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ABSTRACT

In Chapter 1, we present a brief introduction of digraphs and some def-
initions. Chapter 2 is a review of scores in tournaments and oriented graphs.
Also we have obtained several new results on oriented graph scores and we
have given a new proof of Avery’s theorem on oriented graph scores. In chap-
ter 3, we have introduced the concept of marks in multidigraphs, non-negative
integers attached to the vertices of multidigraphs. We have obtained several
necessary and sufficient conditions for sequences of non-negative integers to
be mark sequences of some r-digraphs. We have derived stronger inequalities
for these marks. Further we have characterized uniquely mark sequences in
r-digraphs. This concept of marks has been extended to bipartite multidi-
graphs and multipartite multidigraphs in chapter 4. There we have obtained
characterizations for mark sequences in these types of multidigraphs and we
have given algorithms for constructing corresponding multidigraphs. Chap-
ter 5 deals with imbalances and imbalance sequences in digraphs. We have
generalized the concept of imbalances to oriented bipartite graphs and have
obtained criteria for a pair of integers to be the pair of imbalance sequences
of some oriented bipartite graph. We have shown the existence of an oriented

bipartite graph whose imbalance set is the given set of integers.
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CHAPTER 1

Introduction

1.1 Background

The theory of digraphs (or directed graphs) is one of the richest theories
in Graph Theory and has developed enormously within the last three decades.
There is an extensive literature on digraphs (more than 3000 papers). Many
of these papers contain, not only interesting theoretical results, but also
important algorithms as well as applications. The earlier work for digraphs
can be found in Chartrand [10], Harary et. al [27], Chartrand and Lesniak-
Foster [9] and Behzad, Chartrand [8]. The recent book on digraphs is by
Jorgen Bang-Jensen, Gregory Gutin [30]. There are numerous applications
of directed graphs in many areas of science and technology. Algorithms on
(directed) graphs often play an important role in problems arising in several
areas, including computer science and operations research. Secondly, many
problems on (directed) graphs are inherently algorithmic.

The concept of degrees and degree sequences in graphs has been ex-
tended to digraphs in many ways, like outdegrees, indegrees, scores, imbal-
ances and marks as seen in the present work. This concept of attaching a
non-negative integer to the vertices of a digraph is interesting for research
as it finds applications in many ways like in the investigation of the struc-
ture of the digraphs and also in the ranking of objects. Ranking of objects
is a typical practical problem. One of the popular ranking methods is the
pairwise comparison of the objects. Many authors describe different ap-
plications: e.g., biological, chemical, network modeling, economical, human
relation modeling, and sport applications.

The tournament theory is one of the interesting areas of research in di-
graphs, and an earlier collection of results in tournaments is given by Moon
[38]. Ome of the important aspects of tournaments is the score structure
in which much work has been done and some of the results can be seen
in the survey article by Reid [52]. Other classes of tournaments are bipar-

tite tournaments and k-partite tournaments which were studied by Beineke



[12], Beineke and Moon [13], Merajuddin [35] and Moon [37]. The score se-
quence problem of an r-tournament and the score sequence pair problem of
an (ri1, 712, ra2)-tournament are applied to the theoretical framework of the
communication network central technique.

We mention here some definitions which have been used throughout this

dissertation. The other definitions are given in the thesis wherever required.

1.2 Basic Definitions

Definition 1.2.1. Digraph (or directed graph). A digraph is a pair (V, A),
where V' is a nonempty set of objects called vertices and A is a subset of
V@) (the set of ordered pairs of distinct elements of V). The elements of A

are called arcs of D.

Definition 1.2.2. Multidigraph. A multidigraph D is a pair (V, A), where
V' is a nonempty set of vertices and A is a multiset of arcs (directed edges)
of V). The number of times an arc occurs in D is called its multiplicity and

arcs with multiplicity greater than one are called multiple arcs.

Definition 1.2.3. General digraph. A general digraph D is a pair (V, A),
where V' is a non empty set of vertices and A is a multiset of arcs, being a
multisubset of V(?. An arc of the form wu, where u € V, is called the loop
of D, and arcs which are not loops are called the proper arcs. The number of
times a loop occurs is called its multiplicity. A loop with multiplicity greater
than one is called a multiple loop. An arc (u,v) € A is represented by u — v.

In this case u is said to be adjacent to v, and v is said to be adjacent from w.

Definition 1.2.4. Subdigraph of a digraph. Let D = (V, A) be a digraph,
H = (U, B) is the subdigraph of D whenever U CV and BC A. If U =V
the subdigraph is said to be spanning.

Definition 1.2.5. Underlying graph of a digraph D. The underlying graph
of a digraph D = (V, A) is obtained by removing all directions from the
arcs of D and replacing any resulting pair of parallel edges by a single edge.
Equivalently, the underlying graph of a digraph D is obtained by replacing

each arc (u,v) or a symmetric pair of arcs (u,v) and (v, u) by the edge uv.



Definition 1.2.6. Outdegree and indegree. In a digraph D = (V, A), the
outdegree of a vertex v is the number of vertices to which the vertex v is
adjacent, it is denoted by d*(v) or d}. Similarly the indegree of a vertex
v in a digraph D is the number of vertices from which v is adjacent and
it is denoted by d~(v) or d,. The total degree or (simply) degree of v is
d, =df +d;. If d, = k for every v € V, then D is said to be k-regular
digraph. If for every v € V| d} = d, the digraph is said to be an isograph,
or diregular or a balanced digraph. A vertex v for which df = d; = 0, is
called an isolate. A vertex v is called a transmitter, or receiver accordingly
as df > 0,d, =0, ord; =0,d; >0. A vertex v is called a carrier if
df =d; =1.

Definition 1.2.7. Complete symmetric digraph. A digraph D is said to be
complete symmetric, if both uv € A and vu € A for all u,v € V. Clearly
this corresponds to K,,, where | V' |=n, and is denoted by K.

Definition 1.2.8. Two digraphs D; and D, are said to be isomorphic if
their underlying graphs are isomorphic and the direction of arcs are same

and we write Dy = Ds.

Definition 1.2.9. Complement of a Digraph. The complement of digraph
D = (V, A) is denoted by D. It has a vertex set V and uv € A if and only if
uv ¢ A. D is the relative complement of D in K, where K is a complete

symmetric digraph, and | V' |=n.

Definition 1.2.10. Conwverse of a digraph. The converse of a digraph D is
the digraph D’ with vertex set V and uv € A’ if and only if vu € A that is,
the arc set A’ is obtained by reversing the direction of each arc of D. Clearly,
(D/)/ — D// — D

Definition 1.2.11. Self complementary digraph. A digraph D is said to be
self complementary if D = D, and D is said to be self converse if D =2 D'.
A digraph is said to self dual if D =D= D'

Definition 1.2.12. Directed Walk. A directed walk in a digraph D is a
sequence voaiv1as - - -+ AxUg, where v; € V and a; € A are such that a; = v;_1v;

for 1 <17 < k and no arc being repeated. As there is only one arc of the form
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v;v;, the walk can also be represented by the vertex sequence vov; - - - v. The
number of occurrences of arcs on a walk is the length of the walk. So the
length of the above walk is k. A vertex may appear more than once in a
walk. If vy # v, the walk is open, and if vy = vy the walk is closed. A walk

is spanning if V' = vgvy - - - vg.

Definition 1.2.13. A semiwalk is a sequence vgav1as - - - arvy, with v; € V
and a; € A such that either a; = v;_1v; or v;u;_1, 1 <14 < k and no arc being
repeated. The length of the above semiwalk is k. If vg # vy, the semiwalk is

open. If vy = v, the semiwalk is closed.

Definition 1.2.14. Directed Path. A directed path is an open walk in which
no vertex is repeated. A directed cycle is a closed walk in which no vertex is
repeated. A digraph is acyclic if it has no cycles. If no vertex is repeated in

an open(closed) semiwalk, it is called a semipath(semicycle).

Definition 1.2.15. Joining and Reaching. In a digraph D, a vertex u is said
to be joined to a vertex v, if there is a semipath from u to v. A vertex w is
said to be reachable from a vertex v, if there is a path from v to u. A vertex
v is called a source of D, if every vertex is reachable from v and v is called

a sink of D, if v is reachable from every other vertex.

Definition 1.2.16. Connectedness in digraphs. A digraph D is said to be
strongly connected or strong if every two of its distinct vertices u and v are
such that u is reachable from v and v is reachable from w. A digraph is
unilaterally connected or unilateral if either w is reachable from v or v is
reachable from u, and is weakly connected or weak if v and v are joined by
a semipath. A digraph is said to be disconnected if it is not even weak. A
digraph is said to be strictly weak if it is weak but not unilateral. It is strictly

unilateral if it is unilateral but not strong.

Definition 1.2.17. Oriented graph. An oriented graph is a digraph with no

symmetric pairs of directed arcs and without loops.



CHAPTER 2

On scores in tournaments and oriented

graphs

In this Chapter, we report the results available in literature on score
sequences in tournaments and oriented graphs. We obtain many new results
on score sequences in oriented graphs. Also we give a new proof for Avery’s

theorem on oriented graph scores.

2.1 Introduction

Definition 2.1.1. A tournament 7' = (V, A) is a complete oriented graph
with vertex set V(T') =V = {vy,v5...v,} and arc set A, that is for any pair
of vertices v;,v; either (v;,v;) is an arc or (v;,v;) is an arc, but not both.
In other words, a tournament is an orientation of a complete simple graph.
The score of a vertex v; is denoted by s, (or simply by s;), is the outdegree
of v;. Clearly, 0 < s,, < n — 1. The sequence S = [s1, 82, ,$,] in non-
decreasing order is the score sequence or the score structure of a tournament
T. A sequence S of non-negative integers in non-decreasing order is said to

be realizable if there exists a tournament with score sequence S.

A tournament can be considered as the result of a competition where n
participants play each other once that cannot end in a tie and score one point
for each win. Player v; is represented in the tournament by vertex v; and
an arc from v; to v; means that v; defeats v;. The player v; obtains a total
score s,, points in the competition, and the vertex scores can be ordered to
obtain the score sequence of the tournament. If there is an arc from a ver-

tex x to vertex y, then we say x dominates y and we write x — y or z(1—0)y.

Definition 2.1.2. A triple in a tournament is an induced subtournament
with three vertices. For any three vertices z, y and z, the triple of the form
z(1 —0)y(1 —0)z(0 — 1)z is said to be transitive, while as the triple of the



form 2(1—0)y(1—0)z(1—0)z is said to be intransitive. A tournament is said
to be transitive if all its triples are transitive. Also, a regular tournament on
n—1

n vertices (n odd) is one whose all vertices have scores “7=.

2.2 Score in tournaments

In this section we present the characterizations for sequences on non-
negative integers to be score sequences of tournaments. Landau [31] in 1953
gave the following necessary and sufficient conditions for the non-negative

integers in non-decreasing order to be the score sequences of a tournament.

Theorem 2.2.1. A sequence S = [s;]! of non-negative integers in non-

decreasing order is a score sequence of a tournament if and only if for each

Ic [n] = {1727"' 7n}7
D s> ('g'), (2.1)

iel

with equality when |I| = n, where |I| is the cardinality of the set I.

Since s; < - -+ < s, the inequality (2.1), called Landau inequalities, are

k
equivalent to Y s; > (’;), for k=1,2,--- ,n — 1, and equality for k = n.

There are now several proofs of this fundamental result in tournament
theory, clever arguments involving gymastics with subscripts, arguments in-
volving arc reorientations of properly chosen arcs, arguments by contradic-
tion, arguments involving the idea of majorization, a constructive argument
utilizing network flows, another one involving systems of distinct representa-
tives. Landau’s original proof appeared in 1953 [31], Matrix considerations
by Fulkerson [23] (1960) led to a proof, discussed by Brauldi and Ryser [17]
in (1991). Berge [14] in (1960) gave a network flow proof and Alway [3] in
(1962) gave another proof. A constructive proof via matrices by Fulkerson
[24] (1965), proof of Ryser (1964) appears in the monograph of Moon (1968).
An inductive proof was given by Brauer, Gentry and Shaw [15] (1968). The
proof of Mahmoodian [33] given in (1978) appears in the textbook by Be-



hzad, Chartrand and Lesnik-Foster [8](1979). A proof by contradiction was
given by Thomassen [58] (1981) and was adopted by Chartrand and Les-
niak [20] in subsequent revisions of their 1979 textbook, starting with their
1986 revision. A nice proof was given by Bang and Sharp [7](1979) using
systems of distinct representatives. Three years later in 1982, Achutan, Rao
and Ramachandra-Rao [1] obtained a proof as result of some slightly more
general work. Bryant [19] (1987) gave a proof via a slightly different use of
distinct representatives. Partially ordered sets were employed in a proof by
Aigner [2] in 1984 and described by Li [32] in 1986 (his version appeared in
1989). Two proofs of sufficiency appeared in a paper by Griggs and Reid [26]
(1996) one a direct proof and the second is self contained. Again two proofs
appeared in 2009 one by Brauldi and Kiernan [18] using Rado’s theorem from
Matroid theory, and another inductive proof by Holshouser and Reiter [29]
(2009). More recently Santana and Reid [55] (2012) have given a new proof
in the vein of the two proofs by Griggs and Reid (1996).

The following is the recursive method to determine whether or not a
sequence is the score sequence of some tournament. It also provides an algo-

rithm to construct the corresponding tournament.

Theorem 2.2.2. Let S be a sequence of n non-negative integers not ex-
ceeding n — 1, and let S" be obtained from S by deleting one entry s, and
reducing n — 1 — s largest entries by one. Then S is the score sequence of

some tournament if and only if S’ is the score sequence.

Brauldi and Shen [16] obtained stronger inequalities for scores in tour-
naments. These inequalities are individually stronger than Landau’s inequal-

ities, although collectively the two sets of inequalities are equivalent.

Theorem 2.2.3. A sequence S = [s;]} of non-negative integers in non-
deceasing order is a score sequence of a tournament if and only if for each
subset I C [n] ={1,2,---,n},

> s> %Z(i—1)+%<|g) (2.2)

el i€l



with equality when |I| = n.

It can be seen that equality can occur oftenly in (2.2), for example,
equality hold for regular tournaments of odd order n whenever |I| = k and
I'={n—k+1,--- ,n}. Further Theorem 2.2.3 is best possible in the sense
that, for any real ¢ > 0, the inequality

1 , 1 |
;S¢Z(§+e);(z—l)+(§—e)(2> (2.3)
fails for some I and some tournaments, for example, regular tournaments.
Brauldi and Shen [16] further observed that while an equality appears in
(2.3), there are implications concerning the strong connectedness and regu-
larity of every tournament with the score sequence S. Brauldi and Shen also

obtained the upper bounds for scores in tournaments.

Theorem 2.2.4. A sequence S = [s;]! of non-negative integers in non-
deceasing order is a score sequence of a tournament if and only if for each
subset I C [n] ={1,2,--- ,n},

1 . 1
o< 330G = 1)+ Iz~ |1 - 1),
el i€l

with equality when |I| = n.

Brauldi and Shen also obtained the lower bounds for scores in tourna-

ments.

Theorem 2.2.5. A sequence S = [s;|! of non-negative integers in non-
deceasing order is a score sequence of a tournament if and only if for each
subset I C [n] ={1,2,--- ,n},

1. 1/|1]
281252(2—1)+§(2>,
el iel

with equality when |I| = n.



Definition 2.2.6. A score sequence is simple (uniquely realizable) if it be-

longs to exactly one tournament.

Avery [4] observed that the score sequence S is simple if and only if every
strong component of S is simple. Further a strong score sequence is simple
if and only if it is one of [0], [1,1,1], [1,1,2,2], or [2,2,2,2,2]. The following

characterization of simple score sequences in tournaments is due to Avery [4].

Theorem 2.2.7. The score sequence S is simple if and only if every strong
component of S is one of [0], [1,1,1], [1,1,2,2], or [2,2,2,2,2].

Definition 2.2.8. A tournament 7" is called self converse if T = T", where
T’ is the converse of T obtained by reversing the orientations of all arcs of

T. Transitive tournaments are examples of self-converse tournaments.
Eplett [22] characterized self converse score sequences in tournaments.

Theorem 2.2.9. A sequence S = [s;]! of non-negative integers in non-
decreasing order is a score sequence of a self-converse tournament if and
only if for each 1 < k <mn,

i A2
with equality when k =n, and for 1 <i <n,

Si+ Spy1—i=n— 1.

Definition 2.2.10. A bipartite tournament is a complete oriented bipartite
graph. A bipartite tournament 7T is a directed graph whose vertex set is the
union of two disjoint nonempty sets X and Y, and whose arc set comprises
exactly one of the pairs (z,y) or (y,z) for each x € X and each y € Y.
Bipartite tournaments are bipartite analogues of tournaments. The score of
a vertex is its outdegree. There are two sequences (lists of scores) one for

each set and are called as the pair of score lists. If | X| =m and |Y| =n, it is

9



mXn bipartite tournament. A bipartite tournament is reducible if there is a
nonempty proper subset of its vertex set to which there are no arcs from the
other vertices, otherwise irreducible. The property of irreducibility is equiv-
alent to having all pairs of vertices mutually reachable or to being strongly
connected.

A bipartite tournament represents the outcomes of a competition be-
tween two groups of participants, each participant of one group competing

with every participant of the other group.

The following recursive characterization is due to Gale [25].

Theorem 2.2.11. The lists of non-negative integers A = [ay,ag, -+ , Q)
and B = [by, by, -+ ,b,] in non-decreasing order are the score lists of some
bipartite tournament if and only if the lists A = [a1, a9, - ,am_1] and
B’ =[by,ba,+* ,ba, b4, 41 — 1, - b, — 1] are the score lists.

Beineke and Moon [11] showed that if two bipartite tournaments have

the same score lists then one can be transformed to another.

Theorem 2.2.12. If two bipartite tournaments have the same score lists,

then each can be transformed into the other by successively reversing the arcs
of 4-cycles.

Analogous to Landau’s theorem, Moon [36] was the first to establish the

following result for scores in bipartite tournaments.

Theorem 2.2.13. A pair of lists A and B of non-negative integers in non-
decreasing order are the score lists of some bipartite tournament if and only
if for1l <i<mand1l<j <n,

k l
=1 j=1

with equality when k =m and | = n.

10



The realizations are irreducible if and only if ay > 0 and by > 0 and the

inequalities (2.4) are all strict except k =m and | = n.
The following characterization of bipartite score lists is due to Ryser [53].

Theorem 2.2.14. A pair of lists A and B of non-negative integers with A
i non-increasing order are the score lists of some bipartite tournament if
and only if for 1 <k < m,

k

Zai < Z min  (k,m — b;) (2.5)
i=1 j=1
with equality when k = m.
The realizations are irreducible if and only if 0 < b; < m for each jand

the inequalities (2.5) are all strict except k = m.

Let A =lay,as, -+ ,a,| and B = [by, by, -, b,] be two lists of integers.

Let A=[n—aj,n—ag, - ,n—ay| and B =[m —by,m —by,--- ,m — by

Definition 2.2.15. If a pair (A, B) is realizable and all is realizations
are isomorphic, then (A, B) is said to be uniquely realizable. The pair
A=I1,1,--- 1] =[1"] and B = [b1, ba, - - - , by] is uniquely realizable. (A, B)
is uniquely realizable if and only if (A4, B) is uniquely realizable. Since de-
composition into irreducible components is determined by the lists, so only

irreducible bipartite tournaments are considered for unique realizability.

Bagga and Beineke [6] characterized uniquely realizable score lists in

bipartite tournaments.

Theorem 2.2.16. An irreducible pair (A, B) of score lists is uniquely real-
1zable if and only if one of the following holds.

I (wlog) A =[1™] and B is arbitrary

I (dual of I) A= [(n—1)"] and B is arbitrary

IT (wlog) A=[1""1 a] and B = [b"]

IT dual of 11

11



IIT (wlog) A=1[1,a™"| and B = [2"]
IIT dual of I11

Definition 2.2.17. An r-tournament is a complete oriented multigraph in
which there are exactly r arcs between every two vertices. The score of a ver-
tex in an r-tournament is the outdegree of that vertex and the scores listed

in non-decreasing order is the score sequence.

Takahashi [56] has considered several variations of the score sequence

problem of an r-tournament and has given efficient algorithms.

Definition 2.2.18. A directed graph D is said to be an (riy, 712, 722)-
tournament if the vertex set of D is partitioned into two disjoint sets A
and B such that there are r; directed arcs between every pair of vertices in
A, rog directed arcs between every pair of vertices in B, and rq, directed arcs
between each vertex of A and each vertex of B. The score of the vertex is

the outdegree of the vertex.

Let T be an (r11, r1a, reo)-tournament with parts U = {uy, ug, -+, up}
and V = {vy,ve, -+ ,v,}. Let a(u;) or a; be the score of a vertex wu;,
1 < i < m and b(v;) or b; be the score of a vertex v;, 1 < j < n. The
sequences A = [ay,ag, - ,ay,] and B = [by, by, - -+, b,] is called the score se-
quence pair of (711, 12, rag)-tournament and is denoted by [A, B]. Takahashi,
Watanabe and Yoshimura [57] have characterized the score sequence pair of
(r11, 712, r22)-tournament and have also given an algorithm for determining in
linear time whether a pair of two non-negative integer sequences is realizable

or not.

2.3 Scores in oriented graphs

Definition 2.3.1. An oriented graph D is a digraph with no symmetric pairs
of directed arcs and with no loops. In D, let dj and d; be the outdegree and

indegree of the vertex v;. Define the score a,, or simply a; of a vertex v; as

12



follows.
ai=n—1+d —d;.

Evidently, 0 < a; < 2n — 2. The list of scores [a;]7 in non-decreasing or

non-increasing order is the called the score sequence of D.

One of the interpretations of an oriented graph is the result of a round
robin competition in which the participants play each other exactly once, ties
(draws) are allowed, that is, the participants play each other once with an
arc from u to v if and only u defeats v. A player receives two points for each
win and one point for each tie. The total points received by a participant v;

is a;.

Let df, d; and d; respectively be outdegree, indegree and non-arcs

incident at v;. Then
df +d7 +d; =n—1=qa;,—d +d;

or,

This shows that a; = n — 1+ d}f — d; = 2(wins) + (draws).

Avery [5] extended Landau’s theorem on tournament scores to oriented

graph scores.

Theorem 2.3.2.(Avery) A sequence A = [a;]} of non-negative integers in
non-deceasing order is a score sequence of an oriented graph if and only if
for each subset I C [n] ={1,2,--- ,n},

> a; > k(k—1)

icl

with equality when |I| = n.

Avery’s theorem on oriented graph scores can be restated in the fol-

lowing. We give here the proof which appeared in Pirzada, Merajuddin and

13



Samee [47].

Theorem 2.3.2.(Avery) A sequence A = [a;]7 of non-negative integers in
non-deceasing order is a score sequence of an oriented graph if and only if
for1<k<n-1,

> a; > k(k - 1) (2.6)

with equality when k = n.
Proof. Necessity. Let [a;]] be a score sequence of some oriented graph D.
Let W be the oriented subgraph induced by any k vertices wy, ws, - - - , wy of
D. Let a denote the number of arcs of D that start in W and end outside
W and let 8 denote the number of arcs of D that start outside of W and end
in W. Clearly7 B < k(n — k).
k
Thus, Z A, = Z(n — 1+ di(w;) —dp(w;)) = nk — k+ > dh(w;) —
=1 =1 =1

Zd (wi) = nk—k’+[2d+(wz) a] — [Zd (wi) + 6] = nk —k +
(number of arcs of W) + a — (number of arcs of W) —f.

Therefore, Z ay, =nk —k+a—p.

Hence, Zaw >nk—k—p>nk—k—k(n—k)=k(k—1).
Sufﬁc1ency Let n denote the least integer so that there is a non-decreasing
sequence of non-negative integers satisfying conditions (2.6) that is not a
score sequence of any oriented graph. Among all such sequences of length n,
pick one, denoted by A = [a;]7, in which the smallest term a; is as small as
possible.

We consider two cases, (a) equality in (2.6) holds for some k < n and
(b) each inequality in (2.6) is strict for all & < n.

Case(a). Assume k(k < n) is the smallest integer such that

Clearly the sequence [ay,aq,--- ,ax] satisfies conditions (2.6) and is a se-
quence of length less than n. Therefore by the given assumption [ay, ag, - - - , ag]

is a score sequence of some oriented graph, say D;.

14



Now, i(akﬂ- —2k) = pgai — iai — 20k > (p+k)p+k—-1)—
k(k—1) —Sgék =pp—1), f(;;leach pz,_ll < p < n — k, with equality when
p = n — k. Since p < n, the minimality of n implies that the sequence
lagi1 — 2k, apyo — 2k, -+, a, — 2k| is the score sequence of some oriented
graph Dy. The oriented graph D of order n, consisting of disjoint copies of
Dy and Ds, such that there is an arc from each vertex of Dy to every vertex
of Dy, has score sequence a = [a;]}, a contradiction.

Case(b). Assume that each inequality in conditions (2.6) is strict for all
k < n. Clearly, a; > 0. Consider the sequence A" = [a}]}, where a; = a; — 1,

or a; + 1, or a; according as ¢ = 1, or ¢ = n, or otherwise.
k k
Then, > al= (> a;)—1>k(k—1)—1, forallk, 1 <k <n.
i=1

i=1
k

Therefore, > al > k(k—1), for all k, 1 < k < n.
i=1

n

Also, Y~ al= (> a;)—1+1=n(n-1).
i=1 i=1
Thus the sequence A" = [a}]} satisfies conditions (2.6) and therefore is

a score sequence of some oriented graph D. Let u and v, respectively denote
the vertices with score a} = a; — 1 and a], = a,, + 1. If in D either v(1 —0)u,
or v(0 — 0)u, then transforming them respectively to v(0 — 0)u, or v(0 — 1)u,
we get an oriented graph with score sequence A, a contradiction.

Now let u(1l — 0)v. We claim that there exists at least one vertex w
so that the triple formed by the vertices u, v and w is intransitive, that is,
of the form u(1 — 0)v(l — 0)w(l — 0)u, or u(l — 0)v(1 — 0)w(0 — 0)u, or
u(l — 0)v(0 — 0)w(l — 0)u. Assume to the contrary that for each vertex
w € V — {u,v}, the triple formed by the vertices u, v and w are transitive,
that is, of the form u(1—0)v(1—0)w(0—1)u, or u(1—0)v(0—1)w(l—0)u, or
u(1—0)v(0—1)w(0—1)u, or u(1—0)v(0—0)w(0—0)u, or u(1—0)v(0—1)w(0—
0)u, or u(0 —0)v(0 —0)w(0 — 0)u. Then in all such cases, d*(u) > d*(v) and
d~(u) < d~(v). This shows that a, > a,. This proves the claim.

Hence transforming the intransitive triples respectively to u(1—0)v(0—
0)w(0 — 0)u, or u(l — 0)v(0 — 0)w(0 — 1)u, or u(l — 0)v(0 — 1)w(0 — 0)u,
we obtain an oriented graph with score sequence A. This contradicts the

assumption. [
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A constructive proof of Avery’s theorem can be seen in Pirzada, Mera-
juddin and Samee [47]. The following results appear in Pirzada, Merajuddin
and Samee [48].

Theorem 2.3.3. A sequence A = [a;]} of non-negative integers with a; <
g < -+ < A = Ay =+ = Qpame1 < Qpam < CGprmr1 < -+ < ay, and let
A" = [a]} where @), = a; — 1,a; + 1,a; according asi =k, ori=k+m—1
or otherwise. Then A is a score sequence of some oriented graph if and only
if A is a score sequence of an oriented graph.

Proof. Clearly, £k > 1 and m > 2, so that either k +m — 1 = n, or
Ay = Qg1 = = Qpym-1 < Qgpm. For 1 < i < n, A" = [a}]} where
a;, =a; —1,a; + 1,a; according as i = k, or ¢ = k+m — 1 or otherwise.
Obviously, af < ah, <--- <al.

Let A’ be the score sequence of some oriented graph D’ of order n in
which vertex v] has score a;, 1 <4 < n. Then a,,, ; = aj, + 2. If either
Uy —1(1 = 0)vy, or vy, (0 — 0)v;, then making respectively, the transfor-
mation vy, ;(0—0)wvy, or v, (1 —0)v,,,, ,, gives an oriented graph of order
n with score sequence A.

If v, (1-0)v}, 4, since aj, < aj, ., there exists at least one vertex v in
V' —{v}; Uk 1} such that triple formed by vy, v}, ; and v} is transitive and
of the form vy, (1-0)vy,,,, 1 (1=0)v}(1=0)vy, or vy (1-0)vy ., 1 (1—=0)v;(0-0)v},
or vy, (1 = 0)vy 4, 1(0—0)vj(1 = 0)vy,. These can be transformed respectively
to v (1 — 0)v4 1 (0 = 0)v}(0 = 0)vy, or vy (1 —=0)vy,,, (1 —0)v;(0—1)v} or
(1 = 0)vy4 1 (0 = 1)v3(0 — 0)vy, and we obtain an oriented graph of order
n with score sequence A.

If for every vertex vj € V' —{v}, v}, } the triple formed by vy, vy,
and v} is transitive, we again get a contradiction.

Now, let A be the score sequence of some oriented graph D of order
n in which vertex v; has score a;, 1 < ¢ < n. We have agip1 = ag.
If either vg(1 — 0)Vgsm—1, or vE(0 — 0)vgym—1, then making respectively,
the transformation vg(0 — 0)vgym—1, or vg(0 — 1)vgsm_1, gives an oriented
graph of order n with score sequence A’. If vy, _1(1 — 0)vg, we claim that

there exists at least one vertex v; € V — {vgq1m_1, v} such that the triple
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formed by the vertices vjpym—1,vr and v; is intransitive, and of the form
Vkpm—1(1=0)vg(1=0)v;(1=0)Vgtm—1, OF Vgpm—1(1—0)vk(1—0)v;(0—0)Vp4m—1
, OF Ugym—1(1 — 0)vg(0 — 0)vj(1 — 0)vgtm—1. These can be transformed re-
spectively to vgim—1(1 — 0)vg(0 — 0)v;(0 — 0)Vktim—1, OF Vgpm—1(1 — 0)vg(0 —
0)v;(0 = 1)Vktm—1 , OF Uggm—1(1 — 0)vi(0 — 1)v;(0 — 0)vg4m—1 and we obtain
an oriented graph of order n with score sequence A’.

In case for every vertex v; € V' — {vg, Vg4m—1}, then the triple formed
by Vkt+m—1, v and v; is transitive, we again get a contradiction. Thus A’ is a

score sequence if and only if A is a score sequence. [J

Theorem 2.3.4. Let A = [;]} be a sequence of non-negative integers in non-
decreasing order with at least two odd terms ap and ap,(say) with ap < a;,
and let A" = [al]} with o] = a; — 1, or a; + 1, or a; according as i = k or
i =k+m—1 or otherwise. Then A is a score sequence if and only if A’ is
a score sequence.

Proof. Let a; be the lowest odd term, and a,, be the greatest odd term and
let A" = [a},d),--- ,al], where a; = a;— 1, or a;+1, or a; according as i = k
or i = k+m — 1 or otherwise. Clearly, a] <aj, <---<al.

Let A’ be the score sequence of some oriented graph D’ of order n in
which vertex v} has score a}, 1 < i < n. Then, a,, > a; + 2 with equality
appearing when the two odd terms are same. Therefore, it follows by the
argument used in Theorem 2.3.3, that is the score sequence of some oriented
graph D of order n in which vertex v; has score a;, 1 < ¢ < n. We have
Gy > ap. The equality appears when the two odd terms are same, and in
this case A’ is a score sequence of some oriented graph of order n, again by
Theorem 2.3.3. If a,, > ay, then a,, > ai + 2, since a,, = a, + 1 implies that
one of a; or a,, is even, which contradicts the choice of a5 and a,,. Thus, by
using again the argument as in Theorem 2.3.3, it follows that A’ is a score

sequence of some oriented graph of order n. [

Lemma 2.3.5. (a) Let A and A" be given as in Theorem 2.3.3. Then A
satisfies (2.6) if and only if A" satisfies (2.6).

(b) Let A and A’ be given as in Theorem 2.5.4. Then A satisfies (2.6) if and
only if A" satisfies (2.6).
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J J k—1
Proof(a). If A satisfies (2.6), then Y a; = > a;,or > a; + (ap — 1) +
i=1 i=1 i=1

j k-1 k-tm—2 j
> ajord a;i+ (ag—1)+ > a;+ (agrm—1+1)+ D a; according as
=1 i=1 i=k+1 i=k+m

j<k—1l,or k<j<k+m—2 orj>k+m— 1 respectively.
J

Ifj<k—1land j>k+m—1,then Y a,>j(j—1).
=1

(2

J
fk<j<k+m-—2clam > a; >j(j—1),for k<j<k+m-—2.
=1

)

J
Assume to the contrary, that for some j, k < j < k+m—2,> a; < j(j—1).
i=1

J
For (2.6), we have > a; > j(j —1).
i=1

J
Combining the two, we obtain > a; = j(j — 1).
i=1
J Jjt+1
Therefore, again by (2.6), we have aj1 +j(j — 1) =aj1 + > a;= >, a; >
i=1 i=1
JU+1) =30 -1+2) =4 -1)+2j.
That is, a;41 > 2j. Also, a; = a;4; implies that a; > 2j.
J =1
Thus, ) a;=> a;+a; > (-1 —-2)+2j=50G—-1)— (G —1)+2j.
= =1

i=1 %
J
Therefore Y a; > j(j — 1) +2 > j(j — 1), contradicting the assumption.
i=1
Hence,
J
Y ai>j(i-1)fork<j<k+m-—2 (2.7)
i=1
J J
Thus, when k£ < j < k+ m — 2, using (2.7), we obtain » a, = > a; — 1 >

i=1 =1
3G —=1).

Therefore in all cases A’ satisfies (2.6). Now, if A" satisfies (2.6), it can be
casily seen that A also satisfies (2.6).

Proof of (b) follows similarly.

Now we give a direct proof for the sufficiency of Avery’s theorem 2.3.2.

Proof of Theorem 2.3.2. Sufficiency. Let the sequence A = [a;]} of non-

negative integers in non-decreasing order satisfy (2.6). Clearly, the sequence
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A, =10,2,4,---,2n — 2] satisfies (2.6),since it is the score sequence of the
transitive tournament of order n. Now, if any sequence A # A, satisfies
(2.6), then a; > 0 and a, < 2n — 2. We claim that A contains either (a)
a repeated term, or (b) at least two odd terms, or both (a) and (b). To
verify the claim, suppose that there is no repeated term. If at least one
term is odd, then a parity argument shows that there are at least two odd
terms. So assume that all terms are even. Therefore, a; > 0, as > aq,
and as is even imply that as > 2. And as > 2, ag > ao, and as is even
imply that as > 4. Inductively, a; > 2(i — 1), for all 1 < ¢ < n. Thus,

n(n—1)= Z a; > 2 Z(z — 1) = n(n —1). This implies that equality holds
throughout Thus a; = 2(2 —1),forall 1 <i<mn,and A= A,, a contradic-

tion. Consequently, if there is no repeated term, then at least two terms are
odd.

We produce a new sequence A’ from A which also satisfies (2.6), A’
is closer to A, than A, and A’ is a score sequence if and only if A is a
score sequence. When A contains a repeated term, reduce the first occur-
rence of that repeated term in A by one and increase the last occurrence
of that repeated term by one to form A’. If A contains at least two odd
terms, reduce the first odd term by one and increase the last odd term
by one to form A’. The process is repeated until the sequence A, is ob-
tained. Let the total order on the non-negative integer sequences be defined
by X =[xy, 29, - ,x,] 2Y = [y1,y2, -+ ,yp) if either X =Y or z; <y,
for some 7, 1 <7 < n, and z;41 = Yiy1, - ,Tn = Y. Clearly, = is reflex-
ive, antisymmetric and satisfies comparability. We write X < Y, if X <Y
but X # Y. For any sequence A # A,, satisfies (2.6), A < A,, where
A, =10,2,4,---,2n — 2], the score sequence of a transitive tournament of
order n. Thus, we have shown that for any sequence A satisfies (2.6), we
can form another sequence A’ satisfying (2.6)(By Lemma 2.3.5) such that
A < A’ and A is a score sequence if and only if A’ is a score sequence (By
Theorem 2.3.3 and 2.3.4). Therefore, by the repeated application of this
transformation, starting from the original sequence satisfying (2.6), we reach

A,. Hence A is a score sequence. []
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A recursive characterization of score sequences in oriented graphs also

appears in Avery [5].

Theorem 2.3.6 (Avery) Let A be a sequence of integers between 0 and 2n—2
inclusive and let A" be obtained from A by deleting the greatest entry 2n—2—r
say, and reducing each of the greatest r remaining entries in A by one. Then

A is a score sequence if and only if A’ is a score sequence.

Theorem 2.3.6 provides an algorithm for determining whether a given
non-decreasing sequence A of non-negative integers is a score sequence of an

oriented graph and for constructing a corresponding oriented graph.

Pirzada, Merajuddin, Samee [47] obtained the following stronger in-

equalities for oriented graph scores.

Theorem 2.3.7.4 sequence A = [a;|} of non-negative integers in non-
deceasing order is a score sequence of an oriented graph if and only if for
each subset I C [n] ={1,2,--- ,n},

;ai > ;(z 1)+ (‘Q) (2.8)

with equality when |I| = n.

Proof. Sufficiency. Let the sequence A = [a;]7 of non-negative integers

satisfy (2.8).
Now, for any I C [n],

Sieli=1) 2 246 -1 = (5).
Therefore inequalities (2.8) give
Sierai > (5) + (5) = 2(5)-

This shows that inequalities (2.8) imply inequalities (2.6). Thus A is a score
sequence.

Necessity. Assume A = [q;]} is a score sequence of some oriented graph.
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For any subset I C [n], define

I)= a; — 1—1)— m)
=Y a-3i-n-(}

Consider all subsets that minimize the function f. Among all such
subsets that minimize the function f, choose one, say I, of the smallest car-
dinality. Claim I = {i : 1 < ¢ < |I|}. If not, then there exists i ¢ I and
j € I such that j =i+ 1. Then, a; < a;.

For j € I, we have f(I) =Y ,crar— > e (t—1) = (1) =300y —
(Creriwy(t =1+ G = 1) = (3).

Therefore, f(I) — f(I —j) =a; — (j + |I| — 2).

Since f(I) — f(I —j) <0,s0a; — (j+|I| —2) <O0.

Again, F(TU{i}) =Y, cra+a; — (X, (t — 1)+ (i — 1)) — ().

So, fLULa}) = f(I) = a; = (i = 1) = [1].

As f(IU{i})— f(I) > 0, therefore a; — (i — 1) — |I| > 0.

Thus, a; < j+[I| —2and a; < i+ |I| — 1.

Therefore, i+ [I| —1 < a; < a; < j = |I| —2 and this gives i +|[| — 1 <
i+ |I| — 1, since j =i+ 1. This is a contradiction and the claim is proved.

Hence, f(I) = S0 a = S0 (0= 1) = (5) = S a = (5) = (5) =
() —2(l) =0, D

Equality in (2.8) occurs, for example, in the transitive tournament of
order n with score sequence [0,2,---,2n — 2| and in regular tournaments
of order 2m + 1 with score sequence [2m,2m,--- ,2m]. Also (2.8) is best

possible in a certain sense since for any real € > 0, the inequality
Saz 1+ -1+ <|”> (2.9)
, - . 2
el el

fails for some subsets I involving some oriented graphs in which the outde-

gree equals the indegree at each vertex.

Pirzada, Merajuddin, Samee [47] obtained the following upper bound

for oriented graph scores.
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Theorem 2.3.8.4 sequence A = [a;|} of non-negative integers in non-
decreasing order is a score sequence of an oriented graph if and only if for
each subset I C [n] ={1,2,--- ,n},

1
Zai < Z(i =1+ 5ll@n - |11 -1)
el el

with equality when |I| = n.
Proof. A is a score sequence if and only if for every I C [n] = {1,2,--- ,n}
and J = [n] — 1,

Ziel a; + Zz’eJ a; = 2(@)

and
Doics @i =D e (i — 1)+ (@)7

or, if and only if Y, a; = 2()) =X, 0 <2(5) = (i, i =1+ (3) =
2() = (M5 — i = )+ ()] = 2 - 1) = ("))
Yiep(i— 1) 4 2 DO 52— 1)+ T2 — (1] - 1),
(because Y ., (1 —=1)+ >, ,(i—1) = @ and |I|+ |J| =n). O

Definition 2.3.9. A score sequence is said to be simple if it belongs to
exactly one oriented graph. An oriented graph D is reducible if it is pos-
sible to partition its vertices into two nonempty sets V; and V5 in such a
way that every vertex of V5 is adjacent to all vertices of V. If this is not
possible D is irreducible. Let Dy, Ds,--- , D) be irreducible oriented graphs
and let D = [Dy, Dy, - -, Di] denote the oriented graph having all arcs of
D;, 1 < i <k, and every vertex of D; is adjacent to all vertices of D; with
1 <i<j<k. Dy,Dy -, Dy are called irreducible components of D. A
score sequence A is said to be irreducible if all the oriented graphs D with

score sequence A are irreducible.

We note that the score sequence A is irreducible if and only if the in-
equalities in Avery’s theorem are strict for all 1 < k <n—1. A is irreducible
if D is irreducible and the irreducible components of A are the score sequences
of the irreducible components of D. Pirzada [40] showed that [0] and [1,1] are
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the only irreducible score sequences that are simple. Thus the score sequence
A of an oriented graph is simple if and only if every irreducible component
of A is one of [0] or [1,1].
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CHAPTER 3

Marks in digraphs

In this chapter we introduce the concept of marks, non-negative integers
attached to the vertices of an r-digraph. We obtain several necessary and
sufficient conditions for the sequence of non-negative integers to be the mark
sequence of r-digraphs. These conditions provide algorithms for constructing
corresponding r-digraphs. We obtain stronger inequalities for marks in di-
graphs. We characterize irreducible and uniquely realizable mark sequences
in r-digraphs.

3.1 Introduction

We start with the following definition of a multidigraph.

Definition 3.1.1. An r-digraph (or multidigraph) is an orientation of a
multigraph that is without loops and contains at most r edges between any
pair of distinct vertices. An r-digraph D is complete if there are exactly
r arcs between every pair of vertices of D. In an r-digraph D, if there are
exactly r arcs which are parallel, then D is called an r-tournament. A double

tournament can be treated as a tournament whose arcs have been duplicated.

Let D be an r-digraph with vertex set V' = {vy, vy, , v, }, and let d

and d,. denote respectively the outdegree and indegree, of a vertex v;.

Definition 3.1.2. The mark (or r-score) p,, (or simply p;) of v; is defined
as
pi=rin—1)+d; —d,.

Note 0 < p,, < 2r(n —1). The sequence P = [p;|! in non-decreasing order is
called the mark sequence of D. A sequence P = [p;]} of non-negative integers
in non-decreasing order is said to be realizable if there exists an r-digraph

whose mark sequence is P. Clearly 1-digraph is an oriented graph and a
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complete 1-digraph is a tournament.

Definition 3.1.3. A regular r-digraph on n vertices is one whose all ver-
tices have marks r(n — 1). The converse D’ of an r-digraph D is obtained by

reversing each arc of D.

An r-digraph can be interpreted as the result of a competition in which
the participants play each other at most r times, with an arc from u to v
if and only if u defeats v. A player receives two points for each win, and
one point for each tie, that is the case in which two players do not play one
another or the competition between the players yields no result. With this

marking system, player v receives a total of p, points.

Between any two vertices u and v in an r-digraph, we have u(z — y)v,
where 0 <z <r,0<y<rand0<x+y <r. In particular, we have one of
the following possibilities between any two vertices u and v in a 2-digraph.
(i) Exactly two arcs directed from u to v, and no arc directed from v to u,
and this is denoted by u(2—0)v. (ii) Exactly one arc from u to v, and exactly
one arc from v to w, and this is denoted by u(1 — 1)v. (iii) Exactly one arc
from u to v, and no arc from v to w. This is denoted by u(1 — 0)v. (iv) No

arcs from u to v, and no arc from v to u, and is denoted by u(0 — 0)v.

An r-triple in an r-digraph is an induced r-subdigraph with three ver-

tices and is of the form w(z; — x9)v(y; — yg)w(zl — z9)u, where for i = 1,2,
2 2

we have 0 < z;,y;,2; < r and 0 < le,Zyz,Zzl < r. Further, in
1

an r-digraph, an oriented triple (1- trlple) is an mduced 1-subdigraph with
three vertices. An oriented triple is said to be transitive if it is of the form
u(1-0)v(1=0)w(0—1)u, or u(1—0)v(0—1)w(0—0)u, u(1—0)v(0—0)w(0—1)u,
or u(1 —0)v(0 — 0)w(0 — 0)u, or u(0 — 0)v(0 — 0)w(0 — 0)u, otherwise it is
intransitive. An r-triple is said to be transitive if it contains only transi-
tive 1-triples and an r-digraph is said to be transitive if every of its r-triples
is transitive. In particular, a triple C' in a 2-digraph is transitive if every

oriented triple of C' is transitive.
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3.2 Characterization of mark sequences

The following result can be easily established.

Lemma 3.2.1. If D and D’ are two r-digraphs with the same mark sequence,
then D can be transformed to D' by successively transforming (i) appropriate
oriented triples in one of the following ways,

either (a) by changing the intransitive oriented triple u(1—0)v(1—0)w(1—0)u,
to a transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 0)u, which has the same
mark sequence, or vice versa,

or (b) by changing an intransitive oriented triple u(1 — 0)v(1 — 0)w(0 — 0)u
to a transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 1)u, which has the same
mark sequence, or vice versa.

or (ii) by changing a double u(1 — 1)v to a double u(0 — 0)v which has the

same mark sequence, or vice versa.
As an application of Lemma 3.2.1, we have the following observation.

Lemma 3.2.2. Among all r-digraphs with a given mark sequence those with

the fewest arcs are transitive.
We have the following results on marks in 2-digraphs.

Theorem 3.2.3. Let [p]l, be a sequence of non-negative integers with
Pr<pe <o S Pk =Dkl = = Dim—1 < Phm < Deama1 < o0 S Dpoand
let P' = [pl]} with
pi—1, fori=kF,
P'=< pi+1, fori=k+m-—1,

Dis otherwise.

Then P is a mark sequence of a 2-digraph if and only if P' is a mark
sequence of a 2-digraph.
Proof. Clearly, k¥ > 1 and m > 2, and that either K +m — 1 = n, or
Pk = Drkt1 = = Dkrm1 < Pkrm- Now, P’ is defined as (for 1 <i < n),
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p; — 1, fori==Fk,
Pl=¢ p;+1, fori=k+m-—1,

()

i, otherwise.

Clearly, p|, < py < -+ < ph.

Let P’ be a mark sequence of some 2-digraph D’ with n vertices in
which vertex v; has mark p;, 1 < i < n. We denote v}, ; by v;. Then
P = pp+2. lfin D', v3(2—0)vy, or v} (1—1)vy, or v (1—-0)vy, or v5(0—1)vy, or
v7(0—0)vy, then transforming these respectively to v} (1—0)vy, or v;(0—1)vy,
or v}(0 — 0)vy, or v}(0 — 2)vy, or vj(0 — 1)vy, we obtain a 2-digraph D with
mark sequence P.

If v%(0 — 2)vy, claim that there exists at least one vertex w' in W’ =
V' — {v}, v} such that the 2-triple C' formed by vy, v} and w' contains at
least one intransitive 1-triple of the form v (1 — 0)vj(1 — 0)w'(1 — 0)v}, or
0 (1 = 0)v;(0 = 0)w'(1 = 0)vy,, or vy (1 = 0)vi(1 — 0)w'(0 — 0)vy, which can be
transformed respectively to v}, (0 — 0)v}(1 — 0)w'(0 — 0)vy, or v, (0 — 0)v};(0 —
0)w'(0—1)wy, or v, (0—0)v}(0—1)w'(0—0)vj, with marks remaining unchanged.

Assume that this is not true, so that for every vertex w’ € W', the 2-
triple C' formed by v}, v and w’ contains only transitive 1-triples of the form
(1) v (1 = 0)v}(1 = 0)w'(0 — 1)vy, (ii) vy, (1 — 0)v;(0 — Dw'(1 — 0)vy,

(iil) vy (1 = 0)v}(0 — D)w'(0 — vy, (iv) v (1 = 0)v%(0 — 0)w'(0 — 1)v},
(v) v (1 = 0)v;(0 — D)w'(0 = 0)vy,, (vi) v (1 — 0)v;(0 — 0)w'(0 — 0)vy..

If at least one among (i)-(vi) appears in C, then clearly p} < pj since
number of arcs directed away from v is less than those directed away from
vy, and number of arcs directed towards v} is greater than those directed
towards v;. So, we get a contradiction.

If (i) appears for every vertex w’ in W, so that 2-triple C' formed by vy,

v} and w' is of the form vy (2 — 0)v;(2 — 0)w’(0 — 1)vy, then

v
J

p}an—2+d;’; —d,=2n—2+2(n—-2)—2=4n—-38,
and
p§€:2n—2+d:2€—dv_;c =2n—2+2(n—2)—2=3n-2,
Therefore, p; = pj, +n — 6.
For each n # 8, clearly p; # pj, + 2, a contradiction.
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If n =8, pj; = pj, + 2, but then for any w',v;(2 — 0)v}(2 — 0)w'(0 — 1)v},
can be transformed to v} (1 —0)v}(1 —0)w’(0 —2)v}, and the marks remaining
unchanged.

If (ii) appears for every vertex w’ in W, so that the 2-triple C' formed
is of the form v} (2 — 0)v%(1 — 0)w'(2 — 0)vy, then p} =n — 2 and pj, = 4.

Thus, p; = pj, +n — 6.

For each n, n # 8, clearly p’ # pj + 2, a contradiction. For n = 8,
P = pj, +2, but then for some "w, v}, (2 —0)v;(0 — 1)w'(2 — 0)v}, can be trans-
formed to v}, (1 — 0)v%(0 — 2)w'(1 — 0)vy,, with marks remaining unchanged.

Hence in all cases, we obtain vy (1 — 0)vj, and marks remaining un-
changed. Then, transforming v (1 — 0)v} to v (2 — 0)v}, we get a 2-digraph
D with mark sequence P.

Now, let P be a mark sequence of some 2-digraph D with n vertices
in which vertex v; has mark p; , 1 < ¢ < n. Then, p; = p,. We denote
Vktm—1 by vj. If in D, either v;(0 — 2)vy, or v;(1 — 1)wvy, or vj(1 — 0)vy, or
vj(0—1)vg, or v;(0—0)wvy, then transforming these respectively to v;(0—1)vy,
or v;(1—0)vy, or vj(2—0)vg, or v;(1—1)vy, or v;(1—0)uvg, we get a 2-digraph
with mark sequence P’.

If v;(2 — 0)vy, we claim that there exists at least one vertex w in W =
V' —{v;, vx} such that the 2-triple C' formed by the vertices v;, vx and w con-
tains at least one intransitive 1-triple of the form v;(1—0)vy(1—0)w(1—0)v;,
0;(1-0)v,(1-0)w(0—0)v;, or v;(1—0)v(0—0)w(1—0)v;, which can be trans-
formed respectively to v;(0—0)v,(0—0)w(0—0)v;, v;(0—0)v,(0—0)w(0—1)v;,
or v;(0 — 0)v(0 — 1)w(0 — 0)v; with the marks remaining same.

Assume that this is not true, so that for every vertex w € W, the
2-triple C' formed by v;, v;, and w contains only transitive 1-triples of the
form (i) v;(1 — 0)vg(l — 0)w(0 — 1)v;, (i) v;(1 — 0)vk(0 — Hw(l — 0)v,,
(iii) v;(1 — 0)vE(0 — Dw(0 — 1)v;, (iv) vj(1 — 0)vE(0 — 1)w(0 — 0)v;, (v)
v;(1 = 0)vg(0 — 0)w(0 — 1)vy, (vi) v;(1 — 0)vE(0 — 0)w(0 — 0)v,.

If at least one among (i)-(vi) appear in C, then clearly p; > py, since
in each case the number of arcs directed away from v; is greater than those
directed away from vy, and the number of arcs directed towards v; is less
than those directed towards v,. Therefore, we get a contradiction.

If (i) appears for every vertex w in W so that C' is of the form v;(2 —

28



0)vg(2 — 0)w(0 — 1)v;, then
pj=2n—-2+d; —d, =2n—2+2+4+n—2=3n—2
and
pr=2n—-2+d; —d, =2n—2+2(n—2)—-2=4n -8

For every n # 6, p; # pi, again a contradiction. If n = 6, we have p; = py.
But then for any w, v;(2 — 0)vi(2 — 0)w(0 — 1)v; can be transformed to
vj(1 — 0)vg(l — 0)w(0 — 2)v; with the marks remaining unchanged.

If (ii) appears for every vertex w in W so that C' is of the form v;(2 —
0)vg(0 — Dw(2 — 0)v;, then p; = 2n — 2+ 2 —2(n — 2) = 4, and p;, =
2n —2 —2—(n—2) = n— 2. Clearly, for every n # 6, p; # pi, and
we get a contradiction. For n = 6, we get p; = p;. But then for any w,
vj(2—0)v,(0—1)w(2—0)v; can be transformed to v;(1—0)v;(0—2)w(1—0)v,
with the marks unchanged.

Thus in all cases, we have v};(0—1)v}, and transforming it to v}(0—2)uvy,

we obtain a 2-digraph D with mark sequence P. O

Theorem 3.2.4. Let P = [p;]} be a sequence of non-negative integers in non-
decreasing order with at least two terms p; and p, such that 1 < p, —p; < 3
and let P' = [pi]t with

pi —1, fori=t,
Pl=< p;+1, fori=r,

Dis otherwise.

Then P is a mark sequence of a 2-digraph if and only if P' is a mark
sequence of a 2-digraph.
Proof. Let the sequence P contain at least two terms p; and p, such that
1 < p. —pr < 3, where without loss of generality, we may assume that
pi1 < pe and pp < prga. If, (1) g1 < prog = -+ = o1 = Dy, We take
1 <p—pg < 3,0 (ii) prp = pPrs1 = -+ = Prim < Pram+1, We take
1 < prym —pr < 3, or if both (i) and (ii), we take 1 < pyyp, —p1—q < 3. As
P’ is defined as (for 1 <1i < n),
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p;— 1, fori=t,
P =< pi+1, fori=r,
Di, otherwise.
Therefore, pj <p) <---<pl.

Let P’ be a mark sequence of some 2-digraph D’ in which vertex v} has
mark p}, 1 <i<mn. Then3 <p.—p, <5 Ifin D', v/.(2—0)v;, or v.(1—1)vy,
or v.(1 —0)v, or v.(0 — 1)v;, or v.(0 — 0)v}, transforming these respectively
to vl.(1 —0)v;, or v.(0 — 1)v}, or v.(1 — 1)v;, or v.(0 — 2)v}, or v/.(0 — 1)v; we
obtain a 2-digraph with mark sequence P.

If v/(0 — 2)v;, we claim that there exists at least one vertex w’ in W' =
V' — {vl,v;} such that the 2-triple C' formed by the vertices v., v; and w’
contains at least one intransitive 1-triple of the form v;(1 —0)v/.(1 —0)w’(1 —
0)v;, or vy(1 —0)v.(1 —0)w'(0 — 0)v;, or vy(1 — 0)v.(0 — 0)w'(1 — 0)v;, which
can be transformed respectively to v;(0 — 0)v.(0 — 0)w'(0 — 0)v;, or vy (0 —
0)v..(0—0)w'(0 — 1)v;, or v;(0—0)v.(0 — 1)w'(0 — 0)v;, with marks remaining
unchanged.

Assume that this is not true, so that for every vertexw’ in W/, the 2-
triple C formed by v.., v; and w’ contains only transitive 1-triples of the form
(i) vi(1 = 0)v.(1 = 0)w' (0 — 1)v;, (ii) vy (1 —0)v.(0 — 1)w'(1 — 0)vy, (iii) vy(1 —
0)v.(0 — D)w'(0 — 1)v}, (iv) vi(1 —0)v.(0 — 0)w'(0 — 1)v}, (v) vp(1 —0)v.(0 —
Dw' (0 — 0)vy, (vi) vi(1 —0)v.(0 — 0)w'(0 — 0)vy.

If at least one among (i)-(vi) appear in C, then p/ < p, + 3, since the
number of arcs directed away from v/, is less than those directed away from
v;, and the number of arcs directed towards v!. is greater then those directed
towards v;. This is a contradiction.

If (i) appears for every vertex w’ in W’ so that C is of the form v}(2 —

0)v.(2 — 0)w' (0 — 1)v;, then
p.=2n-2+d}, —d,

/
T

=2n—2+2n—2)—2=4n -8,
and
Pl=2m—2+d5 —d; =2n—2+2+n—2=3n—2.

Therefore, pl. — p, =n — 6.
Clearly, for n # 9,10, 11, we have 6 < p/. — p;, < 2, which is a contradic-

tion.
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For n =9,10,11,p, — p, = 3,4,5. But then for any w’, v;(2 — 0)v.(2 —
0)w'(0 — 1)v; can be transformed to v;(1 — 0)v.(1 — 0)w’(0 — 2)v; without
changing the marks.

If (ii) appears for every vertex w’ in W’ so that C is of the form
vy (2 — 0)u.(0 — Dw'(2 — 0)vy, then p, = 2n —2—-2—(n —2) = n — 2,
and p; =2n—24+2—-2(n—2)=4.

Therefore, p!. — p, =n — 6.

For n # 9,10, 11, clearly 6 < p/ — p, < 2, a contradiction.

For n = 9,10,11, we get p. — p, = 3,4,5. But then for any w/,
v;(2—0)v.(0—1)w'(2—0)v; can be transformed to v;(1—0)v.(0—2)w'(1—0)v;
with the marks remaining unchanged.

Hence in all cases, we have v;(1 — 0)v,, and then transforming it to
v;(2 — 0)v.., we obtain a 2-digraph D with mark sequence P.

Conversely, let P be a mark sequence of some 2-digraph D in which
vertex v; has mark p;, 1 < ¢ < mn. Then, 1 < p, —p; < 3. If in D, either
v:(2 — 0)vy, or v(1 — 1)v,, or v(1 — 0)v,, or v:(0 — 1)v,, or v:(0 — 0)v,, then
transforming them respectively to v;(1 — 0)v,., or v;(0 — 1)v,, or v;(1 — 1)v,,
or v(0 — 2)v,, or v;(0 — 1)v,, we get a 2-digraph with mark sequence P’.

If in D, v(0 — 2)v,, we claim that there exists at least one vertex w
in W =V — {v,, v} such that the 2-triple C' formed by the vertices v,, v
and w contains at least one intransitive 1-triple of the form v,(1 — 0)v,(1 —
0)w(l — 0)v,, v,.(1 = 0)v (1 — 0)w(0 — 0)v,., or v,.(1 — 0)v(0 — 0)w(1l — 0)v,.
Then these can be respectively transformed to v,.(0 — 0)v,(0 — 0)w(0 — 0)v,,
or v,(0—0)v:(0—0)w(0—1)v,, or v,(0—0)v:(0—1)w(0—0)v, with the marks
remaining same.

If this is not true, then for every vertex w in W, the 2-triple C' formed
by v,., v, and w contains only transitive 1-triples of the form (i) v,.(1—0)wv;(1—
0)w(0—1)v,, or (ii) v,(1—0)v:(0—1)w(1—0)v,, or (iii) v,(1—0)v,(0—1)w(0—
vy, or (iv) v.(1 = 0)v:(0 — 1)w(0 — 0)v,, or (v) v,.(1 —0)v:(0 — 0)w(0 — 1)v,,
or (vi)u,(1 — 0)v:(0 — 0)w(0 — 0)v,.

If at least one among (i) - (vi) appear in C, clearly p, > p; + 3, since
outgoing arcs from v, is greater than those going out of v;, and incoming arcs
to vy is greater than those of v,.. Thus, we get a contradiction.

If (i) appears for every vertex w in W, so that C' is of the form v,(2 —
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0)vy(2 — 0)w(0 — 1)v,, then p, = 2n — 24+ 2(n — 2) — 2 = 4n — 8, and
pr=2n—2+2+(n—2)=3n-2.

Therefore, p, — py =6 — n.

Clearly, for n < 3,4,5, we have p, — p; > 4, or p, — p; < 0 which is a
contradiction.

For n = 3,4,5, we obtain 1 < p, — p; < 3. But then v,(2 — 0)v,(2 —
0)w(0 — 1)v,, can be transformed to v, (1 —0)v:(1 —0)w(0 — 2)v,, with marks
remaining unchanged.

If (ii) appears for every vertex w in W, so that C is of the form
v(2 — 0)v(0 — Dw(2 — 0)v,, then pr = 2n —2 — (R —2) —2 = n — 2,
and p, =2n—2+4+2-2(n—-2) =4

So, p, —pr =6 —n.

For n < 3,4,5, we have p, —p; > 4, or p, — p; < 0, which is a contradic-
tion. For n = 3,4,5, we obtain 1 < p, — p; < 3, but then we can transform
v(2 = 0)v(0 — D)w(2 — 0)v, to v,(1 — 0)v:(0 — 2)w(1 — 0)v, with the marks
remaining unchanged.

Hence in all cases, we have v,.(1 — 0)v;, and finally transforming it to

v-(2 — 0)vy, we obtain a 2-digraph D’ with mark sequence P'. 0.

An analogous result to Landau’s theorem on tournament scores is the

following characterization of marks in 2-digraphs by Pirzada and Samee [42].

Theorem 3.2.7. A sequence P = [p;]} of non-negative integers in non-

decreasing order is the mark sequence of a 2-digraph if and only

k
> pi > 2k(k — 1), (3.1)
i=1

for 1 < k <mn, with equality when k = n.

Theorem 3.2.8. Let P and P’ be given as in Theorem 3.2.3. Then P

satisfies (3.1) if and only if P’ satisfies (3.1).
Proof. If P satisfies (3.1),then

J
Yopi=
=1
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( .
J
> Dis for j < k — 1,
j
v+ e —1)+ > b for k<j<k+m-—2,
1=1 i=k+1
k—1 k+r:—2 j -
v+ =D+ > pi+ Prsm—r +1)+ > pi, forj>k+m—1.
i=1 i=k+1 i=k+m

\
J

When j < k—1and j > k+m—1, we observe that > pl > 2j(j —1). When
i=1

J
k<j<k+m—2 weshowthat Y p; >2j(j—1),k<j<k+m-—2.
i=1

J
Assume to the contrary, that for some j, k < j < k+m—2, > p; <

i=1
J
2j(j —1). From conditions (3.1), we have, > p; > 2j(j — 1). Combining the
i=1
J
two, we get > p; = 2j(j — 1). Therefore, again by (3.1), we have
i=1
. . ‘7 J+1 . . . . .
pit1+2/(— 1) =pjm+ > pi=2pi>2j(G+1) =2 — 1) +4j.
i=1 =1

Therefore, p; 11 > 47. Also, p; = pj+1 gives p; > 45. Thus,

j Jfl . . . . . . .

2pi=2pitp; 220 -1 —-2)+4j =2 -1 +4>2j(—1),
i=1

=1 7

which contradicts our assumption. Thus, we have

J J
Y= pi1>2j(j—1)-1>25(—1).
=1 =1

Hence, in all cases, P’ satisfies (3.1).
If P’ satisfies (3.1) then it is easy to see that P also satisfies (3.1). O

Lemma 3.2.9. Let P and P’ be given as in Theorem 3.2.4. Then P satisfies
(3.1) if and only if P satisfies (3.1).
Proof. If P satisfies (3.1), then

J
Do P =
=1
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¢
> Dis for j <t—1,
if% r—1
>Yopit—1)+ > fort <j<r—1,
=1 i=t+1
i—1 r—1 j .
Spit+tp—1)+ > pi++1)+ X p, forj>r

\ =1 i=t+1 i=r+1

J
For j <t—1andj >r, clearly, > p; > 2j(j —1). Fort < j <r —1, claim,

=1

J J
dopi > 25(j — 1). If not, let for some j, ¢t < 7 <r—1, > p; <2j(j—1).

=1 =1

J
From conditions (3.1), we have Y p; > 2j(j — 1). Combining the two, we
i=1

J
get > p; =275(j —1). Again by (3.1), we have
i=1

j j+1
Pir1+25(J — 1) = pjs1 + ;pi = ;Pi >2j(j+1)=25(j — 1) +4j.

Thus, pj+1 > 47. Now, 1 < p, —p; < 3, so that p, = p, — 2, where 1 < x < 3.
If p, and p, are consecutive terms, then j =t and j+1 = t+1 = r. Therefore,

Dr = P41 > 4t so that p, > 4t — x. Now,

t t—1
D=2 i+ 22t -1t =2)+p 22t -1)(t-2)+4t —x =
= =

Ut —1)+4—2 > 2(t — 1),

as 1 < x < 3, and thus contradicts the assumption. If p; 1 < p = pry1 =
=Pj =Dj+1 =" = Dr—1 < Pr, then pe = 4t, so that
t t—1
Spi=>pi+p =2t —1)(t—2)+4t =2t(t —1)+4>2t(t — 1)
i=1 i=1

again a contradiction. Thus the claim is proved.

j j
Therefore, > pl=> p; >2j(j —1)—12>25(j —1).
=1 i=1

If P’ satisfies (3.1), then P also satisfies (3.1). O

Proof of Theorem 3.2.7. Necessity. Let D be a 2-digraph with mark
sequence|p;|T. Let W be the 2-subdigraph induced by any set of k vertices

wi, wsy, - ,w of D. Let o denote the number of arcs of D that start in
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W and end outside W, and let § denote the number of arcs of D that
start outside of W and end in W. Note that each vertex w in W, and

for every vertex v of D not in W, there are at most two arcs from v to

w, so that 8 < 2k(n — k). Therefore, we have 3 < 2nk — 2k?. Then,
k k

3 b = (20— 2+ db) —dpu) = 2k~ 2K+ 3 i)~ 3 di () =

i=1 i=1
k k
2nk — 2k + > d (wi) + o] = [ dyy (w;) + ] = 2nk — 2k+(number of arcs
i=1 =1
of W)4a—(number of arcs of W)—p. Therefore,

k
pri:2nk—2k+a—ﬁ (3.2)

i=1

Now, from (3.2) we have,

3 Puw; > 2nk — 2k — B > 2nk — 2k — 2nk + 2k* = 2k(k — 1).
i=1
Applying this result to the k vertices with marks py, po, - - - , pr yields the de-
sired inequality. If £ = n, then o = 8 = 0, and the required equality follows
from Equation (3.2).

Sufficiency. Clearly, the sequence P, = [0,4,8,--,4n — 4] satisfies
conditions (3.2) as it is the mark sequence of the transitive double tourna-
ment. In a sequence P # P, satisfying (3.1), we have p; > 0 and p,, < 4n—4.
We claim that P contains either (a) a repeated term, or (b) at least two terms,
say pr and p; such that 1 < p, — p; < 3, or both (a) and (b). To verify the
claim, suppose that there is no repeated term. Then, p; < ps < -+ < py.
If there is no consecutive pair p; < p;+1 for which 1 < p;1; < p; < 3, then
piv1 —p; > 4, forall 1 < ¢ < n. Since py > 0, po > 4, p3 > 8,---,
pn > 4(n —1). Thus, by (3.1)

2n(n—1) = ipi > 471211‘ = 4@ =2n(n—1).
i=1 i=1
Thus there is equality throughout. This implies that p; = 4(i — 1), and that
P = P,, a contradiction.
In case of (a), when P has a repeated term, reduce its first occurrence

by one, and increase its last occurrence by one to form P’, and in case of (b)
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when P contains at least two terms, say p, and p, with 1 < p,—p, < 3, reduce
p by one and increase p, by one to form P’. The process of applying (a), or
(b), or both is repeated (using Theorem 3.2.3 and Theorem 3.2.4 ) till we get
the sequence P,. Let the total order on the non-negative integer sequences
of length n be defined by X = [z1, 29, -+ ,2,] Y = [y1,y2, -+ ,yn] if either
X =Y,orforsomei, 1 <i<n, Ty, =19, Tn1 = Yn_1,**Tit1 = Yit1,
x; < y;. Clearly,=< is reflexive, antisymmetric, transitive, and satisfies com-
parability, we write X < Y if X < Y but X # Y. For any sequence
P # P,, satisfying (1), we form another sequence P’ satisfying (3.1) such
that P < P’, and P is mark sequence if and only if P’ is a mark sequence.
Therefore, by repeated application of this transformation, starting from the

original sequence satisfying (3.1), we reach P,. Hence P is a mark sequence.[]

The following is the combinatorial criteria for sequences of non-negative
integers to be the mark sequence of an r-digraph. One proof of this charac-
terization can be seen in Pirzada [43] and the other proof uses networks and

flows has appeared in Pirzada and Samee [42].

Theorem 3.2.10. A sequence P = [p;]} of non-negative integers in non-

decreasing order is the mark sequence of a r-digraph if and only

k
Zpi > rk(k—1), (3.3)
i=1
for 1 < k <mn, with equality when k = n.
Proof. (i) SUFFICIENCY. Let ¢; = p; —r(n —1). Then )"  ¢; = 0, and we
may assume that ¢ < g < < <0< qry1 < -+ < g
Construct a network with vertex set {s,vq,vs,...,v,,t} of cardinality

n + 2 as follows.

1. There are arcs (s,v;), 1 < i < k from the source s to vertex v;. The

arc (s,v;) has capacity —¢;, 1 <i < k.

2. Arcs (v;,t) from v; to the sink ¢, r + 1 < ¢ < n. The arc (v;,t) has
capacity —g¢;.
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3. For each pair v;, v; of distinct vertices (i # j), we have one arc from v;

to v; and one arc from v; to v;, each with capacity 7.

It is easy to check that a r-digraph with mark sequence [p;|' can be
obtained from an integral flow of value — Zle ¢ = Y i1 @ by reducing
the flow on cycles of length 2 until one of the two edges has flow value zero.

In view of the max-flow-min-cut-Theorem, it suffices to check that each
cut has capacity at least »_ ", 1 G-

We thus assume that {s}UC is a cut, C' C {vy,v9,...,0,}, |C| =, and
that |C' N {vy,vq, ..., 0} = a and |C N {vgs1, Vkga, ..., 0n | =b=t—a.

For its capacity, we have the following estimate.

cap({s}uC) = Z —@; + Z g +tn—t)-r

ii<k,w;¢C ii>kv;eC
k k+b
> — q¢+2qi+t(n—t)~r.
i=a+1 i=k+1

This expression is bounded from below by — Zle G = > i i1 ¢ if and only
if

a k+b
Z%‘+ Z g +tn—t)-r>0,
i=1 i=k+1
if and only if
a k+b
Sopit > pittn—t)r>tor(n—1)
i=1 i=k+1
(since p; = r(n — 1) + ¢;), if and only if
a k+b
dpi+ > pizrt(t—1).
i=1 i=k+1

This latter inequality is certainly implied by the inequality

t
> pizrt(t—1),
i=1
since the p; are non-decreasing.
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(ii) NECESSITY. Follows from the construction in (i) if we use the cuts
{S}U{Ulav27"'7vt}7 1 S 13 S n. O

Now we give two recursive characterizations for mark sequences in -

digraphs.

Theorem 3.2.11. Let P = [p;]} be a sequence of non-negative integers in
non-decreasing order, where for each i, 0 < p; < 2r(n —1). Let P’ be ob-
tained from P by deleting the greatest entry p, (= 2r(n—1) —k, say) and (a)
if k < n—1, reducing the k greatest remaining entries by one each, or (b)
if k > n — 1, reducing the k — (n — 1) greatest entries by two each and the
remaining 2n — 2 — k entries by one. Then P is the mark sequence of some
r-digraph if and only if P' (arranged in non-decreasing order) is the mark
sequence of some r-digraph.

Proof. Let P’ be a mark sequence of some r-digraph D’. If P’ is obtained
from P asin (a), then an r-digraph D with mark sequence P is obtained by
adding a vertex v in D’ such that v((r—1)—0)v; for those vertices v; in D" with
mark v; = p; — 1, and v(r — 0)v; for those vertices v; in D’ with mark v; = p;.
If P’ is obtained from P as in (b), then again an r-digraph D with mark
sequence P is obtained by adding a vertex v in D’ such that v((r — 1) — 1)v;
for those vertices v; in D, with mark v; = p; —2 and v((r — 1) — 0)v; for those
vertices v; in D' with mark v; = p; — 1.

Conversely, let P be the mark sequence of some r-digraph D. We assume
D is transitive, if not D becomes transitive by using Lemma 3.2.1. Let
V = {vy,ve,--- ,v,} be the vertex set of D, and let p, = 2r(n — 1) — k. If
k <n—1, construct D such that v,((r—1) —0)v; forall i, n—k <i <n-—1,
and v, (r — 0)v; for all j, 1 < j < n—Fk—1. Clearly, D — v, realizes P’
(arranged in non-decreasing order). If & > n — 1, construct D such that
vp((r—1) = 1)y for all 4, 2n —k —1 < ¢ < n—1, and v,((r — 1) — 0)v,
for all j, 1 < j < 2n —k — 2. Then again, D — v,, realizes P’ (arranged in

non-decreasing order). [

Theorem 3.2.11 provides an algorithm for determining whether a given

non-decreasing sequence of non-negative integers is a mark sequence and
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for constructing a corresponding r-digraph. At each stage, we form P’
according to Theorem 3.2.11 such that P’ is in non-decreasing order. If
pn = 2r(n — 1) — k, deleting p,, and performing (a) or (b) of Theorem 3.2.11
according as k < n—1or k > n—1, we get P = [p|,ph,--- ,ph_4]. If
the mark of vertex v; was decreased by one in the process, then the con-
struction yielded v, ((r — 1) — 0) v; and if it was decreased by two, then the
construction yielded v, ((r — 1) — 1) v;. For a vertex v; whose mark remained
unchanged, the construction yielded v, (r — 0) v;. If this process is applied
recursively, then it tests whether or not P is a mark sequence, and if P is
a mark sequence the corresponding r-digraph with mark sequence P is con-
structed.

Theorem 3.2.12. Let P = [p;]} be a sequence of non-negative integers in
non-decreasing order, where for each i, 0 < p; < 2r(n — 1). Let P’ be ob-
tained from P by deleting the greatest entry p,(= 2r(n — 1) — k, say) and
(a) if k is even, say k = 2t, reducing the t greatest remaining entries by two
each, or (b) if k is odd, say k = 2t + 1, reducing the t greatest remaining
entries by two and reducing the greatest among the remaining entries by one.
Then P is the mark sequence of some r-digraph if and only if P' (arranged
in non-decreasing order) is the mark sequence of some r-digraph.

Proof. This can be proved by using the same argument as in the proof of
Theorem 3.2.11.

Theorem 3.2.12 also provides an algorithm for determining whether a
given non-decreasing sequence of non-negative integers is a mark sequence

and for constructing a corresponding r-digraph.

Definition 3.2.13. In a 2-digraph, the set of distinct marks of the ver-
tices is called its mark set. For example, the 2-digraph D with vertex set
V' = {v1,v9,v3,v4,05}, and arcs as vs(1 — 0)vy, vs(1 — 0)vs, v4(2 — 0)vs,
v4(1—0)vy, v3(2—0)vy, v2(1 —0)v; has mark sequence [6,7,7,10,10] and mark
set {6,7,10}.

The following existence result for mark sets in 2-digraphs is due to
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Pirzada and Naikoo [51].

Theorem 3.2.14. Let P = {p1,p2, -+ ,pn} be the set of non-negative even

integers in decreasing order and for all even g, 2 < g < n,

Pg > 2(pg—1 — Pg—2+ - —Dp2+p1+ 1),

and for all odd h, 3 < h <n,

P> 2(Ph—1 — Ph—2+ -+ p2—p1 — 1),

Then there is a 2-digraph with mark set P.

In Theorem 3.2.14, if p, < 2(py_1 —pg—2+---—pa+p1+1), for some even
g, 2 < g < n, then the existence of a 2-digraph with mark set P is not always
true. To see this, let ¢ = n =2 and p; = 2, po = 4. If there is a 2-digraph
with mark set P = {2,4}, there exist positive integers n; and ny such that
2n1 +4ny = 2(ny +n9)(ny+ne—1) < 2(n1 +2ny = 2ny +4n, (since n; and ngy
are positive integers), implying 2n; + 4ny < 2n; + 4no, which is impossible.
Similarly, in Theorem 3.2.14, if p, < 2(pp—1 — P2+ -+ p2 — p1 — 1) for
some odd h, 3 < h < n, the existence of a 2-digraph with mark set P is not
always true.

Further we note that in general, every set of odd positive integers is not
the mark set of any 2-digraph. For example, there is no 2-digraph with mark
set P = {1,5}. Forif P = {1,5} is a mark set of some 2-digraph, there exist
vertices vy and ve with p,, = 1 and p,, = 5 such that v;(0 — 1)ve. Since
Du, = D, there exists another vertex v with p,, = 5 such that v3(2 —0)v; and
either v3(0 — 1)vy or v3(0 — 2)vy. If v3(0 — 1)y, then p,, > 6, or if v3(0 —2)v,

then p,, > 6, both cases lead to a contradiction.

The above facts imply that in general, every set of non-negative integers
is not a mark set. The next result [51] provides a construction of a 2-digraph

on kr vertices using a 2-digraph on r vertices.

Theorem 3.2.15. Let D be a 2-digraph on r vertices with mark set {py, pa, - - -

Then for each k > 1, there exists a 2-digraph on kr wvertices with mark set
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{pr+2(k = 1)r,py +2(k — 1), pp +2(k — 1)r}.

3.3 Stronger inequalities on marks of r-digraphs

The following result gives a lower bound for »_ p; .
i€l

Theorem 3.3.1. A sequence P = [p;]} of non-negative integers in non-
decreasing order is a mark sequence of an r-digraph if and only if for every
subset I C [n] ={1,2,--- ,n},

Zpi >y (i— 1)+r(|‘;‘) (3.4)

with equality when |I| = n.
Proof. Sufficiency. Let the sequence P = [p;]} of non-negative integers in

nondecreasing order satisfy equation (3.4). Now, for any I C [n], we have

>i-n=>-1- (1)

Therefore, from equation (3.4), we have
1] 1] 1] 1]
> =2 .
Sy (i ( > (1) (1) =2 (1
iel i€l

Hence, by Theorem 3.2.3, P is a mark sequence.
Necessity. Assume that P = [p;|! is a mark sequence of some 7-

digraph. For any subset I C [n], define

= Yn-ryi-n-r(})

el i€l

Claim I = {i : 1 < i <|I|}. If not, then there exists i ¢ I and j € [
such that j =i+ 1. So, p; < p;. For j € I, we have

I) :Zpt—rZ(t_l)_rCQ)?

tel tel
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Zthrpj—r Z(t—1)+(j—1) —r<|l|2_1).

tel,j¢I tel,j¢l

Therefore

)= fI={i}) =p;—r(G—-1) - T(’g) H(m; 1)

=pi—r(G—1)—r(I]-1)
=p;—r(j+ ] -2).
Since f(I) — f(I —{j}) < 0,s0p; —r(j + |I] —2) < 0. Again f(/ U
{i})IZPteri—'f’(Z(t—l)Jr(i—l)) —r("5). So fTULY) - f(I) =

tel tel
pi—r(i—=1) =r("5) +r(3) =pi—r(i+ 1| =1). As f(TU{i}) — f(I) >0,
therefore p; —r(i+|I|)—1) > 0. Thus p; < r(j+|I|—2) and p; > r(i+|1|—-1).
Therefore r(i + [I| — 1) < p; <p; <r(j+|I| —2). Since j =i+ 1, therefore
r(i+ I —1) <r(i+1+41I] —2). That is, r(i + |I| — 1) < r(i + |I]| — 1),
which is a contradiction. Hence

] 1]

=Y ner X _7«('”)

)2
>r|I(|I] —1) — (’ ’) = 0.
(by Theorem 3.2.3)

Thus > p; —r> (i—1)— T(';') >0, that is, > p; > 7> (i—1) —|—7‘(|£|).
iel iel iel icl
This proves the necessity. [

We note that equality can occur often in Equation (3.4). For example, in
the transitive r-digraph of order n with mark sequence [0, 2r,4r, -+ 2r(n —
1)], and in the regular r-digraph of order n with mark sequence [r(n—1),r(n—
1),---,r(n —1)]. We further observe that Theorem 3.3.1 is best possible,

since for any real € > 0, the inequality

> pi=(L+er Z(¢_1)+(1_€)T(|g|>

i€l i€l
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fails for some I, and some r-digraphs. This can been seen, for example, in the
transitive r-digraph of order n with mark sequence [0, 2r,4r, -+ 2r(n — 1)],

and in the regular r-digraph of order n with mark sequence [r(n —1),r(n —
1)a S 7T<n - 1)]

The next result gives a set of upper bounds for ) ., p; and is equivalent

to the set of lower bounds for ), ; p; in Theorem 3.3.1.

Theorem 3.3.2. A sequence P = [p;]} of non-negative integers in non-
decreasing order is a mark sequence of an r-digraph if and only if for every
subset I C [n] ={1,2,--- ,n},

g < r 1—1 17"] 2n — I —1),

;p_;( )+ 5rifl2n 1] = 1)

with equality when |I| = n.

Proof. We have [n] = {1,2,--- ,n}. Let J = [n] — I, so that I + J = [n]
and |J| + || = n. Therefore, by Theorem 3.3.1, P is a mark sequence if and
only if

: |/
- _ > _
sz rn(n—1) and Zpl > T‘Z(Z 1)+ 7"( 5
i€[n] ieJ icJ
if and only if
Zpi—i-Zpi:rn(n—l) and Zpi>r2(i—1)+r(u|)
, , , o 2
el icJ ieJ ieJ

if and only if

Zpi:rn(n—l)—Zpi

: <rn(n—1)— :é;(@ 1) - r(\;!)
=rn(n—1) — (rwﬂa;(i*)) _T<n—2ll\)
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(because ry ., (i — 1) +rY,.,(i — 1) =7r(}) and |I| + |J]| = n)
Thus

S pe=ratn—1) "D S 61y 1) 11 )

el i€l

> (i-1)+ £|1|(2n |- 1),

i€l

which proves the result.
We now have the following results.

Theorem 3.3.3. If P = [p;]|} is a mark sequence of an r-digraph, then for
each i, r(i —1) <p; <r(n+i—2).
Proof. Let I = {i} in Theorem 3.3.1 and Theorem 3.3.2. Then

: 1|
> _
EDIESIIY
i€l el
implies that p; > r(i — 1), and
Sop STy =)+ gl |1~ 1)
icl icl
implies that p; < r(n + i — 2). Therefore

r(i—1)<p;<r(n+i—2).

Theorem 3.3.4. Let P = [p;|! be a mark sequence of an r-digraph. If
_ : 1]
'ZpZ fTZ(z— 1)+r(2 :
el el
for some I C [n], then one of the following holds.
() I =1, 1] and 21, ps = r[1|(|1] = 1),
(b) I =1t t+|I|—1] for somet, 2 <t <n-—|I|+1,

tH[1]-1

. opi=r(t+ =1+ -2)

=1
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and p; =r(t+ |I| = 2) for alli <t+|I| —1.

(¢c) I = [1,m]U[m+t,t+ |I| — 1] for some m and t such that 1 <
m< || =1Tand2<t<n—|I|+1, X7 pi=rm(m—1), S p =
r(t+|1|-1)(t+|1|-2) and p; = r(m+t+|1|-2) for alli , m+1 < i < t+[[]|-1.

An application of Holder’s theorem gives the inequalities of the sum of

the squares of marks.

Theorem 3.3.5. If P = [p;|! is a mark sequence of an r-digraph, then
(a) Y21 p? > Yy (2rt — 2r — p;)?, for 1 <t < n, with equality when

t=n.

(b) For 1 < g < oo, §+% =1, 30 p? > t(rt —r)9, where 1 <t <n,

with equality when t =n and py =py = -+ = py.
Proof (a). By Theorem 3.2.3, we have for 1 < ¢ < n with equality when
t =n,
t
rtt—1) <> p;,
i=1
or
t t t
Zp? +2(2rt —2r)rt(t — 1) < ZP? + 2(2rt — 2r) Zpu
i=1 i=1 i=1
or
t t t
NPt -2 =202t —2r)Y p <> P
i=1 i=1 i=1
or
t
Do PR (2t — 202 (20t — 2r)2 —2(2rt-2r)pi— - —2(2rt-2r)p, < Y P,
k—times =
or
t
(2rt —2r —p1)> + -+ 2rt — 2r —p)* < ZP?;
i=1
or

t

t
Z(Qrt —2r —p;)? < pr
i=1

=1
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(b) Again, by Theorem 3.2.3, we have for 1 <t < n with equality when

t=mn,
1 1
t t t g t h
(-1 <Y =S (p)(1) < (Zp?> <Z 1h>
i=1 i=1 i=1 =1
and p; = py = --- = p;, (by Holders inequality). Therefore
1
t k g
1
ri(t—1) <Y pi= (ZP‘E’) tn,
i—1 i—1
1
t g
1
rtt TRt 1) < (ZP?) ;
=1
and py =py = -+ =p;.
Hence .
pr > t(rt —r)?,
i—1
for 1 < ¢ < n with equality when t=n, and p1=py = - - = p;, since ; + 3 =
1.

Given an r-digraph on n vertices, the following result provides the exis-

tence of an r-digraph with more vertices.

Theorem 3.3.6. Let D be an r-digraph on n vertices with mark sequence
[p:]y. Then, for each t > 1, there exists an r-digraph on tn wvertices with
mark sequence [p; +r(t — 1)n]{".
Proof. For each i,1 < i < t, let D’ be a copy of D with n vertices. Define
an r-digraph D; as

D, =D'UD?*uU---U D,

such that vertices and arcs of D; are that of D!, and let there be no arc
between the vertices of D' and D’ (i # j). Then D; is an r-digraph on tn

vertices with mark sequence [p; + r(t — 1)n]i™.
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3.4 Uniquely realizable mark sequences

Definition 3.4.1. An r-digraph is reducible if it is possible to partition its
vertices into two non empty sets V; and V5 in such a way that there are ex-
actly r arcs directed from every vertex of V5 to each vertex of V;, and there is
no arc from any vertex of V; to any vertex of V5. If Dy and Dy are r-digraphs
having respectively vertex sets V; and V5, then the r-digraph D consisting
of all arcs of D; and all arcs of Ds, and exactly r arcs directed from each
vertex of Dy to every vertex of Dy, we denote it by D = [Dy, Dy]. If this is
not possible the r-digraph is said to be irreducible.

Let Dy, Dy, --- , Dy be irreducible r-digraphs with disjoint vertex sets.
Then D = [Dy, Dy, -+, Dy] is the r-digraph having all arcs of D;, 1 <1i < h,
and exactly r arcs from each vertex of D; to every vertex of D;, 1 <1i < j < h.
we say Dy, Do, -, Dy are the irreducible components of D, and such a de-

composition is called the irreducible decomposition of D.

Definition 3.4.2. A mark sequence P is said to be irreducible if all the

r-digraphs D with mark sequence P are irreducible.
The following result characterizes irreducible r-digraphs.

Theorem 3.4.3. If D is a connected r-digraph with mark sequence P = [p;]7,
k

then D s irreducible if and only if for k=1,2,--- n—1, > p; > rk(k—1)
i=1

and Y p; =rn(n—1).
i=1
Proof. Let D be a connected, irreducible k-digraph having mark sequence

k
P = [pi]t. Y. pi > rk(k — 1) holds, since it has already been established for
i=1

any r-digraph. Also > p; = rn(n — 1) implies that for any integer t < n,
i=1

the r-subdigraph D’ induced by any set of ¢ vertices has a sum of marks in

D' equal to kt(t — 1). Since D is irreducible, therefore either there is an arc

from at least one of these t vertices to at least one of the other n —t vertices,

or there is exactly one arc from at least one of the other n — ¢ vertices to at
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least one vertex in D’. Therefore, for 1 <t <mn —1,

S g > kt(t - 1) + 1> kt(t - 1).
i=1
For the converse, suppose the given conditions hold. It follows that
there exists an r-digraph with mark sequence P = [p;]}. Assume such an
r-digraph is reducible, and let D = [Dy, D, ..., D] be the irreducible com-
ponent decomposition of D. Since there are exactly r arcs from every vertex
of D; to each vertex of D;, 1 < ¢ < j < h, D is evidently connected. If m is
the number of vertices in Dj, then m < n, and > ;" p; = km(m — 1), which

is a contradiction to the given hypothesis. Hence, D is irreducible. [

We note that a disconnected r-digraph is always irreducible, since if D,

and D, are the components of D, then there are no arcs between the vertices
of Dl and DQ.

As a consequence of Theorem 3.4.3, we have the following result which

characterizes the irreducible components of an r-digraph.

Theorem 3.4.4. If D is an r- dz’gmph with mark sequence P = [p;]t, and

sz =rk(k—1), sz =rt(t—1) and sz >rq(qg—1), fork+1 < g <t—1,
O < kE<t<n, then the r-subdigraph mduced by the vertices vgi1, Vgia, -+ , V¢

is an irreducible component of D with mark sequence P = [p; — Tk]k_H.

The mark sequence P is irreducible if D is irreducible and the irreducible
components of P are the mark sequences of the irreducible components of
D. That is, if Dy, Dy, --- , Dy, is the irreducible component decomposition of
an r-digraph D with mark sequence P, then the irreducible components F;
of P are the mark sequences of the r-subdigraphs induced by the vertices of
D;, 1 < i < h. Theorem 3.4.4 shows that the irreducible components of P

are determined by the successive values of k£ (1 < k < n) for which

k
Zpl- =rk(k—1).
i=1
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This is illustrated by the following examples of 2-digraphs.

(i) Let P =[1,3,9,12,15,20]. Equation (3.2.1) is satisfied for k = 2,5, 6.
Therefore, the irreducible components of P are [0], [1,4, 7], [0] in ascending
order.

(ii) Let P = [0,5,8,11,17,19]. Here Equation (3.2.1) is satisfied for
k = 1,4,6. Therefore, the irreducible components of P are [0], [1,4, 7] and

[1,3] in ascending order.

Definition 3.4.5. A mark sequence is uniquely realizable if it belongs to

exactly one r-digraph.
We have the following observation.

Theorem 3.4.6. The mark sequence P of an r-digraph D is uniquely real-

1zable if and only if every irreducible component of P is uniquely realizable.

The following result determines which irreducible mark sequences in 2-

digraphs are uniquely realizable.

Theorem 3.4.7. The only irreducible mark sequences in 2-digraphs that are
uniquely realizable are [0] and [1, 3].

Proof. Let P be an irreducible mark sequence, and let D with vertex set V'
be a 2-digraph having mark sequence P. Then D is irreducible. Therefore,
D cannot be partitioned into 2-subdigraphs Dy, Ds, ..., Dy such that there
are exactly two arcs from every vertex of D, to each vertex of Dg, 1 < 8 <
a < k. First assume D has n > 3 vertices. Let W = {w;,ws,...,w,} and
U = {uy,us,...,us} respectively be any two disjoint subsets of V' such that
r 4+ s = n. Since D is irreducible, (1) there do not exist exactly two arcs
from every w; (1 <i <) toeachu; (1 < j<s), and (2) there do not exist
exactly two arcs from every u; (1 < j <s) to each w; (1 <1i <'s). First of all
we consider Case (1), and then Case (2) follows by using the same argument

as in (1).

CASE (1). There exists at least one vertex, say wy, in W, and at least
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one vertex, say uy, in U such that either (a) wy(1 — 1)u, or (b) w1 (0 — 2)uy,
or (¢) wyi(1 — 0)uq, or (d) wy (0 — 1)uy, or (e) wy (0 — 0)u;.

Assume w;(2 — 0)u; for each i (1 <i <r)and j (1 < j <'s), except
fori=7=1.

If in D, either (a) wy(1 — 1)uy, or (e) wy(0 — 0)uy, then transforming
them respectively to w;(0 — 0)uy, or wy(1 — 1)uy, gives a 2-digraph D" with
the same mark sequence. In both cases, D and D’ have different number of

arcs, and thus are non-isomorphic.

(b) Let wy(0 — 2)u;. Since there are only six possibilities between w,
and w;, therefore, for any other vertex w; in W we have one of the following
cases:

(1) w1(2 — 0)w;(2 — 0)uq (2 — 0)wy, (ii) wi(1 — Dw;(2 — 0)uy(2 — 0)wy,
(iii) w1 (1 — 0)w;(2 — 0)uy (2 — 0)wy, (iv) wi(0 — Dw;(2 — 0)uy (2 — 0)wy, (v)
w1 (0 — 0)w; (2 — 0)uy (2 — 0)wy, (vi) wi(0 — 2)w;(2 — 0)uy (2 — 0)w;.

Transforming (i)—(v) respectively to wy(1—0)w;(1—0)u; (1—0)wq, w1 (0—
Dw;(1=0)uy (1—0)wq, wi(0—0)w;(1—0)uy (1—0)wy, w1 (0—2)w;(1—0)uy (1—
0)wy, w1 (0 — 1)w;(1 — 0)us (1 — 0)wy, gives a 2-digraph with the same mark
sequence. In all these five cases, D and D’ have different number of arcs,
and thus are non-isomorphic.

If (vi) occurs in D, and also wy(2 — 0)w; for 1 < i < ¢ < r, then
the 2-digraph D is reducible with irreducible components Dy, D, ..., D,
respectively having vertex sets Vi = {uy,ug,...,us, w1}, Vo = {wa}, V5 =
{ws}, ..., Vi ={w,}.

Also for any vertex u; in U, since there are only six possibilities between
u; and u;, we have one of the following cases:

(vii) w1 (0 —2)uy (0 —2)u; (0 — 2)wyq, (viil) w1 (0 —2)uy (1 —1)u;(0—2)wy,
(ix) w1 (0 — 2)us (1 — 0)u;(0 — 2)wy, (x) w1 (0 —2)uy (0 — 1)u; (0 — 2)wy, (xi)
w1 (0 — 2)u1 (0 — 0)u; (0 — 2)wy, (xii) wi(0 — 2)ug(2 — 0)u; (0 — 2)w.

If any one of (vii)—(xi) appears in D, then making respectively the trans-
formations w; (0 — 1)u; (0 — 1)u;(0 — 1wy, wi(0 — 1)uy(1 — 0)u,; (0 — 1)wy,
w1 (0—1)ug(2—0)u;(0—1)wy, w1 (0—1)uy (1 —1)u(0—1)wq, w1 (0—1)us(1—
0)u;(0—1)wy, we get a 2-digraph with the same mark sequence, but the num-

bers of arcs in D and D’ are different, and thus D and D’ are non-isomorphic.
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If (xii) and any of (i)—(v) appear simultaneously, then there exists a
2-digraph D’ with the same mark sequence, but D and D’ have different
numbers of arcs. Thus, D and D’ are non-isomorphic.

If (vi) and (xii) appear simultaneously, and also w,(2 — 0)w; for all
1 <i<qg<r, then D is reducible with the irreducible components D, D,
..., D, having vertex sets Vi = {uy,us,...,us, w1}, Vo = {wy}, V3 = {ws},

.., Vi = {w,} respectively.

(c) Let wy(1 — 0)uy. For any vertex w; in W, since there are only six
possibilities between w; and w;, we have one of the following cases:

(1) wi(2 = 0)w;(2 — 0)uy (0 — 1wy, (ii) wi(l — Dw;(2 — 0)uq (0 — 1wy,
(i) w1 (1 — 0)w; (2 — 0)uy (0 — 1wy, (iv) wi(0 — 1)w;(2 — 0)uy (0 — 1wy, (v)
w1 (0 — 0)w;(2 — 0)ur (0 — Dwy, (vi) wi(0 — 2)w;(2 — 0)uy (0 — 1)wy.

For (i)—(v) making respectively the transformations w;(1 — 0)w;(1 —
0)uq (0 —2)wy, wy(0—1)w;(1 —0)uy (0 —2)wy, wi(0—1)w;(1 —0)uy (0 —2)wy,
wi(1 — Dw;(1 = 0)uy (2 — 0)wy, wi(0 — 1)w;(1 — 0)uy (2 — 1)w;, we obtain a
2-digraph D’ with the same mark sequence, but the numbers of arcs in D
and D’ are not equal. Thus, D and D’ are non-isomorphic.

Now, for any other vertex u; in U, there are only six possibilities between
u; and u;, and we have one of the following cases:

(vil) wi(1—0)uy (0 —2)u; (0 —2)wy, (viii) wq (1 —0)us (1 —1)u;(0—2)w,
(ix) w1 (1 — 0)ur (1 — 0)u;(0 — 2)wy, (x) wi(1l —0)us (0 — 1)u; (0 — 2)wy, (xi)
w1 (1 —0)ur (0 — 0)u; (0 — 2)wy, (xil) wi(1 — 0)ur(2 — 0)u; (0 — 2)w;.

If any one of (vii)—(xi) appears, then making respectively the trans-
formations w(2 — 0)uy (0 — 1)u; (0 — 1wy, wi(2 — 0)ug (1 — 0)u; (0 — 1)wy,
w1(2—0)u1(2—0)u;(0—1)wy, w1 (2—0)uy (1 —1)u;(0—1)wq, wi(2—0)us(1—
0)u; (0 — 1)wy, we get a 2-digraph D’ with the same mark sequence, but D
and D’ have different numbers of arcs. Thus, D and D’ are non-isomorphic.

If (xii) and one of (i)-(v) appears simultaneously, we once again arrive
to the conclusion that there exists a 2-digraph D’ with the mark sequence
P, but D and D’ are non-isomorphic.

Thus, we are left with the case when (vi) and (xii) appear simultane-

r. But, then D is re-

ducible having the irreducible components Dy, Dy, ..., D, with vertex sets

ously, and also wy(2 — 0)w; for all 1 < i < ¢ <
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Vi = {uy,ug, .. us,wr b, Vo = {ws}, ..., V. = {w,} respectively.

(d) Let wy(0 — 1)uy. Since there are only six possibilities between w,
and wj;, therefore for any other vertex w; in W, we have one of the following
cases:

(1) wi(2 = Dwi(2 — 0)uy (1 — 0)wyq, (ii) wi(1l — D)w;(2 — 0)uq (1 — 0)wy,
(ill) w1 (1 — 0)w; (2 — 0)uy (1 — 0)wy, (iv) wi(0 — 1)w;(2 — 0)uy (1 — 0)wy, (v)
w1 (0 — 0)w; (2 — 0)uy (1 — 0)wy, (vi) wi(0 — 2)w;(2 — 0)uy (1 — 0)wy.

If any one of (i)—(v) appears, then making respectively the transfor-
mations wi(1 — 0)w;(1 — 0)uy (0 — 0)wy, wy1(0 — 1)w;(1 — 0)uy (0 — 0)wy,
w1 (0 — 0)w;(1 — 0)uy (0 — 0)wy, w1(0 — 2)w;(1 — 0)us (0 — 0)wy, wy(0 —
Dw;(1 — 0)uy (0 — 0)wy, gives a 2-digraph D" with the same mark sequence,
but the numbers of arcs in D and D’ are different so that D and D’ are
non-isomorphic.

If (vi) appears in D, and also if w,(2 — 0)w; for all 1 < i < ¢ <r, then
D becomes reducible.

Now, for any other vertex u; in U, there are only six possibilities between
u; and u;, and we have one of the following cases:

(vii) w1 (0 —1)uy (0 —2)u; (0 — 2)wyq, (viil) wy(0—1)uy (1 —1)u;(0—2)wy,
(ix) w1(0 — Dug (1 — 0)u; (0 — 2)wy, (x) wi(0 — 1)ug(0 — 1)u; (0 — 2)wy, (ix)
w1(0 — 1)uy (0 — 0)u; (0 — 2)wy, (xii) wi(0 — 1)ug (2 — 0)u; (0 — 2)wy.

If any one of (vii)—(xi) appears in D, then making respectively the trans-
formations w; (0 — 0)uy (0 — 1)u;(0 — 1)wq, wi(0 — 0)uy (1 — 0)u; (0 — 1)wy,
w1(0—0)ur (2—0)u;(0—1)wsy, wi(0—0)uy (0—0)u;(0—1)wy, wi(0—0)us(1—
0)u;(0 — 1)wy, gives a 2-digraph D’ with the same mark sequence, but the
numbers of arcs in D and D’ are different so that D is not isomorphic to D’.

If (xii) and any one of (i)—(v) appear simultaneously, then once again
there exists a 2-digraph D" with the same mark sequence, but D and D’ have
different numbers of arcs so that D and D’ are non-isomorphic.

If (vi) and (xii) appear simultaneously, and also w,(2 — 0)w; for all
1 <i<q<r, then D is reducible.

Now, let D have exactly two vertices say u and v. The only irreducible
mark sequences realizing D are [2, 2], and [1, 3]. Obviously the sequence [2, 2]

has two non-isomorphic realizations namely «(0—0)v and u(1—1)v, and [1, 3]
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has the unique realization u(0 — 1)v. Thus P = [1, 3] is uniquely realizable.
If D has only one vertex, then P = [0], which evidently is uniquely

realizable. O

On combining Theorem 3.4.6 and 3.4.7, we have the following result for

2-digraphs.

Theorem 3.4.8. The mark sequence P of a 2-digraph is uniquely realizable
if and only if every irreducible component of P is of the form [0] and [1,3].

We observe that in the mark sequence P = [4i — 4]} every irreducible
component is [0] and thus P is uniquely realizable. Therefore the mark se-
quence P of an r-digraph is uniquely realizable if and only if every irreducible
component of P is of the form [0] and [1,2k — 1].
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CHAPTER 4

Marks in bipartite multidigraphs

In this chapter, we extend the concept of marks to bipartite multidi-
graphs and multipartite multidigraphs. We obtain necessary and sufficient
conditions for a pair of sequences of non-negative integers to be mark se-
quences of some bipartite multidigraph. These characterizations give al-
gorithms for constructing the corresponding bipartite multidigraphs. We

provide analogous characterizations for multipartite multidigraphs.

4.1 Introduction

A bipartite r-digraph is an orientation of a bipartite multigraph that
is without loops and contains at most r edges between any pair of vertices
from distinct parts. So bipartite 1-digraph is an oriented bipartite graph and
a complete bipartite 1-digraph is a bipartite tournament. Let D(X,Y’) be
a bipartite r-digraph with X = {xy, 29, -+ ;2 } and Y = {y1, 992, - ,yn}
For any vertex v; in D(X,Y), let df and d;, be the outdegree and indegree,
respectively, of v;. Define p,, (or simply p;) = rn + d} — d and ¢, (or
simply ¢;)= rm +d, —d,. as the marks (or r-scores) of z; in X and y;
in Y respectively. Clearly, 0 < p,; < 2rn and 0 < ¢,, < 2rm. Then the
sequences P = [p;]1* and @ = [¢;]} in non-decreasing order are called the
mark sequencesof D(X,Y).

A bipartite r-digraph can be interpreted as the result of a competition
between two teams in which each player of one team plays with every player
of the other team atmost r times in which ties(draws) are allowed. A player
receives two points for each win, and one point for each tie. With this mark-
ing system, player x; (respectively y;) receives a total of p,, (respectively g, )
points. The sequences P and () of non-negative integers in non-decreasing
order are said to be realizable if there exists a bipartite r-digraph with mark

sequences P and Q).
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In a bipartite r-digraph D(X,Y"), if there are a; arcs directed from a
vertex x € X to a vertex y € Y and ay arcs directed from vertex y to vertex
z, with 0 < ay, as < rand 0 < ay +ay < r, we denote it by z(a; — as)y.
For example, if there are exactly r arcs directed from z € X to y € Y and
no arc directed from y to z, and this is denoted by z(r — 0)y, and if there is
no arc directed from z to y and no arc directed from y to z, this is denoted
by (0 — 0)y.

An oriented tetra in a bipartite r-digraph is an induced 1-subdigraph
with two vertices from each part. Define oriented tetras of the form z(1 —
0)y(1—0)z' (1-0)y'(1—0)z and z(1—0)y(1—0)z'(1 —0)y’(0—0)z to be of
a-type and all other oriented tetras to be of S-type. A bipartite r-digraph
is said to be of a-type or S-type according as all of its oriented tetras are of
a-type or B-type respectively. We assume, without loss of generality, that (-
type bipartite r-digraphs have no pair of symmetric arcs because symmetric

arcs z(a — a)y, where 1 < a < Z, can be transformed to x(0 — 0)y with the

same marks. A transmitter is a vertex with indegree zero.

4.2 Characterization of marks in bipartite multidigraphs

The work in this section has appeared in Chishti and Samee [21]. We

start with the following observation.

Lemma 4.2.1. Among all bipartite r-digraphs with given mark sequences,
those with the fewest arcs are of S-type.

Proof. Let D(X,Y) be a bipartite r-digraph with mark sequences P and Q.
Assume D(X,Y) is not of S-type. Then D(X,Y’) has an oriented tetra of a-
type, that is, z(1—0)y(1—0)2’(1-0)y’(1—0)x or z(1—0)y(1—0)z'(1—0)y'(0—
0)z where z,2" € X and y,y' € Y. Since z(1 —0)y(1 —0)2'(1 —0)y'(1 — 0)x
can be transformed to (0 —0)y(0—0)z'(0—0)y’ (0 — 0)z with the same mark
sequences and four arcs fewer, and z(1 — 0)y(1 — 0)2’(1 — 0)y’(0 — 0)x can
be transformed to z(0 — 0)y(0 — 0)2’(0 — 0)y'(0 — 1)z with the same mark
sequences and two arcs fewer, therefore, in both cases we obtain a bipartite

r-digraph having same mark sequences P and () with fewer arcs. Note that if
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there are symmetric arcs between = and y, that is z(a—a)y, where 1 <a < 7,
then these can be transformed to (0 — 0)y with the same mark sequences

and a arcs fewer. Hence the result follows.

Lemma 4.2.2. Let P = [p;|7* and @ = [¢;]7 be mark sequences of a S-type
bipartite r-digraph. Then either the vertex with mark p,,, or the vertex with

mark ¢,, or both can act as transmitters.

We know if P = [p1,p2, - ,pm] and Q = [q1,¢2," -+ ,q,) are mark
sequences of a bipartite r-digraph, then p; < 2rn and ¢; < 2rm, where
1 <i<mand 1< j <n. We have the following observation.

Lemma 4.2.3. If P = [p1,ps, " ,Pm—1,Pm) and @ = [0,0,---,0,0] with
each p; = rn are mark sequences of some bipartite r-digraph, then P’ =
[p1, P2,y Pm—1] and Q" = [0,0,--- ,0] are also mark sequences of some bi-

partite r-digraph.

We now have some observations about bipartite 2-digraphs, as these will

be required in application of Theorem 4.2.11.

Lemma 4.2.4. If P = [p1,ps, -+ ,Pm—1,Pm) and Q = [0,0,---,0, g,] with
4n—p,, = 3 and ¢, > 3 are mark sequences of some bipartite 2-digraph, then
P = [p1,p2, - ,pm—1] and Q" =[0,0,---,0,q, — 3] are also mark sequences
of some bipartite 2-digraph.
Proof. Let P and () as given above be mark sequences of bipartite 2-digraph
D with parts X = {x1,29, - ,xp_1, 2} and Y = {y1,¥2, ** , Yn—1,Yn}-
Since 4n—p,, = 3 and 3 < g, < 4m, therefore in D necessarily x,,(2—0)y;, for
all 1 <7< n-—1. Also y,(1 —0)x,,, because if y,, (0 —0)z,,, or y,(0—2)z,,,0r
Yn(0 — 1)x,,, then in all these cases p,, > 4(n — 1) + 2, a contradiction
to our assumption. Also y,(2 — 0)x,, is not possible because in that case
Pa,, = 4(n—1) < 4n — 3.

Now delete x,,, obviously this keeps marks of yi,y2, -+ ,y,_1 as zeros
and reduces mark of y,, by 3, and we obtain a bipartite 2-digraph with mark
sequences P’ = [p1,p2,- - ,pm_1] and Q" =[0,0,---,0,¢, — 3|, as required.
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Lemma 4.2.5. If P = [p1,p2, -+, Pm_1,Pm) and Q@ = [0,0,---,0,g,] with
4n —p,, = 4 and ¢, > 4 are mark sequences of some bipartite 2-digraph, then
P = [p1,p2, - ,pm-1] and Q' =[0,0,--- ,0,q, — 4] are also mark sequences
of some bipartite 2-digraph.
Proof. Let P and @) as given above be mark sequences of bipartite 2-digraph
D with parts X = {z1,29,  ,Tm_1,2m} and Y = {y1, 92, , Yn_1,Yn}-
Since 4n — p,, = 4 and 4 < g, < 4m, therefore in D necessarily z,,(2 — 0)y;,
forall1 <i<n—1. Also y,(2—0)x,,, because if y,(0—0)z,,, or y,(1—0)x,,,
or ¥, (0 — 2)z,0r y,(0 — 1)z, then in all these cases p,,, >4(n—1)+1, a
contradiction to our assumption.

Now delete x,,, obviously this keeps marks of yi,y2, -+ ,y,_1 as zeros
and reduces mark of y,, by 4, and we obtain a bipartite 2-digraph with mark
sequences P’ = [p1,p2, -+ ,pm—1] and @' = [0,0,---,0, ¢, — 4], as required.

Lemma 4.2.6. If P = [p1,ps, -+ ,Pm_1,Pm) and Q = [0,0,---,0, g,] with
4n—p,, = 4 and ¢, > 3 are mark sequences of some bipartite 2-digraph, then
P = [p1,p2,- - ,pm—1] and Q' =[0,0,---,0, g, — 3] are also mark sequences
of some bipartite 2-digraph.

Proof. The proof follows by using the same argument as in Lemma 4.2.5.

Lemma 4.2.7. If P = [p1,p2, - ,Pm-1,Pm] and @ = [0,0,---,0,1,3]
with 4n — p,, = 4, are mark sequences of some bipartite 2-digraph, then
P = [p1,p2, -+ ,pm—1] and Q' = [0,0,---,0,0,0] are also mark sequences of
some bipartite 2-digraph.

Lemma 4.2.8. If P = [p1,p2, - ,Pm—1,Pm) and @ = [0,0,---,0,1,1,2]
with 4n — p,, = 4, are mark sequences of some bipartite 2-digraph, then
P = [p1,p2,-+ ,pm—1] and Q' =[0,0,---,0,0,0] are also mark sequences of
some bipartite 2-digraph.

Lemma 4.2.9. If P = [p1,p2,-*+ ,Dm—1,Pm) and @ = [0,0,---,0,1,1,1,1]
with 4n — p,, = 4, are mark sequences of some bipartite 2-digraph, then
P = [p1,p2, -+ ,pm—1] and @' =[0,0,---,0,0,0] are also mark sequences of
some bipartite 2-digraph.
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Remarks 4.2.10. We note that the sequences of non-negative integers [p1]
and [q1,q2, "+ ,qn), with p1 + @1 + g2 + - - + ¢, = 2rn, are always mark se-
quences of some bipartite r-digraph. We observe that the bipartite r-digraph
D(X,Y), with vertex sets X = {x;} and Y = {y1, 2, ,Yn}, where for ¢
even, say 2t, we have z,((r —t) — t)y; and for ¢; odd, say 2t + 1, we have
x1((r —t — 1) — t)y;, has mark sequences [pi] and [q1, 2, -, qn]. Also we
note that the sequences [0] and [2r,2r,--- ,2r| are mark sequences of some

bipartite r-digraph.

The next result provides a useful recursive test whether or not a pair of

sequences is realizable.

Theorem 4.2.11. Let P = [p;|7* and QQ = [g;]} be the sequences of non-
negative integers in non-decreasing order with p,, > ¢, and m < p,, < 2rn.
(A) If g, <2r(m — 1)+ 1, let P’ be obtained from P by deleting one entry
Pm, and @’ be obtained as follows.

For 2r—(i—1)|n > pm > (2r—i)n, 1 <i < r,reducing [2r—(i—1)|n—py,
largest entries of @) by i each, and reducing p,, — (2r —i)n next largest entries
by i« — 1 each.

(B) In case g, > 2r(m—1)+1, say ¢, = 2r(m—1)+1+h, where 1 < h <r—1,
then let P’ be obtained from P by deleting one entry p,,, and @’ be obtained
from @) by reducing the entry g, by h + 1.

Then P and () are the mark sequences of some bipartite r-digraph if and
only if P" and @)’ (arranged in non-decreasing order) are the mark sequences
of some bipartite r-digraph.

Proof. Let P’' and @' be the mark sequences of some bipartite r-digraph
D'(X',Y"). First suppose @)’ is obtained from @ as in A. Construct a bipar-
tite r-digraph D(X,Y) as follows. Let X = X'Uz, Y =Y’ with X' Nz = ¢.
Let z((r — i) — 0)y for those vertices y of Y’ whose marks are reduced by
i in going from P to P’ and @ to @', and x(r — 0)y for those vertices y of
Y’ whose marks are not reduced in going from P to P’ and @ to (’. Then
D(X,Y) is the bipartite r-digraph with mark sequences P and Q. Now, if
()’ is obtained from @ as in B, then construct a bipartite r-digraph D(X,Y")
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as follows. Let X = X'Uxz, Y =Y’ with X'Nx = ¢. Let z((r—h—1)—0)y
for that vertex y of Y whose marks are reduced by A in going from P and @)
to P’ and @)'. Then D(X,Y) is the bipartite r-digraph with mark sequences
P and Q.

Conversely, suppose P and () be the mark sequences of a bipartite r-
digraph D(X,Y’). Without loss of generality, we choose D(X,Y’) to be of
B-type. Then by Lemma 4.2.2, any of the vertex x € X or y € Y with mark
Pm O @, respectively can be a transmitter. Let the vertex x € X with mark
pm be a transmitter. Clearly, p,, > rn and because if p,, < rn, then by
deleting p,, we have to reduce more than n entries from @), which is absurd.
(A) Now ¢, < 2r(m — 1) + 1 because if ¢, > 2r(m — 1) + 1, then on re-
duction ¢/, = ¢, —1 > 2r(m — 1)+ 1 —1 = 2r(m — 1), which is impossible.

Let 2r — (i —1)jn > py, > (2r —i)n, 1 < i < r, let V be the set of
[2r — (i — 1)]n — py, vertices of largest marks in Y, and let W be the set of
Pm — (2r — i)n vertices of next largest marks in Y and let Z =Y — {V,W}.
Construct D(X,Y") such that z((r—i) —0)v forallv € V, z((r—i—1) —0)w
for all w € W and x(r — 0)z for all z € Z. Clearly, D(X,Y) — « realizes P’
and @’ (arranged in non-decreasing order).

(B) Now in D, let g, > 2r(m — 1) + 1, say ¢, = 2r(m — 1) + 1 + h, where
1 < h <r—1. This means y,(r — 0)z;, for all 1 < ¢ < m — 1. Since
T, is a transmitter, so there cannot be an arc from vy, to x,,. Therefore
m((r —h —1) — 0)y,, since y, needs h + 1 more marks. Now delete x,,, it
will decrease the mark of y, by h + 1, and the resulting bipartite r-digraph

will have mark sequences P’ and Q' as desired.

Theorem 4.2.11 provides an algorithm of checking whether or not the
sequences P and () of non-negative integers in non-decreasing order are the
mark sequences, and for constructing a corresponding bipartite r-digraph.
Let P = [p1,p2, - ,pm] and Q = [q1,q2,- ,qn], where p,, > @,, ™n <
Pm < 2rn and ¢, < 2r(m — 1) + 1, be the mark sequences of a bipartite
r-digraph with parts X = {xy, 29, -,z } and Y = {y1,y2, -+ , yn} respec-
tively. Deleting p,, and performing A of Theorem 4.2.11 if [2r — (i — 1)|n >
Pm > (2r—i)n, 1 < i <r weget @ =Iq,q, - ,q,). If the marks of the

vertices y; were decreased by ¢ in this process, then the construction yielded
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Ty ((r — 7) — 0)y;, if these were decreased by ¢ — 1, then the construction
yielded z,,((r —i+ 1) — 0)y;. If we perform B of Theorem 4.2.11, the mark
of y, was decreased by h+ 1, the construction yielded z,,((r —h —1) —0)y,.
For vertices y; whose marks remained unchanged, the construction yielded
Ty (r — 0)y;. Note that if the conditions p,, > rn does not hold, then we
delete ¢, for which the conditions get satisfied and the same argument is
used for defining arcs. If this procedure is applied recursively, then it tests
whether or not P and () are the mark sequences, and if P and () are the
mark sequences, then a bipartite r-digraph with mark sequences P and @ is
constructed.

We illustrate this reduction and the resulting construction with the fol-

lowing examples.

Example 4.2.12. Consider the two sequences of non-negative integers given
by P = [14,14,15] and Q = [6,6,8,9]. We check whether or not P and @
are mark sequences of some bipartite 3-digraph.

1. P =[14,14,15], Q = [6,6,8,9]

We delete 15. Clearly [2r—(i—1)jn = [2.3—(3—1)
(2.3—3)4 = 12. Soreduce [2r—(i—1)jn—p,, = [2.3—(3—1]4—15=16—-15=1
largest entry of @ by i = 3 and p,, — (2r—i)n =15—(2.3-3)4 =15—-12=3
next largest entries of @ by i — 1 = 3 — 1 = 2 each, we get P, = [14, 14],
Q1 = [4,4,6,6], and arcs are defined as x3(0 — 0)yy, 23(1 — 0)ys3, x3(1 — 0)ys,
z3(1 — 0)y;.

2. P, = [14,14], Q, = [4,4,6,6]

We delete 14. Here 2r — (i —1)jn =[23—-(3—-1)|4=16> 14> (2r—i)n =
(2.3—3)4 = 12. Reduce [2r — (i—1)jn—py = [2.3— (3—1]4—14 = 16— 14 = 2
largest entries of Q1 by ¢ = 3 and p,,— (2r—i)n = 14—(2.3—-3)4 = 14—-12 =2
next largest entries of Q1 by i — 1 = 3 — 1 = 2 each, we get P, = [14],
Q2 = [2,2,3,3], and arcs are defined as x2(0 — 0)yy, 2(0 — 0)ys, x2(1 — 0)ys,
z3(1 — 0)y;.

3. Py =[14], Qs = [2,2,3,3]

We delete 14. Here 2r — (i —1)jn =[23—-(3—-1)]4=16 > 14> (2r—i)n =
(2.3—3)4 = 12. Reduce 2r—(i—1)jn—p,, = [23—(3—14—14=16—-14 =2

14=16>15> (2r—i)n =
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largest entries of Q2 by ¢ = 3 and p,—(2r—i)n = 14—(2.3—-3)4 = 14—-12 =2
next largest entries of ()2 by i —1 = 3 — 1 = 2 each, we get P; = ¢,
Q3 =1[0,0,0,0], and arcs are defined as x1(0 — 0)ys, 21(0 — 0)ys, z1(1 — 0)ys2,
z1(1 — 0)y;.

The resulting bipartite 3-digraph has mark sequences P = [14, 14, 15]
and @ = [6,6,8,9] with vertex sets X = {x1,z9, 23} and Y = {y1, Y2, Y3, Y }
and arcs as x3(0 — 0)yy, x3(1 — 0)yz, x3(1 — 0)y2, x3(1 — 0)y1, x2(0 — 0)yy,
22(0 — 0)ys, z2(1 — 0)ya, x2(1 — 0)y1, 1(0 — 0)ys, 21(0 — 0)ys, x1(1 — 0)yo,
z1(1 — 0)y;.

Example 4.2.13. Consider the two sequences of non-negative integers given
by P = [13,16,22,24] and @ = [5,6, 10]. We check whether or not P and @
are mark sequences of some bipartite 4-digraph.

1. P =[13,16,22,24] and Q = [5,6, 10]

We delete 24. Here [2r — (i — 1)jn = [2.4 — (1 — 1)]3 = 24, so reduce
[2r—(i—1)]n—pm =[2.4—(1—1]3—24 = 24—24 = 0 largest entries of Q) by
i = 1, and obviously we reduce p,, — (2r —i)n =24—(24—-1)3 =24—-21 =3
next largest entries of @ by i —1 =1 — 1 = 0 each, we get P, = [13, 16, 22]
and Q, = [5,6,10], and arcs are z4(4 — 0)y3, x4(4 — 0)ya, x4(4 — 0)y;.

2. P, = [13,16,22] and Q; = [5,6, 10]

We delete 22. Here 2r — (i —1)jn=1[24—-(1—-1)[]3=24>22> (2r—i)n =
(2.4—1)3 = 21. Reduce 2r—(i—1)|n—py, = [24—(1-1]3-22=24-22 =2
largest entries of Q1 by i = 1 and p,,,— (2r—i)n = 22—(2.4—-1)3 =22-21 =1
next largest entries of @1 by i — 1 =1 —1 = 0 each, we get P, = [13,16],
Q2 = [5,5,9], and arcs are defined as x3(3 — 0)ys, x3(3 — 0)ys, z3(4 — 0)y;.
3. P, = [13,16], Q; = [5,5,9]

We delete 16. Here 2r — (i —1)jn =[24—-(3—-1)[3 =18 > 16 > (2r —i)n =
(2.4—3)3 = 15. Reduce [2r— (i—1)Jn—py = [24—(3—1]3—16 = 18— 16 = 2
largest entries of Q3 by i = 3 and p,,,—(2r—i)n = 16—(2.4—3)3 =16—-15=1
next largest entry of Qo by i —1 =3 —1 =2, we get Py = [13], Q3 = 3,2, 6],
and arcs are defined as x2(3 — 0)ys, 2(3 — 0)y2, 22(2 — 0)y;.

4. Py = [13], Q3 = [3,2,6]. Here 13+ 3 + 2+ 6 = 24 which is same as
2rn = 2.4.3 = 24. Thus by the argument as discussed in the remarks, P; and

()3 are mark sequences of some bipartite 4-digraph. Here arcs are z1(1—3)ys,
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z1(3 = Dy2, 1(2 — Dy

The resulting bipartite 4-digraph with mark sequences P = [13, 16, 22, 24]
and @ = [5,6,10] has vertex sets X = {x1, 29,23, 24} and Y = {y1,y2, 93}
and arcs as x4(4 — 0)ys, x4(4 — 0)y2, x4(4 — 0)y1, x3(3 — 0)ys, x3(3 — 0)ys,
z3(4 = 0)y1, 22(3 — 0)ys, 22(3 — 0)y2, 22(2 — 0)y1, 1 (1 — 3)ys, 1(3 — 1)ye,
21(2 = D1

Now we give a combinatorial criterion for determining whether the se-
quences of non-negative integers are realizable as marks. This is analogous
to Landau’s theorem [31] on tournament scores and similar to the result by

Beineke and Moon [11] on bipartite tournament scores.

Theorem 4.2.14. Let P = [p;]{* and @ = [g;]7 be the sequences of non-
negative integers in non-decreasing order. Then P and () are the mark

sequences of some bipartite r-digraph if and only if

f g
Y b+ 4 >2rfg, (4.1)
i=1 j=1

for 1 < f <mand 1 < g <n, with equality when f =m and g = n.
Proof. The necessity of the condition follows from the fact that the sub-
bipartite r-digraph induced by f vertices from the first part and g vertices
from the second part has a sum of marks 2r fg.

For sufficiency, assume that P = [p;]{* and @ = [g;]} be the sequences
of non-negative integers in non-decreasing order satisfying conditions (4.1)
but are not mark sequences of any bipartite r-digraph. Let these sequences
be chosen in such a way that m and n are the smallest possible and p; is the
least with that choice of m and n. We consider the following two cases.
Case(a). Suppose the equality in (4.1) holds for some f < m and g < n, so
that

sz:l pi + ng‘:l g =2rfg.

By the minimality of m and n, P, = [p;]] and Q, = [g;]¢ are the mark se-
quences of some bipartite r-digraph D;(X1,Y1). Let Py = [pi1—2rg, prio —
2rg,- -+ pm — 2rg| and Q2 = [ggs1 — 21 f, qg2 — 2rf, -+ g — 2r f].
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Consider the sum

s t f+s g+t f g
D wrri=2r9) + Y (g5 —2rf) =Y pi+ D> 45— (Zpi - Z%)
i=1 j=1 i=1 j=1 i=1 j=1
—2rsg — 2rtf

>2r(f+s)(g+t)—2rfg—2rsg —2rtf

=2r(fg+ ft+sg+st—fg—sg—tf)
= 2rst,
for1 <s<m-—fand 1 <t <n— g, with equality when s = m — f and
t = n—g. Thus, by the minimality of m and n, the sequences P, and ()5 form
the mark sequences of some bipartite r-digraph Dy(Xs,Y5). Now construct
a new bipartite r-digraph D(X,Y") as follows.

Let X = X;UX,, Y =YUY, with XN Xy =0, YiNYs = ¢. Let
zo(r — 0)y; and yo(r — 0)zy for all z; € X, y; € Y;, where 1 < ¢ < 2, so that
we get the bipartite r-digraph D(X,Y") with mark sequences P and @, which
is a contradiction.

Case (b). Suppose the strict inequality holds in (4.1) for some f # m and
g # n. Also, assume that p; > 0. Let P, = [p1 — 1, pa, -+ , Pm—1, Pm + 1] and
Q1= [¢1,92, -+ ,qn]. Clearly, P, and @, satisfy the conditions (2.1). Thus,
by the minimality of p;, the sequences P; and (), are the mark sequences of
some bipartite r-digraph Dy(X1,Y7). Let p,, = p1—1 and p,, = p,,+1. Since
Pz, > p1+ 1, therefore there exists a vertex y € Y such that z,,(1 —0)y(1 —
0)zq, or 2, (0 —0)y(1 —0)xy, or ,,(1 —0)y(0 —0)zy, or z,,(0 — 0)y(0 — 0)xy,
is an induced sub-bipartite 1-digraph in D;(X7,Y)), and if these are changed
t0 1, (0 — 0)y(0 — 0)zy, or 2,,(0 — 1)y(0 — 0)z1, or x,,(0 — 0)y(0 — 1)z, or
T (0—1)y(0—1)x; respectively, the result is a bipartite r-digraph with mark

sequences P and (), which is a contradiction. Hence the result follows.

4.3 Marks in multipartite multidigraphs

A k-partite 2-digraph (or briefly multipartite 2-digraph(M2D))is an ori-
entation of a k-partite multigraph that is without loops and contains at
most 2 edges between any pair of vertices from distinct parts. So k-partite 1-

digraph is an oriented k-partite graph, and a complete k-partite 1-digraph is
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a k-partite tournament. Let D = D(X;, Xy, -+, Xx) be an M2D with parts
Xi={mi, i, s Tin, }, 1 <1 < k. Let d;j and d; , 1 < j < n;, be respec-
tively the outdegree and indegree of a vertex z;; € X;. Define p,,, (or simply
pij) = 2 <Zf:1’t¢i nt> +dj,. —d,, as the mark (or 2-score) of z;;. Clearly,
0 < pgy; < 4219:1’#2. ng. Then the k sequences P, = [p;]1", 1 <@ < k, in

non-decreasing order are called the mark sequences of D.

An M2D can be interpreted as a result of a competition among k£ teams
in which each player of one team plays with every player of the other k — 1
teams at most 2 times in which ties (draws) are allowed. A player receives
two points for each win, and one point for each tie. With this marking sys-
tem, player x;; receives a total of p,,, points. The k sequences of non-negative
integers p;, 1 < i < k, in non-decreasing order are said to be realizable if

there exists an M2D with mark sequences P;.

For two vertices z;; in X; and x4 in X, i # sinan M2D D(Xy, Xy, ..., Xj),
we have one of the following six possibilities. (i) exactly two arcs directed
from z;; to x5 and no arc directed from zy to z;;, this is denoted by
7;7(2 — 0)xs, (i) exactly two arcs directed from z4 to z;; and no arc di-
rected from w;; to x4, this is denoted by z;;(0 — 2)x, (iil) exactly one arc
directed from xz;; to x5 and exactly one arc directed from x4 to z;;, this is
denoted by z;;(1 — 1)z, and is called a pair of symmetric arcs between x;;
and x4, (iv) exactly one arc directed from z;; to x5 and no arc directed from
Tg to x;;, this is denoted by z;;(1 — 0)z g, (v) exactly one arc directed from
Ts to z;; and no arc directed from z;; to x4, this is denoted by x;;(0 — 1)z,
(vi) no arc directed from x;; to zy and no arc directed from x4 to x;;, this
is denoted by x;;(0 — 0)x.

A triple in M2D (k-partite 2-digraph) (k£ > 3) is an induced 2-subdigraph
of three vertices with exactly one vertex from one part, and is of the form
Tij(a1 — a2)Timn (b1 — b2)zg(c1 — c2)zij, (1 F£Fm # 5,1 < j<n;, 1 <n<ny,,
1 <t<ng), wherefor 1 < ¢g<2 0<a,<2 0<b, <2 0<¢, <2
and 0 < 25:1 ag <2,0< 23:1 by < 2,0 < 25:1 ¢y < 2. An oriented

64



triple in M2D is an induced 1-subdigraph of three vertices with exactly one
vertex from one part. An oriented triple is said to be transitive if it is of the
form 2;;(1 — 0)@pn (1 — 0)25 (0 — 1)y, or 245(1 — 0)Zn (0 — 1)z (0 — 0)z45,
or Z;;(1 — 0)Zpn (0 — 0)xs (0 — 1)y, or 2;5(1 — 0)2pn (0 — 0)z4(0 — 0)z5, or
2i(0 = 0) @y (0 — 0)z5 (0 — 0)z;;, otherwise it is intransitive. An M2D is said
to be transitive if every of its oriented triple is transitive. In particular, a
triple C' in M2D is transitive if every oriented triple of C' is transitive.
Through out this section we discuss k-partite 2-digraphs, with k£ > 3,

except at few places where we require bipartite 2-digraphs. We know if

P = {p17p27 e 7pl] and Q = [Q17QQ7' T 7Qm] are mark sequences of a bi-
partite 2-digraph, then p; < 4m, 1 < i < [l and ¢; < 4,1 < 7 < m.
Also the sequences of non-negative integers [p;| and [q1, ¢, -+, Gm], With

P14+ q1+q+ -+ g, = 4m are always mark sequences of some bipartite 2-
digraph. Obviously the sequences [0] and [4,4, - - - , 4] are the mark sequences
of a bipartite 2-digraph.

We have the following observation about k-partite 2-digraphs, k > 3.

Lemma 4.3.1. Let D and D’ be two M2D’s with the same mark sequences.
Then D can be transformed to D’ by successively transforming (i) appropri-
ate oriented triples formed by vertices z;; € X;, o, € X,, and x4 € X,
it # m # s, in one of the following ways:

either (a) by changing an intransitive oriented triple 2;;(1—0) 2, (1—0)z 4 (1—
0)z;; to a transitive oriented triple (0 — 0)@, (0 — 0)x5 (0 — 0)a;;, which
has same mark sequences, or vice versa,

or (b) by changing an intransitive oriented triple 2;;(1 — 0)@, (1 — 0)z4 (0 —
0)z;; to a transitive oriented triple z;;(0 — 0)&y, (0 — 0)25 (0 — 1)a;;, which
has same mark sequences, or vice versa,

or (ii) by changing the symmetric arcs x;;(1 — 1)z, to z;;(0 — 0)2,,,, which
has same mark sequences, or vice versa.

Proof. Let P, be mark sequences of an M2D D whose parts are X,
1 < i < k. Suppose D’ be an M2D with parts X/, 1 < i < k. To prove
the result it is sufficient to show that D’ can be obtained from D by trans-

forming oriented triples in any one of the ways as given in i(a) or i(b) or by
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changing the arcs as given in (ii).
We fix n; for 2 < i < k and use induction on ny. Forn; =1, ny =1, -- -,

n, = 1 and k = 3 the result is obvious. Assume that the result is true when

there are fewer than n; vertices in the first part. Let js,j3, -+, jx be such
that for mo,mg, -+ ,mg, 1 < j; < m; < n; (2 <i < k), the corresponding
arcs have same orientations in D and D’. For ja, j3, -, jk, 2 < i,p,q < k,

p # q, the oriented triples are of the form
() @10, (1 = 0)i5, (1 — 0)ay5, and 2, (0 — 0)ay; (0 — 0)a;
(ID@1n, (0 = 0)25, (0 — 1)y, and 9, (1 — 0)zy; (0 — 0);
(D2 1n, (1 = 0)25,(0 — 0)a5, and 24, (0 — 0)aj; (0 — 1)z,
(IV) 210, (1 = 0)z45, and 21, (0 — 0)x7;
Case (I). Since 71, and 7}, have equal marks, therefore z,, (0—1)x;;, and
Thny (0=0)z7; , or Z1n, (0—0) 5, and 2, (1—0)z;; . Thus there is an oriented
triple T1iny (1 —O)ZCUP (1 _O)xz’jq (1 —O)illlnl , OF T, (1—0)271‘]‘17 (1_O>xijq (0—0)371n1
in D and corresponding to these x4, (0 — 0)zj; (0 — 0)zi; (0 — 0)z1,,, or
T, (0 = 0)ay; (0 — 0)ay; (0 — 1)af,, respectively is an oriented triple in D).
Case II. Since 71, and 2, have equal marks, so x1,, (1—0)x;;, and z/,, (0—
0)7;, and thus there is an oriented triple x1,, (0 —0)2;;, (0 — 1)z, (0 — 1)z 1y,
in D and corresponding to this x4, (1 — 0)zj; (0 — 0)zj; (0 — 0)z},, is an
oriented triple in D’.
Case III. Since 1, and 71, have equal marks, so z1,, (0—1)z;, and 7, (0—
0)7;, and thus there is an oriented triple z1,, (1 —0)2i;, (0 — 0)z;5, (1 — 0)z1y,
in D and corresponding to this 21, (0 — 0)zj; (0 — 1)zj; (0 — 0)z},, is an
oriented triple in D’.
Case IV. Since z1,, and z7, have equal marks, so z1,, (1 — 1)z, and
Thus it follows from (I)-(IV) that there is an M2D that can be obtained
from D by any one of the transformations i(a) or i(b) or (ii) with mark se-

quences remaining unchanged. Hence the result follows by induction. [
Lemma 4.3.1 leads to the following observation.

Corollary 4.3.2. Among all M2D’s with given mark sequences those with

the fewest arcs are transitive.
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A transmitter is a vertex with indegree zero. We assume without loss
of generality that transitive M2D’s have no arcs of the form z(1 — 1)y, as
they can be transformed to z(0 — 0)y with same marks. This implies that
in a transitive M2D with mark sequences P; = [p;;]7*, 1 < i < k, any of the

vertex with mark p;,, can act as transmitter.

Let P, = [p;;]7", 1 < i < k, be k sequences of non-negative integers in

non-decreasing order with pi,, > pin,,

k k k
2Znt§p1m§4znt and OSpmi§4<Z nt>—3

t=2 t=2 t=2,t£i

for all 2 <7 < k. Let P be obtained from P; by deleting one entry py,,, and
let Py, Pi,--- , P/ be obtained as follows.
(A)(i). If prn, > 3321, ny, then reducing 4
of Py, Ps,--- , P, by one each,

or(ii). If py,, < 32?12 nt, then reducing 3

(Zf:2 nt) — P1n, largest entries
(ZfZQ nt> — P1n, largest entries
of Po, P, -, P, by two each, and py,, — 2 (Zf:z nt> remaining entries by
one each.

(B). In case any one of p;,, = 4 (ZLQ nt> — 2,2 <i <k, say for instance

Pin; = 4 Zf:z ny — 2, then also py,, =4 (Zf:Q nt) — 2 as Pin, > Pin,;- In this
case we reduce pj,; by two.

The next result provides a useful recursive test whether the sequences

of non-negative integers form the mark sequences of some M2D.

Theorem 4.3.3. P; are the mark sequences of some M2D if and only if P/
(arranged in non-decreasing order) as obtained in (A) or (B) are the mark
sequences of some M2D.

Proof. Let P/, 1 <i <k, be the mark sequences of some M2D D'( X7, X}, --- , X}).
First assume Pj, P;,---, P/ be obtained from P, Ps,---, Py as in (A)(i).
Construct an M2D D(Xy, Xy, -+, X}) as follows. Let X; = X{ U {z}, X; =

X!, 2 <i <k, with X{Nn{z} = ¢. Let (1 — 0)y for those vertices y of
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X/, X4, -+ X, whose marks are reduced by one in going from P; to P/, and
x(2—0)y for those vertices y of X/, X}, -+, X; whose marks are not reduced
in going from P, to P/, 1 < i < k. Then D(X;, Xs, -+, X}) is M2D with
mark sequences P;, 1 <i < k.

Now, if Py, Pi,---, P, are obtained from P, Ps,--- , Py as in (A)(ii),
then construct an M2D D(Xy, Xy, -+, Xj) as follows. Let X; = X| U {z},
X; =X/, 2 <i <k, with X{n{x} = ¢. Let (1 — 0)y for those vertices y of
X5, X%, -+, X, whose marks are reduced by one in going from P; to P/, and
x(1 — 1)y for those vertices y of X}, X3, .-, X} whose marks are reduced by
two in going from P; to P/, 1 <i < k. For (B), we take z(1 — 1)y for those
vertices y of X4, X3, -+, X; whose marks are reduced by two in going from
Py to P/, 1 <i <k Then D(X;,Xs, -+, X}) is M2D with mark sequences
Po1<i<k

Conversely, suppose P; be mark sequences of some M2D D(Xy, Xo, - -+, X}),
1 <@ < k. Now any of the vertex x;,, € X; with mark p;,,, 1 < i <k,
can act as a transmitter. Clearly for (i) and (i) pi,, > 23,7 and
Din, < 42?11,#2. ny — 3 for all 2 < i < k, because if p,, < 225;2 N,
then by deleting pi,, we have to reduce more than Zf:z n; entries from
Py, Ps,--- | P, which is absurd.

(1) Ifpin, >3 2522 ng, let X be the set of 4 (235;2 nt> —p1n, vertices of largest
marks in X5, X3, -+, Xy andlet Y = UfZQXt—X. In case X does not contain
all 4 (Zf:z nt> — p1n, Vvertices of largest marks, we can bring them to X by
using Lemma 4.3.1. Construct D(X;, Xo, -+, X) such that z1,, (1 —0)x for
all zin X and z1,,(2—0)y for all y in Y. Clearly, D(Xy, Xo, -+, Xi) — {21, }
realizes Py, Py, -+ , P,.

(i) If p1n, < 32522 ng, let X be the set of 3 (Zf:2 nt> — P1n, vertices
of largest marks in X5, X3,--+, X} and let Y = UF_,X; — X. Construct
D(Xy, Xo,- -+, Xg) such that zy,, (1 — 1)z for all 2 in X and zy,,(1 — 0)y
for all y in Y. Then again D(Xy, Xy, - -+, X)) —{x1n, } realizes P{, P;, - - - , P,.
(B) If for instance pj,,, = 4 (Zf:2 nt) —2, then necessarily py,, = 4 (Zf:z nt> —
2 so that 1,,(0 — 0)j,; or 1y, (1 — 1)z, Clearly, D(Xy, Xo, -+, X}) —
{1, } realizes P|, Py,--- , P. O

Theorem 4.3.3 provides an algorithm for determining whether or not
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the k sequences P;, 1 < i < k, of non-negative integers in non-decreasing
order are mark sequences, and for constructing a corresponding M2D. Let
P, = [pa,pios -+ s Piny), 1 < 0 <k, with (a) pi,, > 22?:2 ne, (b) pin, <
4 <Zf:17t# nt> — 2 for all 2 < ¢ < k, be mark sequences of an M2D with
parts X; = {xa, 2, 2, }, 1 < i < k. Deleting py,, and perform-
ing A(i) or A(ii), or B of Theorem 4.3.3 according as pi,, > 331, n or
Pin, <3 Zf:g nt, or any one of p;, =4 (Zf:z nt> — 2,2 <4<k, we obtain
P}, P;,---, P[. If the marks of the vertices x;; were decreased by one in this
process, then the construction yielded z1,,(1 — 0)xz;;, and if these were de-
creased by two, then the construction yielded xy,, (1 — 1)xz;;. For vertices x4
whose marks remained unchanged, the construction yielded x,, (2 — 0)zg.
Note that if any of the conditions A or B does not hold, then we delete p;,,
for that ¢ for which the conditions get satisfied, and the same argument is
used for defining arcs. If this procedure is applied recursively, then it tests
whether or not P, are mark sequences, and if P, are mark sequences, then
an M2D with mark sequences P;, 1 < i < k is constructed. During the
application of Theorem 4.3.3, the algorithm may reach a stage where we get
just two sequences, and it is not possible to apply Theorem 4.3.3, in those

cases we apply Lemma 4.2.3 to Lemma 4.2.9 by choosing r = 2.

We illustrate this reduction and the resulting construction with the fol-

lowing examples.

Example 4.3.4. Consider the five sequences of non-negative integers as
follows: P, = [15,16,21], P, = [16,20], P3 = [15,20], P, = [17,19], Ps =
(16, 17].

1. [15,16], [15,18], [14,18], [16,17], [15,16] 213(0 — 0)x9a, 213(0 — 0)x32, z13(
0)$42, $13(1 - )3021, $13( )1‘31, 15‘13(1 - 0)$41, $13(1 - 0)%1, $13(1 - 0)%2
2. [15], [13,16], [12,16], [14,15], [13,14] 212(0 — 0)x21, 212(0 — 0)za2, x12(0 —
0)z31, 12(0 — 0) 232, £12(0 — 0)241, 212(0 — 0)Z42, T12(0 — 0)251, £12(1 — 0)52
3. [13], [13], [11,14], [12,13], [12,12] 292(0 —0)z32, £92(0—0)z17, 292(0—0)z 42,
I22(0 - 0)3341, 1322(0 - 0)$52, I22(1 - 0)$31, l‘22(1 - 0)$51

4. [11], [11], [11], [10,11], [11,11] 232(0 — 0)z11, 232(0 — 0)za1, 232(0 — 0)xya,

232(0 — 0)x41, T32(1 — 0)z51, 32(1 — 0)x50

0—
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5. 19], [9], [9], [10], [9,10] 242(0 — 0)x11, 42(0 — 0)za1, 242(0 — 0)x31, x42(0 —
0)9552, $42(1 - 0)$51
6. [7], [8], (8], [8], [9]

251(0 — 0)241, 251(0 — 0)x11, 251 (1 — 0)291, 251 (1 — 0)sy
7. [5], &, [6], [6], [7], 221 (0 — 0)z52, £21(0 — 0)x31, 221 (0 — 0)z41, x91(0 — 0)x1q
8. [3], &, &, [4], [5], £31(0 — 0)x52, 231(0 — 0)z41, £31(0 — 0)x13
9. [1], ¢, ¢, ¢, [3], £41(0 — 0)x52, 241(0 — 0)z1;
10. [0], ¢, ¢, ¢, @, ¥52(0 — 0)1y

The resulting 5-partite 2-digraph has mark sequences P, = [15, 16, 21],
Py, = [16,20], Py = [15,20], Py = [17,19], Ps = [16,17] with vertex sets
X1 = {$117$127$13}, Xy = {$21,$22}7 X3 = {I31,$32}, Xy = {I41,I42},

X5 = {ws, x5}, and arcs as x13(0 — 0)x9, 13(0 — 0)z32, 213(0 — 0)x4e,

Example 4.3.5. Consider the three sequences of non-negative integers as
follows: P, = [12,18], P, = [1,2, 3], P3 = [10, 18].
1. [12], [1,2,3], [10,16]

212(2 — 0)291, 212(2 — 0)@a2, £12(2 — 0)223, T12(2 — 0)x31, £12(0 — 0) 32
2. [12], [1,2,3], [10]

$32(2 - 0)3511, $32(2 - O)Izh $32(2 - 0)3022, $32(2 - 0)$23
3. ¢, [1,2,1], [§]

211(2 — 0)291, 211(2 — 0)@a2, £11(0 — 0)293, 211(0 — 0) s,
3. ¢, [0,0,0], ¢

231(1 — 0)x21, 231(0 — 0)22, T31(1 — 0) 793

The resulting 3-partite 2-digraph has mark sequences P, = [12,18], P, =
[1,2,3], P3 = [10,18] and vertex sets X1 = {z11, 212}, Xo = {x21, T2, To3},
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X3 = {x31, 232} and arcs x12(2 — 0)z21, £12(2 — 0)x9g, 12(2 — 0)za3, T12(2 —
0)9531, $12(0 - 0)$32, $32(2 - 0)$11, $32(2 - 0)55217 $32(2 - 0)@27 1‘32(2 - 0)1’23,
$11(2 - 0)$217 3511(2 - 0)$22, $11(0 - 0)3523, 2511(0 - 0)5531, $31(1 - 0)51521,
231(0 — 0)xaa, x31(1 — 0)z93.

The next result gives a combinatorial criterion for determining whether
k sequences of non-negative integers in non-decreasing order are realizable

as marks.

Theorem 4.3.6. Let P, = [p;;]1", 1 <1i <k, be k sequences of non-negative
integers in non-decreasing order. Then, P; are the mark sequences of some
M2D if and only if
ks k=1 k
ZZpU > 42 Z 8iS;, (4.2)
i=1 j=1 i=1 j=i+1
for all sequences of k integers s;, 1 < s; < ny, with equality when s; = n; for
all 4.
Proof. A sub k-partite 2-digraph induced by s; vertices for 1 <i < k, 1 <
s; < m;, has a sum of marks 4 Zi.:ll Zf:z +15i8;. This proves the necessity.
For sufficiency, let P, = [p;;]1", 1 < i < k, be the sequences of non-
negative integers in non-decreasing order satisfying conditions (4.2) but are
not the mark sequences of any M2D. Let these sequences be chosen in such
a way that n;, 1 < < k, be smallest possible and py; is the least with that
choice of n;. We consider the following two cases.
Case (i). Assume equality in (4.2) holds for some s; < n;, 1 < j <k —1,
SE < nyg, so that
ks k=1 k
DD pi=4) ) s
i=1 j=1 i=1 j=it+1
By the minimality of n;, 1 <i < k, the sequences P; = [Py, Pya, - - - , P,
are mark sequences of some M2D D'(X7, X3, -+, X}).
For 1 < i <k, define

k k k
(pi(sri-l) —4 Z 5t> ) (pi(5i+2) —4 Z 5t> IR <pi(m) —4 Z
t

t=1,t+£i t=1,t+£1

"o
Pi_
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Now consider the sum

ko fi k
Z [pi(srri-j) —4 Z St]
i=1 j=1 t=1,ti
ko fi E o fi k
:Zzpi(sﬁ-j) _422 Z St
=1 j=1 i=1 j=1 t=1t#i
k  fi+s; k k k
55D TS 35 SITEF) 35 95 SEEE) 5 o
=1 j=1 =1 j5=1 lelll 11]1
k-1 k
>4 ((si+ fi)(s5 4 £7)] 42 Z 8i8j — 4Zfzzst+42fzsz
=1 j=i+1 i=1 j=i+1
k-1 &k
= 42 Z (SiSj + Sifj -+ fiSj + fzf]) — 2’/‘2 Z SiSj
=1 j—i+1 =1 j=i+1
_4ZZfzSt+4ZfzSz
i=1 t=1
k-1 k
:42 Z sisj+4z Z (Sifj+fi5j)+4z Z fif;
i=1 j*z’—&-l i=1 j*i—i-l i=1 j=i+1
—42 Z 5i5; —4ZZfzst+4Zfzs,
= 1] i+1 =1 t=1
:42 Z fifi
i=1 j=i+1

k-1

+ 42[(5z’fz'+1) + fisiv1) + (Sifiv2) + fiSive) + -+ (sifx) + fisk)]

- 4Z(fi31 + fisa 4+ fisk) + 4(fis1 + fasa + -+ fisk)

k-1 k
242 Z fif;

i—1 j—it1
+4{[(s1fe + fis2) + (s1fs + fis3) + -+ (s1fe + fis1)]
+ [(s2fs 4 fass) + (s2fs + fosa) + -+ (s2fe + fasi)]
+ o+ [(Sk-1fe + fem1se)]}
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—A[(fis1+ fiso+ -+ fisk) + (fas1 + fasa + - + fasy)
oA (fes1 + fusa 4o+ fusk)]
+4(fis1 + fasa+ -+ fusk)

k—1 k
=43 > fifs,

i=1 j=i+1
for 1 < f; < n; — s; with equality when f; =n; —s; for all 7, 1 <i < k. Then
by minimality of n;, 1 < ¢ < k, the sequences P/ form the mark sequences
of some M2D D"(X{, X5, -+, X}).

Now construct a new M2D D(X;, Xy, -+, Xi) as follows. Let

Xi =X UX! Xy =X, UX}, -+ Xp = X, UX/

with X! N X/ = ¢.
Let

7 (2 = 0), 472 = 0)ay, -+, 27 (2 = )iy, (2 = 0)agyy, -+, 2 (2 = O)),

for all 2/ in X" and for all 2 in X!, 1 <1 < k. Then clearly D(Xy, X, -+ , Xj)
is an M2D with mark sequences P;, 1 < i < k, which is a contradiction.

Case (ii). Assume strict inequality in (4.2) holds for some s; # n;, 1 <i < k.
Let P, = [pin — 1,p12,"** , Piny—1,P1ny + 1] and P]' = [pj1,Pj2, ,pjnj] for
all 7, 2 < j < k. Clearly the sequences P/, 1 < i < k, satisfy conditions
(4.2). Therefore by the minimality of p;;, the sequences P/, 1 < ¢ < k,
are mark sequences of some M2D D'(X7, X}, ---, X;). Let p,,, = pin — 1
and pg,, = pi, + L. Since pg,,, > Py, + 1, there exists a vertex
zi;in X;, 2 <i <k, 1 <j <mny, such that xq,,(1 — 0)x;;(1 — 0)zyq, or
T1n, (0—0)245(1 = 0)211, OF 15, (1 —0);(0—0)x11, OF X1y, (0—0)z;(0—0)z14
in D'(X7, X5, -+, X}), and if these are changed to 1, (0—0)z;;(0—0)z1;, or
T1n, (0—1)2;5(0—0)z11, or 15, (0—0)24(0—1)211, OF T1p, (0—1)2;5(0— 1)1y
respectively, the result is an M2D with mark sequences P;, 1 < i < k, which

is again a contradiction. Hence the result follows. [J

Definition 4.3.7. A k-partite r-digraph (or briefly multipartite multidi-
graph(MMD))is an orientation of a k-partite multigraph that is without loops
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and contains at most r edges between any pair of vertices from distinct parts.
So, k-partite 1-digraph is an oriented k-partite graph, and a complete k-
partite 1-digraph is a k-partite tournament. Let D = D(X;, Xo, -+, X) be
a multipartite multidigraph with parts X; = {1, T, -+ ,Tin,}, 1 <@ < k.
Let d;’” and d;ij, 1 < j < n;, be respectively the outdegree and indegree of a
vertex x;; € X;. Define p,,, (or simply p;;) = r (Zf:li#i nt> + d;rij —d,, as
the mark (or r-score) of x;;. Clearly, 0 < p,,, < 2r Zle’t# n¢. Then the k
sequences p; = [p;;]17, 1 <@ < k, in non-decreasing order are called the mark

sequences of D.

An MMD can be interpreted as a result of a competition among k teams
in which each player of one team plays with every player of the other £ — 1
teams at most r times in which ties (draws) are allowed. A player receives
two points for each win, and one point for each tie. With this marking sys-
tem, player x;; receives a total of p,,; points. The k sequences of non-negative
integers p;, 1 < ¢ < k, in non-decreasing order are said to be realizable if
there exists an MMD with mark sequences P;. All the results on multipar-
tite 2-digraphs can be extended to MMD. The following is the combinatorial
characterization for mark sequences in MMD. We prove it here in a different

way.

Theorem 4.3.8. Let P, = [p;;]1", 1 <1 <k, be k sequences of non-negative
integers in non-decreasing order. Then, P; are the mark sequences of some
MMD if and only if

ks k-1 k
Zzpw Z 27“2 Z SiSj, (43)

i=1 j=1 i=1 j=i+1
for all sequences of k integers s;, 1 < s; < ny, with equality when s; = n; for
all 1.
Proof. A sub k-partite r-digraph induced by s; vertices for 1 < i < k,
1 < s; < n;, has a sum of marks 2r Zf:_ll Z?:iﬂ s;sj. This proves the
necessity.

For sufficiency, let P, = [p;;]1", 1 < @ < k, be the sequences of non-

negative integers in non-decreasing order satisfying conditions (4.3) but are
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not the mark sequences of any MMD. Let these sequences be chosen in such
a way that n;, 1 <i < k, be smallest possible and pq; is the least with that
choice of n;. We consider the following two cases.

Case (i). Assume equality in (4.3) holds for some s; < n;, 1 < j <k —1,
SE < ng, so that

ks k-1 k
D) WIEES 3) ot
i=1 j=1 i=1 j=i+1
By the minimality of n;, 1 < i < k, the sequences P; = [Py, Pya, -+ - , P,
are mark sequences of some MMD D'(X7, X5, -+, X}).
Define
k k k
P/ = | pi(s;41) — 2r Z St, Pi(s;+2) — 2T Z Sty Pi(ng) — 2T Z St
t=1,t#i t=1,t#i t=1,t#i
1<i<k.
Now consider the sum
D2 Pitswyy =21 3, 51)
i=1 j=1 t=1,t£i
kE o fi E o fi k
=D D D) DY D s
i=1 j=1 i=1 j=1 t=1,t
k  fi+si k Si k fi k k fi
DI ED DD IELDID IO IEELDIP I
i=1 j=1 i=1 j=1 i=1 j=1 i=1 i=1 j=1
k=1  k k=1 k
>y N s+ fi)lsj+ [ =20 ) Y sis
i=1 j=it+1 i=1 j=i+1

k k k
—27“Zfz‘zst +27’Zfi$i
=1 t=1 i=1
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ko fi k=1 k k-1 k
ZZ(pi(si—i-j) = 27“2 Z (sisj + sifi + fisi + fifj — QTZ Z 5i8;
i=1

—1 =1 i=1 j*z‘—f—l i=1 j=i+1
S QTZfzs,
=1 t=1
k=1 &
oI IINES 35 SRS 3 oy
i=1 j—z’+1 i=1 j—i+1 i=1 j=it+1
R 2D IPTIYS 3 LRES o2
=1 j=i+1 =1 t=1
SO
i=1 j=it+1
k—1
+ 2r Z [(Sifiv1) + fisiv1) + (Sifiv2) + fisiva) + -+ (sifi) + fisk)]
i=1
k
- QTZ(fz‘Sl + fisa + oo+ fise) + 2r(fis1 + faso + o+ frsi)
i=1
k-1 k
=2y > fif;
i=1 j=it+1

+2r{[(sifa + fis2) + (s1fs + fis3) + - + (s1fe + fis1)]
+ [(s2f3 + foss) + (s2fa + fasa) + -+ + (s2fi + fosi)]
+ o+ [(se-1fe + feo1sk)]}
—2r[(fis1 + fisa+ -+ fisk) + (fasi + faso + -+ + fosg)
+ oo (fest + fes2 oo+ frse)]
+2r(fis1 + fasa + -+ fusk)
k-1 k
=2rY > fifs,
i—1 j—it1

for 1 < f; < n; — s; with equality when f; =n; — s; for all 7, 1 <7 < k.
Then by minimality of n;, 1 < i < k, the sequences P! form the mark
sequences of some MMD D"(X7, X7 -+ X}[).
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Now construct a new MMD D(X7, X, -+, X}) as follows. Let
X, = X|UX! Xy = X,UXY, -, X = X, U X/

with X! N X/ = ¢.
Let

i (r = 0)ay, 27 (r = 0)h, -+, 2 (r = 0)xi_y, 27 (r = 0)aiyy, -+, (r = O)ay,

for all 7/ in X" and for all 2 in X/, 1 <14 < k. Then clearly D(X;, Xo, -+, Xk)
is an MMD with mark sequences P;, 1 < i < k, which is a contradiction.
Case (ii). Assume strict inequality in (4.3) holds for some s; # n;, 1 < i < k.
Let

P = [pi1 — L, p12, -+, Ping—1, P1iny + 1]

and
P]{ = [pj1, pj2, - 7pjnj]
for all j, 2 < j < k. Clearly the sequences P/, 1 < i < k, satisfy conditions

(4.3). Therefore by the minimality of pj;, the sequences P/, 1 < i < k, are
mark sequences of some MMD D'(X7{, X5,---, X}). Let

Pz = P11 — 1

and

pﬂ?lnl = p1n1 + 1

Since

Doy > Pan T 1,

there exists a vertex z;; in X;, 2 <1i <k, 1 < j <mny, such that z,,(1 —
0)z;(1 — 0)x11, or 1y, (0 — 0)x;;(1 — 0)z11, Or 21y, (1 — 0)24;(0 — 0)x1, or
T1n, (0 — 0)x;5(0 — 0)z1q in D'(X], X3, -+, X)), and if these are changed to
T1n, (0—0)2;;(0—0)z11, Or 15, (0—1)24;(0—0)x 11, OF 15, (0—0)2;5(0—1) 211,
or 1, (0 — 1)z;;(0 — 1)x1; respectively, the result is an MMD with mark
sequences P, 1 < i < k, which is again a contradiction. Hence the result
follows. [J
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CHAPTER 5

Imbalances in digraphs

In this chapter, we study imbalances and imbalance sequences in di-
graphs. We extend this concept of imbalances to oriented bipartite graphs.
We provide necessary and sufficient conditions for sequences of integers to
be imbalance sequences of some oriented bipartite graphs. We show the

existence of an oriented bipartite graph with given imbalance set.

5.1 Introduction

Definition 5.1.1. The imbalance of a vertex v; in a digraph as b,, (or
simply b;)= df — d,, where d and d are respectively the outdegree and
indegree of v;. The imbalance sequence of a simple digraph is formed by
listing the vertex imbalances in non-increasing order. A sequence of integers
F =|[f1, fa, -, fu] with fi > fo > -+ > f, is feasible if it has sum zero and

satisfies Zle fi<k(n—k), for 1 <k<n.

The following result [39] provides a necessary and sufficient condition

for a sequence of integers to be the imbalance sequence of a simple digraph.

Theorem 5.1.2. A sequence is realizable as an imbalance sequence if and

only if it is feasible.

The above result is equivalent to saying that a sequence of integers
B = [b1, by, ,by] with by > by > --- > b, is an imbalance sequence of a
simple digraph if and only if Zle b; < k(n—k), for 1 <k < n, with equality

when k = n.

On arranging the imbalance sequence in non-decreasing order, we have

the following observation.
Corollary 5.1.3. A sequence of integers B = [by,ba, -+ ,b,] with by < by <
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- < by, is an imbalance sequence of a simple digraph if and only if

k
> b > k(k—n),
i=1
for 1 < k < n with equality when k = n.

Pirzada [45] obtained the following result on imbalances in simple di-
rected graphs.

Theorem 5.1.4. If B = [by, b, - ,b,] is an imbalance sequence of a simple
directed graph with by > by > --- > b,,, then Zle b? < Zle(Qn — 2k — b;)?,
for 1 < k < n with equality when k = n.

Definition 5.1.5. The set of distinct imbalances of the vertices in an ori-

ented graph is called its imbalance set.

The following result due to Pirzada [45] gives the existence of an ori-

ented graph with a given imbalance set.

Theorem 5.1.6. Let P = {p1,p2, -+ ,0om} and Q = {—q1,—q2," -+ ,—Gn}
where p1, P2, Pm>q1,q2, " -+ ,qn are positive integers such that p1 < ps <
s < Poand qp < qg < - < qn. Then there exists an oriented graph with
imbalance set P U Q.

5.2 Imbalance sequences in multidigraphs

Define b,, (or simply b;) = d;f. —d; as imbalance of v;. Clearly, —r(n —
1) <b,, < r(n—1). The imbalance sequence of D is formed by listing the
vertex imbalances in non-decreasing order. Let u and v be distinct vertices
in D. If there are f arcs directed from u to v and g arcs directed from v to
u, we denote this by u(f — g)v, where 0 < f g, f +¢g <.

The work of this section has appeared in [49]. The following observation
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can be easily established and is analogues to Theorem 2.2 of Avery[1].

Lemma 5.2.1. If Dy and D, are two multi digraphs with same imbalance
sequence, then Dy can be transformed to Dy by successively transforming (i)
appropriate oriented triples in one of the following ways,

either (a) by changing the intransitive oriented triple u(1—0)v(1—0)w(1—0)u
to a transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 0)u, which has the same
imbalance sequence or vice versa,

or (b) by changing the intransitive oriented triple u(1 — 0)v(1 — 0)w(0 — 0)u
to a transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 1)u, which has the same
imbalance sequence or vice versa;

or (i1) by changing a double u(1—1) to a double uw(0—0), which has the same

mmbalance sequence or vice versa.
The above observations lead to the following result.

Theorem 5.2.2. Among all multidigraphs with given imbalance sequence,
those with the fewest arcs are transitive.

Proof. Let B be an imbalance sequence and let D be a realization of B
that is not transitive. Then D contains an intransitive oriented triple. If it
is of the form u(1 — 0)v(1 — 0)w(1 — 0)u, it can be transformed by operation
i(a) of Lemma 3 to a transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 0)u
with the same imbalance sequence and three arcs fewer. If D contains an
intransitive oriented triple of the form u(1 — 0)v(1 — 0)w(0 — 0)u, it can
be transformed by operation i(b) of Lemma 3 to a transitive oriented triple
(0 — 0)v(0 — 0)w(0 — 1)u with the same imbalance sequence but one arc
fewer. In case D contains both types of intransitive oriented triples, they
can be transformed to transitive ones with certainly lesser arcs. If in D there
is a double u(1 — 1), by operation (ii) of Lemma 5.2.1, it can be transformed

to u(0 — 0), with same imbalance sequence but two arcs fewer. O

The next result gives necessary and sufficient conditions for a sequence

of integers to be the imbalance sequence of some multi digraph.
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Theorem 5.2.3. A sequence B = [by,bs, -+, by| of integers in non-decreasing

order is an imbalance sequence of a multi digraph if and only if for1 < k <n

zk: b; > rk(k —n), (5.1)

with equality when k = n.

Proof. Necessity. A multi subdigraph induced by k vertices has a sum of
imbalances rk(k — n).

Sufficiency. Assume that B = [by, by, - ,b,] be the sequence of integers
in non-decreasing order satisfying conditions (5.1) but is not the imbalance
sequence of any multi digraph. Let this sequence be chosen in such a way
that n is the smallest possible and b; is the least with that choice of n. We
consider the following two cases.

Case(i). Suppose equality in (5.1) holds for some k < n, so that

k

> b =rk(k —n),

for 1 <k <n.

By minimality of n, By = [by, by, - ,bg] is the imbalance sequence of
some multi digraph D; with vertex set, say V. Let By = [bgi1, bgya, -+, byl
Consider,

k+f k

f
D bewi= b= b
i=1 1=1 1=1

>r(k+ )k +f) —n] —rk(k —n)
r(K* +kf —kn+ fk+ f2— fn—k*>+kn)
r(f*— fn)
=rf(f—n),
for 1 < f < n — k, with equality when f = n — k. Therefore, by the min-
imality for n, the sequence By forms the imbalance sequence of some multi

v

digraph Dy with vertex set, say V5. Construct a new multi digraph D with
vertex set as follows.
Let V = V4, UV, with, Vi NV, = ¢ and the arc set containing those
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arcs which are in Dy and D,. Then we obtain the multi digraph D with the
imbalance sequence B, which is a contradiction.

Case (ii). Suppose that the strict inequality holds in (5.1) for some k < n,
so that

k
> b > rk(k —n),
i=1

for 1 <k <n. Let By = [by — 1,by,-++ ,bu_1,b, + 1], so that By satisfy
the conditions (1). Thus by the minimality of by, the sequences Bj is the
imbalances sequence of some multi digraph D; with vertex set, say V7). Let
b,, = by—1andb,, =b,+1. Since b,,, > b,, +1, there exists a vertex v, € V}
such that v, (0—0)v,(1—0)vy, or v,(1—0)v,(0—0)vy, or v,(1—0)v,(1—0)vy,
or v, (0 — 0)v,(0 — 0)vy, and if these are changed to v, (0 — 1)v,(0 — 0)vy, or
U (0 — 0)v, (0 — 1)vy, or v,(0 — 0)v,(0 — 0)vy, or v, (0 — 1)v,(0 — 1)v; respec-
tively, the result is a multi digraph with imbalances sequence B, which is

again a contradiction. This proves the result. [J

On arranging the imbalance sequence in non-increasing order, we have

the following observation.

Corollary 5.2.4. A sequence B = [by, by, -+ ,b,| of integers with by > by >

-+« > b, is an imbalance sequence of a multi digraph if and only if
k
> b <rk(n— k),
i=1
for 1 < k <mn, with equality when k = n.

The converse of a multidigraph D is a multidigraph D’, obtained by

reversing orientations of all arcs of D. If B = [by,bs, - ,b,] with b <
by < --- < b, is an imbalance sequence of a multi digraph D, then B’ =
[_bnu _bnflu ) _bl]

The next result gives lower and upper bounds for the imbalance b; of a

vertex v; in a multidigraph D.
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Theorem 5.2.5. If B = [by, by, -+ ,by,] is an imbalance sequence of a multi-

digraph D, then for each 1
r(i—mn) <b <r(-—1).
Proof. Assume to the contrary that b; < (i —n), so that for k < i,
b < b; <r(i—n).

That is, by <7(i —n),by <7r(i —n),--- ,b; <r(i —n).
Adding these inequalities, we get St _ by < 7i(i — n), which contradicts
Theorem 5.2.3. Therefore, r(i —n) < b;.

The second inequality is dual to the first. In the converse multi digraph

with imbalance sequence B = [b], b}, - -+, b ] we have, by the first inequality
byoipr 2 r[(n—i+1) —n]=r(—i+1).
Since b; = —b;,_,_,, therefore
b < —r(—i+1)=r(—1).

Hence, b; < r(i — 1), completing the proof. [

Now we obtain the following inequalities for imbalances in multidi-

graphs.

Theorem 5.2.6. If B = [by, by, -+ ,b,] is an imbalance sequence of a multi
digraph with by > by > --- > b, then

k k
Z b7 < Z(an —2rk — b;)?,
i=1 i=1

for 1 < k <n with equality when k = n.
Proof. By Corollary 5.2.4, we have for 1 < k < n with equality when k =n



or
k

k k
Z b? +2(2rn — 2rk)rk(n — k) > Z b? + 2(2rn — 2rk) Z b;,
i=1 i=1 i=1
or

X k k
Z b7 + k(2rn — 2rk)? — 2(2rn — 2rk) Z b; > Z b7,
i=1 i=1 i=1

or

b3 4+ b5 4 -+ b 4 (2rn — 2rk)? 4 (2rn — 2rk)? + - - - + (2rn — 2rk)?
—2(2rn — 2rk)by — 2(2rn — 2rk)by — - - - — 2(2rn — 2rk)by,

k
> b
=1

or
k

k
Z(an —2rk — b;)? > Z b2
i=1

i=1

The set of distinct imbalances of vertices in a multi digraph is called its
imbalance set. the following result gives the existence of a multidigraph with

a given imbalance set.

Theorem 5.2.7. If P = {p1,p2, * ,Pm} and Q = {—q1,—G,** ,—qn}
where pi1,Pa, - Pm,q1, 92, " ,qn are positive integers such that p1 < py <
< pmoand @ < @@ < -0 < g oand (p1,P2,  Pms 1,420 5 Gn) = L
1 <t < r, then there exists a multidigraph with imbalance set P U Q.
Note that(p1,p2,- - Pm, @1, G2, -+ ,qn) denotes the greatest common divisor
Of P1sP2s -+ Pms Q1,425+ G-
Proof. Since (p1,p2, s Dm, @1,q2," - ,qn) = t, 1 <t < r, there exist pos-
itive integers f1, fo, -+, fm and gq1,99,- -+, g, with f; < fo < --- < f,,, and
g1 < go < --- < g, such that p;, = tf; for 1 < i < m and ¢; = tg; for
1<j<n.

We construct a multi digraph D with vertex set V' as follows. Let

V = X{UX U - -UX L UXZUXPU- - UXTUY Y, U - UY UYRUY P U - UY,
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with X/ N XL = ¢, Y/ NY! = ¢, X)NY! = ¢ and

| X! =gy, forall 1 <i<m,|Xi{| =g, forall2<i<n,

Y= fi,forall 1 <i<m, |Y}| = fi, forall 2 <i<mn.

Let there be ¢ arcs directed from every vertex of X} to each vertex of
Y}, for all 1 < i < m and let there be ¢ arcs directed from every vertex of X}
to each vertex of Yf, for all 2 < i < n so that we obtain the multi digraph
D with imbalances of vertices as under.

For 1 <i <m, for all z; € X}

by = Y —0=1tf; = p;,
for 2 < i < n, for all 2{ € X?
for 1 <7 <m, for all y} € V!
by =0 — X = —tgi = —q,
and for 2 < i < n, for all y} € Y}
byi =0- t|Xﬂ = —tg9; = —q-

Therefore imbalance set of D is PU Q). U

5.3 Imbalances in oriented bipartite digraphs

Defintion 5.3.1. An oriented bipartite graph is the result of assigning a
direction to each edge of a simple bipartite graph. Let U = {uy, ua, -+ ,u,}
and V' = {v1, v, -+ ,v,} be the parts of an oriented bipartite graph D(U, V).
For any vertex x in D(U, V), let d} and d, denote the outdegree and indegree
of z. Define ay,(or simply a;) = d;, — d,, and by, (or simply b;) = d,. — d,,
respectively, as imbalances of the vertices w; in U and v; in V. The sequences
A =lay,ag,--- ,ay] and B = [by, by, - - -, b,] in non-decreasing order is a pair

of imbalance sequences of D(U, V).

In any oriented bipartite graph D(U, V'), we have one of the following

possibilities between a vertex w in U and a vertex v in V. (i) An arc directed
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from wu to v, denoted by u(1—0)v, or (ii) An arc directed from v to u, denoted
by u(0 — 1)v, or (iii) There is no arc from u to v and there is no arc from v
to u and this is denoted by u(0 — 0)v.

A tetra in an oriented bipartite graph is an induced sub-oriented graph
with two vertices from each part. Define tetras of the form u(1 — 0)vy(1 —
0)uz(1 — 0)ve(1 — 0)uy and uy (1 — 0)vy(1 — 0)uz(1 — 0)ve(0 — 0)u; to be of
a-type, and all other tetras to be of S-type. An oriented bipartite graph is
said to be of a-type or S-type according as all of its tetras are of a-type or

B-type respectively.

Some results on oriented bipartite graphs can be found in [2,4]. The re-
sults of this section have appeared in Chishti and Samee [54]. The following

observation is an immediate consequence of above definitions and facts.

Theorem 5.3.2. Among all oriented bipartite graphs with given imbalance

sequence, those with the fewest arcs are of B-type.

A transmitter is a vertex with indegree zero. In a [-type oriented
bipartite graph with imbalance sequences A = [aj,aq2, - ,a,] and B =
[b1,ba, - - -, by, either the vertex with imbalance a,, or the vertex with imbal-

ance b,, or both may act as transmitters.

The next result provides a useful recursive test whether the given se-

quences are the imbalance sequences of an oriented bipartite graph.

Theorem 5.3.2. Let A = [a1, a9, ,ay] and B = [by, by, -+ ,b,] be the se-
quences of integers in non-decreasing order with a, > 0, a, < q and by < p.
Let A’ be obtained from A by deleting one entry a,, and B’ be obtained from
B by increasing a, smallest entries of B by 1 each. Then A and B are the
imbalance sequences of some oriented bipartite graph if and only if A" and B’
are the imbalance sequences.

Proof. Let A’ and B’ be the imbalance sequences of some oriented bipartite

graph D" with parts U’ and V’. Then an oriented bipartite graph D with
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imbalance sequences A and B can be obtained by adding a transmitter u,
in U’ such that u,(1 — 0)v; for those vertices v; in V' whose imbalances are
increased by 1 in going from A and B to A" and B'.

Conversely, suppose A and B be the imbalance sequences of an oriented
bipartite graph D with parts U and V. Without loss of generality, we chose
D to be of p-type. Then there is a vertex u, in U with imbalance a,(or a
vertex v, in V' with imbalance b,, or both wu, and v,) which is a transmitter.
Let the vertex u,, in U with imbalance a, be a transmitter. Clearly, d;f >0
and d;, = 0 so that a, = df[p —d, > 0. Also, djq < pand d, >0 so that
b, = djq —d, <p.

Let Vi be the set of a, vertices of smallest imbalances in V', and let
W =V —Vj. Construct D such that u,(1 — 0)v; for all v; € V;. Clearly,
D — {u,} realizes A" and B'. O

Theorem 5.3.2 provides an algorithm for determining whether the two
sequences of integers in non-decreasing order are the imbalance sequences,
and for constructing a corresponding oriented bipartite graph. Suppose A =
lai, ag, -+ ,a,) and B = [by, bs, - - - , b,] are imbalance sequences of an oriented
bipartite graph with parts U = {uy, uq,--- ,u,} and V = {vy,ve, - ,v,},
where a, > 0, a, < ¢ and b, < p. Deleting a,, and increasing a, smallest
entries of B by 1 each to form B’ = [b}, 0}, -+ ,b;]. Then arcs are defined by
up(1 — 0)v; for which b, = by, + 1. Now, if the condition a, > 0 does not
hold, then we delete b,(obviously b, > 0), and increase b, smallest entries of
A by 1 each to form A" = [a}, a5, - ,a;]. In this case, arcs are defined by
vq(1 — 0)u; for which a;, = a,, + 1. If this method is applied successively,
then (i) it tests whether A and B are the imbalance sequences and, if A and
B are the imbalance sequences (ii) an oriented bipartite graph D(U, V') with

imbalance sequences A and B is constructed.

Example 5.3.3.We illustrate this reduction and the resulting construction
as follows, beginning with sequences A; and B,

Ay =1[-3,1,2,2] By =[-3,-1,0,1,1]

Ay =1[-3,1,2] By=1[-2,0,0,1,1] us(1—0)vy, us(1— 0)us

A; =1[-3,1] B3=[-1,1,0,1,1] wu3(l —0)vy, uz(l —0)vy
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[

] By;=100,0,1,1,1] us(1—0)vy
—9] Bs=1[0,0,1,1] vs(1 — 0)u,

] Bs=10,0,1] wv4(1—0)uy
A; =[0] B;=1[0,0] wv(1—0)u

Obviously, an oriented bipartite graph D with parts U = {uy, us, us, us}
and V' = {vy, vg, v3, vy, v5} in which uy(1—-0)vy, ug(1—0)ve, uz(1—0)vy, usz(1—
0)ve, uz(1—0)vy, vs(1—0)uy, va(l—0)uy, va(1—0)uy are arcs has imbalance
sequences [—3,1,2,2] and [-3,-1,0,1,1].

The following result is a combinatorial criterion for determining whether

the sequences are realizable as imbalances.

Theorem 5.3.4. Two sequences A = [a1,as,- -+ ,a,| and B = [by, by, - -, b,]
of integers in non-decreasing order are the imbalance sequences of some ori-

ented bipartite graph if and only if

k l
> ai+ Y b =2kl —kq—Ip, (5.2)
i=1 j=1

for1 <k <p, 1<1<q with equality when k =p and | = q.

Proof. The necessity follows from the fact that an oriented sub-bipartite
graph induced by k vertices from the first part and [ vertices from the second
part has a sum of imbalances 2kl — kq — Ip.

For sufficiency, assume that A = [a1, ag, -+ ,a,] and B = [by, by, - -+, bg]
are the sequences of integers in non-decreasing order satisfying conditions
(5.2) but are not the imbalance sequences of any oriented bipartite graph.
Let these sequences be chosen in such a way that p and ¢ are the smallest
possible and a; is the least with that choice of p and ¢q. We consider the
following two cases.

Case(i). Suppose equality in (5.2) holds for some k£ < p and [ < ¢, so that

k l

> ai+ ) by =2kl —kq—Ip.

i=1 j=1
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By the minimality of p and g, A = [a1, a2, - - - , ap] and B = [by, ba, - -+ , b,]

are the imbalance sequences of some oriented bipartite graph D;(Uy, V;). Let

AQ = [ak+1, Ap+2, " ,ap] and B2 = [bl—i—h bl+27 s ,bq].
Now,
f g k+f l+g k l
Zak+i + Zbl+j = Zai + Zb] — (Z&Z + ij)
1=1 j=1 1=1 j=1 1=1 j=1

>2(k+ f)l+g)—(k+ flga— (1 +9g)p— 2kl + kg +1p
=2kl +2kg+2fl+2fg—kq— fq—1Ip—gp — 2kl + kq+Ip
=2fg— fq—gp+2kg+2fl
>2fg— fa—gp,
for 1 < f<p—Fkand 1 < g < q—1, with equality when f = p — k and
g = q — l. So, by the minimality for p and ¢, the sequences A, and By form
the imbalance sequences of some oriented bipartite graph Dy(Us, V5). Now
construct a new oriented bipartite graph D(U, V') as follows.

Let U =U,UU,, V =V, UV, with Uy NU; = ¢, VNV, = ¢ and the arc
set containing those arcs which are between U; and V; and between U, and
V5. Then we obtain an oriented bipartite graph D(U, V') with the imbalance
sequences A and B, which is a contradiction.

Case (ii). Suppose that the strict inequality holds in (5.2) for some k # p
and [ # q. Let Ay = [a1 — 1, a9, - ,ap_1,0a,) and By = [by, by, -+ ,b,], so
that A; and By satisfy the conditions (1). Thus by the minimality of a;, the
sequences A; and B are the imbalances sequences of some oriented bipartite
graph Dy (U, V4). Let a,, = a1 — 1 and a,, = a, + 1. Since a,, > a,, + 1,
therefore there exists a vertex v; € V; such that u,(0—0)v;(1—0)uy, or u,(1—
0)v1(0 — 0)uy, or u,(1 —0)vy (1 — 0)uy, or u,(0 —0)v1 (0 — 0)uy, in Dy(Uy, Vi)
and if these are changed to u,(0 — 1)v1(0 — 0)uy, or uy(0 — 0)vy (0 — 1)uy,
or u,(0 — 0)v1(0 — 0)uy, or u,(0 — 1)vy(0 — 1)uy respectively, the result is
an oriented bipartite graph with imbalances sequences A and B, which is a

contradiction. This proves the result. [

Definition 5.3.5.The set of distinct imbalances of the vertices in an oriented

bipartite graph is called its imbalance set.
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Finally, we give the existence of an oriented bipartite graph with a given

imbalance set.

Theorem 5.3.6. Let A = [ay,a9,--- ,a,] and B = [—by, —by, -, —by],
where ay, as, -+ ,ap, by, by, -+ b, are positive integers with a1 < ag < --- <
Gy and by < by < --- < b,. Then there exists an oriented bipartite graph with
imbalance set AU B.

Proof. Construct an oriented bipartite graph D(U, V) as follows. Let
U=U,0U0,U---UU, V=VuV,U. ---UV, with U, NU; = ¢(i # j),
VinV; = ¢t # j), Ul =b; for all i, 1 < ¢ < n and |V;| = a; for all j,
1 < j < n. Let there be an arc from every vertex of U; to each vertex of V;
for all 4, 1 < i < n, so that we obtain the oriented bipartite graph D(U, V')
with the imbalances of vertices as follows. For 1 <4, j <n, a,, = |V;|-0 = a;,
for all u; € U; and b,, = 0 — |U;| = —b;, for all v; € V;. Therefore the imbal-
ance set of D(U, V) is AU B.

Obviously the oriented bipartite graph constructed above is not con-
nected. In order to see the existence of oriented bipartite graph, whose
underlying graph is connected, we proceed as under.

Taking U; = {u1,ug, - ,up, } and V; = {v1,va,- -+ ,v4,}, and let there
be an arc from each vertex of U; to every vertex of V; except the arcs be-
tween up, and v,,, that is u, (0 — 0)v,,, 1 <i <mnand 1 < j < n. We take
(0= 0)vg,,, up, (0 — 0)vy,. The
underlying graph of this oriented bipartite graph is connected. [

Up, (0 — 0)vay, up, (0 — 0)vg,, and so on up,,,

90



[1]

[10]

[11]

REFERENCES

N. Achutan, S. B. Rao, A. Ramachandra-Rao,the number of symmet-
ric edges in a digraph with prescribed out-degrees. Combinatorics and
Applications(Calcutta, 1982), Indian Statist. inst. (1984), 8-20.

M. Aigner, Uses of diagram lattice, Mittel. Mathem. Sem.
Gissen(Coxeter-Festschrrift) 163(1984), 61-77.

G. G. Alway, Matrices and sequences. Math. Gazette 46(1962), 208-213.

P. Avery, Condition for a tournament score sequence to be simple, J.
Graph Theory, 4 (1980) 157-164.

P. Avery, Score sequences of oriented graphs, J. Graph Theory, 15, 3
(1991) 251-257.

K. S. Bagga and L. W. Beineke, Uniquely realizable score lists in bipar-
tite tournaments, Czech. Math. J., 37, 112 (1987) 323-333.

C. M. Bang and H. Sharp, Score vectors of tournaments, J. Combin.
Theory Ser. B 26, 1 (1979) 81-84.

M. Behzad, G. Chartrand, and L. Lesniak, Graph and digraphs (Prindle,
Weber and Schmidt, now Wadsworth, Boston, 1979).

G. Chartrand, L. Lesnaik-Foster and J. Roberts, Degree sets for di-
graphs, Period. Math. Hungar, Vol. 7 (1976), 77 — 85.

G. Chartrand, Introductory Graph Theory, New York, Dover, (1985).

L. W. Beineke and J. W. Moon, On bipartite tournaments and scores,
in The Theory and Applications of Graphs (ed. G. Chartrand et. al)
Wiley (1981) 55-71.

L. W. Beineke, A tour through tournaments, bipartite and ordinary
tournaments, a comparative survey, 8 British Combinatorial Confer-
ence, Swansea (1981) Combinatorics, Proceedings, (Editors, H. N. V.
Temperley), Cambridge University press, (1981), 41 — 45.

91



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

L. W. Beineke and J. W. Moon, On bipartite tournaments and scores,
Proceedings of the 4" Intenational conference on Theory and Appli-
cations of Graphs, Kalamazoo, Mich., May 6 — 9 (1980), John Wiley,
(1981), 55 — 71.

C. Berge, The Theory of Graphs and its applications (Methuen, London,
1962). Translation of Theorie des Graphs et ses Applications (Dunod,
Paris 1960).

A. Brauer, I.C. Gentry, and K. Shaw, A new proof of theorem by H. G.
Landau on tournament matrices. J. comb. Theory A 5 (1968), 289-292.

R. A. Brualdi and J. Shen, Landau’s inequalities for tournament scores
and a short proof of a theorem on transitive sub-tournaments, J. Graph
Theory, 38, 4 (2001) 244-254.

R. A. Brualdi and H. J. Ryser, Combinatorail Matrix Theory (Cam-
bridge university Press, 1991).

R. A. Brualdi and K. Kiernan, Partial tournaments. Electron. J. Com-
bin. 16(1)(2009).

V. W. Bryant, A tournament result deduced from harems. Elemente der
Mathematik 42(1987), 153-156.

G. Chartrand and L. Lesniak, Graphs and Digraphs, Second edition
(Wadsworth and Brooks/Cole, Monterey, 1986).

T. A. Chishti and U. Samee, Mark sequences in bipartite multidigraphs
and constructions, Acta Univ. Sap. Mathematica, 4,1 (2012) 53-64.

W. J. R. Eplett, Self-converse tournaments, Canad. Math. Bull. 22, 1
(1979) 23-27.

D. R. Fulkerson, Zero-one matrices with zero trace. Pacific J.
Math.10(1960), 831-835.

D. R. Fulkerson, Upsets in round robin tournaments. Canad. J. Math.
17(1965), 957-969.

92



[25]

[20]

[27]

D. Gale, A theorem on flows in networks, Pacific J. Math., 7 (1957)
1073-1082.

J. R. Griggs and K. B. Reid, Landau’s Theorem revisited, Australasian
J. Comb. 20 (1999) 19-24.

F. Harary, R. Norman and D. Cartwright, Structural Models, An Itro-
duction to the Theory of Directed Graphs, John Wiley and Sons, Inc.
New York, (1965).

F. Harary and L. Moser, The Theory of round robin tournaments, Amer.
Math. Monthly, 73 (1966) 231- 246.

A. Holshouser and H. Reiter, Win sequences for round-robin tourna-
ments. Pi Mu Eplison J. 13(2009), 37-44.

Jorgen Bang-Jensen and Gregory Gutin, Digraphs: Theory, Algorithms
and Applications, (Springer Verlag, London, 2009).

H. G. Landau, On dominance relations and the structure of animal soci-
eties: III, The condition for a score structure, Bull. Math. Biophysics,15
(1953) 143-148.

Q. Li, Some results and problems in graph theory, pp 336-343 in Graph
theory and its applications: East and West, Jinan, 1986 (New York
Acad. Sci., New York, 1989).

E. S. Mahmoodian, A critical case method of proof in combinatorical
mathematics. Bull. Iranian Math. Soc. (1978), 1L-26L.

J. S. Maybee and N. J. Pullman, Tournament matrices and their gener-
alizations I, Linear Multilinear Algebra 28 (1990) 57-70.

Merajuddin, On the scores and the Isomorphism of the tournaments,
Ph.D. Thesis, IIT Kanpur, (1983).

J. W. Moon, On some combinatorial and probabilistic aspects of bipar-
tite graphs, Ph. D. thesis, University of Alberta, Edmonton, 1962.

93



[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

J. W. Moon, On the score sequence of an n-partite tournament, Cana-
dian Math. Bull., 5 (1962), 51 — 58.

J. W. Moon, Topics on Tournaments, Holt, Rinehart and Winston, New
York (1968).

D. Mubayi, T. G.Will and D. B. West, Realizing degree imbalances in
directed graphs, Discrete Mathematics, 239 (2001) 147-153.

S. Pirzada, Simple score sequences in oriented graphs, Novi Sad J.
Math., xx (2003) xx.

S. Pirzada and T. A. Naikoo, Inequalities for marks in digraphs, J.
Mathematical Inequalities and Applications , 9, 2 (2006) 189-198.

S. Pirzada and U. Samee, Mark sequences in digraphs, Seminare Loth.
de Combinatorie, 55 Art. B (2006).

S. Pirzada, Mark sequences in multidigraphs, Disc. Math. Appl., 17, 1
(2007) 71-76.

S. Pirzada, T. A. Naikoo and N. A. Shah, Score sequences in oriented
graphs, J. Applied Mathematics and Computing, 23, 1-2 (2007) 257-268.

S. Pirzada, On imbalances in digraphs. Kragujevac J. Mathematics, 31
(2008) 143 146.

S. Pirzada, Merajuddin and U. Samee, Mark sequences in 2-digraphs,
J. Applied Mathematics and Computing, 27 (2008) 379-391.

S. Pirzada, Merajuddin and U. Samee, Inequalities in oriented graph
scores, Bull. Allahabad Math. Soc., 23, 2 (2008) 389-395.

S. Pirzada, Merajuddin and U. Samee, On oriented graph scores, Math.
Vesnik, 60 (2008) 187-191.

S. Pirzada, T. A. Naikoo, U. Samee and A. Ivanyi, Imbalances in directed
multigraphs, Acta Univ. Sap. Mathematica, 2,2 (2010) 137-145.

94



[50]

S. Pirzada, U. Samee, T. A. Naikoo and Merajuddin, Inequalities for
marks in multidigraphs, Italian J. Pure and Appl. Math., 28 (2011)
91-100.

S. Pirzada, and T. A. Naikoo, Mark sets in digraphs, Appl. Comp. Math.,
10, 2 (2011) 283-288.

K. B. Reid, Tournaments: Scores, kings, generalizations and special
topics, In: Surveys on Graph Theory (edited by G. Chartrand and M.
Jacobson), Congressus Numerantium, 115 (1996) 171-211.

H. J. Ryser, Combinatorial properties of matrices of zeros and ones,

Canad. J. Math., 9 (1957) 371-377.

U. Samee and T. A. Chishti, On imbalances in oriented bipartite graphs,
Eurasian Math. J., 1,2 (2010) 136-141.

M. Santana and K. B. Reid, Landau’s theorem revisited again, JCMCC,
80 (2012) 171-191.

M. Takahashi, Score sequence problems of r-tournaments, IEICE Trans.
Fundamentals, E80, 2 (1997) 377-385.

M. Takahashi, T. Watanabe and T. Yoshimura, Score sequence pair
problems of (711,712, 22)-tournaments-determination and realizabilty,
IEICE Trans. Inf. Syst. £E90, 2 (2007) 440-448.

C. Thomassen, Landau’s characterization of tournament score sequences
in The Theory and Application of Graphs, Wiley, New York (1981) 589-
591.

95



