1+a
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respectively. More precisely, 1,4 : (g54)% — (g93.3)* and, in coordinates,

0
(- Hzo™ ) =| 0 | =@ Hyio'N)(p)
—2p?

which is the Hamiltonian vector field associated to ((g3.3)*,p?).

Next we consider the (two-parameter) family ((g§,)*, Hz ). It turns out that each member
of this family is equivalent to one of three systems. Let s = —1+2a2+2ava?2 — 1. If o > 1,
then 0 < K, <1 < k}t. The following three conditions partition the family ((g3,)*, Hz5)
into its equivalence classes

0<a<lA0<pg<1 or a>1 AN 0< B <k, (2.1)
a>1 A L=k,
a>1 ANk, <B <1 (2.3)

Let H be the Hamiltonian vector field associated to ((g54)%, Ha ). Suppose (2.1) holds.
Then v : (g5.4)" — (85.4)%,

[ 20 —1—-B—+/1+8(2—-4a2+8) 0
Y= |-2a0 1+8—-/1+B(2—-4a2+3) 0
0 0 %o
200 —1—ﬁ—\/(ﬁ5—ﬁ)(ﬁ$—5) 0

“ 20 148\t —B)eE—5) 0
0 0 dov

is a linear isomorphism (with dety = —16a2 \/(ﬁ; — B)(kd — B)) such that
0

Y-Hotp™ =1 0
2p1p2

Thus, if (2.1) is satisfied, then ((g54)*, H2,5) is equivalent to ((g9,)*,p?). Next suppose (2.2)
holds. Then ¥ : (g5 ,)* — (g3.3)~,

—a o —avar-1 0

w=10 1 0

0 0 o
is a linear isomorphism (with det = —«?) such that
0
Y-Hoy =1 0

—2p?



48 2.1. Systems on solvable Lie algebras

Hence ((g5,)*,p? + k5 p3) is equivalent to ((gs3)*,p?). Lastly, suppose (2.3) holds. Then
¥ (g84)L — (933)%,

20 —1-p 0
v=10 \J(B-ra)st-5) 0
0 0 4o

is a linear isomorphism (with det = 8a? \/(6 — ko )(kd — ) such that
0
V-Hoyp ™! = 0
~2(p} +13)

Therefore, if (2.3) holds, then ((g§,)*, Ha5) is equivalent to ((gs.3)%,p? + p3).
Finally, straightforward but tedious computations again show that none of the class repre-
sentatives are equivalent. O

2.1.7 Type g5;

The nonzero commutators of the Euclidean Lie algebra g9 - are [Ey, B3] = By and [E3, By =
Ey; C(p) = p? + p3 is a Casimir function.

Proposition 2.7 (cf. [7]). On (g3:)*, any system is equivalent to exactly one of the systems
Hy(p) = p3 Hy(p) = p3 Hy(p) = p3 + p3.
Proof. Let Ho(p) =p'" Qp, where

a1 bl bg
Q= |b1 ax b3
bg bg as
Suppose a3 #~ 0. We have that
1 0 0
p=1]0 1 0
_b ba 4
a3 a3

is a linear Poisson automorphism such that

&1&3—17% a3b1 —bobs

a3 il B /R
1 ,(/JT Q ,(/] — | aszbi—babs azag—b% ol = bll a,2 0
as a% a% 0 0 |
0 0 1

Suppose b # 0. Then

_ —aibab /(i rap) " r4()”

1 7 0
207
Y = —&’1+&’2+\/(—a’1+a’2)2+4(b’1)2
20 0
1
0 0 1
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is a linear Poisson automorphism such that

al/ 0 0
ST QYUY = |0 a0
0 0 1

for some af >0, a > 0. (If b} =0, then we have the same situation) If af = af, then H is
equivalent to Hs. Suppose that af # a3 and that af > 0 or af > 0. We may assume a < aj.
If not, the linear Poisson automorphlsm

0 -1 0
1 0 0
0 0 1

serves to swap the values. It follows that H 1is equivalent to H "= (a2 al\p3 + p2, as
H'(p) + a{C(p) = afpi + agp3 + p3. Furthermore ¢ = diag( %” 7 Ty 1) 15 a linear

Poisson automorphism such that (H'o¢")(p) = p3 + p3. Thus H is equ1valent to Hs.
Similarly, if a3 = 0, then H is equivalent to H; (or the trivial system Ho(p) = 0).
Straightforward computations show that none of the class representatives are equivalent. [

2.1.8 Type g5;

The nonzero commutators of g5, are [Fa, F3] = Ky —a Fy and [Es, By = a Fy+ Fa; (g55)%
does not admit any polynomial Casimir functions. We again find it convenient to classify the
entire collection {((g§5)%, H) : a > 0} of systems, rather than classifying for each fixed value
for «; we shall use class representatives not strictly belonging to this collection.

Proposition 2.8. Any system ((955)%,H), a >0 is equivalent to exactly one of the systems

((055)%, 13) ((055)%, B + p3 + p3) ((93.5)%, 13)
((g3.3)". P} + 13) ((g3.3)*,p1).
Here 0 < B <1, a>0 parametrize families of non-equivalent systems.

Proof. Consider the system ((g§5)*,Hg), @ > 0. By arguments similar to those in the proof
of Proposition 2.7, we have that ((g55)", Ho) is equivalent to one of the systems

Hi(p) = p3 Hy 5(p) = Bl + 13 Hs 5(p) = B + 3 + 13

n (gs;)". Here 0 < 3 <1 parametrizes families of representatives.

We consider the (two-parameter) family ((g55)*, Ha5), o >0, 0 < 8 < 1. It turns out that
each member of this family is equivalent to one of three systems. Let xf = 1+2a242ava2 + 1;
note that 0 < k; < 1 < st. The family is partitioned into its equivalence classes by the
conditions 0 < 8 < k;, B = k,, and x, < f < 1. Let H be the Hamiltonian vector field
associated to ((g§5)% H2 5). Suppose 0 < 3 < k. Then ¥ : (g55)% — (935)%,

20 B—1—\/(ra = B)d =)

0
’(/J B 2 5 1- \/ Ha Ha /8) O
0 1
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is a linear isomorphism (with dety = —\/(ﬁ; — B)(kd — B)) such that

0
Y-Hoyp™'=1| 0
2p1p2

Thus ((g55)*, Hap) is equivalent to ((g95)*,p3). Next, suppose 3 = . Then ¢ : (g§5)* —
(93‘3)*_7

1 —a—vV1+a? 0
=0 1 0
0 0 Ly20+2V1+0a2

is a linear isomorphism (with dety = é +2a+ 2v/1 + a?) such that

0
v -Hoy™ =1 0
—2p}

*

Hence ((g55)*, k5 p? + p3) is equivalent to ((gs.3)*,p?). Lastly, suppose k; < 3 < 1. Then

— vy

Y (955)L — (933)%,

0 —\(B-r)EE—B) 0
Y= 208 -1 0
0 0 4o

is a linear isomorphism (with det ) = 8a262\/(6 — ka)(kd — B)) such that

0
Y-Hop™ = 0
—2(pt +13)

Therefore ((g55)%, Hap) is equivalent to ((gs.3)*,p? + p3).
Finally, straightforward but tedious computations again show that none of the class repre-
sentatives are equivalent. O

2.2 Systems on semisimple Lie algebras

For each of the two simple Lie algebras gs¢ and gs7, we classify the positive semidefinite
quadratic Hamilton-Poisson systems on the associated Lie-Poisson space. The procedure is
essentially the same as in the solvable case. However, for gsg the argument becomes more
involved. More precisely, simple composition with linear Poisson automorphisms is not feasible;
we use a Cholesky factorization of the quadratic form and perform the normalization on the
Cholesky factor.
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2.2.1 Type ds.6

The pseudo-orthogonal Lie algebra gss has nonzero commutators [Ea, F3| = i, [Fs, Ei| =
Ey, [Ey, Es] = —E3; C(p) = p? + p3 — p? is a Casimir function. The group SO (2,1) is
generated by

1 0 0 [cosht 0 sinht
p1(t) = |0 cosht sinht p)=1 0 1 0
|0 sinh?¢ cosht | sinht 0 cosht
[ cost sint 0 [1—112 ¢ 142
p3(t) = |—sint cost 0 n(t) = —t 1 t
.0 0 1 | =52t 145t
-1 0 0
s=(0 1 0
0 0 -1

The following lemma proves helpful in classifying systems on so (2, 1)*.

Lemma 2.9 (cf. [40]). For any matriz

1 0 0
R=1|0 »r 0], rs €R, ri,r0 >0
rs T4 0

there exists ¥ € SO(2,1) and s >0 such that sy R equals
z 0 0 0 0 0 1 00 0 0 0 0 0 0
y 1 0}, z 1 0], z 1 0}, z 0 0], z 1 0 or
00 0 y 0 0 00 y 1 0 y 1 0

Here x,y,€ R, and k € {—1,1}.

Proof. The group SO (2,1) acts transitively on each level set Hs; = {p € s0(2,1)*\{0} :
C(p) = 0}. (Hs is a hyperboloid of two sheets when 6 < 0, a hyperboloid of one sheet when
d > 0, and a punctured cone when & = 0.) Therefore, for any nonzero p € so(2,1)*, there
exists 1 € SO (2,1) such that v - p equals 0F5, 6% or Fy+ Es with § > 0.

Assume 73 — r7 > 0. There exists p1(t) and s > 0 such that

a1 0 0
spr(t) R=laz 1 0
as 0 0

for some a4, as,as € R. Suppose a% — a% > 0. Then there exists p2(t) such that

a1

0 0 0 0
P2 (t) as 1 0| = 1 O
0 0 0 0

ow 8
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Suppose a? — a3 < 0. Likewise, there then there exists pa(t) such that
ap 0 0 0 00
p2(t) a2 1 0 x 1 0
as 0 O y 0 0

Suppose a? = a2. (Note the situation a; = as = 0 is impossible.) There exists ¢ = pa(t),

¥ = ¢ pa(t), ¥ = pa(w) p2(t) p3(m), or ¥ = < pa(m) pa(t) ps(w) such that

apr 0 0 1 00
Ylaz 1 0l =z 1 0
az 0 0 kK 00

Assume 73 —r? < 0. There exists pi(t) and s > 0 such that

a1 0 0
spi(t) R=laz 0 0
as 1 0

for some a1, as,as € R. Accordingly, there exists ps(t) such that

a; 0 0 0 0 0
p3(t) laz 0 O xr 0 0
as 1 0 y 1 0

Assume r3 = r?. Then there exists an automorphism @ =1 or ¥ = ¢ such that

a1 0 0
1
ET/JR: 0 1 0
as 1 0
for some a1,a3 € R. Suppose az # 0. Then
ap 0 0 0 00
p3(g) () ps(=5) |0 1 0 r 10
as 1 0 y 1 0
Suppose as = 0. Then there exists p;i(t) such that
ap 0 0 kK 0 0
@ye® |0 1 0 =0 1 0f. O
0 1 0 0 1 0

Proposition 2.10. On (gss)*, any system is equivalent to exactly one of the systems

Hi(p) = p} Ha(p) = p3 Hs(p) = pi + 3
Hy(p) = (p2 + ps)? Hs(p) = p3 + (p1 + ps)*.
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Proof. Let Hg(p) = p' @p. Symmetric matrices are diagonalizable by orthogonal matrices;
hence there exists § € R such that

a1 0 bg

Q =ps(0)T Qp3(0) = |0 az bs

bg bg as

for some a;, b; € R.
If a3 =0 or az =0, then

0 0 0 0 0 0
QI =10 as bg or pg(%)Tleg(%) =10 al bg
0 by as 0 by as

respectively. We deal with this case below.

Assume aq,a2 # 0. Let K be the matrix of the underlying quadratic form of the Casimir
function C(p) = p? +p3—p2. We claim that Q' +2K has a Cholesky decomposition Q' +2K —
RTR, where

r1 0 rs3
R=10 ro T4
0 0 rs

with r1,r9 # 0 and r5 = 0 for some 2 > 0. Indeed, r1 = Vx +ta1, r2 = —/x+as,

= b __bs _ /det(@HeK) ; ! I
'S = Tirar 4T T Uarar and r5 = ETTR Y is a solution to @ + K = R'R. (If

2 >0, then x+a; >0 and x+az > 0.) Now det(Q'+0K) >0 and det(Q' +xK) is a cubic
in 2 with leading term —a*. Thus there exists @ > 0 such that det(Q’ + zK) = 0.

Note that ¥ (Q' +a2K) = (R)T Ry =¢ T RT (¢ TRT)T. (Also, v € SO(2,1) if and only
if T €S0(2,1).) Hence, by the preceding lemma, Hg is equivalent to a system Hg,(p) =
pT Rip with quadratic form

_al bl 0 0 O 0
R1: bl a9 0 R2: 0 a9 bg
_O 0 O _O bg a3
1 x k 1 0 0
Ry = |z 1+2% ka Ry=10 1 1
ko okr 1 0 1 1

(Here k = £1, x,a1,az2,as,b1,bs € R, and each matrix R; is PSD.)

Consider the case Hg,. There exists § € R such that pa(0)T Q1 p2(0) = diag(al, aj, 0)
for some daf,a, > 0. If af = 0 or a, = 0, then Hg, is equivalent to Hy. (For the case
apr = 0, ay # 0, apply an automorphism p3(5).) Suppose aj,a, > 0. Then there exists
an automorphism ¢ (¢ = 1 or ¢ = p3(5)) and constant r = max{a},a5} > 0 such that
1T diag(a), ah,0) ¢ = diag(1,¢,0) with 0 < o < 1. Hence Hg is equivalent to the (inter-
mediate) system H'(p) = p? + ap3. Suppose o = 1. Then v = diag(l,—1,—1) is an auto-
morphism such that - H' = Hyo Y, ie., Hp is equivalent to Hs. Suppose 0 < o < 1. Then
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Y = diag(%\/l —a, /(1 - a)a, %\/a) is a linear isomorphism such that ¢ - H = Hj o 1.
Thus Hg is equivalent to Hs.

Next, consider the case Hg,. If aa =0 or as = 0, then Hg, is equivalent to H; or Hj
(or the trivial system Hy(p) = 0). Suppose ag,as > 0. If b3 = 0, then Hg, is equivalent to
the (intermediate system) H'(p) = p3 +ap?, a > 0. As Ry is PSD, we have (as +a3)? > 4b32.
Suppose b3 £ 0 and (az + az)? > 4b2. Then

1 0 0
0 1t — astasz _Sgn<b3)\/&2+&3— (a2+a3)2—4b§
’(/J — f\/ aQJrag )2 4b2 \/5((&2+a3)2—4b§)1/4
0 — Sgn(bg)\/az +az—+/(az+as)>— 4b§ 1+ _ astasz J
\/5((&2+a3)2—4b§)1/4 f\/ &2+a3 )2 4b2

is an automorphism such that

IZJTRgl/J d1ag<,2<2—a3+\/a2+a3) —452),5< a2+a3+\/a2+a3) —452)>

Thus s ' Ryt = diag(0, 1, ) for some s, > 0, i.e., Hg, is equivalent to the (intermediate
system) H'(p) = p3 + ap3. We have that

1
0 %\/1+a 0

Y= 0 0 a(l+ )
—%\/a 0 0

is a linear isomorphism such that - H — Hso . Now suppose b3 # 0 and (ag + a3)? = 4b3.
It follows that agas — b3. Therefore

0 0 0
Ry=2Ry= [0 1 «
0 a o
for some a # 0. If a® > 1 (resp. «? < 1), then
1 0 0 0 1 0
|| sgn(a) 1 _
v=|0 o= Ve resp. = |~vir Y e
0 _ sgnle) lar] e« g L
Vor—1 m Vi-o? V1-a?

is an automorphism such that = 2|HR/ o1 equals Hy (resp. Hp). If o= =+1, then v =1
or ¥ = ¢ is an automorphism such that Hg; o ¢ = Hy.

Now consider the case Hg,. We have that

1— a2 2 k (34 a?)
v=| kr k (1 + £E2> x
x? —2r —k (2 + 2?)

is a linear isomorphism (with dety = —2 (1 + £E2>2) such that v - Hg, = Hs o 1.
For the last case Hg,, we have Hg, o p3(5) = Hs. It is fairly straightforward to verify that
no two representatives are equivalent. ]
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Remark 2.11. Let Hg be a system on (gss)" with Q positive definite. There exists ¢ €
SO (2,1) such that ¥T Q4 is diagonal ([118]). Accordingly, Hg is equivalent to Hy, Ho, or
Hs.

2.2.2 Type ds.7

The pseudo-orthogonal Lie algebra gs; has nonzero commutators [Ey, Fs| = i, [Fs, E| =
Es, |Ev, Bo] = Es; C(p) = p? + p3 + p2 is a Casimir function.

Proposition 2.12 ([8,38]|). On (g3.7)%, any system is equivalent to exactly one of the systems
Hy(p) = pi Ha(p) = pi + 305.

Proof. Let Ho(p) = p' Qp. We may assume that @ is positive definite. Indeed, if Q is
not positive definite, then H is equivalent to a system H + AC for which the quadratic
form is positive definite (for some sufficiently large A). There exists ¢ € SO (3) such that
YT Q= diag(ay, as, as), where a; > ay > az > 0. Hence (Hgov)(p) —asC(p) = p diag(a; —
as,as — az,0)p' with a; —az > as —az > 0. If a; —as = 0, then Hg is equivalent to the
trivial system. If a1 —as > 0, then (Hgo)(p) —asC(p) = (a1 —as)p diag(l, 2=2,0) p' and
so Hg is equivalent to (the intermediate system)
Hyolp) = pi +apy, a=2=20<a<l,

It « =0, then H3 o = Hy. If o = 1, then ﬁgya and H, are compatible with the linear
isomorphism

0 0 —1
v=10 1 0
~1 0 0

If 0 <a <1, then Er&a and H are compatible with the linear isomorphism

—V2V1 —a 0 0
Y = 0 2/ a(l — ) 0 .
0 0 —V2Va
It is easy to show that H; and Hs, are not equivalent. O

Remark 2.13. The above result holds true in the context of all homogeneous quadratic
Hamilton-Poisson systems on (gs.7)*. This is due to the fact that for any quadratic form
Q on g}, there exists a scalar multiple of the Casimir function C' such that the sum Q4+ AC
is positive definite.

2.3 General classification and remarks

We now proceed to classify systems in the context of all three-dimensional Lie-Poisson spaces.
First we determine if any systems on different Lie-Poisson systems are equivalent; a summary
appears in Tables 2.1 and 2.2. The main classification result then follows.
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Table 2.1: Equivalence of ruled systems (systems in the same column are equivalent)

R(3) R(4) R(5)
g21 D g p3 (p1 + p3)?
g3 p%
9.2 p? + p3 P P}
g3.3 P+ s »i
934 (p1+ p2)? P
995 »3

Table 2.2: Equivalence of non-ruled systems (systems in the same column are equivalent)

P(6) P(8) Np(3) Np(7)
g3.1 p3+ 3
934 P3 (p1 +p2)? +p3 P2+ pl
935 % P+ 13
95.6 3 3 P34 (p1+ps3)? Pl pl
ga.1 Py P? + 33

Proposition 2.14. In each of the following cases, any two systems are equivalent:

1 ((g21 @ g)*, (p1 +p3)%), ((93.0)%,03), ((g32)%,03), (88.0)%,p%),
ggf))ivp%)

((
((ga.)%, 03 +p3). ((835)%,93). ((g3.6)%,p3). ((ga7)%, DY)
((a3.0%, 07 +03), ((03.5)%,03 +93), ((g26)%, 07 +13), ((93.7)%, 07 + 313)-
((g21 @ g0)%,01). ((93.2)2, D), ((833)5,07), (83,5 (p1 + p2)?).
((93.40)5.13). ((g5.0)%,p).
(8.5 (p1 +p2)® +p3), ((836)5, 03 + (1 +p3)?).
((

g3.2)%, 07 +p3), ((g3.3)%,p7 +p3).

NS &

Proof. We prove only item 1; the other items follow very similarly. We claim that each of the
systems is equivalent to ((gs.1)*,p3). Indeed,

1 0 0 0 1 0 01 0 01 0
Yr=10 =1 0|, a=1]0 0 1|, 5=[0 0 —1|, and ¥y = [0 0 —1
1 0 1 ~1 10 10 0 10 0

are linear isomorphisms with codomain (gs1)* such that ; - FIZ o 1/11._1 — H. Here H is the
vector field associated with ((gs.1)*,p3); Flh ﬁ27 ﬁ37 and FI4 are the vector fields associated
with ((g2.1 @ g1)*, (p1 +p3)?), ((932)*,03), (89.4)%,p1), and ((g35)*, p3), respectively. [
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We say that a system (g*, H) is ruled, if for each integral curve of H there exists a line

containing its trace. Likewise, (g*, H) is called planar if it is not ruled and for each integral

curve of H there exists a plane containing its trace. Otherwise, (g*, H) is called non-planar.

The ruled, planar, and non-planar properties are each invariant under equivalence, i.e., if two
systems are equivalent, then they must belong to the same class.

Theorem 2.15. Suppose (g*,H), H(p) = Q(p) is a Hamilton-Poisson system on a three-
dimensional Lie-Poisson space (and suppose Q is positive semidefinite).

1. If (g*, H) is ruled, then it is equivalent to exactly one of the systems

R(1) : ((g21 @ g1)%,p3)
R(2) : ((g3.3)%, p3) R(3) : ((g3.3)%, p5 + p3)
R(4) : ((83.4), (p1 +p2)?) R(5) : ((g5.5)%,13)-

2. If (g, H) is planar, then it is equivalent to exactly one of the systems

P(1) : (921 @ g1)*, p} + p3) P(2) : (921 @ g1)%, p3 + (1 + p3)?)
P(3) : ((g32)*,p3)
P(4) : ((g33)%, 7 +13) P(5) : ((g3.3)=, pT + p3 + p3)
P(6) : ((gg ) 7p3) P(7) : ((854)~ 7p3)
P(8) : ((g35)%,3) P(9) : ((855)%,13)
P(10) : ((g3.6)", (p2 + p3)?).

3. If (g%, H) is non-planar, then it is equivalent to exactly one of the systems

Np(1) : ((g3.2), pi + p3) Np(2) : ((g3.2)*,8p7 +p3 + p3)
Np(3) : ((85.4)%, (p1 +p2)* + p3) Np(4) : ((a50)%, (01 + p2)® +p3)
Np(5) : ((5.4), (p1 — p2)® + p3) Np(6) : ((854)", BPT + 15 + 13)
Np(7) : ((85,5)%, 15 + p3) Np(8) : ((855), BT + p3 + p3).

Here a >0, 0< 3 <1, and 0 > 0 parametrize families of class representatives, each different
value corresponding to a distinct non-equivalent representative. (For (g5 ,)%r, we have o # 1.)

The associated Hamiltonian vector fields (and their equilibrium states) are tabulated in ap-
pendix B.1 (Tables B.1, B.2, B.3, and B.4).

X

Proof. By the preceding propositions, we have that the system (g*, H) is indeed equivalent
to one of the given normal forms. Some computationally taxing calculations show that no two
normal forms are equivalent. Indeed, for the majority of pairs this has already been established
in the foregoing propositions. (Some further invariants distinguishing between the normal forms
will be discussed below.)
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It is not difficult to establish the class of the system (ruled, planar or non-planar) by
investigating the Hamiltonian and Casimir function, as any integral curve must evolve on the
intersection of some level sets of the Hamiltonian and Casimir. Moreover, in many cases simple
inspection of the equations of motion shows that a system is ruled or planar (as the evolution
along certain coordinates is constant). Nonetheless, we can determine the class of a system
(g%, H) as follows. In coordinates p = (p1,p2, p3) we can interpret an integral curve of H as
a space curve and hence calculate its curvature and torsion. We have that the system is ruled
if and only if every integral curve has zero curvature; the system is planar if and only if there
exists integral curves with nonzero curvature and every integral curve with nonzero curvature
has zero torsion; the non-planar system are those for which there exist integral curves having
nonzero curvature and nonzero torsion. Although the curvature and torsion are dependent
on the choice of coordinates (i.e., choice of induced inner product), their being zero does not
depend on the choice of coordinates. We give details for P(10) as a typical case. Suppose p(-)
is an integral curve of the system P(10), i.e., p = (2(p2 +p3)%, —p1(p2 +p3), 2p1(p2 +p3)). Then
we have

7= (4(p2 + p3)(P2 + P3), —2P1(p2 + p3) — 2p1(P2 + P3), 2p1(p2 + p3) + 2p1 (P2 + P3))
= (0, —4(pa + p3)®, 4(p2 + p3)®).

Consequently, x = 1PXEl V2y/ (P2 tp)t® == 7 0 and so P(10) is not ruled. However,
7] ((p2+p3)? (2P +(p2+p3)?))
P(t) =(0,0,0) and so p(-) has zero torsion; therefore P(10) is planar. O]

Remark 2.16. In [120] it was shown that a number of quadratic Hamilton-Poisson systems
are equivalent to the free rigid body dynamics

P1 = (A3 — A2)papa
P1 = (A1 — A3)paps Al, A2, Az € R,
1= (A2 — A1)paps

The above system may be realised as ((ga.7)", A\1p3 +A2p3+A3p2); we may assume Aj, Ag, Az > 0
by adding a multiple of the Casimir. Note however, that by the above theorem, any (non-trivial)
system ((g3.7)*, A\ip? + A2p3 + Asp2) is equivalent to P(8) or Np(7).

Remark 2.17. We remark on some interesting features inferred from the above theorem and
preceding propositions.

e Any system on (gs1)* or (gsr): is equivalent to one on (g3 :)*.

e Any system on (g3.1)*, (g2.1®g1)* or (gss)* isa planar (or ruled) one. (This is follows
immediately from the fact that the coadjoint orbits for each of these spaces are contained
in planes.)

e Every system on (gs1)*, (a8,)%, (g95)%, or (gs7)* may be realized on more than

one Lie-Poisson space. (For (gss)*, the only exceptions are those systems equivalent to
P(10).)
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Remark 2.18. It will be shown in the next chapter that the Hamilton-Poisson system associ-
ated to any invariant sub-Riemannian structure on a three-dimensional Lie group is equivalent
to P(2), P(8), Np(2)5—0, Np(6)s—0, Np(7), or Np(8). In particular, for structures on unimod-
ular groups, the associated Hamilton-Poisson system is equivalent to P (8) or Np (7).

Remark 2.19. It turns out that among those spaces that admit global Casimir functions (i.e.,
(g21®o1)*, (g3.0)%, (@)%, (65:)%, (93.6)*, and (gs.7)*) explicit expressions for the integral
curves can be obtained in terms of elementary or Jacobi elliptic functions. Indeed, the integral
curves of R(1), R(4), R(5), P(1), P(2), P(6), P(8), P(10) and Np(3) can be found in terms
of elementary functions, whereas the integral curves of Np(7) can be found in terms of Jacobi
elliptic functions (cf. [7-9)).

We note that the set of equilibrium points for each of the normal forms is the finite union
of some lines and planes (see Table B.4). Accordingly, as the set of equilibria of equivalent
systems are related by a linear isomorphism, the same property holds true for all homogeneous
systems on three-dimensional Lie-Poisson spaces. Suppose the set of equilibrium points for a
system is the union of i lines and j planes. We refer to the pair of numbers (i,7) as the
equilibrium index of a system.

Proposition 2.20. If two systems are equivalent, they have the same equilibrium indez.

Often the equilibrium index of a system, together with its class (i.e., ruled, planar, or non-
planar), is enough to determine the normal form of a system on a given Lie-Poisson space.
Accordingly, this gives us a taxonomy of systems for each Lie-Poisson space, see Appendix B.1.






Chapter 3

Sub-Riemannian structures on
three-dimensional Lie groups

The classification of sub-Riemannian structures (up to local isometry) in three dimensions
has been considered by a number of authors. In particular, Strichartz [112] classified the
symmetric sub-Riemannian structures, Falbel and Gorodski [56] classified the homogeneous
sub-Riemannian structures, and Agrachev and Barilari [10] classified the left-invariant sub-
Riemannian structures.

For some classes of structures, it is known that the isometries and £-isometries are closely
related. More precisely, for invariant nilpotent Riemannian manifolds and sub-Riemannian
Carnot groups, it is known that any isometry is the composition of a left translation and a Lie
group isomorphism (see Theorems 1.43 and 1.45).

In this chapter, we aim to explore the relation between isometries and £-isometries for
invariant sub-Riemannian structures in three dimensions; the results of Agrachev and Barilari
[10] are used in our comparison. We shall carry out the following program for each simply
connected three-dimensional Lie group G:

1. We classify the sub-Riemannian structures on G up to £-isometry and rescaling (i.e.,
LiSR-isomorphism). A list of normal forms (G, D;, g%) is exhibited; for each solvable
group it turns out there is only one structure. A similar classification is stated, but not
proved, in [123, p. 52].

2. We calculate the associate group of £-isometries (for each normal form).

3. We determine the normal form of the associated quadratic Hamilton-Poisson system
(G, Ds, g") (see Corollary 1.40 and Theorem 2.15).

4. To every (invariant) sub-Riemannian structure in three-dimensions, one can associate a
contact structure which is preserved (up to a change of sign) by isometries (cf. [10]).

(a) We calculate the Reeb vector field associated to this structure and hence determine
the scalar invariants (x, x) for the structure as given in [10]. (As a typical case,

accompaning Mathematica code for these calculations is given in the case of SE (2)
in Appendix C.2.)

61
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(b) By promoting the associated Reeb vector field to an orthogonal complement of
the distribution, one obtains a Riemannian structure; the isometries of the sub-
Riemannian structure are a subgroup of isometries of this Riemannian structure.
By exploiting this property, we determine the subgroup of linearized isotropies of
the identity, which amounts to describing the full isometry group. (As a typical case,
accompaning Mathematica code for these calculations is given in the case of Gz in
Appendix C.3.)

After carrying out this program, we find (by comparing our results to those of [10]) that two
invariant structures on the same Lie group are isometric if and only if they are £-isometric.
Moreover, it turns out that most isometries are in fact the composition of a left translation
and a £-isometry (by virtue of Theorem 1.45, this was already known for isometries between
structures on the Heisenberg group.)

The Abelian group R? and the group Gss admit no invariant bracket generating distribu-
tions (cf. [35]); hence, these cases are ruled out from the start. For the classification of three-
dimensional Lie groups and the corresponding automorphism groups, refer to Appendix A. We
note that since the same program is carried out for each three-dimensional Lie group, some of
the details are somewhat repetitive. A list of normal forms (up to £-isometry and rescaling)
of invariant structures, the corresponding linearized isotropy subgroups, and the correspond-
ing normal forms of the associated Hamilton-Poisson systems, are exhibited in Appendix B.2,
Tables B.8 and B.9.

3.1 Preliminaries

3.1.1 Elements of invariant Riemannian geometry

Let (G,g) be a left-invariant Riemannian structure and let V denote the associated Rieman-
nian (or Levi-Civita) connection. For left-invariant vector fields Y, Z, and W, we have (|91])

Accordingly, if (X1, X3, X3) is a left-invariant orthonormal frame for (G, g), then
VyZ = g(VYZ, Xl)Xl + g(VYZ, X2)X2 + g(VYZ, X3)X3.

The curvature tensor R for (G,g) is given by Ry z = Vivz1—VyVz +VzVy for vector fields
Y, Z; its covariant derivative VR is given by

VR(Y, Z1,Z2,7Z3) =y R(Z1, Za, Z3)— R(Ny Z1, Za, Z3)— R(Z1,Vy Z2, Z3) — R(Z1, Z2,Vy Z3)

for vector fields Y, Z;, Zs, Z3.
Isometries are compatible with the Riemannian connection. That is, if ¢ : (G,g) — (G, g)
is an isometry, then

(25*VYZ — V@Y@Z
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for vector fields Y and Z (see, e.g., [100]). Accordingly, ¢, R(Y,Z, W) = R(¢.Y, psZ, W)
and ¢ VR(Y, Z1, Zo, Z3) = VR(O.Y, 0sZ1, 0 Zo, 95 Z3) for any isometry ¢. In particular, if
¢(1) = 1, then

Tigp- R(Y (1), Z(1),W(1)) = R(Th¢ - Y (1), T1¢ - Z(1),T1¢ - W(1)) (3.1)
and

T1<l5 ! VR(Y(]-)v Zl(l)v Z2(1)7 Z3(1))
=VR(T1¢-Y(1),T1¢g - Z1(1),T1¢ - Z2(1),T1¢ - Z3(1)) (3.2)

The above two conditions turn out to often fully determine the linearization of the isometries
fixing identity of a invariant Riemannian structure in three dimensions. As isometries are
uniquely determined by there tangent maps at a single point (see, e.g., [100]), this amounts to
determining the subgroup of isometries fixing the identity.

3.1.2 Contact structure

Let (Y1,Y2) be an orthonormal frame for an invariant sub-Riemannian structure (G,D,g).
There exists a unique contact one form w on G such that ([10])

kerw = D = span(Y7y, Y2) and dw(Y1,Y2) = 1. (3.3)

(A one form w on a three-dimensional group G is contact if dw Aw is a non-vanishing volume
form.) Moreover, any other choice of orthonormal frame (Y7,Y3) yields the same one form, up
to a change of sign. We claim that pull back of w by any isometry is +w.

Lemma 3.1. If ¢ : (G, D,g) — (G,D,g) is an isometry, then ¢*w = t+w.

Proof. Let ¢ : (G,D,g) — (G, D,g) be an isometry, let (Y71,Y2) be an orthonormal frame for
(G,D,g), and let w be the contact one form given by (3.3) with respect to the orthonormal
frame (¢.Y1,¢:Y2) for (G,D,g). Further, let W' = ¢*w, ie., wy (X(9),Y(9)) = weg)(Ty¢ -
X(g),T4¢ - Y(g)). We have that w'(V;) = ¢*w(Vi) = w(¢«Yi) = 0 and iy, dw’ = iy,¢*dw =
ip,v;dw = 0 for ¢ =1,2. Hence w’ is the contact one form given by (3.3) with respect to the
orthonormal frame (Y7, Y2). Consequently, as any choice of orthonormal frame (Y7, Y2) yields

the same contact one form up to a change of sign, we have w’ = +w. O

The Reeb vector field associated to the contact one form w is the unique vector field Yy
such that w(Yp) = 1 and iy, dw = 0. Note that the Reeb vector field is uniquely determined
for a structure (G,D,g), up to a change of sign (as w is the same, up to a change in sign,
for any orthonormal frame). The Reeb vector field is likewise preserved by isometries (up to a
change in sign).

Lemma 3.2. If ¢:(G,D,g) — (G, D, g) is an isometry, then ¢,Yy = £Yp.

Proof. By Lemma 3.1, we have iy, y,dw = iy,¢*dw = Fiy,dw = 0 and w(p,Yy) = ¢*w(Yy) =
+w(Yy) = £1. Thus either ¢,Yy or —¢,Yp is identical to Y. O
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Remark 3.3. As left translations are (orientation preserving) isometries for any invariant
sub-Riemannian structure, it follows that the Reeb vector field is left invariant.

We note that rescaling the metric g by a constant A > 0 rescales the associated Reeb
vector field by %

Lemma 3.4. If Yy is the Reeb vector field for (G, D, g) with respect to an orthonormal frame
(Y1,Y2), then %YO is the Reeb vector field for (G, D, \g) with respect to the orthonormal frame

(V*}quﬁ’ )

Proof. Let w be the contact one form for (G,D,g) with respect to (Y1,Y2). We have that
dw(\le, VAL Y,) = 1 and so the contact one form for (G, D, Ag) with respect to (%Yh \%\Yg)

is Aw. Consequently, (Aw)(Yp) = A and so 1Yj is the Reeb vector field for (G, D, \g) with
respect to (le,f 2). O

We find it convenient to calculate the contact one form and Reeb vector field in three-
dimensional Cartesian space. Let m : R* — G, = = (x1,22,23) — m(xy, 22, 23) be a
parametrization of G. For the simply connected solvable Lie groups, m can be taken to
be a diffeomorphism (see Appendix A.2). However, for our purposes a diffeomorphism between
some neighbourhoods of 0 € R* and 1 € G is sufficient.

The pull back of a left-invariant vector field A*, A¥(1) = A € g can be explicitly calculated
by m*A¥(x) = Tm™' - A¥(m(z)) = Tm~' - m(z) A. We shall denote by (X1, Xo, X3) the
pull back m*EF of the (Maurer-Cartan) frame (EL, EX EL) of left-invariant vector fields
corresponding to the given basis (Fy, Es, F3) for g. We shall denote by (v1,15,v3) the (left-
invariant) coframe dual to (X, Xo, X3).

Note. We make use of the “Differential Forms” Mathematica package (Version 3.1, February
2007) by Frank Zizza for the exterior algebra of differential forms in n-dimensional Cartesian
space (http://library.wolfram.com/infocenter/MathSource/482/).

3.1.3 Isometries and characteristic expansion

We define the characteristic Riemannian expansion (G,g) of a sub-Riemannian structure
(G,D,g) as the structure obtained by promoting the Reeb vector field to an orthogonal com-
plement of the distribution. That is, if (Y7,Y2) is an orthonormal frame for (G, D, g), then
its characteristic Riemannian expansion is the Riemannian structure admitting orthonormal
frames (+Yp,Y1,Y2). Note that (G,g) does not depend on the choice of orthonormal frame
(Y1,Y2). We show that the isometries of (G, D, g) are exactly those isometries of (G,g) pre-
serving D.

Proposition 3.5. Let (G,g) be the characteristic Riemannian expansion of a sub-Riemannian
structure (G, D,g). A diffeomorphism ¢ : G — G is an isometry of (G, D, g) if and only if it
is an isometry of (G,g) such that ¢.D =D.

Proof. Suppose ¢ is an isometry of a sub-Riemannian structure (G,D,g) with orthonormal
frame (Y7,Y2). We have that (¢.Y7,¢.Y2) is an orthonormal frame for (G,D,g) and so
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(£Y0, ¢4 Y1, 0 Y2) is an orthonormal frame for (G, g). That is, ¢ pushes forward the orthonor-
mal frame (Y, Y1,Y2) of (G,g) to an orthonormal frame (+Yp, ¢.Y7,0.Y2) of (G,g). Thus
¢ is an isometry of (G,g) such that ¢,D = D.

Conversely, suppose ¢ is an isometry of (G,g) such that ¢, D = D. Let (Y7,Y2) be an
orthonormal frame for (G, D, g) and (Yo, Y1, Y2) be an orthonormal frame for (G, g). We have
that (¢«Y0, 0« Y1, 04 Y2) is an orthonormal frame for (G, g). Moreover, as ¢.D = D, we have
that (¢.Y1, ¢«Y2) is an orthonormal frame for D with respect to g (as g\D = g). Hence ¢ is
an isometry of (G,D,g). O

We shall denote the group of isometries of a structure (G,D,g) by Iso(G,D,g). The
subgroup of isotropies fixing an element ¢ € G will be denoted by lso4(G,D,g). By left-
invariance, we have that lso(G, D, g) is generated by the left translations Ly : h+— gh, g € G
and the isotropy subgroup of identity. Indeed, any isometry ¢ € Iso(G, D, g) can be written
as ¢ = Ly(1) o ¢', where ¢ € 1s01(G.D, g). Moreover, any isotropy subgroup lIsoy(G, D, g) is
conjugate to Iso1(G, D, g); indeed lIsoy(G, D, g) = Ly 0lso1(G,D,g) o Ly-1.

As any isometry of (G, D,g) is an isometry of its characteristic Riemannian expansion, it
is uniquely determined by its tangent map at a point. Accordingly, we shall denote by

dlso1(G, D, g) = {T1¢ : ¢ €ls01(G, D, g)}

the corresponding linearized isotropy group. Any element T3¢ € dlso1(G, D,g) must satisfy
(3.1) and (3.2) for the characteristic Riemannian expansions of (G, D, g); we shall use this
fact in determining dlso1(G, D, g) for each invariant sub-Riemannian structure (on a three-
dimensional Lie group).

On the other hand, we denote the group of £L-isometries of a structure (G,D,g) by
£-lso(G, D, g). We have that £-lso(G,D,g) = Iso(G,D,g) N Aut(G) and that £-1so(G,D,g)
is a subgroup of lso01(G,D,g). We denote by d£-Iso(G,D,g) the subgroup of linearized £-
isometries, i.e.,

d £-1so(G, D, g) = {T1¢ : ¢ € L£-1so(G, D, g)}
={¢ e dAut(G) : ¥ -D(1) =D(1), ¥'g1 = g1} -

We shall show that for almost all structures in three dimensions d £-Iso(G, D, g) = dlso(G, D, g).

3.1.4 Classification and scalar invariants

We restate here adaptations of the classification results for invariant sub-Riemannian structures
in three dimensions obtained in [10], specialized to our purposes.

Let (Y1, Y2) be a left-invariant orthonormal frame for a sub-Riemannian structure (G, D, g)
and let Yy be the associated (left-invariant) Reeb vector field as specified in Section 3.1.2. The
Lie algebra of the vector fields Yy, Y7, Y2 then takes the form

(Y1, Yo] = ¢, Y1 + 5, Yo
[Y2, Yo] = cgoY1 + Y2
[Y2,Y1] = ¢},Y1 + ¢}, Y2 + Yo.
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k

In terms of the structure constants ¢;;, we have the following scalar invariants

1 1 232 Al 2
X = 2\/(002 + cg1)? — 4cg1¢hy
K

—(efp)® — (c1)* + %(0(2)1 — ¢hy)-

The constants xy and & are scalar invariants in the following sense.
Theorem 3.6 ([10]). If (G,D,g) and (G',D',g') are isometric, then x = x' and k=K'

The invariants x and x are homogeneous (with degree two) with respect to a dilation of
the orthonormal frame (Y7, Y3). In other words, if (G, D, g) has scalar invariants (x, k), then
(G,D,+5g), A > 0 has scalar invariants (A%*s, A%x). Hence by rescaling the metric, we may
assume that either

x=rk=0 or Y +ri=1

For a given structure, the scalar invariants (satisfying the above equation) for a suitably rescaled
structure will be referred to as the normalized scalar invariants.
In terms of the scalar invariants y and k, we have the following classification result.

Theorem 3.7 ([10]). Let (G, D, g) and (G',D',g') be two left-invariant sub-Riemannian struc-
tures with matching scalar invariants x ond k.

1. If x =k =0, then (G,D,g) is locally isometric to the Heisenberg group.

2.If x 20 or x =0 and s > 0, then (G,D,g) and (G, D', g") are locally isometric if
and only if their Lie algebras are isomorphic.

2. If x =0, k =—1, and G is simply connected, then (G,D,g) is isometric to A = SL (2)
with elliptic type Killing melric.

In Figure 3.1 we graph the normalized scalar invariants y and & for the respective normal
forms of sub-Riemannian structures (obtained in the next two sections).

3.1.5 Metric subspaces

For invariant sub-Riemannian structures on a simply connected Lie group G, the classifica-
tion up to £-isometry and rescaling of the metric can be accomplished by classifying metric
subspaces of the associated Lie algebra up to Lie algebra isomorphism (and dilation of the
metric).

We say that a pair (I', i) is a metric subspace of a Lie algebra g if I' is a full-rank subspace
of g and p is an inner product on T'. Two metric subspaces (I', ) and (IV, ') are said to
be equivalent if there exists a Lie algebra automorphism ¢ € Aut(g) such that ¢ - T =T’
and ru(A,B) = /(v - A,¢p - B) for A,B € T and some r > 0. We will likewise say that
two full-rank subspaces T' and I are equivalent if there exists a Lie algebra automorphism
¥ € Aut(g) such that v - T'=T".
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Lemma 3.8. The sub-Riemannian structures (G,D,g) and (G, D', g') on a simply connected
Lie group G are LiSR-isomorphic (i.e., L£-isometric up to rescaling) if and only if the associ-
/

ated metric subspaces (D(1),g1) and (D'(1),g)) of g are equivalent.

Proof. This follows immediately from Lemma 1.31 (as for any LiSR-isomorphism ¢ we have
ker ¢ = {0}). [l

We shall denote by Autr(g) the subgroup of Lie algebra automorphisms preserving T’ i.e.,
Autr(g) = {¢ € Aut(I') : v -I' = I'}. We denote by Aut(g)‘F the restriction to I' of the
subgroup of automorphisms preserving I, i.e,

Aut(g)|, — {w € GL(I') : 39 € Autr(g), ¥, — w}.

Accordingly, the classification of the metric subspaces of a Lie algebra can be accomplished by
first classifying the full-rank subspaces up to isomorphism, then calculating the transformations
Aut(g)‘F preserving a given a normal form I', and then reducing the inner products on I' by
these transformations.

We note that each automorphism is identified with its matrix (with respect to the standard
basis as given in Appendix A). Moreover, given a subspace I' = (41, A2) implicitly with basis
(Aq, As), each linear transformation ¢ € Aut(g) ‘F and each quadratic form on I' will also be
identified with its matrix.

3.2 Structures on solvable groups

We consider first those structures on solvable Lie groups. Table B.9 in Appendix B.2 contains a
summary (listing the normal forms of sub-Riemannian structures, the corresponding linearized
isotropy subgroups, and the corresponding normal forms of the associated Hamilton-Poisson
systems).

3.2.1 Type go1 © g

The nonzero commutators of go1 @ g1 are [Ey, Fa] = FEy; the corresponding simply connected
Lie group Aff (R)o x R is diffeomorphic to R3.

Proposition 3.9. Any sub-Riemannian structure on Aff(R)o xR is £-isometric up to rescaling
to the structure (Aff(R)o x R, D,g) given by D(1) = (Ey + Es, E») and g1 = diag(1, 1), i.e.,
with orthonormal frame (EY + EL, EL).

1. The group of linearized L£-isomelries is given by

d £-1so(Aff(R)g x R, D, g) = o ==l

o O 9
o = o
qQ © o

2. The associated Hamiltonian system on (ga.1g1)* is given by H(p) = 3((p1 + p3)?+p3)

and is L-equivalent to P(2).
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3. The Reeb vector field corresponding to (Aff(R)o xR, D,g) is £E¥. The normalized scalar
invariants are given by x =0 and x = —1.
4. The subgroup of linearized isolropies is given by

ocosb —osing 0
dlso1 (Aff(R)o x R, D, g) = sin ¢ cos 0| :0eR, 0==1,>20(2)
—0 +ocosf —osinf o

Proof. 1t is a simple matter to show that any full-rank subspace of g2.1 € g1 is equivalent to
the full-rank subspace I' = (F; + F3, E») ([36]). The subgroup of automorphisms preserving
I' is given by

x
Autr(gz.1 @ g1) =< |0 cx,yeR, 240

The restriction to I' of the subgroup of automorphisms preserving I is

Aut(ga.1 & g1)| {B ﬂ cx,y €R, :E;é()}.

b
Let p = {al “ } be positive definite quadratic form on I' (here the matrix for g is written
2

b
with respect to the basis (1 + Fs, Fs) for I'). We have that
v/ aiags—b? _ b
Y = ay a1 | € Aut(ga1 @gl)‘r

0

and povy = YTy = (ag — %)diag(l, 1). Therefore any metric subspace of go1 @ g1 is
equivalent to the one associated with (D, g). Consequently, by Lemma 3.8, the result follows.

(1 and 2). The group of linearized £-isometries d £-lso(Aff(R)g x R) consists of those
automorphisms

v € Autr(gon @ gr) =

o o8

y 0
1 0| tzyyeR, z#0
Yy x

satisfying g1(A,B) = g1(¢ - A, - B) for A, B € D(1), ie., 1/1‘17(1) € O0(2). Thus an
automorphism v € Autr(ge1 @ g1) is an element of d £-Iso(Aff(R)y x R) if and only if

vy 1+ y? 01
((921 ® g1)%, $((p1 + p3)® + p3)); it is a simple matter to see that this system is L-equivalent
to P(2) (see Proposition 1.25, item 2).
(3). The pull back (X7, X2, X3) of the frame (Ef, E¥ E¥) to R? and its corresponding
dual frame is given by

2 1
{x ry } = { 0 , i.e., # = £1 and y = 0. The associated Hamiltonian system is

X1 =e 720, vy = e day
X2 = (912 Vy = d£E2
Xg = (913. Vs = CliEg.
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Let Y1 = M X1+ X3) = Ae ™20, + A0y, and Yo = AXy = AJ,,; we have that (Y7,Y3) is an
orthonormal frame for (Aff (R) xR, D, /\—12 g) (or rather, of the pull back by the parametrisation
m : R® — Aff(R)y x R of this structure). The (left-invariant) contact one-form w can be
expressed as w = a1 + ass + asvsz for some aq,as,a3 € R. The condition Y7, Ys € kerw

implies a2 = 0 and a3 = —aj. The exterior derivative dw = —aje™ dr; A dry and so
dw(Y1,Y2) = —aiA®. Thus we have w — —%;1/1 + %;1/2 = _le e*2 dyy + TlgdiEg and dw =
/\1—21/1 Ay = e/\i;d:vl A dxy. The (left-invariant) Reeb vector field Y, can be expressed as
Yo = a1 X1 +a2Xe + a3 X3 for some ay,as,a3 € R. We have iy,dw = —i—% e”? dxq + i—% dxo and

so a; = ap = 0, i.e,, Yo = azX3. Hence, as w(Yp) = 3, we have Yy = A2X5. Therefore the
Reeb vector field corresponding to (Aff(R)g x R, D, g) is E¥ (with respect to the orientation
defined by the frame (Ef + E¥, EX)). Accordingly, we have

[Y1,Yo] = 0Y1 + 0Y3
[Y2, Yo] = 07 + 0Y3
[Y2, V1] = —AY1 4+ 0Y2 + Yo

and so x = 0 and kK = —\2. For A = 1 we obtain normalized scalar invariants Y = 0 and
k= —1.

(4). The Riemannian characteristic expansion (Aff(R)o xR, g) of (Aff(R)o xR, D,g) has
orthonormal frame (Ef + EY, EX EL). Consequently, we have

2 0 —1
g1=|0 1 0
10 1

with respect to the basis (Fi, Fa, F3). Suppose ¥ € dlsoi (Aff(R)p x R,D,g) and let ¢ €
Iso1 (Aff(R)p x R, D, g) be the unique isometry such that T3¢ =1. As ¥ preserves D(1) and
g1, it follows that
ogrcosf) —oysinf 0
Y= | sinf cosd 0
0 0 g9

with respect to the basis (£ + Fs, Ey, E3) for some 6 € R and 01,09 € {—1,1}; equivalently,

o1 cosb —oysinfé 0
ES sin @ cosd 0
—09 +o1c086 —o1sinf oy

with respect to the basis (E7, F, F3). Furthermore, as ¢ is an isometry of (Aff(R)y x R, g)
(Proposition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). It turns out that @ preserves R, but from preservation
of VR we get

’(/J : VR(E27 E27 E37 El) — VR(’(/J . E27’¢J . E27’(/J . E37’¢J . El)
—0o18in0F] + cos0F; — o1sinf k3 — —oosin @l + o109 cos 0y — oo sin 0 Fs.
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Hence o1 = 05 and so it follows that any ¥ € dlso1 (Aff(R)y x R, D, g) is an element of the
group
o cosf —osinf 0
H= sin cos) 0| :0eR, o0==21,>20(2).
—0+ocosl —osind o

The sub-Riemannian structure (Aff(R)o x R,D,g) turns out to be isometric to the struc-
ture (A, Dy, gh®), a = 1 (see Proposition 3.16) as both have normalized scalar invariants
(x, k) = (0,—1) (see Theorem 3.7). Accordingly the linearized isotropy groups d Isos (Aff(R)g x
R,D,g) and cllsol(A,Dl,gl’o‘)7 o = 1 are isomorphic. Moreover, it will be shown that
dlsoy (A, Dy, gh!) =~ O(2) (Proposition 3.16). It follows that dlsoy (Aff(R)g x R, D, g) is a sub-
group of H 22 O(2) which is isomorphic to O(2). Consequently, dlso1(Aff(R)o x R,D,g) = H
(as the only subgroup O (2) isomorphic to O (2) is O(2) itself). O

Note. A description of the isometry between the isometric structures on Aff (R)p x R and
A =SL(2,R) can be found in [10].

3.2.2 Type ds.1

The Heisenberg Lie algebra gs.; has nonzero commutators [Fs, 3] = Fyp; the corresponding
simply connected Lie group Hz is diffeomorphic to R3.

Proposition 3.10 (c¢f. Theorems 4.6 and 4.8; also Proposition 1.57). Any sub-Riemannian
structure on Hs is L£-isometric to the structure (Hs,D,g) given by D(1) = (Fa, E3) and
g1 = diag(1,1), i.e., with orthonormal frame (E¥ EL).

1. The group of linearized L£-isomelries is given by

detg 0 0
d £-Iso(Hs, D, g) = 0 g g€ 0(2)
0

2. The associated Hamiltonian system on (h3)* is given by H(p) = (p3 + p3) and is
L-equivalent to P(8).

3. The Reeb vector field corresponding to (Hz,D,g) is £Ef. The normalized scalar invari-
ants are given by x =0 and k = 0.

4. The subgroup of linearized isotropies dlsoy(Hs, D,g) is identical to d £-lso(Hs, D, g).

Proof. Any full-rank subspace " C b3 is the image under some automorphisms of the full-rank
subspace 1" = (Fs, E3) (|35]). The subgroup of automorphisms preserving I' is given by

wy—vz 0 0
Autr(hs) = 0 y vl cyzv,weR wy—vz#£0
0 Z W

The restriction to I' of the subgroup of automorphisms preserving I' is Aut(f)g)‘F = GL ().
Hence, for any positive definite quadratic form g on T' there exists ¢ € Aut(hs) such that
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T pup = diag(1,1) (note that there is no need to rescale the quadratic form). Therefore any
metric subspace is equivalent to the one associated with (D, g). Consequently, by Lemma 3.8
the result follows.

(1 and 2). A direct computation yields the subgroup of linearized £-isometries and the
associated Hamiltonian system; by Proposition 2.14 we have that ((h3)*, H) is L-equivalent
to P(8).

(3). The pull back (X1, X2, X3) of the frame (EY, E¥ EL) to R? and its corresponding
dual frame is given by

X1 = 811 Vv = d£E1 — X2 d£E3
Xo = (912 vy = dxa
X3 = $2(9$1 + (913. v3 — dxs.

Let Y1 = AXy = A0y, and Yy = AX3 = A(220,, + Oys). The contact one-form w is given by
W = —/\—121/1 = —/\%(dwl — xodrs) and has exterior derivative dw = /\—12 Vo A s = /\% das A drs.
Accordingly the corresponding Reeb vector field is Yy = —A2X| = —\20,,. Hence we get

[Y1,Y0] = 0Y7 4+ 0Y>
Y2, Yo] = 0Y7 4+ 0Y>
[Y2, V1] = 0Y; + 0Ys + Y

and so x =0 and s = 0.
(4). The structure (Hs,D,g) is a sub-Riemannian Carnot group and so the result follows
by Theorem 1.45; see also Theorem 4.8. O

3.2.3 Type ds.2

The nonzero commutators of gso are [Fsy, 3| = Ey— Fy and [Es, Fq] = Ey; the corresponding
simply connected Lie group is diffeomorphic to R2.

Proposition 3.11. Any sub-Riemannian structure on the group Gso is L-isometric up to
rescaling to the structure (Gsz2,D,g) given by D(1) = (Fa, E3) and g1 = diag(1,1), i.e., with
orthonormal frame (EY, EL).

1. The group of linearized L£-isomelries is given by
c 0 0
d £-1s0(G3.2,D,g) = 0 ¢ 0] : 0 =41
0 0 1

2. The associated Hamiltonian system on (gs2)* is given by H(p) = 3(p3 + p3) and is
L-equivalent to Np(2)s—o.
3. The Reeb vector field corresponding to (Gsz,D,g) is +(Ef +EL). The normalized scalar

invarionts are given by y = 5—\1/5 and Kk =

—:5
4. The subgroup of linearized isotropies dlso1(Gs.2, D, g) is identical to d £-1so(Gs2, D, g).
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Proof. Any full-rank subspace of gso is the image under some automorphism of the full-rank
subspace 1" = (Fs, E3) ([35]). The subgroup of automorphisms preserving I' is given by

u 0 0
Autr(gss) = 0 u z| tu,zeR, u#£0
0 0 1

The restriction to I' of the subgroup of automorphisms preserving I is

u

Aut(gg‘g)‘r{{o ﬂ :u,zeR,u#O}.

As in the proof of Proposition 3.9, it then follows that any metric subspace of go1 @ g1 is
equivalent to the one associated with (D, g). Consequently, by Lemma 3.8, the result follows.
(1 and 2). A direct computation yields the subgroup of linearized £-isometries and the
associated Hamiltonian system; ((g2.1 @ g1)", H) is L-equivalent to Np(2)s;—¢ (see Proposi-
tion 1.25, item 2).
(3). The pull back (X1, X2, X3) of the frame (E¥, ¥, EF) to R? and its corresponding
dual frame is given by

X1 =¢e" 0y, v —e 3 duy + x3e”™™ ds

Xo = —w3€" 0y, + %20, Vo = e 3 day

X3 = (913 Vg — Cleg.
Let Y1 = AXy = AM(—a3€™ 0y, + €% 0,,) and Yy = AX3 = AJ,,. The contact one-form
w is given by w = —>\—121/1 = —/\—12(e_1"3 drqy + x3e7 8 drg) and has exterior derivative dw =
Tl;yg Avs + %;1/3 AVl = _le e 3 dory Adrs — le(:vg — 1)e ™28 dxy A dxs. Accordingly the

corresponding Reeb vector field is Yy = —A\2(X; + X3) = A3(x3 — 1) €™ 9,, — A\? €2 9,,. Hence
we get

[Y1, Y] = 0Y; + 0Y5

Y2, Yol = =A?Y1 + 0V,

Yo, Y1] = 2AY1 +0Y2 + Y

and so xy = %)\2 and x = —%)\2. For A = \/? we obtain normalized scalar invariants

X== and K = ——~
52 5v2°
(4). Accompanying Mathematica code is given in Appendix C.3. The Riemannian char-

acteristic expansion (Gsa,8) of (Gsa,D,g) has orthonormal frame (E¥, EL, Ef + EF). Con-
sequently, we have

2 -1 0
g1=|-1 1 0
0 0 1

with respect to the basis (E1, E2, F3). Suppose ¥ € dlso1(Gs.2, D, g) and let ¢ € Iso1(Gs2, D, g)
be the unique isometry such that Ti¢ = 1. As ¢ preserves D(1) and g, it follows that

ogrcos —oysinf 0
Y= | sinf cosf 0
0 0 g9
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with respect to the basis (FEq, Fs, By + E3) for some 6 € R and 01,09 € {—1, 1}; equivalently,

g9 0 0
Y= oy — 010080 oc1co88 —opsinf
—sinf sin @ cos 0

with respect to the basis (F1, Ey, F3). Furthermore, as ¢ is an isometry of (Gsz,g) (Propo-
sition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). Hence,

Y- R(Ey, B, B3) = R(Y - By, - By, - Es)
0=o09 sin(20)E2 + 20105 sin 92E3

and so sinf = 0. Similarly,

V- R(Es, iy, EBs) = R(Y - B3, - Ea, ¢ - E3)
—209F1 — 2(02 + 201 cos 0) Fy — 4sin0F5 = —201 cos 0 — 601 cos 0Fy — 4sin0Fs

and so cosf = g102. Consequently we have that i = diag(o2, 02, 0102). Hence

Y- VR(EL, By, B3, 1) = VR(Y - By, - Ea, - B3, v - By)
—402E1 — 802E2 = —401E1 — 801E2
which implies that o1 = 02 and so ¥ = diag(o2,02,1). Thus ¥ € d £-lso(Gs2,D,g) and
therefore dlso1(Gs2,D,g) = d £-lso(Gs32,D, g). O

3.2.4 Type g%,

The semi-Euclidean Lie algebra g, has nonzero commutators [Fs, Es] = Ey and [Es, Fy| =
— Fj; the corresponding simply connected Lie group SE (1,1) is diffeomorphic to R?.

Proposition 3.12 (cf. [25]). Any sub-Riemannian structure on SE (1,1) is L-isometric up to
rescaling to the structure (SE(1,1),D,g) given by D(1) = (Fa, E3) and g1 = diag(1,1), i.e.,
with orthonormal frame (EY, EX).

1. The group of linearized L£-isomelries is given by

g1 0 0
d £-1so(SE(1,1),D, g) = 0 ooz 0| :op,00==1
0 0 g9

2. The associated Hamiltonian system on se(1,1)* is given by H(p) = (3 +p3) and is
L-equivalent to Np(7).

3. The Reeb vector field corresponding to (SE(1,1),D,g) is £E¥. The normalized scalar
invarionts are given by y = % and K = —%

4. The subgroup dlso1(SE (1,1),D,g) is identical to d £-1so(SE(1,1),D,g).
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Proof. Any full-rank subspace of se(1,1) is the image under some automorphism of the full-
rank subspace ' = (Fs, E3) (|24,36]). The subgroup of automorphisms preserving I' is given
by

z 0 0
Autp(se (1,1)) =< |0 ox v| :x,veR 2#£0,0==1
0 0 o

The restriction to I' of the subgroup of automorphisms preserving I is

or v

Aut(se(l,l))‘r{{o 0} cx,vEeR, x#£0, ajzl}.

As in the proof of Proposition 3.9, it then follows that any metric subspace of se(1,1) is
equivalent to the one associated with (D, g). Consequently, by Lemma 3.8, the result follows.

(1 and 2). A direct computation yields the subgroup of linearized £-isometries and the as-
sociated Hamiltonian system. It is straightforward to show that (se (1, 1)*, H) is L-equivalent
to (se(1,1)*,p? 4+ p2) (see Proposition 1.25, items 2 and 3). The system (se (1, 1)*,p? + p2)
in turn is L-equivalent to Np(7) by Proposition 2.14.

(3). The pull back (X1, X2, X3) of the frame (E¥, Y, EF) to R? and its corresponding
dual frame is given by

Xy = coshaxs 0y, —sinhas Oy, v1 — cosh s dxq + sinh 23 dxa
Xy = —sinhxs 0y, + coshas Oy, Vo — sinh s dxq + cosh xs dxa
XS - amg Vg = Cl:Eg.

Let Y1 = AXy = A(—sinhas3d,, + coshasdy,) and Yy = AX3 = Ad,,. The contact one-
form w is given by w = —/\—121/1 = —/\1—2(c0sh x3dry + sinh s dre) and has exterior derivative
dw = yl; Vo A3 — yl; sinh 2z dxy A dos + yl; cosh xs dro A das. Accordingly the corresponding
Reeb vector field is Yy = —\2X; = —\? cosh238,, + A?sinh230,,. Hence we get

[Y1,Yo] = 0Y1 +0Y3
Y2, Yo] = X°Y] + 0Y,
[Y2, Y] = 0Y7 +0Y2 + Y

For A = 21/4 we obtain normalized scalar invariants y = —=

)\2
2" \/5

and so y = and k= —

—
SR
[S

and K = —7

(4). Tlr\g Riemannian characteristic expansion (SE(1,1),g) of (SE(1,1),D,g) has or-
thonormal frame (E%, B EF). Consequently, we have g; = diag(1,1,1) with respect to the
basis (F1, Fa, F3). Suppose ¥ € dlso1(SE(1,1),D,g) and let ¢ € Iso1(SE(1,1),D,g) be the
unique isometry such that T3¢ = 1. As ¥ preserves D(1) and g1, it follows that

ogrcos —oysinf 0
Y= | sinf cosf 0
0 0 g9
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with respect to the basis (Fs, Fs, F) for some 0 € R and 01,02 € {—1, 1}; equivalently,

g9 0 0
Y= |0 o1cos6 —opsind
0 sin @ cos 0

with respect to the basis (FE1, Fsy, E3). Furthermore, as ¢ is an isometry of (SE(1,1),g)
(Proposition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). Hence,

Y- R(Ey, By, Br) = R(y - Bz, - B, - By
—o1cosBFEy —sin0k3 — —oq1cosOF, + sin 0l
and so sin® = 0 and cos® = £1. Therefore, we have ¥ = diag(o, 02, 03) for some 71,029,035 €
{=1,1}. Hence
’(/J : VR(E27 E27 E37 El) — VR(’(/J . E27 ’(/J . E27’(/J . E37 ’(/J . El)
2000 = 201030

which implies that ¢y = 0103 and so ¥ = diag(oy, 0103, 03). Thus ¥ € d £-Iso(SE (1, 1), D, g)
and therefore dlsoq1(SE(1,1),D,g) = d£-Iso(SE(1,1),D, g). O

3.2.5 Type g5,

The nonzero commutators of g%, are [Ea, F3| = K} — aFy and [Es, By = a B — Fs; the
corresponding simply connected Lie group G¢, is diffeomorphic to R3.

Proposition 3.13. Any sub-Riemannian structure on the group G§, is L-isometric up to
rescaling to the structure (G§,,D,g) given by D(1) = (Fs, E3) and g1 = diag(1,1), i.e., with
orthonormal frame (EY, EL).

1. The group of linearized L£-isomelries is given by
c 0 0
d £-1s0(G5,,D,g) =1 |0 o 0| : 0 ==1
0 0 1

2. The associated Hamiltonian system on (g3,)* is given by H(p) = 3(p3 + p3) and is
L-equivalent to Np(6)s—o.
3. The Reeb vector field corresponding to (G4, D,g) is £(EL + aF¥). The normalized
A , I Gt . 1-7a?
scolar invariants are given by x = T3 00T and K = NARPTERE et
4. The subgroup of linearized isotropies dlso1(G$ 4, D,g) is identical to d £-1so(G§ 4, D, g).

Proof. Any full-rank subspace of g§, is the image under some automorphism of the full-rank
subspace ' = (Fa, F3) (|36]). The subgroup of automorphisms preserving I' is given by

0 0
Autr(gsy) = x vl tx,veR x2#0
0 1

o o R
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The restriction to I' of the subgroup of automorphisms preserving I is

X

Aut(g3)|p — { {O 'ﬂ L2, vER, 2 £ 0}.

As in the proof of Proposition 3.9, it then follows that any metric subspace of g5, is equivalent
to the one associated with (D, g). Consequently, by Lemma 3.8, the result follows.

(1 and 2). A direct computation yields the subgroup of linearized £-isometries and the
associated Hamiltonian system; (g4 ,, ) is L-equivalent to Np(6)g—o (see Proposition 1.25,
item 2).

(3). The pull back (X1, X2, X3) of the frame (E¥, E¥, EF) to R? and its corresponding
dual frame is given by

X1 = e*3 coshas 0y — e sinh g Oy, v1 = e "3 coshas dry + e sinh 23 dus
Xo = —e**sinhxs 0y, + % coshxz Oy, Vo = e 3 ginh ws dry + e~ "3 cosh x5 dus
Xg :(913 Vs :diEg.

Let Y1 = AXy = A(—e*3sinhag 9, + e*3 coshas d,,) and Yy = AX3 = A0,,. The contact

one-form w is given by w = —bvy = —J5(e7*2 coshas dry + e7**3 sinhasdas) and has

exterior derivative dw = le Vo AV3 + 33 Ay = yl; e~ "3 (sinhaxs — acoshws) doey A das +
/\—12e_0‘1"3 (coshxs — asinhxs) dey A das. Accordingly the corresponding Reeb vector field is
Yo = —A2X| — a\?Xy = —A2e*3(coshaz — asinh )0y, + A2 e™3(sinh s — avcosh 23) 0y, .

Hence we get

Y2, Y] = =A% (@ — 1) Y] + 0Y)
[Y2, V1] = 2aAY1 + 0Y2 + Yo

_ 14212 _ 142 2 _ 21/4 ;
and SO0 X — 5)\ ‘OZ — 1‘ and R = —5)\ <1 + 70[ ) FOr )\ = W we Obtaln normal—
. . . la2—1] —1-Ta?
ized scalar invariants X = m and kK = m

(4). The Riemannian characteristic expansion (G§,,g) of (G54, D,g) has orthonormal
frame (EY, EY, EF + aEL). Consequently, we have

l+a* —a 0
gl = — 1 0
0 0 1
with respect to the basis (K, Fa, F3). Suppose ¥ € dlso1(G§,, D, g) and let ¢ € 1so1(G§ 4, D, g)
be the unique isometry such that Th¢ = 1. As 9 preserves D(1) and g, it follows that

ogrcos —oysinf 0
Y= | sinf cosf 0
0 0 g9



Chapter 3. Sub-Riemannian structures on three-dimensional Lie groups 77

with respect to the basis (Fs, Es, Ey +akFs) for some € R and 01,02 € {—1,1}; equivalently,

g9 0 0
W= |ooa — g1acosd oicosf —oypsinf
—asind sin @ cos 0

with respect to the basis (£, Fa, Fs). Furthermore, as ¢ is an isometry of (G%,,g) (Propo-
sition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). Hence, we have

V- R(Es, B, Bo) — R(Y - B3, ¢ - B¢ - Eo) =0
2a(a® — 1)oysin 0F; + 2a2(a? — 1)oysin0Ey =0
and
V- R(Es, B, Bs3) — R(Y - B3, ¢ - B¢ - B3) =0
—2a(a? — 102 — 01 cos ) By — 20 (a® — 1)(0g — o1 cos )y = 0.
Thus sinf = 0 and cos® = g102. Therefore, we have 1 = diag(og, 02, 0102). Hence

Y- VR(E, By, By, Bp) = VR(W - By, By Ea - By) =

0
%a?’ (2 + 3a2) 09 (—01 + 05’) 0

which implies that o1 = o2 and so ¢ = diag(o1,01,1). Thus ¢ € d £-1so(G§,,D,g) and
therefore dlso;(G§,,D,g) = d £-1so(G§,, D, g). O
3.2.6 Type gi;

The nonzero commutators of the Euclidean Lie algebra g - are [Es, B3] = Ey and [Es, By] =
FEjy; the corresponding simply connected Lie group SE (2) is diffeomorphic to R?.

Proposition 3.14. Any sub-Riemannian structure on SE (2) is L-isometric up to rescaling to
the structure (SE(2),D,g) given by D(1) = (K, E3) and g1 = diag(1, 1), i.e., with orthonor-
mal frame (EY, EL).

1. The group of linearized L£-isomelries is given by

. g1 0 0
d £-1so(SE (2), D, g) = 0 o002 0] :o0p,00==1
0 0 g9

X

2. The associated Hamiltonian system on §e(2)* is given by H(p) = (p3 + p3) and is
L-equivalent to Np(7). .
3. The Reeb vector field corresponding to (SE(2),D,g) is +Ef. The normalized scalar

invarionts are given by y = % and K = %

4. The subgroup of linearized isotropies dlsol(évE (2),D,g) isidentical to d£-lso(§vE (2),D,g).



78 3.2. Structures on solvable groups

Proof. Any full-rank subspace of se¢ (2) is the image under some automorphism of the full-rank
subspace 1" = (Fs, E3) ([36]). The subgroup of automorphisms preserving I' is given by

z 0 0
Autr(se(2)) =< |0 ox v| :x,veR 2 #£0,0==1
0 0 o

The restriction to I' of the subgroup of automorphisms preserving I is

ogr v

Aut(sfe(2))‘r{{0 0} :x,fueR,x;&o,aﬂ}.

As in the proof of Proposition 3.9, it then follows that any metric subspace of se (2) is equivalent
to the one associated with (D, g). Consequently, by Lemma 3.8, the result follows.

(1 and 2). A direct computation yields the subgroup of linearized £-isometries and the
associated Hamiltonian system; (se(2)*, H) is L-equivalent to Np(7) (see Proposition 1.25,
item 2).

(3). Accompanying Mathematica code is given in Appendix C.2. The pull back (X7, X2, X3)
of the frame (E¥, EY, EF) to R? and its corresponding dual frame is given by

X1 = cosx3 Oy, + sinws Oy, V1 — cosxs dry + sinxs das

Xy = —sinxs Oy, + cosas Oy, Vo — —sinxs dxy + cos xs3 das

XS - amg Vs = Cl:Eg.
Let Y1 = AXy = A(—sina3 0y, + cosxsdy,) and Yo = AXz = Ady,. The contact one-form
w is given by w = —/\%Vl = —/\%(coswg dxy + sinxsdxs) and has exterior derivative dw =
le Vo A\ V3 — _le sinxs dry A drs + le cos 3 drs A dxs. Accordingly the corresponding Reeb
vector field is Yo = —A\2X; = —\2cos w30, — A?sinw30,,. Hence we get

Y1, Yo] = 0Y7 +0Y>
[3/273/0] — _)\2Y1 + 03/2
Y2, V1] = 07 +0Y2 + Y,

2 2 . . . .
and so xy = ’\7 and K = ’\7 For A = 2!/% we obtain normalized scalar invariants y = —

K= % N

(4). We note that the isotropy group lIso; (SE (2), D, g) of a structure and the isotropy sub-
group Isol(évE (2),D, A\g), A >0 of any rescaled structure are identical. We find it more conve-
nient to take a Riemannian characteristic expansion of (ng (2),D, 1g) than of (ng (2),D,g); in
the former case it is enough to impose the conditions (3.1) and (3.2) to determine the linearized
isotropy subgroup whereas in the latter case the condition ¢,D = D needs to be imposed as
well.

The Riemannian characteristic expansion (SAE (2),8) of (ng (2),D,1g) has orthonormal
frame (2FL,2EL, 4EL). Consequently, we have

and

S
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with respect to (F1, Ea, F3). Suppose ¥ € dlsol(évE (2),D,g) and let ¢ € Isol(SAE (2),D,1g)
be the unique isometry such that T3¢ = 1. As ¢ preserves D(1) and g1, it follows that

ogrcos —oysinfd 0
Y= | sinf cos 0
0 0 g9

with respect to the basis (2F5,2FE3,4F;) for some 6 € R and 01,05 € {—1,1}; equivalently,

g9 0 0
Y= |0 o1co86 —oysind
0 sin @ cos 0

with respect to the basis (Fy, Fa, F3). Furthermore, as ¢ is an isometry of (ng (2),8g) (Propo-
sition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). Hence,

Y- R(Ey, Ba, ) — R(Y - B0 - By, - Ep) =0
%sin&Eg =0

and so sinf = 0 and cos® = +1. Therefore, we have ¥ = diag(oy, 02, 03) for some o1,09,03 €
{=1,1}. Hence

Y- VR(E1, Er, Ep, Br) = VR - By, B B, ) =0

—3—92 (0?02 — 03) =0
which implies that o3 = o102 and so ¥ = diag(o1,02,0102). Thus ¥ € d£—|so(§vE (2),D,g)
and therefore dlso1(SE (2),D, 1g) = dlso1(SE (2), D, g) = d £-1s0(SE (2), D, g). O
3.2.7 Type g5;

The nonzero commutators of g§. are [Ea, B3| = Ky — aFy and [Es, By = a B + Fs; the
corresponding simply connected Lie group G$ 5 is diffeomorphic to R3.

Proposition 3.15. Any sub-Riemannian structure on the group G§5 is L-isometric up to
rescaling to the structure (G§5,D,g) given by D(1) = (Fy, E3) and g1 = diag(1,1), i.e., with
orthonormal frame (EY, EL).

1. The group of linearized L£-isomelries is given by

c 0 0
d L-1so(G55,D,g) =1 |0 o O : 0 =21
0 0 1

2. The associated Hamiltonian system on (g35)* is given by H(p) = 3(p3 + p3) and is
L-equivalent to Np(8)s_o.
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3. The Reeb vector field corresponding to (G§‘5,D,g) is £(EF + ozlz?QL), The normalized
; ; ; _ 4o _ 1-Ta
scalar invariants are given by x = 31202 [50at and Kk = 31200 (502t
4. The subgroup of linearized isotropies dlso1(G$ 5, D, g) is identical to d £-1so(G§ 5, D, g).

Proof. Any full-rank subspace of g is the image under some automorphism of the full-rank
subspace 1" = (Fs, E3) (|36]). The subgroup of automorphisms preserving I' is given by

Autr(gss) =

o o R

0 0
z vl tax,veER 2 #£0
0 1

The restriction to I' of the subgroup of automorphisms preserving I is

X

Aut(g3s)| = { {O ’ﬂ LrveER, x A 0}.

As in the proof of Proposition 3.9, it then follows that any metric subspace of g5 5 is equivalent
to the one associated with (D, g). Consequently, by Lemma 3.8, the result follows.

(1 and 2). A direct computation yields the subgroup of linearized £-isometries and the
associated Hamiltonian system; ((g§5)*, H) is L-equivalent to Np(8)s—o (see Proposition 1.25,
item 2).

(3). The pull back (X1, X2, X3) of the frame (E¥, EY, EF) to R? and its corresponding
dual frame is given by

X1 = e cosws Oy, + ¥ sinas Oy, v = e ™ cosesdr; +e "3 sinws drs
Xo = —e*3ginxs Oy, + €2 cos 23 Oy, Vo = —e “ginxsdry + e 3 cos xz das
Xg :(913 Vs :diEg.

Let Y1 = AXy = AM(—e™3sinas 0y, + €3 cosas 0y,) and Yo = AX3 = A0,,. The contact
one-form w is given by w = —>\—121/1 = —%(e_o‘“ cosrgdry +e *3 sinasdry) and has exterior
derivative dw = /\% VaAV3+ 55 V3 AV] = —/\—12 e~ 3 (sinxs+acosws) dey Adrs+ /\% e~ Y3 (cosx3—
asinxg) des Adrs. Accordingly the corresponding Reeb vector field is Yy = —A2X| —aNX, =

—A\2e*®3(cos s — asina3) Oy, + A2 €3 (sinws + v cos3)dy,. Hence we get
[Y2,Yo] = =A% (1 + o?) Y1 + 0Y2
[Y2, V1] = 2aAY1 + 0Y2 + Yo

1/4 .
2 777 Wwe obtain normal-

and so y = %)\2 (1+a2) and K = %)\2 (1—7042). For A = (1 6a? 1 2500)7/8

. . . _ 142 _ 1—7a?
ized scalar invariants y = 51303 5007 and Kk = 51347 500
. The Riemannian characteristic expansion 2., 8) of (G§-,D has orthonormal
3.5 3.5 )

frame (EL, EL, EF 4+ oEL). Consequently, we have

1+a? —a
gr=| —« 1
0 0
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with respect to the basis (E1, Fs, F3). Suppose ¢ € dlso1(G§ 5, D, g) and let ¢ € 1so1(GS 5, D, g)
be the unique isometry such that T3¢ = 1. As ¢ preserves D(1) and g3, it follows that

ogrcos —oysinfd 0
Y= | sinf cos 0
0 0 g9

with respect to the basis (Fs, Es, E1 +akFs) for some 0 € R and 01,02 € {—1,1}; equivalently,

g9 0 0
W= |ooa — g1acosf oicosf —oqpsinf
—asind sin @ cos

with respect to the basis (£, Fa, Fs). Furthermore, as ¢ is an isometry of (G5, &) (Propo-
sition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). Hence, we have
V- R(E3, By, Ep) — R(Y - B3, ¢ - Ep, - Ep) =0
20(1 + o)y sin 0F; + 20%(1 + a?)oy sin0F, =0

and
Y- R(ks, B, B3) — R(Y - B30 - Ey, ¢ - B3) =0
—2a(1 + a*)(oy — o1 cos ) Ey — 20%(1 + &) (og — o1 cos 0) Ey = 0.
Thus sinf = 0 and cos® = o102. Therefore, we have 1 = diag(os, 02, 0102). Hence
Y- VR(Ey, By, By, By) = VR - By, By By - By) =0
%044 (5 + 2Oé2> 02 ((71 — 03) Es=0

which implies that o1 = o2 and so ¢ = diag(o1,01,1). Thus ¢ € d £-1so(G5 5, D,g) and
therefore dlso1(G§ 5, D,g) = d L-1so(G5 5, D, g). O

3.3 Structures on semisimple groups

Next we treat those structures on semisimple groups. Table B.8 in Appendix B.2 contains a
summary (listing the normal forms of sub-Riemannian structures, the corresponding linearized
isotropy subgroups, and the corresponding normal forms of the associated Hamilton-Poisson
systems).

3.3.1 Type ds6

The pseudo-orthogonal Lie algebra gs has nonzero commutators [Ey, Fs| = i, [Fs, E| =

Ey, |E1, ] = —FEjs; the corresponding simply connected Lie group A is diffeomorphic to R?.
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Proposition 3.16. Any left-invariant sub-Riemannian structure on A =~ SL (2) is L£-isometric
up to rescaling to exactly one of the structures

(Avplv gLa) : Dl(l) — <E17 E2> ) g%_’a - diag(a, 1)7 0<a<l

(A, Dg,g>Y) :  Do(l) = (Fa, Bz,  g* =diag(a,1), 0<a
i.e., with orthonormal frame (ﬁElL,EQL) or (ﬁEQL,Eg)L) respectively.

1. The respective groups of linearized £-isomelries are given by

B g1 0 0
d£—|SO(A, Dl,gl’o‘) = 0 oy 0 101,00 = %1 if O<a<l
_O 0 (71(72_
~ [ O |
d £-Iso(A, Dy, gb) = g 0 g€ 0(2) if a=
| 0 0 detg]
B _(71 0 0 i
d£—|SO(A, DQ, g2’0‘) - 0 o9 0 01,02 = +1
_O 0 (71(72_

2. The respective associated Hamiltonian systems (and their normal forms) are given by
Np(7) if 0<a<1

PR) if a=1
H(A, D, 8>%) = ((936)%, 3(4p3 +93))  normal form: Np(7).

3. The respective Reeb vector fields and normalized scalar invariants are given by

(A, D1,g") = ((3.6)2, 5(ap1 +93))  normal form: {

~ 1 —a 14«
A, Dy, gh%) - + L gL S P e
( 1e) Va3 X V21 + o2 V21 + a2
~ 14+« 11—«
A, Dy, g .  + LpL S e P
( 287" vl X V21 + o2 V21 + a2

4. Fach respective group of linearized isotropies gllsol(A, D,g) isidentical to the correspond-
ing group of linearized L-isometries d £-1so(A, D, g).

Proof. Any full-rank subspace of gsg is equivalent to exactly one of the full-rank subspaces
I'y = (Fq, Fs) and 'y = (Fs, E3) ([34]). We consider first the subspace I';. The automorphisms
¥ € Aut(gss) are exactly those linear transformations ¥ which have det = 1 and preserve the
Lorentzian product A® B = a1by +agbs —asbs (here A = a1 E1+askEs+asks and B =01+
baFo+bsFs), ie., (Y- A)o (¥ -B) =A®B for A, B € g3. Hence an automorphism preserves
I'1 = (Ey, E) if and only if it preserves its orthogonal complement I't = (£3). Consequently,
as 1 preserves both (Fq, Fy) and (Fj3), the subgroup of automorphism preserving I'y is given
by (cf. [40])
0
Autr, (gs.6) = g 0 | :9€0(2)
0 0 detg
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The restriction to I'y of the subgroup of automorphisms preserving I'; is Aut(gs.s ‘F =0(2).
Let p be a positive definite quadratic form on I';. There exists an orthogonal transformation
¥ € Aut(gas)|p, such that po = ¢ g = diag(Ai, A2) = Aediag(52, 1) with A2 > A1 > 0.
It then follows that any metric subspace (gs¢, 1, o) with T equivalent to I'; is equivalent to
the metric subspace associated with (D, gh®), 0 < o < 1. Moreover, the metric subspaces
(T'y, p), p® = diag(a, 1) 0<a<1and (I',u®), 0 <o <1 are equivalent only if o = o'.
Indeed, if T pu*p = rp® for some r > 0 and ¥ € Aut(gss ‘F O (2) then the eigenvalues

of pu® must coincide with those of ru®’, ie., {a,1} = {re/,r} and so a = .

We now consider the subspace T's = (Fs, F3). An automorphism preserves I's if and
only if it preserves its orthogonal complement I's = (F;). Consequently, the subgroup of
automorphism preserving I'z is given by (cf. [40])

detg 0 0
Autr, (gae) = 0 :g€0(1,1)
0 g

where O(1,1) = {g € R>*2 : ¢TJ'g = J'}, J' = diag(1,—1). Accordingly, the restriction
to I'y of the subgroup of automorphisms preserving I'y is Aut(gs. ‘F = 0(1,1). Let p
be a positive definite quadratic form on I's. There exists ¥ € O(1, 1) such that poy =
YT = diag(Ai, A2) = Aa diag(i—;, 1) with A1, A2 > 0 (see e.g., [118]). It then follows that
any metric subspace (gs¢, ', ) with T' equivalent to I's is equivalent to the one associated
with (Dg,g%?), o > 0. Moreover, the metric subspaces (I'z, u®), pu® = diag(c, 1), 0 < o and
(T, n®"), 0 < o are equivalent only if o = ¢. Indeed, if ¥ T p®y = rp® for some r > 0 and
(VNS Aut(gg‘g)‘lﬂ2 = 0(1,1) then y~1J diag(a, 1)y = rJ'diag(a/,1) and so the eigenvalues
of J'diag(a,1) must coincide with those of rJ'diag(d/,1), ie., {a,—1} = {ra/,—r} and
so a = . Consequently, as any metric subspace is equivalent to exactly one of the metric
subspaces associated with (D1, gh®) and (Ds, g*%), the result follows (by Lemma 3.8).

(1 and 2). Tt is straightforward to calculate the subgroups of linearized £-isometries (given
Aut(gs.6 ‘F and Aut(gs.e ‘F We have $(A, D1, g"*) = ((g36)*, H), H(p) = 1(1p? + pd).
When « = 1, then ((gs6)*,H) is L-equivalent to ((gs.6)*,p3) (see Proposition 1.25, items 2
and 3); the system ((gs.6)*,p3) in turn is L-equivalent to P(8) by Proposition 2.14. When
0 < a < 1, then the corresponding Hamiltonian vector field H = (p2ps, —éplpsy O‘T_lpmg) has
equilibria (g, 0,0), (0,1, 0), (0,0, ), p € R and thus equilibrium index (3,0) (see Proposition
2.20). Consequently, we have that ((gse)*, H) is L-equivalent to Np(7) if 0 < o < 1 (see
Table B.5). On the other hand, we have $(A, D2, g>%) = ((g3.6)%, H), H(p) = 3(1p2+p3). The
corresponding Hamiltonian vector field H = (Ho‘pgpg, —p1P3, aplpg) has equilibria (g, 0, 0),
(0,1,0), (0,0,1), ¢ € R and thus equilibrium index (3,0). Consequently ((gss)*,H) is
L-equivalent to Np(7) (see Table B.5)

(3). Locally (i.e., between some neighbourhoods of the origin and identity), the pull back



84 3.3. Structures on semisimple groups

(X1, Xo, X3) of the frame (Ef, EX EL) to R® and its corresponding dual frame is given by

X1 =sechxycosxs Oy, + sinasdy, + tanh s cos 230,

Xy = —sechxysines 0y, + cosx3dy, — tanh xssin w30y,
X3 - azg

11 = cosh s cos s duqy 4 sinxs das

Vo — —coshagsin s dxy + cosxas dxs

vz — —sinh o dxy + dxs.

As we need only realize the frame (X1, X2, X3) locally, it sufficed to consider (locally) the
pull back of the corresponding frame (E¥, E¥ EF) for SO(2,1)p by m : R* — SO (2, 1),
(21,22, 23) — exp(x1 1) exp(xeF2) exp(rsEs). (One can show that A is diffeomorphic to R?
by means of its Cartan decomposition, see e.g., [59]; hence it is possible to realize a frame
(X1, X3, X3) globally with respect to some diffeomorphism 7 : R® — A. However, we find the
above frame preferable.)

We consider first (A, Dy, gh®). Let Y} = %Xl = %cos xzsech 20, + %sinmgam +
%cos xztanhxod,, and Ys = AXy = —Asechaasinasdy, + Acosxsdy, — Asinaxs tanhza0,,.

The contact one-form w is given by w = @Vg = \F(—smh xodry + drs) and has exterior
\/a

derivative dw = T V1AV = /\—20‘ cosh xo drq Adxs. Accordingly the corresponding Reeb vector
field is Yy = \’>—2an \’>2~8$3 Hence we get

Y1, Yo] = 0Y; + —2 Y,
[Y2, Yo = A%Y1 4 0Y2
[Y2,Y1] = 0Y1 +0Y2 + Yo

1/4
2 77 Wwe obtain normalized scalar

e

and so x = %(l—a) and ﬁ:—%(1+a). For A =

N = . PP & - S
\/5\/1+a3 T V2V 1+aZ
Next we consider (A, Dy, g?%). Let Y| = %Xz = —% sech xg sinws d,, + % cos T3 Oy, —

invariants x =

% sinxztanhxg Oy, and Yy = AX3 = AJy,. The contact one-form w is given by w =
—gul = —@(cos a3 coshxo dry + sinxg drs) and has exterior derivative dw = g Vo A V3 —
NG

Y7 Cos X3 sinh o dx1 A dxs + g cos X3 dxo Ndrs — g cosh o sin s dxy A drs. Accordingly the
corresponding Reeb vector field is Yy = —\’>—25X1 = —\’>—2 cosxzsechxg Oy, — \’>—25 sinxs Oy, —
\’>—25 cos x3 tanh x5 0,,. Hence we get

V1, Yo = 0V — 2V,

[Ya, Yo = —=A*Y1 + 0Y2

(Y2, V1] = 0Y; +0Y2 + Yp
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(14+0)\2
200

(GRS D D W

% W we obtain normalized scalar
a2
«

and so y = and k =

; ; _ 1o . l-a
invariants y = NeNiET and ?7 NoNiETh ]
4). We consider first (A,D;,g"®). The Riemannian characteristic expansion (A, g
g

of (A, Dy,gh®) has orthonormal frame (%Ef,EQL,%EgL) Consequently, we have g1 =
diag(cr, 1, ) with respect to the basis (E, Ea, Es). Suppose ¢ € dlsoi (A, Dy, gh?) and let
¢ € Isor (A, D1, g") be the unique isometry such that 71¢ = . As 1 preserves D(1) and
g1, it follows that
orcosf —oysingd 0
Y= | sinf cosd 0
0 0 P

with respect to the basis (%El, s, %Eg) for some 0 € R and 01,02 € {—1, 1}; equivalently,

og1cost —‘71\%“9 0
Y= |asing cosf 0
0 0 g9

with respect to the basis (E1, Es, F3). Furthermore, as ¢ is an isometry of (A, g) (Proposition
3.5), we have that 1 preserves the associated curvature tensor R and its covariant derivative
VR (see (3.1) and (3.2)). First, suppose a = 1. Then we have

Y- VR(E, B2, Er, Er) = VR - B¢ - Ea, - By ) =0
(01— 02)F3=0
which implies that o1 = 2. Thus ¢ € dS—ISO(A,Dl,gLO‘) and therefore dlsol(A, Dy, gh?) =
d £-1so(A, D1, gh*), when a = 1.
On the other hand, suppose 0 < a < 1. We have

V- R(E3, B, B3) — R(Y - B3,v - Ey, ¢ - F3) =0

(—4—4a+8a2)01 .
Yy R S1n 0E1 =0.

and so sinf = 0 and cosf = +1. Thus ¥ = diag(o1,02,03) for some o1,02,03 € {—1,1}.
Hence, we get
V- VR(EL, Ey, By, E) = VR - By - By - Byt - Er) =0
(1 —2a)*(1 + ) (002 — 03)
202

E3=0

which implies that o3 = o102 and so ¢ = diag(oy, 09, 0102). Thus ¥ € dS—ISO(A,Dl,gLO‘)
and therefore dlsoy (A, Dy, gh?®) = d £-Iso(A, Dy, g"®) for 0 < a < 1. .

Next, we consider (A, Dy, g2?). The Riemannian characteristic expansion (A, g) of the
structure (A, Da,g?%) has orthonormal frame (%EQL,EL),L,%ElL) Consequently, we have

g1 = diag(a, o, 1) with respect to the basis (Ey, Ea, Es). Suppose ¥ € dlsoy (A, Da, g2*) and
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let ¢ € lso1(A, Dy, g>*) be the unique isometry such that Ty¢ = ¥. As 1 preserves D(1)
and g1, it follows that

[01cos —oysin® 0]
Y= | sinf cosf 0
| 0 0 02|
with respect to the basis (ﬁEg, s, ﬁEl) for some 6 € R and 01,02 € {—1, 1}; equivalently,
_(72 0 0 ]
=10 opcost —‘71\%‘9
|0 asin®  cos@ |

with respect to the basis (F1, Es, F3). Furthermore, as ¢ is an isometry of (A, g) (Proposition
3.5), we have that 1 preserves the associated curvature tensor R and its covariant derivative
VR (see (3.1) and (3.2)). We have

V- R(Ey, By Br) — R(Y - Ev, Y- B¢ - By) =0

—HTO?‘ sinf k3 — 0.

and so sinf = 0 and cosf = 1. Thus ¥ = diag(oy,02,03) for some 01,092,053 € {—1,1}.
Hence, we get
Y- VR(Ey, Ep, By, Er) = VR(Y - Ev, ¢ - B, - B¢ - Eq) =0
(1+a) (cf0s — 03)
2c0

E3=0

which implies that o3 = o102 and so ¢ = diag(o1,02,0102). Thus ¢ € d £-1so(A, Dy, g>*)
and therefore dlsoi (A, Do, g2®) = d £-Iso(A, Da, g2%). O

3.3.2 Type ds.7

The pseudo-orthogonal Lie algebra gs7 has nonzero commutators [Ea, Fs| = E1, [Fs, Ei| =
Es, |Fy, Es| = Ej3; the corresponding simply connected Lie group SU (2) is diffeomorphic to
the three-sphere S3.

Proposition 3.17. Any left-invariant sub-Riemannian structure on SU (2) is £-isometric up
to rescaling to exactly one of the structures (D,g®), 0 < a < 1 given by D1(1) = (FEs, F3)
and g = diag(a, 1), i.e., with orthonormal frame (%EQL,EL),L)

1. The respective groups of linearized £-isomelries are given by

_(71 0 0 i
d £-1s0(SU (2), D, g") = 0 o2 0 | :o0,00==1 if 0<a<l1
_O 0 (71(72_
[detg 0 0]
d £-1s0(SU (2), D, g") = 0 g g€ 0(2) if a=1.
0
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2. The respective associated Hamiltonian systems (and their normal forms) are given by

Np(7T) if 0<a<1
P(8) if a = 1.

AAD,g") = ((gs7)%, 2 (203 +p3)) normal form: {

3. The Reeb vector field corresponding to (SU (2),D,g®) is j:%ElL The normalized scalar

NG
invariants are given by x = ﬁ and Kk = 7\/§1ﬁia2,

4. The group of linearized isotropies d lso1(SU (2), D, g%) is identical to d £-1so(SU (2), D, g*).

Proof. Any full-rank subspace of gs.7 is equivalent to the full-rank subspace I' = (Fa, E3) ([34]).
The automorphisms v € Aut(gs7) are exactly those linear transformations 1 which have
det ) = 1 and preserve the dot product Ae B = a1b1+asby+asbs (here A = ayFy+asFstasks
and B = biFEy + byFy + bsFs), ie., (- A)e(yp-B) = Ae B for A, B € g37. Hence an
automorphism preserves I' = (Fs, F3) if and only if it preserves its orthogonal complement
I't = (E;). Consequently, the subgroup of automorphism preserving I' is given by

detg 0 0
Autr(gs7) = 0 g€ 0(2)
0 g

The restriction to I' of the subgroup of automorphisms preserving I' is Aut(gg,j)‘F = 0(2).
Let p be a positive definite quadratic form on I'. There exists an orthogonal transformation
¥ € Aut(gs7)|p such that poty = ¢Tpy = diag(hi, \2) = Apdiag(3L,1) with Ay > Ay > 0.
It follows that any metric subspace of gs7 is equivalent to the one associated with (Dq, gl’o‘)
for some 0 < a < 1. Moreover, the metric subspaces (I', u®), p® = diag(a, 1), 0 < a <1 and
(', 1), 0 < o <1 are equivalent only if o = o/. Indeed, if T p®yp = rp® for some r >0
and ¥ € Aut(ga.7) ‘F — 0(2) then the eigenvalues of p® must coincide with those of ru®, i.e.,
{a,1} = {ra/,r} and so a = «’. Consequently, by Lemma 3.8, we get the result.

(1 and 2). Tt is straightforward to calculate the subgroups of linearized £-isometries (given
Aut(ggj)‘r). We have $(SU (2),D,8%) = ((g3.7)%, H), H(p) = 3(Zp3+p3). When o = 1, then
((gs7)*, H) is L-equivalent to ((gs.7)*,p?) (see Proposition 1.25, items 2 and 3); the system
((g3.7)*,p?) in turn is L-equivalent to P(8) by Proposition 2.14. On the other hand, when
0 < a < 1, then the corresponding Hamiltonian vector field H-— (paps, —éplps, O‘T_lpmg) has
equilibria (g, 0,0), (0, &, 0), (0,0, 1), 1 € R and thus equilibrium index (3,0) (see Proposition
2.20). Consequently ((gs.7)*,H) is L-equivalent to Np(7) if 0 < a < 1 (see Table B.5).

(3). Locally (i.e., between some neighbourhoods of the origin and identity), the pull back
(X1, X2, X3) of the frame (EL, EX EL) to R? and its corresponding dual frame is given by

X1 = cosazsecxa Oy, + sinws Oy, — cosxstan 2z Oy,
Xy = —secaysinag dy, + cosxs Oy, + sinxstanay Oy,
X3 - azg

V] = coSxp cosx3 dxy + sinxs dao

Vo — — COS X2 sin a3 dxy + cos x3 dag

v3 — sinxs dxy + das
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More precisely, (X1, X2, X3) is (locally) the pull back of (E¥, E¥, EX) under m : R? — SU (2),
(21,22, 73) = exp(w1F1) exp(wzFa) exp(as ).

Let Y1 = %Xg = —% sec xg sinxs Oy, + %cosmg Ozy + %sinmgtanwg Oz, and Yy =
AX3 = AJy,. The contact one-form w is given by w = —gul = —@(cosmg cosradry +

sin a3 drs) and has exterior derivative dw = @ VoA\lg — @ COS X3 dLEQ/\dLEg—g oS 3 sin o dx A

drs — @cos xosinws dr; A dxs. Accordingly the corresponding Reeb vector field is Yy =

—\’>—2X1 = —\’>—Za COS T3 SeC Ty Oy, — \’>—2 sinxs Oy, + \’>—2 cos x3 tan xy d,,. Hence we get
V1, Yo] = 0Y1 + 2 V5
[3/27 3/0] — _)\2Y1 + 03/2
[Y2,Y1] = 0Y1 +0Y2 + Yo
and so x = %(1 —a) and K = %(1 + ). For A = % we obtain normalized scalar

. . o 1—c o 14«
invariants x = NN and K = NoNEEE
(4). As in the proof of Proposition 3.14, we find it preferable to take a central expansion

not of (SU(2),D,g*) but rather of the rescaled structure (SU(2), D, 1g%) (note however that
dlso1(SU (2), D, 18%) = dlso1 (SU (2), D, g%)).

The Riemannian characteristic expansion (SU (2),g) of (SU(2),D,1g®) has orthonormal
frame (%EQL, 2EL, %Ef) Consequently, we have g; — diag({s, §, ) with respect to the
basis (E1, E2, E3). Suppose 1 € dlsoy (SU (2),D, 18%) and let ¢ € Isoy(SU (2),D, 18%) be the
unique isometry such that T3¢ = 1. As ¥ preserves D(1) and g, it follows that

—_

ogrcos —oysinf 0
Y= | sinf cosf 0
0 0 g9

with respect to the basis (%Eg, 2F;3, %El) for some 6 € R and 1,09 € {—1, 1}; equivalently,

g9 0 0
=10 orcost _&\/ge

0 asinf  cosl

with respect to the basis (F1, Fs, E'3). Furthermore, as ¢ is an isometry of (SU(2),g) (Propo-
sition 3.5), we have that 1 preserves the associated curvature tensor R and its covariant
derivative VR (see (3.1) and (3.2)). First, suppose a = 1. Then we have

Y- VR(E3, Ey, B3, E3) = VR - E3,0 - Ea, 2 - B3, ¢ - E3) =0
—%(01 — 02)E3 =0

which implies that o1 = 2. Thus it follows that ¥ € d £-Iso(SU (2),D,g*) and therefore
dlso1(SU (2),D, 18%) = dlso1 (SU (2), D, g*) = d £-Iso(A, Dy, g>%), when o = 1.
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On the other hand, suppose 0 < a < 1. We have

0O mR(£i,#2 El) - R(OmEi,0 mE2,0 mEIl) = 0
-4+a+3a2sin OEgz 0.

and so sind = 0 and cosd = +1. Thus 0 = diag(al o2,a3) for some ol , a2, a3 e {—1,1}.
Hence, we get

0 mVR(E3,E2,E3,E3) - VR(0O mE3,0 mE2,0 mE3,0 mE3) = 0
3(4-5Q2(ctiC2a]) _ n
SO =0

which implies that a8 = st o2 and so 0 = diag(al, a2, at ). Thus 0 e d£-Iso(SU (2), D, ga)
and therefore dIsoi(SU (2),D, 1ga) = dlsoi(SU (2), D, ga) = dL-Iso(A,D1,g1a), when 0 <
a<.1l =

3.4 Description of isometries

In Figure 3.1, we graph the normalized invariants x and k for each normal form (up to
L-isometry and rescaling) obtained in Sections 3.2 and 3.3. By Theorem 3.7, the only two
normal forms isometric up to rescaling are the two structures with normalized scalar invariants
(X, k) = (0,-1) on Aff(R)ox R and A respectively. Accordingly, we find that two structures
on the same Lie group are isometric if and only if they are L-isometric.

Figure 3.1: Scalar invariants x and k for normal forms of sub-Riemannian structures
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Lemma 3.18. Let (G, D,g) be a left-invariant sub-Riemannian structure (on a three-dimensional
Lie group) with scalar invariants x and k. If x* + K% £ 0, then (G,D,g) is not isometric to
any rescaled structure (G, D, Ag), A >0, A\ #£ 1.

Proof. We have that (G, D, \g) has scalar invariants (+x, +£). If X%+ k2 # 0, then (x, K) #
(X, 1) and hence the result follows from Theorem 3.6. O

Theorem 3.19. Two invariant structures (G, D,g) and (G, D', g') on the same simply con-
nected three-dimensional Lie group G are isometric if and only if they are L-isometric.

Proof. Clearly, if two structures on G are £-isometric, then they are isometric. To prove
the converse, it suffices to show that no two normal forms (of structures on G, with respect
to £-isometries) are isometric. Indeed, suppose (G,D,g) and (G,D’,g’) are isometric; let
(G,D1,g') and (G, D, g?) be their respective normal forms (i.e., (G,D,g) is £-isometric to
(G,D1,g!) and (G, 7, g') is L-isometric to (G, Da2,g?)). If (G, D1,g') and (G,Ds,g?) are
not isometric, then (G,D,g) and (G,D’,g’) cannot be isometric. Hence, if no two normal
forms are isometric, then (G, D1, g") and (G, Dz, g?) must be identical and so (G,D,g) and
(G,D',g') must be £-isometric.

For the Heisenberg group (Proposition 3.10), there is exactly one normal form with respect
to L-isometries (i.e., all structures on Hs are £-isometric). Similarly, for each other solvable
group G (Section 3.2), every sub-Riemannian structure on G is £-isometric up to rescaling
to exactly one structure on G; for these structures we have that y? + x? # 0 and so by the
preceding Lemma no two rescaled versions of the normal form are isometric. For the simple
Lie groups (Section 3.3) we have one or two one-parameter families of normal forms. However,
each permissible value of the parameter gives rise to distinct normalized scalar invariants x
and s and so no two normal forms are isometric up to rescaling. Moreover, as x? + k2 # 0, no
two rescaled versions of the same normal form are isometric (again by the preceding Lemma).
Thus it follows that no two rescaled normal forms are isometric. O

We have shown that the isotropy subgroup of the identity Iso1(G,D,g) is a subgroup of
the automorphism group for each normal form (except the one on Aff (R)o x R). In summary,
we have the following result.

Theorem 3.20. Let (G,D,g) be an invariant structure on o three-dimensional simply con-
nected Lie group G with Lie algebra g not isomorphic to go1 @ g1.

1. The isotropy subgroup 1s01(G,D,g) is a subgroup of Aut(G).

2. The isometry group lso(G, D, g) decomposes as a semi-direct product Lg % 1s01(G, D, g)
of the left translations Lg = {Ly : g € G} and the isotropy subgroup lso1(G,D,g).

Proof. (1). We have already shown that dlso1(G,D,g) = d£-Iso(G,D,g) for every group
(except Aff (R)g x R) from which it follows that Iso; (G, D, g) is a subgroup of Aut(G).

(2). Clearly Lg Nlso1(G,D,g) = {idg}. Also, for any ¢ € lIso(G,D,g) we have that
Ly1y-10¢ €ls01(G,D,g) and so Lg 1s01(G, D, g) = Iso(G, D, g). It only remains to be shown
that Lg is normal in Iso(G,D,g). Let L, 0 ¢ € Iso(G,D,g), ¢ € Is01(G,D,g). We have
(Lg o @) 'Lp(Lg o ¢) = Ly-1(g-1pq) € Lg as ¢ is an automorphism. [l
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Consequently we have the following simple description of the isometries between structures
on three-dimensional Lie groups.

Theorem 3.21. Let (G,D,g) and (G, D' g') be two invariant structures on some three-
dimensional simply connected Lie groups; suppose neither g nor g’ is isomorphic to go.1 B g1.
If ¢ : G — G is an isomelry between (G, D,g) and (G',D',g'), then ¢ = Lyqyo ¢ is the
composition of a left translation Lyqy on G' and a Lie group isomorphism ¢' : G — G'.

Proof. Let ¢ : G — G be an isometry between (G,D,g) and (G',D',g'). First, we claim
that (G,D,g) and (G',D',g') are L-isometric. Indeed, if the scalar invariants satisfy y # 0
or x =0 and s > 0 then the Lie algebras g and g’ must be isomorphic (Theorem 3.7) and
so the Lie groups G and G’ must be isomorphic; hence we may assume G = G’ and so, by
Theorem 3.19, (G,D,g) and (G, D', g’') are L-isometric. On the other hand, if y = 0 and
# < 0, then we may assume G = G’ = A (as the only groups that admit invariant structures
with ¥ = 0 and x < 0 are A and Aff(R)y x R, see Figure 3.1, but Aff (R)y x R has been
ruled out); again it follows that (G,D,g) and (G, D', g') are L-isometric by Theorem 3.19.
Let ¢ : G — G’ bean L-isometry between (G,D,g) and (G',D',g') andlet ¢/ = Lyq)-100.
We have that o~ 1o¢’ € Iso1(G, D, g). By Theorem 3.20, o~ 'o¢’ is a Lie group automorphism,
and so (as ¢ is a Lie group isomorphism) it follows that ¢’ is a Lie group isomorphism. As
¢ = Lgy o ¢, the result follows. O

Remark 3.22. A symmetric (invariant) sub-Riemannian structure is essentially one for which
there exists an isotropy ¢ € lso;(G,D,g) such that Tg‘b‘p(g) = —idp(y). By inspection of
Tables B.8 and B.9, we have that any invariant sub-Riemannian structure on a simply connected
unimodular Lie group, or on Aff (R)y x R, is a symmetric structure. Moreover, as the structure
on Aff(R)g x R is isometric to a structure on A, we have that any symmetric invariant sub-
Riemannian structure (on a simply connected three-dimensional Lie group) is isometric to
exactly one of our structures on a unimodular group. This is consistent with the classification
by Strichartz [112] of three-dimensional symmetric sub-Riemannian structures.






Chapter 4

Sub-Riemannian and Riemannian
structures on the Heisenberg groups

Among the invariant sub-Riemannian (and Riemannian) structures on Lie groups, those on
the Heisenberg groups are arguably the simplest and serve as prototypes. In this chapter we
classify these structures up to isometry; a parametrized family of normal forms is exhibited.
We then determine the isometry group for each normal form and hence find the geodesics.

A standard computation yields the automorphism group of Ha,41, a subgroup of which is
a symplectic group. By use of the automorphisms, we normalize the distributions on Ha,q.
Equivalence class representatives are then constructed by successively applying automorphisms,
that preserve the normalized distribution, to the metric. (The Riemannian case is treated
similarly.) Central to our argument is Williamson’s theorem, which states that any positive
definite symmetric matrix can be diagonalized, in a certain way, by symplectic matrices.

Once normal forms have been determined, the isometry group of each normal form is deter-
mined; this amounts to finding the isotropy subgroup at identity. Next, explicit expressions for
the geodesics of each structure are calculated; by use of the isometry group, these expressions
are brought to a very simple form. By inspection of the geodesics, some totally geodesic sub-
groups are identified. It is a simple matter to show that the Riemannian structures are central
extensions of the sub-Riemannian structures; this explains the similarity between the respective
geodesics. (In fact, the similarity between these two classes of geodesics is what instigated the
investigation into central expansions in Section 1.4.4.)

As prototypical structures, sub-Riemannian and Riemannian structures on the Heisenberg
groups have been considered by quite a few authors. Vershik and Gershkovich [122] describe
the geodesics and wave front in the three-dimensional case. Tan and Yang [117] find explicit
expressions minimizing sub-Riemannian geodesics on H-type groups as well as describing the
isometry groups; for sub-Riemannian structures on the Heisenberg group, this covers only the
case of maximal symmetry. Ambrosio and Rigot [16] also determine minimising geodesics
in case of maximal symmetry. Monroy-Pérez and Anzaldo-Meneses [93] consider a class of
invariant optimal control problems on Hs,41 (which turns out to cover all sub-Riemannian
structures on Hg, 1 up to isometry); they find expressions for the geodesics and determine the
conjugate locus. Beals et al. [27] also consider a class of structures on Hs,41 (which turns out

93
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to cover all sub-Riemannian structures on Hs, 1 up to isometry); in particular, they describe
the minimising geodesics for these structures. On the other hand, Riemannian structures on
Heisenberg groups (and generalizations) are well understood (see [55,80,81,125]). For a classical
derivation of the Riemannian geodesics (in the case of maximal symmetry), see [87].

We believe that we make the following novel contributions: the classification of both the
sub-Riemannian and Riemannian structures on the Heisenberg groups, up to isometry; explicit
calculation of the isometry groups (to our knowledge only the case of maximal symmetry has
been covered before); normal forms for geodesics (i.e., expressions for geodesics simplified by
use of isometries); exposition of some similarities between the Riemannian and sub-Riemannian
cases (and more specifically, that the Riemannian structures are central expansions of the sub-
Riemannian structures). Moreover, it turns out that in the case of maximal symmetry, a
structure on Hap, 1 is reducible (in a certain sense) to a structure on Hs (see Remarks 4.14
and 4.17).

Note. The first part of this chapter, regarding the classification of structures on Hg,41, appears
in [30].
4.1 The Heisenberg groups

The (2n + 1)-dimensional Heisenberg group may be realized as a matrix Lie group

1 =y =9 Tn  Z
0 1 0 0
0 0 1 0 12
Hopt1 = : . | = m(z,x,y) : T, Y, 2 €R
0 1y
0 0 1]

The diffeomorphism m : R x R” x R® — Ha, 41 is used simply as convenient notation. Hapyq
is a two-step Carnot group with one-dimensional centre {m(z,0,0) : z € R}; its Lie algebra

0 21 2 Ty 2
0 0 O 0
0 0 O 0 o n
bont1 =9 |. . | =22+ > (@iXi+uYi) : 2y z €R
: : : i=1
0 0 0]

has non-zero commutators [X;, Y;] = ;4. (If g1 = span(X1,Yi,...,X,,Y,) and go =
span(Z), then ha,i1 = g1 @® g2 with [g1,91] = g2 and [g1, g2 = {0}.)
The automorphisms of ha, 41 are exactly those linear isomorphisms that preserve the center
3 of haony1 and for which the induced map on hg,11/5 preserves an appropriate symplectic
structure (cf. [60]). More precisely, let w be the skew-symmetric bilinear form on hop41
specified by
[A,B] =w(A,B)Z, A,BE€ bt
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Note that w(X;,Y;) = d;; and that w is zero on the remaining pairs of basis vectors. Accord-
ingly, we get the following characterization of automorphisms.

Lemma 4.1. A linear isomorphism 1 : bopy1 — bong1 s a Lie algebra automorphism if and
only if

V-4 =cZ and  w(y- A B) =cw(A, B)
for some ¢ #£ 0.

Proof. Suppose v is an automorphism. As ¥ preserves the center of ho, 11 we have -7 = cZ
for some ¢ # 0. For A, B € hapt1, we have [¢- A, ¢ B| =1 -[A,B] and so w(y-A,¢-B)Z =
v-w(A,B)YZ, ie., w¥- Ay B)=cw(A, B). Conversely, suppose 1 is a linear isomorphism
such that the given conditions hold. For A, B € han41, we have

W-Avw-Bl=w Ay -B)YZ =cw(A,B)YZ =¢-w(A,B)Z =v¢-|A, Bl [l

We now proceed to give a matrix representation for the group of automorphisms. Through-
out, we shall make use the ordered basis

(Z7X17§/17X27§/27 s 7Xn7Yn)

for Bhopy1; linear maps will be identified with their corresponding matrices. Furthermore, the
left-invariant vector fields corresponding to Z, X;, and Y; will be denoted by Z%, XiL7 and
YiL , respectively. The bilinear form w takes the form

0 1 0
-1 0
0 0
W= {O J}’ where J =
0 1
| 0 -1 0]
We note that the linear involution
—1 0 0]
0 01 0
1 0
¢ = (4.1)
0 1
|0 0 1 0]

is an automorphism (indeed < Z = (—1)Z and s'Tws = (—1)w).

Proposition 4.2 (cf. [106]). The group of automorphisms Aut(hany1) is given by

2 2
{ﬁ) :q} , S ﬁ) :q} cr>0,veRX™ g e Sp(n,R)}
where

Sp(n,R) = {g e RZW . g Jg = J}

is the n(2n + 1)-dimensional symplectic group over R.
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7,2

Proof. If v = {O :q}’ then v - Z = r?Z and

2 2
T | 0110 Of|r w
Y wy= vl rgT| |0 J} {O rg}
_ |0 0 =r?w
|0 r2gtJgl

0 0
Suppose ¥ is an automorphism. We have ¢ - Z = ¢Z for some ¢ # 0. We may assume
2
re o
0 h
and h € GL(2n,R). As ¥ wy = r?w, it follows that hTJh = r2J. For g = %h7 we get

2 2
Thus {r U} and ¢ {r U} are indeed automorphisms.
rg rg

¢ >0 (if ¢ <0, then ¢ has this property). Thus ¥ = { for some r > 0, v € R*®

2

g"Jg=J. Thus ¢ = ﬁ) :q} for some r > 0, v € R?® and g € Sp(n,R). Finally note that
. r? v r? v

1fg1/1{0 rg}thenwg{o rg} O

Remark 4.3. The group of automorphisms Aut(Hs,41) decomposes as a semidirect product
Aut(h2n 1) = R?™ 3 R x Sp(n, R) x {1,¢}
of the following subgroups:

1 v

1. the subgroup of inner automorphisms Int(Hs) = { {O I
2n

} ) GRQ”} %RQ”;

2
2. the dilation subgroup {{ro r? } tr> O} =~ R;
2n

3. the symplectic subgroup { Ll) ﬂ :gE€Sp (n,R)} 2~ Sp (n,R);
4. and the two-element subgroup {1,}.

4.2 Classification of structures

We consider the sub-Riemannian case first; we start by normalizing the distribution.

Lemma 4.4. If D is a bracket-generating left-invariant distribution on Hapy1, then there exists
an (inner) automorphism ¢ € Aut(Han11) such that ¢.D = D, where D is the lefi-invariant
distribution specified by D(1) = span(Xy, Y1, Xo,Ya, ..., Xy, Vo).

Proof. 1t suffices to show that there exists an (inner) automorphism ¢ € Aut(h2,,41) such that
¥ - D(1) = D(1). For any subspace s C haony1, we have Lie(s) < span(s, ). Therefore, if
Lie(s) = hant1 and s # hopy1, then s has codimension one, Z ¢ s and so s takes the form

5 = span(X1 +n 4, Y1+vZ,..., Xn+ v 14, Y, +U2nZ).
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Accordingly,
1 —wv
w{() Izn}’ v=1[vr vz - v

is an inner automorphism such that - s = span(Xy, Yy, Xo, Yo, ..., Xy, Yy). O

We now proceed to normalise the sub-Riemannian metric and so obtain a classification of
the sub-Riemannian structures. We shall make use of the fact that positive definite matrices
are diagonalizable by symplectic matrices (see e.g., [54], Chapter 8.3: “Symplectic Spectrum
and Williamson’s Theorem”). More precisely,

Lemma 4.5. If M € R*™2" 45 positive definite, then there exists g € Sp(n,R) such that
g7 Mg = diag(\, A, Ag, Az, -5 Ans An)

where A\ > Ao > -+ > N\, > 0; Xi); are exactly the eigenvalues of JM. Moreover, the
symplectic spectrum Spec(M) = (A1,..., A\a) is a symplectic invariant, i.e., Spec(g’ M g) =
Spec(M) for g € Sp(n,R).

Theorem 4.6. Any left-invariant sub-Riemannian structure on Hony1 is isometric to exactly
one of the structures (D, g») specified by

{D(l) — span(X1, V1, X2, Y, ..., X, Yy) (42)

g1 = A = diag(A, A1, A2, A2, oo Ay ).
i.e., with orthonormal frame

1 L 1 L 1 L 1 L 1 L 1 L
(X0 70 7 X2 7R Yels e g X 7 Y )

Here 1 =X > Xy > -+ > A\, > 0 parametrize o family of (non-isometric) class representatives.

Proof. By Lemma 4.4, any sub-Riemannian structure on Hg,41 is isometric to one on the
distribution specified by D(1) = span(Xy, Y7, X2, Ys, ..., X,,, Y,,). As sub-Riemannian Carnot
groups, any two such structures are isometric if and only if they are £-isometric (see Theo-
rem 1.43). Consequently, it remains only to classify the positive definite quadratic forms on
D(1) up to Lie group automorphism.

Let p be a positive definite quadratic form on D(1). By Lemma 4.5 there exists g €
Sp (n, R) such that

g" pg = diag( A, A, A2, A2y s Ay An)

where (A1,..., \n) = Spec(p). Hence (\/%\Tg)Tu(\/%\Tg) diag(1, ,iz, i—f ,j\\—” /\—”) There-

fore .
~— 0
v=17 L
voved

is a Lie algebra automorphism such that ¢-D(1) = D(1) and ¢¥*p = diag(1, 1, if, j\\—f ey j\\—’ll, j\\—’ll)
Consequently, as Ha, 41 is simply connected, by Lemma 1.31 (and relabelling 2 T oas Ai) we get
the given normal forms.
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It remains to be shown that no two class representatives are equivalent. Suppose (D,g?)
and (D,g") are isometric (and so £-isometric) structures of the form given. Then there exists

a Lie algebra automorphism
2 2
reow re o
1/1{0 rg} or wg{() rg}

such that ¢-D(1) = D(1) and g}(A, B) = g} (- A, - B) for A, B € D(1). The former condi-
tion implies v =0 and so the latter implies A = » gTA’g7 where A = diag(A1, A1, ..oy Adny An)

and A’ = diag(\} ..., AL, ALY, Thus, by Lemma 4.5, we have Spec(A) = r? Spec(A’). How-
ever, for both Spec(A) and SpeC(A') the largest value is one; so r = 1. Consequently A = A’.
That is to say, (D,g") and (D,g") are isometric only if A\ = X. O

Next, we consider the Riemannian case; the classification is very similar to the sub-Riemannian
case.

Theorem 4.7. Any left-invariant Riemannian structure on Hap i1 is isometric to exactly one
of the structures g specified by

g - B ﬂ A = diag(h, At Ag, Aas - Ay An) (4.3)

i.e., with orthonormal frame

L 1 1
(Z 7—>\1X17

IV e Xe Ve e X Y.

\/7 ) \/7 o \/7

Here A\y > Xy > -+ > A\ > 0 parametrize a family of (non-equivalent) class representatives.
Proof. As Ha,q1 is simply connected and nilpotent, two Riemannian structures g and g’
on Hg,y1 are isometric if and only if there exists 1 € Aut(han41) such that gi(A, B) =
g'(w- A B) for A, B € hopy1 (see Theorem 1.43). Hence it suffices to classify the positive

definite quadratic forms on ha,41 up to Lie algebra automorphism.
Let p be a positive definite quadratic form on ha,41. We have

1
s v
vl Q
for some r >0, v € R?” and Q € R?***?", Hence

r2  —rdy
0 T’IQn

ll,:

W =

€ Aut(hon 1) and wTuwB QO}

for some positive definite matrix @'. Accordingly, there exists an automorphism ' = Ll) ﬂ ,
g € Sp(n,R) such that

(o) p(wod) = B ﬂ
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where A = diag(A, A1, ..., Ay An) (and (Mg, ..., A\,) = Spec(@)).

As in the sub-Riemannian case, it is a simple matter to show that none of these structures
are isometric. Suppose g’ and g’\/ are isometric (and so £-isometric) structures of the form
given. Then there exists a Lie algebra automorphism

r? v r? v
w{() rg} o wg{() rg}
such that gNA,B) = g (¢ - A, - B) for A, B € hapy1. In either case we have 1 = 7,

0=r% and A =r2gTA’g. Hence v =0, r = 1 and so, by Lemma 4.5, Spec(A) = Spec(A').
Consequently A = A/, ie., g* and gV are isometric only if A = X. O

4.3 Isometry groups

We calculate the group of isometries for each of the normal forms given in Section 4.2. Again, we
denote the group of isometries of a structure (Ho, 41, D, g) by Iso(Hant1, D, g); the subgroup
of isotropies fixing the identity element is denoted Iso1(Han41,D,g). By Theorems 1.43 and
1.45, the isotropy subgroup is given by

Iso1 (H2ny1,D,8) = {<l5 € Aut(Hzpq1) - g1(A, g)l(b ;((1121¢ .2?4(71121¢ - B) }
The isometry group Iso(Ha,41,D,g) decomposes as a semidirect product of the subgroup
Ly, = {Lg : g € Hapq1} of left translations and the isotropy subgroup lIso1(Han 1, D, g) of
the identity (compare with Theorem 3.20).

As Honq1 is simply connected, there is a one-to-one correspondence between the auto-
morphisms of Ha,y1 and the automorphisms of its Lie algebra ha,41. Moreover, as Hapig
is nilpotent, the exponential map exp : ha,y1 — Hapg1 is a diffeomorphism (with inverse
log : Hopt1 — Hong1, see e.g., [59]) and so Aut(Hapi1) = {expoyolog : ¥ € Aut(hany1)}. Ac-
cordingly, we shall denote by dlso1(Hapt1,D,g) the group {T1¢ : ¢ € lso1(Hant1,D,8)} of
linearized isotropies; we have lso1(Hapnt1, D, g8) = dlso1(Hany1, D, g) and lso1(Hopy1, D, 8) =
{expoyolog : ¢ € dlso1(Hony1, D, g)}. Furthermore,

dlsoi(Honi1,D,g) = {1/1 € Aut(hany1) : gl(A,%.)mgl(w?f(‘i)w - B) } )

For a sub-Riemannian manifold (4.2) (resp. Riemannian manifold (4.3)) on Hg,y1, let
m >mn2 > - > >0 denote the distinct values in the list (A1, A2,..., Ap) and mq, ..., mg
denote the corresponding multiplicities. We refer to the pair (n,m) as the metric data for the
structure.

Theorem 4.8. The group of linearized isotropies for the sub-Riemannian structure (4.2) (resp.
Riemannian structure (4.3)) with metric data (n,m) is given by

1 0 --- 0 10 --- 0

0 5 0 0 o 0
d ISOl(H2n+17 D, gA) - . . y S . . g € U (mz)

0 0 gk 0 0 Gk
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Here the unitary group U (m;) = Sp(m;, R)NO (2m;) where the orthogonal group O(n) = {g €
R™"™ 1 gTg =1}, ¢ is the involutive automorphism (4.1).

Remark 4.9. In the following representations of the complex group, symplectic group, and
orthogonal group

GL

,C) = {geR*™ . g7lyg = J}
Sp(n,R

R) = {g eR*™* : gTJg=J}
O(2n) = {g e R*™™ : g7 = g7}

(n
(n

we have (see, e.g., [19, p. 225])
U(n) = GL(n,C) N Sp(n,R) = GL(n,C) N O(2n) = Sp(n,R) N O(2n).

Proof. Suppose that 1 € dlsoy(Ha,y1,D,g"), ie., ¥ € Aut(hanyi1), ¥ - D(1) = D(1), and
g1 (A, B) =g (v - A, - B). As 1 is a Lie algebra automorphism, we have

r? r? v
v {0 7"9} or v {0 7"9}
for some r > 0, v € R??* and g € Sp(n,R). We need only consider the former case as
s-D(1) = D(1), and gi\(Av B) = gi\(g A,¢- B), e, ¢ €dlsor(Hznt1, D, gA)

For the sub-Riemannian case, we have v =0 as ¥ -D(1) = D(1) and r =1, g'Ag = A
as g1(A4,B) =g1(v-A,v-B) for A, B € D(1) (compare with the last paragraph of the proof
of Theorem 4.6). Likewise, in the Riemannian case we have r =1, v = 0 and gTAg = A as
g1(A, B)=gi1(v- A - B) for A, B € ha,41 (compare with the last paragraph of the proof of

Theorem 4.7).
In either case, we have

1/1{(1) ﬂ, g'Jg=1J, and ¢"Ag=A.

From ¢'Jg = J it follows that g" = —Jg~'J. Hence from ¢g'Ag = A it follows that
—Jg~'JAg = A. Consequently we have JAg = gJA. As A = —JAJ we also have A? —
—JAJA. Thus A%g = gA?. Hence A2gx — nZgx whenever z is an eigenvector of A? associated
to the eigenvalue n?. It follows that g (resp. g') preserves each eigenspace of A%. That is,
ga; =a; and g a; = a;, i = 1,...,k where a; denotes the eigenspace of A? corresponding
to p2. Therefore g takes block diagonal form

g1 0
g = ; g: € GL (2m;, R).
0 9k

Moreover, as g'Jg = J and g'Ag = A, we have g; € Sp (m;, R) N O (2m;) = U(my).
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On the other hand, suppose

1 0 0

0 a1 0
Y= .

0 0 Ik

is a linear map such that g; € Sp (m;,R) N O (2m;) = U(m;). As g; € Sp (m;, R) we have that
¥ is a Lie algebra automorphism. In the sub-Riemannian case we have that ¢ - D(1) = D(1)
and g1(A,B) =gi1(v-A,¢v-B) for A,Be€D(1) as ¢g; € O(2m;). In the Riemannian case we
likewise have g1(A, B) = gi1(v - A,¢- B) for A, B € hapy1. Thus the given maps are indeed
linearized isotropies. O

Remark 4.10. We have that

1 0 0
0 a1 0

v=|. " . i €50(2) (4.4)
0 0 Gn

is always a linearized isotropy of identity irrespective of the metric data. Hence, the isotropy
subgroup must be at least n-dimensional.

Corollary 4.11. For a sub-Riemannian or Riemannian manifold (Ha,y1, D, g") with metric
data (n,m), we have

Iso1 (Hop 11, D, g’\) ~(U(my) x -~ x U(mg)) x{1,¢}

and so
k
n < dimlsoy (Han11, D, g") = Z m? < n?.
i=1
The minimal dimension dimlso; (Han i1, D, g") =n is attained when all values Ay, ..., \n are
distinct (i.e., (my,...,my) = (1,1,...,1)); the maximal dimension dimlsoy(Ha,y1,D,g") =
n? is attained when the values A1, ..., \, are all identical (i.e., mi =n, k= 1).

4.4 Geodesics

We determine (normal forms for) the geodesics of the sub-Riemannian and Riemannian struc-
tures on Hgp41. In the sub-Riemannian case, the distribution is strongly bracket generating
and hence there are no abnormal geodesics (see, e.g., [47,94]). Henceforth, we shall refer to
normal geodesics simply as geodesics. By inspection of the normal forms for the geodesics, we
identify a number of totally geodesic subgroups.

Theorem 4.12. The unit speed geodesics for the sub-Riemannian structure (4.2) are, up to
composition with an isometry, given by
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(it) g(t) =m(0,2(1),0), where x;(t) = L.
2
Here c1,...,cp, >0, >0, f\—i =1 and co > 0 parametrize a family of geodesics.

Proof. The sub-Riemannian structure (4.2) has orthonormal frame

L 1 vl 1 vL 1 vL 1 L L _LyL
(Z 7\/—>T1X17\/—>T1Y17\/—>T2X27\/—>T2Y27'“7 =X, Y,).

Accordingly, by Theorem 1.30, the geodesics are given by

n

. 1 .

Z= E N Liby; pz =0
i=1

_ 1 S|

Xi i

; 1 A |

Yi — N, Pv: Dy, = \;PzPX;-

Here p = pzZ* + >0 (px, X} + py;Y;*) where (Z% X7, Y}, ... X;Q,Yrj‘) is the basis for
(hant1)® dual to (Z,X1,Y1,..., Xy, Yy); furthermore, H(p) = >0 | + x (v%, +py,) and the
extremal controls are uyx, = \/L,\iji and uy, = \/L/\—ipyi.

We note that the action of an isotropy ¢ € lso1(G,D,g") on a geodesic corresponds to
the action (g,p) — (¢(g9), (T1¢)* - p) on an extremal curve &(-) = (g(-),p(:)) (see the proof of
Theorem 1.12). Hence, by application of the isometry ¢ (see (4.1)), we may assume pz > 0.
By application of a left translation, we may assume gy = 1, i.e., 2(0) = 2;(0) = 3;(0) = 0.
By application of an isotropy of the form (4.4), we may assume 7;(0) = 0 and #;(0) > 0, i.e.,
py;(0) = 0 and px,(0) > 0. Let a; = px,(0) > 0 and ap = pz > 0. The corresponding integral
curves (satisfying these initial conditions) are given by

n
_1 2 (2
2(t) = Z % (524 —sin(521))
=1
2i(t) = o= sin(§21)
yit) = Z2(1 — cos(521))

if ap >0 and g(t) = m(0,2(1),0), zi(t) = 5t if ap = 0.
The length of the curve g(-) = m(z(t), z(t),y(t)) from 1 to g(T) is

o)~ [ TG a1y s
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Hence, replacing ¢ by ﬁt yields the required unit speed curve. Let ¢y = o pe and
V2 Y
2
ci = ﬁ (Note that & = &) Then 377, C—ZZ =1 and we get the given expression. [
=1\,

We say that a submanifold N of G is a totally geodesic submanifold of the sub-Riemannian
(or Riemannian) structure (G, D, g) if it satisfies the following property: whenever a geodesic
g(+) is tangent to N at some point g € N, then the entire trace of g(-) is contained in N.

Corollary 4.13. The subgroups with Lie algebra spanned by
(Z, X4, Yer, oo Xig, Yir ), I1<ii<ieg<...<ixg<n, 1<k<n
are totally geodesic submanifolds of (4.2).

Remark 4.14. In the case of minimal symmetry, i.e., A1 < A2 < -+ < Ay, no further normal-
ization of the geodesics (as stated in Theorem 4.12) is possible. However, in the other cases,
more normalization is possible. We give details here for the case of maximal symmetry (i.e.,
A1 =A== \,;). We have

cos 0 singd 0
B 0 cos 0 0  sin0@
vl sin @ 0 cosf 0
0 —sinf® 0 cosd

e U(2) = Sp(2,R) N O(4).

Accordingly, there exist 1/~Jj € dlsoy(Hapny1,D,g"), j =1,...,n —1 such that

=

span(X;,Y;, Xj41,Yj+1)

and ¥(Z) = Z, ¥(X;) = Xi, ©(Y;) = Vs, i = 1,...,5— 1,7 +2,...,n. Notice that 9 -
(rcos,0,rsinf,0) = (r,0,0,0). Accordingly, the unit speed geodesics are, up to composition
with an isometry, given by

() g(@) = m(2(t),x(t), y(t)), where

i(t) = Dsin(52)  (t) = 241 - cos(§20))

&0}

xi(t) =y;(t) =0, 5 =2,...,m, co > 0.

(ii) g(t) = m(0,2(t),0), where x1(t) = \/%\Tt and z;(t) =0, j=2,...,n.

Hence any geodesic is the image, under an isometry, of a geodesic of the totally geodesic
subgroup with Lie algebra generated by 7, X1, Y. Accordingly, in the case of maximal symme-
try the problem of determining minimal geodesics on Hg,41 reduces to determining minimal
geodesics on Hs (indeed, ¢(-) is a minimising geodesic if and only if its image ¢og(-), evolving
on the totally geodesic subgroup Hs, is a minimising geodesic).
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We now proceed to the Riemannian case. The proof of the following theorem is very similar
to that of Theorem 4.12 and hence omitted. The main difference is that in the equations for
the geodesics z = > 1" | /\%:E,pyz is replaced by 2 =pz + >0, /\%:E,pyz Remarkably, the only
difference in the expressions for the Riemannian geodesics is the introduction of the cof term
for z(t); this similarity can be explained by the fact that the Riemannian structure is a central
expansion of the sub-Riemannian structure (see the remarks that follow).

Theorem 4.15. The unit speed geodesic g(-) through g(0) =1 with §(0) = agZ+> LXit+
f’\—iYi for the Riemannian structure (4.3) is, up to a composition with an isometry, given by

(i) g(t) = m(z(t),x(t), y(t)), where

lf Qo 7& O;
(it) g(t) =m(0,2(1),0), where x;(t) = 5Lt if ap = 0.

Here ¢; = \/a? + b2 and co = |ao|.

Corollary 4.16. The subgroups with Lie algebra spanned by

(Z, X, Y, ..., Xe V) 1<ii<ia<...<ix<n, 1<k<n

ko Sk
are totally geodesic submanifolds of (4.3).

Remark 4.17. In the case of maximal symmetry (i.e., Ay = A2 = --- = \,) any geodesic is
the image, under an isometry, of a geodesic of the totally geodesic subgroup with Lie algebra
spanned by Z, X1,Y;. This follows in the same way as for the sub-Riemannian case (see
Remark 4.14).

4.5 Remarks

The Riemannian structures (4.3) are central expansions of the sub-Riemannian structures (4.2)
with respect to Z(Hapn41); this is most easily seen by inspection of the given orthonormal frames
(see Lemma 1.49). Accordingly, the images of the respective sets of geodesics under the quotient
map

q:Hanp1 = R 2 Hypy1/Z(Honp1),  mlz,a,y) = (2,9)

are identical. In terms of the parametrisations of the geodesics given in Theorems 4.12 and
4.15, this means that the expressions for the (x1,91,...,2n, yn) coordinates should match (see
Theorem 1.50 and its corollary), which is indeed the case.
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On the other hand, we note that the subclass g(t) = m(0,2(t),0), z;(t) = &t of geodesics
of (4.2) are the lifts of geodesics (being straight lines) of an invariant Riemannian structure on
R?? (compare with Proposition 1.59; see also Corollary 1.36). Indeed, we have that

q:(Han, D, g") — (R*, )

is a LiSR-epimorphism; here g7 is the inner product on R? with respect to which (Tyq -
\/%Xl,qu . L/\lYl, oThg - L/\an,qu . \/%Yn) is orthonormal.






Conclusion

This thesis investigated equivalences and interrelations between cost-extended systems (as-
sociated to invariant optimal control problems), invariant sub-Riemannian structures, and
quadratic Hamilton-Poisson systems, both within the context of each of these classes as well
as between these classes. In Chapter 1 we developed a (simple and elegant) framework for
these purposes. By formulating each class as a category, equivalence relations for cost-extended
systems, sub-Riemannian structures, and Hamilton-Poisson systems were introduced. The cat-
egory of sub-Riemannian structures was shown to be functorially equivalent to a subcategory
of the category cost-extended systems. Accordingly, sub-Riemannian structures are equivalent
(i.e., £-isometric up to rescaling) if and only if the corresponding cost-extended systems are
equivalent. Furthermore, equivalence of cost-extended systems (resp. sub-Riemannian struc-
tures) implies equivalence of the associated Hamilton-Poisson systems. It was also shown that
the geodesics of central expansion of an invariant sub-Riemannian structure are closely re-
lated to the geodesics of that structure. The primary aim in our formalism is to facilitate the
systematic investigation of these various systems and structures.

A few examples illustrating some of the main results of Chapter 1 were discussed (at the end
of Chapter 1); these examples pertained to the properties of structures on the three-dimensional
Heisenberg group. In Section 4.5 we noticed that some properties generalized to the (2n + 1)-
dimensional Heisenberg groups. With regards to quotient objects (in the respective categories)
and central expansions (of sub-Riemannian structures), we would like to briefly point out two
other significant cases. Any rank-two invariant sub-Riemannian structure (i.e., dimD(1) = 2)
on the four-dimensional Engel group (see, e.g., [3,17]) admits both an Abelian Riemannian
quotient structure (by taking the quotient of the group by its commutator subgroup) and a
sub-Riemannian quotient structure on the three-dimensional Heisenberg group (by taking the
quotient of the group by its center). Accordingly, some subclasses of geodesics on the Engel
group will be intimately related to the geodesics on these quotient structures. Moreover, the
rank-two invariant sub-Riemannian structures on the Engel group admit rank-three central
expansions. For a non-nilpotent example, we have the rank-two sub-Riemannian structures on
the four-dimensional oscillator group ([39]). These structures admit sub-Riemannian quotient
structures on the three-dimensional Euclidean group SE(2) (by taking the quotient of the
group by its center). Hence, a subclass of geodesics for these structures will be intimately
related to the sub-Riemannian geodesics on SE(2) (which were studied in [92,111]). The
rank-two sub-Riemannian structures on the oscillator group likewise admit rank-three central
expansions. Hence, we believe that quotients and central expansions will be useful new tools
for the investigation of invariant sub-Riemannian structures.
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108 Conclusion

In Chapter 2 we classified the positive semidefinite quadratic Hamilton-Poisson systems on
three-dimensional Lie-Poisson spaces. An exhaustive and nonredundent list of normal forms
was obtained. Some simple invariants for these systems allow for a taxonomy of systems on
each Lie-Poisson space, thus giving us the means (in most cases) to easily identify the normal
form of an arbitrary system. The primary aim of this chapter was to unite and systematise
the treatment of these systems, especially as several systems may be equivalently realized on
a number of non-isomorphic Lie-Poisson spaces (see Tables 2.1 and 2.2). By studying normal
forms for systems, one can accomplish more elegant and clear results. A systematic treatment
of the stability of equilibria and computation of integral curves for this class of systems is
currently in preparation. Avenues of further investigation include considering the class of all
quadratic Hamilton-Poisson systems in three dimensions (i.e., not only the positive semidefinite
ones), a systematic treatment of the inhomogeneous systems (for se (2)* some partial results
were obtained in [5,9]), and a classification of homogeneous systems in four dimensions.

In Chapter 3 we classified the invariant sub-Riemannian structures in three dimensions and
determined the subgroup of isometries fixing the identity for each normal form. By comparing
our results to that of Agrachev and Barilari [10], we were able to show that, quite remarkably,
most isometries are the composition of a left-translation and a group automorphism. This begs
the question as to whether this property generally holds true for some class of structures be-
yond nilpotent Riemannian structures and sub-Riemannian Carnot groups (c¢f. Theorems 1.43
and 1.45). Towards this end, it would be of interest to carry out a similar study (including
classifications) of the invariant Riemannian structures in three dimensions, as well as the sub-
Riemannian structures in four dimensions. Such studies would of course also be of interest
in their own right. So far, the invariant three-dimensional Riemannian structures have been
classified up to £-isometry in [62] and the larger class of homogeneous Riemannian struc-
tures has been classified up to isometry in [99]; some partial classifications of sub-Riemannian
structures in four dimensions have also been obtained (see, e.g., [15,56]). We are currently
preparing a classification of the invariant distributions on four-dimensional Lie groups (up to
group automorphism).

The classification of invariant sub-Riemannian structures in Chapter 3 can be reinterpreted
as a classification of the two-input cost-extended systems (where the system is linear in the con-
trol and the cost is homogeneous). It would be of interest to expand this classification to cover
all cost extended systems in three-dimensions (cf. Proposition 1.56). Another avenue of inves-
tigation would be to formalise the inhomogeneous cost-extended systems as affine distributions
together with quadratic forms and consider diffeomorphisms relating such structures; such an
approach has been followed to study the geometry of more general (point-)affine distributions
on manifolds in [49, 50].

In Chapter 4 we classified the Riemannian and sub-Riemannian structures on the Heisenberg
groups, determined the associated isometry groups, and briefly investigated the geodesics. By
making use of the isometries (and normal forms for geodesics) we suspect that we may be
able to find a simpler derivation and description of the minimising geodesics in the general
case (cf. [27]). Furthermore, investigation of the similarities between the Riemannian and
sub-Riemannian structures may elucidate some more general properties for central expansions.
As prototypical cases, it would also be of interest to classify and study more generally the
cost-extended systems (or affine distributions) on the Heisenberg groups.



Appendix A

Three-dimensional Lie algebras and
groups

A.1 Classification

There are eleven types of three-dimensional real Lie algebras; in fact, nine algebras and two
parametrized infinite families of algebras (see, e.g., [76,85,95]). In terms of an (appropriate)
ordered basis (F7, Es, F3), the commutation operation is given by

[Ea, Ea) = iy — akiy
|Es, 1) = al) + nalis
[El, EQ] = n3E3.

The structure parameters «,n1,ns,ns for each type are given in Table A.1.

Note. Throughout this thesis we shall use a basis for go1 @ g1 different from the one listed in
Table A.1. More precisely, we use the basis | = %(El — Ey), E, = —%Eg7 ElL = %(El + Fs);
the only nonzero commutator is [E}, E5] = E.

A classification of the three-dimensional (real connected) Lie groups can be found in [59].
Let G be a three-dimensional (real connected) Lie group with Lie algebra g.

1. If g is Abelian, i.e., g2 3gq, then G is isomorphic to R?, R?> x T, R x T, or T%.

2. If g™ go1 D g1, then G is isomorphic to Aff(R)y x R or Aff (R)y x T.

3. If g~ gs1, then G is isomorphic to the Heisenberg group Hs or the Lie group Hj =
Hs/ Z(H3(Z)), where Z(H3(Z)) is the group of integer points in the centre Z(Hs) 2 R of
Hs.

4. If g = g32, 933, 094, 054, or g5, then G is isomorphic to the simply connected Lie
group Gso, Gss, G, =SE(1,1), G§,, or GS, respectively (the centres of these groups
are trivial.)

5. If g = g%, then G is isomorphic to the Euclidean group SE(2), the n-fold covering
SE,(2) of SE1(2) = SE (2), or the universal covering group SE (2).

6. If g = gz, then G is isomorphic to the pseudo-orthogonal group SO (2, 1), the n-fold
covering A, of SO (2, 1)o, or the universal covering group A. Here Ay 22 SL (2, R).
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110 A.2. Matrix Lie groups
Table A.1: Three-dimensional Lie algebras
SR
alm| |l nyjl=,|Z | |H|Aa|dn Connected Groups
3m 0| 0| 0] Ol e| o | e | e e R3, R2x T, R x T2, T
g2.1 B o1 10 1|-1 0 e o | o Aff (R)g x R, Aff (R)p x T
931 0] 1 Offe| o e | o e Ha, H3
93.2 1 0 o | o o Ga.2
93.3 1y 0] 0 O o | o o G3.3
034 O 1| —1] 0] e o | o | o SE(1,1)
034 |ap | L[-1] 0 ol G34
0% 0 1| 1| 0] e . SE (2), SE,(2), SE(2)
955 a>0 | 1 1 0 * | 35
93.6 0| 1| 1|—=11e e || A A, SL(2,R), SO (2,1)0
g3.7 0] 1 1 1| e . SU (2), SO (3)

7. If g > gs7, then G is isomorphic to either the unitary group SU(2) or the orthogonal

group SO (3).

Among these Lie groups, only Hji, A,, n > 3, and A are not matrix Lie groups.

A.2 Matrix Lie groups

We have the following parametrizations of the solvable three-dimensional matrix Lie groups
and their Lie algebras (cf. [37,58]). We omit the Abelian groups.

Aff (R)O xR :

Aff (R)O x T :

H33

T 1 T
SO ok - o8 —

[0 0 0
go1Pgr - |z —y O
0 0 =z
[0 0
go1Pgr - |z —y O
0 0 iz

0 v x

hs: |0 0 =z

0 0 0
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1 0 0 0 0 O
Gsa2: |y € 0 gz2: |y 2 O
|z —ze® €* lx —z z
(1 0 0 0 0 0
Gsz: |y e 0 gs3: |y 2 0
lx 0 ¢° z 0 2z
1 0 0 [0 0]
SE(1,1): |z coshz —sinhz se(l,): |2 0 —z
|y —sinhz coshz ly —z 0]
1 0 0 0 0 0]
540 |z e*coshz —e™sinhz 0540 |z az —z
g;ff ly —e*sinhz  e**coshz g;ff Ly —z az]
1 0 0 Ow [0 0 0 Ow
P x cosz —sinz 0 ~ zr 0 —2 0
SE(2) - y sinz cosz O 5¢(2) y z 0 0
0 0 0 ezJ 0 0 0 zJ
1 0 0 0 0 0 0 0
x cosz —sinz 0 r 0 —z 0
SEn(2) : y sin z COS 2 O Een(2) : y z 0 0
(74 .
0 0 0 en 00 0 3
1 0 0 0 0 0
SE(2) : | cosz —sinz se(2) : |z 0 —z
|y sinz cosz ly z 0
1 0 0 [0 0 0
55 1 |z e*cosz —e*sinz 055 ¢ |z azx —z
ly e*sinz e cosz ly oz az

An appropriate ordered basis for the Lie algebra in each case is given by setting (z,y,z2) =
(1,0,0) for Fq, (x,y,2) =(0,1,0) for Fs, and (x,y,2) = (0,0,1) for Ejs.

Matrix Lie groups with algebra gs;

There are only two connected matrix Lie groups with Lie algebra gs¢, namely the pseudo-
orthogonal group SO (2,1)y and the special linear group SL(2,R); SL(2,R) is a double cover
of SO (2,1)p.

The pseudo-orthogonal group
SO(2,1) = {g e R*® : gTJg=J, detg =1}

has two connected components. Here J = diag(1,1, —1). The identity component of SO (2, 1)
is SO(2,1)0 ={g €SO (2,1) : gss > 0} where g = [gi5] (for g € SO(2,1)). Its Lie algebra is
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given by

50(2,1) = {AeR¥3 . ATJ + JA =0}

0 z vy
= -z 0 2| rx,y,2€R
y x 0

On the other hand, the special linear group is given by
SL(2,R) = {g € R**? : detg = 1}.

Its Lie algebra is given by

z Y=z
ute: 2 } :w,y,zeR}.

Matrix Lie groups with algebra gs-

There are exactly two connected Lie groups with Lie algebra gs.7; both are matrix Lie groups.
The special unitary group and its Lie algebra are given by

SU(2) = {g eC¥? : g¢t =1, detg = 1}

su(2) = { {1@?%_ ” %(’f;;y)} A R}

SU (2) is a double cover of the orthogonal group SO (3). The orthogonal group SO (3) and its
Lie algebra are given by

SO (3) = {g eR¥3 . ggT =1, detg — 1}

0 — vy
50(3) = z 0 —x|:x,y,2z€R
-y 0

Note. Again, for both gss and g3, an appropriate ordered basis for the Lie algebra in each case
is given by setting (x,y, 2) = (1,0,0) for F1, (x,y,2) = (0,1,0) for Fy, and (x,y,z) = (0,0, 1)
for FEjs.

A.3 Automorphism groups

A standard computation yields the automorphism group for each three-dimensional Lie algebra
(see, e.g., [64]). With respect to the given ordered basis (F1, Fa, E3), the automorphism group
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of each solvable Lie algebra has parametrization:

(yw —vz x wu [z y O
Aut(gs.1) : 0 Yy v Aut(go1 ®g1) - |0 1 0
. 0 Zw 0 u v
(w2 y] [z y 2
Aut(gs2) : [0 u =z Aut(gss) : |u v w
00 1] 00 1
[z vy u] x Yy u| x y u
Aut(gd) |y = v|, |-y —x v Aut(gi,) @ |y = v
001 o 0 —1] 0 0 1
ey u| [ vy u] [z y wu
Aut(gds)) @ |-y o v|,|ly —o v Aut(gis) @ |-y « v
0 0 1] [0 o -—1] 0 0 1

For the semisimple Lie algebras, we have

Aut(ggﬁ) =S50 (2, 1) and Aut(ggj) =S50 (3)






Appendix B

Tables

B.1 Quadratic Hamilton-Poisson systems

Tabulation of systems and equilibria

Table B.1: Ruled systems (Equations of motion and equilibria)

System

R(L) : ((fl2.i ©fli)-,P2)

R(2) : ((f13.3)-,P2+ PD

R@3) : ((S3.3,P3)

R(4) : ((fIL)-, (Pi + P2)2)

RG) : ((fIL)-,P2)

Egn. of motion Equilibria
Pi = -2piP2
p2 =20
p3 =20
Pi = 2piP3
p2 = 2P2P3
p3 =20
Pi =0
p2 =20
p3 = -2(Pi + P2
Pi=0
p2 =20
p3 = 2(pi + P2)2
Pi=o0
p2=o0
p3 = 2piP2

115

in three dimensions
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B.1. Quadratic Hamilton-Poisson systems in three dimensions

Table B.2: Planar systems (Equations of motion and equilibria)

System
P(1) : ((fl2.i ©fli)-,P2+ PD
P(2) :((02.i00i)-,p2+(pi+P3)2)
P@3) : ((S3.2)-,P3)

P(4) : ((fI3.3)-,P? + P2)
P(5) : ((fI3.3)-,P? + p2 + P2)
P(6) : ((S0.4)-,P2)

P(7) : ((f2.4)-,P2)

P@®) : ((fID-,P3)

P(9) : ((035)-,P3)

P(10) : ((03.6)-, (P2 + P3)2)

Eqgn.

of motion Equilibria
Pi = -2piP2
P2 = 2pi
P3=0
Pi = -2piP2
P2 = 2pi(pi + P3)
P3=0
Pi = 2piP3
P2 =2(-pi + P2)P3
P3=0
Pi = 2piP3
P2 = 2P2P3
P3 = -2p?
Pi = 2piP3
P2 = 2P2P3
p3 = -2(Pi + P2)
Pi = -2P2P3
P2 = -2PiP3
P3=0
Pi = 2(aPi - P2)P3
P2 = -2(Pi - aP2)P3
P3=0 O<ac<i
Pi = 2P2P3
P2 = -2PiP3
P3=0
Pi = 2(aPi + P2)P3
P2 = -2(Pi - aP2)P3
P3=0
Pi = 2(P2 + P3)2
P2 = - 2Pi(P2 + P3)
P3 = 2Pi(P2 + P3)

a>i
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Table B.3: Non-planar systems (Equations of motion and equilibria)
System Equilibria

Np(1) : _((03.2)-,P2+ P2)

= 2PiP3
= 2(-Pi + P2)P3
= -2p?
Np(2) ™(03.2)-, 5p? + p2+ P2)
= 2piP3
= 2pi(-Pi + P2)P3
-2(5P2- PiP2 + p2)

Np3) : ((03.4)-, (Pi + P2)2 + P2)

= -2P2P3
= -2piP3
= 2(pi + P2)2
Np(4) (0r.4)-, (pi + P2)2 + P2)

= 2(api - P2P3
2 = - 2(pi - ap2)ps3
{ -2(a - 1)(pi + P2)2
Np(5) (0n4)-, (Pi - P2)2 + P2)

= 2(api - P2P3

- 2(pi - ap2)p3
-2(1 + a)(pi - P2)2

Np(6) : ((0n~.4)-,7p? + p2+ P2)

—2(api-P2)P3
-2(pi-ap2)/3
3=-2(«p P2-(P+i)PiP2+«P2)

Np(7) W(03.5)-,p2+ p3J)

= 2P2P3
= -2piP3
= 2piP2
Np(8) :@(03.5)- ,~Pi + p2+ P2)
W= 2(api+p2)p3
-2(pi aP2)p3
3=-2(«p P2+(P- i)piP2+ap2)
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Table B.4: Equilibria of systems

Normal form Set of equilibria (i, v € R) Eq. Index
R(1) O,v,p), (v,0, 1) (0,2)
R(2) (v, 11,0), (0,0, 1) (1,1)
R(3) (0,0, ) (1,0)
R(4) (Vv -V, ,U) (Ov 1)
R(5) O,v,p), (v,0, 1) (0,2)
P(1) (0,7, 1) (0,1)
P(Q) (Ov v, ,U)v (luv Ov _,U) (17 1)
P(3) (v, 11,0), (0,0, 1) (1,1)
P(4) (0, 14,0), (0,0, 1) (2,0)
P(5) (0,0, 1) (1,0)
P(6) (v, 11,0), (0,0, 1) (1,1)
P(7) (0,0, ), (v, 11,0) (1,1)
P(8) (v, 11,0), (0,0, 1) (1,1)
P(9) (v, 11,0), (0,0, 1) (1,1)
P(l()) (Vvluv _,U) (Ov 1)
Np(1) (0, 14,0), (0,0, 1) (2,0)
Np(2) o<s<; (0,0, 1), (pt, 3(1 £ V1 —48)1,0) (3,0)
Np(2) ‘5:i (Ov Ov ,U)v (luv %Mv O) (27 O)
Np(2) 551 (0.0, ) (1,0)
Np(g) (luv _Mvo)v (0,0,u) (270)
Np(4) (luv _Mvo)v (0,0,u) (270)
Np(5) (1, 11,0), (0,0, 1) (2,0)
Np(6) (0<a<1 and 0<B<1) or (a>1 and 0<A<—1+42a2—2av/aZ—1)
(0.0, ), (, HEELIETETD 1 0) - (3,0)
Np(6) a>1 and f=—1+4202—2ava2—1 (0,0, ), (@, (¢ — Va2 — 1), 0) (2,0)
Np(6) a>1 and —1+2a2—2av/a2—1<5<1 (0,0, 1) (1,0)
Np(7) (11.0,0), (0, 1,0), (0,0, ) (3,0)
Np(8) 0<5<1+20? ~20v/a?F1 (0,0, 1), (, IS ) (3,0)
Np( ) p=1+20"~20v/a2+1 (Ov 0, ,U)v (ILL7 (_a +v1+ 042)/% O) (2 O)
(8) (1,0)

14202 —2av/a2+1< <1 (0,0, 1)
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Taxonomy of systems

Table B.5: Taxonomy of 3D systems, semisimple algebras

Algebra Class Eq. Index Normal Forms
93.6 planar (1,1) P(6); P(8)
(0,1) P(10)
non-planar (2,0) Np(3)
(3,0) Np(7)
g3.7 planar (1,1) P(8)
non-planar (3,0) Np(7)

Table B.6: Taxonomy of 3D systems, solvable algebras 1

Algebra Class Eq. Index Normal Forms
g2.1 D@1 ruled (0,1) R(4)
(0,2) R(1); R(5)
planar (1,1) P(2)
(0,1) P(1)
g3.1 ruled (0,2) R(5)
planar (1,1) P(8)
93.2 linear (1,0) R(3)
(0,1) R(4)
(0,2) R(5)
planar (1,1) P(3)
non-planar (1,0) Np(2), & > §
(2,0) Np(1);  Np(2), 6 = §
(3,0) Np(2), 0 <46 < 1
g3.3 ruled (1,0) R(3)
(1,1) R(2)
(0,1) R(4)
planar (1,0) P(5)
(2,0) P(4)
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Table B.7: Taxonomy of 3D systems, solvable algebras 11

Algebra  Class Eq. Index Normal Forms
@, ruled 0,1) R(4)
(0,2) R(5)
planar (1, 1) P(6)
non-planar (2,0) Np(3)
(3,0) Np(7)
o, ruled (1.0) R(3)
(0,1) R(4)
(0,2) R(5)
planar (1,1) P(7)
non-planar (1,0) Np(6), case d
(2,0) Np(4);  Np(5);
Np(6), case ¢
(3,0) Np(6), cases a&b
09 ruled (0,2) R(5)
planar (1, 1) P(8)
non-planar (3,0) Np(7)
o, ruled (1,0 R(3)
(0,1) R(4)
(0,2) R(5)
planar (1,1) P(9)
non-planar (1,0) Np(8), ry < <1
(27 O) Np(8)7 B = Ko
(3,0) Np(8), 0 < 8 < kg
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B.2 Three-dimensional sub-Riemannian structures

Table B.&: Invariant structures on simple groups

Orthonormal
Group & algebra frame dlso1(G, D, g) (G, D, g)
1 L L o O 0
L gl E
(\/a 1 E) 0 o9 0 D 01,00 = £1 Np(7)
O<a<l
0 0 o102
A
[E2, E3] = F1 g 0
’ (Ef, E) 0 | :9€0(2) P(8)
(B3, En] = B 0 0 detg
|E, By) = — 13
1 L L op O 0
—Fy B
(\/a 2 by) 0 o9 0 D 01,00 = £1 Np(7)
0<ax
0 0 o102
o 0 0
(%Egv EgL) 0 o9 0 D 01,00 = £1 Np(7)
SU (2)
O<a<l 0 0 o109
[Ea, B3] = Fy
[E3, Ei] = F
(B, ] = B3 detg 0 0
(B, BD) 0, |ge0@p  P®
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Table B.9: Invariant structures on solvable groups

Orthonormal
Group & algebra frame dlso1(G,D,g) H(G,D,g)
Aff (R)o x R ocost —osing 0
E ,E 0 sin 6 cosf 0
{E2 ESJ() (BEf + EY EE) {[—a+acos0 —osing o P(2)
[ES’El]iE :OGR,U::I:I}%O(Q)
1, Bo| = Eq
Hs
detg 0 0
I, B3| = I
[ | (EQL,E;%) 0 g€ 0(2) P(8)
[Es, 1] =0 0 g
[El,Eg]:O
G2
c 0 0
Fo, Fal = F — F
[E27E3]E1 2 (E¥, B 0 ¢ O :o==1 Np(2)s—0
[Es, Eh] = By 00 1
[£1, Fa] = 0
SE (1,1)
g1 0 0
By, Es] = E
[ B2, B3] 1 (E¥ B 0 o109 0| :o01,00==%£1 Np(7)
|Es, Fh| = — 1 0 0 o2
[ElvEQ]:O
i .
By, 5] = By — o 7
[E2:E3] 1E aE2 (EQL,E;){’) 0 o 0| : 0==+1 Np(6)5:o
[Es, E1] = a By — By 0 0 1
[ElvEQ]io
SE (2)
N g1 0 0
[E27E3] = I (E2L’E§/) 0 o100 O 01,02 = £1 Np(7)
(L3, Eh] = E 0 0 o9
[ElvEQ]io
i o
o
oy, Byl = F1—a kb
(B2, B3| = By — a B (EL, ED) 0 0 0| :0==l1 Np(8)s—0
[Bs, B = a by + 0 0 1

[E1, E2] =0
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Mathematica notebooks

Wolfram Mathematica 8 was used for var-
ious computations; we include here some sim-
plified notebooks as typical examples. Input is
presented in bold, and output not bold.

C.1 Hamilton-Poisson systems
on (gz2)"
Algebra

0 0 0
Mg32[{x,y,z}l=] vy =2 0 |;

r -z Zz

Common functions

cc[A,B]:=A.B — B.A;
pp = {p1,p2,p3};
Minv[MP_, A_|:=
Module[{ss, z1, 22, z3},
SS =

Solve|

A == zIMP[{1,0,0}]+
z2MP[{0, 1,0}]+
z3MP[{0,0,1}],
{z1,22,23});

{z1, 22,23}/ ss[1]]

I

PBMP_F_G]:=

—pp-Minv[MP, cc[MPQDI|F, {pp}],
MP@DIG, {pp}]};

Hvec[MP_ H_, pv]:=

Table [PB [MP, p;, H], {4,3}] /.

{p1 = pv([1]], p2 — pV[[2]],

ps — pv(3]]};

Hvec[MP_, Hmax_|:=Hvec[MP, Hmax, pp|

Family (pi? + p2? + ps®

P11 P12 13
v=| p21 422 ¢23 |;
P31 32 ¢33
H1 = Bp12 + p2? + p3?;
H2 = vp12 + pa? + p3?;
Alg = {Mg32, Mg32};
+.Hvec[Alg[[1]], H1]//
FullSimplify
Hvec[Alg[[2]], H2, +.pp]//
FullSimplify

123
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C.1. Hamilton-Poisson systems on (gs.2)*

Print[“— Conditions —];
Thread[%% == %%%]

Print|

“— Coefficients equated —"];
Flatten[D[D[%%, {pp}], {pp}]]
Print[“— Reduced equations —];

Reduce[Flatten[{%%, Det[] # 0}]]

{—2013 (Bpt — pip2 + p3) +
2((11 = 412)py + P12ps) p3,
— 20023 (Bp} — p1p2 + p3) +
2 (921 = 422)p1 + ¢22pa) ps,
— 2433 (Bp1 — pip2 + p3) +
2((¢31 —32)p1 + ¢32p2) p3}

{2 (¥11py + ¥12py + ¢13ps)

(¢¥31p1 + ¥32p2 + ¥33p3)

2 (=911 4 21)p1 + (=912 + 922)pa+
(=13 + 423)p3)

(¢¥31p1 + ¥32p2 + ¥33p3)

—2(¢11py + 12ps + 13p3)

(y11 — 921)py + (912 — 922)pa-t
(13 —423)ps) —

2 (¢21py + 22py + 123p3) ?}

— Conditions —

{2 (¥11p1 + ¢12py + ¢13p3)

(¥31py + ©¥32ps + h33ps) ==

— 2413 (8p1 — pip2 + p3) +

2((11 = P12)p1 + ¢12p2) ps,

2((—=11 + ¢21)py + (=912 + ¥22)pa+
(=13 4 ¢23)ps3)

(131p1 + ¥32ps + 1h33p3) ==

— 2923 (Bpi — pip2 + p3) +

2((921 — 422)py + ¢22ps) pa,

— 2 (¢p11py + 4b12py + ¢13ps)

((vp11 = 21 )p1 + (Y12 — ¢22)pa+
(13 — ¢23)ps) —

2 (Y21p1 + $22py + p23p3) 2 ——

— 2933 (Bpt — pip2 +p3) +

2((431 = ¢32)p1 + ¢32p2) p3}

— Coefficients equated —

{41131 == —48¢13,

2p12p31 + 2119932 == 2413,
2p134p31 + 2411933 == 2(h11 — ¥12),
2p124p31 + 2119932 == 2913,
Ap12p32 == —49)13,

2p134p32 + 20p12¢)33 == 212,
2p134p31 + 2411933 == 2(h11 — 12),
2p131p32 + 20p12¢)33 == 2912,
44p134p33 == 0,

A(=1p11 + ¢21)31 == —43:623,

2 —1p12 + ¥22)31 + 2(—1p11 + 121 )32 ——

2023, 2(—1p13 + 1$23)9h31 +
2 —1p11 + 21 )33 == (21 — ¥22),

2 —1p12 + ¥22)031 + 2 —1p11 + 121)32 ——

2p23, 4(—1p12 + 1h22)eh32 == —44)23,

2 —1p13 + ¥23)32 + 2 —1p12 + 22)33 ——

2022, 2(— 13 + 1h23)31 +
2 —1p11 + P21 )33 == 2(¢p21 — ¥22),

2 —1p13 + ¥23)32 + 2 —1p12 + 22)133 ——

222, 4( =113 + 1$23)1p33 == 0,
— 4ap11 (11 — 21) — 4p21° == —4B33,
— 2p12(y11 — ¢p21) —
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2011 (yh12 — 922) — 4p214h22 —— 2433,
— 213(yp11 — 421) —

2011 (yh13 — 923) — 42123 ——
2(p31 — ¥32), —2012(yp11 — ¢h21) —
2011 (yh12 — 22) — 4p214h22 —— 2433,
— AP12(yp12 — 22) — 49227 —— —44h33,
— 213(yp12 — 22) —

2012(yp13 — 123) — 422p23 —— 24)32,
— 213(yp11 — 4h21) —

20011 (yh13 — 923) — 421¢p23 ——
(31 — ¥32), —2013(yp12 — 22) —
2012(yp13 — 23) — 422p23 —— 232,
—413(y13 — $23) — 4923% == 0}

— Reduced equations —

33 == 1&&32 == 0&&3] == 0&&1)23 ==

0&&e
(1922 == —1||922 == 1)&&1)2] == 0&&

P13 == 0&&12 == 0&&ip11 == h22&& B == ~

C.2 Contiavct structure
for (SE(2),D,g)

Note. This notebook relies on the Differential Forms
Mathematica package (Version 3.1, February 2007)

by Frank Zizza (see Section 3.1.2).

Setup

crd = {x1,x2,x3};

XB = {X[x1], X[x2], X [x3]};

crdv = IdentityMatrix[Length[crd]);
ip[a_, b_]:=InteriorProduct|a, b];
LB[X,Y]=

Sum|

Sum|

X[ DY [[5]], exd([2]]]
erdv[[f]]—

Y{[/I1DX (1], exd[[5]]]

crdv([i]], {7, 1, Length[crd]}],
{34, 1, Length[crd]}];
SetAttributes[{), al, a2, a3, o},

Constant)|

Group and algebra

m[{x.,y, 2z }:=
1 0 0 0

z Cos[z] —Sin[z] 0

y Sin[z] Cos[2] 0
0 0 0 e
0 0 0 O
z 0 —z O
M[{x,y.z}]= s
y 2z 0 0
0 0 0 =

Maurer-Cartan frame

Tm[{x1,x2_,x3_}, {vl, v2_v3_}|:=
(D[m[{x1 + tvl,x2 + tv2,x3 + tv3}],
t]/ .t — 0);

Tminv[{x1_,x2_x3_}, mxA_|:=
({v1,v2,v3}/.

(Solve[Thread|

Flatten[Tm[{x1,x2, x3},
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{vi,v2,v3}]] == Coframe
Flatten[mxA]],
{v1,v2, v3}D[I; vt = al d[x1] + a2d[x2] + a3d[x3];
Tminv([{x1,x2,x3}, vl=
mi{x1,x2,x3}]. M[{uL, u2, u3}]]; (t/.
ttt = %, /FullSimplify; (Solve[Thread|
X1 = ttt/.{ul — 1,u2 — 0,u3 — 0} {ip[X1.XB, vt],
X2 = ttt/.{ul = 0,u2 — 1,u3 — 0} ip[X2.XB, vt],
X3 = ttt/.{ul = 0,u2 — 0,u3 - 1} ip[X3.XB, vt} =={1,0,0}],
Print[“—"] {a1,22,a3}D[[1]l//
LB[X2, X3]//Simplify FullSimplify);
LB[X3,X1] v2=
LB[X1,X2] (vt/.
(Solve[Thread|
{Cos|x3], Sin[x3], 0} {ip[X1.XB, vt],
ip[X2.XB, vt],
{—Sin[x3], Cos[x3], 0} ip[X3.XB, 1]} — {0,1,0)],
{a1,22,a3}))[[1]]//
000 FullSimplify);
- v3 =
{Cos[x3], Sin[x3], 0} (vt/.
(Solve[Thread|
{—Sin[x3], Cos[x3], 0} (ip[XL.XB, vt],
ip[X2.XB, vt],
{0,0,03 ip[X3.XB, 1]} == {0,0, 1}],
{X1.XB, X2.XB, X3.XB}//MatrixForm {ad, 2, a33[{11l//
FullSimplify);
(Cos[x3]) X[x1] + (Sin[x3]) X[x2] {v1,v2,v3}//MatrixForm

(Cos[x3]) X[x2] + (—Sin[x3]) X[x1]
(1) X[x3]

(Cos[x3]) dx1 + (Sin[x3]) dx2
(Cos[x3]) dx2 + (—Sin[x3]) dx1
(1) dx3
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{{ip[X1.XB, v1],ip[X2.XB, v1],
ip[X3.XB, »1]},

{ip[X1.XB, v2],ip[X2.XB, v2],
ip[X3.XB, »2|},

{ip[X1.XB, v3],ip[X2.XB, v3],
ip[X3.XB, »3|}}//FullSimplify//
MatrixForm

vl A v2 A v3//Simplify

1 0 0
01 0
0 0 1

(1) dx1 ™ dx2 ™ dx3

Contact one form

Y1 = A(X2)
Y2 = \(X3)

{—=ASin[x3], A\Cos[x3], 0}
{0,0, A}

w = alvl + a2v2 + a3v3;
ip[Y1.XB, w]//FullSimplify
ip[Y2.XB, w]

a2\
a3\

w = alvl;
ip[Y1.XB, w]
ip[Y2.XB, w]
d[w]//FullSimplify

ip[Y2.XB, ip[Y1.XB, dlw]l]//
FullSimplify

(—alCos[x3]) dx2 " dx3 +
(alSin[x3]) dx1 " dx3

—al\?

w= vl

ip[Y1.XB, w]

ip[Y2.XB, w]
ip[Y2.XB,ip[Y1.XB,d[w]]]//
Simplify

_ (Cos[x3]) dx1+(Sin[x3]) dx2
2

dlw]/ /Simplify

dfw]—

(Ov1AV2+ H5v2AV3+0v3AVL) [/
FullSimplify

(252) a2 dxs 4

(—Sli—[fg]) dx1 " dx3

0
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C.2. Contact structure for (SAE,D, g)

Reeb vector field

Y0 = alX1 + a2X2 4 a3X3;
ip[Y0.XB, d|w]]//Simplify
ip[Y0.XB, w]//Simplify

dX3+< aSCos[XS]) dx2 +

(5
(aBSln x3

Y0 = —AZX1 + 0X2 + 0X3/ /FullSimplify
ip[Y0.XB, d|w]]//Simplify
ip[Y0.XB, w]//Simplify

{=A2Cos[x3], —A\’Sin[x3],0}

0

Evaluation of invariants

csln =

Solve[LLB[Y1, YO] == c101Y1 + ¢c201Y2,
{c101, c201}];

csln =

(Append|csin,

Solve[

Thread[LB[Y2, YO] ==
c102Y1 +¢202Y2]//
FullSimplify, {102, c202}]]);
csln =
(Flatten[Append|esin,
Solve[

Thread[LB[Y2, Y1] —
cl12Y1 + ¢212Y2]//
FullSimplify,
{c112, c212}]]]);
cl01 201
c102 ¢202 | /.csln//MatrixForm

cl12 c¢212
hh0 =
101 1(c201 + ¢102)
(201 + ¢102) c202
csln;
Print[“—x—"];

X = +/~Det[hh0]//

FullSimplify[#, A > 0&&a > 0]&
Print[“—x—"];

K=

((—(c112)? — (c212)? 4 201cl02) /,
csln)//

FullSimplify[#, A > 0&&a > 0]&
Print[“- {x,x} normalized —'];

Av =

(/- (Solve [x? + k2 == 1&&X > 0, 7)) [[
1)}/ /FullSimplify)

{6EH A= Ay
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— {x,~} normalized —

21/4

{98}

C.3 Isometries of (G32,D,g)

Setup algebra

0 0 0
M{x,yszl=] y = 0 [;
xr —z Zz

Minv[MM_]:=Module[{ss, zv},
zv = Table [2;, {¢,1,3}];
Solve[

MM ==

zv.{M[{1,0,0}], M[{0,1,0}],
M([{0,0,1}]},2v];

zv/ss([1]]

I

cc[A,B]:=A.B— B.4;

Riemannian expansion

rEl = ({0,1,0});

rE2 = ({0,0,1});

rE3 = ({1,1,0});

gm = Inverse[{rE1, rE2, rE3}].
Inverse[{rE1,rE2,rE3}T];
gm//MatrixForm

ONB = {rE1,rE2,rE3};

Table[ONB|[i]].em.ONB[7]],
{, 1, 3},{4,1, 3}]//MatrixForm

Connection and curvature

Conn[x_, y]:=Module[{ Connxyz},
Connxyz[xs._, ys_, zs_|:=

2 (Minv(ce[M [xs], M [ys]]].gm.zs—
Minv|ce[M[ys], M|[zs]]].gm.xs+
Minv(ce[M|zs], M [xs]]].

gm.ys);

Connxyz[z,y, ONB[[1]]JONBJ[[1]]+
Connxyz[z,y, ONB[[2]]]ONBJ[[2]]+
Connxyz[z, y, ONBJ[3]|| ONB]3]]

I

R[x_y_z]:=

Conn[Minvlcc[M [z], M{y]]], 2] -
Conn|z, Connly, ]|+

Connly, Connlz, z]|;
codR[Y_,Z1_,72_,73]:=

ConnlY, R[Z1, 72, Z3]]—
R[Conn|Y, Z1], 72, Z3]—
R[Z1,Conn[Y, Z2], Z3]—

R[71,72, Connl|Y, Z3]];
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Linear maps preserving D(1), R, and +/.Sin[f] = 0/.Cos[d] = o102;

VR P = %/.al2 —1;
o1Cos[f] —olSin[d] 0 %,/ /MatrixForm
¥ =ONB™.| Sinjs]  Coslf] © 2 .0 0
g
0 0 o2 0 9 0
Inverse[ONB]; 0
0 0 olo2
%/ /MatrixForm
Al = {1,0,0};
2 0 0
g A2 = {0, 11 0},

02 —ol1Cos[f] o1Cos[f] —olSin[d] A3={0,0,1};
Al={1,0,0}; P.codR[A1, A2, A3, Ad];
A2={0,1,0}; codR[¢.A1, .A2,.A3, .A4];
A3 = {0,0,1); %%/ /Simplify
¥.R[A1, A2, A3]; %%, /Simplify

R[y.A1,.A2,4.A3);
%%/ /Simplify
%%/ /Simplify {~40102%, —80102%,0}

{—402, —802,0}

{0,0,0}
{0,02Sin[26], 20152Sin[6]* }

Al1={0,0,1};
A2=1{0,1,0};
A3={0,0,1};
».R[A1, A2, A3)];
R[.A1,%.A2, 4.A3];
%%/ /Simplify

%%/ /Simplify

(=202, —2(02 + 201Cos|0]), —4Sin[0]}

{—201Coslf],
—601Cos[0], —401%Sin[0] }
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