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Abstract

The central theme of this thesis is the testing of closed-loop performance opti-
mality under a linear quadratic (LQ) criterion. Since performance optimality is
an attribute of the closed-loop system necessarily comprising the real plant and
the optimal controller, the mechanisms for testing this attribute must look at the
loop as an undivided entity. That is, these mechanisms ought not to resort to a
parametric model of the plant, a characteristic of the so called model-free methods.

Previous results on performance monitoring and assessment under a simpler
criterion are strong motivations for the development of the research in this thesis.
Unfortunately the complexity of model-free mechanisms rapidly increases as the
performance criterion becomes more generic. In order to test for LQ performance
optimality, the reference signal is used for exciting the closed-loop system, thus
making the measurable signals more informative. The actual assessment of opti-
mality is based on frequency flatness of a power-spectral density constructed from
the signals measured during excitation.

Further manipulation of the excited closed-loop signals results in a power-
spectral density containing the characteristic polynomial of the optimally controlled
system. This polynomial can then be estimated via phase reconstruction of the
spectral density. The relevance of this result lies in the estimation of the closed-
loop poles that would be obtained under optimal performance, from signals col-
lected under any stabilising controller. Linear quadratic performance monitoring
and direct adaptive pole-placement are examples of applications benefiting from
these estimates of the optimal close-loop poles.

The analysis of the cost function as a functional on the space of controller pa-
rameters brings new insight into assessment of optimality. This perspective reveals
geometric properties associated with the condition of local optimality, inclusive of
systems under reduced complexity controllers. The main features of interest are
the first and second derivatives of the cost function with respect to the controller
parameters. In the specific case of a linear quadratic cost function these derivatives
are obtained in both frequency and time domains.

Apart from testing local optimality, the derivatives of the cost function are used
for performing gradient-based controller tuning. During experiments with this sort
of tuning the author has observed examples of sudden instability of the closed-loop
system. This motivated the development of a mechanism for guaranteeing stability
of the closed-loop system, which is applicable to any iterative control scheme.

The developments in this thesis are initial steps towards a model-free mechanism
for assessment of optimal performance under a linear quadratic criterion. It seems
that the estimate of the optimal characteristic polynomial is the most likely seed
of such an achievement.
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Chapter 1

Introduction

1.1 Thesis Motivation and Significance

Consider the control engineering problem of anticipating the potential benefits of
redesigning or tuning a controller. In an industrial context, the expenditure of
large sums on the redesign of a control system will be most powerfully argued if
there is a quantified estimate of the likely benefit. Equally, if a loop is suspected of
under-performance, assessment of its distance from optimality can help decide, in
this order, among: controller tuning, if the optimal performance with the current
controller structure is acceptable; controller redesign, if the optimal performance
with a different controller structure would be significantly better; and, in the last
case, redesign of the sensor/plant/actuator system to improve the best achievable
performance. Thus an important issue in the applicability of advanced (or other)
control is to provide some assessment of its prospective benefits and so to reduce
some of the risks associated with this expenditure decision.

In the absence of an open-loop process model, a comparison between currently
achieved performance and optimality (according to some criterion) is problem-
atic. Using closed-loop signals one might proceed by identification of an open-loop
model, followed by controller design and comparison between expected and actual
behaviours. This introduces issues of modelling accuracy in addition to control de-
sign. If there is to be any prospect of developing generic control loop performance
monitors applicable to, say, nonlinear systems, then predicating the method on the
availability of a model could introduce harsh requirements of model identification
prior to performance analysis.

Furthermore, performance optimality is an attribute of the closed-loop system
necessarily comprising the real plant and the optimal controller. In contrast to
parametric modelling of the process, non-parametric characterisations of the closed-
loop system, usually easy to obtain, are allowable in the so called ‘model-free’
methods.

The most significant result available on model-free assessment of optimal per-
formance is limited to a certain class of plants and to a criterion that only penalises
the variance of the process output. This means that the control effort necessary to
achieve optimal performance might become too large to be acceptable in practice.
Nevertheless, knowledge of the minimum achievable output variance is important

1



2 INTRODUCTION

as a lower limit against which the current performance can be compared.

The regulation problem where the minimum variance criterion applies is shown
in Figure 1.1. The process output, y;, is intended to remain close to a constant
(here zero) reference value in spite of the influence of the additive disturbances,
ve. Moreover, the class of disturbances under analysis is restricted to stochastic
processes generated by filtered white noise. Therefore, deterministic disturbances
and the tracking problem are not addressed here.

—® Process -

Controller |[<€—

Figure 1.1: Regulation problem

The primary motivation behind the results obtained throughout this thesis is
the development of a model-free mechanism for assessment of optimal performance
under a linear quadratic criterion. Such a criterion establishes a compromise be-
tween the variance of the process output, 3;, and the variance of the control action,
u¢, in a regulation problem and ought not to be artificially limited to too small a
class of plants.

Unfortunately the complexity of model-free mechanisms rapidly increases as
the performance criterion becomes more generic. Actually, the very existence of
such a mechanism is not guaranteed for all criteria. In order to complete the
set of information required for performance assessment, it is possible to make the
measurable signals more informative by exciting the loop. If this is not enough
then the missing information must be estimated or supplied by the user. But every
piece of information that has to be introduced a priori corresponds to a part of
the system that is not analysed by the performance assessment mechanism. These
comments raise the issue of determining the capacity of a method to analyse the
real system, which could range from a powerful model-free mechanism up to a blind
acceptance of a model-based controller design.

The need for some knowledge about the plant and the use of external excitation
are obstacles for the widespread use of these mechanisms in industrial plants. A
more realistic scenario is their application to some individual loops that deserve
the costly effort to achieve optimality. In fact, if it is unclear how to assess the
financial benefit of achieving optimality in a particular loop then it is very likely
that the problem is best solved with a robust controller. Also if the loop is relatively
important, but not economically crucial in the production line, then the optimal
design might be followed by a detuning of the controller in order to gain robustness
at the expense of performance.

The contributions introduced by this thesis are initial steps towards a model-
free mechanism for assessment of optimal linear quadratic performance. Despite the
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ultimate goal being the analysis of general systems, the scope of investigation in this
thesis is restricted to scalar, discrete-time, linear, time-invariant systems in order
to assess the problem complexity and feasibility. Among those contributions are
the mechanisms for testing and monitoring linear quadratic optimality. Moreover,
the development of these mechanisms has generated by-products with immediate
application in direct adaptive control, controller tuning and assessment of local
optimality for reduced order controllers, as is usually the case of industrial plants
under PID control.

Further appraisal of this thesis’ significance can only be made in the future,
based on how many ideas it will trigger in other researchers’ minds; and the author
would be profoundly disappointed if that sums to zero.

1.2 Synopsis of the Thesis

Chapter 2: Performance Monitoring and Assessment in Control

The terms ‘performance monitoring’ and ‘performance assessment’ are part of the
technical jargon but might assume different meanings for different authors. This
chapter provides definitions for these terms followed by a brief review of the most
significant model-free mechanisms for performance monitoring and assessment cur-
rently available in the literature. The ‘model-free’ status is given to these mecha-
nisms for their use of non-parametric characterisations of the closed-loop system:
statistical charts, autocorrelation functions and impulse responses.

Chapter 3: Assessment of Linear Quadratic Optimality

Spectral analysis of the process input and output signals, observed during per-
turbed closed-loop operation, provides the elements for testing performance opti-
mality under a linear quadratic criterion. This mechanism is model free when all
states of the process are measurable or reconstructed with a Kalman filter. Similar
results are obtained for output feedback control but, in this case, part of the noise
dynamics must be known.

Chapter 4: Linear Quadratic Performance Monitoring

The mechanism for monitoring linear quadratic performance resorts to an estimate
of the optimal closed-loop characteristic polynomial. This polynomial is obtained
via signal reconstruction of special power-spectral densities containing the optimal
closed-loop poles. Estimates of the optimal closed-loop characteristic polynomial
can also be used for other purposes, like direct adaptive pole-placement.

Chapter 5: Assessment of Local Optimality

The analysis of a linear quadratic cost function as a functional on the space of con-
troller parameters brings new insight into assessment of optimality. This perspec-
tive reveals geometric properties associated with the condition of local optimality,
inclusive of systems under reduced complexity controllers. The main features of
interest are the first and second derivatives of the cost function with respect to the
controller parameters, which are derived in both frequency and time domains.

Chapter 6: Controller Tuning
An additional use for the estimates of first and second derivatives of the cost
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function is in gradient-based controller tuning. This chapter presents one possible
way of computing appropriate directions for controller tuning. The scheme includes
a mechanism for guaranteeing stability of the closed-loop system and a criterion
for stopping the iterative tuning.

Chapter 7: Directions for Future Research
The thesis concludes with a summary of achievements followed by directions for
near and long-range future research.

Appendix - Tracking Adaptive Identification: Approach via Model Fal-
sification

The material in this appendix was presented at the IFAC World Congress in July,
1996. Despite not sharing the same primary motivation as the other contributions
in the thesis, this paper was important as the author’s introductory study of linear
quadratic control. The main contribution of this paper is the improvement of a
certainty equivalence estimator, adapted from results on the problem of learning
from experts, by translating it into the parameter bounding context and by adding
adaptivity.

1.3 Summary of Original Contributions

A number of original contributions have been made during the course of research
and development for this doctoral dissertation. A brief description of these contri-
butions follows.

Chapter 3: Assessment of Linear Quadratic Optimality

Development of a model-free test of linear quadratic optimality for systems under
state feedback. This test requires that all states of the plant should be di-
rectly measurable or reconstructed with a Kalman filter. The mechanism for
assessment of optimality is initially developed for systems with no noises or
disturbances, and then it is extended to systems under influence of stochas-
tic noises. This test basically states the equivalence between optimality and
whiteness of a certain power-spectral density comprised of signals collected
during loop excitation. Actually, this is the dual of a well known Kalman
filtering result.

Development of a test of linear quadratic optimality for systems under output
feedback. Under this situation part of the noise dynamics must be known.
The test states that optimality implies whiteness of a certain power-spectral
density, but the converse depends on specific plant characteristics.

Chapter 4: Linear Quadratic Performance Monitoring

Estimation of the optimal closed-loop characteristic polynomial. This contribu-
tion begins by composing a couple of power-spectral densities containing the
optimal closed-loop poles. Given that power-spectral densities contain only
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the magnitude information, the phase contents of these noisy signals are re-
constructed via an error-reduction algorithm with parametric model fitting.
Each estimated transfer function has the optimal closed-loop characteristic
polynomial as denominator.

Formulation of 2 mechanism for monitoring linear quadratic performance. This
performance monitor is based on a whitening filter for the process output
signal. The construction of such a filter uses the denominator of the feedback
control law and an estimate of the optimal closed-loop characteristic polyno-
mial. If the closed-loop performance is optimal then the filtered signal is a
spectrally flat process.

Analysis of minimum variance control of nonminimum-phase plants. In view of
the previous developments, minimum variance control is revisited for the
problematic case of nonminimum-phase plants. The conclusion is that just
a minor simplification can be obtained in comparison to the general linear
quadratic setup.

Chapter 5: Assessment of Local Optimality

Estimation of first and second derivatives of a linear quadratic cost function with
respect to the controller parameters. Three ways of obtaining these deriva-
tives are developed: with frequency-domain non-parametric models of the
closed-loop system, with time-domain non-parametric models of the closed-
loop system and from signals filtered through the loop. For this latter devel-
opment only the estimation of the second derivative is an original contribution
of this thesis; the estimation of first derivative from signals filtered through
the loop was originally presented by Hjalmarsson et al. (1994a).

Formulation of a mechanism for assessment of local optimality. An operating
point has locally optimal performance if the gradient vector is null and the
Hessian matrix is positive definite. This simple fact generates a fairly robust
method for detecting local optimality based on comparison of the current lin-
ear quadratic cost with the minimum of the convex approximation generated
by the estimates of first and second derivatives of the cost function.

Chapter 6: Controller Tuning

Computation of appropriate tuning directions. The availability of unbiased esti-
mates of first and second derivatives of the cost function greatly improves the
quality of the approximation of the closed-loop behaviour around its operat-
ing point. This improvement is explored by a meticulous selection of tuning
direction according to local conditions.

Establishment of guaranteed closed-loop stability. The insertion of a generalised
stability margin limits drastic changes in the controller parameters and guar-
antees stability of the closed-loop system. The stability margin is computed
from cross-spectral densities of the closed-loop system under external excita-
tion.
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Computation of tuning directions from a non-parametric model of the process.
Originally the closed-loop system has to be excited for each new computa-
tion of tuning direction. Using a non-parametric model of the process, it is
possible to compute new tuning directions, without re-exciting the loop, after
a minimum has been reached along the previous line search.

Appendix - Tracking Adaptive Identification: Approach via Model Fal-
sification

Improvement of a confidence-function parameter estimator. The certainty-
equivalence estimator presented in (Kumar 1995) computes a density function
that assigns a confidence level to each possible parameter vector. The original
contribution presented in this appendix improves that estimator by translat-
ing it into the parameter bounding context, via dead-zone action, and by
adding adaptivity.



Chapter 2

Performance Monitoring and
Assessment in Control

2.1 Introduction

It is surprisingly difficult to find definitions of the terms ‘performance monitoring’
and ‘performance assessment’, in the control systems literature. Apparently these
terms assume different meanings depending on the sub-area where they are applied.
The definitions adopted in this thesis are given in the sequel.

Performance monitoring is the act of comparing the current perfor-
mance measurement with a set of pre-specified criteria, using normal op-
erating data.

In spite of the diversity of mechanisms suggested for the task of monitoring the
performance of a closed-loop system, the use of normal operating data is always
a common denominator among them. This clearly means that whenever one has
to resort to special interferences on the loop, e.g. to inject a pseudo-random signal
or to open the loop, in order to acquire the desired result, then the mechanism
employed should not be classified as a performance monitor. Another common
factor is the action of comparing current performance measurement with a set of
pre-specified criteria, resulting in a binary conclusion about the achieved system
performance, e.g. ‘is the current closed-loop performance optimal according to a
given criterion?’.

Performance assessment, on the other hand, has two different meanings in the
literature: assessment of current performance and assessment of achievable perfor-
mance.

Assessment of (performance) optimality is the act of testing whether
the current performance is optimal or not, according to a given criterion.

This is similar to performance monitoring, except that some sort of interference is
performed on the loop. A recent example of this kind of performance assessment
is found in (Kendra and Cinar 1997).



8 PERFORMANCE MONITORING AND ASSESSMENT IN CONTROL

Assessment of optimal performance is the act of establishing the best
achievable closed-loop performance for a process under a given criterion.

This meaning is more common in the literature and refers to establishing limits
of performance of the closed-loop system. Mechanisms for assessment of optimal
performance range from model-based approaches, e.g. (Boyd and Barratt 1991), to
completely model-free ones, e.g. (Lynch and Dumont 1996).

The effectiveness of the mechanisms for performance monitoring and assessment
is tightly related to the amount, and quality, of a priori information required
to apply them. This idea is described by Astrém (1991) in terms of levels of
knowledge about the plant. Such a detailed definition goes beyond the purpose
of this thesis, but the message conveyed is important for qualitative evaluation of
those mechanisms. Model-based approaches are extremely flexible to handle, but
the requirement that a (good) model of the plant be available becomes its greatest
weakness. At the other extreme are the so called model-free methods, which are
usually specific to a single performance criterion but do not need to rely on much
a priori information about the plant.

The aim of this thesis is to develop mechanisms for performance monitoring
and assessment under linear quadratic criteria. Such mechanisms can be trivially
conceived based on a model of the plant, therefore the challenge is to elaborate
methods that use the minimum amount of information about the plant, i.e. as
close as possible to model-free methods. The term ‘model free’ characterises the
absence of a parametric model of the process under control. Statistical models and
frequency-domain plots are examples of non-parametric characterisations of the
closed-loop system and therefore are allowable in model-free methods.

This chapter presents a review of some existing mechanisms available for per-
formance monitoring in control that are oriented towards model-free approaches.
The presentation is kept brief and simple, leaving the formalisms to later chapters
where new results are developed. An important method for assessment of absolute
performance under a minimum variance criterion is also described in this chapter.

2.2 Statistical Process Control

Probably the most basic form of performance monitoring is provided by Statisti-
cal Process (quality) Control (SPC). The requirements of system performance are
specified by statistical properties, which are then constantly monitored with appro-
priate charts. Initially designed and applied for performing quality control in the
parts industry (batch processing), SPC charts have also been used to monitor the
performance of controlled systems in the process industry (continuous processing)
(Box and Kramer 1992, Vander Wiel et al. 1992).

Statistical process control monitors system performance via time-domain plots
of process output deviation from set point, such as Shewhart charts, cumula-
tive sums (CUSUM) charts and exponentially weighted moving average (EWMA)
charts. An example of Shewhart chart is shown in Figure 2.1, where the central
horizontal line is the set point; the dashed lines, at two standard deviations, are
warning levels; and at three standard deviations are the specification levels.
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Figure 2.1: Shewhart chart

Shewhart charts are designed to signal excessive deviations of the process output
from a given set point. However, when the focus of concern is that the mean value
of the output be kept at the set point level, CUSUM charts are the tools to be used
instead. As its name implies, a CUSUM chart plots the cumulative sum of output
deviation from set point, thus detecting shifts in the process mean. Additionally,
EWMA charts provide means for monitoring certain moving average behaviour of
the process output.

These types of charts are individually directed towards monitoring particular
aspects of the process output that are given by epistemic statistical model; they
are not directly designed to the task of monitoring best achievable performance
like minimum output variance, for instance. In spite of that, the following set of
decision rules, known as the Western Electric zone rules, suggests a way to detect
nonrandom patterns in Shewhart charts (Montgomery 1991). The process is out
of control if either

e One point plots outside the 30 control limits;
e Two out of three consecutive points plot beyond the 2¢ warning limits;

e Four out of five consecutive points plot at a distance of 1o or beyond from
the centre line;

e Eight consecutive points plot on one side of the centre line.

These heuristic rules can be interpreted as a fast mechanism for testing whiteness of
a stochastic process, and signal whiteness is frequently associated with optimality
of the systems presented in the next sections.

2.3 Kalman Filtering

The theory of control design based on state-space models is very well established,
but it is unrealistic to assume that all states of the system can be measured. The
usual approach to this issue is to design an estimator to reconstruct unmeasurable
states using past and present values of the inputs and outputs of the process. Under
a stochastic framework where the output measurements are affected by Gaussian
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disturbances, it is possible to determine the optimal estimator, frequently called
the Kalman filter, which minimises the variance of the estimation error (Astrém
and Wittenmark 1990).

Kalman filters exhibit the property that the difference between measured and
estimated outputs, known as the innovation sequence, is a Gaussian white-noise
sequence (Kailath 1968). This property is not only a sufficient condition but also
a necessary one for the optimality of a Kalman filter, therefore simple whiteness
tests suffice to monitor the optimal performance of estimators (Mehra 1970).

It turns out that the Kalman filtering problem is dual to the linear quadratic
control problem, the object of study in this thesis. Actually, the equivalence of
filtering optimality with whiteness of the innovation sequence is used in the next
chapter for proving a result on assessment of linear quadratic control optimality.

2.4 Minimum Variance Control

For the regulation problem depicted in Figure 2.2, minimum variance control
(MVC) is one of the possible design techniques available. Its theoretical signif-
icance is mainly due to computational simplicity and intuitive reasoning. The
MVC design of the controller, C, minimises the variance of the measured process
output, y;, which is an effect of the Gaussian white noise at e;.

Figure 2.2: Regulation setup

As a starting point for industrial regulators, MVC is a very common control
objective since it focuses all effort on rejecting output variation. Minimum variance
control represents an archetypical ideal control which, if necessary, is detuned to
balance output variation with unacceptable control magnitude.

One way to describe the reasoning behind MVC design is based on the minimi-
sation of the influence at the measured output, y;, of an impulse at the noise source,
e;- The behaviour of relevant signals is shown in Figure 2.3. All initial conditions
of the system are at zero when the impulse occurs at time ¢t = 0. The disturbance
signal, v;, becomes the impulse response of the stable and stably invertible filter



2.4 Minimum Variance Control 11

H, and this signal appears immediately at the measured output, y;. The controller
can also effect immediate action at the plant input, u;, but the plant dynamics, G,
are assumed to have an internal delay of d sampling times, therefore the signal z;
can only start counteracting the disturbances at time ¢ = d samples. Given that
the impulse response of H and the dynamics of G are both known, the minimum

variance control law computes the signal u; such that z;, = —vy;_4 for all t > d
samples.
Q
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Figure 2.3: MVC impulse response
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In a stochastic setup e; is a sequence of independent and identically distributed
random values, and v; becomes a convolution of impulse responses. Nonetheless the
control law that minimises the variance of y; is the one described above. A complete
development of MVC design can be found in (Astrém and Wittenmark 1990), (Box
and Jenkins 1976) and other textbooks on stochastic control.

Whenever e; is a sequence of independent random variables and the dynamics
of G and H are linear, the minimum variance control law is also linear. If the
process has unstable zeroes, the control effort required to achieve minimum variance
becomes unbounded and the design needs reformulating. Under this circumstance,
the MVC with bounded control signal is still a linear control law but the output
signal does not exhibit the behaviour shown in Figure 2.3.

2.4.1 Monitoring of MVC Performance

Returning to Figure 2.3, it can be observed that the influence at y; of an impulse
at e; is completely extinguished after d samples, that is, y; - y4o» = 0, for any
t € R and any 7 > d. An equivalent conclusion is reached when e; is a sequence of
independent, stationary, zero mean random variables:

(1) £ Bty - yesr] = 0, VT 2> d, (2.1)
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if and only if the controller is the optimal one in terms of minimum variance
(Astrém 1970). The operator ‘E’ denotes expectation over the noise distribution.

An equivalent way of describing (2.1) is that under MVC the process output is a
moving average of order d — 1. This property leads to a straightforward monitoring
mechanism for MVC optimality, as long as the delay of the process is known and
all zeroes of G are stable. When the process has unit delay the monitoring becomes
a whiteness test, which is an appropriate situation for using a Shewhart chart.

2.4.2 Assessment of Optimal MVC Performance

Another look over the impulse responses of the system reveals that whichever con-
trol action is applied, z; does not change until £ = d samples and, as a consequence,
the first ‘d’ elements of the response of y; to an impulse at e; are invariant to the
control action. With any controller under operation it is possible to assess the
impulse response of y; under minimum variance control, provided the delay of G is
known.

In a practical situation e; is a noise source to which the user does not have
access. Nonetheless, it is possible, although not straightforward, to use the time
series y; to fit an auto-regressive moving average (ARMA) model to the closed-loop
transfer function

H

= =, 2.2
1+GC (2:2)

where C is any stabilising controller. The first ‘d’ elements of the impulse response
of T' determine what would be the response of y; to an impulse at e; if C were the
minimum variance controller. Moreover, the minimum achievable output variance
for that process is the sum of the squares of the initial ‘d’ elements of the impulse
response of 7" (Harris 1989).

The significance of the result stated above is that one can assess the mini-
mum possible variance of the output, from normal operating data and without any
knowledge about the plant apart from the delay. The only requirement for the
controller is to stabilise the loop.

Performance assessment of operating control loops is important in determin-
ing the potential benefits of controller redesign or tuning, and several practical
implementations of this result have been suggested, with successful application to
industrial processes (Lynch and Dumont 1996, Desborough and Harris 1992, Stan-
felj et al. 1991, Eriksson and Isaksson 1994). Two recent papers extend the original
scheme into multivariable systems: (Harris et al. 1996) and (Huang et al. 1997).

The problem of assessing the minimum variance performance of plants with un-
stable zeroes is still open. The article (Tyler and Morari 1995) mistakenly claimed
to have solved this problem and that of assessing the performance of unstable plants
(see Section 4.3). The latter problem is not actually a real one since the presence
of unstable poles in the process does not affect the design of the minimum variance
controller, and the methodologies for monitoring and assessing performance remain
exactly the same as described above. The real problem is the presence of unstable
zeroes in the process, which can be intrinsic to the physics of the plant or due to
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fast sampling of continuous-time systems (Astrom et al. 1984). This point will be
further developed in Section 4.3, where it is shown that knowledge of the delay
and the position of the unstable zeroes of the plant is not enough to assess the
performance of the loop.

2.5 Conclusion

Simple mechanisms for performance monitoring of closed-loop systems are currently
available in the literature. This chapter reviews some of the mechanisms that are
close to being model free, culminating with the assessment of absolute performance
of plants with no unstable zeroes under the minimum variance criterion.

The main criticism of using the minimum variance criterion is that the control
action is not penalised and its variance might become too large. In practical terms
a criterion that penalises the control action, like the linear quadratic criterion,
is often more appropriate. The drawback is that the complexity of the criterion
implies extra complexity in the performance monitoring and assessment methods,
as seen in the next chapters.



14

PERFORMANCE MONITORING AND ASSESSMENT IN CONTROL




Chapter 3

Assessment of Linear Quadratic
Optimality

3.1 Introduction

A natural extension of the minimum variance criterion is to add a term that pe-
nalises the variance of the control action. Such a criterion is called linear quadratic
(LQ) control and is expressed as

Ni—1
1
4 = lim — Z 2 2
J nglm N, 2 (v + Aui), (3.1)

where A is a non-negative scalar that weights the penalty on the variance of the
control action. The choice of A should be based on financial assessment of the
relative merits of each variance; unfortunately this is rarely feasible in real situa-
tions. The practical approach is to start with some (small) A in the design of the
control law that minimises J%, followed by an analysis of achieved variances and
robustness. In case they are out of specification another value of A should be tried,
maybe combined with fine tunings of the controller parameters.

The optimal LQ controller can be designed quite easily, provided a model of the
plant is available. The issue then becomes the quality assessment of that model for
describing the dynamics of the real plant at the operating point. Given that the
model becomes just an instrument for designing the control law, the fundamental
question to be answered by an LQ test of optimality follows:

Is the actual system closed-loop performance optimal according to J'9?

The term ‘test (or assessment) of LQ optimality’ is different from ‘LQ performance
estimation’. The latter concept means a straightforward computation of (3.1)
from a finite amount of data, and this does not provide any information about
performance optimality.

As seen before, it is simple to test for optimality of estimators: the Kalman
filters are uniquely characterised by the whiteness of the innovations sequence
(Mehra 1970). Despite the duality between Kalman filters and LQ control, a signal
analogous to the innovations sequence is not directly available for measurement in

15
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the LQ counterpart. Nor is whiteness appropriate since linear quadratic control
requires no stochastic framework.

The test for minimum variance performance optimality is another step towards
the desired result on linear quadratic control. As seen in the last chapter, it is
relatively easy to monitor minimum variance optimality since the only information
needed about the plant is its delay (Astrom 1970). This result is valid only for
plants with no unstable zeroes; in the general case a lot more has to be known
about those plants.

In order to monitor linear quadratic optimality without any constraint on the
process characteristics, except for its linearity and time invariance, the amount of
information required about the plant—at our current stage of research—is so large
that an identification procedure would be necessary. The solution adopted in this
thesis is to make the measurable signals more informative by inserting an exogenous
excitation into the closed-loop system, therefore moving from performance moni-
toring into assessment of optimality. This procedure leads to a truly model-free test
for LQ optimality when state feedback is used to control the process (Section 3.2).
For the output-feedback case (Section 3.3), part of the noise dynamics must be
known; apart from that, no sort of parametric modelling is performed.

3.2 State Feedback

The first results on assessment of optimality under an LQ criterion are specific
to plants that have all internal states measurable. The process is required to be
controllable and observable, but its model is not known. Under these circumstances
a model-free mechanism for assessment of optimality is developed, initially for
deterministic systems and later extended to cope with stochastic disturbances.

3.2.1 Noise-free System

The process to be controlled is given in state-space form, with no noises or distur-
bances acting on the system:

Zip1 = Pxy + Ty (3.2a)
ye = Az, (3.2b)

where z; is the n-dimensional state vector, and ®, I and A are unknown matrices
of dimension n X n, n x 1 and 1 X n, respectively. Due to this deterministic setup

the LQ criterion of (3.1) is modified to
N¢—1
lg __ . 2 2
Siet = A}tlf)noo ; (vi + Aug), (3.3)
meaning that the control action should take the states of (3.2) from their initial
values towards the origin in such a way that (3.3) is minimised.
The control law that minimises in‘ét is obtained indirectly via an Algebraic

Riccati Equation (ARE):
S =3T5% — ®TST (TTST + A) ™' TTS® + ATA,
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resulting in an n-dimensional state-feedback vector Kf\q:

u, = — (TTST + 2) 7' 178z,

l

The notation ‘K f\‘” is used to emphasise the dependence on A of the optimal control
law.

The mechanism for assessment of optimality consists of adding a non-degenerate
—that is, ¢,(w) # 0,Vw —stationary random process to the control action and
observing the power-spectral density of the plant input and output signals. The
control action then becomes

Uy = th + Ty (34)

where {r;} has zero mean and power-spectral density ¢,(w). The n-dimensional
vector K is a candidate for Kf\q. The power-spectral densities of u; and y; are given

by
¢u(w) = |1 + K(e“I — & — TK)7'T|" ¢, (w),
y(w) = |A(e] — ®)7'T|” ¢y (w) = |A(e“] — & — TK)7'T|” ¢, (w).

Theorem 3.1. Given the process model described by (3.2), and the control action
in (3.4) such that the closed-loop system is stable, then

) , | Gul(®)

¢r(w)  ¢r(w)

for all w € [0,27) and some B € R*, if and only if the control law defined by K is
the optimal Kf\q. The ezact value of the constant B is TTST + ).

=B, (3.5)

Proof. To prove sufficiency, K is taken as the optimal K i" then the Return Differ-
ence FEquality,

A+ TT(z7 T — @) TATA(2] — @)7'T
=[1-K(z"'T - ®) T (ITST + \)[1 — K(2I — ®)7'T], (3.6)
holds (Astrom and Wittenmark 1990, Section 11.2). Therefore

1— K(z7' T = ®)7'T] [+ |A(e] — ®)'T)A[1 - K(2I — @)~
[ I I ]
=TTST + ),

[)\ + |A(=] - <I>)‘1F|2] 14+ K(2 —® —TK)"'T|?=TT8T + ),
and taking z = e*, one obtains

d’u(w) + ¢y(w)

¢r(w)  &r(w)

A =T7ST + A
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Since the value of I7ST + ) is constant for all w, the result is obtained.
To prove necessity, the initial statement, (3.5), is expanded into

I7(z7'1 -®-TK)TQ.(2] —® -TK)™'T
+[1+K(E"T-®-TK)'T) A1+ K(zI -®-TK)"'T| =8, (3.7)

where Q. (= ATA for J¥, given by (3.3)) is the state-weighting matrix in a state-
space quadratic cost criterion.

The original LQ-control problem on (3.2) is dual to the problem of state esti-
mation for the system defined by

jt+1 = @Tf}t + ATﬂt + ¢ (383.)
Yy = ].-‘T.'Z't + €4, (38b)
where
E[’Ut’U;r] = R1
Ele;el] = R,

Elewrivy ;] =0, Vi, j.
The state estimates satisfy
Tep1) = ‘I)qut—l + AT, + M(5 — PT§t|t—1)-

The vector M is sought to minimise the criterion E[(Z; — Zyi—1)T (Z; — Zy1-1)], and
the output prediction error is
Yo =Gy — PTiftu—l
=TT (2l — ®T + MTT) "ty + [1 =TT (2] — &7 + MTT) "I M]e,.

Invoking this duality, (3.7) becomes

T (2 — & + MTT)'Ry (271 — ®T 4+ MTT)-TT
+ [1 =TT (2l — ®T + MTT)'M] Ry [1 - TT(z7'1 — &7 + MTT) ' M]"
=7, veR" (3.9

therefore
Blgi; ] = 7. (3.10)

Given that the system is linear and the sequences {v;} and {e;} are mutually
uncorrelated zero-mean Gaussian white noises, then (3.10) implies that {y;} (the
innovations sequence) is zero mean and white; yet, according to Theorem 6.1 in
(Anderson and Moore 1979, Section 5.6), the state estimator is optimal—usually
known as the Kalman predictor. Re-invoking the duality, the original controller is
proved to be optimal. O
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Unfortunately, while the innovations sequence in the Kalman predictor can be
measured, the equivalent sequence for optimal LQ control cannot. Therefore corre-
lation methods used in adaptive filtering (Mehra 1970) are not directly applicable
to LQ control.

Example 3.1. A linear plant, described by

1.2 1 0 0.2
Ti41 = 0 —-0.5 1 T + 0 Uy
0.2 01 =03 0.1

y=[1 001 0.2]z,
is controlled according to

u, = [-2.851 —1.805 —0.8001] z4,

which minimises JJ, for A = 0.2. An example of the autonomous response to an
initial state is given in Figure 3.1, for zo = [1 -1 O.S]T.

1-5 1 1 ] 1 i I T I T
N S Z’ ]
- - - t
0.5 1
or ___j_|________-_—_'ﬁ————
-0.5} ,---—---' .
1
-1r 1 -1
1
_1.5----1----:' 1 1 | 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

t (samples)

Figure 3.1: Response of the autonomous system

In order to assess optimality of the control law, a white-noise signal of zero
mean and ¢,(w) = 02 = 1 is added to u;, producing the power-spectral densities
shown in Figure 3.2. The fact that ¢,(w) + A¢,(w) is constant over all frequencies
indicates that the plant is optimally controlled.

3.2.2 System with Noise

In the presence of stochastic additive plant noises, the state-space description of
the process becomes

Ti41 = @.’Et + FU/t + Ut : (311&)
Yt = AZEt + e, (311b)
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Figure 3.2: Power-spectral densities

where {v;} and {e;} are white-noise processes with zero mean and covariance given
by

E[U{U{ ] == Rl

E[vtef] = R12

Ele;vf] = Ry = RY,

Ele:el ] = R,.
Within this stochastic framework the linear quadratic cost function in (3.1) is well
defined. The optimal control law is independent of R, Ri2 and Rs, and is actually
the same as if the system were noise free.

Any stabilising controller, K, given as an n-dimensional vector, can be tested

for LQ optimality via an injection of a non-degenerate random process at r;, as

given by (3.4). The cross-spectral densities between u; and r; and between y; and
T, are

ur (W) = [1 + K (] — @ — TK)™'T] ¢,(w),
Gyr(w) = (€T — ®)7'T Bur(w).

In this case, the following result holds, by means of Theorem 3.1 and straight-
forward calculations.

Theorem 3.2. Given the process described by (3.11), and the control action
in (3.4) such that the closed-loop system is stable, then

¢yr (w ) Gur (w )
¢r(w) ¢r(w)

for allw € [0,27) and some B € R, if and only if K is the optimal state feedback
K. The ezact value of the constant B is TTST + \.

2 2

=f,

Remark. The cross-spectral densities ¢,,(w) and ¢, (w) can be obtained from
closed-loop data via spectral analysis given that {r;} is independent of {v;} and
{e;} (Ljung 1987).
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Due to the ‘Separation Principle’ of linear optimal control, this result is still
valid when non-measurable states are reconstructed with a Kalman filter. The
implementation of this filter, however, implies certain knowledge of the plant, which
is a drawback. In the extreme case only the output of the plant is measurable, and
the reconstruction of all states requires full knowledge of the plant. The Kalman
filter dynamics are then identical to the part of the noise dynamics needed for
the output feedback mechanism of performance assessment, as is seen in the next
section.

3.3 Output Feedback

When none of the states of the plant are measurable, the design of the optimal con-
trol law is affected and the mechanisms presented in the last section are not directly
applicable. Our analysis follows with an input/output auto-regressive moving-
average exogenous input (ARMAX) model of the process:

A(q)ye = B(q)u: + C(g)er, (3.12)

where {e;} is a zero-mean white-noise process. The polynomials A(g) and C(q) are
monic, deg C = deg A > deg B, and all the zeroes of C(q) are strictly inside the
unit disc.

The control law that minimises J% is obtained indirectly via spectral factorisa-
tion:

nP(z)P(z7') = MA(2)A(z™') + B(2)B(z™}), n € R, (3.13)

where the monic polynomial P(z) is the characteristic polynomial of the closed-
loop system. P(z) is unique given that it is monic, deg P = deg A and all the
zeroes of P(z) are inside the unit disc or on the unit circle. The optimal control
law is given by

S%(q)
Uy = —RT(q) Yi,

where 5%(z) and R'(2) are solutions to the pole-positioning Diophantine equation
A(2)R9(z) + B(2)S"(2) = P(2)C(z). (3.14)

Some constraints are imposed on R!(z) and SY(z) in order to guarantee uniqueness

of the solution: R!(z) is monic, deg S < deg R = deg A and S¥(0) = 0. Still, if

A(0) = 0 or the polynomials A(z) and B(z) have common factors, these conditions

are not enough to guarantee uniqueness of the solution, thus requiring additional

equations to be used instead of (3.14) (Astrém and Wittenmark 1990, Section 12.5).
If a control law of the kind

__S(g)
Ut = R(q) Yt,
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is optimal, it has to satisfy the constraints described above. This implies that
the order of the process (deg A) has to be known a priori. The mechanism for
assessment of L() optimality uses the control action

_S(g) , Cla)
Rio) " " R(g)

where {r;} is a non-degenerate random process of zero mean and power-spectral
density @,(w). Observe that knowledge of C(z), part of the noise dynamics, is also
needed for the realisation of the test.

The injection of {r;} into the loop results in the cross-spectral densities

A(eiw)o(eiw)

Tty (315)

Uy =

bur() = A(e)R(e™) + B(e™)S(ew) ¢r(w)
and
_ B(eiw)c(eiw)
Por(w) = A(e)R(ew) + B(ew)S(ew) Pr(w).

Theorem 3.3. Take the process described by (3.12) and the control action in (3.15)
such that the closed-loop system is stable. If R(z) and S(z) are the polynomials
RY(z) and SY(z) comprising the optimal control law, then

Gyr (w) Pur(w)
¢r(w) ¢r(w)
for allw € [0,27) and some n € RY.
Furthermore, if the process has A(z) and B(z) coprime and A(0) # 0, then the
condition (3.16) implies optimality of R(z) and S(z).
The ezact value of the constant n can be obtained from (3.13).

2
+ A

2
=, (3.16)

Proof. For sufficiency, straightforward calculations lead to the result:

Gyr(w) ’ Bur (W) |* _ |B(e™)|? + A|A(e™)|? iwy |2
¢r(w) A ér(w) B IA(ei’-")qu(eiw) + B(eiw)slq(eiw)lz |C(e*)]
n|Pe*)?

— w) |2 =n.
Plemoeap < =T
To prove necessity, (3.16) is expanded as

|B(2)[? + A A(2)[?

AR+ BRSEE A =

which leads to
|P(2)C(2)> = |A(2)R(2) + B(2)S ().

Since the loop is stable, the closed-loop poles are positioned at their optimal loca-
tions, according to (3.13). Under the constraints that A(z) and B(z) are coprime
and A(0) # 0, the control law under test provides the unique solution to this
pole-placement problem, namely the optimal control law. O
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Remark. The cross-spectral densities ¢y, (w) and ¢,,(w) can be obtained from
closed-loop data via spectral analysis given that {r;} is independent of {e;}.

This result can be compared with Theorem 3.2, which leads to the conclusion that
the Kalman filter brings to the feedback controller the necessary information about
the noise dynamics. Astrém and Wittenmark (1990, Section 12.5) presented the
pole-positioning aspects of the linear quadratic Gaussian (LQG) design: the poles
of the optimal observer (Kalman filter) are positioned at the roots of C(z), while
the state feedback is responsible for positioning the poles of the closed-loop system
at the roots of P(z). That means, if C(z) is known then the test for optimality
can be performed on the polynomial control law, otherwise an observer should be
implemented and adjusted to have a white innovations sequence (necessary and
sufficient condition for optimality), followed by LQ performance assessment on the
estimated state feedback.

Notice that the test of LQ optimality is performed on the reference-to-output
path, which excludes the additive noise dynamics from influencing the results.
This explains the need for knowledge about the noise dynamics and its use in the
excitation filter, but this also means that the quality of our information about the
noise is not under test.

Example 3.2. Consider the open-loop unstable and nonminimum-phase process
described by (3.12), with

A(z) = (2 — 1.70)(2 — 0.50 £ 0.401i)
B(z) = —0.80(z — 1.25)(z — 0.85)
C(z) = 2(z — 0.80)(z — 0.30),

and the variance of {e;} being 2 = 0.2.

Under minimum variance control the variances of {y;} and {u;} are o7 = J™ =
0.986 and 02 = 17.8, respectively. In order to reduce the control action, the cost
function of (3.1), with A = 0.1, is adopted. Under LQ control the variances become
02 =1.20 and o} = 8.44.

Since the process contains an unstable zero, the mechanisms for minimum vari-
ance performance monitoring and assessment, presented in Section 2.4, are not
applicable. With an appropriate external signal, the test of linear quadratic op-
timality can be performed either when the polynomial C(z) is known, or when
the non-measurable states of the plant are reconstructed by Kalman filters. For
this example the polynomial C(z) is assumed known so the test can be performed
according to Theorem 3.3.

The excitation is performed with a white-noise signal whose variance trades-off
amplitude (signal-to-noise ratio) and duration of excitation in order to improve
the quality of the results. Under this particular choice of excitation, the spectral
density in the test of optimality can be rewritten as

|¢yr(w)|2 + /\|¢ur(w)|2 = 770'4.

In this example a variance o2 = 4.00 results in the following increase in the output
variance: Aa§ = 4.25 for the LQ controller and Aaﬁ = 4.00 for the minimum
variance controller.
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The system is run for some time (256 steps) in order to present a stationary
behaviour and after that 4096 pairs (u;,y;) of excited signals are collected for
spectral analysis. Figure 3.3 shows the spectral densities obtained during the test
of optimality when the system is operating under LQ-optimal control. Figure 3.4
shows equivalent spectral densities for the minimum variance controller. Both
figures show the true expected values of the spectral densities as thin lines.

S IA /'\VA/\I\'I\I\/\)\ A
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Figure 3.3: Test of LQ optimality with the optimal controller
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Figure 3.4: Test of LQ optimality with the MV controller

As anticipated, Figure 3.3 shows that |@y,(w)]*+ A|@y-(w)|? has constant ampli-
tude over the frequency range. This does not happen in Figure 3.4 (MV controller)
for the criterion JY with A = 0.1. Observe that in this case |¢, (w)[? is flat,
corresponding to the optimal performance under an LQ criterion with A = 0.

3.4 Conclusion
This chapter has introduced mechanisms for assessment of linear quadratic opti-

mality based on spectral analysis of the process input and output signals observed
during perturbed closed-loop operation. The simplest form of LQ performance
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assessment is feasible when all states of the plant are measurable, resulting in a
model-free mechanism. If some of the states of the plant are not measurable, they
have to be optimally reconstructed with an observer, but that requires a state-space
model of the plant. Another approach is to use the mechanism for performance
assessment of systems under output feedback. The drawback is that the noise
dynamics in the ARMAX model, C(z), has to be known; hence, the test is not
completely model free. The extension of these results into multivariable systems is
believed to be possible, although messy.

The state-space test of LQ optimality uses the duality between Kalman filtering
and LQ control. Indeed, as the Kalman filter has the whiteness of the innovations
sequence, the LQ-control dual to this property is the spectral flatness of a sig-
nal equivalent to the innovations sequence. Unfortunately this signal, in the LQ
control, is not directly measurable in the time domain. Moreover, the difficulties
arising in the output-feedback control are due to the combined solution of the state
estimation and the LQ control. The information required for the realisation of the
test, C(z), contains the optimal locations for the estimator poles. That is, this
information would be indirectly provided to the system if the Kalman filter were
actually implemented.

In a retrospective analysis, it is noticeable that the complexity of the mecha-
nisms for testing performance optimality increases as the criterion becomes more
generic. The initial whiteness test provided by statistical process control can detect
optimality only of unit-delay minimum-phase plants under a minimum variance cri-
terion. Correlation analysis extends the test to plants with any delay, as long as this
delay is known, but the plant is still constrained to have all zeroes stable and the
criterion is limited to the minimum variance control. The mechanisms presented in
this chapter extend the test of optimality into the linear quadratic criterion with
no constraints on the plant characteristics, but at the cost of exciting the loop and,
in the output-feedback case, knowing the noise dynamics.

The need for some knowledge about the plant (in the output-feedback case) and
an external excitation are obstacles for the widespread use of this test in industrial
plants. A more realistic scenario is its application to some individual loops that
deserve the costly effort to achieve optimality, as well as a design validation step
for the optimal controller of the model of the plant.

The response to an impulse at the noise source is a key element in minimum
variance performance monitoring, but it does not seem to present any special prop-
erty related to linear quadratic performance or minimum variance of plants with
unstable zeroes. These two cases have in common the property that at optimality
the closed-loop system contains at least one pole away from the origin, therefore the
impulse response of the system is infinite in its extent. The next chapter focuses
on this characteristic polynomial of the optimally performing closed-loop system.
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Chapter 4

Linear Quadratic Performance
Monitoring

4.1 Introduction

Assessment of optimality of operating control loops is important in determining
which are the loops that need redesigning or tuning. Even more important are
mechanisms for performance monitoring because they do not disturb the system’s
normal operation. Ideally, normal operating data should provide all necessary
information about the loop performance optimality. Under the minimum variance
criterion this ideal situation is not too distant, provided the plant has no unstable
zeroes. However, under a linear quadratic criterion,

N¢—1

J9= lim — > Wi+ Au), (4.1)

Ni—oo Nt =0

even assessment of optimality is problematic because the noise dynamics of the
ARMAX model

A(Q)ye = B(g)ue + C(g)es (4.2)

must be known.

Using excited closed-loop signals one might proceed by identification of an open-
loop model, applying say the methods of (Van den Hof and Schrama 1993), followed
by controller design and comparison between expected and actual behaviours. This
introduces issues of modelling accuracy in addition to control design. Independent
of this approach, one can use the excited closed-loop signals to estimate the closed-
loop poles that would have been obtained under optimal LQ performance. This
chapter shows how to perform such an estimation and how this result can be used
towards LQ performance monitoring. Moreover, the particular case of MV perfor-
mance monitoring of nonminimum-phase plants shows that the presence of closed-
loop poles away from the origin significantly influences the amount of information
required to monitor or assess performance optimality.
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4.2 LQ Optimal Characteristics

Among the terms resulting from system identification, the noise model often has
the lowest accuracy or reliability because the identification procedures attempt
to capture all unmodelled effects as part of this noise model. This can include
drifts, offsets, quantisation error, signal variabilities, under-modelling as well as the
process disturbance. This problem motivates the development of a more complex
mechanism for LQ performance assessment and monitoring that does not require
any knowledge about C(z).

4.2.1 Spectral Densities with Optimality Attributes

The feedback control law used for regulating the ARMAX plant, described by (4.2),
is as follows:

Uy = —;Eggyt + 74, (4.3)

where r; = 0 during normal operation. Extra information about the system is
obtained with temporary external excitation at r;, which for simplicity is chosen
here as a white-noise process of zero mean and variance o®. The resultant cross-
spectral densities are

bur (W) = A(e™)R(e™) o?

T A(e)R(ew) + B(e™)S(e™)
and

byr(w) = B(e*)R(e™) 2

Ae) R(e®) + B(ew)S(e)

If the model of the plant were available, the characteristic polynomial of the
optimal closed-loop system, P(z) would be computed via the spectral factorisation

nP(2)P(z7') = MA(2)A(z™') + B(2) B(z™1), (4.4)
with n € Rt. This expression is used for obtaining

TUBEE _ IBE)P
PEE BRI+ NAGPE

which can have both numerator and denominator of its right-hand side fraction
multiplied by
RGP,
|A(2)R(z) + B(2)S(2)I> "~

leading to

TUBE)E 1wl
P~ (6 (@)P + Nbur(@)F
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Similar developments are employed for establishing

THACE _ [gu()P
PEIP @) + Abw@F

Results (4.5) and (4.6) are special because: 1) their right-hand sides are built
from cross-spectral densities acquired with any stabilising controller in the loop;
ii) their left-hand sides are equivalent to power-spectral densities of filtered white
noise, whose filters’ poles are the optimal ones.

From those power-spectral densities one can think of estimating their filter
transfer functions to obtain the stable polynomial P(z). This idea, developed
in the next section, results in a method for phase retrieval and estimation from
frequency-domain data. The zeroes of A(z) and B(z) can be estimated from that
procedure only if the process is known to be stable and minimum-phase, otherwise
one cannot distinguish between a certain estimated zero and its inverse because
their contributions to the power-spectral density are identical.

(4.6)

4.2.2 Estimation of P(z)
The problem to be solved in this section is:

Problem 4.1. Given a noisy measurement, |¢(w)|?, of the squared magnitude of

some spectrum
- (8],

find the best estimate, P(z), of the monic denominator polynomial P(z), whose
zeroes lie strictly inside the unit circle.

Direct methods for identification from frequency-response data need complete
spectral information (magnitude and phase) as input. If one takes the square root
of |¢(w)|?, the phase of the spectrum is lost and some form of signal reconstruction
has to be used.

Generic signal-reconstruction problems can be solved by an iterative algorithm
known as the error-reduction algorithm. This algorithm bounces back and forth
between the object domain, where the object-domain constraints are applied, and
the Fourier domain, where the respective constraints are applied (Dainty and
Fienup 1987).

The error-reduction algorithm can be applied to solve the phase-retrieval prob-
lem that arises when only the magnitude of a signal is known, as found in Problem
4.1. For this instance, the object-domain constraints are given by the order of the
polynomials L(z) and P(z), and the frequency-domain constraint is the magnitude
of the noisy measurement. A block diagram of the algorithm is shown in Figure 4.1.
It consists of the following basic steps:

1. Form an initial estimate for (w);

2. Construct a long finite impulse response (FIR) filter by inverse discrete
Fourier transform (IDFT): g(z) = F~{p(w)];
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3. Fit an n-th order auto-regressive moving-average (ARMA) model to the FIR
filter, g(z), by model reduction: L(z)/P(z);

4. Compute the discrete Fourier transform (DFT) of the ARMA model: ¢,,(w) =

FIL(2)/P(2));
5. Form a new spectrum estimate, ¢(w) = |¢p(w)|e'*8#=)] and return to
Step 2.
|4| -- = Initial Estimate [ -
L = || etereln] — IDFT — g(z): FIR

Model

Modulus

Substitution Reduction
bm(w) +— DFT -— L(2)/P(2)

Figure 4.1: Block diagram of the algorithm for phase retrieval

There are two open issues in the algorithm as stated so far: the initial estimate
creation and the model reduction. According to the author’s experience, a reason-
ably good initial estimate can be obtained through the solution of the following
least-squares problem:

min 3 [19()P(e)P(e™) - L)L ™)]

The Fourier transform of L(z)/P(z) generates the initial estimate of the phase.

The model-reduction step is implemented with a Steiglitz-McBride iteration
(Steiglitz and McBride 1965). This method attempts to minimise the squared
error between the impulse response §(z) of L(z)/P(z) and the FIR filter g(z) by
iteratively pre-filtering ¢g(z) and applying a least-squares method (Ljung 1987, page
297).

A convergence analysis of the error-reduction algorithm is presented in (Dainty
and Fienup 1987). It is shown that the algorithm ‘converges’ in the weak sense
that the squared error cannot increase with an increasing number of iterations. For
our particular case, the convergence of the whole procedure is dependent on the
convergence of the model-reduction method, the Steiglitz-McBride iteration, which
is analysed in (Stoica and Séderstrém 1981).
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If the plant order is known and the spectrum measurement is exact, the ini-
tial P(z) is also exact and this is not changed by the iterative procedure. When
the spectrum measurement includes noisy components, approximate values are ob-
tained for P(z).

Example 4.1. Consider the same plant used in Example 3.2, an open-loop unsta-
ble and nonminimum-phase process described by (4.2), with

A(z) = (2 — 1.70)(2 — 0.50 £ 0.40i)
B(z) = —0.80(z — 1.25)(z — 0.85)
C(z) = z(z — 0.80)(z — 0.30),

and the variance of {e;} being 02 = 0.2.

This time the external excitation is performed according to (4.3), therefore it is
not required that the polynomial C(z) be known. Two different controllers are used
during the experiments: the LQ optimal for A = 0.1 and the MV controller. With
a white-noise excitation of variance o = 1, the increases in the output variance
are Ao = 6.18 for the LQ controller and Ac? = 4.25 for the minimum variance
controller.

The cross-spectral densities obtained with each of the controllers are used for
building estimates of the power-spectral densities Q‘l_;l(%ﬁ‘%}ﬁ and /\W, where
P(z) is the optimal characteristic polynomial associated with this example’s plant
and J% with X = 0.1. These power-spectral densities, obtained with 4096 samples
collected from the loop, are presented in Figures 4.2 and 4.3, which as expected are
invariant to the control law. The term ¢;(w), used in the legend of these figures,

is defined as |y, (w)]? + Al dur ()]

1

081

0.6

0.4r

0.2

0 /2 n 3n/2 2n
o (rad)

Figure 4.2: Spectral densities derived from the LQ controller

The next step is to use these power-spectral densities for estimating the optimal
characteristic polynomial. This estimation is performed with the error-reduction
algorithm presented in the current section, and the poles of the resultant polyno-
mials are shown in Table 4.1. The actual optimal poles are 0.7346 + 0.1336i and
0.0886; the accuracy of estimation of these poles is remarkably good, given that no
explicit plant model is used.
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........ Ao (@) /¢ (w)
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Figure 4.3: Spectral densities derived from the MV controller

Table 4.1: Estimated closed-loop poles

From |y (w)*/¢s(w) | From A|ur(w)|*/ds(w)
LQ controller | 0.7389 £ 0.1188i,0.1564 | 0.7462 £ 0.1410i, 0.0874
MYV controller | 0.7183 £ 0.1389i,0.0996 | 0.7378 £ 0.1390i, 0.0957

4.2.3 LQ Performance Monitoring

Undoubtedly the estimates of the optimal closed-loop poles do not have intrinsic
relevance, although they can become very useful for other techniques. One example
is to use these estimates for guiding direct adaptive pole-placement algorithms (e.g.
Elliot 1982, Astrom and Wittenmark 1989). Another example of the use of the
optimal closed-loop poles is in monitoring linear quadratic performance.

The mechanism for LQ performance monitoring uses the signal

P(g)

Jay

Wt = o ~r vy Ut (4.7)
Ri(9)R-"(9)

where the factorisation of the controller denominator R(q) = R, (g)R-(q) is such

that all zeroes of R, (g) are inside the unit disc and all zeroes of R_(q) are outside

the unit disc or on the unit circle. The reciprocal polynomial R_*(q) is chosen to

be monic, therefore guaranteeing uniqueness of that factorisation.

Lemma 4.2. Given the process model described by (4.2) under control of the LQ
optimal output feedback

i C)
Uy = _qu(q) Yt,

(4.8)

then the signal {w;}, defined in (4.7), is a white-noise process.
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Proof. Under optimal control law the system output is given by

yy = C(g)R"(q) .
A(q)R'(q) + B(q)S4(q) *
R(q)
= €.
P(q)
Substitute this expression into (4.7) to obtain
RY
Wy = ——E*(—q)—et.
R* (q)

Given that {e;} is a white-noise process and

RY(e)

e - = 1,
RZ (ew)

then the covariance function of wy; is

2m
1 27
= Z-r— ; pTw QSC(LU) dw
o?, =0
=1e(T) =
0’ T 74 0’
implying that {w;} is a white-noise process. O

Unfortunately the optimal control law is not the only one that whitens {w;}.
The general expression of the control law that does that is

S(z) = 8'(2) - Q(2)A()
R(2) = R"(2) + Q(2)B(2)

where Q(z) is any polynomial. Taking into consideration that the order of the plant
is known—it is needed for the estimation of P(z) —the order of the controller is
constrained, reducing @Q(z) to the set of scalars. Another consideration about the
optimal control law is that it has S(0) = 0, hence if A(0) # 0 the unique choice for
Q(z) is to equal zero (Astrom and Wittenmark 1990).

The performance monitoring mechanism works according to the following rules:

IF {w} is NOT a white-noise process
THEN the controller is NOT optimal.

IF {w.} is a white-noise process AND A(0) is known to be # 0
THEN the controller is optimal.

If {w;} is a white-noise process and A(0) = 0, or A(0) is not known to be # 0, then
nothing can be concluded about the optimality of the controller.
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Example 4.2. Consider the system in Example 4.1 where estimates of P(z) were
computed from signals of the loop under excitation. The aim now is to monitor
- the loop performance, under normal operating data, by checking the covariance
function of the signal wy.

Initially the minimum variance controller is used, with P(z) estimated from

/\|¢ur(w) ‘2/¢J(w):

~

P(2) = (z — 0.7378 4 0.1390i) (z — 0.7378 — 0.1390i)(z — 0.0957).

The signal {w,} is formed according to (4.7), with {y;} being a sequence of 4096
samples collected from normal operating data. The initial terms of the covariance
function of {w;} are presented in Figure 4.4. Observe that for several values of
7 the covariance function is not within the 95% confidence limits. Consequently,
{w,} is not a white-noise process implying that the controller is not LQ optimal.

0-3 T T 1 T T T T T T

0.25
0.2} -
0.15 -

r, (1)

0.1 .

005 x ¥ = = * = 4

~0.05 ) 1 1 L 1 1 1 1 1
V]

Figure 4.4: Covariance function of w; under the MV controller

The same procedure is repeated with the LQ controller and
P(z) = (z — 0.7462 + 0.1410i)(z — 0.7462 — 0.1410i)(z — 0.0874).

The initial terms of the covariance function of {w;} are presented in Figure 4.5. As
expected, the covariance function shows that {w;} is a white-noise process.

4.3 On MV of Nonminimum-phase Plants

The problem of assessing the minimum variance performance of plants with un-
stable zeroes was tackled by Tyler and Morari (1995), and their conclusion was
that MV performance assessment of this kind of plant depends on knowing only
the plant delay and the position of the unstable zeroes of the plant. Unfortunately
this conclusion is incorrect since almost all the plant model has to be known. The
current section shows the details of this latter conclusion.

For plants described by the ARMAX model (4.2) with no unstable zeroes, the
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Figure 4.5: Covariance function of w; under the LQ controller

MYV control law is

MY "
B*(q7')F*(¢7?)
M(q) ”
B(q)F(q)”"

where F'(q) and M(q) are polynomials obtained from

¢*'C(q) = A(g)F(q) + M(q)
with d = deg A —degB > 0,deg FF =d — 1 and deg M < deg A = n. Under this
control action the output of the plant becomes
ye = F*(q7")e,

F(q)
qd—l

U =

(4.9)

= ét.
That is, {y;} is a moving-average process of order d—1. It is important to emphasise
that all d elements of the MV-system impulse response are actually invariant to
the control law.

These powerful features, relevant for MV performance monitoring and assess-
ment, are absent when the plant contains at least one unstable zero. Minimum
variance closed-loop systems with this kind of plant have pole(s) away from the
origin, therefore their closed-loop impulse responses are infinite in their extent—as
they also are under LQ optimality.

The MV control law of plants with unstable zeroes is

D*(g™)
By (¢ )E (@)
___ Dl

B (9)E(@)”"

where F(q) and D(q) are obtained from
¢*"'C(q)B-"(q) = A(q)E(q) + B-(g)D(q)

Uy = —



36 LINEAR QUADRATIC PERFORMANCE MONITORING

with degE =d+degB_ — 1 =degF +degB_ and degD < deg A =n (Astrém
and Wittenmark 1990). The output of the plant then becomes
E*(¢7h)
Y = met
___E(
q*"'B_"(qg)
The part of the impulse response of (4.10) that is invariant to the control law
can be isolated:

(4.10)

”y = Cla), N B_(9)D(q)
T A" @
_F (Q)e B_*(qg)M(q) — B—(Q)D(Q)e
=gret TADB ) ;. (4.11)

From the analysis of
E(q)

g '@ 4B (@)
it can be concluded that
B_*(q)M(q) — B-(9)D(q) = L(q)A(9), (4.12)

where

L(q) = E(q) — F(9)B-"(q)
with deg L = deg B_. The substitution of (4.12) into (4.11) results
_ F(g) L(q)
Y= @4 T B ()
This last expression highlights three features of the impulse response of the
system:

qd—l €;. (413)

e The initial d terms are invariant to the control law.

e The terms from d + 1 up to d + deg B_ depend on L(g) and B_(q), where
L(q) depends on A(q) and C(q), among others.

e The following terms are determined from B._(q) and previous terms of the
impulse response.

If it were not for the terms from d + 1 to d + deg B_, MV performance mon-
itoring and assessment of nonminimum-phase plants would just require the extra
knowledge of B_(g), as it was mistakenly claimed in (Tyler and Morari 1995).
Unfortunately the only information about the model that is not needed for MV
performance assessment of nonminimum-phase plants is B, (g), i.e. the stable ze-
roes of the plant.

One can think of implementing a performance monitoring mechanism for
nonminimum-phase plants akin to that presented in Section 4.2.3. This is fea-
sible, but the extra knowledge of B_(g) is not enough for that because P(z) =
B_*(z)B4(z). Unless all zeroes of the plant are known, the mechanism for MV
performance monitoring of nonminimum-phase plants has to be preceded by an
experiment for estimation of P(z).
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4.4 Conclusion

The weakest aspect of the mechanisms introduced in Chapter 3 is the requirement
that the noise dynamics, in the output feedback case, are known. This weakness
is not present within the mechanism presented in this chapter, but it comes at the
cost of increasing the scheme complexity. From excited closed-loop operation one
builds spectral densities containing the optimal closed-loop poles, which are then
estimated via algorithms of signal reconstruction.

The complexity of this procedure rivals that of identification and LQ(G) design.
The significance of the model-free approach is that its results might extend to yield
qualitatively valuable extensions of SPC methods in far wider circumstances where
the efficiency of system identification is unknown.

Estimates of the optimal closed-loop poles can be used for several purposes,
including adaptive pole-placement algorithms. These algorithms have the limita-
tion that there is no explicit trade-off between control effort and bandwidth of the
closed-loop system (Trulsson and Ljung 1985). In particular, the mechanisms for
direct adaptive pole-placement need a sensible target to aim for, but there is no
estimation of a plant model on which to base the computation of a ‘desired’ loop
performance, in terms of closed-loop poles. The LQ optimal characteristic polyno-
mial provides a sensible choice of poles, with an explicit trade-off between process
output and control variances, and guaranteed robustness.

It is expected that the estimates of the optimal closed-loop poles can lead to
the development of a mechanism of absolute performance assessment under an LQ
criterion, but in this chapter the focus is on performance monitoring. After the
initial experiment is performed and the estimates are obtained, there is no need for
further disturbances to the normal operation of the loop. This is especially impor-
tant for monitoring loop performance during controller tuning. In the long term,
though, those estimates tend to lose accuracy as changes in the plant dynamics
occur with time.

The amount of information required for performance monitoring is also analysed
in the particular case of minimum variance control of nonminimum-phase plants.
The conclusion is that it is not significantly lower than in the generic LQ problem.

All statements made so far are with respect to the optimal performance under
any controller structure, which might not always be the desired analysis since the
vast majority of industrial controllers have a fixed structure and few parameters.
The next chapter addresses the problem of assessment of local performance opti-
mality, where the focus turns to the computation of gradients of the cost function
with respect to the parameters of the controller.
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Chapter 5

Assessment of Local Optimality

5.1 Introduction

Instead of proceeding with the investigation of properties associated with absolute
optimality of the closed-loop performance, let us now look at the linear quadratic
cost function as a functional on the space of controller parameters. This new
perspective reveals geometric properties that are intrinsically associated with the
condition of local optimality, namely null gradient vector and positive definite
Hessian matrix. Moreover, these properties are also valid for assessment of local
optimality under reduced complexity controllers.

Another benefit of using functional analysis is that frequency-weights can be
introduced into the linear quadratic cost function without increasing the complexity
of the development. Hence, the cost function becomes

J9(p) = lim —Z{[F )+ A [Fulg) ur(p))?} (5.1)

Nt—roo N

where the linear filters Fy,(g) and F,(g) introduce frequency-dependent weights on
the variance of {y;} and {w,;}, respectively. The vector p contains the parameters
of the controller, therefore the signals {y:(p)} and {u(p)} are obtained with the
loop closed under the particular controller parametrised by

p=1[p p ... py).

Derivatives of (5.1) with respect to the controller parameters can be obtained in
both time and frequency domains using special closed-loop signals and full knowl-
edge of the control law, hence there is no explicit need for modelling the plant. Nev-
ertheless, in order to reach these mathematical results the following linear model
of the plant is used:

Y. = G(q) us + H(q) e, (5.2)

where H(q) is a stable and stably invertible filter and {e;} is a zero-mean white-
noise process of variance oZ.

39
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The structure of the controller is assumed to have two degrees of freedom,
despite only the regulation problem being addressed in this thesis. The control
action is given by

us = —Cp(q, p) Yt + Cys(g, p) 4. (5.3)

This generic structure also encompasses usual implementations of the widely used
PID controllers.

Within this basic framework, the following sections present the mechanisms
for estimation of the derivatives of J'9(p) with respect to the parameters of the
controller, initially in the frequency domain and later in the time domain. These
derivatives are the core elements for assessing the condition of local optimality of
the closed-loop performance.

5.2 Frequency-Domain Analysis

By means of Parseval’s Theorem the cost function can be expressed in the frequency
domain, thus allowing the computation of its derivatives with respect to the con-
troller parameters also in the frequency domain. The cost function is transformed
into

N,-1
Jo(p) = Tim = S (1) Pyl ) + AR )], (54
“ Y k=0

where wy = 2mk/N,; ¢y(w,p) and ¢,(w,p) are the power spectral densities of
the signals {y;} and {u;}, respectively, obtained with the loop closed under the
particular controller {Cp(q, p), Css(gq, p)}-

The reference signal, 74, is assumed to be kept identically zero during normal
operation, therefore spectral analysis of the output signal results in

2

_ H(e™) 2
¢y(wa p) - .1 + G(e"‘”) Cﬂ,(ei“’,p) 0e7 (55)
and of the plant input results in
_|_HE) G, p) |
¢u(wa p) - 1 + G(ei“’) Cﬂ,(ei“",p) O-e’ (56)

provided the closed-loop system is stable.
The frequency-domain characteristics of the system under stationary excitation
through the reference signal are also needed. The cross-spectral density between

{y:} and {r;} is given by
G(e™) Cy(e™, p)
1+ G(ew) Cp(e™, p)

d)yr(w’ ,0) = ¢T(w)’ (5'7)

and the cross-spectral density between {u.;} and {r;} is

Cy(e*, p)
1+ G(e%) Cp(e™, p)

Pur(w, p) = ¢r(w). (5.8)
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With this set of equations it is possible to proceed with the computation of the
derivatives of J!(p) with respect to the controller parameters. Equally, it would be
possible to proceed directly to the identification of a plant model, but this concept
is proscribed here for reasons outlined earlier.

5.2.1 Derivatives of the Cost Function

For the sake of clarity, the cost function is expressed in terms of auxiliary functions.

T4(p) = Jim 5= 3 l9(wsp) h(w, )]

N,—00
9(w, p) = |Fy () * + X | Fu(e™)]? [Cp(e™, p)

_HE)P . [
o) = gt (=),

The function arguments were presented above so as to emphasise variable depen-
dencies. In the sequel, the notation is shortened by dropping these arguments.
The derivative of J'9(p) with respect to a parameter of the controller is

0J' . dg oh
T A [apl“ga—p,}
dg ( 8C;  OCy, )
L =\F2(C + =2
Opy Ful\ G oo | Op
, oC
—= 2 fo
SUTEN Ly
Oh _ 54 G 3Gy
8p v 1+GCﬂ, op )’

where Cj; is the complex conjugate of Cp and Re(-) is the function that returns
the real part of its argument. Also the second derivative of the cost function can
be computed from the initial signals.

0% Jk [ E)g oh  0Og Oh 0%h }
Nw—->ooN E

+
0pi Opx op 3Pk 3/91 3Pk apk sz I Opi Opx
0%g (BC oC; 0%C
=2AE Re| 2 L+ L )
Op1 Opx [l e Op Opx P Op Opx
2 2

0*h =2¢yi)%e[ G (2 G GCﬂ,aCﬂ,_ 6Cﬂ,)

0p; Opx 1+G Cﬂ, 1+G Cﬂ, Op; Opx 0p; Opk
LG 2 80y, 0C;,
1+G Cﬂ, 0p; Opx '

By observing the expressions for first and second derivatives of the cost func-
tion, one can verify that almost all terms are known or obtainable from normal
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operating data. The only term remaining can be obtained via an intrusive exper-
iment performed on the loop by injecting a stationary non-degenerate signal {r;}.
Actually, from (5.7) it is straightforward to compute

GE™)  _ bulw.p)
T+ G(e®) e p)  Crr(e, p) ér(@)

These first and second derivatives of J'(p) compose its gradient (row) vector,

(5.9)

_ {aJla 8tk aJle
vi=[og 9 g, (5.10)
and its Hessian matrix,

82Jk o2Jle 82J'
Op19p1  9p1dp2 " Op1dpp
62qu (92qu 62qu

H= 3/’2‘5P1 3P2.3;02 apz-app ’ ( 5‘11)
92Jle 92J' 92Jl
OppOp1  Opplp2 " OppOpp

where p is the number of parameters in the controller.

5.2.2 Detection of Local Optimality

The quantities VJ and H are the basis of the mechanism for assessment of local
optimality: an operating point given by p has locally optimal performance, ac-
cording to (5.1), if VJ = 0 and H is positive definite. The converse statement is
conditioned on the absence of pathological characteristics in J'(p), one of which
occurs when the complexity of the controller is higher than necessary.

A finite set of data is used in practice to estimate the index J'(p) given by (5.1).
The same is true about the use of (5.4) and its derivatives; that is, a finite set
of frequencies composes the estimated spectral functions. Obviously the overall
quality of the mechanism for assessment of local optimality depends on the quality
of the estimated spectral functions. In practical terms, the verification of VJ
being small becomes relative to the ‘magnitude’ of H. Fairly robust results are
obtained through comparison of the current LQ cost with the minimum of the
convex approximation generated by VJ and H, as in

0.5 VJH ! VJ
J%(p)

AJYy = -100%, (5.12)

provided H is positive definite.
Example 5.1. Consider the process in Examples 4.1 and 4.2:

_ —0.8¢° +1.68¢ — 0.85 - ¢ —1.1¢° + 0.24¢ .
T 272+ 211 — 0697 T ¢F — 2.7¢7 + 2.11q — 0.697 ¥

with 62 = 0.2. In those examples two different controllers were tested for loop
optimality: the minimum variance controller and the linear quadratic controller



5.3 Time-Domain Analysis 43

for A = 0.1. Given that the criterion used for testing these controllers was J' with
A = 0.1, the MV controller was detected not to be optimal, but the optimality of
the LQ controller could not be established without the knowledge that A(0) # 0.

Here the same signals from Example 4.1 are used for estimating the derivatives
of the cost function with respect to the parameters of each controller. Moreover,
these derivatives build the mechanism for detection of local optimality according

o (5.12).

Under MV control law the estimated Hes31an matrix is positive definite and the
estimated gradient vector is

VJ=[—7.819 —6.524 —5.394 44.70 37.22 30.52].

The quantity AJYy predicts that the current estimated cost function, J' = 2.68,
can be reduced by approximately 21.9%.

With the LQ-optimal controller a positive definite estimate of the Hessian ma-
trix is also obtained , as well as the following estimated gradient vector:

VJ=[—0.0561 —0.1106 —0.1046 —0.9532 -1.074 —1.257].

In this case the quantity AJYy predicts that the current estimated cost function,
J' = 1.99, can be reduced by approximately 0.42%. This controller is definitely
optimal, at least locally, according to the accuracy provided by the number of
samples collected during the experiment.

5.3 Time-Domain Analysis

From the initial descriptions of the plant and the controller, respectively (5.2) and
(5.3), one can derive expressions for the closed-loop signals under normal operating
conditions, i.e. r; = 0. These expressions are

_ H(q)
wlr) = 13 G(q) Cp(q, p)

€ (5.13)

and

H(q) Cp(q, p)

uP) = TG0 Clar ) ©

(5.14)

From this point onwards the function arguments are dropped, with the exception
of a few cases in which variable dependencies need to be emphasised. Furthermore,
the computation of the average over time of these ergodic signals is replaced by the
shorter notation of the ‘average’ operator:

AV[] = lim —Z[

Nt—-)OO Nt
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5.3.1 Derivatives of the Cost Function

Straightforward calculations lead to the derivatives of J'(p), in (5.1), with respect
to a parameter of the controller.

o 2 (I [ i [R5
= =2 AV [F,yi] |F 22| + A|Fyu) | Fuert 5.15a
EP [ y yt] y ap, [ t] ap: ( )
oy, H GG
8o, 1+GCrl1+GCp 0p
G 3G
T T1+GCp op "

(5.15b)

ow _[ _H | HG G__19G,

8pp | 1+GCp 1+GCr1+GCp| 0
_ H 1 OCﬂ,

T T1+GCr1+GCp Op

_ 1 0Cp

N _1+GCﬂ, op; vt
Moreover, the second derivatives are obtainable from similar calculations.

o ayt] [ ayt] [ o ]
=2AVS |F,=—| |F,=——]| + [F, F,———
Op1 Opy { [ Yopu) | ¥ Opk v ¥ 0p, Opx

But} [ 3ut] [ 62'U't } }
+ A | Fo—| | Fu—1| + A [Fu Fy— 5.16
[ op Opk Pl Op1 Opx, (5.16a)

(5.15¢)

82yt _ G ( G OCﬂ, BCﬂ, _ 62Cfb

- 5.16b
0p0pr 1+ GCp \"1+GCp 9p Ops Bplapk>yt (5.16b)

Pup 1 ( G 0Cp 0Cp *Cp
0p; Opk T 1+G Chp 1+GCp Opr Opr  Opi Opk
Observing the expressions of first and second derivatives of the cost function,

one can verify that the only terms that are neither known nor obtainable from
normal operation are

) w.  (5.16¢)

A G(q)
09 = 560 Catar7) .17
and
S(g,p) & . (5.18)

T 11G(g) Calg, )

Thus, the problem becomes how to obtain the required information about these
two terms that also appear in the expressions of the closed-loop system under
excitation:

H .
-1 icT
hETrGC, T
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and

__HGy
1+GCﬂ,

up = et + Cp Sy

A few years ago, Hjalmarsson et al. (1994a) introduced the idea of using the
real system for filtering appropriate signals and obtaining an unbiased estimate
of the first derivatives of J'(p). Given that their main goal was to tune the
controller parameters, there was no need for obtaining unbiased estimates of the
second derivatives. This contrasts with the mechanism for assessment of local
optimality, which requires an extension of that method, called iterative feedback
tuning (IFT), with two additional signal filterings through the real system. This
is further developed in Section 5.3.3.

Another possible solution is to perform a single experiment on the closed loop
to fit a high order model into T'(q, p) and S(g, p), as suggested by De Bruyne and
Carrette (1997). Based on this latter idea and the results on frequency-domain
analysis, it follows that non-parametric models—impulse responses—of the stable
filters T'(q, p) and S(q, p) suffice to achieve the desired results. These impulse
responses are obtained via correlation analysis of excited signals.

5.3.2 Stable Filterings

There exists the possibility that some filters in the derivative expressions are not
stable, for instance %%&. If that happens, each unstable filter has to be factorised
as

_ N(g)
Flo) = D.(q) D_(q)’

and the frequency weights F,(g) and F,(g) must include every single filter

D_(q)
Fulg) 2 =5~
@ =5 (9)
This procedure does not affect the cost function because F,(g) is an all-pass filter
(Hjalmarsson et al. 1994b). The signal filtering then occurs through the stable
transfer function

Fo(q) F(q) = %-

With the first and second derivatives of J'(p), the gradient vector and the Hes-
sian matrix are formed according to (5.10) and (5.11), respectively. The mechanism
for assessment of local optimality remains identical to that presented in Section
5.2.2. That is, an operating point has locally optimal performance if VJ = 0 and
H is positive definite. A robust way to perform such an analysis is through the
computation of AJ!;: introduced in (5.12).

Example 5.2. Consider the system in Example 5.1: an unstable and nonminimum-
phase process under MV and LQ control being tested for local optimality. In that



46 ASSESSMENT OF LOCAL OPTIMALITY

example the computation of the derivatives of the cost function were obtained via
spectral analysis of closed-loop signals. Here those same signals generate estimates
of the closed-loop impulse responses, with each controller, via correlation analy-
sis. The computation of the derivatives of the cost function proceeds according to
(5.15) and (5.16).

The closed-loop impulse responses obtained under MV control are shown in
Figure 5.1. Under this control law the estimated Hessian matrix is positive definite
and the estimated gradient vector is

VJ=[-6.890 —6.063 —5.383 38.21 34.29 30.69].

The quantity AJYq, predicts that the current estimated cost function, J% = 2.68,
can be reduced by approximately 18.8%.

Estimated impulse response of T(q,p)
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Figure 5.1: Impulse response estimates under the MV controller

The closed-loop impulse responses obtained under the LQ-optimal controller
are shown in Figure 5.2. With these impulse responses a positive definite estimate
of the Hessian matrix is also obtained , as well as the following estimated gradient
vector:

VJ = [-0.0316 —0.1058 —0.1477 0.4531 0.5830 0.6762].

In this case the quantity AJ%y predicts that the current estimated cost function,
JY¥ = 1.99, can be reduced by approximately 0.04%.
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Estimated impulse response of T(q,p)
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Figure 5.2: Impulse response estimates under the LQ controller

The results in this example are very similar to those obtained from frequency-
domain analysis. In this case, VJ of the LQ-optimal controller is even closer to a
null vector.

5.3.3 Extended Iterative Feedback Tuning

The mechanism presented in (Hjalmarsson et al. 1994a) uses a finite amount of
plant-output data, collected during normal operation, as the external excitation in
a separate stage. The resultant signals are

g =

LT 14 GG

no__H% o
1+GCﬂ,

e,
’U,t(

and
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Given that {e;V} and {e;} are uncorrelated, the following expressions provide
the reasoning behind the computation of unbiased estimates for the first derivatives
of J"(p):

AV{[Fyyt][ gyt]} AV{[ Fy V] [— yci%y“” (5.19a)

1 Opu

and
_éut = 65)] [_ 1 6Cﬂ, 2,2 )]}
AV {[Fu ut] [Fu apz] } AV { [Fu U ] uC'ff 3,01 . (5.19b)

In order to obtain unbiased estimates of the second derivatives of J(p), another
two stages of excitation have to be performed on the real system:

v = ﬁ}é—()ﬂ, e +Cy Ty
and

y = ﬁ e + Cis Ty

u® = —l—f——g—fbcfb e + Cp Sy, .

Given that {e;V}, {e;®}, {&/®} and {e;¥} are mutually uncorrelated, the fol-
lowing expressions outline the computation of the second-derivative estimates:

8yt][ ayt” {[ 1 9G 2“ 1 oGy
{[ Yop Y Opi nyf opy v Cff 0pk

(5.20a)

2 0Ch OC, 1 8%C
— 1) L TP TR, () L))

autH 3ut]} H e H 1 4G,
av | R | 2 = 4y 0@ |F, L 9%, @
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= AV [F, u,W {F( utnd L LAY CO R LI <3>)H. 5.20d
{[ ut’] Ct Opi Opx YT Crr 9p0pe (5-20d)
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This involved mechanism for obtaining unbiased estimates of the second deriva-
tives is the one preferred by model-free purists. Still there is the need to stabilise
the signal filterings via the mechanisms in Section 5.3.2, finally followed by the test
of local optimality.

Example 5.3. Consider the process

1 u+q—0.1
B 07T y=009

€t,

with o2 = 0.5, under the feedback control action

__1.5¢* —0.3¢
Z—05g+01%"

U =

The stable closed-loop system is intended to operate with good performance ac-
cording to a linear quadratic criterion with A = 0.8 and F, = F, = 1.

In order to apply the test of local optimality, the vector of controller parameters
is chosen as

p=[15 -03 —0.5 0.1],

and the feedforward controller of (5.3) is simply a unitary gain.

A simulation of the loop under normal operation (r; = 0), for N; = 4096 time
samples, results in J'(p) = 1.87. The loop output signal, {y;}, of this simulation
becomes the reference signal, {r;}, in a second and third simulation stages, where
each stage lasts 4096 time samples. Finally, the loop output signal of the second
stage is used as the reference signal of a fourth stage. With these signals and full
knowledge of the control law, one can proceed to the estimation of the gradient
vector and the Hessian matrix according to (5.15a), (5.19), (5.16a) and (5.20).

The eigenvalues of the estimated Hessian matrix are {20.4, 8.75, 1.59, —0.109},
hence this matrix is not positive definite and the feedback control law is not op-
timal for the specified criterion. Moreover, the second order approximation of the
functional J"(p), at the current operating point, contains a saddle point with an-
ticipated cost J! = 1.59. This indicates that the minimal cost is very likely to be
less than 1.59. As a matter of fact, the optimal control law results in J¥ = 0.726.

Example 5.4. Consider the same system and criterion from the previous example.
Now, only the two initial stages of simulation are performed on the loop, therefore
an unbiased estimate of the gradient vector can be directly computed from these
signals, according to (5.15a) and (5.19).

In order to proceed with the computation of the Hessian matrix, according
to (5.16), the signals of the second stage are used for fitting impulse responses
into T'(q, p) and S(g, p), given by (5.17) and (5.18), respectively. These estimated
impulse responses, shown in Figure 5.3, each contain v/N; = 64 lags.

The eigenvalues of the estimated Hessian matrix are {21.7, 9.07, 1.69, —0.0824},
which are fairly close to the true values {20.3, 9.46, 1.35, —0.0964}. Given that the
estimated Hessian is not positive definite, the feedback control law is not optimal
for the specified criterion.
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Estimated impulse response of T(q,p)
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Figure 5.3: Impulse response estimates

5.4 Conclusion

Throughout the current chapter the linear quadratic cost function is viewed as a
functional on the space of controller parameters. This perspective reveals geometric
properties associated with the condition of local optimality, inclusive of systems
under reduced complexity controllers. The main features of interest are the first and
second derivatives of the cost function with respect to the controller parameters,
which are derived in both frequency and time domains.

The first and second derivatives of the cost function are then used for construct-
ing the gradient vector and the Hessian matrix, respectively. Under locally optimal
performance the gradient vector is null and the Hessian matrix is positive definite,
but more robust assessment can be obtained through comparison of the current
LQ cost with the minimum of the (convex) second order approximation generated
by the gradient vector and the Hessian matrix.

An attempt to extend the frequency-domain analysis into multivariable systems:

Y1, = Griur, + G ug, + Hy ey,
Y2, = Goy Uy, + G usg, + Ho e,



5.4 Conclusion 51

under the control law

uy, = —Cny, — Crayo, + 711,
ug, = —Co1 Y1, — Coa Yo, + T2,

failed to deliver a simple mechanism for estimation of derivatives. Some expressions
for the first derivative are of the form

_a_fg_z_ ¢y1e1 ¢y27‘1 6Cll)
apll ¢y261 ¢T1 a,011

-2 |¢y262 Izagz me(

= —2|By,e,|*07, Re (

¢y162 d)ygrl 6011)
¢y2ez ¢r1 a:011 ’

which would require a great deal of information about the open-loop noise dynam-
ics. The reason for this problem is the existence of cross-couplings in the observable
signals. Particular plants with a single source of noise (e.g. e;, = 0) lead to a more
tractable problem, but in the generic case it is difficult to justify all the complexity
associated with obtaining these derivatives directly from data, which might be even
higher than the complexity of identifying the plant from closed-loop signals.

Ideally the mechanisms for performance assessment or monitoring should also
provide means for improving the system performance. In Chapter 4 the optimal
closed-loop poles used for monitoring LQ performance were found to be applicable
in algorithms for direct adaptive pole-placement. Similarly, the first and second
derivatives of the cost function can be applied in the computation of appropriate di-
rections of controller tuning. The next chapter deals with this topic and additional
features of a mechanism for controller tuning with guaranteed stability.
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Chapter 6

Controller Tuning

6.1 Introduction

Performance improvement of, initially stable, closed-loop systems is one of the
main tasks entrusted to control engineers. Although adaptive controllers could
be used to perform this task, they introduce extraneous nonlinearities into the
system’s behaviour (Mareels and Bitmead 1986). These nonlinear dynamics are
problematic because the control law varies at each sampling time depending on
recent signals. A safer way to deal with the task of tuning controllers for time-
invariant processes is to apply techniques of iterative control, which are like block-
wise slow adaptive control techniques. The basic idea is to observe the closed-loop
signals, under a fixed controller, for a longer period of time (after the subsidence
of initial conditions) and then to decide on a new control law. This guarantees
block-wise time-invariance of the closed-loop dynamics.

All iterative methods currently available for the accomplishment of the tun-
ing task start with an experiment performed on the loop. An external excitation
is injected into the closed-loop system and two possible ways might be followed:
modelling of the plant followed by control design, or direct computation of perfor-
mance derivatives followed by controller adjustment. This is similar to the distinc-
tion between ‘indirect’ and ‘direct’ adaptive control. The underlying reasoning for
choosing one approach or another includes the degree of confidence the user has in
the information obtained from the experiment.

The option of modelling the plant is usually followed by the design of a control
law, as in (Zang et al. 1991, Schrama 1992, Lee et al. 1993), and this reflects a
high degree of confidence in that model. In most of these approaches the structure
of the controller is not assumed to be constrained, and the solution might be of
high order. When the complexity of the control law is restricted, as for example in
the widely used PID controllers, methods based on derivatives of the performance
with respect to the controller parameters become more appropriate, thus avoiding
plant or controller model reduction. An important characteristic of this concept
is that the plant model is used to describe the system’s behaviour around the
current operating point, and this model is constantly put under test on the real
system as the controller parameters are changed. The idea of modelling the plant
to compute derivatives and tuning directions has been explored in the context of

53



54 CONTROLLER TUNING

adaptive control (Trulsson and Ljung 1985), but, to the author’s knowledge, it has
only been considered briefly in iterative control (Hjalmarsson et al. 1994b).

There are, however, serious difficulties associated with performing paramet-
ric plant modelling: structure selection, parameter estimation, model validation,
etc. Additionally, with plant modelling followed by computation of performance
derivatives with respect to controller parameters, the complexity of these expres-
sions could be quite high due to the dimension of the plant model, and could be
very sensitively dependent on plant and controller parametrisations.

As presented in Chapter 5, the derivatives of the cost function are obtainable
directly from filtered data and non-parametric models of the closed-loop system.
These mechanisms are advantageous alternatives to the computation of a paramet-
ric model of the plant. The basic idea is to use those derivatives to compute a
direction for adjusting the controller parameters; once the best controller is found
in that direction, another experiment has to be performed in order to obtain a new
direction of descending cost. This reflects a complete non-reliance on explicit plant
modelling.

The current chapter presents a method for computing tuning directions based
on unbiased estimates of first and second derivatives of the following frequency-
weighted linear quadratic cost function:

J(p) = ngnJZ{[F )+ 2 [Fu() u(p)} (6.1)
This tuning procedure guarantees closed-loop stability due to the insertion of a
stability margin that limits drastic changes in the controller parameters.

The computation of the stability margin requires estimates of the closed-loop
dynamics, hence the emphasis of this chapter is on those mechanisms for estimation
of derivatives based on non-parametric models of the closed-loop system. These
non-parametric models can be impulse responses or cross-spectral densities, but
since they convey the same information, the latter ones are adopted throughout
this chapter under a generic notation:

G

T(p) £ T3GChlp) (6.2)

and
S( )A 1
P =15 G Chlp)

Notice that from T'(p) and S(p) it is straightforward to estimate a non-
parametric model for the open-loop plant dynamics. This non-parametric model
of the plant allows immediate computation of a new tuning direction after the
previous search has reached a minimum. This idea is further explored in Section
6.4.

(6.3)

6.2 Tuning Directions

Unlike adaptive control, where new directions have to be computed in between
adjacent samples, the computation of tuning directions in iterative control is per-
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formed block-wise and, therefore, is allowed to be very elaborate. Usually these
computations are not performed frequently and they are not seriously limited by
time constraints. These circumstances favour the use of Newton’s method, which
is accurate but complicated due to a matrix inversion.

Newton’s method uses the gradient vector, VJ, and the Hessian matrix, H, to
approximate the local behaviour of the cost function around the current operating
point. According to this approximation, the following change in the controller
parameters would lead to an operating point with all first derivatives of the cost
function identically zero:

Ap=-H1VJT, (6.4a)

That operating point, in the approximation, can be a minimum, a saddle or a
maximum, depending on whether the Hessian matrix is positive definite, indefinite
or negative definite, respectively. In fact, only for the first of these situations is Ap
an appropriate direction of tuning.

A good alternative to Newton’s method, when it fails to deliver a direction
that leads towards minimum cost, is the combination of the method of Steepest
Descent and a negative curvature descent direction (Fletcher 1987, page 49). In
its original formulation, the method of Steepest Descent results in the gradient
vector being the direction of parameter tuning. This method does not provide an
estimate of the order of magnitude of the change in the controller parameters to
find a point of minimum cost. Given that the Hessian matrix is available, the
following improvement to the original method results in a Ap that corresponds to
the minimum approximated cost function in the direction of the gradient vector:

Ap=—yVJT, (6.4b)
VIVt
TEIHVT

as long as < is positive. This improvement has its basis in the analysis of the
original method on a purely-quadratic problem.

Under some circumstances, the Steepest Descent direction alone makes the
tuning scheme extremely slow in terms of performance improvement. In such cases
it is worth alternating those directions with directions of negative curvature. The
author has experienced very good results by using the direction of the eigenvector
associated with the smallest (most negative) eigenvalue of the Hessian matrix.
This is shown in Figure 6.1: the crosses on the surface correspond to an initial
tuning along the Steepest Descent direction, followed by the circles in the direction
of the eigenvector associated with the negative eigenvalue. The directions of the
eigenvectors of H are plotted as thick dashed lines on the contour plot.

In the unfortunate situation of v being negative (indicating a total lack of local
convexity), the original method of Steepest Descent is used instead. That is,

Ap=-VJT. (6.4c)

In summary, the direction of controller tuning is obtained by one of (6.4a-c), where
the choice depends on local conditions.
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Figure 6.1: Saddle surface

Alternatively one could apply the customary approach of using a positive def-
inite matrix in (6.4a), instead of the Hessian matrix. According to the author’s
experience, the best choice of positive definite matrix is provided by the following
transformation of H:

n
HY = | yl€ét
k=1

where 7 is the k-th eigenvalue of H and & is its respective eigenvector (Greenstadt
1967). If all eigenvalues of the Hessian matrix are non-negative then H* = H. This
approach is simpler but more prone to problems than the combination of Newton’s
method and Steepest Descent introduced before (see Examples 6.1 and 6.2).

Whichever method is chosen for the computation of the tuning directions, it is
not likely that the real system conforms entirely to the quadratic approximation,
especially when the operating point is far from a local minimum. In practice the
parameters of the controller are changed along the line

p=po+alp (6.5)

in the search for a point of minimum cost. The vector py contains the initial
parameters of the controller, and « is varied along R*.

An initial value for o« and its subsequent increments can be chosen on-line,
according to several factors:

e The minimum cost function along (6.5) is expected to be at a ~ 1, except
when the original method of Steepest Descent is used;
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e The anticipated behaviour of the cost function is given by
2
J9(p) =~ J9(po) + a VJ Ap + %ApTHAp; (6.6)

e Stability of the closed-loop system has to be maintained (see Section 6.3).

Some basic characteristics of the tuning algorithm provide clues for deciding
whether the control law is nearly optimal or not. One example is the anticipated
reduction of the cost function given by (6.6), at @ = 1. Actually, this leads to

0.5 VJH1VJ
J4(p)

the expression adopted in the last chapter for assessing local optimality. Such
knowledge is important for stopping the tuning process, thus avoiding unnecessary
iterations.

The content of this section is independent of the mechanism employed to obtain
the estimates of the gradient vector and Hessian matrix. Therefore the following
examples use the true values of these quantities, in a comparison of the proposed
method with the alternative transformation of the Hessian matrix into a positive
definite matrix.

AJYy = -100%,

Example 6.1. Consider the process

1 u+q——0.1e
T ¢-07 "' g-09 "

Yt

with o2 = 0.5, under the feedback control action

1.5¢° — 0.3¢

=T 05 r01

This stable closed-loop system, also used in Example 5.3, is now tuned with respect
to a linear quadratic criterion with A = 0.8 and F;, = F,, = 1. The initial controller
parameters are given by

p=[15 -03 —05 0.1].

The methodology for computation of tuning directions presented in this section
is compared with the use of the positive definite matrix H* instead of the Hessian
matrix. Both methodologies achieve the goal of reducing the cost function to its
minimum. Figure 6.2 shows the evolution of the cost function along the tuning
iterations. A close look at the path followed by the controller parameters, in
Figure 6.3, reveals marked intermediate divergence of some of these parameters in
the H* methodology. This divergence delays the reaching of the locally convex
region surrounding the optimal performance, which occurs at iteration 5.

According to the more elaborate methodology presented in this section, the
three initial tuning directions are taken along the Steepest Descent. Due to a very
low reduction of the cost function from iteration 2 to iteration 3, the tuning pro-
ceeds along the direction of the eigenvector associated with the negative eigenvalue
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Figure 6.2: Reduction of the cost function

iteration iteration

Figure 6.3: Evolution of the controller parameters

of H. This leads the system performance into the locally convex region, evidenced
by a positive definite Hessian matrix at iteration 4. It is worth emphasising that
the direction taken at iteration 3 is obtained from the estimates computed for iter-
ation 2, therefore it does not require new estimates for the derivatives of the cost
function.

The next example highlights a problem of closed-loop instability as the con-
troller is tuned. Both methodologies for computation of tuning directions might
lead to such a problem, but throughout a significant number of experiments the
H™* approach proved to be remarkably more likely to provide problematic tuning
directions than the methodology that combines Newton’s method and Steepest De-
scent. In fact, the author has never found an example where the problem occurs
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with the combined methodology.
Example 6.2. Consider the process

o 0la=02) - (g-06)g-03)
‘T @-07(g—-05) ‘7 (g 0.7)(g - 0.5)

with o2 = 1, under the feedback control action

€ty

0512 - 032
- 11g+0157"

U =

This stable closed-loop system is tuned according to a linear quadratic criterion
withA=0.1and F, = F, =1.

With the true values of V.J, H and J%(p), and the tuning direction computed
with the H* methodology, the line search occurs as depicted in Figure 6.4. The
cost function is given by the solid line, while the second order approximation of
this function is the dotted line. Observe that if « is taken at intervals of 0.02 units,
the closed-loop system suddenly becomes unstable at oo = 0.18.
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Figure 6.4: Tuning towards instability

The details of the controller parameters along the tuning direction are given
in Table 6.1. Despite the complexity of the control law being the same as the
absolute optimal one, a pole-zero pair tends to cancel near the unit disc, causing
the instability. The absolute optimal performance has J!9 = 1.1094, but under the
control law

0.4140q

Y= T 01685

Yt»
JY(p) = 1.1097, leaving almost no improvements to be obtained by the comple-
mentary pole-zero pair.

Such a problem is accentuated as the complexity of the controller increases
above the necessary one. The extra pole(s) and zero(es) might tend to cancel each
other near the unit disc, causing the closed-loop system to be dangerously close to
instability. This effect had been observed previously by Deistler et al. (1978), but
in a different context: estimation of ARMA models.
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Table 6.1: Controller parameters

Controller
« P poles Zero
0.00 | [0.5100 —0.3200 — 1.100 0.1500] | 0.1595,0.9405 | 0.6275

0.16 | [0.4140 — 0.4049 —1.160 0.1671] | 0.1685,0.9917 | 0.9781
0.18 | [0.4020 — 0.4156 — 1.168 0.1692] | 0.1695,0.9982 | 1.0337

6.3 Stability Margins

The previous example shows that maintenance of closed-loop stability is a strong
constraint that should be imposed on the task of tuning. Although it is always pos-
sible to step back to the previous controller parameters, occurrences of instability
on the way to the optimal control law tend to reduce confidence in the method be-
ing used. It is intuitive to think that the cost function increases as the closed-loop
system approaches regions of instability, but that is not always the case, at least
not to the degree of tuning discretisation one would expect in practical situations.
Given the non-reliance on a plant model, the only information available about
the degree of system stability is provided by estimates of the closed-loop dynamics.
Faced with the inaccuracies associated with these estimates, the author has opted
for a rather conservative strategy to guarantee stability of the closed-loop system.
The following stability assertions were originally presented in (Vinnicombe 1993),
but with the plant and the feedback controller interchanged.
For a stable closed-loop system, the generalised stability margin is defined as
1 G |
b a || TFGCy  T+GCp

G\Cpo G GCp ’

1+GCp  1+GCp ||

(6.7)

and as 0 for unstable closed-loop systems. Moreover, the Vinnicombe distance
between two feedback controllers, Cy (= Cp(po)) and C; (= Cp(p1)), is defined as

5,(Co, C1) 2 ||(1+CLC7)™V2 (Cy = Co) (1+Co C3) ™2, (6.8)

provided the winding number condition, given by (6.9), is satisfied, and §, = 1
otherwise.

11+ CyCol| #0 Vw, and

wno(1 + C: Co) +n(Co) — n(Cy) = 0 ) (6.9)

0,(Co,C1) <1 & {
where wno(-) denotes the winding number, or number of counterclockwise encir-
clements of the origin of the Nyquist plot, and 7(-) denotes the number of poles
outside the unit circle.
Vinnicombe (1993) has shown the following:

Given a plant G and a feedback controller Cy such that the closed-loop
system is stable, then the loop remains stable under any feedback con-
troller, Ci, satisfying 6,(Co, C1) < bg,c,-
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As mentioned before, this result is rather conservative because it gives a sufficient,
but not necessary, condition for the stability of the closed-loop system.

The insertion of Vinnicombe’s result into the gradient tuning scheme depends
on the availability of a model of the closed-loop system. Although this could be
a parametric model, it is simpler to use non-parametric characterisations of the
closed-loop dynamics, like the cross-spectral densities 7'(e*, p) and S(e*, p). The
generalised stability margin is computed as

S(po) S(po) Cp(po)
T(po) T(po) Cp(po)

For each new set of controller parameters, given by (6.5), the winding number
condition is tested, followed by the inequality

6,(Cp(p0), Cs(p)) < ba,cps(p0)-

If any of these tests fails, the controller Cg(p) is not guaranteed to stabilise the
closed-loop system. Then the user has the options of finding, and applying, the
largest o in (6.5) that satisfies the tests; or performing a new experiment with the
current controller, for which a new direction of search and a new stability margin
are obtained.

-1

be,cp(p0) = (6.10)

oo

Example 6.3. Consider the same setup of Example 6.2, but now let us augment
the tuning scheme with the generalised stability margin. The initial control law
results in bg ¢, = 0.680. Figure 6.5 shows the Vinnicombe distance from the current
feedback control law to the initial one, as « increases.
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Figure 6.5: Distance between feedback controllers

The line search should stop at a =~ 0.158 because further controllers are not
guaranteed to stabilise the closed-loop system, according to Vinnicombe’s criterion.
At that point the tuning proceeds with the computation of a new direction and its
corresponding stability margin.

6.4 Indirect Tuning

The reason for applying external excitations into the loop is to obtain the closed-
loop non-parametric terms 7T'(p) and S(p) needed in the computation of both the
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derivatives of the cost function and the generalised stability margin. After an initial
experiment, with the controller {Cp(po), Css(po)}, it is possible to recompute T'(p;)
and S(p;), for any Cp(p;), based on T'(py) and S(po):

N T(po)

T03) = S+ T Caly)’ (611)
N S(po)

S(61) = 500y + T (o) Gl (6-12)

This procedure resorts to an implicit non-parametric modelling of the plant, there-
fore accuracy tends to reduce as the mismatch between Cp(p;) and Cp(po) increases.

The main point of this procedure is to compute new directions of controller
tuning, without re-exciting the loop, after a minimum has been reached along the
initial line search. This modified scheme becomes ‘indirect’ by resorting to a model
of the plant. Despite the seeming philosophical shift, the plant model is only used
for computing tuning directions while the sequence of line searches, performed on
the real system, constantly tests the quality of that model.

On the other hand, the generalised stability margin, bg,cy (), must only be com-
puted with the signals obtained from excitation experiments, and never estimated
from (6.11) and (6.12). The distance between feedback controllers, 6,(Cy, C1), has
to be taken from the current controller to the one used during excitation, irrespec-
tive of intermediate line searches.

A new loop excitation is only required when the current plant model fails to
deliver a direction of decreasing cost or when the stability condition is violated.

Example 6.4. Consider the plant

0.1 qg—0.2
Y = Uy + €
q (g —0.76)2 g—0.98 "

with 02 = 0.2, under control of a PID controller. The controller has the three usual
parameters to be adjusted: K, T; and T, for the proportional gain, integral time
and derivative time, respectively. Its structure is given by

qg—b c1qg*+cq+cs
u=K,——r, — K ,
e R T R N
with
T, ts
"G+ T,
s t
o =14+Gyaq co=——1—a;—2G,04 C3 = (1+Gd——s),
T; T;

where t;, the sampling time, is chosen to be 1 time unit, therefore T; and T, are
directly given in time units. The variable G4, known as the derivative filtering
parameter, can easily be included in the parameter set, but for this example it will
be fixed at G4 = 20. Also the derivative action is fixed at Ty = 0 in this example,
for graphical reasons that will become evident later.
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The tuning criterion is

—_ 1
Tl — N Z [(Fyue)? + A (Fuwe)?],
k=1

with Fy = 1; F, = 9—;—1 due to the integrator in the control law; A = 0.1 and
N; = 8192 samples collected during normal operation, for each parameter set.
The number of samples taken in the computation of J! represents a compromise
between tuning speed and accuracy, and it can be made variable, with increasing
number of samples as the controller approaches optimal performance.

The initial controller parameters are: {K), : 0.4;T; : 45}. A loop excitation with
a white-noise signal of zero mean and ¢? = 6 results in a signal to noise ratio of less
than 2 in the variances of both {y;} and {;}. Still, reasonable estimates for T'(p)
and S(p) could be obtained, as shown in Figure 6.6. The true values of magnitude
and phase for each estimate are given as thin lines.

0 72 T 3n/2 2n
 (rad)

-=-= arg[T(p)]
........ arg[S(p)]

0 2 n 3n/2 2n
o (rad)

Figure 6.6: Cross-spectral densities of the closed-loop system

Measurements of the cost function along the tuning directions are presented in
Figure 6.7 as solid lines, as well as the anticipated cost function (6.6) as dotted
lines. The measured cost function is highly affected by the noise realisation, hence
the establishment of each point of minimum is improved by fitting a low order
polynomial to the line-search curve; this example uses a fourth order polynomial
for this purpose.
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(a) (b)
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Figure 6.7: Cost function along the tuning directions

The initial Hessian matrix contains one negative eigenvalue, therefore the tuning
begins in the direction of steepest descent (Figure 6.7.a). The new parameter set
becomes {K), : 1.14;T; : 45}. The second tuning direction comes from the closed-
loop estimates and the current controller. Again, the Hessian matrix contains one
negative eigenvalue. Figure 6.7.b shows that almost no improvements are obtained
along the direction of steepest descent ({K, : 1.02;T; : 45}), therefore the new
direction is given by the eigenvector associated with the negative eigenvalue of the
Hessian matrix. The tuning stops at {K), : 1.01;7; : 18.6} because the stability
margin is reached (Figure 6.7.c).

The contour plot of J'(p), Figure 6.8, provides a different perspective of these
tuning directions. The line searches are shown as thick solid lines, with their
chosen minima marked with crosses. At the initial point, marked with a circle,
the external excitation provides the loop stability margin bg g, () = 0.6619. This
margin constrains the controller parameters to remain inside the region delimited
by the thick dashed line.

After reaching the stability boundary, a new loop excitation has to be per-
formed, generating a new stability margin. The Hessian matrix is now positive
definite and the line search generates Figure 6.9.a. Any possible improvement on
J' is entirely hidden under the inaccuracies associated with its estimate J'9. An-
other search is performed from the same initial controller, but with N; = 65536.
The result is shown in Figure 6.9.b and a faithful choice of @ = 1 results in
{Kp:1.01;T; : 16.3}, the point marked with a pentagram in Figure 6.8.
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Figure 6.8: Overview of the tuning directions

(@) (b)

0.15 0.15

0.145 0.145

0.14 0.14

o g

0.135 0.135f"

0.13 0.13

0.125 0.125

0 1 2 3 4 0 1 2 3 4 5

o o

Figure 6.9: Final tuning

6.5 Conclusion

Beyond detection of local optimality, estimates of first and second derivatives of
the cost function provide the information for computing appropriate directions of
controller tuning. Once the best controller is found in this direction, new estimates
are obtained for computing tuning directions. This iterative procedure continues
until the performance is locally optimal.

Like other gradient-based schemes, this approach might prgsent sensitivity prob-
lems when the controller is over-parametrised. The insertion of Vinnicombe’s result
into the tuning scheme guarantees closed-loop stability for a certain limit of con-
troller variation. Although the computation of this limit requires estimates of
the closed-loop dynamics, non-parametric estimates of these quantities are readily
available from the procedure for estimation of the derivatives of the cost function.

The non-parametric estimates of the closed-loop system immediately provide a
non-parametric model for the open-loop plant dynamics. One can use this model
to compute new tuning directions without the need to re-excite the loop. This new
concept is ‘indirect’ since it resorts to a model of the plant.

In comparison with the iterative feedback tuning (IFT) scheme, presented
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in (Hjalmarsson et al. 1994a), the scheme presented in this chapter is more com-
plex due to the unbiased estimates of the second derivatives and to the generalised
stability margin. Each of these sources of complexity brings a special feature to
the tuning scheme that is not available in the IFT: detection of local optimality
and guarantee of stability.



Chapter 7

Directions for Future Research

7.1 Thesis Achievements

This thesis describes the development of mechanisms for assessing and monitoring
optimality of the loop performance under a linear quadratic criterion. Since per-
formance optimality relates to the control of the real plant, those mechanisms are
designed to look at the closed-loop system as a whole, without modelling the plant.

The initial results obtained here refer to absolute performance optimality, i.e.
the optimal performance under the appropriate controller structure. This charac-
teristic establishes those results as initial steps towards a model-free mechanism
for assessment of absolute performance under a linear quadratic criterion. It is
the author’s belief that the estimate of the optimal characteristic polynomial has
strong potential application in the development of such a mechanism.

A second set of results in this thesis refers to local performance optimality.
These results on performance assessment and controller tuning are based on deriva-
tives of the cost function with respect to the controller parameters, therefore they
can easily accommodate controllers of reduced complexity as well as different per-
formance criteria. Examples of sudden instability of the closed-loop system, during
controller tuning, motivated the development of the mechanism for guaranteeing
loop stability. Also, in order to reduce the amount of external excitations, a non-
parametric model of the plant is used for computing new tuning directions after a
point of minimum has been reached in the line search, even though the quality of
that model is expected to reduce as the controller develops further.

The mechanisms introduced in this thesis contribute to the solution of the prac-
tical problem of evaluating the economic benefits of controller tuning or redesign.
And, in an industrial context, there are large sums of money to be saved by im-
proving the performance of some important control loops.

7.2 Future Research

The following topics are logical extensions of the work presented in this thesis. Fu-
ture research into these topics could lead to improved mechanisms for performance
assessment and monitoring, and for controller tuning. Some of these topics are
already under investigation, with a high likelihood of success.

67
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DIRECTIONS FOR FUTURE RESEARCH

Undoubtedly, the search for a model-free mechanism for assessment of optimal
performance is still in place as there are some non-parametric methods yet
to be tried on the closed-loop system. At the least, it should be possible to
reach a definitive statement about the solvability of this problem.

Given the difficulties associated with the linear quadratic criterion, it would
be worthwhile pursuing simpler methods for performance monitoring and
assessment under a different criterion containing some sort of penalty on the
control action. Perhaps a frequency-weighted minimum variance criterion
is enough to constrain large variations in the control action, but it is very
likely that an appropriate choice for the frequency weighting depends on the
characteristics of the open-loop plant.

The mechanisms for monitoring and assessment of linear quadratic optimal-
ity are limited to the linear case, especially because spectral analysis is con-
strained to linear systems. Associated methods for testing optimality of ap-
propriate classes of nonlinear systems could be pursued.

This thesis only addresses the regulation problem of (weakly) stationary
stochastic disturbances, mainly because in this case the measurable signals
are ergodic processes. That is, a time average over any finite set of data pro-
vides unbiased estimates of the cost function. The conversion of the results
in this thesis into a purely deterministic setup might be straightforward, but
a combination of deterministic and stochastic signals deserves careful con-
sideration, especially because the expected value of the cost function usually
depends on the number of samples collected from the loop.

Both assessment of local optimality and computation of directions for con-
troller tuning are generic to any criterion whose first and second derivatives
are computable and also obtainable from closed-loop estimations; some crite-
ria commonly used in industrial environments might satisfy these restrictions.

The techniques of gradient adjustment of loop performance might be extensi-
ble to the improvement of observer (or estimator) performance. This can be
an alternative to the adaptive estimation mechanisms of (Mehra 1970) and
(Anderson and Moore 1979).

The noisy collection of cost functions along the line searches deserves a statis-
tical treatment. The use of confidence levels can lead to well-defined stopping
criteria for these line searches. This topic is of practical interest because the
linear quadratic cost function tends to be very flat in an extensive region
around the optimal operating point.
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Abstract. Identification schemes that are capable of taking account of model un-
certainties and also tracking the time-varying dynamics of the process offer great
power to adaptive control systems. This paper introduces a new approach to pa-
rameter identification that has these characteristics. The parameter estimator uses
a normalised confidence distribution function to compute bounds on the process
parameters. This distribution function adds some characteristics of certainty equiv-
alence schemes to the “traditional” parameter bounding estimator, and straight-
forwardly solves the problems of adaptive tracking and detection of outliers.

Keywords. Identification; parameter estimation; bounded noise; time-varying
systems; adaptive control; experiment design.

1. INTRODUCTION

There is a clear distinction between parameter bounding and certainty equivalence
estimators, the two classes of estimator schemes most frequently used in system
identification. Parameter bounding estimation is performed by the computation of
the set of process model parameters that satisfy prescribed constraints on model-
output errors. These estimators intrinsically take account of model uncertainties
since the estimation produces a set of feasible process parameter vectors. Certainty
equivalence estimation may be realised in many different ways, but their common
characteristic is to produce a single parameter vector which is used by the control
design as if it was the actual process description. These estimators do not take
account of model uncertainties but are easily modified to track time-varying process
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dynamics, especially those estimators based on recursive algorithms with some sort
of forgetting factor [8].

Reference [6] presents a new certainty equivalence estimator and controller
“adapted” from recent results on the problem of “learning from experts.” The
heart of that estimator is an “unnormalised” density function (g(¢,6)) that maps
from a 2n dimensional parameter () into a (0,1] range. This function is updated
at each step and its value for some 6 corresponds to the confidence that 6°, the
actual process parameter vector, is . Thus ¢(¢,60) measures the non-falsification
of the parameter § by the data until time t.

This paper improves Kumar’s estimator, described above, by translating it into
the parameter bounding context and adding adaptivity. The first step in this trans-
lation is the addition of a dead-zone action in the computation of the confidence
distribution function. With the new distribution function we can easily pick up the
set of models that satisfies the constraints on model-output errors: the set of s
with maximum confidence value. The advantage of this scheme over “traditional”
parameter bounding ones is that no value of 6 is completely discarded, and hence
this estimator is able to track time-varying process dynamics. The characteristics
of the adaptive tracking are tightly related to the excitation and process time vari-
ation characteristics. It might happen that after a stepwise change in the process
parameters, the estimation result jumps from the previous region to the new actual
one instead of sliding continuously over ©, the space of feasible models.

The system description is given in Section 2, where the controller has an in-
direct Self-Tuning Regulator structure, i.e. the process parameters are estimated
and afterwards used in the control action design. Section 3 presents the necessary
modifications to the identification scheme in order to permit fast adaptive tracking
of time-varying dynamics. The subsequent section discusses the problem of excita-
tion design in a parameter bounding context. In Section 5 some properties of the
system convergence are analysed and in the last section we present the conclusions.
Simulation results of a first order system are shown throughout this paper in order
to illustrate some system behaviour.

2. CONTROL DESCRIPTION
2.1 The Process
The process to be controlled is given by
y(t) = ¢ (t—1)0° +w(t), |wt) <n (1)
where
pt—1):= (yit—=1),...,y(t —n),u(t—1),... ,u(t —n))7T,
and

0° :=(a1,...,Gn,b1,...,0n)T.
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As usual u(t) and y(t) are, respectively, the input and the output to the pro-
cess, while w(t) encompasses the whole collection of bounded errors related to the
modelling of the system.

It is assumed, for our purposes here, that 6° is in the interior of ©, a closed
2n dimensional region such that each process represented by § € © is open-loop
stable.

2.2 Identification

The identification is based on that proposed by [6] in which, instead of selecting a
single point parameter estimate in ©, all parameters are feasible and we adjust a
confidence “density” function ¢(t,8) at each point § € ©. The confidence function
at a particular @ reflects the confidence of the parameter value with the available
data up to that time. ,

We commence with all parameter values being feasible and unfalsified by data
by taking

q(0,0) =1, VoeoO.

With new data the ¢ values are relaxed towards zero according to the prediction
error performance using a multiplier F(¢, 0):

Q(ta 0) = F(t, e)q(t -1, 0)’ (2)
with
3 max {0, [y(t) — ¢7(t — 1)0] — €}
F(t,0)=1—p =) , (3)
where
alt = 1) = max 1,7} + 2ma {1 sup 0] 16 - 1)1,
e
and

O<u<l, e2>0.

For 6 values yielding prediction error less then €, F' is equal to one. Poorer
prediction error performance yields F' less than one and a diminution of confidence,
q, for the corresponding value of 6.

The value of £ defines the dead zone level and should be properly chosen in
order to avoid bursting phenomena or poor signal-to-noise ratio performance.

Proposition 1. Define
O(t) := {6 : q(t,0) = 1},

then, whenever 7 < ¢, 6° is guaranteed to be in the region O(t).
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This region may be equivalently posed in a parameter bounding fashion:
t
ﬂ - ¢T(j—1)8| <e}.

The result of the identification procedure, é)(t), is subsequently used in the com-
putation of a robust control action.

The main distinction between our approach and that of [6] is the use of a region
of unfalsified models, as in [5], rather than single parameter selection as the centre
of mass of posterior mean. This region leads us to robust control design as opposed
to the certainty equivalence design of Kumar.

2.3 Control Action

There are many possible approaches to the robust control design for ©(t) as in
[7,10]. In this work we implement a simple strategy for the design of the control
action: we compute an optimal control for a certainty equivalent parameter ob-
tained from the region (:)(t), and then relax this control action, if necessary, in
order to keep the entire region stable (recall the open-loop stability assumption.)

The certainty equivalent estimation of 6° at time ¢, defined as é(t), will be given
by the centre of mass of the region O(t):

G o Jo 046
fé(t) do

For 4(t) we compute the control law that minimises the following performance
criterion

(4)

= lim — Z{[yr [ ,---u(j)]2},

t—oo §

where A > 0, y, is a constant reference value, and u, is the control action value that
in steady-state keeps y(t) = y» when w(t) = 0. This is a stationary infinite horizon
LQ tracking problem whose solution is obtained via Algebraic Riccati Equation
(ARE) as shown in [2]. In order to apply this ARE, the process characterised by
6(t) is described in a state space form

X(t+1)=AX(t)+ Bu(t)

y(t) = C X(t).
With this procedure we obtain a control action in the form
u(t) = fy. + G X(2), (5)

where f effects a null steady state error when w(¢) = 0, and G is the gain vector
obtained via ARE. The stability of the closed loop system is determined by the
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eigenvalues of the matrix (4 + B G). If at least one (A, B) in ©(t) does not satisfy
the condition of stability for the given GG, we calculate another gain vector

G = agG,

where « is the supremum value in [0,1) such that the matrix (A + BG) has all
eigenvalues inside the unit disc, for all (4, B) in ©(¢).

If we relax the condition of open-loop stability for all § € ©, the strategy
adopted for the robust control law might not be valid any more and another ap-
proach should be used. In the worst case there might be no control law that
stabilises the whole set ©(t), and another criteria might be chosen in the control
action design.

3. ADAPTATION PROPERTIES

The use of parameter bounding identification in tracking adaptive control systems
is still embryonic despite some attempts such as [11]. The main reason for this
unused combination is that parameter bounding cannot naturally cope with time-
varying processes. Some considerations must be made for the possibility of process
variation since ©(t) might become an empty set. One way to avoid this is to reset
the system identification, but this is a drastic proceeding since a sudden pulse
disturbance might cause an outlier. In [11] the ideas of ages and generations are
introduced, but again a sudden pulse disturbance might cause drastic effects.

The solution adopted in this work is to re-normalise the density function. An-
other improvement adopted here is to fix a minimum value to the density function
in order to speed up adaptive tracking. With these modifications Equation (2)
changes to

‘j(t: 9) = F(t’ G)Q(t - 1’9)3

_ . q(t, 0) }
0(t,6) = max { g, —LET_ .
The procedure described above ensures ©(t) contains at least one element.
Observe that no value of # is completely discarded, even after being falsified by
data for several times, hence any value of § might be “defalsified” by data. In
order to accelerate the adaptation, we assign a minimum value for the function gq.
Instead of having to rise from almost zero to one, the values of (¢, 8) will rise much
faster from ¢, to one. The value of g, is determined by a compromise between
adaptation speed and robustness to outliers.

Figure 1 shows one possible behaviour of the identification scheme for a first
order system. The system is constantly under external excitation in the form of
stepwise changes in the reference (y,). After a while all values of 6 such that
q(t,0) > gmin are concentrated close to 6° (Fig. 1.i). After a stepwise change in
the process parameters there will not necessarily occur an immediate drift towards
the new parameters, as in the least-squares methods, but the confidence levels of
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Figure 1: Jumpwise Adaptation

8 values close to the new 6° will rise relative to the old ones (Fig. 1.ii) and after
some time the region ©(t) might jump to a new position in © (Fig. 1.iii). Some
time later all values of @ such that ¢(¢,6) > gmn are again concentrated near 6°
(Fig. 1.iv). The adaptation speed depends on the excitation and on the old and
new 6°.

4. EXCITATION DESIGN

The control action proposed so far thoroughly emphasises system performance
and ignores excitation issues. Instead of dealing with both problems together, for
instance adopting some minimax criteria, this scheme separates them and restricts
the action of excitation signal to special situations.

The optimal design of an excitation signal might become very difficult if the
control law is allowed to change at every step because the control action could
cancel this excitation or the control and output signals could grow unboundedly
[3]. The solution adopted in [3] and references therein is block processing, i.e. the
control law is frozen during the period of excitation (p steps).

The main goal of the excitation is to reduce the set ©(t + p) such that the
following criterion is minimised

Jmaz = max {J(6)},

66 (t+p)

where J(6) is a performance measure defined according to the system specifica-
tions. In order to simplify the excitation design, the goal may be relaxed to the
minimisation of the diameter or the volume of ©(t + p), as in [10,12]. With no
a priori knowledge of O(t), {#(t),...,#(t + p)} must span the space of © for the
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observations to yield a bounded set ©(t + p) [9]. Reference [1] gives a sufficient
condition for this spanning problem, in terms of inputs alone.

In the context of this work the excitation design problem is posed as follows:
given the set of unfalsified process parameters O(t) and a fixed control law

u(t) = F(q) yr + G(q) y(t) + r(t),

where r(t) is a bounded excitation signal, which sequence r(¢), (¢t + 1), ... ,r(t +
p — 1) minimises the volume of O(t + p)?

Despite the complexity of the answer, which depends on several factors, the
amplitude of ||¢|| is the major element for minimisation of the volume of © [9].
Observe that the best excitation for some s in ©(t), in terms of magnitude of ||¢||,
may be extremely poor for some other s also in O(t).

The generic order excitation design problem will not be addressed in this paper.
A simplified version over a first order process is given in the following example.

Ezample 2. Consider a first order process and a controller as described in Section
2. For our analysis we take y, to be zero and w(t) zero. In such conditions

y(t) =a®y(t—1) +b°u(t — 1),

u(t) =gy(t) +rt), [r(t)] <A,
and the closed loop response is described by
y(t+1) = (a® + b° g)y(t) + b° r(2).

As the closed system is stable, y(¢) is bounded with its maximum amplitude given
by

_ %12 +]a® + 6% g])

T 1—(a°+b°g)? >0

The set (:)(t) may be described as the intersection of the regions given by
la*y(5) + 0" u(j)| <e, 7=0,1,...,t—1, (6)

where a* = a — a°, and b* = b — b°. The effect of each new data can be viewed as
a “cut” over the region ©. Given two distinct states of the system: (y;,u;) and
(y2, u2), the area of their regions’ intersection is

4¢? 4¢?

B |u1y2—uzy1| N |r1y2—r2y1|'

S (7)

This equation establishes that the area of the intersection is inversely proportional
to the amplitude of |r; yo — 72 91|. This means that there are two different possi-
bilities of choices for minimisation of S:

o =ry=A, Y1 =Y =Ym;
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o7 ==y =A, Y1 =Y =Yn.

Given the characteristics of Equation (6), both solutions are identical. Another
property is that since no other state can diminish the area S, the minimisation of
the maximum diameter of ©(t) is also obtained.

The main conclusion is that in the presence of a dead zone, the amplitude of
the signals plays an important role in the minimisation of uncertainties.

Starting from any y(t), the best sequence of excitation within a p-step boundary
is given by

r(t) = Asgn[(a® +0°g)y(t)],
r(t+1) = Asgnfy(t)],
r(t+2) = r(t),
rt+3) = r(t+1),

rit+p—2) = Asgn[(a®+0°g)P ly(t)],
r(t+p—1) = —Asgn[(a®+ b° g)Py(t)].

In the first p — 1 steps the excitation will raise the absolute value of the process
output, and in the last step it will do the opposite. Observe that in this design
the only necessary information about the actual process is the sign of a® + b° g. If
we have additional information about the noise characteristics this scheme can be
altered to avoid dependence of a single “cut” in one direction, but the compromise
with the signal amplitude is evident.

Figure 2 shows the result of an experiment with excitation signal designed for a
ten step period. Parts i, ii and iii of this figure are contour plots of the confidence
distribution functions where the region ©(t) is delimited by thick lines. Observe
that the identification scheme cannot learn much about the process after the first
ten steps due to the small amplitude of the initial conditions (Fig. 2.i). Parts ii
and iii of Figure 2 show the distribution function before and after the last “cut”,
respectively.

There are two situations where the excitation signal is specially important: in
the beginning of operation and after the process dynamics have varied. The former
situation is characterised by a big volume of @(t) while the other situation might
be detected by a significant diminution in the volume of ©(t). These symptoms
can be useful in the trigger design of the excitation periods.

5. ANALYSIS

The estimator described in Sections 2 and 3 acts as any other parameter bounding
estimator whenever there is no variation on the process dynamics. Some conver-
gence analyses of this sort of estimator can be found in References [4], [9] and
others, but the developments in parameter bounding have a strong intuitive ap-
peal. In this section we analyse the transient behaviour of our estimator after a
stepwise process variation.
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Figure 2: Excitation Effects

Suppose the process description changes significantly at time ¢y from 65 to 5. At
that time the estimator has properly identified the process such that ¢(to, 65) = gmin
and the set

O, := {61 : ¢(to,01) > gmin, 0, € O}

surrounds #S. Our aim is to find out when the set ©(to + At) will contain the new
process description (65) and how to speed up this convergence.

Proposition 3. Given that F(t,65) = 1, Vt > to, the necessary condition for 63 to
be in O(ty + At) is straightforwardly given by

ot0.62) - t°+HAt - umax {0,147 — 1)[65 — 61] + w(i)| — €}

< .
n(z _ 1) > Gmin,

i=to+1

V6, € ©;. (8)

Remark 4. Aslong as w(t) < ¢ the identification never diverges, even though small
values of ¢ (t — 1)[#5 — 6;] might not contribute to convergence. The sufficient
condition for some data ¢(t — 1) to contribute to identification convergence is

|67 (t — 1)[05 — 61]| > 2e,

for some 6; € {6 : q(t — 1,0) > gmin,0 € ©1}. Despite the importance of the
amplitude of ¢(t — 1), its direction relative to the vector [#3 — 6,] is crucial. Hence
optimal excitation design would require knowledge of 65.
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From (8) we can conclude that convergence speed might be increased by:
e increasing u;
e increasing the product ¢ (¢)[#5 — 6;], that depends partially on ||¢(¢)|];

o decreasing £ (exclude from ¢ the modelling of small drifts on process dynam-
ics);

reducing © such that supg ||0|| decreases (reduce the a priori uncertainty);
e increasing gmin-

The appropriateness of each item described above depends on specific characteris-
tics of the (set of) process(es) to be controlled.

6. CONCLUSIONS

A new approach to parameter bounding identification has been presented. This
approach is capable of tracking time-varying processes since none of the process
parameters are entirely discarded, even after being falsified by data.

An application of this identification scheme in an adaptive controller has been
suggested. The robust control law chosen to this controller separates performance
assessment from excitation. Actually the excitation issue is only addressed during
special periods triggered by some indications that are characteristic of parameter
bounding estimators.

Acknowledgements

The authors wish to acknowledge the funding of the activities of the Cooperative
Research Centre for Robust and Adaptive Systems by the Australian Government
under the Cooperative Research Centres Program.

7. REFERENCES

[1] B. D. O. Anderson and C. R. Johnson, Jr. Exponential convergence of adap-
tive identification and control algorithms. Automatica, 18(1):1-13, January
1982.

[2]. R. R. Bitmead, M. Gevers, and V. Wertz. Adaptive Optimal Control - The
Thinking Man’s GPC. Prentice Hall, Australia, 1990.

[3] H. Elliot, R. Cristi, and M. Das. Global stability of adaptive pole placement
algorithms. IEEE Transactions on Automatic Control, AC-30(4):348-356,
April 1985. :

[4] E. Fogel and Y. F. Huang. On the value of information in system
identification—bounded noise case. Automatica, 18(2):229-238, February
1982.



Appendix 79

[5]

[6]

[7]

8]
[9]
[10]
[11]

[12]

R. L. Kosut. Uncertainty model unfalsification: A system identification
paradigm compatible with robust control design. In Proc. of the 84th IEEE
Conf. on Decision and Control, New Orleans, U.S.A., December 1995.

P. R. Kumar. An adaptive controller inspired by recent results on learning
from experts. In K. J. Astrom, G. C. Goodwin, and P. R. Kumar, edi-
tors, Adaptive Control, Filtering, and Signal Processing, volume 74 of IMA
Volumes in Mathematics and Applications, pages 199-204. Springer—Verlag,
New York, U.S.A., 1995.

M. K. Lau, S. Boyd, R. L. Kosut, and G. F. Franklin. A robust control
design for fir plants with parameter set uncertainty. In Proc. 1991 American
Control Conf., pages 83-88, Boston, U.S.A., June 1991.

L. Ljung and S. Gunnarsson. Adaptation and tracking in system identifica-
tion—a survey. Automatica, 26(1):7-21, January 1990.

J. P. Norton. Identification and application of bounded-parameter models.
Automatica, 23(4):497-507, April 1987.

S. M. Veres. Identification by parameter bounds in adaptive control. Inter-
national Journal of Adaptive Control and Signal Processing, 9:33-46, 1995.

S. M. Veres and J. P. Norton. Predictive self-tuning control by parameter
bounding and worst-case design. Automatica, 29(4):911-928, April 1993.

E. Walter and L. Pronzato. Characterising sets defined by inequalities. In
Proc. of SYSID, volume 2, pages 15-26, Copenhagen, Denmark, 1994.



80

Appendix




Bibliography

Anderson, B. D. O. and J. B. Moore (1979). Optimal Filtering. Prentice Hall.
Englewood Cliffs, U.S.A.

Astrom, K. J. (1970). Introduction to Stochastic Control Theory. Academic Press.
New York, U.S.A.

Astrom, K. J. (1991). Assessment of achievable performance of simple feedback
loops. International Journal of Adaptive Control and Signal Processing 5, 3—
19.

Astrom, K. J. and B. Wittenmark (1989). Adaptive Control. Addison-Wesley. Read-
ing, U.S.A.

Astrém, K. J. and B. Wittenmark (1990). Computer Controlled Systems: Theory
and Design. second ed.. Prentice Hall. Englewood Cliffs, U.S.A.

Astrom, K. J., P. Hagander and J. Sternby (1984). Zeros of sampled systems.
Automatica 20(1), 31-38.

Box, G. and T. Kramer (1992). Statistical process monitoring and feedback adjust-
ment — a discussion. Technometrics 34(3), 251-267.

Box, G. E. P. and G. M. Jenkins (1976). Time Series Analysis: Forecasting and
Control. second ed.. Holden-Day. San Francisco, U.S.A.

Boyd, S. P. and C. H. Barratt (1991). Linear Controller Design: Limits of Perfor-
mance. Prentice Hall. Englewood Cliffs, U.S.A.

Dainty, J. C. and J. R. Fienup (1987). Phase retrieval and image reconstruction for
astronomy. In: Image Recovery: Theory and Application (Henry Stark, Ed.).
pp. 231-275. Academic Press, Inc.. New York, U.S.A.

De Bruyne, F. and P. Carrette (1997). Synthetic generation of the gradient for
an iterative controller optimization method. In: Proc. of the 4th Furopean
Control Conference. Brussels, Belgium. Paper TH-A-F-2 (52).

Deistler, M., W. Dunsmuir and E. J. Hannan (1978). Vector linear time series
models: Corrections and extensions. Adv. Appl. Prob. 10, 360-372.

Desborough, L. D. and T. J. Harris (1992). Performance assessment measures for
univariate feedback control. The Canadian Journal of Chemical Engineering
70, 1186-1197.

81



82 BIBLIOGRAPHY

Elliot, H. (1982). Direct adaptive pole placement with application to nonminimum
phase systems. IEEE Transactions on Automatic Control AC-27(3), 720-722.

Eriksson, P-G. and A. J. Isaksson (1994). Some aspects of control loop performance
monitoring. In: Proc. of the 8rd IEEE Conference on Control Applications.
Glasgow, Scotland. pp. 1029-1034.

Fletcher, R. (1987). Practical Methods of Optimization. second ed.. John Wiley &
Sons. Chichester, U.K.

Greenstadt, J. (1967). On the relative efficiencies of gradient methods. Mathematics
of Computation 21, 360-367.

Harris, T. J. (1989). Assessment of control loop performance. The Canadian Jour-
nal of Chemical Engineering 67, 856-861.

Harris, T. J., F. Boudreau and J. F. MacGregor (1996). Performance assessment
of multivariable feedback controllers. Automatica 32(11), 1505-1518.

Hjalmarsson, H., S. Gunnarsson and M. Gevers (1994a). A convergent iterative
restricted complexity control design scheme. In: Proc. of the 33rd IEEE Conf.
on Decision and Control. Lake Buena Vista, U.S.A.. pp. 1735-1740.

Hjalmarsson, H., S. Gunnarsson and M. Gevers (19945). Model-free data-driven
optimal tuning of controller parameters. Technical Report LiTH-ISY-R-1680.
Department of Electrical Engineering, Linkoping University. Sweden.

Huang, B., S. L. Shah and E. K. Kwok (1997). Good, bad or optimal? Performance
assessment of multivariable processes. Automatica 33(6), 1175-1183.

Kailath, T. (1968). An innovations approach to least-squares estimation, pt. I: Lin-
ear filtering in additive white noise. IEEFE Transactions on Automatic Control
AC-13(6), 646-655.

Kendra, S. C. and Ali Cinar (1997). Controller performance assessment by fre-
quency domain techniques. Journal of Process Control 7(3), 181-194.

Kumar, P. R. (1995). An adaptive controller inspired by recent results on learn-
ing from experts. In: Adaptive Control, Filtering, and Signal Processing
(K. J. Astrém, G. C. Goodwin and P. R. Kumar, Eds.). Vol. 74 of IMA Vol-
umes in Mathematics and Applications. pp. 199-204. Springer—Verlag. New
York, U.S.A.

Lee, W. S., B. D. O. Anderson, R. L. Kosut and I. M. Y. Mareels (1993). A
new approach to adaptive robust control. International Journal of Adaptive
Control and Signal Processing 7, 183-211.

Ljung, L. (1987). System Identification: Theory for the User. Prentice Hall. Engle-
wood Cliffs, U.S.A.

Lynch, C. B. and G. A. Dumont (1996). Control loop performance monitoring.
IEEE Transactions on Control Systems Technology 4(2), 185-192.



BIBLIOGRAPHY 83

Mareels, I. M. Y. and R. R. Bitmead (1986). Nonlinear dynamics in adaptive
control: Chaotic and periodic stabilization. Automatica 22(6), 641-655.

Mehra, R. K. (1970). On the identification of variances and adaptive Kalman fil-
tering. IEEE Transactions on Automatic Control AC-15(2), 175-184.

Montgomery, D. C. (1991). Introduction to Statistical Quality Control. second ed..
John Wiley & Sons. New York, U.S.A.

Schrama, R. J. P. (1992). Accurate identification for control: The necessity of an
iterative scheme. IEEE Transactions on Automatic Control AC-37(7), 991-
994.

Stanfelj, N., T. E. Marlin and J. F. MacGregor (1991). Monitoring and diagnosing
process control performance: the single-loop case. In: Proc. 1991 American
Control Conf.. Boston, U.S.A.. pp. 2886-2892.

Steiglitz, K. and L. E. McBride (1965). A tecnique for the identification of linear
systems. IEEFE Transactions on Automatic Control AC-10, 461-464.

Stoica, P. and T. Soderstrom (1981). The Steiglitz-McBride identification algo-
rithms revisited — convergence analysis and accuracy aspects. IEEE Trans-
actions on Automatic Control AC-26(3), 712-717.

Trulsson, E. and L. Ljung (1985). Adaptive control based on explicit criterion
minimization. Automatica 21(4), 385-399.

Tyler, M. L. and M. Morari (1995). Performance assessment for unstable and
nonminimum-phase systems. In: Preprints of IFAC Workshop on On-
line Fault Detection and Supervision in the Chemical Process Industries.
Newcastle-upon-Tyne, U.K.. pp. 200-205.

Van den Hof, P. M. J. and R. J. P. Schrama (1993). An indirect method for transfer
function estimation from closed loop data. Automatica 29(6), 1523-1527.

Vander Wiel, S. A., W. T. Tucker, F. W. Faltin and N. Doganaksoy (1992). Algo-
rithmic statistical process control: Concepts and an application. Technomet-
rics 34(3), 286-297.

Vinnicombe, G. (1993). Frequency domain uncertainty and the graph topology.
IEEE Transactions on Automatic Control AC-38(9), 1371-1382.

Zang, Z., R. R. Bitmead and M. Gevers (1991). H, iterative model refinement and
control robustness enhancement. In: Proc. of the 30th IEEE Conf. on Decision
and Control. Brighton, England. pp. 279-284.



