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ABSTRACT

Statistical distributions and models are used in many applied areas such as economics,
engineering, social, health and biological sciences. In this era of inexpensive and faster personnel
computers, practitioners of statistics and scientists in various disciplines have no difficulty in
fitting a probability model to describe the distributions of a real-life data set. Traditional
enviromentric theory and practice have been occupied with randomization and replication. But in
environmental and ecological work, observations also fall in the non-experimental, non-replicated
and non-random catogries.The problems of model specification and data interpretation then
acquire special importance and great concern. The theory of weighted distributions provides a
unifying approach for these problems. Weighted distributions take into account the method of
ascertainment, by adjusting the probabilities of actual occurrence of events to arrive at a
specification of the probabilities of those events as observed and recorded. Failure to make such
adjustments can lead to incorrect conclusions. The weighted distributions arise when the
observations generated from a stochastic process are not given equal chance of being recorded;
instead they are recorded according to some weight function. When the weight function depends
on the lengths of the units of interest, the resulting distribution is called length biased. More
generally, when the sampling mechanism selects units with probability proportional to some
measure of the unit size, resulting distribution is called size-biased. Size-biased distributions are a
special case of the more general form known as weighted distributions. These distributions arise in
practice when observations from a sample are recorded with unequal probability. In Bayesian
Statistics, the posterior distribution summarizes the current state of knowledge about all the
uncertain quantities including unobservable parameters. In this thesis, the efforts have been made
to study the areas. The thesis is divided into five chapters:
Chapter 1 is devoted to the introduction and genesis of the probability Distributions, Definitions,
pre-requisites and other preliminaries for the use in the subsequent chapter. An extensive survey of
the literature available on the topic has also been reviewed. The first chapter provides a strong
basis for the development of the rest of the chapters.
Chapter 2 deals with the introduction to Gamma, Beta and Exponential distributions. We have

proposed a new class of Size-biased classical Gamma, beta and exponential distributions. The



structural and characterizing properties including moments, moment generating function,
characteristic function, Shannon’s entropy, Fisher’s information matrix etc. have been derived and
studied. Some important theorems are derived and the relation with other related distributions are
identified. Also, a likelihood ratio tests for size-biasedness is conducted. A new moment method
of estimation has been proposed to estimate the parameters of the new models. The estimation of
parameters of new models has been obtained by employing the methods of moments, maximum
likelihood and Bayesian method of estimation. The Bayesian estimation of Size biased Gamma
and exponential Distributions have been obtained by using squared-error and Al-Bayyati’s (2002)
new loss function under different priors. The survival functions of size biased gamma and
exponential distributions have been derived under Jaffrey’s and extension of Jaffrey’s prior. A
simulation study has been performed for the comparison of Bayes’ estimators with the MLE
estimator, when sample sizes are assumed to be low, median and high.

Generalized Gamma distribution has been considered in Chapter 3, we provide a new class of
Size-biased Generalized Gamma distribution. The Structural properties of the new model
including moments, hazard function, reverse hazard functions, coefficient of variation, mode,
moment generating function, characteristic function, Shannon’s entropy, Generalized entropy,
entropy estimation, AIC and BIC and Fisher’s information matrix has been obtained. Some
important theorems have been derived and the relation with other related distributions are
identified. Also; a likelihood ratio test for size-biasedness is conducted. A new moment method of
estimation has been proposed to estimate the parameters of the new model. The estimation of
parameters of new model has been obtained by employing the methods of moments, maximum
likelihood and Bayesian method of estimation. The Bayesian estimation of parameters of Size-
biased Generalized Gamma distribution are obtained by using squared-error and Al-Bayyati’s new
loss function under different priors. The survival functions of size biased Generalized Gamma
distribution have been derived and studied under Jaffrey’s and extension of Jaffrey’s prior. A
simulation study has been performed for the comparison of Bayes’ estimators with the MLE
estimator, when sample sizes are assumed to be low, median and high. Also, it has been observed
that Bayes’ estimator provides better results and estimates as compared to classical estimators. In
this chapter, the AIC and BIC values of exponential model are smaller as compared to Size biased
exponential and Size biased Gamma model, so exponential model is more preferable than the other

models for the real data in hand.



Chapter 4 Completely devoted to introduction to Generalized Beta distribution of first and second
kind. We have considered a new class of Weighted Generalized Beta distribution of first kind,
Size-biased Generalized Beta distribution of first kind and Size-biased Generalized Beta
distribution of second kind. The Structural properties of these new models including mean,
variance, coefficient of variation, mode and harmonic mean has been derived. Also, a likelihood
ratio test for size-biasedness is conducted. A new moment method of estimation has been proposed
to estimate the parameters of these new models. The estimation of parameters of these new models
has been obtained by employing the method of moments. A simulation study has been performed
for the comparison of Bayes’ estimators with the MLE estimator, when sample sizes are assumed
to be low, median and high. Also, it has been observed that Bayes’ estimator under squared error
and Al-Bayyati’s loss function provides better results and estimates as compared to classical
estimators.

Generalized Rayleigh distribution has been studied in Chapter 5. We have proposed a new class
of Size-biased Generalized Rayleigh distribution. The Structural properties of the new model
including moments, hazard function, reverse hazard functions, coefficient of variation, mode,
moment generating function, characteristic function, Shannon’s entropy and Fisher’s information
matrix have been derived. Also, a likelihood ratio test for size-biasedness is conducted. A new
moment method of estimation has been proposed to estimate the parameters of the new model. The
estimation of parameters of new model has been obtained by employing the methods of moments,
maximum likelihood and Bayesian method of estimation. The Bayesian estimation of parameters
of Size-biased Generalized Rayleigh distribution are obtained by using squared-error and Al-
Bayyati’s (2002) new loss function under different priors. A simulation study has been performed
to compare the Bayes’ estimators with the MLE estimator, when sample sizes are assumed to be
low, median and high. Also, it has been observed that Bayes’ estimator under squared error and
Al-Bayyati’s loss function provides better results and estimates as compared to classical

estimators.
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CHAPTER -1
INTRODUCTION

1.1  Introduction

ncertainty plays an important role in our lives. A satisfactory description of

uncertainty is by means of probability. The probability is a powerful tool of

maintaining, understanding, and controlling this important concept in our
decision making. Statistical distributions and models are used in many applied areas such
as economics, engineering, social, health and biological sciences. In this era of
inexpensive and faster personnel computers, practitioners of statistics and scientists in
various disciplines have no difficulty in fitting a probability model to describe the
distributions of a real-life data set. Indeed, statistical distributions are used to model a
wide range of practical problems. Successful applications of these probability models
require a thorough understanding of the theory and familiarity with the practical situations
where some distributions can be postulated.
In modern life, it has become a fashion to describe phenomena in quantitative terms for its
investigation. In scientific researchers we prefer studying the results of the investigations
in quantitative rather than qualitative terms. Indeed, the degree of dependence on
quantitative methods has come to be regarded as the measure of the maturity of any
science. In studying the phenomenon, a statistician builds up a suitable model for the
probability law that is actually in operation. One has to decide whether the underlying
distribution should approximately be regarded as discrete or continuous or of a mixed
type. One of the twin functions of statistical theory is to suggest probability models that
may be appropriate for different types of situations and to classify them into broad

groups. A mathematical model or a function which associates different probabilities with



the various outcomes of a random experiment which are eventually quantified in that a

real value of each outcome is assigned is known as “probability distribution function”.

1.2 Some basic Probability Distributions

The probability distributions form a basic and promising field of study in the domain of
statistics. These distributions provide a simple and rational concept of stochastic models.
In fact, the moment one gets into a stochastic problem where nothing more than counting
is involved, one is dealing with discrete distributions.

The field of discrete distributions has been found to have tremendous potential for wider
and deeper exploration. The last fifty years or so have seen a vast amount of literature
appearing in this field. A large number of discrete distributions have been evolved in
recent past and in a very short span of time the number of these discrete distributions has
gone very high. The obvious reason for this is that a distribution stands on some stipulated
assumptions and any variation in these stipulated assumptions leads to a different
distribution to represent a different situation. A distribution essentially needs revision and
modification depending upon the nature of change in the situation and this gives rise to a
new distribution.

In almost all the basic discrete distributions, two important assumptions are made. (i) The
trials are independent and (ii) the probability of success at each trial is constant. It has
been observed that the probability of occurrence of an event does not always remain
constant and the trails are not independent. This opens a direction for the generalization of
classical discrete distributions and many researchers have obtained different
generalizations of these distributions dropping the assumption of independence of trials
and constant probability of success at each trial.

Presently, there exist a large number of generalizations of basic discrete distributions in
the statistical literature. These distributions are classified as compound, mixed, modified,
contagious or generalized distributions. A good account of these distributions is available
in Johnson and Kotz (1969) and Johnson, Kotz and Kemp (1992).

In case of continuous distributions, when we deal with variables like heights and weights,

we find that such variables can take a non-enumerable infinite set of values or more



precisely they can take any values in the given interval a < x < b of the arithmetic
continuum. Such variates are called continuous variates and their probability distributions
are accordingly known as continuous probability distributions. Mathematicians also call
such a distribution absolutely continuous, since its cumulative distribution function is
absolutely continuous with respect to the Lebesgue measure A. Formally, if X is a
continuous random variable, then it has a probability density function f(x), and therefore

its probability of falling into a given interval, say [a, b] is given by the integral
b
Pra< X <b)= I f (x)dx (1.2)

In particular, the probability for X to take any single value a is zero, because an integral
with coinciding upper and lower limits is always equal to zero. The definition states that a
continuous probability distribution must possess a density, or equivalently, its cumulative
distribution function is absolutely continuous. This requirement is stronger than simple
continuity of the cumulative distribution function, and there is neither a special class of
distributions, singular distributions, which are neither continuous nor discrete nor a

mixture of those. We discuss below some important continuous probability distributions.

1.2.1 Normal Distribution

The normal distribution plays a very important role in the statistical theory as well as
methods. The names of the great mathematician such as Gauss, Laplace, Legendre &
others are associated with the discovery & use of the distribution of errors of
measurement. The earliest published derivation of the normal distribution was an
approximation to a binomial distribution by De-Morvie (1738). Laplace (1774) obtained
the normal distribution as an approximation to hyper-geometric distribution and

advocated tabulation of the probability integral @ (x) .The work of Gauss (1809, 1816)

respectively established techniques based on the normal distribution which became
standard methods used during the nineteenth century. Davis (1952) has shown that the
normal distributions give quite a good fit for the failure time data. Bazovsky (1961)

discussed the use of the normal distribution in life testing & reliability problems.



Mathematically, a random variable X is said to have normal distribution with location

parameter p and scale parameter o if its probability density function is given by

—(x—p)°

f(x)= 1 exp
o2r 20°

Some of its important properties are discussed below:

};—oo<x<oo;—oo<,u<oo,0'>0 (1.2.1)

(i) The normal distribution curve is bell shaped &symmetrical about the line x =,

(i1) The mean, median and mode of the normal distribution coincide.

(iti) The area under the normal curve within its range —ootooo in always unity i.e.

\/_ Iexp{( _ﬂ) }dx 1 (1.2.2)

(iv) All odd order moments of the normal distribution are zero.
(v) The first raw moments, i.e. mean =y, i1, =0, 11, =0, 11, =30, =3u1,°.

(vi) The maximum probability say, Max [f(x)] of the normal curve occurs at the x—,,

whereas Max | f (x)]= As cincrease f(x) decreases and the curve becomes more

1
GVZﬁ.
and more flat and vice-versa.

(vii) Moment generating function of the normal distribution N(X: #,6%) is

1 ﬂ) 1,
M, (t)=——= o2z ) _[exp(tx) exp{ }dx exp ,ut+20't } (1.2.3)
(viii) Characteristic function of normal distribution N(X: g, 02) IS

D, (t)=

)? 1
G\/_ Iexp(ltx) exp{ ‘u }dx exps izt + 20 ’t } (1.2.4)

(ix) The point of inflexion of the normal curve is given by x=u+o and at this point.

-1

1 2
f(x)—ame

(x) Most of the discrete distributions such as binomial, Poisson, etc tend to normal

distribution as n increase i.e. n — .



(xi) Many variables which are not normally distributed can be normalized through
suitable transformations.
1.2.2 Gamma Distribution

Gamma distribution has been quite extensively used as a lifetime model, though not
censored. The gamma distribution is most widely used model for precipitation data. It fits
a wide variety of lifetime data adequately, besides failure process models that lead to it.
Inference for gamma model has been considered by Engelhard and Bain (1978), Choa and
Glaser (1978), Prentice (2002) and Lawless (2003) have made significant contributions.
A random variable X is said to have a two parameter Gamma distribution if its p.d.f is
given by

f(x 0, f) = 1 x! X1 ... 0. 0
X,Ol,ﬁ _ma_ﬁexp 7 X > ’a’ﬂ> (125)

where « is a scale parameter and f is sometimes called the index or shape parameter.

F(ﬂ) is the well known gamma function. For =1, the gamma distribution reduces to the

one parameter exponential distribution with parameter ¢ and its pdf

f(x):iexp{_—x};x>0;a>0 (1.2.6)
a a
For a =1, the distribution is called the one parameter gamma distribution with pdf
B-1

f(x;ﬂ)=mexp{—x};x>0;,8>0 (1.2.7)
The moments of gamma distribution are

E(X)=g=ap and V(X )= 1, = ofp* (1.2.8)
The moment generating function of gamma distribution is

M, )= 1-at)” (1.2.9)

Gamma distribution does not fit a wide variety of lifetime data adequately; however, there
are failure process models that lead to it. It also arises in some situations involving the
exponential distribution, because of the well known results that the sums of independently

and identically distributed exponential random variables have a gamma distribution.



1.2.3 Exponential Distribution

The exponential distribution occurs when describing the lengths of the inter-arrival times
in a homogeneous Poisson process. Exponential variables can also be used to model
situations where certain events occur with a constant probability per unit length, such as
the distance between mutations on a DNA strand, or between road kills on a given road.
In queuing theory, the service times of agents in a system (e.g. how long it takes for a
bank teller etc. to serve a customer) are often modeled as exponentially distributed
variables. Reliability theory and reliability engineering also make extensive use of the
exponential distribution. Because of the memory less property of this distribution, it is
well-suited to the model that a constant hazard rate portion of the bathtub curve used in
reliability theory.

A random variable X has an exponential distribution with parameter o(e > 0) if its

probability density function is of the form

f(x)=0exp(—&);x>0,0>0 (1.2.10)
. 1 . 1 .
with mean 7 and varlance? respectively.

The distribution is often written using the parameterizationez%, in which the pdf

becomes
1 — X
f(x)==—exp| — [, x=0 1211
(x) 5 p( e] (1.2.11)

The parameter © is called rate parameter with mean 6 and variance 62 respectively.

The most important properties of the exponential distribution is the memory less property
i.e., probability of its surviving an additional h hours is exactly the same as the probability
of surviving h hours of a new item.

P(X<(x+y|X>x))=P(X<y) (1.2.12)

where X is the time we need to wait before a certain events occurs. This property says that
events happens during a time interval of length y is independent of how much time has
already elapsed (x) without the event happening.

The pdf of two parameter exponential distribution is given by

6



f(x;u,e)=%exp{¥} —00< <X <00, 0>0 (1.2.13)

1.2.4 Erlang Distribution

The Erlang distribution is a continuous probability distribution with wide applicability
primarily due to its relation to the exponential and Gamma distributions. The queuing
theory had its origin in 1909, when Erlang (1878-1929) published his fundamental paper
relating to the study of congestion in telephone traffic (Brockmeyer et. al. (1948)). The
literature on the theory of queues and on the diverse field of its applications has grown
tremendously over the years. The analysis for such an Erlangian queue is now folklore in
the queuing literature. The Erlang distribution is the distribution of sum of exponential
varieties. This distribution can be expressed as a waiting time and message length in
telephone traffic. If the duration of individual calls are exponentially distributed then the
duration of succession of calls follows Erlang distribution. The Erlang variate becomes
Gamma variate when its shape parameter is an integer (Evans et. al. (2000)).Harischandra
and Subba Rao (1988) discussed some problems of classical inference for the Erlangian
queue. Bhattacharyya and Singh (1994) obtained Bayes’ estimator for the Erlangian
queue under two prior densities. Wiper (1998) studied Er/M/1 and Er/M/cm queues under
Bayesian setup and estimated equilibrium probabilities of the queue size and waiting time
distributions using conditional Monte-Carlo simulation methods. Jain (2001) discussed
the problem of the change point for the inter arrival time distribution in the context of
exponential families for the Ek/Glc queuing system and obtained Bayes’ estimates of the
posterior probabilities and the positions of change from the Erlang distribution. Nair et al.
(2003) studied Erlang distribution as a model for ocean wave periods and obtained
different characteristics of this distribution under classical set up. Suri et al (2009) used
Erlang distribution to design a simulator for time estimation of project management
process. The distribution is also used in the fields of stochastic processes and bio-
mathematics. The probability density function of Erlang distribution is given as:

/?.,k kalefﬂ.x

(k)

f(xk,A)= for x, 4 >0 (1.2.14)



The parameter kis called the shape parameter and the parameter Ais called the rate

parameter. An alternative, but equivalent, parameterization (gamma distribution) uses the

. : i 1
scale parameter y which is the reciprocal of the rate parameter (i.e, = Z):

X

k-1, u
X H

#T(k)
When the scale parameter pequals 2, the distribution simplifies to the chi-square

f(x;k,1)= forx,u>0 (1.2.15)

distribution with 2k degrees of freedom. It can therefore be regarded as a generalized-chi-
squared distribution, for even degrees of freedom.

The cumulative distribution function of the Erlang distribution is:

k,Ax)
F(xk,2)= 2 1.2.16
ok )= 1T (12.16)
where y(.)is the lower incomplete gamma function. The CDF may also be expressed as
k-1 1
(x;k,A)=1— e —e (i)' (1.2.17)
n:O

The mean and variance of Erlang distribution are given by:

, _k
ﬂl:; (1.2.18)
k
Hy ? (1219)

When the shape parameter kequals 1, the distribution simplifies to the exponential
distribution. The Erlang distribution is a special case of the Gamma distribution where the
shape parameterk is an integer. In the Gamma distribution, this parameter is not restricted

to the integers.

1.2.5 Rayleigh distribution

The Rayleigh distribution is often used in physics related fields to model processes such
as sound and light radiation, wave heights, and wind speed, as well as in communication
theory to describe hourly median and instantaneous peak power of received radio signals.

It has been used to model the frequency of different wind speeds over a year at wind



turbine sites and daily average wind speed. The Rayleigh distribution (RD) is considered
to be a very useful life distribution. Rayleigh distribution is an important distribution in
statistics and operations research. It is applied in several areas such as health, agriculture,
biology, and other sciences. One major application of this model is used in analyzing
wind speed data. This distribution is a special case of the two parameter Weibull
distribution with the shape parameter equal to 2.This model was first introduced by
Rayleigh (1980), Siddiqui (1962) discussed the origin and properties of the Rayleigh
distribution. Inference for model Rayleigh model has been considered by Sinha and
Howlader (1993) and Abd Elfattah et al. (2006).Ahmed et.al (2013) estimates the
parameter of Rayleigh distribution using R-software.

The probability density function of Rayleigh distribution is given as:

2

f(x;@)ze—xzexp(— 2)(92J for x>0,0>0 (1.2.20)

As an example of how it arises, the wind speed will have a Rayleigh distribution if the
components of the two-dimensional wind velocity vector are uncorrelated and normally

distributed with equal variance.

1.2.6 Beta Distribution

The Beta function was introduced by Leonhard Euler. The "problem in the doctrine of
chances" that Bayes’ treated produced a beta distribution for the posterior density of the
probability of a success in Bernoulli trials. In early literature, the distribution was
commonly referred to by its designation in the Pearson family of curves. Pearson is the
English mathematician responsible for creating mathematical statistics. He created the
Pearson Type | method which is a generalization of the Beta distribution to help model
visibly skewed observations. The differences between the two are trivial and they can be
set equal given proper parameters. The Beta distribution was standardized by Corrado
Gini (1911) “A First Course in Mathematical Statistics, (1946)”. Beta distributions are

very versatile and a variety of uncertainties can be usefully modeled by them.



1.2.6.1 Beta Distribution of First Kind
A random variable X is said to have a Beta distribution of first kind with parameters a and

b (a, b > 0) if its probability density function is given as:

f(x;a,b) = x**(1-x)"";0<x<lLa>0andb>0 (1.2.21)

£(a,b)

where B(a,b) = j t*1(1—t)"dt denotes the beta function

The cumulative distribution function often called incomplete beta function is given by

0, x<0
X l\
FOO=1] B(a,b)

0
1 x>1

x*(1-x)""dx, O0<x<1 (1.2.22)

1.2.6.2 Beta Distribution of second Kind
A continuous random variable X is said to have a beta distribution of second kind with

parameters a and b if probability density function (pdf) is:

_ 1 X
f(x;a,b) = 3@b) L0 (1.2.23)

for0<x<la>0and b>0
1
where 3(a,b) = jta‘l(l—t)b‘ldt denotes the beta function.

1.2.7 Weibull Distribution

The Weibull distribution is one of the important distributions in reliability theory. It is the
distribution that received maximum attention in the past few decades. The distribution is
named after Waloddi Weibull (1939), a Swedish physicist represent the distribution of the
breaking strength of materials. Numerous articles have been written demonstrating
applications of the Weibull distribution in various sciences. It is widely used to analyze
the cumulative loss of performance of a complex system in systems engineering. In
general, it can be used to describe the data on waiting time futile an event occurs.
Although a Weibull distribution may be a good choice to describe the data on lifetimes or

strength data but in some practical situations Weibull distribution does not provide a
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reasonable parametric fit where the underlying failure rates are non constant, in that
situation compounding procedure provides us the way out.
Mathematically, a random variable X is said to have a Weibull distribution if its pdf is of
the form

f(x;8,a)=af x* ™ x>0a>0,4>0 (1.2. 24)
Where o and P are the parameters of the distribution.

The mean and variance of the Weibull distribution (1.2.24) are given as

py = %r(1 +) (1.2.25)
Hy, = Biz{r (1+3)-[ra+ i)]z} (1.2.26)

1.2.8 Generalized Beta Distribution (GBD) of first kind
A random variable X is said to have a generalized beta distribution of first kind and its

probability density function is given by

a\d1
a X
f a )bl l = -t 1_ N f 0
(b pa) =52 X [ (bj J o (1.2.27)

= 0,otherwise

I'pl'q

where a, p,q are shape parameters and b is a scale parameter, 2(p,q) :m IS a beta
+

function, a,b, p,q are positive real values.

The kth moment of generalized beta distribution of first kind is given by McDonald
(1995):

bkﬁ[mz,qj

E(X*) = 1.2.28

(%) £(p.q) ( )
bﬁ(m;,q]

And E(X):W (1.2.29)

1.2.9 Generalized Beta Distribution of second kind

11



The probability density function (pdf) of the generalized beta distribution of second kind
(GBD2) is given by:

ap-1
f(x;a,b, p,q) = ax forx>0

. ) p+q
b /3( F)’(1)|:]-_F [:t):) } (]_.:2':3())

= 0,otherwise

Where a, p,q are shape parameters and b is a scale parameter, 2(p,q) :ll:pj IS a beta
p+

function, a,b, p,q are positive real values.

The rth moment of generalized beta distribution of second kind is given by:

brl“(ip +_I-j I“(c1__|ﬂj
E(X")= FZ = a (1.2.31)
b I“(i[) + :1:J I“[:Cl__ :ij
and E = a a
(X )= Tp I (1.2.32)

1.2.10 Generalized Rayleigh Distribution
The probability distribution of Generalized Rayleigh distribution is given as:

K
eir(lj
K

=0, otherwise

f(x;6,k) =

k
exp(—%) forx>0,kand@>0

(1.2.33)

The generalized Rayleigh distribution (GRD) is considered to be a very useful life-time
distribution. Rayleigh distribution is an important distribution in statistics and operations
research. It is applied in several areas such as health, agriculture, biology, and other
sciences. Surles and Padgett (2005) introduced two-parameter Burr Type X distribution
and correctly named as the generalized Rayleigh distribution. The two-parameter
generalized Rayleigh distribution is a particular member of the generalized Weibull
distribution, originally proposed by Mudholkar and Srivastava (1993).

Its mean and variance are given by:

12



(1.2.34)

(1.2.35)

1.2.12 Amoroso distribution
The Amoroso (generalized gamma, Stacy-Mihram) distribution is a four parameter,
continuous, univariate, unimodal probability density, with semi infinite range. The
functional form in the most straightforward parameterization is:
[X_a)aﬂl {7[%] }
_— e

7

Amoroso(x/a,a, 3,0) = (1.2.36)

L‘E
()| 6
Forx,a,a, 5,0 inR,a >0

Support x>a,if 6>0,x<aif <0
This distribution was originally developed to model lifetimes by Amoroso (1925). It
occurs as the Weibullization of the standard gamma distribution and, with integerea, in
extreme value statistics. The Amoroso distribution is itself a limiting form of various
more general distributions, most notable the generalized beta and generalized beta prime
distributions.

A useful and important property of the Amoroso distribution is that many common and
interesting probability distributions are special cases or limiting forms. This provides a
convenient method for systemizing a significant fraction of the probability distributions
that are encountered in practice, provides a consistent parameterization for those
distributions and the need to enumerate the properties (mean, mode, variance, entropy and

so on) of each and every specialization.
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1.2.13 Generalized inverse Gaussian distribution
In probability theory and statistics, the generalized inverse Gaussian distribution (GIG) is

a three-parameter family of continuous probability distribution with probability density

f(x):m(pb%x

Where k, is a modified Bessel function of the second kind, a>0, b>0 and p is a real

function

1Y
2 [ax+b]
X

(p_l)e_T TX > 0 (1237)

parameter. It is used extensively in Geo-statistics, statistical linguistics, finance, etc. This
distribution was first proposed by Etienne Halphen (1993).It was rediscovered and
popularized by Ole Barndorff-Nielsen, who called it the generalized inverse Gaussian
distribution. It is also known as the Sichel distribution, after Herbert Sichel. The inverse
Gaussian and Gamma distributions are special cases of the generalized inverse Gaussian
distribution for p = -1/2 and b = 0, respectively. The mean and variance of generalized

inverse Gaussian distribution are given as:

E(X)= %kpﬂ(“ab) (1.2.38)
Jak, (Vab) -
(b k,..(ab) (k.. (ab)Y
V“"@{ . [Vab) ( . @)} (1.2.39)

1.3 Introduction to Size biased Probability Distributions

Traditional enviromentric theory and practice have been occupied with randomization and
replication. But in environmental and ecological work, observations also fall in the non-
experimental, non-replicated and non-random catogaries. The problems of model
specification and data interpretation then acquire special importance and great concern.
The theory of weighted distributions provides a unifying approach for these problems.
Weighted distributions take into account the method of ascertainment, by adjusting the

probabilities of actual occurrence of events to arrive at a specification of the probabilities
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of those events as observed and recorded. Failure to make such adjustments can lead to
incorrect conclusions.

The concept of weighted distributions can be traced to the work of Fisher (1934), in
connection with his studies on how methods of ascertainment can influence the form of
distribution of recorded observations. Later it was introduced and formulated in general
terms by Rao (1965), in connection with modeling statistical data where the usual practice
of using standard distributions for the purpose was not found to be appropriate. In Rao’s
paper (1965), he identified various situations that can be modeled by weighted
distributions. These situations refer to instances where the recorded observations cannot
be considered as a random sample from the original distributions. This may occur due to
non-observability of some events or damage caused to the original observation resulting
in a reduced value or adoption of a sampling procedure which gives unequal chances to
the units in the original. The concept of weighted distributions can be traced to the study
of the effect of methods of ascertainment upon estimation of frequencies by Fisher
(1934). In extending the basic ideas of Fisher, Rao [(1934, 1965)] saw the need for a
unifying concept and identified various sampling situations that can be modeled by what
he called weighted distributions. The weighted distributions arise when the observations
generated from a stochastic process are not given equal chance of being recorded; instead
they are recorded according to some weighted function. When the weight function
depends on the lengths of the units of interest, the resulting distribution is called length
biased. More generally, when the sampling mechanism selects units with probability
proportional to measure of the unit size, resulting distribution is called size-biased. Size
biased distributions are a special case of the more general form known as weighted
distributions. First introduced by Fisher (1934) to model ascertainment bias, these were
later formalized in a unifying theory by Rao (1965). These distributions arise in practice
when observations from a sample are recorded with unequal probability and provide
unifying approach for the problems when the observations fall in the non —experimental,
non —replicated and non —random categories. Van Deusen (1998) arrived at size biased
distribution theory independently and applied it to fitting distributions of diameter at

breast height (DBH), data arising from horizontal point sampling (HPS) (Grosenbaugh)
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inventories. Subsequently, Lappi and Bailey (1987) used weighted distributions to
analyze HPS diameter increment data. In ecology, Dennis and Patil (1984) used stochastic
differential equations to arrive at a weighted gamma distribution as the stationary
probability density function (PDF) for the stochastic population model with predation
effects. Gove (2003) reviewed some of the more recent results on size-biased distributions
pertaining to parameter estimation in forestry. Warren (1975) was the first to apply the
size biased distributions in connection with sampling wood cells. More recently; these
distributions were used to recover the distribution of canopy heights from airborne laser
scanner measurements. In fisheries, Taillie et al (1995) modeled populations of fish stocks
using weights. Most of the statistical applications of weighted distributions, especially to
the analysis of data relating to human populations and ecology, can be found in Patil and
Rao (1997, 1978). In a series of papers with co-authors, Patil ((1988), (1993), (1981),
(1991) and (1996)) has pursued weighted distributions for purposes of encountered data
analysis, equilibrium population analysis subject to harvesting and predation, meta
analysis incorporating publication bias and heterogeneity, modeling clustering and
extraneous variation, etc. Sandal C.E (1964) derived the method of estimation of
parameters of the gamma distribution. Ahmed et al (2013b) discussed the size-biased
Generalized Gamma distribution with its structural properties, estimates the parameters of
new model by using new moment method of estimation and its characterizations and also
discussed some important information measures of size biased generalized gamma
distribution(discussed in chapter 3th). The usefulness and applications of weighted
distributions to biased samples in various areas including medicine, ecology, reliability,
and branching processes can be seen in Patil and Rao (1978), Gupta and
Kirmani(1990),Gupta and Keating (1985),0luyede (1999) and in references there in.
Reshi et al (2013a) estimates the parameter of the size biased generalized Rayleigh
distribution under the extended Jeffrey’s prior assuming two different loss functions
(discussed in chapter 5™). Within the context of cell kinetics and the early detection of
disease, Zelen (1974) introduced weighted distributions to represent what he broadly
perceived as length-biased sampling (introduced earlier in Cox, D.R. (1962)). For

additional and important results on weighted distributions Rao (1997), Patil and Ord
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(1997), Zelen and Feinleib (1969), Application examples for weighted distributions see
El-Shaarawi and Walter (2002). Jing (2010) introduced the weighted inverse Weibull
distribution and beta-inverse Weibull distribution, theoretical properties of them, Castillo
and Perez-Casany (1998) introduced new exponential families, that come from the
concept of weighted distribution, that include and generalize the Poisson distribution,
Shaban and Boudrissa (2000) have shown that the length biased version of the Weibull
distribution known as Weibull Length-biased (WLB) distribution is unimodal throughout
examining its shape, with other properties, Das and Roy (2011) discussed the length-
biased Weighted Generalized Rayleigh distribution with its properties, also they have
develop the length-biased from of the weighted Weibull distribution. Patil and Ord (1976)
introduced the concept of size-biased sampling and weighted distributions by identifying
some of the situations where the underlying models retain their form. Other contributions
have been made by (Oluyede and George (2000), Ghitany and Al-Mutairi (2008),
Oluyede and Terbeche (2007). The statistical interpretation of length-biased distributions
was originally identified by Cox (1962) in the context of renewal theory. Length-biased
sampling situations may occur in clinical trials, reliability theory, and survival analysis
and population studies, where a proper sampling frame is absent. In such situations, items
are sampled at a rate proportional to their length, so that larger values of the quantity
being measured are sampled with higher probabilities. Numerous works on various
aspects of length-biased sampling are available in literature which include family size and
sex ratio , wild life population and line transect sampling , analysis of family data, cell
cycle analysis , efficacy of early screening for disease, aerial survey and visibility bias
Patil and Rao (1978).

1.3.1 Materials and Methods

Suppose X is a non-negative random variable with its natural probability density function

f(X;0), where the natural parameter is€. Suppose a realization x of X under f(x;6)
enters the investigator’s record with probability proportional to W(X; £) , so that the weight

function W(X; ) is a non-negative function with the parameter S representing the
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recording mechanism. Clearly, the recorded x is not an observation on X, but on the

random variable X, , having a pdf

i (xo,p)=NMEP) T(XK0)., (1.3.1)
[w() £ (x)

Assuming that E(X) = Iw(x) f(x) dx i,e the first moment of w(x) exists.
0

By taking weight w(x) = x we obtain length biased distribution. Where wis the

normalizing factor obtained to make the total probability equal to unity by choosing

w=E[w(X, 8)].The variable X, is called weighted version of X = and its distribution is

related to that of X and is called the weighted distribution with weight function w.For

example, whenW(X; £) =X , in that case w= g Is called the size-biased version of X

.The distribution of X "is called the size-biased distribution with pdf

x f(x;6)

f(x;0) = (1.3.2)

where y = E(X.)The pdf f (x;6) is called length biased or size- biased version of f (x;0)

, and the corresponding observational mechanism is called length or size- biased
sampling. Weighted distributions have seen much use as a tool in the selection of
appropriate models for observed data drawn without a proper frame. In many situations
the model given above is appropriate, and the statistical problems that arise are the
determination of a suitable weighted function,w(x; ) and drawing inferences oné.
Appropriate statistical modeling helps accomplish unbiased inference in spite of the
biased data and, at times, even provides a more informative and economic setup.

These weight functions are also useful for modeling through the identities connecting the
original and weighted random variables. Moreover, different assumptions on the
relationship between the original and weighted distributions can generate interesting and

useful characterizations theorems.
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1.3.1 Binomial Distribution
The distribution was derived by James Bernoulli in his treatise Ars Conjectandi,
published in (1713).The distribution arises when ‘n’ independent trials are made with a
constant probability ‘p’ of success at each trial, each trial resulting either in a success or
in a failure. In this case the random variable X is the number of successes and its
distribution is given by

PIX=x]=p(x)=(")p"q"*, x=0,1,2,~n (1.3.3)
where g+ p =1, p>0,g>0and n is a positive integer.
The probabilities in (1.3.3) are terms of binomial expansion of (g + p)" hence the name
binomial distribution. When n = 1, binomial distribution (1.3.3) reduces to Bernoulli

distribution.

1.3.1.1 Size-Biased Binomial Distribution (SBBD)
A size-biased binomial distribution(SBBD), a particular case of the weighted binomial

distribution, taking weights as the variate value can be obtained from(1.3.3) as

Zn:x.P[X =x]=np
x=0

1 Zn:x.P[X =x]=1

np =
P[x=x]:[n_1J pPrg" x=12..... (1.3.4)
x-1
The mean and variance of size-biased distribution (1.3.4) are given as
u, =(mean)=np+q (1.3.5)
i, = (variance) = (n-1)pqg (1.3.6)

1.3.2 Poisson Distribution

There are many situations where the number of independent trials is infinitely large but
the probability of success is so small that the expected number of success is of moderate
size. For such situations the distribution is the Poisson Distribution (PD) which was

obtained by S.D Poisson (1837) as a limiting case of the Binomial distribution. He took n,

19



the number of independent trials, very large tending to infinity and p sufficiently small
such that np = A4, where A, is a finite number and obtained the probability mass function
(pmf) of the distribution as

M X
P[X = x] = p(x) = €M)y 20,1,2, - and 4y >0 (1.3.7)

x!
For some reasons Johnson and David (1952) preferred to give credit to De Moivre (1718)
rather than to S.D. Poisson for discovering of Poisson distribution. The distribution is so
important among the discrete distributions that even Fisher, once remarked ‘Among
discontinuous distributions’, the Poisson series is of the first importance. Johnson, Kotz
and Kemp (1992) have discussed the genesis of Poisson distribution in detail. Munir
Ahmad and Ayesha Roohi (2004) have discussed the characterization of the Poisson
distribution. The Poisson distribution has been described as playing a “similar role with
respect to discrete distribution to that of the normal for absolutely continuous distribution.
The unique property of Poisson distribution in discrete distributions is the equality of

mean and variance.
u, = (mean)=1, (1.3.8)
1, = (variance) =14, (1.3.9)

1.3.2.1 Size- Biased Poisson distribution (SBPD)

A size-biased Poisson distribution can be obtained from (1.3.7) as

P[X:x]:—l' Xx=12..... (1.3.10)

1.3.3 Negative Binomial Distribution
The Negative Binomial Distribution provides a good fit to the situations where the mean
is always less than the variance. Montmort (1914) gave the derivative of this distribution

in, (although Pascal (1679) discussed a special form of the distribution much earlier.
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Pascal obtained the distribution for getting ‘r’ successes and ‘x’ failures in exactly (r + x)
independent trials, where x is the value of a random variable. The pmf of the distribution is

given by
X+r-1 -r
P(X=x):( r j p'q” =[ j p'(-q)*; x=0, 1, 2.... (1.3.11)

where parameters satisfy

g=1l-pandO<p<landr=1,2,3...

1.3.3.1 Size-Biased Negative Binomial Distribution (SBNBD)

A size-biased negative binomial distribution can be obtained from (1.3.11) as

Zn:x.P[X =x|=rp
x=0

iix.P[X:x]:l

rp x=1
X+r=1) .,
P[X =x]= plg*ix=1.2,... (1.3.12)
x-1
The mean and variance of size-biased distribution (1.3.12) are given as
1, = (mean) = L (1.3.13)
qa d
1, = (variance) = r_pz + £2 (1.3.14)
a q

1.3.4 Logarithmic Series Distribution

The Logarithmic Series Distribution is one of the most widely used basic distributions. It
is the importance and superb potentiality of the LSD in describing the empirical situations
that have attracted the attention of the statisticians which have caused the manifold
developments of the distribution during a very short span of time. The LSD is wider in
scope and simple in nature. Therefore, it finds its key place as a promising distribution in
describing important phenomena of various fields. The distribution was first obtained by
the Fisher (1943) as a limiting case of the zero-truncated negative binomial distribution.

The probability mass function of LSD is given by

21



1 o

P[X:x]:p(x):—m —and0<a<lix=12- (1.3.15)
PIX = x] = p(x) = 2% (1.3.16)
where 0 = — N S

[log (1-o)] (1.3.17)

The important structural properties of the distribution have been described by Patil and
Taillie (1989). Johnson and Kotz (1970), Johnson, Kotz and Kemp (1992) have presented
a brief description of the most of the important features of the distribution. Katti and Rao
(1965) have used mixture of LSD (log Poisson) and its truncated form (log zero-Poisson)
to represent a wide variety of data. They have also provided with the tables for the
probabilities to make its use easy. Though the LSD gives very satisfactory fit in all these

situations.

1.3.4.1 Size-Biased Logarithmic Series Distribution
A size-biased logarithmic series distribution can be obtained from (1.3.16) as

ix.P[X =X] 1 ¢
x=1

" logl—a) 0-a)

—(1_a)|09(1_a)ix.P[X=x]=l (1.3.18)
PX =x]=o (1~ a); x =1,2..... (1.2.19)

1.3.5 Generalized Negative Binomial Distribution

On account of wide-variety of available discrete distributions besides binomial, Poisson
and negative binomial, to choose the most suitable was the problem for research workers
in applied fields.With the aim of reducing this problem, the generalized negative binomial
distribution (GNBD) was first introduced by Jain and Consul (1971).With probability
function given by compounding the negative binomial distribution with another parameter
which takes into account the variations in the mean and the variance. The parameter is
such that both mean and variance are positively correlated with the value of the
parameter, though the variance increase or decrease faster than the mean. Its value gives
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an indication of the nature of the data and its variation from binomial to negative binomial
distribution. The probability function of Generalized Negative Binomial Distribution
(GNBD) is given by:
PIX = x] = —MLMEBX) g _gympx. x20,1,2..
XIT(m+pBXx —x +1) (1.3.20)
=0;for x>twhenf<0or0O<p<1

where 0 < a <1, m>0 and p=00r0O<B<a™ and t is the largest positive integer for
which m+1+(B-1)t >0
It can be easily seen that the distribution reduces to the classical negative binomial

distribution (1.3.20) at B = 1, to the classical binomial distribution (1.2.1) at § = 0 and for

B = % this distribution resembles with the Poisson distribution (1.3.1)

1.3.5.1 Size-biased Generalized Negative Binomial Distribution

A size biased generalized negative binomial distribution a particular case of the weighted
generalized negative binomial, taking weights as the variate value can be obtained from
(2.3.20) as:

> maot
xZ:(‘;X-P(sz)z(l_ocﬁ)
1-of & _ o
- Zox P(X=x)=1

This gives the size-biased generalized negative binomial distribution (SBGNBD) as

-1
P (X =x)=(l—aﬁ)(m;'b;)_( j at(l-a)" T x=12.... (1.3.21)
where0<a <1, m>0,-0< f <o,
Atp=0andp =1, we get size biased binomial SBBD (1.3.21) and size biased negative
binomial distributions SBNBD (1.3.12) respectively.

1.3.6 Generalized Geometric Series Distribution

As the geometric series distribution is a particular case of negative binomial distribution,
it is supposed that a particular case of GNBD may give a generalized geometric series
distribution. Mishra (1982) using the results of lattice path analysis obtained the following
distribution.
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'(x+1)

ID[X:X]:>d1“([3x—x+2)

(L) :x=0,1,2, - (1.3.22)

where P[X=x] = 0 for x > m if 1+ 3 m < 0 and which is the same as obtained by taking
m=1 in the GNBD (1.3.20).
Needless to say that, the GGSD is a member of Lagrangian distribution and can be
obtained by taking g(t) = (1-a+at)’ and f(t) = (1-o+at). It can be seen that at p = 1, it
reduces to the one parameter geometric series distribution and hence it is called as
generalized geometric series distribution.

The moments of this distribution can be found simply by putting m = 1 in the
expressions for moments of the GNBD. As it is a particular case of the GNBD, all the
properties of the GNBD are supposed to be possessed by the GGSD also.

1.3.6.1 Size- Biased Generalized Geometric Series Distribution
The pmf of size-biased GGSD can be obtained by putting m=1 in size-biased GNBD
(1.3.22)

P (X =X)=(1—aﬂ)( fx_ J Lo T x =12, (1.3.23)

where0<a <1, -0 < f <

1.3.7 Generalized Poisson Distribution

The generalized Poisson distributions (GPDs) arise when the populations are Poissonian
type having unequal mean and variance. Consul and Jain (1973a) are the early workers
who derived a class of discrete distributions of the Poissonian type. The different aspects
of these distributions have been studied by Consul and Jain (1973b), Jain (1975), Consul
and Shoukri (1985, 1986), Consul (1986), Famoye and Lee (1992), Tuenter (2000). The
detailed review works on the book authored by Consul (1989) have been done by Kemp
(1992). Consul and Jain (1973a) defined the Generalized Poisson Distribution by taking
m and B very large and a very small, such that ma. = A; and mp = A where A, is finite and
positive and |2 |< 1, in GNBD, the pmf is given by

PIX = x] = P+ X 2)™ Z"p X2 610 (1.3.24)
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For 4, =0, the distribution (1.3.24) reduces to Poisson distribution. The model (1.3.24) has

been found to be a member of the Consul and Shenton’s (1972) family of Lagrangian
distributions.

1.3.7.1 Zero-Truncated Generalized Poisson Distribution

Shoukri and Consul (1989) redefined the distribution (1.3.24) by taking 4, =« and 4, =g

as

P(X =X) = @+ Bx) ot expl-ad+ X)] :

x =012, ,a>o,0<ﬂ<i. (1.3.25)
x! o

The distribution (1.3.25) can be truncated at x = 0 and is defined with the probability
function as:

P,(X =X) = @+ Bx) o eXp[—XO:(1+ B)IA-e )" X=1,2..,0>0,0< B < l (1.3.26)
! a

For B = 0, the distributions (1.3.25) and (1.3.26) reduce to Poisson distribution and David
and Johnson’s (1952) truncated Poisson distribution. The different aspects of the
distribution have been studied by Consul and Famoye (1990), Jani and Shah (1981),
Hassan and Mir (2007a), Hassan et al (2007b). A brief list of authors and their works can
be seen in Consul (1989), Johnson, Kotz and Kemp (2005) and Consul and Famoye
(2006).

1.3.7.2 Size-Biased Generalized Poisson distribution (SBGPD)
The pmf of size-biased generalized Poisson distribution can be obtained as

This gives the pmf of SBGPD as

P[X = x]= (1—9»2Xk1+xx2()X*‘_llE)>!<P[—(xl+xx2)]

Ay > =LA <1+

;o x=12,..... (1.3.27)

Mir et al (2013) proposed the probability density function of Size-biased Generalized

Poisson distribution.

AtA, =0, we get size-biased Poisson distribution (1.3.8).
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The mean and variance of the distribution is given as
b, 1
-2)" a-ny
2\ Ay
4 + 3
@-2)" @)

The Graphical representation of Size biased generalized Poisson distribution in figures

u; = Mean = (1.3.28)

u, = Variance = (1.3.29)

1,2,3,4 and 5 considering various values of 4 andj,.

Figure 1- Size-Biased Generalized Poisson Figure 2-Size-Biased Generalized Poisson
Distribution (Lambda2=0.05) Distribution (Lambda2=0.09)
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Figure 3- Size-Biased Generalized Poisson Figure 4-Size-Biased Generalized Poisson
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Figure5- Size-Biased Generalized Poisson
Distribution(Lambda1=5.0)
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In figure 1, for each small value of 4, the SBGPD curve changes from L-shaped to
symmetric and with the considerable change in the value of 4, it becomes positively
skewed. In figures 2, 3 and 4, we consider 4, =0.09,0.1,0.5. For each small value of 7, the

SBGPD curve is unimodal and extremely positively skewed. But it gradually changes to

bell-shaped as the value of 4 and 2, increase. In figure 5, we take 4 =5.0and the different
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values of ;,. It is observed that the variation in the values of 2, alters the shape of the
distribution substantially. For larger values of, the bell-shaped form becomes more

flattened.

1.3.8 Generalized Logarithmic Series Distribution
A Generalized Logarithmic Series Distribution (GLSD) was obtained by Jain and Gupta
(1973) with probability function

1 '(Bx)

P =X = i) AT —x+D)

a*(L—a)™™ :x =1, 2, 3, (1.3.30)

O<a<lapf<l
At B=1 in (1.3.30), the distribution is reduced to the logarithmic series distribution
(1.3.15). Many others have also obtained the GLSD using different approaches. Mishra
(1979) obtained it as a limiting case of zero-truncated GNBD; whereas Jani (1977)
obtained it as a member of Modified Power Series Distribution (MPSD). Patel (1981)
found it independently again as a limiting case of the zero-truncated GNBD. Mishra et al
(1996) estimates the parameters of Generalized Logarithmic Series Distribution using

Bayesian approach.

1.3.8.1 Size-Biased Generalized Logarithmic Series Distribution

The size-biased generalized logarithmic series distribution can be obtained from (1.3.30)

as
2 Ba
XZ:;X.P[X =x]= i op)
(1B§B)iw.[xzx]=1

This gives the pmf of SBGLSD as

PX=x]=(-a )(z X__lljax-l(l— af 7 x=1,2..... (1.3.31)

Atp =1, we get size-biased logarithmic distribution (1.3.17).
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1.3.9 Geeta Distribution
Consul (1990a) defined the Geeta distribution over the set of all positive integers

with the probability mass function as

P[X :X]:ﬂxi—l( fx_ljax‘l(l—a)ﬁx’x x=1,2... (1.3.32)
l<B<atand O<a<l

The Geeta distribution has a maximum at x=1 and is L-shaped for all values of « andg. It

may have a short tail or a long tail depending upon the values of « and . Its mean and

variance are given by

u=>0—a)1—apB)? (1.3.33)
e a(l-a)(f-1)+(1-a) (1-ap)

(1—0{,8)3
o’ =(f-Dal-a)l-apf)” = u(u-D)(Bu-D(B-1)". (1.3.34)

The family of Geeta probability models belongs to the classes of the modified power
series distributions (MPSD) and the Lagrangian series distributions. Consul (1990b) also
expressed it as a location-parameter probability distribution given below:

x-1 Lx-1
AIX = x] = —2 (ﬂx‘lj{ s } {“(ﬂ‘l)} x=123....  (13.35)
Bx-1 X #(B-1) pu-1

1.3.9.1 Size-biased Geeta Distribution

A size-biased Geeta distribution (SBGET) is obtained by taking the weight of the Geeta
distribution (1.3.32) as x.

We have from (1.3.32) and (1.3.33)

S x-P(X =X) =(1- a)1-ap)

This gives the size-biased Geeta distribution (SBGET) as
PX—2

X ]05“(1—05)/3”1;X=1,2--- (1.3.36)

PIX =x]=<1—aﬂ)[

l<f<a™’ and O<a<l
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The mean and variance of SBGET are given by
(1-2a+a’B)
(1—05,8)2

2(f-Ya(l-a)
1, (s) = by (1.3.38)

1, (s)=Mean = (1.3.37)

1.3.10 Consul Distribution

The probability function of Consul distribution is defined as

P[X = x]=%[ Xﬁfljax’l(l—a)ﬂx‘“l; x=1,2... (1.3.39)

l<f<a’ and O<a<l

It reduces to the geometric distribution when g =1. For this reason the distribution is also

called as generalized geometric distribution. Famoye (1997) obtained the model (1.3.39)

by using Lagrange expansion on the pgf of a geometric distribution and called it a

generalized geometric distribution. He studied some of its properties and applications.

Most of the interesting properties of the distribution can be seen in Consul and Famoye
(2006). Consul (1990) showed that the model (1.3.39) belongs to the class of location-

parameter discrete distributions. The moments of the model (1.3.39) are given as

u=QA-ap)’ (1.3.40)

1-a?p
A =(—3) (1.3.41)

(1-ap)
o’ =fall-a)l-ap) (1.3.42)
The model (1.3.39) can be expressed as a location-parameter probability distribution in
the form

x-1 Px—x+1
P[X :x]:l( P J{”—‘q {1—“—_1} x=123.... (1.3.43)
x\ x=1)| Bu Bu
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1.3.10.1 Size-biased Consul Distribution
The probability function of the size-biased Consul distribution (SBCOND) is given as

X
f Ja*‘l(l—a)ﬂx‘”l o ox=1,2... (1.3.44)

PIX = x]=<1—aﬂ)[

1<B<at and O<a<l

The mean and variance of SBCOND are given by

Mean:(l;“zﬂz), (1.3.45)
(1-ap)
Za(l—a)ﬂ(l—azﬂ) 2a2(1—a)ﬂ
2 = 4 - 3 . 1346
4 (5) (1-ap) (1-ap) (1349

1.4 Akaike and Bayesian information criterion

In order to introducing of an approach for model selection, we remember Akaike and
Bayesian information criterion based on entropy estimation. Akaike’s information
criterion, developed by Hirotsugu Akaike (1973) under the name of” an information
criterion” (AIC) in 1971 and proposed in Akaike (1974), is a measure of the goodness of
fit of an estimated statistical model. The concept of entropy, in effect offering a relative
measure of the information lost when a given model is used to describe reality and can be
said to describe the tradeoff between bias and variance in model construction, or loosely
speaking that of precision and complexity of the model. The AIC is not a test of the model
in the sense of hypothesis testing; rather it is a test between models - a tool for model
selection. Given a data set, several competing models may be ranked according to their
AIC, with the one having the lowest AIC being the best. From the AIC value one may
infer that e.g. the top three models are in a tie and the rest are far worse, but it would be
arbitrary to assign a value above which a given model is “rejected”. In the general case,
the AIC is

AIC = 2K —2log L(6) (1.4.2)

Where k is the number of parameters in the statistical model and L is the maximized value

of the likelihood function for the estimated model.
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The Bayesian information criterion (BIC) or Schwarz Criterion is a criterion for model
selection among a class of parametric models with different numbers of parameters.
Choosing a model to optimize BIC is a form of regularization. It is very closely related to
AIC. In BIC, the penalty for additional parameters is stronger than that of the AIC.

The formula for the BIC is

BIC = K logn—2log L(é). (1.4.2)

1.5 Shannon’s entropy

In information theory, entropy is a measure of the uncertainty in a random variable. In
this context, the term usually refers to the Shannon entropy, which quantifies the expected
value of the information contained in a message. Entropy is typically measured in bits,
nats or bans. Shannon entropy is the average unpredictability in a random variable, which
IS equivalent to its information context. Shannon entropy provides an absolute limit on the
best possible lossless encoding or compression of any communication, assuming that the
communication may be represented as a sequence of independent and identical distributed
random variables. This definition of “entropy"” was introduced by Claude. E. Shannon
(1948) paper “A Mathematical theory of Communication". Shannon's definition of
entropy, when applied to an information source, can determine the minimum channel
capacity required to reliably transmit the source as encoded binary digits. It measures the
information contained in a message as opposed to the portion of the message that is
determined (or predictable). Entropy is a measure of unpredictability or information
content. The concept of Shannon’s entropy is the central role of information theory,
sometimes referred as measure of uncertainty. The entropy of a random variable is
defined in terms of its probability distribution and can be shown to be a good measure of
randomness or uncertainty. Henceforth we assume that log is to the base 2 and entropy is
expressed in bits. The concept of entropy was extensively used in literature as a
guantitative measure of uncertainty associated with random phenomena. In the context of
equilibrium thermodynamics, physicists originally developed the notion of entropy which
was later extended through the development of statistical mechanics and information

theory. Shannon (1948) was the one who formally introduced entropy, known as
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Shannon's entropy or Shannon's information measure into information theory. For
deriving the entropy of Probability distributions, we need the following two definitions

that are more discussed in Cover et al (1991).

Definition 1.5.1: The entropy of the discrete alphabet random variable f defined on the

probability space is given by:
Ho(f) == p(f =a)log(p(f =a)) (1.5.1)
i=1

It is obvious that
H.(f)>0
Definition 1.5.2: The oblivious generalizations of the definition of entropy for a

probability density function f defined on the real line as:

H(f)= —T f(x)log f (x) = E(~log(x)) (1.5.2)

1.6 Generalized entropy

The generalized entropy index is a general formula for measuring redundancy in data. The
redundancy can be viewed as inequality, lack of diversity, non-randomness,
compressibility, or segregation in the data. The primary use is for income equality. It is
equal to the definition of redundancy in information theory that is based on Shannon
entropy when o =1 which is also called the Theil Index (T1) in income inequality
research. Completely "diverse" data has no redundancy so that GE=0, so that it increases
in the opposite direction of a Diversity index. It increases with order rather than disorder,
so it is a negated measure of entropy. Generalized entropy is often used in econometrics.

It is indexed by a single parameter« . The generalized entropy is defined to be

vu“-1
| =-¢ X 01 16.1
“ ala-1) “” ( )
andv, :Ix“ f(x;0)dx (1.6.2)
0
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1.7  Fisher’s information matrix

Fisher information (sometimes simply called information) is the variance of the score or
the expected value of the observed information. In Bayesian statistics, the asymptotic
distribution of the posterior mode depends on the Fisher information and not on the prior.
The role of the Fisher information in the asymptotic theory of maximum likelihood
estimator was emphasized by the statistician R. A Fisher. The Fisher information is also
used in the calculation of the Jeffrey’s prior, which is used in Bayesian statistics. The
Fisher-information matrix is used to calculate the covariance matrices associated with
maximum-likelihood estimates. It can also be used in the formulation of test statistics,
such as the Wald’s test. The Fisher information was discussed by several early
statisticians, notably Edgeworth (1908). The Fisher information is a way of measuring the
amount of information that an observable random variable X carries about an unknown
parameter 6 upon which the probability of X depends. The probability function for X,
which is also the likelihood function for 0, is a function f (X; 0); it is the probability mass
function (or probability density function of the random variable X conditional on the
value of 0. The partial derivative with respect to 0 of the natural logarithm of the
likelihood function is called the score. The Fisher information is that a random variable

‘X’ contains about the parameter 0 is given by;

0 T
1(0) = E{@ log( (x,@))} 1.7.2)

Now, if log f(x; 0) is twice differentiable with respect to 6 under certain regularity

conditions, Fisher’s information is given by:

2
1(0) = -E 9{;7 log( f (x; e))} 1.7.2)

1.8 Estimation Techniques
There are a few occasions when population is studied as a whole. As a matter of fact,
generally a sample is drawn from the population and population constants are determined

on the basis of sample values. Population parameters are usually those constant which
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occur in probability density or mass function or the moments or some other constants of
the population like median.

We know that various sampling procedures do exist and also there are many techniques to
determine the value of population constants through sample values. The constant
determined through sample observations which stands for population parameter 6 or a
function t (0) though f (0) in many cases is equal to 0.

The choice of a technique depends on the type of the estimator vis-a-vis estimate and the
purpose of study. The goodness of an estimator is governed by certain properties. An
estimator possessing the maximum properties will be considered as a good estimator.

So in estimation theory we are concerned with the properties of estimators and methods of
estimation. The merits of an estimator are judged by the properties of the distribution of
estimates obtained through estimators i.e. by the properties of the sampling distribution.
Further, it is emphasized that estimation is possible only if there is a random sample.

The theory of estimation was founded by Fisher (1930) in a series of fundamental papers
and is divided into two groups (i) point estimation and (ii) Internal estimation. In point
estimation, a sample statistic (numerical values) is used to provide an estimate of the
population parameter whereas in Interval Estimation, probable range is specified within
which the true value of the parameter might be expected to lie.

The word estimator stands for the function, and the word, estimate stands for a value of
that function. In estimator, we take a random sample from the distribution to elicit some
information about some unknown parameterg. That is, we repeat the experiment n

independent times, observe the sample x,, X,,...,X,. The function of x,X,,...,X, use to
estimate; say the statistic U(x,,x,...., x,) called an estimator ofe. We want it to be such
that the computed estimate U (X, X,,...,X,) is usually close to6.Thus any statistic whose
values are used to estimate I'(6) where r () is some function of the parameter, is defined

to be an estimator r(6). An estimator is always a statistic which is both a random variable

and a function.
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1.8.1 Methods of estimation

A number of methods to estimate the unknown parameters have been in use. The common
used methods are:

a) Method of moment.

b) Method of maximum likelihood estimation.

C) Bayesian method of estimation.

1.8.2 Method of Moment

The method of moments is a method of estimation of population parameters such as mean,
variance, median, etc. (which need not be moments), by equating sample moments with
unobservable population moments and then solving those equations for the quantities to be
estimated. One of the simplest and oldest methods of estimation is the substitution
principle. The method of moments was discovered and studied in detail by Karl Pearson.
The method of moments is special case when we need to estimate some known function
of finite number of unknown moments.

Let f(y;6,,6,,...,6,) be density function of the parent population with k parameters

6,,0,,.., 6, .If y denotes the rth moment about origin, then

= Iyr f(y;6,,0,,...6,);r=12,....k

In general 24", 22,",...,2¢,"Will be functions of the parametersé,,é,,...,6, .Let
y,,1=212.3,...,n n be a random sample of size n from the given population. The
method of moments consists in solving the k-equation (i) for&,, 6,,...,6, in terms of

't and then replacing these moments by the sample moments
e.0. 0 =00, fty,.... f1))=60,(m,",m,"...m ");i =12,....k
Where m; is the ith moment about origin in the sample.

Then by the method of moments &,, 8, ..., &, are the estimators of respectively.
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1.8.3 Method of maximum likelihood estimation (MLE)

The most general method of estimation known is the method of maximum likelihood
estimators (MLE) which was initially formulated by C.F.Gauss but as a general method of
estimation was first introduced by Fisher in the early (1920) and later on developed by
him in a series of papers. He demonstrated the advantages of this method by showing that
it yields sufficient estimators, which are asymptotically MVUES’s. Thus, the essential
feature of this method is that we look at the value of the random sample and then choose
our estimate of the unknown population parameter, the value of which the probability of
obtaining the observed data is maximum. If the observed data sample values are
X We can write in the discrete case.

X, X

P(Xy =%, Xp =X e Xy =X ) = (X0, %00 X;) (1.8.1)
which is just the value of joint probability distribution of the random values

X, X,,...,X, at the sample point x,x,,...,x, since the sample values has been

n

observed and are therefore fixed numbers, we regard f (x,, x, ...,x, ;@) as the value of a

function of the parameter 0, referred to as the likelihood function. A similar definition
applies when the random sample comes from a continuous population but in that case

f (X, X, ...,%,;0) is the value of joint pdf at the sample point x,, x,,...,x, i.e.; the

n

likelihood function at the sample value x,, x,,...,x

L=TT1f(x.0) (1.8.2)

Since the principle of maximum likelihood consists in finding an estimator of the

parameter which maximizes L for variation in the parameter. Thus if there exists a
function @=0(x,x,,....,x,) of the sample values which maximizes L for variation ine,

then 6 is to be taken as the estimator of6. 6 is usually called ML estimators. Thus § is the
solution if and only if

oL _ Oand o L =0 (1-8-3)

o6 o673

Since L > 0, so Log L which shows that L and Log L attains their extreme values at the 6

. Therefore, the equation becomes

36



1oL _,_ ologL _

= 0 (1.8.4)
L o6 oo

a form which is more convenient from practical point of view.

1.8.4 Bayesian Method of Estimation
Bayesian approach to statistical inference exploits the idea that the only satisfactory
description of uncertainty is by means of probability. Bayesian statistics is an approach in
which estimates are based on a synthesis of a prior distribution and current sample data.
Bayesian statistics requires the mathematics of probability and the interpretation of
probability which most closely corresponds to the standard use of this word in everyday
language: it is no accident that some of the more important seminal books on Bayesian
statistics such as the works of De Laplace (1812), Jeffery’s (1939) and de Finetti (1970)
are actually entitled “probability theory”. Indeed, Bayesian methods (i) reduce statistical
inference to problems in probability theory, thereby minimizing the need for completely
new concepts, and (ii) serve to discriminate among conventional statistical techniques
either providing a logical justification to some (and making explicit the conditions which
they are valid) or proving the logical in consistency of others.

Bayesian statistics have been used to deal with a wide variety of problems in many

scientific and engineering areas. Whenever a quantity is to be inferred, or some

conclusion is to be drawn, from observed data, Bayesian principles and tools can be used.

The idea that forms the basis of the Bayesian approach is as:

i. Since we are uncertain about the true value of the parameters, we will consider them
to be random variables.

ii.  The rules of probability are used directly to make inferences about the parameters.

iii. Probability statements about parameters must be interpreted as “degree of belief”.
The prior distribution must be subjective.

iv. We revise our beliefs about parameters after getting the data by using Bayes’
theorem. This gives our posterior distribution which gives the relative weights to
each parameter value after analyzing the data.

Bayesian statistics is predictive, unlike conventional frequentist statistics. This

means we can easily find the conditional probability distribution of the next observation
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given the sample data. Bayesian approach to statistics is very different from the classical
methodology, it formally seeks use of prior information and Bayes’ theorem provides the
basis for making use of this information. When significant prior is available, the Bayesian
approach shows how to utilize it sensibly. This is not possible with the most non-
Bayesian approaches. The business of statistics is to provide information or conclusions
about uncertain quantities. The language of uncertainty is possible. Bayesian approach
consistently uses this language to directly address uncertainty.

The classical or frequentists interpret probability as the limit of the success ratio as the
number of trails ‘n’ conceptually tends to infinity. Under this interpretation the parameter
0in a statistical model is treated as an unknown constant and the sample of observations is
regarded as the random sample from some underlying distribution. The classical school
believes in Fishers Likelihood Principle which claims that all the information about the
unknown parameter(s) is contained in the sample as summarized by the likelihood
function. This principle leads to Fishers maximum likelihood estimator.

In Bayesian framework, the parameter is justifiably regarded as a random variable and the
data once obtained is given or fixed for example, in the exponential model the mean life ¢
may be regarded as varying from batch to batch overtime and this variation is represented
by a probability distribution over parameter space Q . Thus the basic difference in the two
approaches may be explained in the single sentence that to a frequentist, the parameter is
constant and he is suspicious about the data, where as to a Bayesian data is given (or
fixed) and he is suspicious about the parameter. Bayesian approach is an excellent
alternative to use large sample procedures and is likely to be more reasonable for
moderate and especially small sample sizes where non Bayesian procedures break down
(e.g., Berger 1985).

1.8.4.1 Bayes Theorem

Bayesian analysis is based upon a theorem first developed by an 18th century English
mathematician, logician, and clergy man Thomas Bayes (1701-1761). He developed the
theorem in his study of the theory of logic and inductive reasoning. The theorem provides

a mathematical basis for relating the degree to which an observation (or new information)
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confirms the various hypothesized causes or state of nature. His major mathematical
works, including the theorem, were published in 1763. Later, in 1774 the theorem was
proved independently by Laplace. Bayes’ theorem is an essential element of the Bayesian
approach to statistical inference is the direct qualification of uncertainty in terms of
probabilistic statements. Often, we begin our analysis with initial or prior probability
estimates for specific events of interest then, from sources such as a sample, a special
report, a product test and so on we obtain some additional information about the events.
Given this new information we update the prior probability values by calculating revised
probabilities, referred to as posterior probabilities. The steps in this probability revision

process are shown in the following diagram

Data

\
Prior /

Information

Bayes Theorem ——— | POSsterior Distribution

Suppose that X = x,, x,,...., X, IS @ vector of n observations whose probability distribution

n

P(X IB) depends upon the values of k parameters@ =46,,6,,...., 6.. Suppose also that 0

itself has a probability distribution p(e). Then,

P(X|8)P(6)=P(X,8)=P(6 ] XP(X). (1.8.5)
Given the observed data X, the conditional distribution of 8 is
P(X|6)P(B)
PO|X)=—F——~ .8.
@] X) P(X) (1.8.6)

Also we can write

P(X) =E[P(X |8)]=k " =jP(x 1)P©)dB = P(X |8)P(©) (1.8.7)

where the sum or the integral is taken over the admissible range of © , and where E
indicates averaging with respect to distribution of e (e.g., Box and Tiao, 1973; Gelman,
Carlin, Stern and Rubin, 1995; Lee, 1997 and Carlin and Louis, 2001). Thus, we may
write (1.8.6) alternatively as

P@®©]| X) <P(X | ©)P(6)
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which is referred to as Bayes theorem. In this expression, p@) which tells us what is

known abouts without knowledge of data, is called prior distribution of 6, or the

distribution of 8 a priori the density P(X | ) is likelihood function of 8 which represents

the contribution of X(data) to knowledge about 8 (e.g., Berger,1985 and Zellner, 1986).
Correspondingly, P(8| X),which tells us what is known about 8 given knowledge of the
data X, is called the posterior distribution of 8 given X. The quantity ‘k’ is a normalizing
constant.

The term ‘Bayesian’ however, came into use only around 1950 and in fact it is not clear
that Bayes’ would endorsed the very broad interpretation of probability now called
“Bayesian”. Laplace independently proved a more general version of Bayes’ theorem and
put it to good use in solving problems in celestial mechanics, medical statistics and, by

some accounts, even jurisprudence.

1.8.4.2 Sequential Nature of Bayes’ Theorem:

Now given the data X, P(X | 0)in (1.8.6) may be regarded as a function not of X but ofe.
When so regarded, following Fisher (1922), it is called the likelihood function of 6
forgiven X and can be written as L(0| X) .We can thus write Bayes’ formula as

PO] X) = L(0| X)P(0) (1.8.8)

The theorem in (1.8.8) is appealing because it provides a mathematical formulation of
how previous knowledge may be combined with new knowledge. Indeed the theorem
allows us to continually update information about a set of parameters 6 as more
observations are taken. Thus, suppose we have an initial sample of observations X, then
Bayes initial formula gives,

P®O| X,) < P(O)LO]| X)) (1.8.9)

Now suppose we have a second sample of observation X,, distributed independently of
first sample, then

P(@] X,, X,) c P(O)L(F] X,)L(O] X,)
PO X, X,) c P(O| X,)L(O] X,) (1.8.10)
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The expression (1.8.10) precisely of the same form as (1.8.9) except thatpo|x,), the

posterior distribution for 6 given X, plays the role of the prior distribution for the second
sample. Obviously this process can be repeated any number of times. In particular, if we
have n independent observations the posterior distribution can, if desired, be recalculated
after each new observation, so that at the m™ stage the likelihood associated with the m™
observation is combined with the posterior distribution of ¢ after m-1 observations to give

the new posterior distribution.

PO] X, Xy ey X ) o P(O] Xy Xy oy X, JL(O] X, ):mM=12,......., N (1.8.11)

where P(0 | X;) oc P(O)L(O] X,).

Thus, Bayes’ theorem describes in a fundamental way, the process of learning from

experience and shows how knowledge about the state of nature represented by 6 is

continually modified as new data becomes available (e.g., Box and Tiao, 1973).

1.8.4.3 Likelihood to Bayesian Analysis:

An informal summary of the likelihood principle may be that the inferences from data to
hypothesis should depend on how likely the actual data are under competing hypothesis
and not on how likely imaginary data would have been under a single “null” hypothesis or
any other properties of merely possible data.

A more precise interpretation may be that inference procedures which make inferences
about simple hypothesis should not be justified by appealing to probabilities assigned to
observations that have not occurred. The usual interpretation is that any two probability
models with the same likelihood function yield the same inference for 6. Some authors
mistakenly claim that frequentist inference, such as the use of maximum likelihood
estimation (MLE), obeys the likelihood, though it does not. Some argue that, although the
subject of priors gets more attention, the true contention between frequentist and Bayesian
inference is the likelihood principle, which Bayesian inference obeys, and frequentist
inference does not. Some Bayesians have argued that Bayesian inference is incompatible
with the likelihood principle on the grounds that there is no such thing as an isolated

likelihood function Bayarri and DeGroot (1987). They argue that in a Bayesian analysis
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there is no principled distinction between the likelihood function and the prior probability
function.

Although the likelihood principle is implicit in Bayesian statistics, it was developed as a
separate principle by Barnard (1949), and became a focus of interest when Birnbaum
(1962) showed that it followed from the widely accepted sufficiency and conditionality
principles Bernardo and Smith (2000). Using Bayes’ rule with a chosen probability model

means that the data X affect posterior inference only through the functionL(X |0),

which, when regarded as a function of e, for fixed X, is called the "likelihood function'. In
this way Bayesian inference obeys what is sometimes called the “likelihood principle',

which states that for a given sample of data, any two probability models L(X |©) that

have the same likelihood function yield the same inference for 6 Gelman et.al. (1995).
The likelihood principle, by itself, is not sufficient to build a method of inference but
should be regarded as a minimum requirement of any viable form of inference. This is a
controversial point of view for anyone familiar with modern econometrics literature.
Much of this literature is devoted to methods that do not obey the likelihood principle
(Rossi, Allenby, and McCulloch, 2005).

Suppose L(@| X) is the assumed likelihood function. Under MLE estimation, we would

compute the mode (the maximal value of L, as a function of 6 given the data X) of the
likelihood function and use the local curvature to construct the confidence intervals.
Hypothesis testing follows using likelihood ratio (LR) statistics. The strength of ML
estimation rely on its large sample properties, namely that when the sample size is

sufficiently large, we can assume both normality of the test statistic about its mean and

that LR tests follows ;(2 distributions. These nice features don’t necessarily hold for small
samples Gianola & Fernando (1986).

An alternate way to proceed is to start with some initial knowledge/guess about the
distribution of the unknown parameter(s), P(6). From Bayes’ theorem the data (likelihood)
augments the prior distribution to produce a posterior distribution,

PO]X) = ﬁp(x 10)P(0) (1.8.12)
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= (normalizing constant) P(X | ©)P(0) (1.8.13)
= constant .likelihood .prior (1.8.14)
As P(X|08)=L(6] X) is just the likelihood function. 1/P(X) is constant (with respect to9

), because our concern is the distribution overd. Because of this, the posterior is often

written as
P©]| X) o L(B] X,)P(0) (1.8.15)
where the symbol oc means “proportional to” (equal up to a constant). Note that the

constant P(X) normalizes P(X |6)P(6) to one, and hence can be obtained by integration

P(X) =jP(>< |6)P(6)do (1.8.16)

The dependence of the posterior on the prior (which can easily be assessed by trying
different prior) provides an indication of how much information on the unknown
parameter values is contained in the data. If the posterior is highly dependent on the prior,
then the data likely has little signal, while if the posterior is largely unaffected under
different priors, the data are likely highly informative. To see this taking logs on equation
(1.8.15) (and ignoring the normalizing constant) gives

Log (posterior) =log (likelihood) +log (prior) (1.8.17)

The Standard Likelihood

When the integral L(0]|X)de taken over the admissible range of #is finite, then

occasionally it will be convenient to refer to the quantity
1(6]X)

(1.8.18)
J‘ 16 X)do

We shall call this the standardized likelihood that is the likelihood scaled so that the area,

volume or hyper volume under the curve, surface or hyper surface is one.

1.8.4.4 Prior Distribution and Some Important Types of Priors
A prior distribution of a parameter is the probability that represents uncertainty about the
parameter before the current data are examined. A random variable can be thought of as a

variable that takes on a set of values with specified probability. In frequentist statistics,
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parameters are not repeatable random things but are fixed quantities, which mean that
they cannot be considered as random variables. In contrast, in Bayesian statistics anything
about which we are uncertain, including the true value of the parameter, can be thought of
as being a random variable to which we can assign a probability distribution, known
specifically as prior information. A fundamental feature of the Bayesian approach to
statistics is the use of prior information in addition to the (sample) data. A proper
Bayesian analysis will always incorporate genuine prior information, which will help to
strengthen inferences about the true value of the parameter and ensure that any relevant
information about it is not wasted.

Obviously, a important feature of any Bayesian analysis is the use of prior. According to
Diaconis and Ylvisaker (1985), there are three distinct Bayesian approaches for the
selection of prior distributions. The classical Bayesian approach considers flat priors to
represent objectivity in the analysis. The modern approach allows the priors to have
characteristics like closure under sampling (conjugacy) suggested by G.Barnard (1954)
and later developed by Raiffa & Schlaifer (1961)) and specification of hyper parameter
values according to some specific criteria. The third approach is followed by subjective
Bayesians, depends on elicitation of prior distributions based on pre-existing scientific
knowledge in the area of investigation.

Some standard approaches of priors are discussed in brief as:

1) Non-informative Priors: A prior distribution is non-informative if the prior is “flat”
relative to the likelihood function. Such a prior is also known as “vague” or “diffuse”

prior. Thus, a prior P(0) is non-informative if it has minimal impact on the posterior

distribution of 6. We may prefer non-informative priors because they appear to be more
objective. Non-informative priors provide a formal way of expressing ignorance of the
value of the parameter over the permitted range Jeffery (1961).

i) Informative prior: An informative prior is a prior that is not dominated by the
likelihood and that has an impact on the posterior distribution. If a prior distribution
dominates the likelihood, it is clearly an informative prior. On the other hand, the proper

use of prior distributions illustrates the power of the Bayesian method: information

44



gathered from the previous study, past experience, or expert opinion can be combined
with current information in a natural way.

iii) Improper prior: A prior P(0) is said to be improper iij(e)de = oo. FOr example,
a uniform prior distribution on the real line, P(0) «c1, for—oo < @ < oo, is an improper
prior. Improper priors are often used in Bayesian inference since they usually yield non-
informative priors and proper posterior distributions. Improper prior distributions can lead
to posterior impropriety (improper posterior distribution). To determine whether a
posterior distribution is proper, you need to make sure that the normalizing constant

IL(x | O)P(6)d@ is finite for all x. If an improper prior distribution leads to an improper

posterior distribution, inference based on the improper posterior distribution is invalid.

iv) Conjugate Priors: A prior is said to be a conjugate prior for a family of distributions
if the prior and posterior distributions are from the same family, which means that the
form of the posterior has the same distributional form as the prior distribution. For
example, if the likelihood is binomial, X ~ B(n,#) a conjugate prior on ¢ is the beta
distribution; it follows that the posterior distribution of @ is also a beta distribution. Other
commonly used conjugate prior/likelihood combinations include the normal/normal,
gamma/Poisson, gamma/gamma, and gamma/beta cases. The development of conjugate
priors was partially driven by a desire for computational convenience-conjugacy provides
a practical way to obtain the posterior distributions.

v) Jeffery’s’ Prior: A very useful prior is Jeffery’s’ prior (1961). It satisfies the local
uniformity property: a prior that does not change much over the region in which the
likelihood is significant and does not assume large values outside that range. It is based on

the Fisher information matrix. Jeffrey’s prior is defined as

-1/2

P(6) < [1(0) (1.8.19)

where 1(0) denotes the Fisher information matrix based on the likelihood function
0% log L(X |0

1(0) = —!E{%H (1.8.20)
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Jeffrey’s prior is locally uniform and hence non-informative. It provides an automated

scheme for finding a non-informative prior for any parametric model L(X |8) . Another
appealing property of Jeffrey’s prior is that it is invariant with respect to one-to-one
transformations. The invariance property means that if you have a locally uniform prior
on o and ¢(0) is a one-to-one function ofg, then P(4(0)) = P(e).|<|>'(6)|_lis a locally

uniform prior for¢(®). This invariance principle carries through to multidimensional
parameters as well. While Jeffrey’s prior provides a general recipe for obtaining non-
informative priors, it has some shortcomings: the prior is improper for many models, and
it can lead to improper posterior in some cases; and the prior can be cumbersome to use in
high dimensions.

Bayesian analysis syntheses two sources of information about the unknown parameters of
interest. The first of these is the sample data, expressed formally by the likelihood

function. The second is the prior distribution, which represents additional information that
is available to investigator. Suppose we have a random sample of size n say X;; X;....,X;
which we regard as independent identically distributed random variables with distribution
function F(X|@)and pdf f(X|6) and where ¢ a labeling parameter, real valued or a

vector valued as the case may be. Also we assume that we do not know the exact value of
parameter ¢ there are cases in which one can assume a little more about a parameter. Here
Q is the parameter space. We could assume that o is itself a random variable with
distribution function F(6)or pdf P(0).

Now suppose n items are put to test and it is assumed that their recorded life items from a
random sample of size n from a population with pdf f (x|6) to be specific we will assume

oto be real valued. We agree to regard 6 itself as random variable with a pdfP(6). The

joint pdf of P(0) is given by
PO X, Xy oo X,) = {H f(x | e)} = L(X;, Xy, s X, | 0) (1.8.21)
i=1

The marginal pdf of (x,, x, ....,x, ) is given by
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P(Xys Xy s Xy) = [ P(X,, X, X, 9)O (1.8.22)

And the conditional pdf of ¢ given data (x, x, ..., x, ) is given by

P(X, X, ...0X, | 0)
P(X, X5 eviXy)

PO X, X, .....X,) =

L (X, X, - X, 6)p(6)
L, 10)pE)GE

PO] X, X, o0 X,) = (1.8.23)

Thus, prior to obtaining (x,, x x.) the variations inowhere represented byP(6),

.......

known as prior distribution on 6 however, after the data (x,, x, x_) has been

obtained in the light of the new information, the variation in ¢ are represented by

P& | x,,X, ....,x,) the posterior distribution of6. The uncertainty about the parameter 6.
Prior to experiment is represented by prior pdf P(6) and the same after the experiment is

represented by posterior pdfp(o| x,, x, x.) this process is the straight forward

application pdf the Bayes theorem. Once the posterior distribution has been obtained it

becomes the main object of study.

1.8.4.5 Marginal and Conditional inferences

Often only a subset of unknown parameter is really of concern to us, the rest being
nuisance parameter that are of no concern to us. A very strong feature of Bayesian
analysis is that we can remove the effect of nuisance parameters by simply integrating
them out of the posterior distribution to generate a marginal posterior distribution for the

parameters of interest. For example, if 0 is partitioned as(e,,0,), With ¢, a p dimensional
vector and ¢, as (k-p) dimensional vector, then the marginal posterior density for ¢, is

given by

P(6, | x)="= (1.8.24)

Similarly, the marginal posterior density for ¢, is given by
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(1.8.25)

The requirement of orthogonality between nuisance parameter and the parameter of
interest is not required in this frame work Cox and Reid (1987). Moreover, marginal
posterior densities are better substitutes of conditional profile likelihoods.

Conditional inferences for ¢ givene,; ande, given ¢, can also be made using the
posteriors

P(X|91,92)P(91 | 92)

[[Px1o.0.)p(, 10, )b,

Ry

P(6,1x0,)= (1.8.26)

and P(Ozlx,91)=J P(x1,,6,)P(0; 16, (1.8.27)

P(X | el’GZ)P(GZ | el)deZ

Ry
Marginal and conditional inferences procedures are two entirely different things. In the
former, we ignore one of the components of 6 by integrating it out from the joint posterior
P(e| x), While in the later we control (or adjust) one of the components of 6 Khan
(1997).

1.8.4.6 Predictive Distribution
It is the pdf (or pmf) of the as yet unobserved observation x given sample information X.

let us write f(x,0]|y) = f(x,]0, y)P(0]|y) as the joint pdf of x and the parameter ¢, given
the sample information Y. Here f(x|e,v) is the conditional pdf for x given 6 and X,

where P(0]Y) is the conditional pdf for 6 given Y the predictor pdf f (x| y) is obtained as:
f(x|y) =If(x,e| y)d@:J.f(xle, V)P0 y)de (1.8.28)

In case, the unobserved observation of X is independent of sample information Y, that is X

and y have independent conditional pdf’s then

£(x]y) = j £ (x| y)p(0] y)de (1.8.29)
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1.8.4.7 Methods of Posterior Modes

Asymptotic normality of the posterior is the basic tool of large sample Bayesian
inference. Under certain regularity conditions, in particular, if the likelihood is a
continuous function ofe and that the maximum likelihood estimate, 6of 6 is not the

boundary of the parameter space, the unimodal and almost symmetric posterior

A

distribution of @ approaches normality with mean & and precision (), Fisher

Information evaluated at 6 ,for large sample sizes. It may be noted that for large samples,
the likelihood dominates the prior distribution and, therefore the knowledge of likelihood
is enough to obtain the normal approximation. Gelman et al. (1995) give a number of
counter examples to illustrate limitations of the large sample approximation to the
posterior distribution. The Bayesian approach to parametric inference is conceptually
simple and probabilistically elegant. However its numerical implication is not convenient
since the posterior distributions are available as complicated functions. Although these
approximations provide useful results in applications, neither gives any account for the
cases when the mode is at boundary.

In the development of new simulation techniques, Laplace’s method uses asymptotic
arguments. Laplace’s method is easier to implement and thus faster than the Monte Carlo
methods, such as Gibbs sampling (Gelfand and Smith 1990), which requires a large
number of simulations from the conditional densities. Laplace approximations to marginal

densities and expectations can provide further insights to the problem at hand.

1.8.4.8 Normal approximation to posterior distribution

The numerical implementation of a Bayesian procedure is not always straight forward
since the involved posterior distribution is complicate functions. One of the important
steps in simplifying the computations is to investigate the large sample behavior of the
posterior distribution and its characteristics. The basic result of the large sample Bayesian
inference is that the posterior distribution of the parameter approaches a normal
distribution. Relatively little has been written on the practical implications of asymptotic
theory for Bayesian analysis. The overview by Edwards, Lindeman, and Savage (1963)

remains one of the best and includes a detailed discussion of the principle of ‘stable
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estimation’ or when prior information can be satisfactorily approximated by a uniform
density function. Some good sources on the topic from the Bayesian point of view include
Lindley (1958), Pratt (1965), and Berger and Wolpert (1984). An example of the use of
the normal approximation with small samples is provided by Rubin and Schenker (1987),
who approximated the posterior distribution of the logit of the binomial parameter in real
application and evaluate the frequentists operating characteristics of their procedure.
Clogg et al. (1991) provide additional discussion of this approach in a more complicated
setting. Sequential monitoring and analysis of clinical trials in medical research is an
important area of practical application that has been dominated by frequentists thinking
but has recently seen considerable discussion of the merits of a Bayesian approach; a
recent review is provided by Freedman, Spiegel halter and Parmer (1994), Khan, A.A
(1997) and Khan et al. (1996).

If the posterior distribution p(e | y) is unimodal and roughly symmetric, it is convenient

to approximate it by a normal distribution centered at the mode; that is logarithm of the

posterior is approximated by a quadratic function, yielding the approximation
P@O|y)-~ N(é, [ (é)r)

where | (5)— _ 2" 1og P(0 ] x) (1.8.30)
06?2
if the mode,§ is in the interior parameter space, then (e)is positive; if §is a vector

parameter, then (e)is a matrix.

1.8.4.9 Laplace’s Approximation

Laplace’s method is a family of asymptotic methods used to approximate integrals
presented as a potential candidate for the tool box of techniques used for knowledge
acquisition and probabilistic inference in belief networks with continuous variables. The
method is promising for computing approximation for Bayes’ factor for use in the context
of model selection, model uncertainty and mixtures of pdf’s. It is simple and remarkable
method of asymptotic expansion of integrals generally attributed to Laplace (Laplace,
1986, 1774, Stigler, 1986) is widely used in applied mathematics. This method has been
applied by many authors (Lindley, 1961, 1980; Mostller and Wallace, 1964; Johnson,
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1970; DiCiccio, 1986; Hartigan, 1965; Khan et al., 1996; and Tierney and Kadane, 1986
to find approximations to the ratios of integrals of the interest, especially in Bayesian
analysis. If we approximate the integrals involved in the posterior density using

approximation

P(0] X)=(2m)z |1 (é]% expllog P8 | x)| @+0(n*))

A

where [I(0)| stands for determinant of |(8) then posterior density can be approximated

with error of order ofn?) i.e.
PO X)= (2n)_7k‘ I (él% exp[log P(0| x)—log P(é | x)] @+0o(n)) (1.8.31)

Approximation (1.8.31) is the well known Laplace’s approximation of integrals Tierney
and Kadane (1986). Laplace’s approximation (1.9.2b) of posterior density can be

1
compared with normal approximation which has error of orderO(n 2). Perhaps more

importantly, Laplace’s approximation is of order O(n_l) uniformly on any neighborhood

of the mode. This means that it should provide a good approximation in the tails of
distribution also (e.g., Tierney and Kadane, 1986; Tierney, Kass and Kadane, 1989a; and
Wong and Li, 1992).
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CHAPTER -2
SIZE-BIASED CLASSICAL CONTINUOUS
DISTRIBUTIONS

2.1 Introduction

amma distribution is a two-parameter family of continuous probability

distributions .This distribution is used as a lifetime model Gupta and Groll

(1961), though not, nearly as much as the Weibull distribution. It is most
widely used model for precipitation data. It also arises in some situations involving the
exponential distribution; because of the well known results that the sum of independently
and identically distributed exponential random variables has a Gamma distribution.
Inference for Gamma model has been considered by Engelhard and Bain (1978),Chao and
Glaser (1978), Jamali et al. (2006), Kalbfleisch and Prentice (2002), Lawless (2003),
Zaman et al. (2005), Saal et al. (2008), Ahmad (2006) & Ahmad et al. (2011) has made
significant contributions. It is frequently a probability model for waiting times; for
instance, in life testing, the waiting time until death is a random variable that is frequently
modeled with a Gamma distribution.
The probability density function of Gamma distribution is given by:

a’ .
f(x; a,p)= ﬁe“” X", f>0 (2.1.1)

where a and £ are parameters; « is a scale parameter and f is sometimes called the
index or shape parameter.F(ﬁ) is the well-known Gamma function which for integral

values of equals (8 -1)!. For f =1, the distribution reduces to exponential distribution.
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The moments of the Gamma Distribution are:

E(x) = s andV (x) = ﬁz
a a

The hazard function of the model can be increasing, decreasing or constant depending on
a>1,a<1ora=1respectively. Whereas as in exponential distribution, the hazard rate
is constant (1/a).

In this chapter, we have considered a new general class of Size biased Gamma, Beta and
exponential distributions. Several structural properties of these new models have been
discussed. The estimation of parameters of these new models is obtained by employing
the methods of moments, maximum likelihood and Bayesian method of estimation. The
Bayes’ estimators are obtained by using Jeffrey’s and extension of Jeffrey’s prior under
different loss functions. A comparison has been made of the Bayes’ estimator with the
corresponding maximum likelihood estimator. Also, a likelihood ratio test of size-
biasedness is conducted. A simulation study has been performed for the comparison of

Bayes’ estimators with the MLE estimator.

2.2 Size biased Gamma Distribution

A size- biased Gamma distribution (SBGMD) is obtained by applying the weights X,

where ¢ =1 to the Gamma distribution.
W =Ixf(x;9)dx _’
0 a

0 aﬂ+l
— €
[Tt
This gives the size —biased Gamma distribution (SBGMD) as:

f(X;a, B+1) = o e x’
(B +1) (2.2.)

X xf dx =1

=0, otherwise; 0 < X <w
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wherea >0 and £ > Oare parameters; « is a scale parameter and f is sometimes called

the index or shape parameter.

Special Cases

Case 1: When =0, then Size-biased Gamma distribution (SBGMD) (2.2.1) reduces to
exponential distribution (EPD) with probability density function as:

f(x;a) = ae™;0<x<w (2.2.2)

Case 2: When £ =1, then Size-biased Gamma distribution (SBGMD) (2.2.1) reduces to
size biased exponential distribution (SBEPD) with probability density function as:
f(x;a)= a® xe™;0<x<ow (2.2.3)

Case 3: When « =1, then Size-biased Gamma distribution (SBGMD) (2.2.1) reduces to

one parameter size biased Gamma distribution with probability density as:

F(x B+1) ==

(2.2.4)

2.3 Structural Properties of the Size-biased Gamma Distribution

In this section, we derive some important properties of Size-biased Gamma distribution.

2. 3.1 Moments of Size -biased Gamma distribution

The rth moment of Size-biased Gamma distribution (2.2.1) about origin is obtained as:

= Tx' f(Xa, f+1) dx

0

Hr ,6’+1

I e xP dx
0

a’ T(B+r+1)
rg+1) o

Using above relation (2.3.1), the mean and variance of the SBGMD is given as

1 = ﬁ;l (2.3.2)

H = (23.1)
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_(p+Y)
2 az

1

JB+1

2.3.2 Moment generating function:

CV=

The moment generating of SBG distribution can be obtained as:

E(e“):Te“f(x;a,ﬂ+l)dx

e ™ x/ dx

y T(B+1)

e x# dx

p+L ©
E(e“)z 1“(0,!6’+1);[ el xF dx

Ee)=

(a—t)"
- (etx): (%jﬂﬂ

2.3.3 Characteristic function:
The characteristic function of SBG distribution is obtained as
@, (t)= je“x f(x;a, f+1)dx

0

© a p+1

_ itx —ax yi)
q)x(t)—_([e —F(ﬁ+1)e x” dx

q)x(t)z]:e“x _(“; ++11)

e x? dx

—

_[ G
0
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p+1

q)x(t):(ﬁjﬂﬂ

(2.3.5)
For values of « and g, we get the following table.
a | P .
Distribution name Mean | variance | C.V MGF CF
0 1 1 o a
o — e 1 N
Exponential a a (@-t) | (a-it)
Size-biased 9 2 1 a? o’
Exponential a 1 4 22 N (@—tf | (a-itf
2.3.4 Shannon’s entropy of size-biased Gamma Distribution
Shannon’s entropy is obtained as:
H[f (x;a, S +1)]= E[-log{f (x;a, f +1]]
B L+l
H[f(xa, B+1)]=E _— |og{r(“ﬂ+1) e“XxﬂH
Hl || tog -2
f(xe, B+D)]=E| -lo g[ ﬂmE(X)—ﬁangX)
i L(B+1)
H[f (B +1)] = log r(/”l) a(/”lj BE(log X)
(2.3.6)

Now, E(log(x))= T log xf (X; , B +1)dx

ﬁ+1

rB+D

e “x”dx

E(log(x)) = j log x

p+l

E(log(x)) = Tlog xe *x’dx

a
L(p+1)

56




Put, ax =t, x:i dx=$,x—>0,t—>0.x—>oo,t—>oo
a a

1 o0
logt—| “t7dt
F(,B+1)£(Og oga)e

I'p+1)
I'(g+1

E(logx) =Y¥(£+1) —log (2.3.7)

Using equation (2.3.7) in equation (2.3.6), we get the Shannon’s entropy of Size-Biased

E(log(x)) =

E(log x) = —log

Gamma Distribution

ﬂ+l

[t e p+0]=tog "8 a 222 p(w(s41)- 0gay

F(/3’+1)

H[f (x;a, B+1)]=log ~-B(¥(B+1)-loga)+B+1 (2.3.8)

2.3.5 Fisher’s information matrix of size-biased Gamma Distribution

The Gamma distribution has a probability density function of the form

a p+1

f(x;a,f+1) = e xf
r(p+1) (2.3.9)
Applying log on both sides in equation (2.3.9), we have
aﬁ+l
log f(X;, f+1) =log —oax+ f log x
F(5+1) (2.3.10)
Differentiating equation (2.3.10) partially with respect to a and 3, we get
8—Iog f(xa f+1) = /”1
2
log f (6, f+1) = (ﬁ”j
o (2.3.11)
1
log f (X, f+1) =—
opaa =y (2:3.12)

%Iog f(X;a,f+1) =loga—¥(L+1) +log x
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Where, ¥Y(5+1) = g+l

g+l
1
log f(x;a,B+1) =—
da of a (2.3.13)
2 tog £ (e 41 =W B+ + (¥(5 D
o (2.3.14)

Taking expectations on both sides of the equations, we get

14,1 =—E[ 822 log f(x;a,ﬂ+1)} = ﬁtl
oa a
e . -1
10.2)=E 7 oo f(x,a,ﬂ+1)}—;
e . -1
1(2,1) = —E_aaaﬂ log f(x,a,ﬂ+1)} ==

2

1(2,2) = —E[;ﬂz log f(x;, S +1)} =¥ (B+1)-[P(B+D]

Now, the Fisher’s information matrix of size-biased Gamma Distribution is given by:

2

0? _ 0 :
- E(aaz log f(x,a,ﬂ+1)j - E(aaaﬁ log f(x,a,ﬂ+1)j
(o, p+1) = o2 o2
— E( foa log f(x;a,ﬂ+1)J - E(aﬁz log f(x;a,ﬂ+1)j
p+1 _l
(e, B +1) = ai a
- () -[¥(B+Df (2:3.15)
o

The above relation (2.3.19) is the Fisher’s information matrix of Size-biased Gamma

Distribution.

2.3.6. Characterization of Size biased Gamma distribution.

Theorem 1: If X and Y are independent size biased Gamma varieties with parameters

B+1land a+1 respectively .The distribution of U=X+Y, are independent and follows
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size biased Gamma distribution with parameter ¢+ f+2 and ZZV follows size biased

beta distribution of second kind with parameters ( +1, +1).

Proof: If X~SBG(£+1), then

f(x;p+1) = F(ﬂ1+1) e*x”;0<x<o, >0
If y~SBG(a+1), then
f(y;a+l) = ﬁ eV y"0<y<oo,a>0

Since X and Y are independently distributed, their joint probability differential is given by

the compound probability theorem as shown below:
dF(x,y) = f(x) f (y)dxdy

1 (x+y) B
dF (X, y) = ————— e *Vxfy%dxd
(x,y) F(a+1)F(,B+1)e x”y“dxdy (2.3.16)
Put U=X+Y, Z= X
Y
ZU U -U

X = Y = ,J
1+Z 1+Z @+2z)
As X and Y ranges from0to o, both U and Z ranges from 0t0c.Hence the joint

probability differential of random variables U and Z becomes:

f(U,Z) = f(X,Y)]J|dxdy

© (p+1)1
fU,2)= ] S J—_—
2 Bla+Lp+1)(1+2) e+ B+2)

fU,Z)=SBf2(x+1, f+1).SBG(a + S +2) (2.3.17)

Hence, U and Z are independently distributed; U is a size biased Gamma distribution with

parameter a+f+2 and Z as a size biased beta distribution of second kind with

parameters (e +1, 3 +1).
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Theorem 2: If X and Y are independent size biased Gamma varieties with parameters

p+land a+1 respectively. Then the distribution of Z=X +Y are independent and
. . S . X
follows size biased Gamma distribution with parameter ¢+ f+2 and U :mfollows

size biased beta distribution of first kind with parameters (a +1, 5 +1).

Proof: If X~SBG(f+1), Then

f(x;+1) = F(ﬂ1+1) e*x”;0<x<o, >0
If Y~SBG(a+1), Then
f(y;a+l) = ﬁ e’ x";0<y<ow,a>0

Since X and Y are independently distributed, their joint probability differential is given by

the compound probability theorem as shown below:

dF(x,y) = f(x)f(y)dxdy
1

[ +1)r(s+1)

, Z=X+Y

dF(x,y) = e Yy yedxdy (2.3.18)

Put U=
X+Y

X=UzY=2(1-U),J=Z

As X and Y ranges from 0t0 oo, but U ranges from 0 to 1 and Z ranges from 0t0 o .Hence

the joint probability differential of random variables U and Z becomes:
f(U,Z)=f(X,Y)|J|dxdy

fU,Z2)= j—Z(ﬂ+1)‘1(1_z)(“+1)‘ldz_ 1 o Y (@ A+21gy
Bla+15+1) Ta+p+2)
f(U,Z2)=SBAla+1 f+1).SBG(a+ f+2) (2.3.19)

Hence, U and Z are independently distributed; U follows as a size biased beta distribution
of first kind with parameters (a +1,4+1) and Z as a size Gamma biased distribution with

parameter o+ f+2 .
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Theorem 3: If X ~SBA1(x,v)andY ~ SBG(A, u+V+1)be independent random variables,

then XY is distributed as a size biased Gamma variate with parameters
Aand u+1i,e, XY ~ SBG(A, u+1).

Proof: Since X and Y are independently distributed, their joint probability differential is

given by the compound probability theorem as shown below:

F(x y)=(x)f (y)dxdy

2 1 ~ L+VHL
f N)=|—— (u+1)-L 1— \ 1' =2y, (u+v1)-1 3
=L SN @320

Let us transform to the new variables U and Z by the transformation:
Put U=XY, Z=X

yU ot
Z Z

Hence the joint probability of random variables U and Z becomes:

(0=t 7zt 2 "@(Ej(w_l (23.21)
s Blu+v) T(a+4+1) z o

Integrating w.r.to z in the range 0 < Z < 1, the marginal p.d.f of U is given as:

i’u+v+lU pu+v 1 (1_ Z)V—ln_;{%]dz
D(u+rvy 2"

fl(U) =

l,u+v+1u u+v 1

F( +1)FV J’tv—le—w (l+t)dt
y7i

0

fl(U):

HAVHY v oAU L
AU e

J‘tv—le—/wtdt
0

fl(U) =

(u+1)rv
/1#+v+lU Y7 e—/lU v
fl (U) = \%
T(u+10v  (AU)
f,(U)= . e u“,0<U < (2.3.22)
S0 r(u+)
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Hence U=XY, is distributed as a size biased Gamma variate with parameters
Aand p+1i,e, XY ~ SBG (4, 1 +1).

2.5.7 Test for Size-biasedness of Size biased Gamma Distribution
Let Xy, X5, X3... Xn be random samples can be drawn from Gamma distribution or size-

biased Gamma distribution. We test the hypothesis
H,: f(X)= (X, f)againest H,: f(x)= f:(x; a, f+1)
For testing whether the random sample of size n comes from the Gamma distribution or
Size-biased Gamma distribution, then the following test statistic is used.
L (f (X;a, ﬂ+1)J
E[ f(x;a, B)

,6'+1e—ax Xﬁ

L ,8+1
g AL

r(ﬂ)

:{ } it (2:329)

We reject the null hypothesis.
{ﬁ} [Ix>k
Pl a

Equalivalently, we rejected the null hypothesis where

0 i=1l

i=1
For a large sample size of n, 2log Ais distributed as a Chi-square distribution with one

T x « al
A =] ]x >k, wherek :k{z} >0 (2.3.24)

degree of freedom. Thus, the p-value is obtained from the Chi-square distribution.

2.6 Estimation of parameters
In this section, we discuss the various estimation methods for size biased Gamma

Distribution and verifying their efficiencies.

2.7 Method of moments
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In the method of moments replacing the population mean and variance by the

corresponding sample mean and variance, we get the following estimates

(2.5.1)

D
Il
tan <

;C_z 1 (2.5.2)

p
2. 6 Method of maximum likelihood estimation (MLE)

Let X,X,,X;......X, be a random sample can be drawn from the size biased Gamma

distribution, and then the corresponding likelihood function is given as

. a”ﬂ*” ﬂzzxi n p
L(X,a,ﬁ+l) = me =t HX (261)

The log likelihood of (2.6.1) can be written as

i=1

log L= (ng+n)loga—nlog F(ﬂ+1)—ai X, +,an: log x,

The corresponding likelihood equations are given as

8[;)3L:nﬁa+n _éxi _ 0
&:ﬁgl (2.6.2)
(2.6.2)

al(;)gl—:nloga—nllj((g:ll)) —iznlllogxi =0 (2.6.3)

Solving the above equation gives the MLE estimate of 3.

2.7 Bayesian method of estimation
Bayesian analysis is an important approach to statistics, which formally seeks use of prior
information and Bayes’ Theorem provides the formal basis for using this information. In

this approach, parameters are treated as random variables and data remains fixed.
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2.7.1 Parameter estimation under squared error loss function
In this section, two different prior distributions are used for estimating the parameter of
the size biased Gamma distribution namely; Jeffery’s prior and extension of Jeffrey’s

prior information.

2.7.1.1 Bayes’ estimation of parameter of size biased Gamma distribution under
Jeffrey’s prior

Consider there are n recorded values, X = (x1,...xn) from (2.2.1). We consider the extended

Jeffrey’s prior as:

9(0) < [la]

?log f(x; 1
Where[l(a)]z—nEF o9 a(X,Za,,B+ ) is the Fisher’s information matrix. For the
a

model (2.2.1),

()= THD

a (2.7.1)

Then the joint probability density function is given by
f(x,@) =L(xa)9()

—OZZX n
)= S e

And the corresponding marginal PDF of X = (xl,...xn) is obtained as:

p(x)= J f(x,apa
T il ﬂ+ )H fa 1ianﬁ+nlda

0‘ ,B+1 )
(x)= kA/n(B+1) s T( nﬁ+n;1+)n
P T H (ZXJ (2.7.2)

f(x,a)

The posterior PDF of « has the following form z,(a/x)= ——

p(x)

64



kyn(B+1) -“Zfﬁxﬁawl

(a/ ) [F(,B+1)] I

kyn(B+1) [T%’ F(nﬂ+;)
T(B+1) (inj

i=1

—u C X n ng+n
e ,2:1: anﬂml( Xij

i=1

)= r(ng+n) (2.7.3)

By using a squared error loss function 1,(&,a)=c(a-«a)® for some constant c, the risk

function is:

TC (@-afr(a/x)da

—aYx n ng+n
e ,Z::‘ an/ﬂ-n—l(Z yl)
i=1 d
r(nB+n)

2 c(ng+n)nB+n+1) 2ca(nB+n)

(24

R(@)=ca . -
. X (2.7.4)
2
OR(a
Now% =0, Then the Bayes’ estimator is
a
. n(p+1)

. 1
é, =ﬂ7+ (2.7.5)

2.7.1.2 Estimation of Survival function:
By using posterior probability density function, we can find the Survival function, such

that

él (X) = ]ze_ax”l(a/)_()da
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-1 (2.7.6)
2.7.1.3 Bayes’ estimation of parameter of size biased Gamma distribution using

extension of Jeffrey’s prior.

We consider the extended Jeffrey’s prior are given as:
g(a) < [I(a)f;ce R

Where [|(05)]:_n|5{az log f(g)(; 20":3 +1)} is the Fisher’s information matrix. For the model
a

(2.2.1),

ola)= k{n(ﬁ—:ﬂq (2.7.7)

(24

Then the joint probability density function is given by:
f(x,a)=L(xa)9(a)

k(B X
f(x,a) (g 1] e li:l[xi a" (2.7.8)

And the corresponding marginal PDF of X = (xl,...xn) IS obtained as:
p(x)= [ f(x,aMa
0

p(—) Ik(n((,ﬂg—:‘il- HX e .:1 anﬁ'+n—2q+1—1 da

o= k(B+1)f o s Tnf+n-2c,+1)
= ey L s 279)

i=1

The posterior PDF of « has the following form
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_flxa)
”1(“/)_() = ()_()

—azn:x n np+n-2c¢+1
i ' np+n-2c¢;
e " «a (Z Xi]
i=1

r(ng+n-2c, +1) (2.7.10)

©

”2(“/)_():

By using a squared error loss function 1,(&,a)=c(a—a) for some constant c, the risk

function is:

R(@)= [c(@-afr(a/x)da

—u c % n np+n-2c;+1
. e ,2:1: an/ﬂnZQ(z Xij
R(é@)=[c(é-af i1
(@) -([ (@-a) r(ng+n-2c, +1)

22, c(nB+n-2c, +2)nB+n-2c, +1) 2cq(nB+n-2c +1)

da

n 2 n
X 3% (2.7.11)
%)
OR(a . .
Now—(Aa) =0, Then the Bayes’ estimator is
(04
4 = n(fg+1)-2c, +1 (2.7.12)

2

D%
i=1
The Bayes’ estimator under a precautionary loss function is denoted by &, and is given by

the following equation:

1
ap = E[aZF and the corresponding Bayes’ estimator comes out to be:
. n(g+1)—2c, +1
a, = P
2%
i=1

The risk function under precautionary loss function is given by:

c(nB+n-2c, +2)nB+n-2c,+1) 2c(nB+n-2c, +1)

a[zl xif Zx (2.7.13)

R(@)=ca +
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Remark: Replacing ¢,= 1/2 in (2.7.12), the same Bayes’ estimator is obtained as in
(2.7.5) corresponding to the Jeffrey’s prior. By Replacing ¢;= 3/2 in (2.7.12), the Bayes’
estimator becomes the estimator under Hartigan’s prior (Hartigan (1964)). By Replacing

c;=0 in(2.7.12), thus we get uniform prior.

2.7.1.3 Estimation of Survival function: By using posterior probability density

function, we can found the Survival function, such that

S,(x) = Te“xﬂl(a/)_()d a

n ng+n-2c,+1
>x]

§ (X) _ o) ea[X*;xija(n’b’JrnZCﬁrl%l ( i=1 da
- r(ng+n-2c,+1)

ng+n-2c,+1

S,(X)=| —=5— (2.7.14)

2.7.2 Parameter estimation under a new loss function.

This section uses a new loss function introduced by Al-Bayyati (2002). Employing this
loss function, we obtain Bayes’ estimators under Jeffrey’s and extension of Jeffrey’s prior
information.

Al-Bayyati introduced a new loss function of the form:

(@, a)=a%(@d-a);c,eR. (2.7.15)

Here, this loss function is used to obtain the estimator of the parameter of the size biased
Gamma distribution.

2.7.2.1 Bayes’ estimation of parameter of size biased Gamma distribution under
Jeffrey’s prior.

By using the loss function in the form given in (2.7.15), we obtained the following risk

function:
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n npg+nl
(A)_(;Xij 1 o”zzl"(nﬁ+n+c )+1"(nﬂ+n+cz+2)_2&F(nﬂ+n+cz+l)

~ T(hp+n) (Z . j”ﬂ (zl . jz izl:x‘

i=1

R . .
Nowa—(Aa) =0, Then the Bayes’ estimator is
o
&, = w (2.7.16)
2%
i=1

The Bayes’ estimator under a precautionary loss function is denoted by &, and is given by

the following equation:

1
ap = E[aZF and the corresponding Bayes’ estimator comes out to be:
g, = Br1)+e, (2.7.17)
2%
i=1

The risk function under precautionary loss function is given by:

n ng+n
)
.\ 1 . [(nB+n+c,+2) 2C(nB+n+c,+1)
Rp(ap)_ r(ng+n) [n jnﬂ“‘ﬂz ar(np+n+c,)+ (Zn: ]2 Zn:X‘ (2.7.18)
Xi o Xi . 1
i=1 i=1 i=1

Remark: Replacing ¢, = 0 in (2.7.17), the same Bayes’ estimator is obtained as in (2.7.5)
corresponding to the Jeffrey’s prior. By Replacing ¢, =-2 in (2.7.17), the Bayes’ estimator
becomes the estimator under Hartigan’s prior (Hartigan (1964)). By Replacing ¢, =1 in

(2.7.17), thus we get uniform prior.
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2.7.2.2 Bayes’ estimation of parameter of size biased Gamma distribution using
extension of Jeffrey’s prior.
By using the loss function in the form given in (2.7.15), we obtained the following risk

function:

R(@)= [a*(a-afz,(/x)a

—azn:x- n np+n-2¢,+1
= ' ng+n-2c
. e 5y (z xij
i=1

R(&):JaCZ(&—a) r(ng+n-2c, +1) e

N &’ r(np+n+c,—2c, +1)+ rnp+n+c, _2201 +3)
(ZXi] 1 (inj
R(d) = = np+n+c,—2¢,+1 A = (2 7 19)
F(nﬂ+n_201+1)(ix‘] _26I(nf+n+c,—2c,+2)
i=1 in
R\ . .
Now% =0, Then the Bayes’ estimator is
a
5 - NB+1)+c, -2, +1 (2.7.20)

4

n
2%
i=1

The Bayes’ estimator under a precautionary loss function is denoted by &, and is given by

1
the following equation: ¢, = E[aZF and the corresponding Bayes’ estimator comes out to

be: 4, = n(ﬂ’Jrl)J;c2 -2, +1
Xi

The risk function under precautionary loss function is given by:

r(nB+n+c, —2c, +3)]

ar(ng+n+c, —2c, +1)+

n nB+n-2c;+1 N 2
(Z X j 1 07(2 X j
~ i=1 i=1
R([Z) = _ np+n+c, —2c;+1
r(ng+n 201+1)( n X‘j _2r(np+n+c, —2c, +2)
i=1

. i l@.7.21)
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Remark: Replacing ¢;= 1/2 and ¢, = 0 in (2.7.20), the same Bayes’ estimator is obtained
as in (2.7.5) corresponding to the Jeffrey’s prior. By Replacing ¢,= 3/2 and ¢, =0 in
(2.7.20), the Bayes estimator becomes the estimator under Hartigan’s prior (Hartigan

(1964)). By Replacing c;=0 and ¢, =0 in (2.7.20), thus we get uniform prior.

2.7.3 Simulation Study of Size biased Gamma Distribution

In our simulation study, we choose a sample size of n=25, 50 and 100 to represent small,
medium and large data set. The scale parameter is estimated for Size biased Gamma
Distribution with Maximum Likelihood and Bayesian using Jeffrey’s & extension of
Jeffrey’s prior methods. For the scale parameter we have considered ¢ = 1.5, .2.0 and
2.5.The values of Jeffrey’s extension were ¢; = 0.5, 1.0, 1.5 and 2.0. The value for the loss
parameter ¢, = -1, 0 and +1.This was iterated 5000 times and the scale parameter for each
method was calculated. A simulation study was conducted using R-software to examine
and compare the performance of the estimates for different sample sizes with different
values for the Extension of Jeffrey’s’ prior and the loss functions. The results are
presented in tables (2.1), (2.2) for different selections of the parameters and ¢ extension of

Jeffrey’s prior.

Table 2.1: Structural properties of Size biased classical Gamma distribution

n a f+1 Mean variance S.D c.v Shannon’s
Entropy
25 1.0 | 1.5 0.515819 | 0.219917 0.468954 1.099935 | 1.639386
1.512.0 2.647555 | 1.128777 1.062439 2.491958 | 1.998861
2.0 2.5 3.073902 | 1.310549 1.144792 2.685118 | 1.905132
50 1.0 |11.5 0.942166 | 0.401689 0.633790 1.486559 | 1.694657
1.5 12.0 2.221208 | 0.947005 0.973142 2.282511 | 2.026569
2.0 2.5 3.500249 | 1.492321 1.221606 2.865285 | 1.938364
100 | 1.0 | 1.5 1.368513 | 0.583461 0.763846 1.791607 | 1.744428
1.512.0 1.794861 | 0.765233 0.874776 2.051794 | 2.052823
2.0 |2.5 3.926596 | 1.674093 1.293867 3.034775 | 1.969526
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Table 2.2: Mean Squared Error for under ¢ Jeffrey’s prior

n | a | f+1 AL oy %
c2=-1.0 c2=0 C2=1.0
1.0 1.5 0.694831 | 0.694831 | 0.598016 | 0.694831 0.544739
25 [1.5| 2.0 1.616179 | 1.616179 | 1.349812 1.585304 1.436083
2.0 | 2 2.485953 | 2.485953 | 2.597593 | 2.456618 2.389094
1.0 | 1.5 0.610410 | 0.610409 | 0.5293161 | 0.530716 0.513424
S0 s 200 1.311115 | 1.311115 | 1.185384 1.311115 1.209764
2.0 | 2.5 | 2.359689 | 2.379689 | 2.282167 | 2.359689 2.331872
1.0 1.5 0.466204 | 0.466204 | 0.3765582 | 0.466204 0.378032
100 [1.5 [ 2.0 1.204456 | 1.204456 | 1.138956 | 1.127385 1.136965
2.0 | 2.5 | 2.274085 | 2.274065 | 2.144278 | 2.274065 2.284561

Table 2.3: Mean Squared Error for (5) under extension of Jeffrey’s prior

n a ﬁ-f-l Cy a a @
ML sl c2=-1.0 Cc2=0 Cc2=1.0
25 1.0 1.5 0.5 1.751815 0.605711 0.491789 0.605711 0.675668
1.0 1.751815 0.678151 0.785964 0.678151 0.715066
1.5 1.751815 0.756965 0.796710 0.707501 0.761006
2.0 1.751815 1.743262 1.551585 1.743262 1.873616
2.0 2.5 0.5 1.465009 1.465009 1.530603 1.478005 1.525623
1.0 1.465009 1.664499 1.393877 1.154286 1.600484
1.5 1.465009 1.579438 1.178935 1.336005 0.743068
2.0 1.465009 1.685124 1.469333 1.685124 1.753295
50 1.0 1.5 0.5 0.523688 0.523688 0.442794 0.523688 0.621982
1.0 0.523688 0.581831 0.591908 0.581831 0.553100
1.5 0.523688 0.580325 0.357746 0.441632 0.602326
2.0 0.523688 0.718147 0.737926 0.471831 0.421187
2.0 2.5 0.5 1.170480 1.170480 1.203897 1.132317 1.095543
1.0 1.170480 1.275611 1.309292 1.181767 0.993167
1.5 1.170480 1.421131 1.148665 1.221135 0.904535
2.0 1.170480 1.656525 1.365212 1.656525 1.532779
100 | 1.0 1.5 0.5 0.494552 0.494552 0.357457 0.494552 0.560155
1.0 0.494552 0.522866 0.532341 0.574154 0.410739
1.5 0.494552 0.523018 0.332578 0.405039 0.480748
2.0 0.494552 0.499482 0.459488 0.469988 0.344415
2.0 2.5 0.5 1.069772 1.069772 1.192434 1.069772 0.981817
1.0 1.069772 1.195533 1.222817 1.164875 0.879562
1.5 1.069772 1.129912 1.146871 0.8618621 1.321517
2.0 1.069772 1.346683 1.317127 1.346683 1.250574

ML= Maximum Likelihood, SL=Squared Error Loss Function, NL= New Loss Function,

In table 2.2, Bayes’ estimation with New Loss function under Jeffrey’s prior provides the

smallest values in most cases especially when loss parameter C, is 1. Similarly, in table
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2.3, Bayes’ estimation with New Loss function under extension of Jeffrey’s prior provides
the smallest values in most cases especially when loss parameter C, is £ 1 whether the

extension of Jeffrey’s prior is 0.5, 1.0, 1.5 or 2.0.
2.8 Beta distribution of first kind

A continuous random variable X is said to be beta distribution of first kind with

parameters a and b and its probability density function (pdf) is given by:

f(x;a,b) = XA 11— x)**

B(a,b) (2.8.1)

forO< x<1,a>0and b>0,where
1

S(a,b) = jta‘l(l—t)b‘ldt denotes the beta function.
o]

Many of the finite range distributions encountered in practice can be easily transformed
into the standard distribution. In reliability and life testing experiments, many times the
data are modeled by finite range distributions. Many generalizations of beta distributions
involving algebraic and exponential functions have been proposed in the literature; see in
Johnson et al. (2004) and Gupta and NadarSajah (2004) for detailed accounts.

2.9 Size-Biased Beta Distribution of first kind
A size biased beta distribution of first kind (SBBD1) is obtained by applying the weights

x°, where ¢ =1 to the weighted beta distribution of first kind.

! 1 a
M:El;xf(x;a,b)dx:m

1
_fx 1 X* (1 x)"tdx= —o—
o, B(ab) a+b

1
I L a—+bx'5‘(1—x)b‘1dx:1
o, B@b) a

. _; amM_ y\b1
f(x’a+1’b)_ﬂ(a+l,b)x 1-x)
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where f(X;a,b+1) represents a probability density function. This gives the size —biased
beta distribution of first kind (SBBD1) as:
1

f(x;a+1Lb)=——x*(1-x)"*;a>0,b>0 (2.9.1)
B(a+1lb) Where

=0;otherwise 0O<x<1

B(a,b) = jta—l(l—t)b—ldt

2.10 Structural properties of size biased beta distribution of first kind

In this section, we derive some important properties of Size-biased beta distribution of
first kind.

2.10.1 Moments of Size biased beta distribution of first kind

The rth moment of Size biased beta distribution of first kind (2.9.1) about origin is
obtained as:

1
7 =‘[xr f (x;a+1b)dx
0

/,l; :IXr ;
pa+1Db)

0

x*(1—x)"dx
On solving the above equation, we get

1

1

,U; — - Xa+r (1_ X)b—l dX
! p@+1b)

.1
M Ba+1b)

Bla+r+1b)
(2.10.1)

Using the equation (2.10.1), the mean of the SBBD1 is given by

. 1
H _ﬂ(a+1,b)’3(a+2’b)

, Ta+b+1Ta+2TIb
' Ta+1Ib Ta+b+2

, a+l
A T arbel (2.10.2)

Using the equation (2.10.1), the second moments of the SBBDL is given by
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. 1
Ha _—ﬁ(a+1,b)’8(a+3’b)

, Ta+b+1Ta+3Tb

- 2.10.3
2 TTai1Tb Ta+b+3 ( )

Using the equations (2.10.2) and (2.10.3) the variance of the SBBD1 is given by
B (@a+1b
(a+b+1)*@+b+2) (2.10.4)

M,

Using the equation (2.10.1), the third and fourth moments of the SBBD1 are given by

. (@a+D(@+2)(a+3)
s Tla+b+D)(@a+b+2)@+b+3)
;o (a+D(a+2)(a+3)(a+4)
Ha = a+b+1)(a+b+2)@a+b+3)a+b+4)

(2.10.5)

(2.10.6)

The coefficient of variation of Size biased beta distribution is given as:

=]l
(a+h(@+b+2) (2.10.7)

2.10.2 Harmonic mean of Size biased Beta distribution of first kind
The harmonic mean (H) is given as:

1 1.,
ﬁ:k f (x;a+1,b)dx

1
Lt ;xa(l—x)b‘ldx
o X pa+1b)

i:j ;xa‘l(l—x)b‘ldx
H + pa+lb)

1 1

H = pasin’@P)
1
a

la+b+1Tarlb
Ta+1Tb T'a+b

H=—2_ (2.10.8)
a+b
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2.10.3 Mode of size biased beta distribution of first kind
The probability distribution of Size- biased Beta distribution of first kind is:
1

f(x;a+lLbh)=——x*(1-x)"*a>0,b>0
Ba+1lb)

= 0; otherwise O<x<l1

In order to discuss monotonicity of size biased beta distribution of first kind. We take the
logarithm of its pdf:

In(f(x:a+1Lb))=InC+alnx+((b-1)In(1-—x)

Where C is a constant. Note that

dln f(x;a+Lb) a b-1
OX X 1-X

Where x>0,a>0,b > 0. It follows that
oln f(x;a+1Db)

>0 X<
OX a+b-1

oln f(x;a+1,b) D
OX a+b-1

oln f(x;a+1Db)
<0e=x>
OX a+b-1

Therefore, the mode of size biased beta distribution of first kind is given as:

a
X, =
a+b-1

(2.10.9)

2.10.4 Simulation Study of Size biased Beta distribution of first kind

In our simulation study, we choose a sample size of n=25, 50 and 100 to represent small,
medium and large data set. For the scale parameter we have considered 6=0.5,1.0
and 1.5. This was iterated 2000 times and the structural properties were calculated. A
simulation study was conducted R-software to obtain the structural properties — mean,
median, mode, variance, standard deviation and coefficient of variation. The results are
presented in table (2.4) for different values of the parameters and having different sample

sizes.
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Table 2.4: Structural properties of Size biased Beta distribution of first kind

n a+l b Mean variance Mode H.M S.D c.v

25 | 1.5 2.0 | 0.4285714 | 0.05442177 | 0.3243333 | 0.2012413 | 0.2332847 | 0.5443310
2.0 2.5 (0.4323456 | 0.03756533 | 0.3276546 | 0.2434578 | 0.1938178 | 0.4482937
2.5 13.0(0.4024565 | 0.04563651 | 0.3367899 | 0.2356788 | 0.2136270 | 0.5308077

50 | 1.5 ]|2.0|0.4356746 | 0.06245671 | 0.3567888 | 0.2144566 | 0.2499134 | 0.5736240
2.0 2.5 (0.4245678 | 0.03934564 | 0.3123556 | 0.1956677 | 0.1983574 | 0.4671984
2.5 (3.0 [0.3905663 | 0.03456367 | 0.3346778 | 0.2567890 | 0.1859131 | 0.47600091

100 | 1.5 | 2.0 | 0.4367899 | 0.06345889 | 0.3435678 | 0.1899909 | 0.2519105 | 0.5767315
2.0 2.5 ]0.4599456 | 0.03245677 | 0.3134566 | 0.2456678 | 0.1801576 | 0.3916933
2.5 (3.0 (0.4435632 | 0.04577788 | 0.3534677 | 0.2096778 | 0.2139577 | 0.4823613

2.11. Estimation of parameters of Size-biased Beta distribution of first kind
In this method of moments replacing the population mean and variance by the

corresponding sample mean and variance, we have:

!

M =X
a1
a+b+1
—(@+)(x-1)

X (2.11.1)
Also, u, = S?

(a+1b _g?
(a+b+1)2(@a+b+2)

6:

CXP(1-%X)-S*(1+X)
- X

Substitute the value of & in the above equation; we can get the estimated value of

Q»

(2.11.2)

parameter b.
(X2 +S°X*)(X 1)

b = o2
XS (2.11.3)
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2.12 Test for Size-biased beta distribution of first kind.
Let X1, X5, Xs... Xn be random samples can be drawn from beta distribution of first kind

or size-biased beta distribution of first kind. We test the hypothesis
H, :f(x)= f(x,ab)vsH, : f(x)= f, (x;a+1b)

For test whether the random sample of size n comes from the beta distribution of first
kind or Size-biased beta distribution of first kind the following test statistic is used.

L off (xa+Lb)
A_Lo_g[ f(x;a,b) ]

I'(@a+b+1)x?
L I(a+1)
A= L, 1,:1[ I'(a+b)x**
I'(a)

[r@r@+b+1n |
A_[F(ajtl)l“(aﬁtb)} l;lxi (2.12.1)

We reject the null hypothesis

r@r@+b+1)7 »
{r(a+1)r(a+b)} x>k

i=1

Equalivalently, we rejected the null hypothesis where

A= ﬁ x> k", wherek” = k{l"(a + 1 (a+ b)} N
i=1

C'(a)[(a+b) (2.12.2)

For a large sample size of n, 2log Ais distributed as a Chi-square distribution with one
degree of freedom. Thus, the p-value is obtained from the Chi-square distribution.

2.13 Exponential distribution

The exponential distribution occupies an important position in the analysis of data. In
probability theory and statistics, the exponential distribution is a family of continuous
probability distribution. Historically, the exponential distribution was the first lifetime
model for which statistical methods were extensively developed. It describes the time
between events in the Poisson process i.e., a process in which events occur continuously

and independently at a constant rate. The exponential distribution occurs naturally when

78



describing the lengths of the inter arrival times in a homogeneous Poisson process.
Exponential variables can also be used to model situations where certain events occur
with a constant probability per unit length, such as the distance between mutations on a
DNA strand, or between road kills on a given road. Reliability theory and reliability
engineering also make extensive use of the exponential distribution. Because of the
memory less property of this distribution, it is well-suited to model the constant hazard
rate portion of the bathtub curve used in reliability theory. Failure rate is the frequency
with which an engineered system or component fails, expressed for example in failures
per hour. It is important in reliability engineering. By calculating the failure rate for
smaller and smaller intervals of time, the interval becomes infinitely small. Work by
Sukhatmi (1937), Epstein and Sobel (1955) and Epstein (1954), Bartholomew (1957),
gave numerous results and popularized the exponential Distribution as a lifetime
distribution, especially in the area of industrial life testing. Many authors have contributed
to the statistical methodology of the distribution. The lengthy bibliographies of
Mendenhall (1958), Govindara julu (1964), Johnson and Kotz (1970), Johnson, Kotz and
Balakrishnan (1994) and Lawless (2003), Ahmad (2006), Ahmed et. al. (2007 & 2010),
contains a large number of papers in this area.

A random variable X has an exponential distribution with parameter o(e > 0) if its
probability density function is of the form

f(x) = Oexp(— &), x> 0;0 >0 (2.13.1)
. 1 . 1 .
with mean 2 and varlanceE respectively.

2.14 Size biased exponential distribution
A size biased exponential distribution (SBED) is obtained by applying the weights x°¢,
where ¢ =1 to the weighted exponential distribution.

We have from relation (2.13.1), we have

I 1
X f(x;0)dx ==
! (x0)dx=—
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J'xé?e‘“dx=1
0 0

Where f(X;0) represents a probability density function. This gives the Size biased
exponential distribution as:

f(x;0)=60°xe™™;6>0 (2.14.1)

2.15 Structural Properties of the Size-biased exponential Distribution

In this section, we derive some properties of Size-biased exponential distribution.

2.15.1 Method of Moments
The rth moment of Size biased exponential distribution (2.14.1) about origin is obtained

as
Moo= EX
= .[ x" f(x;0) dx
0
= I X" 9% dx
0
I'r+2
= 60— (2.15.1)
o
Using above relation, the mean and variance of the SBEPD are given as
_ 2 (2.15.2)
H = 0
2
i, = ra (2.15.3)

2.16 Estimation of parameters
In this section, we discuss the various estimation methods for size biased exponential

distribution and verifying their efficiencies

2.16.1 Methods of Moments
In the method of moments replacing the population mean and variance by the

corresponding sample mean and variance, we have
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/Ulz)_(

Then 0=

I | N

(2.16.1)
2.16.2 Maximum likelihood estimation

Let (x,x,,...,x,) be a random sample of size n having the probability density function as
f(x;0)=0°xe*  for x>0,6>0

Then, the likelihood function is given by

>

n -0
L(x|0)=0"]]xe =
i=1

~.Log L(x|6) =2nlog &+ log x, —0>_ X,
i=1 i=1
The ML estimator of 6 is obtained by solving the

%Iog L(x]6)=0

62 (2.16.2)
X

2.16.3 Parameter estimation under squared error loss function
In this section, two different prior distributions are used for estimating the parameter of
the size biased exponential distribution namely; Jeffery’s prior and extension of Jeffrey’s

prior information.

2.16.3.1 Bayes’ estimation of parameter of size biased exponential distribution under
Jeffrey’s prior

Consider there are n recorded values, x = (x,,...x, ) from (2.14.1). We consider the extended

Jeffrey’s prior as: g(6)oc \/[1(6)]
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2
Where 1(9)= —nE{% l0g f(x: 9)}

o° 2n
~ I(¢9)=—nE[692 log 1 (x 9)} o
Therefore, g(6) « @ (2.16.3.1)

Then the joint probability density function is given by:
f(x,0) < L(x;6)9(6)

En:XiJ

f(x,0)c 6> % e(fg‘zl (2.16.3.2)
i=1

And the corresponding marginal PDF of x =(x,,...x, ) is obtained as:

p()_(): kﬁ XiT 92n71e’9i§1><ad9
i

p(x)=k (2n-1) ITx (2.16.3.3)

3]

The posterior PDF of ¢ has the following form

2n-1 (_9‘2 ij n an
9 e i=1
7,(0/x)= =T ( izzl xi] (2.16.3.4) By

using a squared error loss function L(é, 49): c(é—9)2 for some constant c, the risk function

2

R(0)- Jcl6-0) (0/x)d0

R(6)= x| c6? + 222 ~De_4no (2.16.3.5)

Now%g) =0, Then the Bayes’ estimator is
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(2.16.3.6)
This coincides with maximum likelihood estimator.

2.16.3.2 Estimator of survival function
By using conditional density function, we can found the survival function such that
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§Bl(x)=(1+ ”—sz (2.16.3.7)

2.16.3.3 Bayes’ estimation of parameter of size biased exponential distribution using

extension of Jeffrey’s prior

We consider the extended Jeffrey’s prior are given as:

g(ﬂ)m{znT

0
Then the joint probability density function is given by:
f(x,6) o L(x;0)9(0)

f(x,6) oc 492“2°1e(_9izlx‘jf[xi (2.16.3.8)
i=1

And the corresponding marginal PDF of x =(x,,...x, ) is obtained as:

_géxijd 0

plx)= k(2n)°111[ XiT 92n—zqe(

i=1 0

r(2n-2c, +1)
n 2n-2¢,+1
i=1

p(x) = k(znfe —(2N=20) rr (2.16.3.9)

n 2n-2¢,+1 L i
2%
i=1

The posterior PDF of ¢ has the following form

p(x) =k(2n)®

7,(0)%)= M(ZX jmw (2.16.3.10)
2T (2n—2c ) (5T o

By using a squared error loss function L(é’,é’):c(@—é’)2 for some constant c, the risk

function is:

R(6)- [clo—-0) r(0/x)0

0
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2

[clo-6) z(0/x)0

R(6-0)
R(6-6)= [cl6® + 0% - 200 ), (6/x)d0

n 2n-2¢,+1
Z Xi 02n—2(;l .
(—62 X;
e -

R(6-0)= [c(6? 92—299\[“1 1jd9
| ) !C( " 7 (2n-2c)
R(é—@): 0?4 (2n-2c, +2)(2n—2c, +)c  2ch(2n-2c, +1) (2.16.3.11)

n 2 n
EOI.
i=1 i=1

Now%g) =0, Then the Bayes’ estimator is

5 2c(2n—2c, +1)

260 : -0
2%
i=1
o, = 2n=26+1) (2.16.3.12)
Xi

The Bayes’ estimator under a precautionary loss function is denoted byé, and is given by

the following equation:

5 5 (2n—2c, +1)
6, = E[HZF and the corresponding Bayes’ estimator comes out to be 4, = %
2%
i=1
The risk function under precautionary loss function is given by:
R, (ép)= chs (2n—2c, +2)2n—2c, +1)c  2¢(2n—2c, +1) (2.16.3.13)
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1 . :
Remarksl: Ifc, = > we get, the Jeffrey’s prior and the corresponding Bayes’ estimator is

L zg,lfclzg, we get, the Hartigan prior [Hartigan [1964]] and the
X

Zn:Xi

i=1

HBZ =

corresponding Bayes’ estimator becomes: ém:w.lfq:(), we get, the uniform
2%
i=1

prior and the corresponding Bayes’ estimator becomes: g, = (2”_+1)

i=1

2.16.3.4 Estimator using new extension of survival function

o0

Sua(8)= [ pl013..3, )00

0

( n 2n-2¢,+1
SABZ (X) = H—J‘e(‘ﬂ)g(%ZqﬂHe( ‘951 I]d 0

(2n-2¢)

n 2n-2¢+1
S, (X) = &Te[gﬂémxﬂe(znzquﬂde

" en-2g)
n 2n-2¢,+1
2%
SBZ(X)z nI;
D% +X
i=1
. X —(2n-2¢,+1)
Ssz(y)=[1+§j (2.16.3.14)

2.16.4 Parameter estimation under a new loss function.
We use a new loss function introduced by Al-Bayyati (2002). Employing this loss

function, we obtain Bayes’ estimators using Jeffrey’s and extension of Jeffrey’s prior

information.
Al-Bayyati introduced a new loss function of the form:

1.(6.0)=0%(0-0f ;c, R (2.16.4.1)
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Here, this loss function is used to obtain the estimator of the parameter of the size biased

exponential distribution.
2.16.4.1 Bayes’ estimation of parameter of size biased exponential distribution under

Jeffrey’s prior.
By using the loss function in the form given in (2.16.4.1), we obtained the following risk

function:

R(6)= [0~ (6- 0)27z1(9/)_()d 0

n 2n
0 ZX|J 02”71 n — "X-
R(6-0)=[6%(67 + 6" - 299)('12—1]‘[ vl "Elg
0 T i=

R(O-0)- —( ]‘[x{a2 fe ®gmetdgs j ¢ B grrenigg 2ej " g 1d9}

(2n-1) 0

h 2n
x|
R(é—@)— [,Zﬂ: ] 5 r(2n+c,) +F(2n+cz+2)_2ér(2n+c2+1)

_T];[xi e, T ene —2ni
R

i=1 i=1 i=\1

R(0-6)=

(n 2n

2 Xij n

= 1 of2n+Cy -1 2n+Coy +1) . 2n+c¢c

'(2n LT 92[ 2 }+( : 2 2)—29 (on +cp) (2.16.4.2)
(iglxi) (iglxi]

Now%@ 0, Then the Bayes’ estimator is

2(2n +C, )

b, = 21t (2.16.4.3)

n
D%
i=1

20(2n+c, —1)— =0
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Remarks 2: Ifc, =0, we get, the Jeffrey’s prior and the corresponding Bayes’ estimator
is 6,, =§ Ifc, =-2, we get, the Hartigan prior [Hartigan [(1964)] and the corresponding
X

(2n-2)

Bayes’ estimator becomes: g, — Af ¢, =1, we get, the uniform prior and the

(2n+1)

2.16.4.2 Bayes’ estimation of parameter of size biased exponential distribution using

corresponding Bayes’ estimator becomes 4, =

extension of Jeffrey’s prior.
By using the loss function in the form given in (2.16.4.1), we obtained the following risk

function:

2n-2¢+1
z X. j 92n—201

H X, e( ‘LXi]

Zx

j2n201+1
n

n

0

~ T(2n+c, -2, +l)+

(2n-2c,) 4

n

0

[(2n+c,-2c +3)

~T(2n+c,-2¢,+2)

Hxi 92.[9 = 9(2n+cz—2q+1}ld0+.|‘e ~ 0(2n+c272q+3}1d9_29J‘e ~ 92n+c2—2q—1d9
_201)! i=1

0

>

i=1

2n 2¢,) [

n 2n—2c1+1
2 X 0 .

2n+¢,-2¢+1 n 2n+C,-2¢+3
i=1
éZ(Zn +Cy - 201)+

8]

Rlo-6)- (izl

(2n—2c1) iI:I1Xi n
i
i=1

]2n+c2—2c1+1
X.

o8 (2n +Cy - 201 +1)

&)

M =0, Then the Bayes’ estimator is

00
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(Zn +Cy - 201 + 2)

i=\1

n 2n+C,-20,+2

(2.16.4.4) Now



2(2n+c, —2¢c, +1)! _
ixi
i=1

0’\84 _ (2n +C, —2Cl +1) (21645)

n
D%
i=1

20(2n+c, - 2¢, ) 0

1
Remarks 3: Ifc, =0, Clzz, we get, the Jeffrey’s prior and the corresponding Bayes’

estimator is 6, =

x| N

Ifc, =0,c, =g, we get, the Hartigan prior [Hartigan (1964)] and the

corresponding Bayes’ estimator becomes:g,, = w
2%
i=1

_(2n+1)

uniform prior and the corresponding Bayes’ estimator becomes 4, =

If ¢c,=2,c,=1, we get, the

n

i
i=1

2.17 Simulation Study of size-biased exponential distribution

In our simulation study, we chose a sample size of n=25, 50 and 100 to represent small,
medium and large data set. The scale parameter is estimated for size-biased exponential
distribution by the methods of Maximum Likelihood and Bayesian using Jeffrey’s &
extension of Jeffrey’s prior. For the scale parameter we have considered 6= 1.0 and 1.5.
The values of Jeffrey’s extension were ¢; = 0.5, 1.0, 1.5 and 2.0. The value for the loss
parameter ¢, is 1, 0 and -1. This was iterated 5000 times and the scale parameter for each
method was calculated. A simulation study was conducted using R-software to examine
and compare the performance of the estimates for different sample sizes with different
values for the Extension of Jeffrey’s’ prior and the loss functions. The results are
presented in tables (2.6), (2.7) for different selections of the parameters and ¢ extension of
Jeffrey’s prior.
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Table 2.5: Structural properties of Size biased exponential distribution

n (2] Mean variance S.D Cc.Vv shannon’s
Entropy
25 | 1.5 [0.8526943 [ 0.03635438 | 0.1906682 | 0.2236067 | 0.5945349
2.0 | 0.9867888 | 0.05156773 | 0.2270853 | 0.2301255 | 0.3068528
2.5 ] 0.8056772 | 0.03245661 | 0.1801572 | 0.2236097 | 0.0837092
50 |1.5[0.9289910 | 0.03867889 [ 0.1966695 | 0.2117023 | 0.6134556
2.0 [ 1.0234671 | 0.04899090 | 0.2213389 | 0.2162638 | 0.3356778
2.5 ] 0.7945678 | 0.03156767 | 0.1776729 | 0.2721779 | 0.0967888
100 [ 1.5 | 0.9368991 | 0.03789921 | 0.1946772 | 0.2077889 | 0.6356778
2.0 | 0.9856778 | 0.05356778 | 0.2314471 | 0.2348102 | 0.3556778
2.5 | 0.8345677 | 0.03335664 | 0.1826380 | 0.2188414 | 0.1078867
Table 2.6: Mean Squared Error for (8) under Jeffrey’s prior
Ot
n 0 B Ost
€2=1.0 c2=0 C2=-1.0
25 [ 0.5 [0.220509 |0.220509 [0.239097 |0.220509 | 0.202673
1.0 | 0.046714 |0.046714 | 0.049379 | 0.046714 | 0.044122
1.5 | 0.281341 |0.281341 |0.261145 | 0.281341 | 0.302288
50 | 0.5 [0.121840 |0.121840 | 0.127840 |0.121840 | 0.115985
1.0 [0.010920 [0.010920 | 0.008897 [0.010920 | 0.013150
1.5 |0.254824 | 0.254824 | 0.258140 | 0.254824 | 0.251529
10 [ 0.5 [0.092848 [0.092848 | 0.101594 |0.092848 | 0.084176
0 1.0 | 0.000925 |0.000925 |[0.000121 | 0.002480 | 0.002480
1.5 [0.180579 [0.180579 |0.177164 | 0.180579 [ 0.1840687

Table2.7: Mean Squared Error for (8) under extension of Jeffrey’s prior

eNL
n S Cq Our, OsL
C2=1.0 C2=0 C2=-1.0
25 1.0 |0.5]10.046714 | 0.046714 | 0.049379 | 0.046714 | 0.044122
1.0 | 0.046714 | 0.044122 | 0.046714 | 0.044122 | 0.041605
1.5 1 0.046714 | 0.041605 | 0.044122 | 0.041605 | 0.039161
2.0 [{0.046714 | 0.039161 | 0.041605 | 0.039161 | 0.036791

90




1.5 10.5]0.281341 | 0.281341 | 0.261145 | 0.281341 | 0.302288

1.0 | 0.281341 | 0.302288 | 0.281341 | 0.302288 | 0.323987

1.5 |0.281341 | 0.323987 | 0.302288 | 0.323987 | 0.346439

2.0 10.281341 | 0.346439 | 0.323987 | 0.346439 | 0.369642

50 1.0 /0.5 ]0.010920 | 0.010920 | 0.008897 | 0.010920 | 0.013150
1.0 {0.010920 | 0.013150 | 0.010920 | 0.013150 | 0.015588
1.5(0.010920 | 0.015588 | 0.013150 | 0.015588 | 0.018233

2.0 10.010920 | 0.018233 | 0.015588 | 0.018233 | 0.021084

1.5 0.5 10.254824 | 0.254824 | 0.258140 | 0.254824 | 0.251529

1.0 | 0.254824 | 0.251529 | 0.254824 | 0.251529 | 0.248256

1.5 0.254824 | 0.248256 | 0.251529 | 0.248256 | 0.245004

2.0 1 0.254824 | 0.245004 | 0.248256 | 0.245004 | 0.241774

100 { 1.0 | 0.5 | 0.000925 | 0.000925 | 0.000121 | 0.000925 | 0.002480
1.0 | 0.000925 | 0.002480 | 0.000925 | 0.002480 | 0.004788

1.5 0.000925 | 0.004788 | 0.002480 | 0.004788 | 0.007848

2.0 10.000925 | 0.007848 | 0.004788 | 0.007848 | 0.011660
1.510.51]0.180579 | 0.180579 | 0.177164 | 0.180579 | 0.184068

1.0 | 0.180579 | 0.184068 | 0.180579 | 0.184068 | 0.187631

1.5 ]0.180579 | 0.187631 | 0.184068 | 0.187631 | 0.191268

2.0 10.180579 | 0.191268 | 0.187631 | 0.191268 | 0.194979

ML= Maximum Likelihood,

In table 2.6, Bayes’ estimation with New Loss function under Jeffrey’s prior provides the
smallest values in most cases especially when loss parameter C, is £1. Similarly in table
2.7, Bayes’ estimation with New Loss function under extension of Jeffrey’s prior provides
the smallest values in most cases especially when loss parameter C, is £ 1 whether the

extension of Jeffrey’s prior is 0.5, 1.0, 1.5 or 2.0. Moreover, when the sample size

SL=Squared Error Loss Function, NL= New Loss Function

increases from 25 to 100, the MSE decreases quite significantly.
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CHAPTER -3
SIZE-BIASED GENERALIZED
GAMMA DISTRIBUTION

3.1 INTRODUCTION

he generalized Gamma (GG) distribution presents a flexible family in the

varieties of shapes and hazard functions for modeling duration. The study of life

testing models begins with the estimation of the unknown parameters involved
in the models. Amorose Stacy (1962) proposed a generalized Gamma model and studied
its characteristics. Shukla and Kumar (2006) used this model in a bit little transformed
form to cover more real life situations. Distributions that are used in duration analysis in
economics include exponential, lognormal, Gamma, and Weibull. Stacy and Mihram
(1965) and Harter (1967) have derived maximum likelihood estimators of generalized
Gamma model under different situations. Prantice (1974) has considered maximum
likelihood estimators for generalized Gamma model by using the technique of
reparametrization. The GG family, which encompasses exponential, Gamma, and Weibull
as subfamilies, and lognormal as a limiting distribution, has been used in economics by
Jaggia (1991). Some authors like Yamaguchi (1992) and Allenby et al (1999) have argued
that the flexibility of GG makes it suitable for duration analysis, while others have
advocated use of simpler models because of estimation difficulties caused by the
complexity of GG parameter structure. Obviously, there would be no need to endure the

costs associated with the application of a complex GG model if the data do not
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discriminate between the GG and members of its subfamilies, or if the fit of a simpler
model to the data is as good as that for the complex GG. Hager and Bain (1970) inhibited
applications of the GG model. However, despite its long history and growing use in
various applications, the GG family and its properties has been remarkably presented in
different papers. Maximum-likelihood estimation of the parameters and quasi maximum
likelihood estimators for its subfamily (two-parameter Gamma distribution) can be found
in Stacy (1973). Hwang T. et al (2006) introduced a new moment estimation of
parameters of the generalized Gamma distribution using its characterization. In
information theory, thus far a maximum entropy (ME) derivation of GG is found in Kapur
(1989), where it is referred to as generalized Weibull distribution, and the entropy of GG
has appeared in the context of flexible families of distributions. Some concepts of this
family in information theory has introduced by Dadpay et al (2007).

The pdf of the generalized Gamma distribution is given by:

f(x; 4,5, k)=%(/1x)kﬂ‘1 e ™" forx>0and 4, S,k >0 G11)

where T°(.) is the Gamma function, K and p are shape parameters, and « is the scale
parameter. The generalized Gamma family is flexible in that it includes several well-
known models as subfamilies. The subfamilies of generalized Gamma thus far considered
in the literature are exponential, Gamma and Weibull. The lognormal distribution is also
obtained as a limiting distribution whenn — o .

The CDF of the generalized Gamma distribution is given by:

F(x A, B.k)=L k’r(tx)ﬁ

The Structural properties of the generalized Gamma distribution are given as:

F(k +;J
r(k+2jr(k)—r2[k+lj
V(X)= p / (3.1.3)
AT(K)
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In this chapter, a new class of Size biased Generalized Gamma distribution have been

considered. The several structural properties, reliability and information measures are
introduced and derived. The estimation of parameters of this new model is obtained by
employing the new methods of moments, maximum likelihood and Bayesian method of
estimation. The Bayes’ estimators are obtained by using Jeffrey’s and extension of Jeffrey’s
prior under different loss functions. A comparison has been made of the Bayes’ estimator
with the corresponding maximum likelihood estimator. Also, a likelihood ratio test of size
biased generalized Gamma distribution is to be conducted. A simulation study has been
performed for the comparison of Bayes’ estimators with the MLE estimator. Also, survival
functions of new model are derived using Jeffrey and extension of Jeffrey prior. It has been
observed that Bayes’ estimator provides better results and estimates as compared to
classical estimators. In this chapter, the AIC, BIC and DIC values of exponential model are
smaller as compared to size biased Gamma and size biased exponential models, so
exponential model is more preferable than the size biased Gamma and size biased

exponential models for the real data in hand.

3.2 Size biased Generalized Gamma Distribution
A size- biased Generalized Gamma distribution (SBGGMD) is obtained by applying the

weights x°, where ¢ =1 to the Generalized Gamma distribution.

fs(x;i,ﬂ,k)='[% dx

- x@(/lx)kﬁ’1 g~ @’
5 (64, 8.k)= [ 1K dx
0

AT(K)
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fS (X;Z,ﬁ,k):TLl(ﬂx)kﬁ e—(/lx)/fdx
0 F(k +J

where f (x;4,8,K) represents a probability density function. This gives the size -biased

generalized Gamma distribution (SBGGMD) and its pdf is given by
F 00 LK) =P () e
F(k+1j
B

For A1>0,k>0,>0and kg>1

(3.2.1)

where 1(.) is the Gamma function, K and g are shape parameters, and « is the scale

parameter.

3.2.1 Special cases
1. When pg=k=1then Size biased Generalized Gamma distribution reduced to Size-

biased exponential distribution and its probability distribution is given by
f ()= A*xe™;1>0 (3.2.2)
2. When g =1then Size biased Generalized Gamma distribution reduced to size-biased

Gamma distribution and its probability distribution is given by

k+1
f (A, k+1)= e x;1>0,k>0,0<x<w

Ik +1 (2.2.3)

3. When k=0and g =1then Size biased Generalized Gamma distribution reduced to

exponential distribution and its probability distribution is given by
f(xA)=1e”;1>0,0<x<o (3.2.4)

3.2.2 Hazard functions

The hazard function for the Size biased generalized Gamma distribution is given as:

. (x4 BK)
hS(X’l"B'k)_l—F(x;ﬂ,ﬂ,k)
h(x: 4, B.K)= 2 0x)e (3.2.5)

i e sor
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The reverse hazard function for the Size biased generalized Gamma distribution is given

as.
£(x: 1, B,k
hw(x;l,ﬂ,k)=%
kB —(axY
(x5, k) = 2B (0" e (3.2.6)

3o

Theorem 3.2.2.1: Let f(x; 4, 3,k) be a twice differentiable probability density function of

_ (x4, 8,K)
f(x, 4, 3.k)

is the first derivative of f(x; A, 3,k)with respect to x. Furthermore, suppose that the first

a continuous random variable X. Define n(x; 4, 8,k)= where '(x; 4, 3,k)

derivative of n(x; 1, 3,k) exist.
a) If n'(x; 2, 8,k)<0,forall x> 0, then the hazard function is monotonically decreasing.
b) If n'(x; 4, 8,k)>0,for all x > 0, then the hazard function is monotonically increasing.
c) Suppose there exist x, such that n'(x; 4, 8,k)<0, for all 0 < x < x,, n'(x; 4, 8,k) =0

Andn'(x; 4, 8,k)>0, forall0 > x,. In addition, lim f (x) =co, then the hazard function is

upside down bathtub shape.

Proof: Using equation (3.2.1), the derivative of the f(x; A, 4,k)is given by:

(64, B,K) = F(x 2, B, k)(—kﬂ —i(iX)ﬁJ

_ (x4, 8.K)

Therefore, n(x; 4, 8,k)= T 2. 5.0

n(x; A, B, k)= Blaxy —k

Andn(x: 4, k)= 2P _1)5?()/} +kp (3.2.7)

a) If #>1, then n'(x; 1, 8,k)>0,for all x > 0, then the hazard function is monotonically

increasing.
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b) If B <1, then n'(x; 4, 8,k) <0, then the hazard function is monotonically decreasing.

c) If0< B <1, then the hazard function is upside down bathtub shape.

3.3 Structural properties of Size biased Generalized Gamma Distribution

In this section, we derive some structural properties of Size-biased generalized Gamma
distribution.

3.3.1 Moments of Size biased Generalized Gamma distribution

Using equation (3.2.1), the mth moments are obtained as:

E(X™) = Txmi(ﬁx)kﬂ e g
0 F£k+1)
B

ﬂﬂkﬂﬂ T X(k/5’+m+1)—1 e—(lx)ﬁdx (331)

F(k+l]°
p

On solving the above equation (3.3.1), we get

E(X") =

m+1

F(k +J
E(X™) = —’61 (3.3.2)
A" F(k +j
B

Using the equation (3.3.2), the mean and variance of the SBGGMD are given as:

F(k+2j
E(X) :—'B

A F(k + 1]
B (3.3.3)
{F(k +3JF(k +1J - Fz(k +2ﬂ
V(X) = b b . b (3.3.4)
lzl“z(k +J
B

The coefficient of variation of SBGGMD is given by
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3.3.2 Mode of Size biased generalized Gamma distribution:
The probability distribution of size biased Generalized Gamma distribution can be

CV =

obtained as:

fS (X;ﬂ,ﬂ, k):/l—ﬂ(lx)kﬂ e_(/lx)ﬂ
F{k +1]
P

In order to discuss monotonicity of size biased Generalized Gamma distribution. We take

the logarithm of its pdf:

In f (x;4,,k)=1In Ll +kBIn(Ax) —(Ax)’ (3.3.6)
F(k +]
B
Where C is a constant. Note that

. B
o F6ALK) gy K
OX A

The mode of size generalized Gamma distribution is given as:
1
k?
X=—7
A (3.3.7)

3.3.3 Moment generating function of Size biased Generalized Gamma Distribution
The moment generating function of SBGG distribution is obtained as:
E(e“ﬂ ): '[etxﬁ f(x; 4, 8,k )dx

0

~ 0 etx/] ﬂlkﬂ-'-l

el )= AR
© )

X e dx
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E(etxﬁ ): ﬂ? X8 e—X”(iﬁ—t)dX (3.3.8)
F(k +/13) 0

1

Put x/ =t =>x=t* dx = i

B

If x>0,t—>0 and x > o,t >

E(etx/’ ): ﬂkﬂu Ttk et (/1/"4) dt

Ele™ )= ﬂ?t“ﬂl et ot (33.9)

/1kﬂ+1 r(k +;]
E(eb(ﬁ ): 1 oL
F[k +) (2 —t)"s

B

kp+1
el )=— 4 (3:3.10)
(77 —t)"s
Substitute g =1 in the above relation, we have
ﬂ, k+1
Ele®)=| — 3.3.11
)-(2) (3311)

3.3.4 Characteristic function of Size biased Generalized Gamma Distribution

The Characteristic function of SBG distribution is obtained as:

@ (t)= Te“xﬁ f(x; 1, B,k )dx

0

ﬂ'k SB+1

o-fe
)
p

ﬂ e,(lx)/i dX
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//Lkﬂ +1

D, j e ity (3.3.12)
Il k+ 0
Ced) "
Z dt
Put x* =t =x=t*; dX:,Bxﬁ‘l

Ifx >0,t >0 and x —>oo,t >0

A0 wtk e—t()/"—it)i
1
F[k + ;j 0 tl_E

_ 1 It P et (Wit gy (3.3.13)

o F[k+1j
@, (t)= p

1 .k+l
k+— [ =it)] »
F( +ﬁ]< "

D, (t)=

/1kﬁ +1

D, (t)=—— (3.3.14)
(2 —it)"s
Substitute B =1 in the above relation, we have
k+1
A
D (t)=| — 3.3.15
() ( HJ (3.3.15)

3.3.5 Shannon’s entropy of size-biased Generalized Gamma Distribution

For deriving the entropy of the size-biased Generalized Gamma distribution, we need the
two definitions that are more details of them can be found in Cover (1991).
Theorem.3.5.5.1 Let X, X,,X;...X, be an n positive identical independently distributed
random samples drawn from a population having a size-biased generalized Gamma

density

100



f. (x4, 5, k):Li(ﬂx)k” e ™ x>0,1>0,8>0k>0
F(k +]
B

Then Shannon’s entropy of Size-biased Generalized Gamma Distribution is:

o 1 F(k+2j
H(f(x; 4.k, S))=—log P —k{‘l’(k +—j— log ﬁﬂ}rﬂﬂﬂ—’g
F(k +;] P ﬂl‘(k +;J

Proof: Shannon’s entropy of Size biased Generalized Gamma Distribution is obtained as:
H[f (x;a. 8. K)]= E[-log{f (x;x, 5. k]

kp+1
H[F (xa, B,K)]= E| —logl LAyt

5

I 1
H[f (x;a, B,k)]=| —log o ~kBE(logx)+ A’ B E(x)
F(k +£
|
o F(k+2j
H(f(x;4,k,B3))=—log ﬂ—l —kBE(log x)+;¢’ﬁ—ﬁ1 (3.3.16)
F(k+j ﬂl“(k +J
Vo4
Now, E(log(x))= Tlog xf (X; e, B, k)dx
E(log(x)) = Tlog x Py g
’ F(k+l] (3.3.17)
B
Let (Ax)" =t=>x” :;—ﬁ: x:(;—ﬁjﬂ dx = dtl_l
Apt 7
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kgl L kg
e e

B L
F(k+ﬂ]° A Apt 7
RN
E(log(x)) = ——— | Iog(—j t 7 etdt
F(k+1)° ?
B
E(log(x)) = ;T(Iog te tkvfldtJ - MTe‘tmﬂ_ldt
ﬁr(k+1j° F(k+1J°
B p
F'(k+1j Iog;tﬁl“(kJrlj
E(log(¥) - —— % - £
I k+— K+
/ ( +ﬂ] - ( +ﬁJ
‘P(k+lJ—log/1ﬂ
E(log(x)) = (3.3.18)

p
Substitute the value of equation (3.3.18) in equation (3.3.16), we have

1 F(k+2J
pA B

1
—— |-k ‘P(k+—j—logiﬂ}+ﬂfﬂ— (3.3.19)
F(k+1J { B ﬂr(k+1j
p B

3.3.6 The generalized entropy of size-biased Generalized Gamma Distribution

H(f(x;4,k, 3))=-log

Generalized entropy is often used in econometrics. It is indexed by a single parameter «

.The generalized entropy is defined to be

_vur-1
- a(o—1)

We know that

IO!

;a#01 andv, ='[x“ fo(x , B,k )dx
0
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F(k N o +1j

v, = ﬂl (3.3.20)
2T k+—
( +/3)

Substituting above values, we get

F(k+a+1J F{k+2J 7
A Al
A% F(k + 1} }Ll"[k + 1J
. s f

) ey (3.3.21)
. F[k +aﬂ+1jr(k;(%jal;ra(k+;j {F“[H%ﬂ a5

3.3.7 Fisher’s information matrix of size-biased Generalized Gamma Distribution

The Size biased generalized Gamma distribution has a probability density function of the
form:

fs (X, ﬂ, ﬂ, k) :Ll (lX)kﬂ e_(lx)ﬁ
r(k ’ ﬁj (3.3.23)

Applying log on both sides in equation, we have

log f,(x; 1, B,k) =log B+ (ks +1)log A —log r(k +%j—1ﬁxﬂ (3.3.24)

Differentiating equation (3.3.19) partially with respect to 4, s and k we get
0 Iog fs (X;ﬂ,, ﬁ! k) — kﬂ _ ﬂ(ﬂ’x)ﬂ

0 n (3.3.25)
s h
olog f,(x; 2. B.K) _ > p).1 +klog 2 - (x)’ log(2x)
o F; B (3.3.26)
dlog f (x4, 8,k) _ 1
N —Plogi ‘”[“ ﬂJ (3327)
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Differentiating again the above equation partially with respect to 4, g and k we have

olog f,(6 4, 8,k) _ - (kB+1)- B(B-1)A)' X (3.3.28)
0 j 3.

0% log f,(x; 4, 8.k) _k-2’[(Blog A+1)x" + px” log x] (3.3.29)
0804 - A -

0*log f,(x; 4, 8,K) _ S (3.3.30)
koA A -

) _ i ' 1 l B B 2
& log f;(;,zﬂ,ﬂ,k) . ﬂ2+y/[k+ﬂj +2ﬁt//[k+ﬁj+/l x"(log x) 3331)

+ 2 (log A) X" +24 log Ax” log x

0% log f,(x: 4, A.K) _k—2[(Blog 2 +1)x* — p2”x log x]

i : (3.3.32)
1 1
1 k - 1_,,2 k —
0% log f,(x; 4, B,k) :Iogﬁ,+w( +ﬁJ v ( +ﬁ] (3.3.33)
ko B’
0% log f.(x; 4, B,K) F”[kJr;j 1
e __ r[k +1j ty (k +Ej (3.3.34)
B
0’log f, (x4, B.K) _ S (3.3.35)
020K 2 -
d%log f.(x; 4, B,K) F”(“;J 1
apok r(k+ 1 ) i (“Ej (5:33)
)4

Taking expectations on both sides of the above equations, we get

1(11) = —E *log f,(6 4, 8,k) | _ (kB +1)+ B(B-1)A) E(x)
’ ox 7

d?log f.(x; 4, 3, k)] _—k+ ¥ [(,B log A +1)x* + ,BE(X” log x)]

'(1.2)= _E( 004 2
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1(1,3)=—E o’log f, (A, BK) | __ B
1 okoa A

21— g F8 LA LK) _ ke (109 1+ DE(x)Y - BFE(x” log x)|
o 0403 B 2

1(2,2) =—E(

0° log f (x4, B.K) izﬂ//'[k +£j + Zﬁz//[k +£j+ AE [xﬁ(log X)z]
o = p B B

+ 2 (log A)* E(x)’ +24* log E(x” log x)

S
|(213):_E[a log fs(x,i,ﬂ,k)leog“ B : B
okop B

1(3.1)=_E %log f(x A B.K) | _ B
’ oAk s

1(3,2) :—E(a log fs(x’ﬂ’ﬁ’k)j:_
opoK

1(3,3) = _E(a log fs(xz,i,ﬂ,k)J _
ok

We know that, E(xﬂ log x): Ixﬂ log xf. (x; 4, B,K)dx
0

E(xﬂ log x): Txﬁ log x Ap (AxX)¥ ™" dx
0 F(k + 1j

B
F’(k +;+1j—/3log /Ir(k +;+1j

1
Tk + =
/ (Ufj

E(xﬁ log x): (3.3.37)
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Also, E(xﬂ(log x)2)= Ixﬁ(log x) £ (x4, B,k)dx

E(xﬂ (log x)2)= Tx"’ (log x)’ Ap (AX) e ™" dx
0 F(k + 1}
B
" 1 ] 1 2 2 1
r (k ++1)—2ﬁlog/11“ [k ++1J+,B (log 1) F[k ++1]
E(xﬂ (log x)z): b p b
/mﬂr(k v ;j

(3.3.38)

F(k +’B+\l)
/4

Also, E(X”) ==
i F[k +ﬂj (3.3.39)

Substitute the values of equations (3.3.37), (3.3.38) and (3.3.39) in the above entries of a

Fisher information matrix, we get

(ks +1)F(k + 1} +B(8 —1)F(k NE] +1J
1(LL) = p p

lzl“(k +1j
B
1 ) 1 , 1
—kl“(k+j+{(ﬂlog/l—ﬂ Iog/1+l)l“(k++1j+ﬁf‘(k++lﬂ
1(1L2) = B s B
il“(k +1J
p
__B
1(1,3) = /1
—kl“[k+1j+{l“(k +1+1J+[F’(k+l+ln:|
1(21) = B s s
ﬂl“[k+1J
B
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(F[k +1J+,BZF”[k +1J +2,B3F'[k +lj+1“”[k +l+1j]
p B p p

1(2,2) =

2 1
ﬂl“(k+ﬂ]
1(2.3)=—lo W{M;J_W{“;j
3)=-log A - 7
|(3,1):_§
1(32)=—log A - F"(“/lf} +wz(k+1j
| 2 r(k+;J p

1

w(mj 1
13.3) =—1ﬂ —y/{k +—j
F(k +j P
B
3.3.8 Entropy estimation:

Consider the pdf of size biased generalized Gamma distribution (3.2.1)

fs (x; 4, B,K) :L (Ax)¥ g’ (3.3.40)
F(k +1j
B

logL'(X;4,8,k) = n(l+kpB)logA+nlog 5 -nlog F[k + %) + kﬂzn: log x, — /‘tﬁixiﬁ (3.3.41)

i=1 i=1

I(X;4,6,k) = n[(1+ kp3)log A +log - log F[k + %D + k,BZn: log x, — /lﬂzn:xiﬂ (3.342)
M = (1+kpB)log 1 +log B - log F(k + %j +kplogx— 2 x” (3.3.43)

The Shannon’s entropy of Size-biased Generalized Gamma Distribution is given as:
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H(SBGG)=— (1+kp3)log A +log A - log F[IZ + %J +Kplog x — iﬁﬁ} (3.3.44) From
equation (3.3.43)and (3.3.44) , we can write
H@mxnz—ﬂﬁéfﬂg (3.3.45)
3.3.9 Akaike and Bayesian information criterion
The AIC and BIC methodology attempts to find the model that best explains the data with
a minimum of their values, from (3.3.45) we have
I(x; A, 3,k)=—nH (SBGG )
Then for SBGG family we have
AIC = 2K +2nH (SBGG ) (3.3.46)

and BIC =K logn + 2nH (SBGG) (3.3.47)

3.4 Test for Size-biasedness of Size biased generalized Gamma distribution

Let X;, X5, Xsz... Xn be random samples can be drawn from generalized Gamma
distribution or Size biased generalized Gamma distribution. We test the hypothesis
H,: f(x)=f(x;4, B,k)againest H, : f(x) = fs(x; 4, 8,k) .

For testing whether the random sample of size n comes from the generalized Gamma
distribution or Size biased generalized Gamma distribution, and the following test statistic
is used.
L1 H T(64,8.K)
i | F(x4,8,k))

/lﬁ (ix)k/} -1 ,—(Ax)*?

I
Il
=

iﬁ (J,X) kg ef(zx)f’
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Aok (k) .

L s r k+l]

B

A= H—(ki X (3.4.1)

F(k+) =

B

We reject the null hypothesis.

A0 | L >k (34.2)

F[k + 1j =
B
Equalivalently, we rejected the null hypothesis where

n

k)
i

For a large sample size of n, 2log Ais distributed as a Chi-square distribution with one

A =]]x >k, wherek” =k
i=1

degree of freedom. Thus, the p-value is obtained from the Chi-square distribution. Also,

we can reject the reject the null hypothesis, when probability value s given by:

P(A" > Z'),Where 2" =] ] x; is less than a specified level of significance, where [ | x; is the

i=1 i=1
observed value of the test statistic A"
3.5 Estimation of parameters in the size-biased Generalized Gamma Distribution.
In this section, we obtain estimates of the parameters for the Size-biased Generalized
Gamma distribution by employing the method of moment (MOM) and maximum

likelihood (ML) estimators.
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3.5.1 Method of Moment Estimators

Let Xy, X;, X3... Xn be an independent random samples from the SBGGMD with weight
c=1. The method of moment estimators are obtained by setting the raw moments equal to
the sample moments, that is E(X")=M, where is the sample moment M, corresponding to
the E(X") .The following equations are obtained using the first and second sample

moments.

)
)
M :% Z”:sz (3.5.2)

zr(“lj
p

1(a) When gand k are fixed and from equation (3.5.1), we obtain an estimate A for A, that

Dll—‘

x (3.5.1)

__\_F) (3.5.3)
Xr(k + 1)
B

1(b). When g =1and A are fixed and dividing (3.5.1) by equations (3.5.2), we get

_ Tk+2) 2T(Kk+)
M,  AT(k+1) I(k+3)

X 2
= — =
M, k+2
= ﬁ:“f(m -2 (35.4)
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1.(c): When 2 and k are fixed, the estimate for /S can be obtained by numerical methods.
3.5.2 Maximum likelihood Estimators
Let X, X,,..,X, be a random sample from a Size-biased Generalized Gamma

Distribution. Then the likelihood function of SBGGMD is given by
L(X;4,6.,k) = ﬁfs(x;ﬂ,ﬁ,k)

i=1

LG4, 8K) = [] Ll(ﬂx)kﬂ vy
= F(k+}
B
n B
ln(lJrkﬁ) ﬂn n » 7;};)“

—<Jx"e * (3.5.5)
Fn [k+1j i=1
B

Using equation (3.5.5), the log likelihood function is given by

L(X;4,8.k) =

log L'(X; 4, 8,k)=n(1+kB)log A +nlog 8 —nlog F[k +%)+ k,BZn:Iog X, —Aﬂzn:xiﬂ (3.5.6)
i=1

i=1
Now differentiate log L' (X; 4, 8,k) with respect to 4, Band k , we get

oL n(l+kB) & s s
I e P BA
oA A Z;,X p

" I (,1ﬂ) n‘P[k+;]
—:nklog/1+£—nog2 + >
B B

+k>logx, =4 Y x” log x,— 2 log A log x,
i=1 i=1 i=1

oL 1 4

——=nglogA—n¥Y| k+—| + log X,

L _npiog [ ﬂj p3-109 %

Equating these equations to zero, leads to the normal equations:

@ _ Zn: x.” pAP* =0 (3.5.7)

1
nklog 2+ " ,gz + 7 +k> logx, -2 Y x” logx, -2’ logA) logx, =0 (35.8)
i1 i1 i1
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i=1

ngZlog A — n‘P[k + %) + ﬂZn: logx, =0 (3.5.9)

1. When g and A are fixed, It follows from equation (3.5.7), that

Ay %7 .
T (3.5.10)
n B
2. When g and k are fixed, It follows from equation (3.5.9), that
n s
. B logx,
A =|exp ‘P(k+—j—“l— (3.5.11)
p n

3. When A and k are fixed, the estimate for B can be obtained by numerical

methods.

3.6. New method of estimation of Size-Biased Generalized Gamma Distribution
Although Prentice (1974) have presented a procedure to obtain the three parameters of the
generalized Gamma distribution, his procedure still quit complicated. In this research, we
propose a simple procedure to obtain the three estimators by using its characterization and
moment estimation approach. Note that Hwang .T and Huang. P (2006) have obtained
more general characterizations with the independence of sample coefficient of variation
V. with sample mean X as one of its special cases when random samples are drawn
from the generalized Gamma distribution. Their characterization is used to derive the
expectation and the variance of v * and then the new estimators for the three parameters
of size-biased generalized Gamma distribution are proposed. For deriving new moment
estimators of three parameters of the size-biased generalized Gamma distribution, we need
the following theorem obtained by using the similar approach of Hwang .T and Huang .P
(Theorems of 2006).

Theorem 3.6.1: Let n>3and let X,, X,,X,..X, be a n positive identical independently
distributed random samples drawn from a population having a size-biased generalized

Gamma density
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fs(x;ﬂ,ﬂ,k)zi(/lx)kﬂ e ™" x>0,14>0,820k>0

F(k +1J
p
{F(k + ljr(k + 3) —F(k + Zﬂ
Then E(S,%) = p p p

22 Fz(k + 1]
B
Proof: We know that

F[k+ m+‘lj
Ex™y =~ P ) 123

And E(S,?)=nV(X,)

{F(k + 1}F(k + 3) —Fz(k + ZH
B =t (36.)
izl“z(k +j
B

where X, and s ? are respectively their sample mean and sample variance.

Theorem 3.6.2: Let n>3and let X, X,,X,..X,, be a n positive identical independently

distributed random samples drawn from a population having a size-biased generalized
Gamma density
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£ (x4, B.K)= wl ()Y e ™ x>0,1>0,420k>0
F(k+]
p
S 2

oy Jate 3]
SECHTTE)

where X, and s ? are respectively their sample mean and sample variance.

Then

Proof: By theorem 3.6.1, we have

ool S w2 ) e Sa ) efw 2
E(S, )_E(>z _X, j_ E( ]..E(Xn )

n

And hence

{5)-58

n

Applying theorem 3.6.1 to the above identity yields that
, n{l‘(k +3Jr(k+1J—F2(k+2H
E[ S, } _ B B B
F(k +3Jr(k +1j+(n —1)F2(k +2J
B B B

Thus 3.6.2 is established.

(3.6.2)

XZ

n

Theorem 3.6.4: Let n>3and let X,,X,,X,..X,, be a n positive identical independently
distributed random samples drawn from a population having a size-biased generalized

ANLGeiGe)

Gamma density, then E( X” 5
F{k + ]
p
2

the square of the population coefficient of variation. Thus, )T”z is an asymptotically

—1 as n— oo and that this limit is

n

unbiased estimator of the square of the population coefficient of variation
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Proof: Furthermore, if SBGG distribution, we have
{F(k + 1)1‘(k + SJ - F(k - Zﬂ
B s p
A Fz[k +1)
B
a g5 (5]
o) ( )
e
-1 (3.6.4)
kK+—
el

And it can be show that
g2 F(k + SJF(k + lj
E( : J—) p : P)_q (3.6.5)
Fz(k + J
B

After comparing the above equations, we have

E(S,) =

(3.6.3)

i

2 2
E[Sﬁ }—> C_ as n— oo and that this limit is the square of the population coefficient of

2
variation. Thus

’)? > Is an asymptotically unbiased estimator of the square of the

population coefficient of variation. Hence, we conclude that the independence of the

sample mean X, and the sample coefficient of variation Vv, = ;” IS equivalent to that

n

f(x)is a size-biased generalized Gamma density where S, is the sample standard

deviation.
From (3.3.2) and we know that
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(3.6.6)
M”(k+lj
B

F(k +T+1J
2.E(X,.") N B (3.6.7)

A F(k +1j

B
, {F(k + 3}F(k + 1] - Fz[k + Zﬂ
3 E[ Sn 2j= p p p (3.6.8)
n X, r

(R ey ey

Then we can solve numerically via moment method the below equations for estimating of

SBGG parameters
n 2
_ INk+—
25 ( +ﬂ]
n M“(k +1J
B
{F(k + sjr(k + 1j - Fz(k + zﬂ
Su _ B B B
X F(k+3jr(k+1j+(n—1)l“2£k+2]
p B B

3.7 Bayesian Method of Estimation

(3.6.9)

(3.6.10)

Bayesian analysis is an important approach to statistics, which formally seeks use of prior
information and Bayes’ Theorem provides the formal basis for using this information. In
this approach, parameters are treated as random variables and data is treated fixed.

3.7.1 Parameter estimation under squared error loss function.

In this section, two different prior distributions are used for estimating the parameter of
the size biased Generalized Gamma distribution namely; Jeffery’s prior and extension of

Jeffrey’s prior information.
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3.7.1.1Bayes estimation of parameter of size biased Generalized Gamma distribution
under Jeffrey’s prior.

Consider there are n recorded values, x = (x,,...x,) from (3.2.1). We consider the extended

Jeffrey’s prior as:
() J1(2)

Where[1(2)]= _nE{aZ log f(x; 2, 3,k)

ox

} is the Fisher’s information matrix. For the model

(3.2.1),
k
g(4)= B
(3.7.1)
Then the joint probability density function is given by:
f(x;4) < L(x; 2, B.k)g(2)

n
nkB+n-1 pn 3'x? n
g

f(x;4) mme = I;I(Xi)kﬁ'

And the corresponding marginal PDF of x =(x,,...x,) is obtained as:

o0

p(x)= [ f(x, 202

0

nkf+n-1 on Y x? n
4 P e ; l_[(xi )da

p(x)= Tk ENARERY |
0 [r”(k +ﬂﬂ =

Hkﬂﬂn = [ X_/)’j g (3.7.2)
B =i

117



The posterior PDF of A has the following form

_ )
771(1/)_()— p(X)

nkﬂ+n—1+1

n A
-2y % n B
= nkf+n-1 B
e = 2 (Z X, j
i=1

7 (2%)= r{(km;)—m}

(3.7.3)

By using a squared error loss function Il(ft,/i)zc(/i—ﬂ)z for some constant c, the risk

function is:

R()= el - 2 m(2/x)0 2

o

nkfg+n-1
s

+1

,lﬁixi

e i1 ﬂnkﬁ#nl(i Xiﬂ]
rn{(kﬂﬂ)—lﬂ}
B

R(A)z o2, Cnkg+nYnkB+n+1) 2cA(ng+n)
o ow
oRA

Now Y 0, Then the Bayes estimator is

n(kﬁ+l]
c_ B )

di

3.7.1.2 Estimation of Survival function

(3.7.4)

(3.7.5)

By using posterior probability density function, we can found the Survival function, such

that
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S,(x) = [e"* ,(4/x)dA
0

n B
[ _lﬂ[Xithiﬁ]iﬂ(WJ (iZl:Xiﬂj da

S’\l()_() =J.e

n(kﬂ+1)—l+l

S0 =| —2E— (3.7.6)

3.7.1.3 Bayes’ estimation of parameter of size biased Generalized Gamma
distribution under the extension Jeffrey’s prior
Consider there are n recorded values, x = (x,,...x,) from (3.2.1). We consider the extended

Jeffrey’s prior as:

g(A)ec[1(2) ]

Where[l(1)]= _nE{aZ log f(x; 2, 3,k)

ox

} 1s the Fisher’s information matrix. For the model
(3.2.1),
1 2¢;
A)=k| =
9(4) ( J

Then the joint probability density function is given by:
f(x;1) < L(x;4, B,k)g(4)

(3.7.7)

ﬂvnkﬂm—Zcl n Jffzxiﬂ n
e T T

f(XA) <7
{F”(k +1ﬂ =
B

And the corresponding marginal PDF of x =(x,,...x,) is obtained as:

o0

p(x)= | f(x.2)2

0
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n
nkg+n-2c; pn - A N'x? n
yl Vi 2%

p(x)= Tk

p(x)=—L_[Tx s

] )

The posterior PDF of A4 has the following form

_fxa)
772(/1/)_() = p()_()

,Iﬁzn: 4 nk,6’+n—2r,l+1
- Xi n

P nkB+n-2¢; B
e = A (Z X; j

ﬁz(ﬂ«/)_(): rn{(kﬂ+1)—_2cl +1} (3.7.9)

B

By using a squared error loss function Il(/i,/l):c(i—l)z for some constant c, the risk

function is:

R(4)= Tc(;{ —Afm,(2/x)d

0
p n .ﬁ nkpg+n-2c¢;

: n
g = ﬂnkﬂ+n—2q [z Xiﬁ]

= di
l—«n|:(kﬂ +1)_ 2C1 +1:|
B

C(nkﬂ+n—201 +2J[nkﬂ+n—201+1J oci (kB +n)-2c, +1
R(A)zcﬁ?+ B B B

[Z x] : zx (3.7.10)

R(1)= Ic(i—z)z
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Now %’Q—O Then the Bayes’ estimator is

n(kﬂ;lj—ch +1

n[k +1j—2cl +1
A, P (3.7.11)

3.7.1.4 Estimation of Survival function:
By using posterior probability density function, we can found the Survival function, such
that

$,(x) = [ 7,(4/x)dA
0

nﬁ+n 2¢, “

n n ,B
SAl()_() _ Te—lﬁ[xiﬂ+;xiﬁ]ﬂﬁ[ nkB+n— 2cl (; X j
0

( ﬁ+;) 2, | j

n(kp+1)-2c, "
A B

>

X.

S (x)=|—=T (3.7.12)

n

X"+ x”
i-1

3.7.2 Parameter estimation under a new loss function.

This section uses a new loss function introduced by Al-Bayyati (2002). Employing this
loss function, we obtain Bayes’ estimators using Jeffrey’s and extension of Jeffrey’s prior
information.

Al-Bayyati introduced a new loss function of the form:
|A((5{,a)= aCZ(d—a)Z;ng R. (3713)
Here, this loss function is used to obtain the estimator of the parameter of the size biased

Generalized Gamma distribution.
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3.7.2.1 Bayes’ estimation of parameter of size biased Generalized Gamma
distribution under Jeffrey’s prior.
By using the loss function in the form given in (2.7.13), we obtained the following risk
function:
R(A)= [ 204 - Af m, (/%)

0

nkB+n-1

W B
Y%, ——
e |Z=1: nkﬂ+n1(zxiﬁj #
i=1

+1

>

rn[(kﬂ+1)+cz—l_|_zj rn[(kﬂ+1)+cz—l_|_1j
22

n ﬂ ﬁ
R(A): (Z—l: % J 1 izrn((kﬂ+1)+czj+ ﬂ _ ﬂ
n (kﬂ+1) n e, ﬂ n z n 2
| 2 B B B
s () (5] 5]
NowaaR—’1 =0, Then the Bayes’ estimator is
n(kg +1)+c,
h=—Fb— (3.7.14)
X
i=1

Remark 3.1: Replacing ¢, = 0 in (3.7.14), the same Bayes’ estimator is obtained as in
(3.7.5) corresponding to the Jeffrey’s prior. By replacing and ¢, =-2 in (3.7.14), the Bayes’
estimator becomes the estimator under Hartigan’s prior (Hartigan (1964)). By replacing c,
=11in (3.7.14), thus we get uniform prior.

3.7.2.2 Bayes’ estimation of parameter of size biased Generalized Gamma
distribution using extension of Jeffrey’s prior.

By using the loss function in the form given in (3.7.13), we obtained the following risk
function:

R(4)= T,fz (- 2Fz,(4/x)02

0
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n # nkS+n-2c;
PN x n —+
5 ! .2:1: i ﬂnkﬁm_zq(z X-ﬁj B
- GrD)-2 “
0 1—~n|:( ﬂ—l_ — <G +1:|
p

2

Z“:X.ﬁj 5 1,n((k,8+1)+c2—201+1) Fn((kﬂ+1)+02—201+3j rn{(kﬁ+1)+cz—2c1+2]
il ! / + / -21 /

npn+c,-20, 1 3 2
B
B
" ]

TR B

Now%’ﬁ =0, Then the Bayes’ estimator is

~

n(kB+1)-2c, +c, +1
i = p (3.7.15)

Remark 3.2: Replacing ¢;= 1/2 and ¢, = 0 in (3.7.15), the same Bayes’ estimator is
obtained as in (3.7.5) corresponding to the Jeffrey’s prior. By replacing ¢;= 3/2 and ¢, =0
in (3.7.15), the Bayes’ estimator becomes the estimator under Hartigan’s prior (Hartigan
(1964)). By replacing c;= 0 and ¢, =0 in (3.7.15), thus we get uniform prior.

3.8 Simulation Study of Size biased Generalized Gamma Distribution:

For description of this manner, we generate different random samples of size 25,50 and
100 from the Size biased Generalized Gamma distribution, a simulation study is carried
out 10,000 times for each pairs of (1,4,k) where (1=1.01.52.0),(8=0.51.01.5) and

(k=0.5,1.0,1.0).

Table 3.1: AIC and BIC criteria of Size-biased Generalized Gamma Distribution.

n y) ) k Shannon’s AIC BIC
entropy
25 1.0 0.5 0.5 26.66715 1339.358 1343.014
1.5 1.0 1.0 26.34335 1323.168 1326.824
2.0 1.5 1.0 26.25954 1318.977 1322.634
50 1.0 0.5 0.5 13.53889 1359.889 1365.625
1.5 1.0 1.0 13.16118 1322.118 1327.854
2.0 1.5 1.0 13.12484 1318.484 1324.220
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100

6.968103

1399.621

1407.436

6.617217

1329.443

1337.259

6.539594

1313.918

1321.734

From the above table 3.1, we can conclude that the Size-biased Generalized Gamma
Distribution have the smallest AIC and BIC values when sample size is 100 and scale

parameter is 2.0 and shape parameters are § =1.5, k=1.0.

Table 3.2: AIC and BIC criteria of different subfamilies of Size-biased Generalized

Gamma Distribution

Shannon’s
n Distribution AIC BIC
entropy
25 | Size biased Gamma 1.639386 |85.9693 |88.40705
Size biased exponential | 0.5945349 | 31.72674 | 32.94562
Exponential 0.4812101 | 26.0605 |27.27938
50 | Size biased Gamma 1.694657 173.4657 | 177.2897
Size biased exponential | 0.6134556 | 63.34556 | 65.25758
Exponential 0.378411 39.8411 41.75312
100 | Size biased Gamma 2.052823 414.5646 | 419.7749
Size biased exponential | 0.6356778 | 129.1356 |131.7407
Exponential 0.221281 46.2562 48.86137

From the above table 3.2, it has been observed that the exponential distribution have the
smallest AIC and BIC values as compared to other family of Size-biased Generalized Gamma
Distribution, when sample sizes of distributions are 25, 50 and 100.Hence we can concluded
that the exponential distribution gives better results and estimates as compared to Size biased

exponential and Size biased Gamma distributions.

124



3.8.1 Estimation of Parameters

In our simulation study, we choose a sample size of n=25, 50 and 100 to represent small,
medium and large data set. The scale parameter is estimated for Size biased Generalized
Gamma Distribution with Maximum Likelihood and Bayesian using Jeffrey’s & extension of
Jeffrey’s prior methods. For the scale parameter we have considered 4 = 1.0, 1.5 and .2.0
.The values of Jeffrey’s extension were ¢; = 0.5, 1.0, 1.5 and 2.0. The value for the loss
parameter a = -1, 0 and +1.This was iterated 5000 times and the scale parameter for each
method was calculated. A simulation study was conducted using R-software to examine and
compare the performance of the estimates for different sample sizes with different values for
the Extension of Jeffrey’s’ prior and the loss functions. The results are presented in tables for

different selections of the parameters and c extension of Jeffrey’s prior.

Table 3.3: Mean Squared Error for /. under Jeffrey’s prior

)‘NI

A B k AL Ag

C2=-1.0 C2=0 C2=1.0

25 1.0 0.5(10.5]0.5811284 0.5811284 0.5715454 0.5811284 0.5907911

1.5|1.0 1.0 ] 0.5678211 0.5678211 0.55324¢6 0.5678211 0.5834567

2.011.5]1.0 |0.4122289 0.4122289 0.3834204 0.4122289 0.4420807

50 1.0 0.5]0.5]0.2566281 0.2566281 0.2366366 0.2566281 0.2774302

1.5|1.0 | 1.0 | 0.3692554 0.3692554 0.3299744 0.3692554 0.3828399

2.011.5]1.0 |0.3274210 0.3274210 0.3152655 0.3274210 0.3398064

100 | 1.0 [ 0.5 | 0.5 ]0.1638196 0.1638196 0.1565776 0.1638196 0.1712253

1.5|1.0 | 1.0 ] 0.2922827 0.2922827 0.2866838 0.2922827 0.2979358

2.011.5]1.0 | 0.2910748 0.2910748 0.2854935 0.2910748 0.2967102
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Table 3.4: Mean Squared Error for (8) under extension of Jeffrey’s prior.

Ay

n |4 p k €. Awe Ag €2=-1.0 c2=0 c2=1.0
0.5 | 0.5811284 | 0.5811284 | 0.5715454 0.5811284 0.5907911
1.0 | 0.5811284 | 0.5715454 | 0.562042 0.5715454 0.5811284
PO 105 o g ss1128a | 0.562042 0.5526183 0.562042 0.5715454
2.0 |0.5811284 | 0.5526183 | 0.5432743 0.5526183 0.562042
20 0.5 | 0.4122289 | 0.4122289 | 0.3834204 0.4122289 0.4420807
1.0 | 0.4122289 | 0.3834204 | 0.4122289 0.3834204 0.3556554
2O 0 o 0 4122089 | 0.3556554 | 0.3834204 0.3556554 0.3289338
2.0 | 0.4122289 | 0.3289338 | 0.3032556 0.3289338 0.3556554
0.5 | 0.2566281 | 0.2566281 | 0.2366366 0.2566281 0.2774302
1.0 | 0.2566281 | 0.2366366 | 0.2174556 0.2366366 0.2566281
PO 05105 o | 0 as66281 | 0.2174556 | 0.1990852 0.2174556 0.2366366
2.0 | 0.2566281 | 0.1990852 | 0.1815254 0.1990852 0.2174556
> 0.5 0.327421 | 0.327421 0.3152655 0.327421 0.3398064
1.0 0.327421 | 0.3152655 | 0.3033399 0.3152655 0.327421
SR I R A 0.327421 | 0.3033399 | 0.2916442 0.3033399 0.3152655
2.0 0.327421 | 0.2916442 | 0.2801784 0.2916442 0.3033399
0.5 | 0.1638196 | 0.1638196 | 0.1565776 0.1638196 0.1712253
1.0 | 0.1638196 | 0.1565776 | 0.1494993 0.1565776 0.1638196
PO 01050 S| 1638196 | 0.1494993 | 0.1425847 0.1494993 0.1712253
2.0 | 0.1638196 | 0.1425847 | 0.1358339 0.1425847 0.1494993
Ho 0.5 | 0.2910748 | 0.2910748 | 0.2854935 0.2910748 0.2967102
1.0 | 0.2910748 | 0.2854935 | 0.2799663 0.2854935 0.2910748
20NN 0 | 0010748 | 0.2799663 | 0.274493 0.2799663 0.2854935
2.0 | 0.2910748 | 0.274493 | 0.2690738 0.274493 0.2799663

ML= Maximum Likelihood, SL=Squared Error Loss Function, NL= New Loss Function,

In table 3.3, Bayes’ estimation with New Loss function under Jeffrey’s prior provides the
smallest values in most cases especially when loss parameter C, is £+ 1. Similarly, in table 3.4,
Bayes’ estimation with New Loss function under extension of Jeffrey’s prior provides the
smallest values in most cases especially when loss parameter C, is £ 1 whether the extension
of Jeffrey’s prior is 0.5, 1.0, 1.5 or 2.0.
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CHAPTER -4
WEIGHTED AND SIZE - BIASED GENERALIZED BETA
DISTRIBUTIONS

4.1. Introduction

eta distributions are very versatile and a variety of uncertainties can be usefully

modeled by them. Many of the finite range distributions encountered in practice

can be easily transformed into the standard distribution. In reliability and life
testing experiments, many times the data are modeled by finite range distributions, see for
example Barlow and Proschan (1975). Many generalizations of beta distributions
involving algebraic and exponential functions have been proposed in the literature; see in
Johnson et al. (2004) and Gupta and NadarSajah (2004) for detailed accounts.
J.B.McDonald (1984) introduced the generalized beta distribution of first kind. It captures
the characteristics of income distribution including skewness, peakedness in low-middle
range, and long right hand tail. The Generalized Beta distribution of first kind includes
several other distributions as special or limiting cases, such as generalized gamma (GGD),
Dagum, beta of the second kind (BD2), Sing-Maddala (SM), gamma, Weibull and
exponential distributions.
The probability density function (pdf) of the generalized beta distribution of first kind
(GBD1) is given by:
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b*B(p.q b
= 0,otherwise

a1
f(x;a,b, p,q) =+xap’l [1—(ij ] for x>0 @11)

I'p'q

Where a, p,q are shape parameters and b is a scale parameter, 2(p,q) e IS a beta
pP+q

function, a,b, p,q and are positive real values.

The cth moment of generalized beta distribution of first kind is given by McDonald

(1995):
b°ﬂ[ P +C,qj
E(X°) = ﬂ(p’:) (4.1.2)
Put ¢c =1 in relation (4.1.2), we have
oo e ws
A(p,a)

In this chapter, we have introduce a new class of weighted Generalized Beta distribution of
first kind, Size biased Generalized Beta distribution of first and second kind. The several
structural properties of these probability models includes mean, variance, coefficient of
variation, mode and harmonic mean has been studied and derived. The estimation of
parameters of this new model is obtained by employing the new methods of moments Also,
a likelihood ratio test of Weighted and size biased probability distributions are to be
conducted. Some important theorems have been derived to estimates the parameters of four
parametric weighted and size-biased beta distributions. It was found that the square of the
sample coefficient of variation is asymptotically unbiased estimator of square of the

population coefficient of variation.

4.4 Derivation of Weighted Generalized Beta Distribution of first kind

A Weighted generalized Beta distribution of first kind (WGBD1) is obtained by applying
the weights x°, to the weighted Generalized Beta distribution of first kind.

We have from relation (4.1.1) and (4.1.2), we have
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£ (x.0)= X1 060)

C

q-1
. * a x%1 x\* B(p.q)
f, (X;a,b,p,q) = xcai 1—(} J — 7 dx
{ b"ﬂ(p,q)[ b bcﬁ[wc,q}
a
a

a)\d1
N et
bap+c ﬂ(p"‘a,qj

Where f, (x;a,b, p,q) represents a probability density function. This gives the weighted
generalized beta distribution of first kind (WGBD1) as:

X

a\d1
f., (xab,p,q)= a - x et (1_(6) J (4.2.2)
bap+c ﬂ(p"’aqu

r( D+ Cj rq
where a, p,q are shape parameters and b is a scale parameter, S(p + ¢ q) = — %
a F[ p+q+ Z)

is a beta function, a,b, p,q are positive real values.
4.2.1 Special cases
1. The distribution like the weighted beta distributions of first kind as special case when

a=Db =1, then the probability density function is given as:

f, (x;p,q) = xP*t (1-x)"*, p>0,g>0 (4.2.2) 2.

1
A(p+c,q)
The distribution like the Size-biased beta distribution of first kind as particular case when
a=Db=c=1, then the probability density function is given as:

1
A(p+10)

3. The distribution like the area-biased beta distribution of first kind as particular case

f.(x;p,q) = x" 1-x)"',p>0,0>0 (4.2.3)

whena=b=1,c=2, then the probability density function is given as:
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fa (X p.Q)= mxpl (1-x)" p>0,g>0 (4.2.4)
I'p+2Iq . .
B(p+2,q)=——— is abeta function, a,b, p,q are positive real values.
I'p+

4.3 Structural properties of weighted Generalized beta distribution of first kind

In this section, we derive some structural properties of weighted generalized beta
distribution of first kind.

4.3.1 Moments of Weighted Generalized beta distribution of first kind

The rth moment of weighted generalized beta distribution of first kind (4.2.1) about origin
is obtained as:

= [x"f,(xab, p,q)dx
0
q-1
] ap+c-1 a
i =] e
0 ﬁ(p_i_c’quap*’c
a
0 ap+r+c-1 a
EPES=RCIE
0 ﬂ(p+c’quap+c
a
r © ap+r+c-1 a9t
oo (zj {1_@ ] ix
ﬂ(p+c,q)° " °
a
r+;—1 a q—l
} sz } o
b
a 1
Put [fj =1, then x:bta,dx:Etg’ldt
b a

My =
ﬁ(p+ al

et
Hy ¢ 13[\b
ﬂ p+*!q
a
T Pttt
0
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b" r+c

PR PR
Ap+ Sl 43.)
Using the equation (4.3.1), the mean and second moment of the WGBDL is given by

bﬂ(p+c+1nj
a

!

=
ﬂ(p +;,qj (4.3.2)
b’ ﬁ(p +C+2,qj
Hy = :
ﬂ( D +;,qj (4.3.3)

Using the equation (4.3.2) and (4.3.3), the variance of the WGBDL1 is given by

ﬂ(p+‘:;2,q) ﬂ(mczl,qj
H =b? -
ﬂ(p+c,qj ﬂ(p+c,qj (4.3.4)
a a

The Coefficient of variation of Weighted Generalized Beta Distribution of first kind is:

ﬁ(mm,q]ﬁ(wc,q]
a a'’) 4

ﬂz( p+ca+1,qj (4.3.5)

CV =

4.3.2 Mode of weighted generalized beta distribution of first kind
The probability distribution of weighted Generalized Beta distribution of first kind is

given as:

a

a\d1
nna 8 o)
bap+c ﬂ(p+a,qj

In order to discuss monotonicity of weighted generalized beta distribution of first kind.
We take the logarithm of its pdf:
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In(f,(x:a,b,p,q))=In a . +1In x¥Pret +In{1—[%ja:l } (4.3.6)
ba‘”"ﬂ(p +a,qj

Where C is a constant. Note that

oln f, (x;a,b,p,q) (ap+c —1)(b"" - xa)— (q-1ax®
OX - x(ba - xa)

Where @, p,( are shape parameters and b is a scale parameter, It follows that

_ 1
8Inf*(x;a,b,p,q)>OC>X<b ap+c—1 a
OX la(p+g-1)+c-1]

_ -1
alnf*(x;a,b,p,q)<0<:>X>b ap+c—1 a
OX la(p+g-1)+c-1]

-1

8Inf*(x;a,b,p,q):0©X:b ap+c—1 a
OX la(p+g-1)+c—1]

The mode of weighted generalized beta distribution of first kind is given as:

1
x—p —ap*e=l (4.3.7)
a(p+gq-1)+c-1

4.3.3 Harmonic mean of weighted generalized beta distribution of first kind
The probability distribution of weighted Generalized Beta distribution of first kind is
given by:

a

a9t
f, (x;a,b, p,q)= . X (1—(3 ]
bap+c ﬁ(p‘l’a,qj

The harmonic mean (H) is obtained as:

1 71
— == f (x;a,b, p,q)dx
= =] f.(xab p.a)

0
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a 1
Put [fj —t, then x=bt2, dx= Lt
b a

i_ T p+et-1 -1
= ( ij[t] [L-t]"dt
bg p+—,q|°
a
c-1
izﬂ(era’qj
3 bﬁ(mc,q
a
bﬂ(mc,qj
H = c—al
ﬂ(p—l'i’q)
a

4. 4 Estimation of parameters of the weighted Generalized Beta Distribution of first

kind

In this section, we obtain estimates of the parameters for the weighted Generalized Beta

distribution of first kind by employing the new method of moment (MOM) estimator.

New Method of Moment Estimators

Let X3, X5, Xs... Xn be an independent sample from the WGBD1. The method of moment
estimators are obtained by setting the row moments equal to the sample moments, that is
E (X) = M, where is the sample moment M, corresponding to the E (X"). The following

equations are obtained using the first and second sample moments.
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c+1
1 bﬂ(p+,qj
a

i ﬂ(p+c,qJ
a

13 bzﬂ(w“z’qj
=3x = d (4.4.2)

= ﬂ(p+c,qj
a

Case 1: When p and q are fixed and a=1, then

(4.4.1)

X T(p+q+c+l)
M, DbI(p+c+l)

p-Mziq, @ (4.4.3)
p+c+1

Case 2: When p and b are fixed and a=1, then dividing equation (4.4.1) by (4.4.2), we
have:

X T(p+q+c+l)

M, DbI(p+c+1l)

o bX
g _(p+c+1)LvI 1} (4.4.49)

2
Case 3: When b and q are fixed and a=1, then dividing equation (4.4.1) by (4.4.2), we
have:

X T(p+q+c+l)
M, DbI(p+c+l)

R qM,
=2 (c+1 4.4.5
PThX ™, (©+1) (4.45)

Case 4: When p and q are fixed, b=1 then we can calculate the value of & estimator by

numerical methods.

4.5 New moment estimation method of Weighted Generalized Beta distribution of

first kind
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Although Prentice (1974) have presented a procedure to obtain the three parameters of the
generalized gamma distribution, his procedure still quit complicated. In this research, we
propose a simple procedure to obtained three estimators by using its characterization and
moment estimation approach. Note that Hwang .T and Huang. P (2006) have obtained

more general characterizations with the independence of sample coefficient of variation
V, with sample mean X, as one of its special cases when random samples are drawn
from the generalized gamma distribution. Their characterization is used to derive the
expectation and the variance of V_? and then the new estimators for the three parameters

of size-biased generalized gamma distribution are proposed. For deriving new moment
estimators of three parameters of the weighted generalized Beta distribution of first kind,
we need the following theorem obtained by using the similar approach of Ahmed et al
(Theorems of 2013).

Theorem 4.5.1: Let n>3and let X, X,,X,..X, be a n positive identical independently

distributed random samples drawn from a population having a weighted generalized Beta

distribution of first kind

a\d1
f, (x;a,b,p,q) = a o et (1—(3 ]
bap+c ﬂ(p"‘a,qj

oo+ *22 o+ 8] 45+ 5210)
Then E(S,%) = -
ﬂz(p+a,q)

Proof: Here, E(X)’:—brC ﬁ(p+—rzc,qj
ﬁ(p_'_a!qj
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b{ﬁ(mc;z,qjﬂ(m;qj (n— 1)ﬂ( Cgl,qﬂ
E(X,")=

2 c
ng [p+a,CIJ
And

b{ﬂ(mc;z,q)ﬁ(m;,qj—ﬁz(mc;l,qﬂ
E(5,7) = :
ﬁz(p+,qj
a

Where X, and S * are respectively their sample mean and sample variance.

(4.5.1)

Theorem 4.5.2: Let n>3and let X,,X,, X,...X, be a n positive identical independently

distributed random samples drawn from a population having a weighted generalized Beta
distribution of first kind

X

a1
f, (x;a,b,p,q) = a X3t (1—&} ]
bap+c ﬁ(p‘l‘c,qj
a
S 2

1
ﬂ(p+ ,qjﬂ[m q ﬁ(p+c+ q}
Then E[){ZJ: { — . j ac lj
” {ﬂ(p++ ,qjﬂ(p+,qj+(n—l)ﬂ2(p++ qﬂ
a a a

Where X, and S * are respectively their sample mean and sample variance.

Proof: By theorem 4.5.1, we have

2 2
E(S,%)=E S”Z .an]: E( S"Z}.E(an)

X, X,
S,” | _ Els,’
And hence E ){12): E(()Tnnz))

Applying theorem 4.5.1 to the above identity yields that

(i) Lo o]
e ot
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Thus 4.5.2 is established.
Theorem 4.5.3: Let n>3and let X, X,,X,..X, be a n positive identical independently

distributed random samples drawn from a population having a weighted generalized Beta
distribution of first kind.

a

fW*(x;a,b, p’q): Xa+c71 [1_ 1 a} _
bap+c ﬁ(p‘f‘;,QJ (bj
b{ﬂ(m“z,qjﬂ(mC,qj—ﬂz[mc”,qﬂ
a a a
ﬁz(p+c,q)
a
c+2 c 9 c+1
) ({2 - )-ao L]
X2 C+2 c ) c+1
{ﬂ(p+a'QJﬂ[p+a,QJ+(n—l)ﬂ (p‘*‘a,QH

Furthermore, if WGBD1 distribution, we have

c+2 c
6_2 ﬂ(p+a-QJﬂ(p+a1QJ

E(S,”) =

- -1 (4.5.3)
2
a
And it can be show that
2
o2 ﬂ[mt,qjﬂ(mz,qj
E( )?“ ]—) -1 (4.5.4)

c+1
ﬂz( P+, q)
a
Comparing above two equations, we have

2 2
Note that E(S_" J—>G— as n—oo and that this limit is the square of the population

2

7,

n

2

coefficient of variation. Thus, ;” > is an asymptotically unbiased estimator of the square

of the population coefficient of variation.
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4.6. Test for weighted generalized beta distribution of first kind
Let Xy, X5, X3... Xn be random samples can be drawn from generalized beta distribution

of first kind or weighted generalized beta distribution of first kind. We test the hypothesis
H,:f(x)=f(xab,p,q) vs H,: f(x)=1, (xab,paq).

To test whether the random sample of size n comes from the generalized beta distribution
of first kind or weighted generalized beta distribution of first kind the following test

statistic is used.

_ Ly fu (xab,p.q)
r= -l f(a,b,p,q>j

ax e [1_ (XJHTI
bap+cﬂ(p+;,qj b
i-1 ax®! . (Xja ot
b*p(p.a)” b

_L_r_ plpa)
A_LO 11 :

i=1 e E
bﬂ[p+a,qj

c

| B(p.a) LS
A= : C l:lIxi (4.6.1
b ﬂ[p+a,qj '

We reject the null hypothesis.

n

: ﬂ(p1(1) ﬂxic >|(
br(p+a,q) =1

Equalivalently, we rejected the null hypothesis where

5 C

! b ﬁ(p+a,qj

A =]]x°>k",wherek” =k| ———5—=~
1 A(p.q)

n

>0
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For a large sample size of n, 2log Ais distributed as a Chi-square distribution with one

degree of freedom. Thus, the p-value is obtained from the Chi-square distribution. Also,

we can reject the reject the null hypothesis, when probability value s given by:

P(A" > 2),Where 2" =] [ x; is less than a specified level of significance, where [ x; is the
i=1 i=1

observed value of the test statistic A"

4.7 Size-Biased Generalized Beta Distribution of first kind:

A size biased generalized beta distribution of first kind (SBGBD1) is obtained by
applying the weights x¢, where ¢ =1 to the weighted Generalized beta distribution of first
kind.

We have from relation (4.1.1) and (4.1.2),

f"(x;a,b, p,q) =

q-1

x f(x;a,b, p,q)
Sl ) iy
’ bﬂ(wa,q]

ap a0t
f (xab,pg= [ ax - (1-(%” dx
b ﬁ(p+a,q)

f "(x;a,b, p,q) =

O 3 8

8

o

a

a\d1
f"(x;a,b, p,q) = " [1—(8 ]
b*™ ﬂ(p+,qj
a

Where f’(x;a,b, p,q) represents a probability density function. This gives the size —

biased generalized beta distribution of first kind (SBGBD1) as:
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a)\a-t
f*(x:a,b, p,q) = a — (1—(%} } (4.7.1)
bap+1 ﬂ(p'Fa,CIj

I'p+1Iq ic

Where @, p,q are shape parameters and b is a scale parameter, f(p+1q) =
I'p+qg+1

beta function, a,b, p,q are positive real values.

Special case: The distribution like the Size-biased beta distribution of first kind as special

case (a=b =1), then the probability density function is given as:

1

f (x;p,q)= m

x" (1-x)"",p>0,q>0

I'p+1lq . . "
B(p+1q)= _Pr-9 is a beta function, a,b, p,q are positive real values.
I'p+q+1

4.9 Structural properties of Size- biased Generalized beta distribution of first kind:
In this section, we derive some structural properties of Size-biased generalized beta
distribution of first kind.

4.8.1 Moments of Size- biased Generalized beta distribution of first kind:
The rth moment of Size biased generalized beta distribution of first kind (4.7.1) about

origin is obtained as:

=[x f(xab, p,q)dx
0

gq-1

0 ap a
Hy :jxr alx {l—(%) ] dx
0 ﬁ(p_'_’quaml
a
g-1
ap+r a
x ng o
ﬂ(p+,q)ba"+l
a

X
Il
O ey 8
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reen GINCHIE

a 1
Put [fj —t, then x=bt2, dx= Lt
b a

r-1 0 1
e | G S
1 a
ﬁ[p'i'!qj 0
a
uo= b—l | ] s Lt dt
ﬂ(p"_a!qj 0

bl’

Hy =—ﬂ(|0+£+1 qj
ﬂ(mi,qj aa (4.8.1)

Using the equation (4.8.1), the mean and variance of the SBGBD1 is given by

bﬁ(min}
ﬂl':—l
ﬂ(p+,q} (4.8.2)
a
ﬂ(p+3,qj ﬂ(p+2,qJ
Hy =b’ a - a
ﬂ(mi,q) ﬂ(mi,q} (4.8.3)

The Coefficient of variation of Size- biased Generalized Beta Distribution of first kind is
given as:
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M) ﬂ(“i’-@ﬂ(p*iﬂ)
CV = -1

B pp+2a) 484)
Where, the first four moments about origin are given as:
2
=22
. 1
ﬂ(l“ﬂj
a
bzﬁ(p+3,qj
My = 2
2 1
ﬂ(p+.QJ
a

ﬁ[p+2,q] ﬁ(p+§,qj
H, =b? -
ﬁ[p+1,qj ﬂ(p+l,qj
a a
b3ﬂ(|@+:,qj
ﬂ(p+;,q]
b“ﬂ(mz,qj
/{p+;,qj

4.8.2 Mode of Size-biased generalized beta distribution of first kind
The probability distribution of Size-biased Generalized Beta distribution of first kind is

Hy =

Hy =

given as:
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a

a\o1
f"(x;a,b,p,q) = n X (1—[%) J In
bap+1 ﬁ(p"'a,qj

order to discuss monotonicity of size-biased generalized beta distribution of first kind. We
take the logarithm of its pdf:

In(f(x:a,b,p,g))=1In - a - +Inxap+|n{{l—[§r} } (4.8.5)
b* ﬂ(p+a,qj

Where C is a constant. Note that

oln f°(x;a,b, p,q) ap(ba - xa)—(q ~1)ab®x*
OX - x(ba —xa)

Where a, p,q are shape parameters and b is a scale parameter, It follows that

1
a

olnf (xabpa) ., 3
X La(p+a-1)
) - 1
oinf (xabpa o ., op__a |
X La(p+g-1) |
) ~ 1
oln f(x;a,b, p’q)=o<:>x=bL )
OX la(p+9-1) |

The mode of size-biased generalized beta distribution of first kind is:

X = b{—ap T
a(p+9g-2 (4.8.6)

4.8.3 Harmonic mean of Size-biased generalized beta distribution of first kind
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The probability distribution of Size-biased Generalized Beta distribution of first kind is
given as:

a

a\d1
f"(x:ab,p,q) = o [1—(%} J The
bap+1 ﬂ(p+a’qj

harmonic mean (H) is obtained as:

1 71
_:_f ; ib’ ) d
=]~ f(xab,p,a)dx

0

o0 ap a g1
e men Ol
0X bap+lﬂ(p+a,qj

e CINSOIE

a 1
Put(fj —t then x=bt® dx=2tidt
b a

:| = bﬂ(pi,qu[t] [L+t]"dt
1 A(p.q)
i bﬂ[p+,qj
= bﬁ[;:p,qj)ﬁ(q) (4.8.7)
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4.9. Estimation of parameters in the size-biased Generalized Beta Distribution of
first kind

In this section, we obtain estimates of the parameters for the Size-biased Generalized Beta

distribution of first kind by employing the new method of moment (MOM) estimator.

4.9.1 New Method of Moment Estimators

Let X;, X5, X3... Xn be an independent sample from the SBGBD1with weight c=1. The
method of moment estimators are obtained by setting the row moments equal to the
sample moments, that is E(X") = M, where is the sample moment M, corresponding to the

E(X"). The following equations are obtained using the first and second sample moments.
2
1 bﬁ[p+a,qj
P S
g ﬂ(p+,qJ
a
19 i ﬂ( a qj
2yX,2= —1‘3 (4.9.2)
nij=
= ﬁ[p+a,q]

Case 1: When p and g are fixed and a=1, then

bﬂ(p+2,qj
ﬂ(p+,q)
a

T - bI'(p+2)I'(p+qg+1)
C T(p+q+2)(p+1)

(4.9.1)

B:X(p-l_q-l_l)

o) (4.9.3)

Case 2: When p and b are fixed and a=1, then dividing equation (4.9.1) by (4.9.2), we
have:
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X _T(p+2T(p+q+3)
M, bI(p+q+2)'(p+3)

X p+q+2

M, b(p+2)

g= (p+2)[ bX —1} (4.9.4)
MZ

Case 3: When b and q are fixed and a=1, then dividing equation (4.9.1) by (4.9.2), we

have:
X p+q+2
M, b(p+2)
p= M.,
bX-M, (4.9.5)

Case 4: When p and g are fixed, b=1 then we can calculate the value of 4 estimator by

numerical methods.

4.10 Test for size-biased generalized beta distribution of second kind
Let X3, X,, X3...X, be a random samples drawn from generalized beta distribution of first

kind or size-biased generalized beta distribution of first kind. We test the hypothesis

H,: f(x)=f(x,ab p,avsH,: f(x)=f (ab, pa)

To test whether the random sample of size n comes from the generalized beta distribution
of first kind or size-biased generalized beta distribution of first kind the following test

statistic is used.

L, 4 fs(x;a,b, p,q)
A:—:
Lo £1 f(a,b, p,q)
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Ee e
Ll ) bap+1ﬂ(p+:'qj b
Z& = ]:-' :::I_I:

o id ax®! 1_()()3 o
b®B(p.a)~ \b
A:i:ﬁM.X
o i=1bﬂ(p+i,q)

n

A= L‘i) li[xi (4.10.1)
bﬁ(p+a,qj -

We reject the null hypothesis

n

ﬂ(p,fll) l_i[xi>k
br(p+a,qj '

Equalivalently, we rejected the null hypothesis where

bﬂ(p +;,q)
B(p.q)

n

>0

A =]]x >k, wherek™ =k
i=1

For a large sample size of n,2log Ais distributed as a Chi-square distribution with one

degree of freedom. Thus, the p-value is obtained from the Chi-square distribution.

4.11 Generalized Beta Distribution of Second kind.
The probability density function (pdf) of the generalized beta distribution of second kind
(GBD2) is given by:

ap-1
f(x;a,b, p,q) = ax for x>0

b ﬂ(p.q)[l+(gj } (4.11.1)

= 0, otherwise
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F;)Fq is a beta

Where @, p,q are shape parameters and b is a scale parameter, B(p,q) “Toid
_|_

function, a,b, p,q and are positive real values.

The rth moment of generalized beta distribution of second kind is given as:

i CaeYRary
E(X) = Fz = a (4.11.2)

Put r =1 in relation (4.11.2), we have

oy )
E(X)= r?) T a (4.11.3)

4.12 Size Biased Generalized Beta Distribution of first kind
A size biased generalized beta distribution of second kind (SBGBD2) is obtained by

applying the weights x°, where ¢ =1 to the weighted Generalized beta distribution of

second Kind.
We have from relation (4.11.1) and (4.11.3)
" (x;ab, p,g) = K20 PG
. i a x®* I'pIq
f (xabpa)= | x — . o Ox
a X = _-
bpmp,q){(ubn br(‘”ajr(q aj
ap
f'(x;a,b,p,q) = ax Where

2P+
P+t ﬂ[p+l,q—1j{l+[xj }
a a b

f*(x;a,b, p,q) represents a probability density function. This gives the size —biased

generalized beta distribution of second kind (SBGBD2) as:

a
f(x;a,b, p,q) = a_x (4.12.1)

2P+
- forp o o]
a a b

where @, p,q are shape parameters and b is a scale parameter.
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IGHIGH
,8( p+—,q ——j = a 2/ is a beta function, a,b, p,q are positive real values.
a'' a r(p+a)

Special case: The distribution like the Size-biased beta distribution of second kind as

special case (a=b =1), then the probability density function is given as:

XP
Ap+1q-1)L+x

f°(x p,q) = T ;p,q>0

4.13 Structural properties of Size- biased Generalized beta distribution of second
kind

In this section, we derive some structural properties of Size-biased generalized beta
distribution of kind.

4.13.1 Moments of Size- biased generalized beta distribution of second kind:
The rth moment of Size biased generalized beta distribution of second kind (4.12.1) about

origin is obtained as:

=[x f(xab, p,q)dx
0

b o ax®
o :£X . . P dX
ﬂ(mq—jb“”{n(xj }
a a b

grrers (CIRCCII

P+_-.4-
a

-

a

a 1
Put [gj —t, then x=Dbt2, dx= LREE

a
lg(p"i_l’q_lj
a a

© 1
and ! = [ gta_ldt
0
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bl’

He =
1 1
ﬂ[p'i"q_
a a

a a a a

Jﬂ(p+£+3,q—£—1j (4.13.1)

Using the equation (4.13.1), the mean and variance of the SBGBD2 is given by

bﬂ(p+2,q—2j
a

a

4 = (4.13.2)
ﬂ(p+1,q—1)
a a
ﬁ(mz,q—ﬂ ﬂ(p+§,q—§]
_ (4.13.3)

H, =D
1 1 1 1
ﬁ(p-i"q_J ﬂ(p+’q_j
a a a a

The Coefficient of variation of Size- biased Generalized Beta Distribution of second kind

is:

N ﬂ(p+2-q—2)ﬁ(p+i,q—ij
V=) - —— -1 (4.13.4)
ﬁz(p"‘aaq—a)

4.13.2 Mode of Size-biased generalized beta distribution of first second
The probability distribution of Size-biased Generalized Beta distribution of second kind is
given by:

ap
f(x;a,b,p,q) = ax In

2P+
b+ ﬁ(p+1,q—1j{1+(xj }
a a b

order to discuss monotonicity of size-biased generalized beta distribution of second kind.
We take the logarithm of its pdf:

In(f(x:a,b,p,q))=1In al 1) +In x*® +|n{1+(%ja} } (4.13.5)

ba"”ﬂ(m,q -
a a
Where C is a constant. Note that
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oln f7(x;a,b, p,q) _apb®-agx*®
OX x(b® + x?)

Where a, p,q are shape parameters and b is a scale parameter, It follows that

1
oln f°(x;a,b, p,q) a
OX

>0 x<b P
q

|-

oln f7(x;a,b, p,q)
OX

<0 x>h P
q

o |-

aln £"(x;a,b, p,q)
x

=0 x=b P
q

Therefore, the mode of size-biased generalized beta distribution of second kind is given

as:

1

X, = b(sj (4.13.6)

4.13.3 Harmonic mean of Size-biased generalized beta distribution of second kind

The probability distribution of Size-biased Generalized Beta distribution of second kind is
given as:

a x®

L
b+ ﬁ(p+1,q—1j{1+(xj }
a a b

The harmonic mean (H) is obtained as:

f(xa,b,p,q)=

1 71
— =|= f(x;a,b, p,q)dx
v !X ( p,q)

1 71 ax®

N ~(p+a)
ﬁ:k ba"”ﬂ(ml q—lj{“ B] } >
a ' a
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a 1
Put(fj —t then x=bt® dx =2t dt
b a

1
p—=

e ! [ et 2o ar
bzﬂ(p+,q—)° |
a a
1 1 (T
= [l [+t dt
: bﬁ(p+1,q—1J°
a a
1_ Apa)
i bﬂ(p+l,q—lj
a a
e Jlad)
_ a a
B(p,a)

4.14 Estimation of parameters in the size-biased Generalized Beta Distribution of

second kind

In this section, we obtain estimates of the parameters for the Size-biased Generalized Beta

distribution of second kind by employing the new method of moment (MOM) estimator.

4.14.1 New Method of Moment Estimators

Let X3, X,, Xs... Xn be an independent random samples from the SBGBD2 with weight

c=1. The method of moment estimators are obtained by setting the raw moments equal to

the sample moments, that is E(X') = M, where is the sample moment M, corresponding to

the .E(X") The following equations are obtained using the first and second sample

moments.

152



j =
N ﬂ(mi,q—lJ

a

1 bﬂ(p"i'z’q_Zj
X/ (4.14.2)

Case 1: When p and g are fixed and a=1, then

bﬂ(p+2,q—2j
)Z _ a a
ﬂ(p"'l!q_lj
a a
b=X (‘:)_j) (4.14.3)

Case 2: When p and b are fixed and a=1, then dividing equation (4.14.2) by (4.14.1), we

have:

X T(p+2)r(g-2)
M, bI(p+3)I(q-23)

X
g = 2)b
q (|0+)NI

+3 (4.14.4) Case

2

3: When b and q are fixed and a=1, then dividing equation (4.14.1) by (4.14.2), we have:
I'(p+2)r'(q-2)

X
M, bI(p+3)I'(q-23)

X _ 9-3
M, b(p+2)
~_M,(@-3)
—_— 21 =/ _9 4.14.5
p =~ ( )

Case 4: When p and q are fixed, b =1 then we can calculate the value of destimator by

numerical methods.

4.14.2: New method of estimation of Size- biased generalized Beta distribution of

second kind
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This section is based on a new moment estimation method of parameters of SBG family
using its characterization. The characterization is used to derive the expectation and the
variance of V. ? and then the new estimators for the four parameters of size-biased
generalized Beta distribution of second kind are proposed. For deriving new moment
estimators of three parameters of the size-biased generalized Beta distribution of second

kind, we need the following theorem obtained by using the similar approach of Ahmed et
al (Theorems of 2013).

Theorem 4.14.2.1: Let n>3and let X, X,, X,..X, be an n positive identical independently

distributed random samples drawn from a population having a Size- biased generalized

Beta distribution of second kind.

a x*

bap+1 ﬂ(p+1,q_1j
a

a

2 3 3 1 1 2 2 2
b {ﬂ(pﬁLa,q—ajﬂ(pﬁLa’q—aj—ﬂ p+a'q_aﬂ
ﬂ2(p+l,q—1j
a a

f"(x;a,b, p,q) =

Then E(S,%) =

Proof: Here, E(X) = ti : ﬂ[“%%’q_g_ij

U et e |
E(X,")=

nﬁz(p+1,q—1)
a a

bz{ﬁ(mg,qﬁjﬂ(m1,q—1j—ﬂ2(p+2.q—2ﬂ
ANdE(S,%) = a4 al al a4 (4.14.6)
ﬂz[p+,q—j
a a
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Where X, and S ? are respectively their sample mean and sample variance.

Theorem 4.14.2.2: Let n>3and let X, X,,X;..X, be a n positive identical

independently distributed random samples drawn from a population having a Size- biased

generalized Beta distribution of second kind

a x®
bap+1 ﬂ(p+1,q—1j{1+(x)a}
a a b
52 Mm q- jﬂ[m q—j—ﬂ(m q—zﬂ
Then E[)?nz): 3 3 1 2
" Mm,q—jﬁ(m,q—j—(n—l)ﬂz(m,q—ﬂ
a a a a a a

Where X, and S * are respectively their sample mean and sample variance.

f"(x;a,b,p,q) =

Proof: By theorem 4.14.2.1, we have

2\ Sn2 2| Snz T 2
E(S, )_E(Xz. n J_E(XZ}.E(X,] )

And hence E 8_“22 = E(i”z)
Xn

Applying theorem 4.14.2.2 to the above identity yields that

P e DR Cors)
U e

Thus 4.14.2.2 is established.

(4.14.7)

Theorem 4.14.2.3: Let n>3and let X, X,,X;..X, be a n positive identical

independently distributed random samples drawn from a population having a Size- biased

generalized Beta distribution of second kind
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f"(x;a,b,p,q) =

a a
ﬁ{mi,q—ij
ﬂ(m“z,qjﬁ(mC,qj—ﬂz(mm,qj
i a a a |

I C+2 c ) c+1 )|
_ﬁ(p"'ayQJﬁ(p"‘aaQJ"'(n—l)ﬁ (p"'a,QJ_

m
VRN
X v
5 o N
~
I
>

Furthermore, if SBGBD2 distribution, we have

3 3 11
o ﬁ(p+ q—jﬁ(m,q—)
—= -1 (4.14.8)
# ﬁ{w&—j
a a
And it can be show that
3 3 11
oy Apria-2fpetat)
E[_“ J—> a1 (4.14.9)

e )

Comparing above two equations, we have

2

2 2
Note that E@(_" J—>G— as n—oo and that this limit is the square of the population
H

n

2

coefficient of variation. Thus Is an asymptotically unbiased estimator of the square

] )? 2
of the population coefficient of variation.
4.15 Test for size-biased generalized beta distribution of second kind.
Let Xy, X;, X3... Xn be random samples can be drawn from generalized beta distribution
of second kind or size-biased generalized beta distribution of second kind.

We test the hypothesis
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H, :f(X)=f(xa,b, p,q)vsH,: f(X) = fs*(x;a,b, p.d)

To test whether the random sample of size n comes from the generalized beta distribution
of second kind or size-biased generalized beta distribution of second kind the following
test statistic is used.

A=ty fatxab, p,q)J

LO i=1 f(a,b,p,Q)

ax®T'(p+q)

oo s
L & a a b

i ax® T (p+q)
b""ﬁ“pl‘q{ﬂ(éj }

Ao L, ll[ X% I'plq

ap-1
= e e
a a

p+q

I'pI'q .
A= _ 4.15.1
(o 2p(a-3)) o
bI'f p+— || g——
a a
We reject the null hypothesis, if
I'plq -
. >k
O
bl p+—1|[1gq——
a a

Equalivalently, we rejected the null hypothesis when

N kbl“[ p+ ljl“[q — 1)
A =]]x >k, wherek” =k a a >0
i-1 I'pI'q

For a large sample size of n, 2log Ais distributed as a Chi-square distribution with one

degree of freedom. Thus, the p-value is obtained from the Chi-square distribution.
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CHAPTER -5
SIZE-BIASED GENERALIZED RAYLEIGH
DISTRIBUTION

51 Introduction

ayleigh distribution is an important distribution in statistics and operations

research. It is applied in several areas such as health, agriculture, biology, and

other sciences. In statistic literature, the Rayleigh distribution is a continuous
probability distribution. The problem of estimating the unknown parameters in statistical
distributions used to study a certain phenomenon is one of the important problems facing
constantly those who are interested in applied statistics. This distribution was introduced
by Lord Rayleigh (1980). Surles and Padgett (2005) introduced two-parameter Burr Type
X distribution and correctly named as the generalized Rayleigh distribution. The two-
parameter generalized Rayleigh distribution is a particular member of the generalized
Weibull distribution, originally proposed by Mudholkar and Srivastava (1993).Several

aspects of the one-parameter (scale parameter equals one) generalized Rayleigh
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distribution were studied by Sartawi and Abu-Salih (1991), and Surles and Padgett (1998).
It presents a flexible family in the varieties of shapes and is suitable for modeling data
with different types of hazard rate function: increasing, decreasing and upside down
bathtub shape (UBT).The Generalized Rayleigh distribution includes several other
distributions as special or limiting cases, such as gamma, Weibull and exponential
distributions.

The probability distribution of Generalized Rayleigh distribution is given as:

k
f(x:0,k) = %exp[—%j for x>0,kand@ >0
akr(ij (5.1.1)
= 0,otherwise
Its mean and variance are given by:
1
ekr(zj
___ \k (5.1.2)
)
k
2 1 2
Hkr(zj ekr(zj
k) _ k (5.1.3)

NEGNER

In this chapter, we have introduced a new class of Size biased Generalized Rayleigh
distribution. The several structural properties, reliability and information measures are
introduced and derived. The estimation of parameters of this new model is obtained by
employing the new methods of moments, maximum likelihood and Bayesian method of
estimation. The Bayes’ estimators are obtained by using Jeffrey’s and extension of Jeffrey’s
prior under different loss functions. A comparison has been made of the Bayes’ estimator
with the corresponding maximum likelihood estimator. Also, a likelihood ratio test of size
biased generalized Rayleigh distribution is to be conducted. A simulation study has been
performed for the comparison of Bayes’ estimators with the MLE estimator. Also, survival

functions of new model are derived using Jeffrey and extension of Jeffrey prior. It has been
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observed that Bayes’ estimator provides better results and estimates as compared to

classical estimators.

5.2 Size Biased Generalized Rayleigh Distribution

A size biased generalized Rayleigh distribution (SBGRD) is obtained by applying the
weights x°, where ¢ =1 to the weighted Generalized Rayleigh distribution.

We have from relation (5.1.1) and (5.1.2)

1
. ekr(ij
[x f(0,k)dx=—1232
° )
k
This gives the size-biased generalized Rayleigh distribution (SBGRD) as:

k

fs(x.0,k) = zk—xjexp( %] forx>0,kand6>0

ekr(k (5.2.1)
=0,otherwise
The CDF of the Size biased generalized Rayleigh distribution is given by:
! (k ’Xj
F(x;0,k)= (5.2.2)

i

k

5.2.1 Special Cases

The distribution like the Size-biased exponential distributions as a special case when k =

1, then the probability density function is given as:

) X X
fs(x,e)zﬁexp[—gj forx>0,k>0
= 0, otherwise
The distribution like the Size-biased Rayleigh distribution as a special case, when k=2

then the probability density function is given as:
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2

fs(x;e):%exp(—%j forx>0,6>0

=0, otherwise

5.2.2 Hazard functions

The hazard function for the Size biased generalized Rayleigh distribution is given as:

oy F(x6,,k)
hy(x:6.k)= 1-F(x;6,,k)
h(x;0,k) = kxe ¢ (5.2.3)

RS

The reverse hazard function for the Size biased generalized Rayleigh distribution is given

as:
h,(x;6,k)= flxo.k)
F(x;0,k)

h(x;0.k)= e " (5.2.4)

Theorem 5.2.3: Let f(x;0,k) be a twice differentiable probability density function of a

f'(x;6,k)

: : ine N(X;,0,k)=——7——
continuous random variable X. Define ( ) f(x,H, k)

,where f'(x;0,k) is the first
derivative of f(x;@,k)with respect to x. Furthermore, suppose that the first derivative of
n(x; 0,k ) exist.

a) If n'(x;0,k)<o0,for all x >0, then the hazard function is monotonically decreasing.

b) If n'(x;0,k)> 0,for all x> 0, then the hazard function is monotonically increasing.
c) Suppose there exist X, such that n'(x;0,k)<0, for all0 < x < x,, n'(x,;6,k)=0
Andn'(x;8,k)>0,forall 0> x,. In addition, fim f(x)=co, then the hazard function is
x—0

upside down bathtub shape.
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Proof: Using equation (5.2.1), the derivative of the f(x;0,k)is given by:

f'(x;0,k)=

f'(x;60,k)

Therefore, N(x;6,k)= _f(x—é?k)

kx“ — @

n(x;6,k)=-

The derivative of n(x;0,k) is given as:

And
n(x: 0,K) = % - (5.2.5)
Collory:

a) Ifk >1, then n’(x;0,k)>0,for all x > 0, then the hazard function is monotonically
increasing.

b) Ifk <1, then n'(x;0,k) <0, then the hazard function is monotonically decreasing.

c) If0<k <1, then the hazard function is upside down bathtub shape.

5.2 Structural properties of Size-biased generalized Rayleigh distribution

In this section, we derive some structural properties of Size-biased generalized Rayleigh
distribution.

5.3.1 Moments of Size-biased generalized Rayleigh distribution (SBGRD)

The rth moment of SBGRD (5.2.1) about origin is obtained as:

L =jxff(x;0, k)dx
0

© k
! :J'x”l . k exp(— %)dx

1 1
k k 1 P
Letx' =z=X=1 ,dX=EZ dz, x>0,z 50;x >0,z >x
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r+2
W -—2t r ”Zj.ek (5.3.1)

Ay

By putting r = 1, 2 in equation (5.3.1), the mean, variance and coefficient of variation are

given as:
1)
41 =Mean=

1
o~ (5.3.2)

G
BEGTHES

5.3.2 Moment generating function of Size-biased generalized Rayleigh distribution
The moment generating function of Size-biased generalized Rayleigh distribution is
obtained as:

E(e™) = e f,(x;0,k)dx
0

k

e 9 dx

E(e) = J'etxk ZL
) 2

28
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Put xk = = — x= Z : ,dx = zt 1dZ
=t 1\« 1\«
=t k| = —t
¢ (0 j (0 j
txk k 1 T -z %_1
E(e”™ )=—; : 2_|.e z% dz
9?1‘* 2) (1—1:)'( 0
k) o
E@>)= ! .
2 —
ek(l—tjk
0
ot 1 35
E(e™)= > (5.3.5)
1-a)x

5.3.3 Characteristic function of Size-biased generalized Rayleigh distribution
The Characteristic function of Size-biased generalized Rayleigh distribution is obtained

as:
E@e™) = [e™ f,(x6,k)dx
0

k

> e ?dx
H
k

EE™") = k ]Exe‘xk(g“]dx

2
k

E(e™") ZJ‘eitX* ZL
) 2
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(5.3.6)

5.3.4 Shannon’s entropy of size-biased Generalized Rayleigh Distribution
The Shannon entropy of a random variable X is a measure of the uncertainty and is given

by E[-log( f (x)], Where f(x) is the probability function of the random variable X.Shannon

entropy of Size biased Generalized Rayleigh Distribution are obtained as:
H[f.(x;0,k)]=E[-log f.(x;0,k)]

H[f,(x;0,k)]= —T log f,(x;6,K)[f,(x;0,k)]

Note that

k
f(x0.K) = expl -

exp| —— forx>0,kand8>0
(2 %
oI —
k

=0, otherwise

k

log fs(x;0,k) =logc + log x—%

Where c=

K
eir[zj
K

0 k k
So that, H[f (x;0,k)]= —J‘{Iog c+logx— %}cx exp{— X;}dx
0
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H[f (X;H,k)]:——clogchexp X dx—chIog Xexp X dx+£Txk”exp _x dx
: ) 0 ) o) o) 0

xK 11 1 i 1
Put, —=2,x=0%zX,dx==60%z* dz,log x ==log &
0 k K
So that
clogc? 2 2 09% 2, CHE t k2
Hf(x :9,k)]———'[9kexp(—z)zk dz—?jlog(é?z)exp(—z)zk dz+TIexp(—z)z Kdz (5.37)
0 0 0
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But, €109 ¢ | 2 :
= !9 exp(—2)z* ‘dz = log k — 21°99
k_ log F[gj
(5.3.8)

E k
(7
K2 !IOQ(HZ) ep(-2)z* dz = log6 F(k +1)
k
2
K[| —
[kj (5.3.9)

169



(5.3.10)

Substitute the values of equations (5.3.7), (5.3.8), (5.3.9) in equation (5.3.10), we get the

Shannon’s entropy of Size-biased generalized Rayleigh distribution which is given as:

2 + 1] F(Z + 1)
H[f.(x;6,k)]= —log k+M+|Ogr(Ej_ |039 Fk(k G
e fe)
F(E +1j
kl“(i)

The above relation (5.3.11) represents the Shannon’s entropy of Size-biased generalized

log @

HIF,(60,K)] =222 ~log k + log r(%}[k-ﬂ (5.3.11)

Rayleigh distribution.
5.3.5 Fisher’s information matrix of size-biased Generalized Rayleigh Distribution
The Size biased generalized Rayleigh distribution has a probability density function of the

form:
k
f.(x;0,k) = zk—xzexp(— %j
akr(j

k
Applying log on both sides in equation, we have

2 2) x*
log f,(x;8,k) = logk + log x — log(8)« — log F(Ej -

Differentiating equation (3.3.19) partially with respect to # and k , we get
dlog f,(x;0,k) _ -2 N x*

06 ko~ 6° (5.3.12)
olog f.(x;0,k) 1 (2) 2logd x*logk
S e T
ok Kk k) K 0 (5.313)

Differentiating again the above equation partially with respect to 6 and k we have
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o’log f,(x;0,k) 2 2x*

00? ke* & (5.3.14)
d*log f,(x;0.k) -x* x*(logk)’ (5.3.15)
ok? 6 6 -
o%log f.(x;0.k) _ 2 x“logk (5.3.16)
o060k NS 0?
o%log f,(x;0.k) _ 2 x“logk (5.3.17)
koo NS 0*
Taking expectations on both sides of the above equations, we get
2 .
|(1,1) = —g[ 2109 £.(x0.K) :2E(;<)ﬂ _ 2
o0 o ko
2 . k
(12) :_E(a log fs(x,e,k)J:_( 2, Elx*Jog k)
o060k &k o
2 . k
| (2,1):45(6 log f,(x;0, k)J :_( 2, Elx"Jiog kJ
okoo 12 o
2 . 2
|(2.2)=-E % log fs(zx,e,k) (1 (logk) E(x)
ok &k 0
We know that
k+2
r(k Jkr zjek
E(X) =——F—~—
Qir(ij (5.3.18)

Substitute the values of equation (5.3.18) in the above entries of a Fisher information
matrix, we get

1(1,1) = _E(a |ogaf:9(2x;e, k)j _ kzz
1(1,2) = _E(a |ogaga(l><<;9,k)j _ _2(1;2?)

2 .
| (2.1)=_E 0% log f,(x;0,k) :_2(1+kk2)g kj
okoo &k
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(2.2) _E(az log ;Sk(zx;e,k)J _20- kélzog k)
5.3.6 Test for Size-biasedness of Size biased generalized Rayleigh distribution.

Let X;, X3, Xs... Xn be random samples can be drawn from generalized Rayleigh
distribution or Size biased generalized Rayleigh distribution. We test the hypothesis

Hy: f(X)=f(x;4,8,k)vs H,: f(x)=f(x;4,5,k)
To test whether the random sample of size n comes from the generalized Rayleigh
distribution or Size biased generalized Rayleigh distribution, then the following test
statistic is used.

_L | fsxe.k)
A_Lo_li:[_f(xn%k)J

X. (5.3.19)

- .
ri[zj i—1
i k

We reject the null hypothesis.

) |
—— l—Ixi >k (5.3.20)
m( z)
k
Equalivalently, we rejected the null hypothesis where
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>

*

i

A =]]x>k",wherek” =k | ———4-| >0

(i)

k
For a large sample size of n, 2log Ais distributed as a Chi-square distribution with one
degree of freedom. Thus, the p-value is obtained from the Chi-square distribution. Also,
we can reject the reject the null hypothesis, when probability value s given by:
P(A"> Z),Where 1" =[] x is less than a specified level of significance, where [ [ x;is the
i=1 i=1

observed value of the test statistic.
5.3  Estimation of parameters
In this section, we discuss the various estimation methods for size biased Generalized
Rayleigh distribution and verifying their efficiencies.
5.4.1 Methods of Moments

Replacing sample moments with population moments, we get

X = L?.ei (5.4.1)
)
: e
52 rfij r(ijr(%j (5.4.2)

From above two equations, we get
o)l
== 3 (5.4.3)
X a
k

Solving above equation fork, we get the estimate for k and substituting that value in

equation (5.4.1), we get the estimate ofd.

5.5 Method of Maximum Likelihood estimator
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Maximum likelihood estimation has been the most widely used method for estimating the
parameters of the Size biased generalized Rayleigh distribution. Let X, X,,X;....... X, be a

random sample from the size biased generalized Rayleigh distribution, and then the
corresponding likelihood function IS given as

L(X;6,k) = Hx exp (5.5.1)

ekl—-n(zj i=1
k

The log-likelihood function is:

ixik

log L(x;0,k) =nlogk — 2n Isg o_ nlog F( J+ Z log x, —=— (5.5.2)

Now, we obtain the normal equations, we get

ZX_

6k =0 (55.3)
F'(Zj Zn: x.“ log Zn: X,
E n 2n |029 o —on k = i=1 =0 (554)
k  k r( 2) 0
k

After solving equation (5.5.3), we have

k> x*
6=—5— (5.5.5)

Substitute the value of din equation (5.5.4), we get the estimate ofk.

5.6 Bayesian analysis of Size Biased Generalized Rayleigh Distribution

Bayesian analysis is an important approach to statistics, which formally seeks use of prior
information and Bayes’ Theorem provides the formal basis for using this information. In
this approach, parameters are treated as random variables and data is treated fixed.
Ghafoor et al. (2005) and Rahul et al. (2009) have discussed the application of Bayesian
methods. An important requisite in Bayesian estimation is the appropriate choice of
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prior(s) for the parameters. Very often, priors are chosen according to ones subjective
knowledge and beliefs. However, if one has adequate information about the parameter(s)

one should use informative prior(s), otherwise it is preferable to use non informative

prior(s).

5.6.1 Parameter estimation under squared error loss function

In this section, two different prior distributions are used for estimating the parameter of
the size biased generalized Rayleigh distribution namely; Jeffery’s prior and extension of
Jeffrey’s prior information.

5.6.1.1 Bayes’ estimation of parameter of size biased generalized Rayleigh
distribution under Jeffrey’s prior

Consider there are n recorded values, X = ( ) from (5.2.1). We consider the extended

Jeffrey’s prior as:

9(6)ec[1(0)
Where[|(9)]:_n5{az |Ogaf9(2><;¢9,k)} is the Fisher’s information matrix. For the model
(56.2.1),
1
0)=k, |~
9(0)=k,/7

Then the joint probability density function is given by:
f(x,0) =L(x;0)9(0)

Zx

(5.6.1)

o 2"

f(x,0) = 7 ( )Hx exp)

And the corresponding marginal PDF of X= (X1,...Xn) IS obtained as:

Zx

p(x)= I H X, exp| —=t— 0 2,

2n 1
gkzr( j
k
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k" % :
P(X) =—75~] | % | exp| —=
TORAN
k
G
k" " k 2
X.

0 g

The posterior PDF of # has the following form

(5.6.2)

2n 3
e

n k_k 2 no i
{;Xi _iz_l:xi 1 2?%

m(0)%) == oo — o — | (5.6.3)
%k*ﬁ

By using a squared error loss function L(é,9)=c(é—¢9)2 for some constant c, the risk

function is:

R(o)- [0 n (o0

0

2n 1

a2 o (),
f)-cir 230 T 2sy

1—‘@4_5 r‘@+§ i=1
k 2 k 2

n
i=1

oR|6 . .
Now 20 =0, Then the Bayes’ estimator is
r 2kn+;j v
A k
=" fINy .6.4
I —+—
k 2

5.6.1.2 Bayes’ estimation of parameter of size biased generalized Rayleigh
distribution using extension of Jeffrey’s prior

We consider the extended Jeffrey’s prior are given as:
9(0)ec[1(0)";ceR"
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06°

2 .
Where[|(¢9)]:_nE[a log f(x,@,k)} is the Fisher’s information matrix

(5.2), 9(0)= kH

Then the joint probability density function is given by:
f(x,0)=L(x;0)9(0)

kn _ixik

f(x,0)=———<][xexp ‘z
K i=1

9 P +clrn(2j .
k

And the corresponding marginal PDF of X = (X1,...xn) is obtained as:

p()_() = ]?m—n

2n
K F(k+01+1j

p(z)—rn(zjl_[xi

e

The Posterior PDF of 4 has the following form

@+c +1
n k ' n
X'kj| - -k @+c
7,(6/x)= {21:2 I exp 2" (Ejk 1
F(kn +C + 1] o o

. For the model

(5.6.5)

(5.6.6)

By using a squared error loss function L(é,é?):c(é—é?)2 for some constant c, the risk

function is;
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0, = F(anﬂ)jzx (5.6.7)

2
F(Zn+c +1
k

The Bayes’ estimator under a precautionary loss function is denoted by4, and is given by

the following equation:

1
é, =E[6? and the corresponding Bayes’ estimator comes out to be:
r[2kn +C J
0, =
2 (2n Zl:X
IN—+c¢+1|"
k

The risk function under precautionary loss function is given by:

cll—+¢ -1 2 2cr @+c
R, (6, )= cé LS L SPL 5.6.8
plUp)=CU+ in _ﬁzxi ()
F?+c1+1 =

5.6.2 Parameter estimation under a new loss function.

This section uses a new loss function introduced by Al-Bayyati (2005). Employing this
loss function, we obtain Bayes’ estimators using Jeffrey’s and extension of Jeffrey’s prior
information.

Al-Bayyati introduced a new loss function of the form:

1,(0,6)=6%(6-0f ;c,e R (5.6.9)
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Here, this loss function is used to obtain the estimator of the parameter of the size biased
generalized Rayleigh distribution.
5.6.2.1 Bayes’ estimation of parameter of size biased generalized Rayleigh

distribution under Jeffrey’s prior.

By using the loss function in the form given in (5.6.9), we obtained the following risk

function:

R(0)-[o(6- e)znl(e/ x)do

0, = r;"némzj[i xikj (5.6.10)

Remarks:
Ifc, =0, we get, the Jeffrey’s prior and the corresponding Bayes’ estimator is:

Ifc,=1, we get, the Hartigan prior [Hartigan (1964)] and the corresponding Bayes’

estimator becomes:

23
b=k 25

F(zn-i-sj i=1
k 2
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Ifc, =0, we get, the uniform prior and the corresponding Bayes’ estimator becomes:

o s,
3 (k 1)2

5.6.2.2 Bayes’ estimation of parameter of size biased generalized Rayleigh

distribution using extension of Jeffrey’s prior.

By using the loss function in the form given in (5.6.9), we obtained the following risk

function:

R(o)- [o(6-0) n(o/x)0

o

2n % (2n o 2n o
M 4c 1 M 4c +c¢ -1 200 =+ ¢
R(A)_A £k+2+cl+j . (k+2+1 ] . ) (k+2+01j .

n + k n
F(an+cl+1] Y ' F(an+c1+1j Y x" F(an+cl+lj Y %'

i=1

0, = F(an+c1+czj (Zk:xik) (5.6.11)

Ifc, :% andc, =0, we get, the Jeffrey’s prior and the corresponding Bayes’ estimator is:

4= Z XI
’ r( . 2)

k

N,\_‘N

Ifclzg andc,=0, we get, the Hartigan prior [Hartigan [(1964)] and the corresponding

Bayes’ estimator becomes:
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Ifc,=0 andc,=0, we get the uniform prior and the corresponding Bayes’ estimator

becomes:
%) &
b, =K 3y

4 =
F(Zn +1j =1
k

The Bayes’ estimator under a precautionary loss function is denoted by4, and is given by

the following equation:

1
é, =E[6?} and the corresponding Bayes’ estimator comes out to be:

R F(an +C + Czj K Cos
i (2]

4
F(Zn +C, +C, +1j =1
k
The risk function under precautionary loss function is given by:

2n " 2n ot 2n i
F(k+c2+c1+1j ] ll“(k+cz+c1—1j 1 Zl"[k+c2+c1j ]
Rp(ép):é t= p - (5.6.12)

F(zkn+c1+lj Y x' 0 l“(zkn+c1+lj Y x' l"[zkn+cl+lj 3 X!
i=1 i

n
i=1 i=1

5.7 New method of estimation of Size biased Generalized Rayleigh distribution.
Note that Hwang T. and Huang P. (2006) have obtained more general characterizations

with the independence of sample coefficient of variation V, with sample mean Xn as one

of its special cases when random samples are drawn from the generalized gamma

distribution. Their characterization is used to derive the expectation and the variance of

V_? and then the new estimators for the three parameters of size-biased generalized

n
Rayleigh distribution are proposed. For deriving new moment estimators of three

parameters of the size-biased generalized Rayleigh distribution, we need the following
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theorem obtained by using the similar approach of Hwang .T and Huang .P (Theorems of
2006).

Theorem 5.7.1: Let n>3and let X, X,,X,..X,, be a n positive identical independently

distributed random variables having a probability density function f(x).Then the

S
independence of the sample mean X, and the sample coefficient of variation V, = )z—” is

equivalent to that f(x) is a size-biased generalized Rayleigh distribution where S, is the

sample standard deviation.

The next theorem is easy to prove and need to derive the expectation and the variance of

2
S
VHZZ[THJ , where X, and S, are respectively the sample mean and the sample

X

n

standard deviation.
Theorem 5.7.2: Let n>3and let X, X,,X;..X, be a n positive identical independently

distributed random samples drawn from a population having a size-biased generalized

Rayleigh distribution

k
FL(60,k) = — exp(—x—j for x>0,kand 6> 0

ol
o3
0

Then E(S,%) =

m+2
r m+2}8
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A
26

V2 2 - : .
Where X and S, are respectively their sample mean and sample variance.

AndE(S,") =

(5.7.1)

Theorem 5.7.3: Let n>3and let X, X,,X,..X,, be a n positive identical independently

distributed random samples drawn from a population having a size-biased generalized

Rayleigh distribution

i
el L)
RROIGEESE

V2 2 . . .
Where X, and S,” are respectively their sample mean and sample variance.

k
fs(x;0,k) = exp(—%] forx>0,kand@>0

Proof: By theorem 5.7.1, we have

E(S.2)= E( S, an] _ E[ iiJE(iz)

X2 X

2 2
And hence E[ ;” > J - EE((;” 2))

n

n

Applying theorem 5.7.2 to the above identity yields that
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E{S_ﬁ J i n[r(ijr(ij_r(iﬂ (5.72)
e

Thus 5.7.3 is established.

Theorem 5.7.4: Let n>3and let X,,X,, X,..X,, be a n positive identical independently

distributed random samples drawn from a population having a size-biased generalized

Rayleigh distribution

o TR

Furthermore, if SBGR distribution, we have

- |T0)

Z_ LM MAd g 5.7.3
ﬂZ FZ(SJ ( )

k

And it can be show that
s o)
El 2 | o =—Zt 2=
S
k

Comparing above two equations, we have

-1 (5.7.4)
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S, o’
Note that E[ X ]—> ? as N—00 and that this limit is the square of the population

n

S 2

coefficient of variation. Thus, Is an asymptotically unbiased estimator of the square

n

of the population coefficient of variation.

5.8 Simulation Study of Size biased Generalized Rayleigh distribution

In our simulation study, we chose a sample size of n=25, 50 and 75 to represent small,
medium and large data set. The scale parameter is estimated for Size biased Generalized
Rayleigh distribution by the methods of Maximum Likelihood and Bayesian using
Jeffrey’s & extension of Jeffrey’s prior methods. For the scale parameter we have
considered 6= 0.5 and 1.0. The values of Jeffrey’s extension were ¢; = 0.5, 1.0, 1.5 and
2.0. The value for the loss parameter ¢, = 0 and + 1.0. This was iterated 5000 times and
the scale parameter for each method was calculated. A simulation study was conducted
using R-software to examine and compare the performance of the estimates for different
sample sizes with different values for the Extension of Jeffrey’s’ prior and the loss
functions. The results are presented in tables for different selections of the parameters and
c extension of Jeffrey’s prior.

Table 5.1Structural properties of Size biased Generalized Rayleigh distribution

Shannon’s
n e k Mean variance S.D c.v
Entropy

25 1 0.5 1.0 1.3057878 | 0.0013881 | 0.0372575 | 0.028532 | 3.414851

1.0 1.5 1.310549 0.0182512 | 0.1350972 | 0.103084 | 4.724048

50 | 0.5 1.0 0.3054362 | 0.0011856 | 0.0344329 | 0.112733 | 1.879161

1.0 1.5 0.3199525 | 0.0407701 | 0.2019163 | 0.631082 | 2.362021

75 | 0.5 1.0 1.3256778 | 1.425e-05 | 0.0037708 | 0.002844 | 1.365678

1.0 1.5 1.310549 0.0319192 | 0.1786595 | 0.136324 | 1.181018
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Table 5.2 Mean Squared Error for (8) under Jeffrey’s prior

eNL
n S k Omr Os1.
C2=-1.0 C2=-0 €2=1.0
0.5 | 1.0 | 0.4184437 | 0.02261071 | 0.02053641 | 0.02261071 | 0.02469849
25
1.0 | 1.5 | 0.35385413 | 0.35744087 | 0.35031408 | 0.35744087 | 0.36473563
0.5 | 1.0 | 0.3912145 | 0.01621413 | 0.01527433 [ 0.01621413 | 0.01716265
50
1.0 | 1.0 | 0.3218592 | 0.3243453 | 0.3193622 | 0.3243453 | 0.3292847
0.5 | 1.0 | 0.3897367 | 0.01572284 | 0.01517348 | 0.01572284 | 0.16547846
75
1.0 | 1.0 | 0.2638086 | 0.2654711 | 0.2621403 | 0.2654711 | 0.2687786
Table 5.3: Mean Squared Error for (8) under extension of Jeffrey’s prior
n| 6| kx| ¢ O, st O
Cc2=-1.0 C2=0 c2=1.0
511.0 0.5 0.41844371 0.02261071 | 0.02053641 | 0.02261071 0.02469849
1.0 0.41844371 0.02365331 | 0.02157146 | 0.02365331 0.02574551
1.5 0.41844372 0.02469849 | 0.02261071 | 0.02469849 0.02679371
2.0 0.41844371 0.02574551 | 0.02365331 | 0.02574551 0.02784246
25 01.0 0.5 0.35385413 0.35744087 | 0.35031408 | 0.35744087 0.36473563
1.0 0.35385413 0.36106952 | 0.35385413 | 0.36106952 0.36843503
1.5 0.35385413 0.36473563 | 0.35744087 | 0.36473563 0.37216383
2.0 0.35385413 0.36843503 | 0.36106952 | 0.36843503 0.37591841
511.0 0.5 0.39121450 0.01621413 | 0.01527433| 0.01621413 0.01716265
1.0 0.39121450 0.01668737 | 0.01574307 | 0.01668737 0.01763985
1.5 0.39121450 0.01716265 | 0.01621413| 0.01716265 0.01811884
2.0 0.39121450 0.01763985 | 0.01668737 | 0.01763985 0.0185995
50 01.0 0.5 0.33218592 0.3243453 0.3193622 0.3243453 0.3292847
1.0 0.33218592 0.3268205 0.3218592 0.3268205 0.3317378
1.5 0.33218592 0.3292847 0.3243453 0.3292847 0.3341798
2.0 0.33218592 0.3317378 0.3268205 0.3317378 0.3366108
5]11.0 0.5 0.38973671 0.01572284 | 0.01517348 | 0.01572284 0.01654786
1.0 0.38973671 0.0163256 0.01544774 | 0.0153256 0.01653488
1.5 0.38973671 0.01507789 | 0.01468892 | 0.01507789 0.01569146
2.0 0.38973671 0.01604798 | 0.01543174 | 0.01604798 0.01666804
75 01.0 0.5 0.26547112 0.2654711 0.2621403 0.26547112 0.2687786
1.0 0.26547112 0.2671278 0.2638086 0.2671278 0.2704236
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1.5 0.26547112 0.2687786 0.2654711 0.2687786 0.2720628
2.0 0.26547112 0.2704236 0.2671278 0.2704236 0.2736962

ML= Maximum Likelihood, SL=Squared Error Loss Function, NL= New Loss Function,

In table 5.2, Bayes’estimation with New Loss function under Jeffrey’s prior provides the
smallest values in most cases especially when loss parameter C, is -1. Similarly, in table
5.3, Bayes’ estimation with New Loss function under extension of Jeffrey’s prior provides
the smallest values in most cases especially when loss parameter C, is - 1 whether the
extension of Jeffrey’s prior is 0.5, 1.0, 1.5 or 2.0. Moreover, when the sample size

increases from 25 to 75, the MSE decreases quite significantly.
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CHAPTER -6
SUMMARY AND CONCLUSIONS

he main focus in the present work has been made on the size biased probability

distributions, particularly of some basic and most widely used member of it.

Various contributions have been made about these distributions by various
Statisticians and mathematicians in the past. All these which are still scattered in various
journals of Statistics and Mathematics have been reviewed and critically examined. Size-
biased probability distributions are a special case of a general form known as weighted
distributions. The Size biased Distributions are obtained by taking the weights as the
variate values has been defined. We have proposed a new general class of Size biased
Gamma, Beta and exponential distributions. The size biased Gamma (SBG) Distribution
that is a flexible distribution in statistical literature, and has size biased exponential and
exponential distribution as a subfamilies are introduced and also consists of presentation
of general review of some important properties of SBG family. The power and
logarithmic moments of this family is defined. Some important theorems of SBG family
has been derived and studied, also identify the relation of SBG family with other related
distributions. The estimation of parameters of these new models is obtained by employing
the methods of moments, maximum likelihood and Bayesian method of estimation. We
have also present Bayes’ estimator of the parameter of Size biased classical Distribution
that stems from an extension of Jeffery’s prior (Al-Kutubi (2005)) with a new loss
function (Al-Bayyati (2002)). We are proposing four different types of estimators. Under
squared error loss function, there are two estimators formed by using Jaffrey prior and an
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extension of Jaffrey’s prior. The two remaining estimators are derived using the same
Jeffrey’s prior and extension of Jeffrey’s prior under a new loss function. We are also
derive the survival function of the size biased Gamma and exponential distributions. A
comparison has been made of the Bayes’ estimator with the corresponding maximum
likelihood estimator. Also, a likelihood ratio test of size-biasedness is conducted. A
simulation study has been performed for the comparison of Bayes’ estimators with the
MLE estimator. We have considered a new class of Size biased Generalized Gamma
Distribution. The several structural properties, reliability and information measures of
Size biased Generalized Gamma model are introduced and derived. The estimation of
parameters of this new model is obtained by employing the new methods of moments,
maximum likelihood and Bayesian method of estimation. The Bayes’ estimators are
obtained by using Jeffrey’s and extension of Jeffrey’s prior under different loss functions.
A comparison has been made of the Bayes’ estimator with the corresponding maximum
likelihood estimator. Also, a likelihood ratio test of size biased generalized gamma
distribution is to be conducted. We have derived the survival function of the size biased
Generalized Gamma distribution. A simulation study has been performed for the
comparison of Bayes’ estimators with the MLE estimator. We have derived the survival
functions of the size biased Generalized Gamma distribution under Jaffrey and extension
of Jaffrey’s prior. It has been observed that Bayes’ estimator provides better results and
estimates as compared to classical estimators. In this chapter third , the AIC, and BIC
values of exponential model are smaller as compared to size biased Gamma and size
biased exponential models, so exponential model is more preferable than the size biased
Gamma and size biased exponential models for the real data in hand. In this chapter
fourth, a new class of weighted Generalized Beta Distribution of first kind, Size biased
Generalized Beta Distribution of first and second kind has been considered. The several
structural properties, of these probability models includes mean, variance, coefficient of
variation, mode and harmonic mean has been studied and derived. The estimation of
parameters of this new model is obtained by employing the new methods of moments
Also, a likelihood ratio test of Weighted and size biased probability distributions are to be

conducted. Some important theorems have been derived to estimates the parameters of
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four parametric weighted and size-biased beta distributions. It was found that the square
of the sample coefficient of variation is asymptotically unbiased estimator of square of the
population coefficient of variation. In this chapter fifth, we have made an attempt to
introduce a new class of Size biased Generalized Rayleigh distribution. The several
structural properties, reliability and information measures are introduced and derived. The
estimation of parameters of this new model is obtained by employing the new methods of
moments, maximum likelihood and Bayesian method of estimation. The Bayes’
estimators are obtained by using Jeffrey’s and extension of Jeffrey’s prior under different
loss functions. A comparison has been made of the Bayes’ estimator with the
corresponding maximum likelihood estimator. Also, a likelihood ratio test of size biased
generalized Rayleigh distribution is to be conducted. A simulation study has been
performed for the comparison of Bayes’ estimators with the MLE estimator. Also,
survival functions of new model are derived using Jeffrey and extension of Jeffrey prior.
It has been observed that Bayes’ estimator provides better results and estimates as
compared to classical estimators. The main objective of the research work is to introduce
new class of Size biased probability distributions and obtain its structural and
characterizing properties.Also,estimates the parameters of these new models by using
different estimation techniques includes method of moment, method of maximum
likelihood estimator and Bayesian method of estimation etc.Simulate the data in different
Statistical packages and estimate the parameters and compared the estimators with

different estimation techniques and interpret the whole data, draw your valid conclusion.

The work is expected to be useful to those who are interested in applied estimation theory
in general and estimations of probability distributions in particular .This work suggests
about some new classes, different forms and new estimation procedures for these

distributions.

REFERENCES

190



ABD Elfattah, A.M; Hassan, A.S. and Ziedan, D.M., (2006): Efficiency of Maximum
likelihood estimators under different censored sampling Schemes for

Rayleigh distribution, Interstat.

Ahmad, S.P., & Bhat, B.A. (2010): Posterior Estimation of Two Parameter Exponential
Distribution Using SPLUS Software’s. Journal of Reliability & Statistical
Science Vol.3 (3), 27-34.

Ahmad, S.P., (2006): Optimization Tools in Bayesian Data Analysis. P.hD Thesis

submitted to the Department of Statistics University of Kashmir Sgr.

Ahmad S.P. Ahmad A., and Khan, A.A., (2011):Bayesian Analysis of Gamma
Distribution Using SPLUS & R-Software’s. Asian Journal of Mathematics
& Statistics, Vol.4 (4), .224-233.

Ahmed, A.A., Khan, A A., and Ahmad, S.P. (2007): Bayesian Analysis of Exponential
Distribution in S-PLUS and R Software’s. Sri Lankan Journal of Applied
Statistics, Vol. 8, 2007, 95-109.

Ahmed, Mir, and Reshi J.A. (2013b): On new method of estimation of parameter of Size
biased Generalized Gamma Distribution; IOSR Journal of Mathematics vol.
5, issue 2, 34-40. (See Chapter 3)

Ahmed, Reshi J.A. and Mir, (2013a): Structural properties of Size-biased Gamma
Distribution. IOSR Journal of Mathematics. Vol. 5, Issue 2, 55-61. (See
Chapter 2)

Ahmed A, Ahmad. S.P and Reshi.J.A (2013c): Bayesian analysis of Rayleigh distribution;
International Journal of Scientific Research and Publications vol. 3, issue
10, 217-225.

Akaike H. (1973)”: Information Theory as an extension of the maximum likelihood
principle,” second international Symposium on information theory,

Akademiai kiado, Budapest.

191



Akaike H. (1974)”: A new look at the statistical model identification, ” IEEE Transactions
on Automatic Control, 19(6), 716723.

Al-Bayyati. (2002): Comparing methods of estimating Weibull failure models using
simulation. Ph.D. Thesis, College of Administration and Economics,

Baghdad University, Irag.

Al-Kutubi, H. S. (2005): On comparison estimation procedures for parameter and survival

function.

Allenby G.M., Leone R.P., Jen L. (1999):”A Dynamic model of purchase timing with
application to direct marketing,” Journal of the American Statistical
Association, 94, 365-74.

Amoroso, L. (1925): Richerche intorno alla curve die redditi. Ann. Mat. Pura Appl. 21,
123-159.

Barlow, R.E and Proschan, F. (1975): Statistical Theory of Reliability and Life Testing:
Probability Models. New York, Rinehart and Winston.

Barnard, G.A. (1949): Statistical Inference (With Discussion). J.Roy. Statist. Soc (Ser.B)
11,115-139.

Bartholomew, D.J. (1957). A problem In Life Testing. Journal of American Statistical
Association. 52, 350-355.

Bayarri, M.J. & DeGroot, M.H. (1986): Information in selection models. Technical Report

Number 365, Department of Statistics, Carnegie-Mellon University.

Bayes, Rev. T.R. (1763): “A essay towards solving problems in the doctrine of chances”,

Pohil.Trans. Roy. Soc., 53,370-418.Reprinted in Biometrika, 48,296-315.
Bazovsky, I. (1961): Reliability Theory and Practice, Prentice Hall, New Jersey.

Berger, J. O., and Wolpert, R. (1984): The likelihood principle. Harvard, California:

institute of mathematical statistics.

192



Berger, J.O., (1988): Statistical Decision Theory and Bayesian analysis (2nd edition),New
York: Springer-Verlag.

Bernardo, J.M., And Smith, A. F. M(1994): Bayesian Theory , J.Wiley And Sons, New
York.

Bhattacharyya, S.K., and Singh, N.K., (1994). Bayesian estimation of the traffic intensity
in M/EK/1 queue Far. East, J. Math. Sci., 2, 57-62.

Birnbaum, A.(1962): On The Foundation Of statistical Inference (With

Discussion).Journal of American Statistical Association. 57,267-326.

Box, G.E.P., and Tiao, G.C. (1973): Bayesian Inference in Statistical Analysis. Addison
Wesley, Reading.

Brockmeyer, E., Halstorm, H.L. and Jenson, A. (1948). The Life and Works of A. K.
Erlang (Transactions. of the Danish Academy of Technical Sciences) No. 2,
p. 277.

Carlin, B., and Levis,T. (1996): Bayes and Empirical Bayes Methods For Data Analysis,

Chapman and Hall: London.

Castillo, J.D., and Casany, M. P., (1998). Weighted Poisson Distributions and under
dispersion Situations, Ann. Inst. Statist. Math. VVol. 50, No. 3. 567-585.

Chao, M., and Glaser, R.E., (1978). The Exact Distribution of Bartlett’s Test Statistic for
Homogeneity of Variances with Unequal Sample Sizes. Journal of the
American Statistical Association, 73, 422-426.

Clog, C.C., Rubin, D.B., Schenker, N., Schutz, B., and Wideman, L. (1991): Multiple
imputation of industry and occupation codes in census public- use samples
using Bayesian logistic regression. Journal of the American statistical
association 86, 68-78.

193



Consul, P.C. and Famoye, F. (1990): The truncated generalized Poisson distribution and
its applications. Communications in Statistics-Theory and Methods, 18(10),
3635-3648.

Consul, P.C. and Shoukri, M.M. (1985): The generalized Poisson distribution when the
sample mean is larger than the sample variance. Communications in
Statistics, Theory and Methods, 14, 667-681.

Consul, P.C., (1986): On the differences of two generalized Poisson variates,

Communications in Statistics- Simulation and Computation, 15(3), 761-767.

Consul, P.C., (1989): Generalized Poisson distribution, Properties and Applications.

Marcel Decker Inc. New York.

Consul, P.C., (1990): New class of location-parameter discrete probability distributions
and their characterization. Communications in Statistics-Theory and
Methods. 19, 4653-4666.

Consul, P.C., (1990a): Geeta distribution and its properties. Communications in
Statistics-Theory and Methods. 19, 3051-33068.

Consul, P.C.,(1990b). Two stochastic models for the Geeta distribution. Communications
in Statistics-Theory and Methods. 19, 3699-3706.

Consul, P.C., (Auth.) and Kemp, A.W. (Rev.) (1992): Review of generalized Poisson
distribution: properties and applications. Biometrics, 48,331-332.

Consul, P.C., (Auth.) and OIkin.l. (Rev.)(1992): Review of generalized Poisson
distribution: properties and applications, Metrika, 39, 61-62.

Consul, P.C., (Auth.) and Shimzu. (Rev.) (1992): Review of generalized Poisson
distribution: properties and applications. Journal of American Statistical
Association, 87, 1245.

Consul, P.C., and Famoye, F. (2006): Lagrangian probability distributions. Birkh&user.

194



Consul, P.C., and Jain, G.C. (1973a): A generalization of Poisson distribution.
Technometrics, 15(4), 791-799.

Consul, P.C., and Jain, G.C. (1973b): On some interesting properties of the generalized
Poisson distribution Biometrische, Zeitschrift, 15, 495-500.

Consul, P.C., and Shenton, L.R. (1972): Use of Lagrangian expansion for generating
generalized probability distributions. SIAM Journal of Applied Mathematics.
23(2): 239-248.

Consul, P.C., and Shoukri, M.M (1986): The negative integer moments of the generalized
Poisson distribution, Communications in Statistics-Simulation and
Computation, 14(4), 1053-1064.

Cover T.M., Thomas J.A. (1991): Elements of Information Theory, New York, Wiley.
Cox, D.R., (1962). Renewal Theory, Barnes & Noble, New York.

Cox, D.R.R., and Reid, N.(1987). Parameter Orthogonality and approximate conditional
inference. Journal of the Royal Statistical Society, B, 49, 1-39.

Dadpay A., Soofi E.S., Soyer R. (2007): Information Measures for Generalized Gamma
Family, Journal of Econometrics, 138, 568-585.

Das K. K., and Roy T. D. (2011): On Some Length-Biased Weighted Weibull
Distribution, Pelagia Research Library, Advances in Applied Science
Research, 2 (5):465-475.

David, F. N., and Johnson, N. L., (1952): The truncated Poisson. Biometrics, 8: 275-285.

Davis, D. J., (1952): “The Analysis of Some Failure Data”, Journal of American
Statistical Association. 47, 113 150.

De Finitte (1970): Teoriadelle Probabilitia, Turin: Einandi, English Translation as Theory
of probability in 1975, Chichester: Wiley.

195



Dennis, B. & Patil, G.P.,(1984). The gamma distribution and weighted multimodal
gamma distributions as models of population abundance, Mathematical
Biosciences 68, 187-212.

Diaconis, P. & Efron, B.,(1985). Testing the independence of a two-way table: new
interpretations of the chi-square statistic (with discussion and rejoinder), The
Annals of Statistics 13, 845-913.

DiCiccio, T.J., (1986): approximate conditional inference for location families, Canadian

journal statistics 14,5-18.

Edgeworth, F. Y., (1908): "On the Probable Errors of Frequency-Constants™. Journal of
the Royal Statistical Society 71 (3), 499-512.

Edwards, W., Lindman, H., and Savage, L. J., (1963): Bayesian statistical inference for

psychological research. Psychological review 70, 193-242.

El-Shaarawi, Abdel and Walter W. Piegorsch, (2002): Weighted distribution, G. P. Patil,
Vol. 4, pp 2369-2377.

Engelardt, M. and L.J.Bain, (1978): Prediction intervals for the Weibull process.
Technometrics, 20, 167-69.

Epstein, B. And Sobel, M., (1954): Some Theorems Relevant To Life Testing From An
Exponential Distribution. Annals of the Mathematical Statistics, 25, 373-
381.

Epstein, B. and Sobel, M., (1955): Sequential Life Testing In Exponential Case. Annals of
the Mathematical Statistics, 26, 82-93.

Evans, M., Hastings, N., Peacock, B., (2000). Statistical distributions, 3" edition. John
Wiley and Sons, Inc.

196


http://en.wikipedia.org/wiki/Francis_Ysidro_Edgeworth
http://en.wikipedia.org/wiki/Journal_of_the_Royal_Statistical_Society
http://en.wikipedia.org/wiki/Journal_of_the_Royal_Statistical_Society
http://en.wikipedia.org/wiki/Journal_of_the_Royal_Statistical_Society

Famoye, F. and Consul, P.C., (1990): Interval estimation and hypothesis testing for the
generalized Poisson distribution. American journal of Mathematics and

Management sciences, 10, 127-158.

Famoye, F. and Lee, C.M.S., (1992): Estimation of generalized Poisson distribution.

Communications in Statistics-Simulation and Computation, 21(1):173-188.

Famoye, F., (1997): Parameter estimation of generalized negative binomial distribution,

Communications in Statistics- Simulation and Computation, 26, 269-279.

Feigl, P., and Zelen, M. (1965): Estimation of exponential survival probabilities with

concomitant information. Biometrics, 21, 826-836.

Fisher, R.A., (1934): The effects of methods of ascertainment upon the estimation of

frequencies, The Annals of Eugenics 6, 13-25.

Fisher, R.A., Corbet, A.S., and Williams, C.B. (1943): The relation between the number
of species and the number of individuals in a random sample of animal

population, Journal of Animal Ecology, 12, 42-57.

Freedman, L. S., Spiegel halter, D. J., and Parmar, M. K. V. (1994): The what, why, and
how of Bayesian clinical trials monitoring, statistics in medicine, 13, 1371-
13883.

G.P. Patil and J.K. Ord, (1997): Weighted distributions, in Encyclopedia of Bio-statistics,
P. Armitage and T. Colton, eds, 6, Wiley, Chichester, 4735-4738.

Gauss, C. F., (1809): Theoria motus corporum coelestium, Hamsburd: Perths &
Besser.(English translation by C.H. Davis, Published 1857, Boston : Little

Brown, Co.).

Gauss, C. F., (1816). Bestimmuing der genauigkeit der beobachtugen, Zeit-Schrift
Astronomi, Ist, 185-1.

Gelfand, A. E,. and Smith, A.F.M., (1990): Sampling Based Approached To Calculating

197



Marginal Densities. J. Amer. Statist. Assoc. Based 85,398-409. [An Excellent
Primer on Simulation-Based Techniques to Numerical Integration in the

Contact of Bayesian Statistics]

Gelman, A., Carlin, J.B., Stern, H.S., and Rubin, D.B. (1995): Bayesian Data Analysis.

Chapman and Hall, London.

Ghafoor, A., F., Muhammad and I. A. Arshad (2005). Bayesian regression with prior
nonsample information on mash yield. J. Applied Sci., 5: 187-191

Ghitany, M. E., and Al-Mutairi, D. K., (2008). Size-biased Poisson-Lindley distribution
and its application, METRON-International Journal of Statistics. Vol. LXVI,
n. 3, pp. 299-311.

Gianola, D., and Fernando, R.L.,(1986): Bayesian Methods in Animal Breeding
Theory.J.Annual.Sci.63,217-244.,

Gove, H.J., (2003): Estimation and application of size-biased distributions in forestry, In
Modeling Forest systems, A.Amaro, D. Reed and P.Soares CAB
International Wallingford UK,201-212.

Govindarajulu, Z., (1964): A Supplement To Mendenhall’s By Bibliography On Life
Testing And Related Topics. Journal of the American Statistical
Association, 59, 1231-1291.

Gupta, A.K., and Nadarajah, S., (2004): Handbook of Beta Distribution and its
Applications.NewYork: Marcel Dekker.

Gupta, R. C., and Keating, J. P., (1985): Relations for Reliability Measures under Length
Biased Sampling, Scan. J. Statist., 13, 49-56,

Gupta, R. C., and Kirmani, S. N. U. A,, (1990). The Role of Weighted Distributions in
Stochastic Modeling, Commun. Statist. 19(9), 3147-3162.

198



Gupta, S.S., and Groll, P.A., (1961): Gamma Distribution in Acceptance Sampling Based
On Life Tests. Journal of the American Statistical Association, 56, 942-970.

Hager H.W. Bain L.J., (1970)"Theory and methods inferential procedures for the
generalized gamma distribution,” Journal of the American Statistical
Association, 65, 1601-1609.

Harischandra, K., Rao, S. S., (1988). A note on statistical inference about the traffic

intensity parameter in M/Ek/1 queue, Sankhya B, 50, p. 144-148.

Harter H.L., (1967)”’Maximum-likelihood estimation of the parameters of a four
parameter generalized gamma population from complete and censored

samples,” Technometrics, 9, 159-165.
Hartigan, J. A., (1964). Invariant Prior Distribution. Ann. Math. Statist., 34, 836-845

Hartigan, J. A., (1965): The asymptotic unbiased prior. Annals of mathematical statistics,
36, 1137- 1152.

Hassan, A. and Mir, K.A. (2007a): On the Bayes Estimators of Parameter and Reliability
Function of the zero-truncated generalized Poisson distribution. Philippines
Statistician, 56(1-2), 41-53.

Hassan, A. Mir, K.A and Ahmad, M., (2007b): Bayesian analysis Reliability Function of
decapitated generalized Poisson distribution. Pakistan journal of Statistics,
23(3), 221-230.

Hwang T., Huang P. (2006):’0On new moment estimation of parameters of the
Generalized Gamma distribution using it’s characterization,” Taiwanese

journal of Mathematics, vol. 10, No. 4, 1083-1093.

J. Lappi, R.L., Bailey (1987): Forest Science, 33; 725-739.

199



Jaggia S., (1991): “Specification tests based on the heterogeneous generalized gamma

model of duration: with an application to Kennan’s strike data,” Journal of

Applied Econometrics, 6, 169-180.

Jain, G. C., and Consul, P. C., (1971): A generalized negative binomial distribution,
SIAM, Journal of Applied Mathematics, 4, 21, 501-513.

Jain, G. C., and Gupta, R. P., (1973): A logarithmic series type distribution, Trabajos
Estadist, 24, 99-105.

Jain, G.C., (1975): A linear function Poisson distribution. Biometrical Journal, 17, 501-
506.

Jain, Sudha (2001).Estimating the change point of Erlang interarrival time distribution.
INFOR, Technology Publications.

Jamali, A.S., L.J.Lin and D. Yingzhuo (2006): Effect of Scale Parameters in the
Performance Of Shewhrat Control Chart with Interpretation Rules. J.Applied
Sci., 6: 2676-2678.

Jani, P. N. and Shah, S. M., (1979), On fitting of the generalized logarithmic series

distribution, Journal of Indian Society for Agricultural Statistics, 30, 3 1-10.

Jani, P.N., (1977): Minimum variance unbiased estimate for some left-truncated modified

power series distributions. Sankhya, series B, 3-39.

Jani, P.N., and Shah, S.M., (1981): The truncated generalized Poisson distribution.
Aligarh Journal of Statistics, 1(2), 174-182.

Jeffrey, H., (1939): theory of probability. Oxford University Press.

Jeffrey, H., (1961): Theory of Probability.3™ edition (Ist edition 1939, 2" edition 1994).

Clarendon press, Oxford University Press.

Jing,X.K., (2010): Weighted Inverse Weibull and Beta-Inverse Weibull distribution,

Mathematics.

200



Johnson, N. L., and Kotz, S., (1970): Continuous Univariate Distributions, Vol. 1 and 2.
Houghton-Mifflin, Boston.

Johnson, N. L., Kotz, S., and Balakrishnan, N., (1994). Continuous univariate
distributions 1, 2nd ed. Wiley, New York.

Johnson, N.L., and Kotz, S and Kemp, A.W, (1992): Univariate discrete distributions,
John Wiley and Sons.

Johnson, N.L., and Kotz, S., (1969): Discrete distribution in Statistics, John Wiley.

Johnson, N.L., Kotz, S. and Kemp, A.W., (2005): Univariate discrete distribution. John
Willy and Sons, Third edition, New York.

Johnson, N.L., Kotz, S., and Balakrishnan, N., (2005): Continuous Univariate
Distributions, Volume 2(2" edition). New York: John Wiley and Sons.

Kalbfleisch, J.D., and Prentice, R.L., (2002): The Statistical Analysis of Failure Time
Data. John Wiley & Sons, New York.

Kapur, J. N., (1989): Maximum entropy models in science and engineering (Wiley, New
York).

Khan, A. A., (1997): Asymptotic Bayesian analysis in location-scale models. Ph.D. Thesis

submitted to the department of mathematics and statistics, HAU, Hisar.

Khan, A.A., Puri, P.D., and Yaquab M., (1996): Approximate Bayesian inference in
location — scale models. Proceedings of national seminar on Bayesian
statistics and applications, April6-8, 1996, 89-101, Dept of statistics BHU,

Varanasi.

Khurshid and Munir(2013); On Size biased Generalized Poisson Distribution., Pakistan
Journal of Statistics,19, 99-105

Laplace, P. S., (1986): Memoir on the probability of causes of events. Statistical science
1, 364-378 (translation by S. Stigler of Memoire Sur La Probabilities Des

201



Causes Parles Evenemens).

Laplace, P.S., (1774): Memoire Sur La Probabilities Des Causes Parles Evenemens. Men
Acad. R. Sci.,6, 621-656. Translated By Stephen M.Stigler And Reprinted
Translation In Statistical Science, 1986,(3, 359-378).

Laplace, P.S., (1812): Theories Analytiquie des probabilities, Paris: Courair.

Lawless, J. F., (2003): Statistical models and methods for life time data, Second edition,
Wiley, New York. 30 Journal of Reliability and Statistical Studies, June
2011, Vol. 4 (2).

Lee, P.M., (1997): Bayesian Statistics .An Introduction. John Wiley & Sons Inc. New
York. Toronto, 50-53,278-279.

Lindley, D. V., (1958): Fiducial distributions and Bayes theorem. Journal of the royal
statistical society, B, 20, 102-107.

Lindley, D.V., (1961): “The Use Of Prior Probability Distribution In Statistical Inference
&Decision”, In The Proceeding of The Fourth Berkeley Symposium (Vol-1),
Berkeley: University of California Press, 453-468.

Lindley, D.V., (1980): “Approximate Bayesian Method”. Traabayos Estatistica 31, 223-
237.

McDonald, J. B., (1984): Some generalized functions for the size distribution of income.
Econometrica, 52 647-663.

McDonald, L., Gonzalez, L. & Manly, B.F.J. (1995): Using selection functions to describe
changes in environmental variables, Environmental and Ecological Statistics
2, 225-237.

Mendenhall, W. And Hader, R.J., (1958): Estimation of Parameters of Mixed
Exponentially Distributed Failure Time Distribution from Censored Failure
Data, Biometrika 45,504-520.

202



Mir, Ahmed, Reshi J.A., (2013a): A new class of Weighted Generalized Beta distribution
of first kind and its statistical Inferences. International journal of Research
in Management VVolume 6 Issue 3, 49-58.(See Chapter 4)

Mir, K.A., and Ahmad, M., (2009): Size-biased distributions and their applications.
Pakistan Journal of Statistics, 25(3), 283-294.

Mir, K.A., and Ahmad, M., (2013): On Size-biased Generalized Poisson Distribution.
Pakistan Journal of Statistics, 29(3), 261-271.

Mishra, A., (1979): Generalization of some discrete distributions, Ph.D. thesis, Patna

University, Patna.

Mishra, A., (1982): A generalization of geometric series distribution, Journal of Bihar
Mathematical Society, 6 18-22.

Mishra, A., and Hassan, A., (1996): On Bayesian Estimation of Generalized Logarithmic
Series Distribution, Assam Statistical Review, 10, 2 120-124.

Montmort, P.R., (1714): Essaid Analyse Sur us Jeux De Hasards Paris; Quillau (Reprinted
by Chelsea, New York 1980).

Morvie, A. De., (1738): Approximatio Ad Summan Ferminorum Binomii In Seriem

Expansi, Supplementum li To Miscellanae Analytica, 1-7

Mosteller, F., and Wallace, D.L., (1964): Applied Bayesian and Classical Inference.
Springer-Verlag, New York.

Mudhelkar, G.S., and Srivastava, D.K., (1993): Exponentiated Weibull family for
analyzing bathtub failure-rate data, IEEE Transactions on Reliability, 42,
299-302

Munir Ahmad and Ayesha Roohi (2004): Estimation of Characterization of the parameter
of Hyper- Poisson distribution using negative moments, Pakistan Journal of
Statistics,19, 99-105.

203



Nair, U.N., Muraleedharan, G and Kurup, P.G., (2003): Erlang distribution model for
ocean wave periods, J. Ind. Geophys Union. 7(2), 59-70.

Oluyede B. O., and Terbeche M., (2007): On Energy and Expected Uncertainty Measures
in Weighted Distributions, International Mathematical Forum, 2, no. 20,
947-956.

Oluyede, B. 0., (1999): On Inequalities and Selection of Experiments for Length-Biased
Distributions, Probability in the Engineering and Informational Sciences,
13, 169-185.

Oluyede, B. O., and George, E. O., (2000): On Stochastic Inequalities and Comparisons of
Reliability Measures for Weighted Distributions. Mathematical problems in

Engineering, Vol. 8, pp. 1-13.
P.C.VanDeusen (1986): Forest Science, 32; 146-148.
Pascal, B., (1679). Veria Opera Mathematica. D. Petride Fermat (Talussae).

Patel, I. D., (1981): A generalization of logarithmic series distribution, Journal of Indian
Society for Agricultural Statistics, 19, 129-132.

Patil, G. P., and Ord, J. K., (1976): On size-Biased Sampling and Related Form-Invariant
Weighted distribution, Sankhya: The Indian Journal of Statistics, Vol. 38,
Series B, 48-61.

Patil, G.P. & Rao, C.R., (1978): Weighted distributions and size-biased sampling with
applications to wildlife populations and human families, Biometrics 34, 179—
184.

Patil, G.P. & Taillie, C., (1988): Weighted distributions and the effects of weight
functions on Fisher information. Unpublished manuscript, Pennsylvania
State University, Center for Statistical Ecology and Environmental Statistics,

Department of Statistics, University Park.

204



Patil,

Patil,

Patil,

Patil,

Patil,

Patil,

G.P., & Taillie, C., (1989): Probing encountered data, meta analysis and weighted
distribution methods, in Statistical Data Analysis and Inference, Y. Dodge,
ed., Elsevier, Amsterdam, 317-345.

G.P., & Taillie, C., (1993): Environmental sampling, observational economy, and
statistical inference with emphasis on ranked set sampling, encounter
sampling, and composite sampling, in Bulletin of the ISI, Proceedings of
Forty-Ninth Session, Florence, 295-312.

G.P., (1981): Studies in statistical ecology involving weighted distributions, in
Statistics Applications and New Directions: Proceedings of ISI Golden
Jubilee International Conference, J.K. Ghosh & J. Roy, eds, Statistical
Publishing Society, Calcutta, 478-503.

G.P., (1991): Encountered data, statistical ecology, environmental statistics, and

weighted distribution methods, Environmetrics 2, 377-423.

G.P., (1996): Statistical ecology, environmental statistics, and risk assessment, in
Advances in Biometry, P. Armitage & H.A. David, eds, Wiley, New York,
213-240.

G.P., (1997): Weighted distributions, in Encyclopedia of Biostatistics, Vol. 6, P.
Armitage & T. Colton, eds, Wiley, Chichester, 4735-4738.

Poisson, S.D., (1837): Recherches Sur La Probabilitie Des Jugements En Matiere

Pratt,

Criminelle et 77 en Matiere Civile, Precedees des Regles Generales du
Calcul des Probabilities, Paris: Bachelier, Imprimeur Librarie pour les

Mathematiques, la Physique,etc.

J. W., (1965): Bayesian interpretation of standard inference statements (with

discussion). Journal of the royal statistical society B 27, 169-203.

Prentice R.L., (1974): “A Log gamma model and its maximum likelihood estimation,”

Biometrika, 61, 539-544.

205



Raffia, H., and Schlaifer, R. (1961: Applied statistical decision theory, Boston,

Massachusetts: Harvard Business School.

Rahul, G. P., Singh and O.P. Singh, (2009): Population project OF Kerala using Bayesian
methodology .Asian J. Applied Sci., 2: 402-413.

Rao, C. R., (1985): Weighted distributions arising out of method of ascertainment, in A
Celebration of Statistics, A.C. Atkinson & S.E.Fienberg, eds, Springer-
Verlag, New York, Chapter 24,.543-569.

Rao, C.R., (1965): On discrete distributions arising out of method of ascertainment, in
clasasical and Contagious Discrete, G.P. Patil ed; Pergamon Press and
Statistical publishing Society, Calcutta, 320-332.

Rao, C.R., (1997): Statistics and Truth Putting Chance to Work, World Scientific
Publishing Co. Pvt. Ltd. Singapore.

Ragab, M.Z., (1998): Computers Mathematics and Applications, 36, 111-120.

Rayleigh, J., (1980): On the resultant of a large number of vibrations of the same pitch
and of arbitrary phase, Philos. Mag.; 10, 73-78.

Reshi.J.A, Ahmed.A and Mir.K.A (2013a): Bayesian estimation of parameter of Size
biased Generalized Rayleigh Distribution under the extended Jaffrey’s prior
and new loss functions. International Journal of Mathematical Research
Science, volume 1, issue 3, 49-61. (See Chapter 5)

Reshi.J.A, Ahmed.A, Mir.K.A (2013b): Estimation of Size biased Generalized Gamma
Distribution under different loss functions. International Journal of
Advanced Scientific and Technical Research Volume 6 Issue 3, 653-664.
(See Chapter 3)

Rubin, D.B., and Schenker, N., (1987): Logit-Based Interval Estimation For Binomial
Data Using The Jeffrey’s Prior. Sociological Methodologies, 131-144.

206



Saal, N. Z. M., A. A. Jemain and S. H. A. Al-Mashoor, (2008): A Comparison of Weibull
and Gamma Distribution in Application of Sleep Apnea .Asia
J.Math,Statist., 1: 132-138.

Sandal C.E., (1964): Estimation of the parameters of the gamma distribution,
Technometrics, 6, 405-414.

Sartawi, H.A., and Abu-Salih, M.S., (1991): Communications in Statistics Theory and
Methods, vol. 20, 2307-2330.

Seshadri, V., (1997): "Halphen's laws". In Kotz, S.; Read, C. B.; Banks, D. L.
Encyclopedia of Statistical Sciences, Update Volume 1. New York:
Wiley, 302-306.

Shaban, S. A., and Boudrissa, N. A., (2000): The Weibull Length Biased distribution
properties and Estimation, MSC Primary: 60EOQ5, secondary: 62E15, 62F10
and 62F15.

Shannon C.E., (1948): “A Mathematical theory of communication,” Bell System Technical
Journal, 27, 623-659.

Shoukri, M.M., and Consul, P.C., (1989): Bayesian analysis of a generalized Poisson
distribution. Communications in Statistics-Simulation and Computation,
15(4), 1465-1480.

Siddiqui, M.M., (1962): Some problems conectede with Rayleigh distributions. Res. Nat.
Bur. Stand. 60D, 167-174.

Sinha, S.K., and Howlader, H. A., (1993): Credible and HPD intervals of the parameter
and reliability of Rayleigh distribution, IEEE Trans. Reliab; 32. 217-220.

Stacy E.W., (1962):”A generalization of the gamma distribution,” The Annals of
Mathematical Statistics, 33, 1187-1192.

207



Stacy E.W., (1973):”Quasimaximum likelithood estimators for two-parameter gamma

distribution,” IBM Journal Research and Development, 17, 115-124.

Stacy E.W., Mihram G.A., (1965):”Parameter estimation for a generalized gamma
distribution,” Technimetrics, 7, 349-358.

Stigler, S., (1986): The History Of Statistics, Beknap, Harvard.

Sukhatmi, P.V., (1937): Tests of Significance For Samples of The x’- Population With 2
Degrees Of Freedom, Annals of Eugenics, London, 8,52-56.

Suri, P.K, Bhushan, Bharat and Jolly, Ashish (2009). Time estimation for project
management life cycles: A simulation approach. International Journal of
Computer Science and Network Security, 9(5), 211-215

Surles, J. G., and Padgett W.J., ( 2005): Journal of Statistical Planning and Inference,2
271-72,

Surles, J.G. and Padgett, W.J., (1998): Journal of Applied Statistical Science, 7,225-238.

Taillie, C., Patil, G.P. & Hennemuth, R.C., (1995): Modeling and analysis or recruitment

distributions, Environmental and Ecological Statistics 2, 315-330.

Tierney, L., and Kadane, J.B., (1986): Accurate Approximations for Posterior Moments

and Marginal Densities. J. Amer. Statist. Assoc., 81, 82-86.

Tierney, L., Kass, R.E., and Kadane, J.B. (1989a): Approximate Marginal Densities of

non—linear Functions, biometrika, 76,425-433.

Tuenter, H.J.H., (2000): On the generalized of Poisson distribution. Statistica
Neerlandica, 54, 374-376.

Van Deusen, P.C., (1986): Fitting assumed distributions to horizontal point sample

diameters. Forest Science, 32, 146-148.

208



Weibull, W., (1939): A Statistical Theory of the Strength of Materials, Royal Swedish

Institute for Engineering Research, No. 151.

Wiper, M.P., (1998): Bayesian analysis of Er/M/1 and Er/M/C queues, Journal of
Statistical Planning and Inference, 69, p. 65-79.

Wong, W.A., And B. Li., (1992): Laplace Expansion For Posterior Densities Of Non-

Linear Function of Parameters, Biometria, 79,393-398.

Yamaguchi K. (1992): Accelerated failure-time regression models with a regression
model of surviving fraction: an application to the analysis of “permanent
employment” in Japan,” Journal of the American Statistical Association, 87,
284-92.

Zaman, M.R., M.K.Roy and N.Akhter (2005): Chi-Square Mixture of Gamma
Distribution, J.Applied Sci, 5: 1632-1635.

Zelen, M., (1974): Problems in cell kinetics and the early detection of disease, in
Reliability and Biometry, F. Proschan & R.J. Serfling, eds, SIAM,
Philadelphia,. 701-706.

Zellener, A., (1971): An introduction to Bayesian inference in econometrics. Wiley, New
York.

Zellner, A., (1986): Bayesian estimation and prediction using asymmetric loss function.
Journal of American Statistical Association., 81, 446-451.exponential

distribution using simulation. Ph.D Thesis, Baghdad University, Irag.

209



