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The tensor force is implemented into the time-dependent Hartree–Fock (TDHF) theory so that both 
exotic and stable collision partners, as well as their dynamics in heavy-ion fusion, can be described 
microscopically. The role of tensor force on fusion dynamics is systematically investigated for 40Ca+ 40Ca, 
40Ca + 48Ca, 48Ca + 48Ca, 48Ca + 56Ni, and 56Ni + 56Ni reactions which vary by the total number of spin-
unsaturated magic numbers in target and projectile. A notable effect on fusion barriers and cross sections 
is observed by the inclusion of tensor force. The origin of this effect is analyzed. The influence of isoscalar 
and isovector tensor terms is investigated with the TI J forces. These effects of tensor force in fusion 
dynamics are essentially attributed to the shift of low-lying vibration states of colliding partners and 
nucleon transfer in the asymmetric reactions. Our calculations of above-barrier fusion cross sections also 
show that tensor force does not significantly affect the dynamical dissipation at near-barrier energies.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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The tensor interaction is of great interests in nuclear physics. It 
is indeed crucial to explain the properties of the deuteron. It plays 
a significant role in nuclear structure, in particular in exotic nu-
clei far from stability with extreme ratios between proton number 
and neutron number. The fact that exotic nuclei may show dis-
tinct characteristics from those seen in usual stable nuclei could in 
part be attributed to tensor interaction. In particular, in nuclear dy-
namics, the tensor force changes not only the spin-orbit splitting, 
but also the intrinsic excitations which may give rise to dynamical 
effects and are more complicated than those arising from simple 
shell evolution. The introduction of tensor force improved the sys-
tematic agreement between model predictions and experimental 
data in the shell evolution of exotic nuclei [1], spin-orbit splitting 
[2], Gamow–Teller and charge exchange spin-dipole excitations [3]. 
In spite of these indications in nuclear structure, most calcula-
tions for reaction dynamics ignored tensor force for decades both 
in macroscopic-microscopic approaches and self-consistent mean-
field methods.

The microscopic mechanisms involved in low-energy heavy-ion 
collisions originate from the effective interaction between the nu-
cleons, the understanding of which remains one of the main chal-
lenges in nuclear physics. Microscopic models of heavy-ion colli-
sions [4–6] can then be used to test some properties of the nuclear 
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force. In such collisions, various couplings between the relative 
motion and the internal degrees of freedom of colliding partners 
complicate the description of the reaction mechanisms. Through 
coupling, these internal degrees of freedom, which include low-
lying vibrations [7–9], nucleon transfer [10–12], rotations [13], and 
high-lying giant resonances [14] have been shown to modify the 
reaction dynamics and, subsequently, the outcome of the reaction 
itself [15].

The effect of tensor force on these couplings in heavy-ion fusion 
dynamics is an open question which we address in the present 
study. In particular, low-lying collective states and nucleon transfer, 
which have the strongest impact on near-barrier fusion, are very 
sensitive to the underlying shell structure, which is in turn affected 
by the tensor force. Another possible effect of tensor force is to 
modify dissipation in heavy-ion collisions. The latter has been the 
subject of theoretical studies at energies well above the Coulomb 
barrier [16–18]. To our knowledge, however, the interplay between 
the tensor force and dissipation at near-barrier energies has never 
been investigated. Our work is the first attempt at a study of the 
effects induced by tensor force on the low-energy fusion dynamics.

In order to study the role of tensor force in fusion dynamics, it 
is desirable to develop a theoretical framework in which the dy-
namical effects, such as couplings and dissipation, are all treated 
on the same footing. To this end, we incorporated the full tensor 
terms of Skyrme energy density functional (EDF) into the micro-
scopic time-dependent Hartree-Fock (TDHF) approach, which au-
tomatically includes one-body dissipation as well as the couplings 
128
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between collective motion and internal degrees of freedom at the 
mean-field level. TDHF theory is a well-defined microscopic frame-
work and extensively applied to the study of heavy-ion collisions 
[19–29] and vibration dynamics [30–37]. For recent reviews, see 
Refs. [38,39].

Most TDHF calculations employ Skyrme effective interaction 
[40], in which the two-body tensor force was proposed in its orig-
inal form as

v T = te

2

{[
3(σ1 · k′)(σ2 · k′) − (σ1 · σ2)k′ 2]δ(r1 − r2)

+ δ(r1 − r2)
[
3(σ1 · k)(σ2 · k) − (σ1 · σ2)k2]}

+ to

{
3(σ1 · k′)δ(r1 − r2)(σ2 · k) − (σ1 · σ2)k′δ(r1 − r2)k

}
.

(1)

The coupling constants te and to represent the strengths of triplet-
even and triplet-odd tensor interactions, respectively. The operator 
k = 1

2i (∇1 − ∇2) acts on the right, and k′ = − 1
2i (∇′

1 − ∇′
2) acts on 

the left.
With the inclusion of central, spin-orbit and tensor forces, the 

full version of Skyrme EDF is expressed as

H = H0 +
∑

t=0,1

{
C s

t s2
t + C�s

t st · �st + C∇s
t (∇ · st)

2

+ C F
t

(
st · Ft − 1

2

( z∑
μ=x

Jt,μμ

)2 − 1

2

z∑
μ,ν=x

Jt,μν Jt,νμ

)

+ CT
t

(
st · Tt −

z∑
μ,ν=x

J t,μν J t,μν

)}
,

(2)

where t denotes the isospin and H0 is the simplified functional 
without tensor terms as used in Sky3D code [41] and most 
TDHF calculations. The coupling constants C have been defined in 
Refs. [42,43]. Due to the computational complexity, various approx-
imations to nuclear force have been employed, which restrict the 
number of degrees of freedom accessible during a collision, and 
hence the nature and degree of dissipation dynamics. For instance, 
the inclusion of spin-orbit interaction solved the conflict between 
TDHF predictions and experiments [44], and turned out to play 
an important role in fusion and dissipation dynamics [45,46]. In 
our code, we incorporated all the time-even and time-odd density 
dependence of the tensor terms shown in Eq. (2). Our TDHF calcu-
lations have been performed in a fully three-dimensional Cartesian 
space and without any symmetry restriction. As pointed out in 
Refs. [17,42], the terms containing the gradient of spin density may 
cause the spin instability in both nuclear structure and reaction 
studies, so we set C�s

t = C∇s
t = 0 in our calculations.

The Skyrme tensor force has been constructed in two ways. 
One is to add perturbatively to the existing standard interactions, 
for instance, the existing Skyrme parameter SLy5 [47] plus tensor 
force, denoted as SLy5t [2]. The comparison between calculations 
with SLy5 and SLy5t addresses the question on how much of the 
changes is caused by tensor force itself. Another approach is to 
readjust the full set of Skyrme parameters self-consistently. This 
strategy has been adopted in Ref. [42] and led to the set of TI J
parametrizations with a wide range of isoscalar and isovector ten-
sor couplings. Due to its fitting strategy, the contributions from 
the tensor force and the rearrangement of all other terms could be 
physically entangled.

The contribution of tensor force is expected to be nearly zero 
for the ground state of spin-saturated nuclei, whereas it might 
Fig. 1. (Color online.) Difference of fusion barrier heights with tensor (SLy5t) and 
without tensor (SLy5) computed with the FHF static (open circles) and TDHF dy-
namical (solid circles) methods.

be significant for the nuclei with one level out of two spin-orbit 
partners filled. We have thus chosen five representative reactions 
40Ca + 40Ca, 40Ca + 48Ca, 48Ca + 48Ca, 48Ca + 56Ni, and 56Ni + 56Ni
quantified by Ns = 0, 1, 2, 3, and 4, respectively, where Ns is the 
total number of spin-unsaturated magic number in target and pro-
jectile. In these collisions, the reaction partners are closed-shell 
corresponding to 20 (spin-saturated) and 28 (spin-unsaturated) 
neutron or proton magic numbers.

The effect of tensor force on fusion could have static (e.g., 
modification of ground-state density) and dynamical (e.g., modifi-
cation of couplings and dissipation) origins. In order to disentangle 
the contributions from static and dynamical effects, both frozen 
Hartree-Fock (FHF), where the nuclei keep their ground-state den-
sities [9,18,48–50], and TDHF calculations of fusion barriers have 
been performed. Dynamical fusion barriers can be computed di-
rectly from TDHF [18,49,50], or with the density-constrained TDHF 
technique [19].

Fig. 1 shows the variation of static (FHF) and dynamic (TDHF) 
fusion barrier heights due to the tensor force in SLy5t as a function 
of Ns . For the spin-saturated reaction 40Ca+ 40Ca, the static barrier 
obtained from FHF calculations with SLy5t is same as with SLy5, 
as expected, due to the nearly zero contributions of tensor force 
to the ground state of spin-saturated nucleus 40Ca. For the other 
spin-unsaturated reactions, the static (FHF) barrier with SLy5t is 
systematically higher than SLy5. This indicates a fusion hindrance 
due to tensor force in this mass region.

The variation of dynamical barriers due to tensor force presents 
different behavior from the static results, as shown in Fig. 1. The 
dynamical barriers appear staggering as a function of Ns . In par-
ticular, a distinguishing characteristics is the lower dynamical bar-
rier by the inclusion of tensor force in 48Ca + 56Ni. This indicates 
the importance of dynamical effects which can remarkably modify 
the barrier height. These dynamical effects, which could be low-
lying vibration states, nucleon transfer, and dynamical dissipation, 
strongly affect the near-barrier fusion. In the following, we will in-
vestigate these three dynamical effects and their interplay in the 
role of tensor force on fusion dynamics. For symmetric reactions, 
the role of nucleon transfer is minimized. Therefore, the effect of 
tensor force on the vibrational modes will be first studied focusing
on symmetric reactions. In a second step, the role of tensor force 
in nucleon transfer will be investigated in asymmetric reactions.

The effect of tensor terms on the isovector giant dipole reso-
nance has been studied in Ref. [36]. Here, we focus on the low-
lying quadrupole and octupole modes which have a stronger im-
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Table 1
Peak energies (in MeV) of low-lying vibration states in 40Ca, 48Ca, and 56Ni with 
and without tensor force. The RPA results [51] and experimental data [52,53] are 
also shown.

Nucleus State Method Eν (SLy5) Eν (SLy5t) Expt.
40Ca 3−

1 This work 3.64 3.51 3.74
RPA 3.78 3.02

48Ca 2+
1 This work 2.98 4.03 3.83

RPA 3.05 3.88
3−

1 This work 5.13 6.46 4.51
RPA 4.78 6.16

56Ni 2+
1 This work 2.30 2.76 2.70

3−
1 This work 9.53 9.68

pact on the near-barrier fusion. The peak energies of low-lying 
vibration states, RPA results [51], and experimental data [52,53]
are listed in Table 1. In the quadrupole excitation of 40Ca, we did 
not find the low-lying collective states. This is consistent with the 
fact that, in this nucleus, the 2+

1 state does not exhibit a strong 
increase of collectivity as compared to the single-particle picture 
[52]. The 3−

1 state of octupole excitation in 40Ca is pushed 0.13 
MeV down by tensor force. This indicates the tensor force has 
small effect on the vibration states of 40Ca and, subsequently, the 
fusion dynamics through the couplings. This is consistent with the 
barrier in 40Ca +40 Ca as shown in Fig. 1. The other states are at 
higher energies and have a smaller strength. This 3−

1 state is then 
expected to have a much stronger effect on the near-barrier reac-
tion mechanisms than the other octupole states. We also observe 
the difference in the peak energies of vibration states between 
TDHF and RPA approaches, although the trend of energy variance 
induced by tensor force is the same. This could possibly arise from 
the different treatment of center-of-mass (c.m.) corrections. Since 
c.m. corrections lead to ambiguities in TDHF calculations of heavy-
ion collisions, they are neglected in present vibration studies to 
allow a consistent treatment of structure and dynamics of colliding 
partners. The inclusion of c.m. corrections in vibration states and 
a detailed comparison between TDHF and RPA calculations will be 
the subject of future works.

The situation is quite different for the spin-unsaturated nucleus 
48Ca. As seen in Fig. 2, the tensor force shifts both the quadrupole 
and octupole strength distributions to higher energies. In partic-
ular, the energy of 2+

1 (3−
1 ) state is pushed 1.05 MeV (1.33 MeV) 

up as shown in Table 1. Fusion is dynamically hindered by tensor 
force in 48Ca-involved reactions due to the increase of the energy 
of the low-lying collective vibrations. This is a plausible explana-
tion for the increase of dynamical barrier due to tensor force in 
the symmetric system 48Ca + 48Ca, as shown in Fig. 1. We also ob-
serve that the 2+

1 state by the inclusion of tensor force in SLy5t is 
reasonably close to the experimental value of 3.83 MeV [52]. How-
ever, the 3−

1 state apparently overestimates the experiment [53], 
which may be due to the limitation of mean-field approximation 
and the choice of the interaction.

The similar effect of tensor force appears in the exotic nu-
cleus 56Ni, but the effect is much weaker than in 48Ca due to 
the underlying shell structure. This weaker effect results in a 
smaller increase of dynamical barrier in 56Ni+56Ni compared with 
48Ca + 48Ca, as shown in Fig. 1.

For the asymmetric reactions, both the low-lying vibrations and 
nucleon transfer are crucial for the fusion dynamics. As the ten-
sor force affects the single-particle levels, this could clearly affect 
transfer and then the TDHF fusion barrier. We calculate the trans-
ferred nucleon numbers with and without tensor force at the sub-
barrier collisions, as listed in Table 2. For 40Ca+48Ca, less neutrons 
are transferred from 48Ca to 40Ca in SLy5t, and the transferred pro-
tons going from 40Ca to 48Ca are nearly same in SLy5 and SLy5t. 
Fig. 2. (Color online.) Strength function of the quadrupole (a) and octupole (b) exci-
tations in 48Ca.

Table 2
Average number of transferred neutrons (n) and protons (p) with and without ten-
sor force in asymmetric central collisions at 0.1 MeV below the TDHF barrier. The 
+(−) sign indicates transfer from the light (heavy) fragment.

Reactions Nn (SLy5) Nn (SLy5t) Np (SLy5) Np (SLy5t)
40Ca + 48Ca −0.85 −0.25 +0.95 +0.94
48Ca + 56Ni +1.37 +1.88 −0.29 −1.06

This small transfer (less than one neutron in average) results in a 
negligible effect on the fusion barrier. As observed in Fig. 1, the 
small variation of dynamical barrier in this reaction indicates the 
vibrational couplings are dominated by the 3−

1 state in 40Ca, which 
is slightly affected by tensor force. In addition, the fact that there 
exists only one spin-unsaturated magic number also accounts for 
the small effect of tensor force both in static and dynamic barriers.

The nucleon transfer presents distinct behavior in 48Ca + 56Ni. 
More neutrons are transferred from 48Ca to 56Ni in SLy5t because 
the energy gap between the most high-lying occupied orbit 1 f7/2
in 48Ca and the most low-lying unoccupied orbit 2p3/2 in 56Ni is 
reduced about 1 MeV by the tensor force. The large neutron trans-
fer decreases the dynamical barrier [54]. Also more protons are 
observed to transfer from 56Ni to 48Ca in SLy5t. The proton trans-
fer is more subtle, as the nuclear part lowers the barrier, while the 
Coulomb part increases it [55]. Another effect, the couplings to the 
low-lying vibration states in 48Ca and 56Ni, increases the dynami-
cal barrier. The two dynamical effects, including the modifications 
of vibration states and nucleon transfer, are opposite in fusion dy-
namics, and hence cancel each other to some extent. The lower 
dynamical barrier in SLy5t as seen in Fig. 1 indicates the nucleon 
transfer plays a dominant role in 48Ca + 56Ni.

We now proceed to a comparison among the results of vari-
ous forces, for which the coupling constants are listed in Table 3, 
for the reaction 48Ca + 48Ca as an example. The upper panel of 
Fig. 3 shows the static barrier systematically overestimates the ex-
perimental data [56] and dynamical barrier, because the couplings 
to the internal degrees of freedom have been neglected in static 
FHF calculations. The dynamical barrier by the inclusion of ten-
sor force in SLy5t are in better agreement than SLy5. Note that 
the improvement is rather remarkable given the fact that no free 
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Table 3
Isoscalar and isovector spin-current coupling constants 
in units of MeV fm5.

Force CJ
0 CJ

1

T22 0 0
T26 120 120
T44 120 0
T62 120 −120
SLy5 15.65 64.55
SLy5t −19.35 −70.45

Fig. 3. (Color online.) Static FHF and dynamic TDHF fusion barriers with six Skyrme 
forces as well as the experiments [56] for 48Ca + 48Ca in the upper panel, and the 
peak energies of 2+

1 and 3−
1 states in the lower panel.

parameters are adjusted to reproduce the dynamical properties, 
e.g., fusion barrier and cross section in TDHF calculations. How-
ever, one should note that this improvement could be spurious 
as it is partly due to the pushing up of E3−

1
in 48Ca which dis-

agrees with experimental data. Nevertheless, this shows that the 
tensor force plays a significant role on fusion, which is the main 
focus of this work. A better reproduction of experimental data ul-
timately, required an improvement of the fitting procedure of the 
tensor terms, which is beyond the scope of this work. For T22 and 
T44 the dynamical barriers are similar, indicating the isoscalar ten-
sor coupling has negligible effect in this reaction. By comparing 
the results with T26, T44, and T62, the barrier height increases as 
the isovector tensor coupling decreases. This clear dependence of 
isoscalar and isovector tensor coupling may be due to the interplay 
between tensor terms and rearrangement of mean-field. Although 
the isoscalar tensor with the proton and neutron single particle 
spectrum moving in the same way could affect these vibration 
modes, the effect seems to be canceled by the refitting of the pa-
rameters. However, the refitting does not absorb the variations of 
isovector tensor in the same way. Another interesting observation 
is, as shown in the lower panel of Fig. 3, the peak energies of 2+

1
and 3−

1 states in 48Ca display a very similar dependence on the 
tensor coupling as the dynamical TDHF barrier behaves. This in-
dicates the fusion dynamics in symmetric reactions is dominated 
by the low-lying vibrations of colliding partners. Due to the subtle 
interplay between nuclear structure and reaction dynamics, these 
TI J forces may have distinct impact on the different heavy-ion col-
lisions.
Fig. 4. (Color online.) The fusion cross sections calculated with various forces as 
well as the older (denoted as Exp1) [58] and recent experimental data (Exp2) [56]
for 48Ca + 48Ca in the upper panel, and the deviation of theoretical fusion cross 
section from the recent experiment [56], defined as Pσ = (σth − σexp)/σexp in the 
lower panel.

To investigate the importance of tensor terms on dynamical ef-
fects such as dissipation, we computed above-barrier fusion cross 
sections in 40Ca + 40Ca and 48Ca + 48Ca. For the spin-saturated re-
action 40Ca + 40Ca, the fusion cross sections with and without ten-
sor force are quite close to each other, which is consistent with the 
observation of the same fusion barriers between SLy5 and SLy5t as 
shown in Fig. 1. We observe the calculated cross sections overes-
timate the experimental data [57] by about 20%. Similar overes-
timations have been obtained for other systems like 16O + 208Pb
[49].

The fusion cross sections in 48Ca + 48Ca with various forces to-
gether with the experimental data [56,58] are given in the upper 
panel of Fig. 4. The older experimental data (denoted as Exp1) [58]
is systematically higher than the recent data (Exp2) [56]. The varia-
tion between the calculations is globally within the fluctuations of 
experimental data. To discriminate the variation between the cal-
culations, the deviation Pσ is shown in the lower panel of Fig. 4. 
We see that some forces lead to results in better agreement than 
others. In particular, the results in SLy5t lead to a much better 
agreement than in SLy5. This observation can be traced back to the 
increase of the dynamical barrier in SLy5t as seen in Fig. 3(a). The 
T62 interaction also leads to very similar cross sections as SLy5t, 
which is again interpreted by the fact that the barriers with T62
and SLy5t are very close (see Fig. 3(a)). Another interesting obser-
vation is that the theoretical cross sections above barrier have all 
very similar slopes, whatever the forces. This is a strong indication 
that dissipation is not significantly affected by the tensor force at 
the near-barrier energies, and the effect on the fusion cross section 
mainly comes from the change of fusion barrier height.

In summary, we incorporate the full tensor force into TDHF cal-
culations so that both exotic and stable collision partners, as well 
as their dynamics, can be described microscopically. We system-
atically investigate the role of tensor force on fusion dynamics, 
and a notable effect is observed in the spin-unsaturated reactions. 
The isoscalar and isovector tensor terms in TI J forces play distinct 
role in the fusion dynamics due to the subtle interplay between 
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nuclear structure and reaction dynamics. Since the near-barrier fu-
sion can be strongly affected by the couplings to intrinsic degrees 
of freedom of the collision partners, the three dynamical origins, 
including the vibration states, nucleon transfer, and dynamical dis-
sipation, are investigated to interpret the observed effects of tensor 
force in fusion dynamics. In the symmetric collisions, the pushing-
up of low-lying vibration states is responsible for the observed 
fusion hindrance. In the asymmetric collisions, the nucleon transfer 
and modification of low-lying vibration states may play a similar or 
opposite effect on the fusion dynamics, depending on the under-
lying shell structure of collision partners. The above-barrier fusion 
cross sections do not show significant effect of the tensor force on 
the dynamical dissipation.
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