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COLLEGE OF ENGINEERING
THE ENGINEERING EXPERIMENT STATION

The Engineering Experiment Station was organized in 1909 as a part of the College of
Engineering. The staff of the Station includes all members of the Faculty of the College of Engi-
neering, together with Research Assistants supported by the Station Funds.

The Station is primarily an engineering research institution engaged in the investigation of
fundamental engincering problems of general interest, in the improvement of engineering design,
and in the development of new industrial processes.

The Station desires particularly to co-operate with industries of Missouri in the solution of
such problems. For this purpose, there is available not only the special equipment belonging to
the Station but all of the equipment and facilities of the College of Engineering not in immediate
use for class instruction.

Inquiries regarding these matters should be addressed to:

The Director
Engineering Experiment Station
University of Missouri
Columbia, Missouri
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TREE GENERATION

An efficient method of generating all trees of a connected
graph by using the concept of a cutset is presented. Any
connected graph can be divided into simpler separate sub-
graphs by a cutset operation whose forests can be easily
found. The trees of the whole graph can then be generated
with ease and efficiency.

Hakimi and Green* have recently given an efficient method of
generating all trees of a connected graph.t In this letter, a
logical extension of theorem 3 by Hakimi and Green is
considered, which allows the subgraphs to be unconnected.
Then all trees of a connected graph G are generated by taking
one of the subgraphs in the theorem to be a cutset.

In Fig. la, let 7] be the set of all trees of a connected
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Fig. 1
a Illustration for decomposition method
b Types of paths

graph Gy with V| vertexes. Let G’ be a graph composed of
n, disjoint subgraphs, each subgraph G; with V| vertexes

ne
being connected (i =1, 2, . . . n,). Then G’ = U G}, where
ne ne i=
A G{=0. V' =2V is the number of vertexes in G".
i=1 i=

If n, = 1, G’ is connected. Let T} be the set of all trees of G;

n,
thenF' = X T 1 is the set of all forests of G’, where X denotes
i=1

#* HAKIMI, S. L., and GREEN, D. G.: ‘Generation .and realization of trees and
k-trees’, JEEE Trans., 1964, CT-11, p. 247

+ Throughout this letter, by a graph we mean a labelled linear graph.

the Cartesian product. Let G¥ = Gy V G/,i = 1,2, .. .1,
be formed by superimposing vertexes vy, _,+1, Vri_;+2, - - - Vrs
in G{ on vertexes vy,_,+1, V;_,+2,...Vr in G, and denote
these vertexes in G¥ by v _ 11,05 _,+2. . . U5, where G§ = GY,
ro=0, and r; — r;_; < min (V{,, V). Then each G} is
connected for i =1, 2, . . . i,

We have

ne
Gr=6{ v (VUG =6lue=c*
j=1

Let p;‘il 1+, ri 142 P;iﬁl—'rZ, rioi+3 0 . e p;i——l, ri be paths in le
between vertexes vr,_ .11 —Ur_ 142> Vri 142 — Vri_i+3 )
Yy, = Vp; and, similarly, let pr_ 1, 42, Prio 142, 1o 43
... Pri—1, r; be paths in G| between vertexes vy,_, 41 — vy;_,+2,
Vri_i#2 = Vri43 - - - Uy — V. Them pi_yp U Py gk
where r;_; +2< k< r;, is a closed path containing the
vertexes vif_; and v in G*. There are r = r,,, — 1, such closed
paths in G*. Without loss of generality, let us denote these
closed paths by py, ps, . . . D,

Lemma 1: If T* is the set of trees of G*,
‘ _ D’(Tl" x F’)
0pdpy ... 0p,

Proof: Successive applications of Hakimi and Green’s
theorem 3 yield

A =Ty % T})

¢ = T 7 i
! b(plzuplz) e b(pr‘-—l, Y Dr—1, n)
_ Ar=1(T{" x TY)
APy ... OPp—1
TF ~ Q2= =I(TF x T)
D(17r1+1, ri+2 Up;l-f—l, ry 42) s b(p;lz~l, ry U,D;rl, rz)
Alrz—r)—1 =T x T{ ,
= I: (7; D T,
bprlbprﬂ—l cee bpr272 3171 cee b,Dr1—1
A= 2(T x T{ x T)
Op 0Py ... OPry—2
(rpg—ng) ’ ’ ,
T*ET;":brnE BT X T{ % Ty X ... X Ty)
¢ dpOps . .. OPrn,—ng
(TY X F)?
dpdpy ... 0p,
where T;* is the set of trees of GF (i = 1, 2, .. . n).

Let T, be the set of trees of a connected graph G with V5’
vertexes, where GyNG|{ =0, V3 > V' —ry,. Then F’'=T;
x Ty is the set of all forests of the graph G’ = G{VG,.
Let G = G*UG, be formed by superimposing the (s + 1)
=V’ — ry) ‘remaining’ vertexes in G’ on some (s + 1)
vertexes in G5 ; then G is connected. Let p, .1, Pyigy+ « - Ppis
be closed paths formed by paths in G5 and G* between these
(s + 1) vertexes.

Lemma 2: The set of trees of G is given by
 M(F X F)
0 dpy . 0

where kK = r 4+ s.

Proof: Using Hakimi and Green’s theorem 3, and lemma 1 in
this letter, we havef
_ O(T* x Ty)
B 0P, 410Pssz + - 0Py
_, s [ (T x F’)
0D, 10Pys2 -+ - 3P LOPODy . D1,
T X F' x T))  W(F' X F”)
P Opy...0D, s OpPOpy...0p

Let G be a connected graph. Let G’ be a cutset subgraph
and G” be the corresponding cutset remainder (the cutset

.

X TZ"J

1 If Hy and H, are two sets of subgraphs such that no subgraph in H; contains
an element of a subgraph in H>, and if g; is a subgraph such that no subgraph in
H; contains an element of g1, it can be shown that

O(H1 x Hp) _ 0H;

X H;
de1 dg1 ?



remainder is the complement of the cutset subgraph in G).
Let Gy and G; be the two separate parts of G”. Then
G’ =G{ VGy, G n Gy =0, and each of G{ and G;
is connected. G’ may not be connected, but G’ U G{ is
always connected. Let py, p,, . . . p, be the closed paths formed
by the following rules:

(i) Closed paths are formed with edges from the cutset and
the cutset remainder.

(ii) The total number of closed paths is equal to the number
of forest branches of the cutset minus one, i.e. k =b,—1,
where b, is the number of forest branches of the cutset.

(iii) All vertexes of the cutset subgraph should be covered by

the closed paths.
f

‘The closed pa{hs fall into three categories, as shown in
Fig. 1b.
Then, from lemma 2, we have the following:
Theorem: The set of trees of G is
_ (F' X F")
0p10py ... 0Py
Example: Consider the graph of Fig. 2a. The cutset G’ and

V.
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Fig. 2

a Labelled graph .
b Labelled graph decomposed by cutset

cutset remainder G = Gy U G5 are shown in Fig. 2b. G" has
one forest

F' = {ese eseqeq}
and the set of forests of G is
F” ={ejeregeery, ereseseoesns eeze0eioeys}
The closed path in G' U G7 is
Py = exeses
and closed paths in (G’ U GY) U G5 are
Py = €1€38483, P3 = €4€5€9, Dy = €6€7€11
According to the theorem, the set of all trees of G is given by
QHF’ X F”)
- O(ezese4)0(e1e3e4e5)d(eqeseq)d(egeser )
*F’
" Weseq)deqes)desea)deqer)

x F”

l: MF o OF”
(eze4)d(eqes)gleser) de,
MF « dF”
A(eqes)d(eseq)d(eges) ~ deqeg)
BF OF”
Seseadesesdeses)  dery
O F’ QF”
Sesedlesee)decer) 5_89}
U[ F O OZF VF”
d(eses)d(eger) ~ Oejeg)dey  V(ezey)d(eger) ~ Veydeg
A2F’ « 2F” 2F’ % Q2F”
d(eses)d(eses)  Veydey;  eseg)deges) — O(ejeg)dey
F o OF CF aZF"]
Ueses)d(eses)  dejeg)der; — Olezey)d(eses) ~ degleqy
U[ OF  F OF  OF”
Oeger) ~ Veyd(ejeg)deg — d(eseg) — O(ejeg)degdey
OF’ F”
®D(e4es) x b(e,es)bezbe”:l
U F’ Lol

x de,0(eqeg)deqdey

If the operation is carried out, the 159 trees of the graph
will be obtained.

M. T. JONG 18th July 1966
H. C. LAU

G. W. ZOBRIST

Department of Electrical Engineering
University of Missouri
Columbia, Miss., USA
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