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Chapter 1

General Introduction

The Sunyaev-Zel’dovich effect (S-Z effect) is a distortion in the cosmic microwave back-
ground radiation (CMBR) [1, 2, 3, 4] due to the inverse Compton scattering of CMBR
photons by the electrons in the intra-cluster medium (ICM) [5, 6, 7, 8, 9]. The effect is
an interaction between Cosmic Microwave Background Radiation photons and the free
electrons in the dense cores of galaxy clusters. These cores of clusters of galaxies are
thought to contain hot ionized gas at ∼ 107K [10]. This hot ionized gas is visible as X-ray
emission. The free electrons in the gas contain a significant amount of kinetic energy,
making them good sources for S-Z effect.

Generally speaking, the interaction between photons and the free electrons is called
Compton scattering. The inverse process where a free electron scatters off a photon is
called inverse Compton scattering (S-Z effect). Some of the kinetic energy that the en-
ergetic electrons possess is transferred to the photons. This is called up-scattering of
photons. These scatterings will cause changes in the apparent brightness of the CMBR,
modifying the spectrum of the CMBR photons. There are two ways by which S-Z effect
can distort the CMBR, namely the thermal S-Z effect [5] and the kinematic S-Z effect
[6]. The first occurs due to scattering from random motion of the hot electrons whereas
the second is due to the scattering of the CMBR photons owing to the bulk motions of
clusters. Some excellent recent reviews on the physics of the S-Z effect have been given
by Rephaeli, Birkinshaw, Holder et al., and Carlstrom et al. [8, 9, 11, 12, 13, 14]. Even
though there is a tremendous amount of gas contained in a cluster of galaxies, the prob-
ability that a CMBR photon will interact with any of the electrons in the cluster gas is
small. The S-Z effect is therefore subtle, changing the brightness of CMBR blackbody
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spectrum by at most 0.1%. The spectral distortion has a distinct signature: in low fre-
quency part of CMBR spectrum, the S-Z effect scattering process causes the brightness
of the CMBR to be diminished towards clusters, producing “holes” in the background
radiation field. The scattered photons are shifted to higher energies, producing an excess
in the high frequency part of the CMBR spectrum. When S-Z effect was first proposed,
it proved exceptionally difficult to detect; accurate measurements are now possible using
experimental techniques developed over the last few decades [15].

The S-Z effect is best known for allowing the determination of cosmological param-
eters when combined with other observational techniques like X-ray measurements from
the inter-cluster gas [16], weak lensing by the cluster potential [17] etc. For example, the
cluster distances have been determined from the analysis of S-Z effect and X-ray data,
providing, independent estimates of the Hubble constant, as well as a measure of of the
angular diameter distance relation to high redshifts [18], where it is highly sensitive to
cosmological parameters. Similarly, the S-Z effect and X-ray measurements will allow us
tight constraints on the cluster gas-mass fractions that can be used to estimate Ωm [19].
The power of the S-Z effect comes about because the effect is caused by scattering, rather
than emission, and so scales with density of scattering electrons. A cluster of galaxies
may therefore appear quite different in its X-ray and S-Z effect structures, and a compar-
ison of those structures can provide interesting information on the physics of clusters and
their atmospheres. A remarkable property of the S-Z effect is that its brightness depends
only on the properties of cluster gas - unlike most emission mechanisms, the brightness of
the S-Z Effect does not depend on redshift and does not suffer (1 + z)−4 fading. This is
because the effect is a fractional change in the brightness of the CMBR, and the CMBR’s
energy density itself increases with redshift as (1 + z)−4, canceling out the dimming ef-
fect of cosmology. The total S-Z effect flux detected will be proportional to the total
temperature-weighted mass and inversely proportional to the square of the angular dis-
tance. Recent work [20] shows that with precise determinations of S-Z source it may be
possible to provide new and orthogonal constraints on the dark energy equation of state.
Additionally, S-Z effect observations have been used to infer the presence and nature of
dark matter in the large scale structures [21]. Besides, Sunyaev-Zel’dovich effect sig-
nal together with the gravitational lensing measurements have been used to test whether
the cluster cores are in hydrostatic equilibrium, with the inference that departures from
equilibrium are modest in cluster cluster cores. The kinematic S-Z effect is a unique and
powerful cosmological tool because it is only known way to measure large-scale veloc-
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ity fields at high redshifts [22]. The spectrum of kinematic S-Z effect is identical to the
spectrum of intrinsic CMBR anisotropies. Therefore, the kinematic S-Z effect cannot be
spectrally discriminated from intrinsic CMBR anisotropies. Fortunately, the CMBR fluc-
tuations are dumped on arc-minute scales and can be effectively removed by applying a
spatial filter. The S-Z effect has also been studied as a probe of black holes. Realization of
the potential of S-Z effect has led to major improvements in the observational techniques
and instruments, recent among which are the South Pole Telescope [23], APEX [24], SZA
[25], ACT [26]. Besides Planck Surveyor Satellite is expected to provide an S-Z effect
all-sky survey at unprecedented resolution that should find on the order 104−105 clusters,
most of them at z < 1. This upcoming information is not only precious for its astrophys-
ical impact but it is also crucial for the possible cosmological use of galaxy clusters as
a probe of the structure of universe. Because of the wealth of cosmological information
that S-Z effect has given and promises to give in future, we, in this work, will study the
secondary distortion due to S-Z effect, in different astrophysical contexts, as a probe of
large scale structure of universe.

1.1 CMBR Power Spectrum

One of the major achievements of COBE observations was the detection of slight variation
of CMBR temperature [3, 27]: first at 10−3 level associated with the motion of our local
group of galaxies (dipole anisotropy), then at 10−5 level believed to be generated at the
moment of last scattering by very tiny cosmological fluctuations, the ancestors of the
present cosmological structures. CMBR signatures can be generally classified into two
main components: primary and secondary anisotropies, separated by the Surface of Last
Scattering. Both of these components include contributions from two distinctive phases:
a surface marking the threshold of decoupling of ions and electrons from hydrogen atoms
in primary signals, and a surface of reionization marking the start of multiphase secondary
contributions through nonlinear structure evolution, star formation, and radiative feedback
from the small scales to the large. Here, we present the basic formalism needed for a
description of the CMBR anisotropy.
The CMBR temperature has a directional dependence T (θ, φ) with an average of

< T >=
1

4π

∫
T (θ, φ)dθdφ = 2.725K. (1.1)
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The fluctuations can be expressed as,

δT

T
(θ, φ) ≡ T (θ, φ)− < T >

< T >
, (1.2)

and have a root mean square value of〈
δT

T

〉1/2

≈ 1.1× 10−5, (1.3)

after taking off 10−3 dipole anisotropy.

While studying the temperature anisotropies on the celestial sphere it is frequently
expanded using a basis of spherical harmonics,

δT

T
=

∞∑
l=0

l∑
m=−l

almYlm(θ, φ), (1.4)

where the sum runs over l = 1, 2, 3...... andm = −l.....l giving 2l+1 values ofm for each
l. The multipole number l represents the number of nodes (location of zero amplitude)
between equator and poles, while m is the longitudinal node number. The basis functions
obey orthonormality i.e. ∫

Y ∗
lmYl′m′dΩ = δll′δmm′ , (1.5)

and the addition theorem i.e.∑
m

Y ∗
lmYlm =

∑
m

|Ylm(θ, φ)|2 =
2l + 1

4π
. (1.6)

Since CMBR anisotropy is due to the primordial perturbations, and therefore it re-
flects their Gaussian nature. Because one gets the values of the alm from the other per-
turbation quantities through linear equations (in first-order perturbation theory), the alm
are also Gaussian random variables. Since they represent a deviation from the average
temperature, their expectation value is zero [1],

< alm >= 0, (1.7)

and the quantity we want to calculate from theory is the variance < |alm|2 > to get the
prediction for the typical size of the alm. The isotropic nature of the random process show
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up in the alm so that these expectation values depend only on l not m ( l are related to the
angular size of the anisotropy pattern, whereas the m are related to orientation or pattern).
Since < |alm|2 > is independent of m, we can define

Cl ≡< |alm|2 >=
1

2l + 1

∑
m

< |alm|2 >, (1.8)

and is called the (theoretical) angular power spectrum. It is analogous to the power spec-
trum P (k) of density perturbations. For Gaussian perturbations, the Cl contains all the
statistical information about the CMBR anisotropy and this is all we can predict from the-
ory. Thus the analysis of the CMBR anisotropy consists of calculating the angular power
spectrum from the observed CMBR and compare it to the Cl predicted by theory. The
different alm are independent random variables, so that,

< a∗lmal′m′ >= δll′δmm′Cl. (1.9)

From Eq. (1.4) we have,〈(
δT

T

)2
〉

=

〈∑
lm

almYlm(θ, φ)
∑
l′m′

a∗l′m′Y ∗
l′m′(θ, φ)

〉
=

∑
ll′

∑
mm′

YlmY
∗
l′m′ < alma

∗
l′m′ >

=
∑
l

Cl

∑
m

|Ylm(θ, φ)|2

=
∑
l

2l + 1

4π
Cl, (1.10)

where we have used Eqs. (1.9) & (1.6).

Thus if we plot (2l+1)Cl

4π
on the linear l scale or l(2l+1)Cl

4π
on the logarithmic l scale,

the area under curve gives the temperature variance, i.e. the expectation value for the
squared deviation from the average temperature. It has become customary to plot the
angular power spectrum as l(l+1)Cl

2π
which is neither of these, but for large l approximates

the second case.

Eq. (1.10) represents the expectation value from the theory and thus it is same for
all directions θ, φ. The actual, realized, value varies from one direction θ, φ to another.
We can imagine ensemble of universes, otherwise like our own, but represents a different
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realization of the same random process of producing the primordial perturbations. Then
<> represents the average over such an ensemble.

Now since theory predicts expectation values < |alm|2 > from the random process
responsible for CMBR anisotropies, but we can observe only one realization of this ran-
dom process, the set alm of our CMBR sky. We can define the observed angular power
spectrum as the average,

Ĉl =
1

2l + 1

∑
m

|alm|2 (1.11)

of these observed values.

The variance of the observed temperature anisotropy is the average of
(

δT (θ,φ)
T

)2

over the celestial sphere,

1

4π

∫ [
δT (θ, φ)

T

]2
dΩ =

1

4π

∫
dΩ

∑
lm

almYlm(θ, φ)
∑
l′m′

a∗l′m′Y ∗
l′m′(θ, φ)

=
1

4π

∑
lm

∑
l′m′

alma
∗
l′m′

∫
Ylm(θ, φ)Y

∗
l′m′(θ, φ)dΩ︸ ︷︷ ︸

δll′δmm′

=
1

4π

∑
l

∑
m

|alm|2︸ ︷︷ ︸
(2l+1)Ĉl

=
∑
l

2l + 1

4π
Ĉl. (1.12)

Contrast this with Eq. (1.10) which gives the variance of δT
T

at an arbitrary location on
the sky over different realizations of the random process which produced the primordial
perturbations; whereas Eq. (1.12) gives the variance of δT

T
of our given sky over the

celestial sphere.

The expectation value of the observed spectrum Ĉl is equal to Cl, the theoretical
spectrum of Eq. (1.8), i.e.

< Ĉl >= Cl, (1.13)

but its actual realized value is not, although we expect it to be close to the observed spec-
trum. The expected squared difference between Ĉl and Cl is called the cosmic variance.
Cosmic variance is small for large l because we have a large (2l + 1) statistical sample
of alm available for calculating Ĉl At this moment, the best current data comes from the
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Figure 1.1: The Cosmic Microwave Background temperature fluctuations from the 7-
year Wilkinson Microwave Anisotropy Probe data seen over the full sky. The image is a
mollweide projection of the temperature variations over the celestial sphere. The average
temperature is 2.725 Kelvin, and the colors represent the tiny temperature fluctuations, as
in a weather map. Red regions are warmer and blue regions are colder by about 0.0002
degrees. Source-http://wmap.gsfc.nasa.gov/media/101080, NASA.

Wilkinson Microwave Anisotropy Probe (WMAP) [27]. The temperature map from the
first seven year WMAP data is show in Fig. (1.1).

The temperature fluctuations in the CMBR at higher multipoles, l ≥ 2 are generally
interpreted as being mostly the result of perturbations in the density of the very early uni-
verse and then especially at the surface of last scattering. Though, all higher multipoles
result from perturbations in the density, they do not have the same origin. Different re-
gions in l have different physical origins. There are roughly 4 main regions as shown in
Fig. (1.2), namely ISW rise (l . 10) [29], Sachs-Wolfe plateau (10 . l . 100) [30],
Acoustic Peaks (100 . l . 1000) [31, 32] and the Damping Tail (l & 1000) [33].

CMBR anisotropies induced by S-Z effect is the main source of secondary anisotropy
on angular scales of few arc-minutes. Because of this and the great interest in this range of
angular scale-multipoles l > 1000, the S-Z anisotropy has been studied extensively in the
last few decades [34, 35, 36]. The basic goal has been to map its predicted l dependence
in viable cosmological, large scale structure, and ICM gas models. The strong motiva-
tion for this is the need to accurately calculate the power spectrum of the full anisotropy
in order to make precise global parameter determinations from stratospheric and satellite
database. In addition, mapping the S-Z anisotropy will yield direct information on the
evolution of the cluster population.
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Figure 1.2: Plot of the theoretical CMBR anisotropy power spectrum, using a standard
ΛCDM model. The x-axis is logarithmic here. The regions are labeled as in the text: the
ISW Rise: Sachs-Wolfe Plateau: Acoustic Peaks: and Damping Tail [28].

1.2 Photon Scattering

The theoretical foundation of the Sunyaev-Zel’dovich effect was laid in the early 1970s
by Sunyaev and Zel’dovich and is based on the interactions of photons and free electrons
[37]. In this section, we will briefly discuss such interactions and energy changes ac-
companying them. When an energetic photon interacts with a charged particle such as an
electron, it gives impulse transferring momentum, losing energy in the process. This is
known as Compton scattering. One also encounters opposite effect, of energetic particles
transferring momentum to low energy photons, which is known as inverse Compton scat-
tering. These two processes can be thought as manifestation of the same process viewed
in two different frame of references. If the observer is at rest with respect to energetic
electron, the inverse Compton scattering would appear as a normal Compton scattering,
since to the observer the photon would appear to be highly energetic and being scattered
by a stationary particle.

We first consider scattering of a photon in rest frame of electron. Let the four mo-
menta of photon before and after scattering be Pi and Pf respectively. And let the initial
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and final four momenta of the electron be Qi and Qf . we then have,

Pi =

(
ε′i
c ~ni, i

ε′i
c

)
, Pf =

(
ε′f
c ~nf , i

ε′f
c

)
Qi = (0, imec) , Qf =

(
p, iEc

)
 , (1.14)

where ~ni and ~nf are the initial and final directions of photon.

According to four momentum conservation,

Qf
2 = (Pi +Qi − Pf )

2. (1.15)

Using the fact that,
Qi

2 = −mec
2, P 2 = 0, (1.16)

we have,

Pi.Pf = Qi.(Pi − Pf ). (1.17)

or
ε′iε

′
f

mec2
(~ni.~nf − 1) = −ε′i + ε′f . (1.18)

Let ~ni.~nf = cos θ′, then we have,

ε′f =
ε′i

1 +
ε′i

mec
2 (1− cos θ′)

. (1.19)

Solving the above equation, we get,

λ′ − λ = λc(1− cos θ′), (1.20)

where the Compton wavelength is defined to be λc = h
mec

. Note that λ′ > λ for all values
of θ, in other words photon seems to always lose energy in the rest frame of electron
(Compton scattering).

By using Binomial theorem (ε′i � mec
2), Eq. (1.19) can be written as,

ε′f = ε′i

[
1− ε′i

m0c
2 (1− cos θ′)

]
, (1.21)
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which on further simplification gives,

∆ε′

ε′
= − ε′

mec2
1(− cos θ′). (1.22)

In order to find the mean fractional change in energy, one has to average Eq. (1.22)
over θ′. In the rest frame of the electron, the scattering has front-back symmetry, making
cos θ′ = 0. Hence the average fractional energy lost by the photon per collision is [38,
39],

< ∆ε′ >

< ε′ >
= −< ε′ >

mec2
. (1.23)

When we transform to observer frame, the energy of scattered photon by Doppler
formula is given as,

εf = γε′f (1 + β cos θ′), (1.24)

where γ is Lorentz factor. For an average angle of θ′ = π
2
, we then have,

εf ≈ γε′f . (1.25)

If we consider the low energy Thomson scattering where ε′i << mec
2, then ε′i ≈ ε′f , so

that,
εf ≈ γε′i. (1.26)

Again using the Doppler formula, we have,

ε′i = γεi(1− β cos θ). (1.27)

For an average angle of θ = π
2
, which implies,

ε′i ≈ γεi, (1.28)

so from Eq. (1.26), we have,
εf ≈ γ2εi. (1.29)

From the above discussion it is clear that , for relativistic electrons (γ2 − 1) >>
ε′i

mec2
,

initially low energy photons gain energy by a factor of γ2 in the observer frame at the
expense of the kinetic energy of the electrons. This process, therefore, converts radio
photons to UV photons, far-IR photons to X-ray photons, and optical photons to gamma-
ray photons. The energy of the photon before scattering in the rest frame of electron, and
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after scattering are in approximate ratios 1 : γ : γ2 [39].

1.3 Inverse Compton Power for Single Scattering

In the previous section we discussed how the energy of moving electrons decreases when
it scatters photons. Now let us discusses the energy transfer for the case of a given
isotropic distribution of photons scattering off a given isotropic distribution of electrons.

Let dn = n(ε)dε be the density of photons having energy in the range dε. But
dn, in terms of the differential number of particles dN (Lorentz invariant), and the three
dimensional volume element dV can be written as,

dn =
dN

dV
. (1.30)

As the four dimensional volume element dX = dx0dx1dx2dx3 = dx0dV is Lorentz
invariant, therefore dn = dN

dX
dx0 transforms like time component (x0) of the photon

position-vector. Further, since photon four momentum Pµ and position Xµ are parallel
four-vectors (i.e., their spatial components are related to their time components in the
same way), the ratio dx0

p0
is invariant. This in turn implies dn

ε
is Lorentz invariant, since

dN
dX

is invariant. In other words we can have,

dn

ε
=
dn′

ε′

⇒ ndε

ε
=
n′dε′

ε′
. (1.31)

We assume the scattering in the rest frame of the electron is elastic (i.e. γhν << mec
2),

so that in the rest frame of electron , the total power emitted (scattered) is given by,

dE′
f

dt′
= cσt

∫
ε′fn(ε

′
i)dε

′
i, (1.32)

where σt is the Thomson scattering cross section. Further
dE′

f

dt′
is also invariant, since it

too is the ratio of the same components of two parallel four vectors. Thus,

dE ′
f

dt′
=
dEf

dt
. (1.33)
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From Eq. (1.31), we obtain,

dEf

dt
= cσt

∫
ε′fn(ε

′
i)dε

′
i

= cσt

∫
ε′2i
n(εi)

εi
dεi, (1.34)

where we have used ε′f ≈ ε′i. Now substituting ε′i = γεi(1 − β cos θ) in above equation
we get,

dEf

dt
= cσtγ

2

∫
εi(1− β cos θ)2n(εi)dεi, (1.35)

which refers solely to quantities in the observer frame. For an isotropic distribution of
photons we have,

〈
(1− β cos θ)2

〉
= 1 +

1

3
β2, (1.36)

since < cos θ >=0 and < cos θ2 >= 1
3
. Thus Eq. (1.34) takes the form,

dEf

dt
= cσtγ

2

(
1 +

1

3
β2

)
Urad, (1.37)

where Urad =
∫
εin(εi)dεi is the initial photon or radiation density. Above equation gives

the power in the scattered photons which are added to radiation field, but the scattering
also removes energy from the radiation field at a rate cσtUrad for an isotropic photon
distribution. Thus the difference between two rates must be supplied by the energy of the
electron. Therefore the rate of energy loss of the electrons is given by,

−dEe

dt
= cσtγ

2

(
1 +

1

3
β2

)
Urad − cσtUrad

=
4

3
cσtγ

2β2Urad, (1.38)

where we used γ2−1 = γ2β2. Thus the net power lost by electron, and thereby converted
into increased radiation is,

Pcompt =
dErad

dt

=
4

3
cσtγ

2β2Urad. (1.39)
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When the energy transfer in the electron rest frame becomes significant then [37],

−dEe

dt
=

4

3
cσtγ

2β2Urad

[
1− 63

10

γ

mec2
< ε2 >

< ε >

]
. (1.40)

For a power law distribution of electron energies, the total power is given by summing
over the distribution of γ,

Ptot =

∫
PcomptN(γ)dγ. (1.41)

If N(γ) = Cγ−p between γmin ≤ γ ≤ γmax, then with β ∼ 1, we obtain,

Ptot =
4

3
cσtUrad

C

3− p

(
γ3−p
max − γ3−p

min

)
. (1.42)

For a thermal distribution of non-relativistic electrons with electron density ne, the total
power is,

Ptot =
4kBTe
mec2

cσtneUrad, (1.43)

where we have used < β2 >= 3kBT
mec2

, γ ≈ 1 in Eq. (1.39).

Now we can calculate the average power gained by the photon field from the elec-
tron, as follows: the mean number of photons scattered per second is,

Nc = cσtnrad

=
cσtUrad

< ε >
, (1.44)

where < ε > is the average energy of photon define by < ε >= Urad

nrad
. Hence the average

energy gained by the photon in one collision is,

< ∆ε >=
Pcompt

Nc

. (1.45)

Substituting Eq. (1.44) in Eq. (1.45), and using Eq. (1.39), we have,〈
∆ε

ε

〉
=

4

3
γ2

(v
c

)2

. (1.46)

When v � c, γ ≈ 1 and for a thermal distribution of non-relativistic electrons, mev
2 =
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3kBTe, the above equation can be written as,〈
∆ε

ε

〉
NR

≈ 4kBTe
mec2

. (1.47)

However, this ignores electrons recoil (we assumed elastic scattering in the electron rest
frame). So we can incorporate the effect of recoil by simply subtracting the mean energy
loss by photon given by ≈ − <ε>

mec2
, which comes from our earlier result. Combining this

with Eq. (1.47), we have have a simple equation for energy gain or loss for photons as
[38, 39], 〈

∆ε

ε

〉
NR

≈
(
4kBTe
mec2

− < ε >

mec
2

)
. (1.48)

If 4kBTe > < ε >, the net transfer of energy is from electrons to photons (inverse Comp-
ton scattering), otherwise net transfer is from photons to electrons.

In ultra-relativistic limit β = v
c
→ 1, ignoring the energy transfer in the electron rest

frame, Eq. (1.46) becomes, 〈
∆ε

ε

〉
R

≈ 4

3
γ2. (1.49)

Assuming the non-degenerate thermal distribution of ultra-relativistic electrons, we have
[39],

〈
γ2
〉
=

〈E2〉
(mec2)

2 = 12

(
kBT

mec2

)2

, (1.50)

then Eq. (1.49) becomes, 〈
∆ε

ε

〉
R

≈ 16

(
kBT

mec2

)2

. (1.51)

The processes described above act as a major source of cooling for relativistic plasma as
well as a mechanism for producing hight-energy photons. The time scale for a Compton
cooling of an individual relativistic electron is given by,

tcool '
γmec

2

Pcompt

. (1.52)

Substituting the value of Pcompt and noting that Urad = σT 4
rad, where Trad is a radiation

temperature we have,

tcool '
3mec

2

4σtγσβ2T 4
rad

. (1.53)
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If the electrons are non-relativistic (i.e. γ ≈ 1) then,

tcool '
kBTe
Pcompt

. (1.54)

1.4 Multiple Scatterings (Compton y-parameter)

If multiple scatterings occur which is generally the case, the spectrum can be significantly
affected. This is know as Comptonization. An important parameter is the Compton y-
parameter defined as

y ≡

[
average fractional change in energy

(
∆E

E

)
per scattering

]

×

[
mean number of scattering

]
, (1.55)

which measures whether a photon will significantly change its energy when traversing
a medium. When the electrons and photons co-exist in a region of size l, the repeated
scatterings of the photons by the electrons will distort the original spectrum of the photons
(i.e. Comptonization). We know that the mean free path of the photons due to Thomson
scattering is λγ = (neσt)

−1. Thus if the size of the region l is such that l
λγ

� 1 , then
the photon will undergo several collisions in this region. But if l

λγ
� 1, then there will

be few collisions. Therefore let us define optical depth τe ≡ l
λγ

= neσt so that τe � 1

implies strong scattering.

If τe � 1, then the photon undergoes Ns(� 1) collisions in traveling a distance l.
From standard random-walk arguments we have [39],

Ns ≈

{
τ 2e for τe � 1

τe for τe � 1
. (1.56)

For most order-of-magnitude estimates it is sufficient to use Ns ≈ τ 2e + τe or Ns ≈
max(τe, τ 2e ) [39] for any optical thickness.

Combining Eqs. (1.47), (1.51) and (1.55), we then obtain expressions for Compton
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y-parameter for non-relativistic and relativistic thermal distribution of electrons:

yNR =
4kBT

mec2
max(τe, τ 2e )

yR = 16

(
kBT

mec2

)2

max(τe, τ 2e )

 , (1.57)

where we have assumed that the energy transfer in the electron rest frame is small i.e.
4kBTe � ε. In literatures Compton y-parameter is defined as,

y =
kBTe
mec2

∫
σtne(r)dl, (1.58)

where first part of the expression, kBTe

mec2
represents the typical fractional energy change

imparted to CMBR photon in one scattering, while the second part τ =
∫
σtne(r)dl is the

optical depth to scattering.

Therefore, a fraction of the CMBR photons after decoupling (z ≈ 1100) can be
inverse Compton scattered by hot electrons in the intra-cluster medium as they traverse
through the cluster. This can then lead to an apparent change in the temperature of the
CMBR in the direction of the cluster defined in terms of Compton y-parameter and thus it
is possible to detect galaxy clusters by observing small fluctuations in the CMBR. How-
ever a number of other astrophysical processes will also create S-Z distortions. These
include S-Z distortion from peculiar velocities during reionization [40], supernova driven
galactic winds [41] kinematic S-Z from Lyman break galaxy outflow [42], hot proto galac-
tic gas [43] and supernovae from first generation of stars [44]. In this dissertation, we will
mainly study the S-Z distortions from the galaxy clusters and discuss how it can act as
strong cosmological probe.

Since only a small percent of the background photons passing through the cluster
gets scattered, there is only a fractional change in the CMBR sky temperature due to
the S-Z effect. It is easy to obtain an order of magnitude for such distortion in terms
of Compton y-parameter. Let us assume that a cluster of galaxy has a total mass of
M = 5 × 1014M� and extends up to an virial radius Rv = 2Mpc. As the intra-cluster
medium (ICM) is assumed in hydrostatic equilibrium within the gravitational potential, it
must obey the equation,

kBTe =
GMmp

2Rv

, (1.59)

where mp is the mass of the proton and Te is the electron temperature of the ionized
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intra-cluster gas given by,
kBTe ≈ 6.65KeV. (1.60)

This temperature of ICM is hot enough to ionize the gas and the ionized electrons of ICM
inverse Compton scatter the CMBR photons. Since, the scatterings are essentially non-
relativistic in nature (i.e. kBTe � mec

2), one can take the scattering cross-section to be
Thompson cross section σt. The scattering optical depth, τe, for the cluster can then be
written as,

τe = neσt(2Rv) ≈ 5.25× 10−3. (1.61)

In a single scattering, the frequency of the photon is slightly shifted, with up-scattering
more probable than down scattering, because of the higher temperature of electrons rel-
ative to the photons. The mean fractional change in photon energy, due to the single
scattering (to order of magnitude) is given by Eq. (1.45),〈

∆ε

ε

〉
≈ kBTe
mec2

≈ 1.33× 10−2, (1.62)

where we have used Eq. (1.59), which in turn gives,

∆Tγ
Tγ

≈ 1× 10−4. (1.63)

Combining Eqs. (1.61), (1.62) and using the fact that for small τe the number of scattering
is equal to τe, one can get mean change in the CMBR sky temperature due to the S-Z effect
from cluster to be y ≈ 7 × 10−5 and this distortion is almost order of magnitude larger
than that due to the primary anisotropies.

Similarly, an order of magnitude estimate ca be made for the kinematic S-Z effect.
In this case all the photons get Doppler shifted by a factor v

c
, where v is the line of sight

component of the peculiar velocity of the cluster. Bulk peculiar velocities are expected
to be less than 1000 km/s. One can then multiply the temperature change due to the bulk
motion with the scattering optical depth, to get

∆Tγ
Tγ

≈ v

c
× (5.25× 10−3). (1.64)

Typically, peculiar velocities are ∼ 300km/s, which clearly implies, for cluster of galax-
ies thermal S-Z effect dominates over kinematic S-Z effect. In contrast to the general
distribution of the CMBR, S-Z effect is localized, and seen only in the direction towards
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galaxy clusters. In particular, since the effect, is linearly sensitive to electron temperature
as well as to optical depth it becomes very concentrated towards dense and hot regions.

1.5 Structure of the Dissertation

The simplest cosmological use of the Sunyaev-Zel’dovich effect is to prove that CMBR
is genuinely a cosmological phenomenon: the appearance of an effect from a cluster
of galaxies at z = 0.5455 (CL 0016 + 16) proves that the CMBR originates at z >

0.54, higher-redshift detections push this limit even further. However, it is a probe of
cosmological parameters, and as a distance-independent probe of earlier phases of the
universe that the S-Z effect has attracted most interest, and such uses of the effect are the
focus of this study. The dissertation is organized as under:

In chapter 2, we will discuss S-Z effect in relation with large scale structure of uni-
verse. We will give a detailed analysis of both thermal and kinematic Sunyaev-Zel’dovich
effect. We will also discuss non-thermal S-Z effect. In the last section we will discuss
S-Z effect from quasars.

In chapter 3, we will see how S-Z effect, along with X-ray observations of clusters
can help us in determining cluster morphology. We will discuss various uncertainties in
determining parameters by this technique. At the end of chapter we will find the expres-
sion of S-Z effect in the presence of the cooling flow.

In chapter 4, we deal with S-Z cluster surveys and S-Z power spectrum and demon-
strate the constraints in determination of the cosmological parameters. At the end of
this chapter we will discuss evolution of gas mass fraction along with S-Z effect and the
constraints on the cosmological models.

In chapter 5, we will give a summary of the work presented in this dissertation and
suggest some future extensions of this work for my Ph. D.



Chapter 2

Sunyaev-Zel’dovich Effect with Large
Scale Structure of Universe

2.1 Introduction

Recent developments in the theory and observation of the large-scale structure of the
universe have made it a fruitful field of study. Most research centers on following the
time evolution of matter densities and velocities in our universe, using both perturbation
theory and non-linear approaches. In addition, the imprints of the large-scale structure and
its evolution on the cosmic microwave background, in the form of the Sunyaev-Zeldovich
effect are being explored. Because it is proportional to the gas pressure integrated along
the line of sight, the thermal Sunyaev-Zel’dovich effect, provides a direct measure of
large-scale structure and of cosmological parameters [5, 19]. The kinematic S-Z effect
arising from Doppler effect by non-linear density fluctions associated with the virialized
objects like galaxy clusters, quasars can be used to probe large scale velocity fields [6].

The Sunyaev-Zel’dovich effect thus provides a unique way to map the large scale
structure of the universe as traced by massive clusters of galaxies. As a spectral distor-
tion of the cosmic microwave background, the S-Z effect is insensitive to the redshift of
the astrophysical objects, making it well-suited for studies of clusters at all redshifts, and
especially at reasonably high redshifts, where the abundance of clusters is critically de-
pendent on the underlying cosmology. Recent high signal-to-noise detections of the S-Z
effect have enabled interesting constraints on cosmology density of the universe using
small samples of galaxy clusters.

19
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In this chapter we will discuss mathematical aspects of S-Z effect (both relativistic
and non-relativistic) in relation to large scale structure of universe. and its importance in
their detection and measurements.

2.2 Kompaneets Equation

Comptonization is the name given to the process by which electron scattering brings a
photon to equilibrium. Because photons have a negligible cross-section for scattering by
other photons (although for photons with frequencies ν1 and ν2 satisfying h2ν1ν2 ≥ m2

ec
4

photon-photon pair production and subsequent annihilation have the effect of photon-
photon scattering), they can only come to equilibrium by interaction with matter. In the
laboratory, the walls of an enclosure are available to absorb and re-emit the radiation, but
in the astrophysical problems there are no walls and the absorptive processes in the matter
are often low. In hot fully ionized matter, therefore, most frequent and important process is
scattering. The finite electron mass leads to an electron recoil as a result of the scattering,
and tends, on an average, to transfer energy from photons to electrons. The random
electron velocities produce random Doppler shifts of the scatterers in the laboratory frame,
which on an average, tend to increase the photon energy at the expense of the electron
energy. The former effect increases with photon frequency, and the later with electron
energy; if the photons have a thermal equilibrium distribution at the same temperature as
that of the electrons, the two effects will balance. The term Comptonization is used if
the electrons are in thermal equilibrium at temperature Te, and if both kBTe and hν are
much less than mec

2. In this non-relativistic limit, a number of powerful approximations
are possible, and a differential equation of Fokker-Plank form of time evolution of the
photon occupation number n(ν), assumed isotropic, is obtained. This equation was first
published by Kompaneets, and is generally referred to as the Kompaneets equation [45].
The fully relativistic case is computationally much more complex and cannot be reduced
to a Fokker-Planck equation.

Comptonization is likely to be important when the temperature is high and density
is low, so that matter is fully ionized, and absorption process (generally proportional to
the square of density) are less important than scattering (proportional to density). This
is typically the situation in ICM (and accretion flows around compact objects, ionized
bubbles around high redshift quasars). The low energy photons available there can be
transferred to high energy protons and this is what is seen in the Thermal S-Z effect for
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clusters of galaxies and predicted for other astrophysical sources of hot plasma.

We start with Boltzmann equation assuming an isotropic distribution of photons.
Let n(ν) be the phase space density of photons and fe(E) be the phase space density of
the electrons. We will also assume non-relativistic electrons followed by a Maxwellian
distribution at a temperature Te. If fe(E) and fe(E

′) are the distribution functions of
electrons before and after scattering and n(ν) and n(ν ′) are the distribution functions of
photon before and after the scattering then the Boltzmann equation is given as [46, 39]

∂n(ν)

∂t
= c

∫
d3P

∫
dσ

dΩ
dΩ

[
fe(E

′)n(ν ′)
(
1 + n(ν)

)
− fe(E)n(ν)

(
1 + n(ν ′)

)
], (2.1)

where c is the velocity of light and dσ
dΩ

is the scattering cross-section. The first term in the
square bracket represents the scattering of photons from frequency ν to frequency ν ′ by
the electrons. The factors

(
1 + n(ν)

)
and

(
1 + n(ν ′)

)
are due to the bosonic character

of photons, and the corresponding fermionic factors
(
1 − fe(E)

)
and

(
1 − fe(E

′)
)

are
ignored, since the electrons are assumed to be non-degenerate (fe � 1). The second term
similarly represents scattering from frequency ν ′ to frequency ν .

We consider the scattering,

E + ν 
 E ′ + ν ′. (2.2)

In Eq. (2.1), dσ
dΩ

is the electron-photon scattering cross-section (Thomson scattering) and
the integration over d3p takes into account all the electrons with energy E = p2

2me
. A de-

tailed analysis of the evolution of the spectrum in the presence of the repeated scattering
off relativistic electrons is difficult because the energy transfer per scattering is large and
one must solve the integro-differential equation i.e. Eq. (2.1). However, when the elec-
trons are non-relativistic, the fractional energy change (h∆ν) per scattering is small. In
particular Eq. (2.1) may be expanded to second order in this small quantity ∆ν yield-
ing an approximation called the Fokker-Planks equation. This equation was developed
by Kompaneets and is called Kompaneets equation [45]. For a thermal distribution of
non-relativistic electrons, fe(E) is given by,

fe(E) ∝ exp
(
− E

kBTe

)
. (2.3)

Considering situation in which ∆ν � 1 and expand n(ν ′) = n(ν + ∆ν) and fe(E ′) =
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fe(E − h∆ν) in a Taylor series in ∆ν, we get,

n(ν ′) = n(ν) + ∆ν
∂n

∂ν
+

1

2
(∆ν)2

∂2n

∂ν2
+ · · ·

fe(E
′) = fe(E)− h∆ν

∂fe
∂E

+
1

2
h2 (∆ν)2

∂2fe

∂E2 + · · ·

 . (2.4)

Put x = hν
kBTe

and using Eq. (2.3) in above equation, we get,

n(ν ′) = n(ν) + h
∆ν

kBTe

∂n

∂x
+

1

2
h2

(
∆ν

kBTe

)2
∂2ν

∂x2
+ · · ·

fe(E
′) = fe(E) + h

∆ν

kBTe
fe(E) +

1

2
h2

(
∆ν

kBTe

)2

fe(E) + · · ·

 . (2.5)

substituting Eq. (2.5) in Eq. (2.1) we have,

∂n

∂t
=

h

kBTe

[
∂n

∂x
+ n(n+ 1)

]
I1 +

1

2

(
h

kBTe

)2 [
∂2n

∂x2
+ 2 (1 + n)

∂n

∂x
+ n (n+ 1)

]
I2, (2.6)

where,

I1 =

∫
d3p

∫
dΩ

dσ

dΩ
cfe(E)∆ν

I2 =

∫
d3p

∫
dΩ

dσ

dΩ
cfe(E)(∆ν)

2

 . (2.7)

Thus the integro-differential equation Eq. (2.1) has been reduced to a differential equa-
tion, the effect of scattering being factored out in the integrals.

To proceed further, we need to estimate ∆ν in the individual scattering. The con-
servation of energy and momentum in the electron-proton scattering can be expressed
respectively as

hν +
p2

2me

= hν ′ +
p′2

2me
hν

c
~n+ ~p =

hν ′

c
~n′ + ~p′

 , (2.8)

where ~n, ~n′ are the directions of incident and scattered photons respectively. Rearranging
Eq. (2.8) we get,

h∆ν = −hνc~p.(~n− ~n′) + h2ν2(1− ~n.~n′)

mec2 + hν(1− ~n.~n′)− c~p.~n′ . (2.9)
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Considering the leading terms only, one gets,

h∆ν = −hν~p.(~n− ~n′)

mec
. (2.10)

This can be understood as follows: In Eq. (2.9) if we take hν ∼ kBTe ∼ O(mev
2),

then in the numerator, the second term is an O(v
c
) correction to the first term. In the

denominator, the second term is an O(v
2

c2
) correction to the first term and the third term in

the denominator is also an O(v
c
) correction to first term. Hence, to lowest order, the Eq.

(2.9) reduces to Eq. (2.10). Substituting for ∆ν from the Eq. (2.10) into second part of
Eq. (2.7), we have,

I2 =

(
ν

mec

)2

c

∫
d3p

∫
dΩ

dσ

dΩ
fe(E)[~p.(~n− ~n′)]2. (2.11)

Let ψ be the angle between ~p and the vector (~n − ~n′), so that the above equation can be
written as,

I2 =

(
ν

mec

)2

c

∫
d3p

∫
dΩ

dσ

dΩ
fe(E)p

2|(~n− ~n′)|2 cos2 ψ. (2.12)

Since dp3 = p2dpdΩ and factor |(~n − ~n′)| does not depend on p therefore can be taken
out of the integral over electron momentum space. We can therefore write,

I2 =

(
ν

mec

)2

c

∫
d3p p2 cos2 ψfe(E)

∫
dΩ

dσ

dΩ
|(~n− ~n′)|2

=

(
ν

mec

)2

c

∫ ∞

0

p2dp

∫ +1

−1

cos2 ψ d(cosψ)

∫ 2π

0

dφ p2fe(E)

∫
dΩ

dσ

dΩ
|(~n− ~n′)|2

=
1

3

(
ν

mec

)2

c

∫ ∞

0

2p2dp

∫ 2π

0

dφ p2fe(E)

∫
dΩ

dσ

dΩ
|(~n− ~n′)|2

=
1

3

(
ν

mec

)2

c

[∫ ∞

0

4πp2dp p2fe(E)

] ∫
dΩ

dσ

dΩ
|(~n− ~n′)|2. (2.13)

The integral in square brackets in the above integral is simply ne× < p2 >, where ne

is the number density of the electrons or 2me times the electron kinetic energy density.
Because fe(E) is Maxwellian this is 3kBTemene. Then,

I2 =

(
ν

mec

)2

ckBTemene

∫
dΩ

dσ

dΩ
|(~n− ~n′)|2. (2.14)
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In the non-relativistic limit, the differential cross-section is Thomson cross-section given
by dσt

dΩ
= 1

2
r2e [1 + (~n.~n′)2], where re = e2

mec2
is the classical electron radius. Then Eq.

(2.14) transforms as,

I2 =

(
ν

mec

)2

ckBTemene

∫
dΩ

1

2
r2e

[
1 + (~n.~n′)2

]
|(~n− ~n′)|2

=

(
ν

mec

)2

ckBTemene
1

2
r2e

∫ +1

−1

(
1 + cos2 ψ

)
2(1− cosψ)d(cosψ)

∫ 2π

0

dφ

=

(
ν

mec

)2

ckBTemene2πr
2
e

[
cosψ − cos2 ψ

2
+

cos3 ψ

3
− cos4 ψ

4

]+1

−1

=

(
ν

mec

)2

ckBTemener
2
e

16π

3

= 2

(
ν

mec

)2

ckBTemeneσt, (2.15)

where σt = 8π
3
r2e is the Thomson cross-section. Although I1 can be calculated the same

forward way like I2, it is more difficult than I2. A faster and more elegant way is to use
photon number conservation. Since the number of photons should not change with time,
so the integral of photon density over the phase space should remain constant in time.
Also since x is proportional to momentum, then the change in number of photons per unit
volume, which much vanish is proportional to,

d

dt

∫
nx2dx =

∫
∂

∂t
x2dx = 0. (2.16)

Since the phase space photon density within any volume can only change by photons
leaving or entering the volume, it must be proportional to a flux j. This flux should be
chosen, such that,

∂n

∂t
= − 1

x2
∂

∂x
[x2j(x)]. (2.17)

Above equation simply implies that the change in total flux arises only from flux through
the boundaries as,

d

dt

∫
nx2dx = −

∫ ∞

0

1

x2
∂

∂x
[x2j(x)] = −x2j(x)|∞0 . (2.18)

It is obvious, that j can only depend on n′, n and x. Now Eq. (2.6) contains a term equal
to ∂2n

∂x2 times a function of x but not n. Because Eq. (2.17) describes the same function
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it must have the same form, so that the term in j proportional to ∂n
∂x

cannot contain any
other dependence on n. Hence j must be of the form,

j(n, x) = g(x)

[
∂n

∂x
+ h(n, x)

]
, (2.19)

where g and h are functions yet to be determined. The photons follow the Bose-Einstein
distribution given by,

n =
1

ex+α − 1
, (2.20)

where α is a chemical potential. So that,

∂n

∂x
= −n(n+ 1). (2.21)

Now ∂n
∂t

= 0 requires that current density j(x) = 0. Thus one gets from Eq. (2.19)

∂n

∂x
= −h(x, n)

h(x, n) = n(n+ 1). (2.22)

Using Eq. (2.17) and Eq. (2.19), we have,

∂n

∂t
= −

(
g′n′ + gn′′ + gh′ + hg′ + 2

g

x
n′ + 2

hg

x

)
, (2.23)

where the primes are derivatives with respect to x. g(x) can be determined if we compare
the coefficients of ∂2n

∂x2 in Eq. (2.23) and Eq. (2.6), and then substituting the value of I2
from Eq. (2.15).

g(x) = −cx
2neσtkBTe
mec2

. (2.24)

Using Eq. (2.22) and Eq. (2.24) we get full form of j(x) as,

j(x) = −cx
2neσtkBTe
mec2

[n′ + n(n+ 1)]. (2.25)
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Using j(x) of above form in Eq. (2.17), one finally arrives at the Kompaneets equation,

∂n

∂t
=
cneσtkBTe
mec2

1

x2
∂

∂x

[
x4

(
∂n

∂x
+ n+ n2

)]
(2.26)

∂n

∂tc
=

(
kBTe
mec2

)
1

x2
∂

∂x

[
x4

(
∂n

∂x
+ n+ n2

)]
, (2.27)

where the quantity tc = (neσtc) is the time measured in units of mean time between
scattering, since scattering time scale ts = 1

neσtc
.

By defining η = hν
kBTγ

= x Te

Tγ
, where Tγ is the CMBR temperature, then Eq. (2.26)

can be rewritten (substituting x = Tγ

Te
η) [10]

∂n

∂t
=
cneσtkBTe
mec2

(
Te
Tγ

)2
1

η2
Te
Tγ

∂

∂η

[(
Tγ
Te
η

)4 (
Te
Tγ

∂n

∂η
+ n+ n2

)]
. (2.28)

If the temperature of the electrons is large compared to the temperature of radiation, which
is the case of cluster gas (keV electrons) with reference to CMBR (meV photons) then the
first term in above equation dominates, and the Kompaneets equation takes the following
form [47],

∂n

∂t
=

cneσtkBTe
mec2

1

η2
∂

∂η

[
η4

(
∂n

∂η

)]
=

cneσtkBTe
mec2

1

η2

[
4η3

∂n

∂η
+ η4

∂2n

∂η2

]
= η

cneσtkBTe
mec2

[
η
∂2n

∂η2
+ 4

∂n

∂η

]
. (2.29)

This approximation could also have been achieved, if the bosonic corrections in the Boltz-
mann equation would have been ignored in the beginning. But at that point, it was more
general to keep these corrections, although the photon gas of the CMBR is of course not
degenerate.

The general theoretical aspects of Sunyaev-Zel’dovich will be investigated in the
proceeding sections for scattering of photons from a plasma cloud using the Kompaneets
equation of the form Eq. (2.26).
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Figure 2.1: Frequency dependence of Thermal S-Z effect and Kinematic S-Z effect. Thick
line shows the frequency dependence of ∆Tγ

Tγ
for Thermal S-Z effect, whereas the thin solid

line shows the same for the change in spectral intensity ∆I . The thin dashed lines show
the change in spectral intensity for Kinematic S-Z effect, The upper one for approaching
source of distortion and lower for a receding one. The vertical dotted line shows the scaled
frequency at which the Thermal S-Z effect is zero and Kinematic S-Z effect is maximum.
In the above plot y I0 and Tγ are scaled to unity [50].

2.3 Thermal Sunyaev-Zel’dovich Effect

As defined earlier, Sunyaev-Zel’dovich (S-Z) effect is a scattering of CMBR from ener-
getic electrons in a gravitationally bound plasma in a cluster of galaxies [5, 9, 48, 49,
50, 51]. Low energy CMBR photons travel from the surface of last scattering and are
boosted in energy by the few keV thermal electrons via Thomson scattering. The prob-
ability of scattering depends on the electron density of cluster and is of the order of 1%
for any given photon. This is the thermal S-Z effect and it results in unique spectral dis-
tortion to the CMBR intensity spectrum as shown in Fig. (2.1). The CMBR thus acts as
a back-light to the cluster, which appears as a cold patch at frequencies below ∼ 218GHz
and a hot patch above ∼ 218GHz. We begin by considering a cloud of Maxwellian elec-
trons with Te � Tγ (hν � kBTe). The rate of change of photon occupation number
of the isotropic radiation field due to scattering by isotropic, non-relativistic Maxwellian
electrons is given by Kompaneets equation Eq. (2.26). Using expression for Compton
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y-parameter, Eq. (1.58), Kompaneets equation then takes the form,

∂n

∂y
=

1

x2
∂

∂x

[
x4

(
∂n

∂x
+ n+ n2

)]
(2.30)

Since (hν � kBTe) and hence x � 1, then we have ∂n
∂x

� n and n2. Hence ignoring
small terms above equation takes the form,

∂n

∂y
=

1

x2
∂

∂x

(
x4
∂n

∂x

)
. (2.31)

The homogeneity of the right hand side of the above equation allows us to substitute
x = hν

kBTe
by x = hν

kBTγ
. If the radiation is weakly scattered, the the approximate solution

to above equation can be obtained by substituting on the right hand side the expression for
occupation number of a purely Planckian radiation field, given by n(x) = 1

ex−1
. There-

fore, above equation takes the form,

∂n

∂y
=

1

x2
∂

∂x

[
x4

∂

∂x

(
1

ex − 1

)]
=

xex

(ex − 1)2

[
x(ex + 1)

ex − 1
− 4

]
. (2.32)

Now integrating along the path length through the cluster, we have,

∆n =
xex

(ex − 1)2

[
x(ex + 1)

ex − 1
− 4

]
y

⇒ ∆n

n
=

xex

(ex − 1)

[
x(ex + 1)

ex − 1
− 4

]
y. (2.33)

Since the change in radiation spectrum ∆I(x) at frequency x is given by ∆I(x) =

x3∆n(x)I0, where I0 = 2h
c2

(
kBTγ

h

)3

, we have

∆I(x) = I0
x4ex

(ex − 1)2

[
x(ex + 1)

ex − 1
− 4

]
y

∆I(x)

I(x)
=

∆n

n

 . (2.34)

From first part of Eq. (2.34), we have,

∆I(x) = I0G(x)y, (2.35)
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Figure 2.2: Frequency variation of the two functions f(ν) and G(ν), where ν = kBTγx

h
.

where G(x) is given by,

G(x) =
x4ex

(ex − 1)2

[
x(ex + 1)

ex − 1
− 4

]
. (2.36)

Now we have the following transformation between intensity and temperature,

∆I(x) =
2hν3

c2
ex

(ex − 1)2
hν

kBT 2
γ

∆T. (2.37)

Using Eq. (2.35), (2.36) and (2.37), we get,

∆Tγ = Tγyf(x), (2.38)

where f(x) is given by relation,

f(x) =

[
x(ex + 1)

ex − 1
− 4

]
. (2.39)

In Fig. (2.2), the functional dependence of g(x) and f(x) on frequency are shown for
fixed value of CMBR temperature. At frequency ∼ 218GHz the functions become zero.
This frequency is defined as the null point frequency of the S-Z effect. In the Rayleigh-
Jeans limit we have x→ 0, so that we get from Eq. (2.38),

∆Tγ
Tγ

= −2y. (2.40)
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Thus we see that there would be an apparent decrease in the sky brightness in the CMBR
sky towards objects like galaxy clusters which are capable of scattering the microwave
background photons. This is sometimes referred to in the literature as hole in the sky
[16]. In Wien region, it can be shown that the distortion goes as x2y. In most cases of
interest in astrophysics, the approximation x2y < 1 is a valid assumption and we can use
Eq. (2.38). However, when the condition x2y < 1 is not satisfied, then one may make use
of a change in variables from (x, y) → (ξ, y) given by ξ = 3y + lnx, so that Eq. (2.31)
becomes [8, 7],

∂n

∂y
=

(
1

eξ−3y

)2
∂

∂ξ

[(
eξ−3y

)4 ∂n
∂ξ

∂ξ

∂x

]
∂ξ

∂x

=
∂2n

∂ξ2
. (2.41)

The solution to such an equation is of the form of

I(x) =

∫ ∞

∞
Pk(s)I0ds. (2.42)

In the above equation, the energy shift due to scattering is denoted by es = ν′

ν
and the

Kompaneets scattering kernel is given by [52],

Pk(s) =
1√
4πy

exp

[
−(s+ 3y)2

4y

]
. (2.43)

With this we come to the end of non-relativistic treatment of the thermal S-Z effect. Be-
fore going over to the next section, we briefly discuss a few features of Eq. (2.38) . The
usefulness of the form of the temperature distortion given in Eq. (2.38) is due to its simple
analytic form. However, it must be emphasized that this is valid in the case of small opti-
cal depth of the scattering medium. As it stands from Eq. (2.38) we see thatf(x) gives the
frequency dependence of the distortion and is characterized by three distinct frequencies:
x0 = 3.83, where thermal S-Z effect vanishes; xmin = 2.26 which gives minimum decre-
ment of the microwave background intensity and xmax = 6.51 which gives maximum
distortion due to this effect. In fig. (2.1) the cross over frequency is shown with a vertical
dotted line. It is clearly seen from the thick line that at R-J limit (∆T

T
= −2y) at fre-

quency below the cross over frequency there is a dip in the temperature and the intensity
for thermal Sunyaev-Zel’dovich effect.
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At first approximation, none of these spectral features depend on the temperature
of the scattering medium. However, for a very hot gas, one can no longer do a non-
relativistic treatment and the final result would depend on the temperature of the gas. The
relativistic treatment of the thermal S-Z effect will be discussed in the next section. Also
here Compton y parameter depends only on the product Teτe of the gas. This is essentially
the integral of the gas pressure along the line of sight. For relativistic treatment, the
expression for the amplitude would be proportional to τe for small τe and would depend
on Te in a complicated manner.

2.4 Relativistic Thermal S-Z Effect

The calculations of Sunyaev and Zel’dovich are based on a solution to the Kompaneets
equation, a non-relativistic diffusion approximation to the fully kinetic equation for the
change of photon distribution due to scattering. In fact, at high frequencies these expres-
sions are insufficiently accurate for some of their intended uses. An accurate calculation
of the thermal effect is particularly essential in determining the Hubble constant and pe-
culiar velocity of clusters. The inaccuracy of the Kompaneets-based treatment is due to
two reasons: First, because of the low optical thickness to Compton scattering in clusters,
most photons are not scattered even once. A diffusion approximation would then hardly
seem adequate. The second and more important reason is that with inter-cluster gas tem-
perature spanning the range 3− 15keV, electron velocities in the inter-cluster gas are near
relativistic. Consequently, the mean relative frequency change in the scattering, which is
assumed to be small enough for its use as an expansion parameter in the derivation of the
Kompaneets equation, is not sufficiently small. Even so, the Kompaneets based treatment
of S-Z effect yields an adequate description of the spectral change at low frequencies on
the R-J side. A more accurate description of the spectral change due to scattering requires
calculation of the exact frequency redistribution, using full expression for the scattering
probability and the correct relativistic form for the electron velocity distribution.

The inadequacy of the Kompaneets based treatment has been recognized early on,
largely in the connection with the Comptonization at early epochs when the temperature
might have been very high. An accurate relativistic treatment of the scattering process for
any value of τe was given by Wright [52, 53, 54, 55]. Their treatment relax the assumption
of the low optical depth for the scattering medium. Further they do not make the assump-
tion kBTe � mec

2. This is a more exact treatment of the relativistic nature of the thermal
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Figure 2.3: The geometry of scattering in the rest frame of the electron before the inter-
action. An incoming photon, at angle θ relative to the xe axis, is deflected by angle φ12,
and emerges after the scattering at angle θ′ with almost unchanged energy (Eq. 1.19). In
the observer’s frame, where the electron is moving with velocity βc along the xe axis, the
photon changes energy by an amount depending on β and the angles θ and θ′ (Eq. 2.46).

S-Z Effect which would be applicable if the plasma is very hot (Te ≥ 10keV). Ignoring
the Compton shift in the scattering hν � mec

2, and taking the electrons to have relativis-
tic Maxwellian distribution, greatly simplifies the physics involved, though more careful
calculations require relaxing this assumption [52]. So while these are generally called
inverse Compton scattering, they could more accurately be called Thomson scattering.

If the geometry is similar to Fig. (2.3), then in the electron frame of reference (with
transformation θ → π − θ and θ′ → θ′), the photon frequency is,

ν̃ =
ν

γ(1− βµ)
, (2.44)

where µ = cos θ, θ is the angle between photon direction and electron velocity in the
electron rest frame. The probability of collision with an angel θ is given by [56]

p(µ)dµ =
[
2γ4(1− βµ)3

]−1
dµ. (2.45)
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The output frequency is

ν ′ = ν

(
1 + βµ′

1− βµ

)
, (2.46)

where µ′ = cos θ′, θ′ the outgoing photon angle with respect to electron velocity in the
electron rest frame. The probability of scattering to angle θ′ is,

φ(µ′, µ)dµ′ =
3

8

[
1 + µ2µ′2 +

1

2
(1− µ2)(1− µ′2)

]
dµ′. (2.47)

Typically, the scattering is expressed in terms of the logarithmic frequency shift,

s = ln
(
ν ′

ν

)
= ln

(
1 + βµ′

1− βµ

)
(2.48)

⇒ dµ′ =
1

β
(1− βµ)esds

dµ′ =
1

β
(1 + βµ′). (2.49)

Then the probability that a single scattering of the photon by an electron with speed
βc causes shift s is given by,

P (s, β) =

∫
p(µ)dµφ(µ′, µ)

(
dµ′

ds

)
ds

=
3

16γ4β

∫
(1 + βµ′)

[
1 + µ2µ′2 + 1

2
(1− µ2)(1− µ′2)

]
(1− βµ)3

dµ. (2.50)

This integration can be easily done and Fig. (2.4) shows the resulting function for several
values of β. To calculate the photon frequency spectrum on scattering by a population
of electrons, one has to average over the electron velocity distribution pβ(β)dβ. One
assumes the electron velocities to follow a relativistic Maxwellian distribution [57], then
the overall distribution in frequency shift in a single scattering, P1(s) is given by,

P1(s) =

∫ 1

βm

pβ(β)P (s, β)dβ

=

∫ 1

βm
β2γ5e−(γ−1)/x′

P (s, β)dβ∫ 1

βm
β2γ5e−(γ−1)/x′

. (2.51)
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Figure 2.4: The function P (s; β) for β = 0.01, 0.02, 0.05, 0.10, 0.20, and 0.50. P (s; β)
becomes increasingly asymmetric and broader as β increases [8].

where

βm =
e|s| − 1

e|s| + 1
, (2.52)

is the minimum value of β capable of causing a frequency shift s and x′ = kBTe

mec2
. Once

p1(s) is known, it is possible to evaluate the probability that a frequency change s is
produced by a n number of repeated scattering. This is given by repeated convolution

Pn(s) =

∫ +∞

−∞
ds1....dsn−1....P1(s1)....P (sn−1)P1(s− s1 − ....− sn−1)

= P1(s)⊗ ....⊗ P1(s)︸ ︷︷ ︸
ntimes

. (2.53)

The resulting total redistribution function P (s) can be written as the sum of all the func-
tions Pn(s), each one weighted by the probability that a CMBR photon can suffer n scat-
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tering, which is assumed to be Poissonian with the expectation value τ ,

P (s) =
+∞∑
n=0

e−τeτne
n!

Pn(s)

= e−τe

[
P0(s) + τeP1(s) +

1

2
τ 2eP2(s) + ....

]
= e−τe

[
δ(s) + τeP1(s) +

1

2
τ 2eP1(s)⊗ P1(s) + ....

]
. (2.54)

The multiple scattering of the radiation changes its incident Plank intensity I0(s) to I(s)
which is obtained by convolving I0(s) with P (s) as,

I(s) = e−τe

[
I0 + τeI0 ⊗ P1(s) +

1

2
τ 2e I0 ⊗ P1(s)⊗ P1(s) + ....

]
. (2.55)

In Fourier space, the convolution takes a very easy form, since

F [f ⊗ g] = F [f ].F [g].

Then the exact calculation of Eq. (2.55) becomes simpler by going to the Fourier space
I(k) of I(s) and we get,

I(k) = e−τeI0(k)

[
1 + τeP1(k) +

1

2
τ 2eP1(k)

2 + ....

]
= I0(k)e

τe(P (k)−1), (2.56)

where

P1(k) =

∫ +∞

−∞
P1(s)e

−iksds, (2.57)

and

P1(s) =
1

2π

∫ +∞

−∞
P1(k)e

iksdk. (2.58)

Eq. (2.56) allows us to calculate the intensity change for any value of the temperature
and optical depth of the scattering medium. However, for most cases of applications in
astronomy, it deals with regions of the small optical depth τe which rarely assumes values
higher than 0.01 and then one can approximate P (s) by

P (s) ' (1− τe)δ(s) + τeP1(s). (2.59)
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To obtain the final expression for the intensity change at each value of the scattering
photon frequency, P (s) has to be convolved with the incident Planckian frequency dis-
tribution. Integrating the product I0(s)P (s) over s and transforming back to the non-
dimensional frequency x, we have

∆I = I0(x)τe[Φ(x, x
′)− 1]. (2.60)

The relative temperature change is,

∆T

T0
=

(ex − 1)

xex
τe[Φ(x, x

′)− 1]. (2.61)

The function Φ(x, x′) comes from the integration over µ, β, s. The limit on β has been
given above and the angle integrals are between µ1 and µ2 given by

µ1 =

{
−1 s ≤ 0
1−e−s(1+β)

β
s ≥ 0

µ2 =

{
−1 s ≤ 0
1−e−s(1−β)

β
s ≥ 0

 . (2.62)

Using w = exp(−s), we obtain [10],

Φ(x, x′) = A(x′)[Φ1(x, x
′) + Φ2(x, x

′)], (2.63)

where

Φ1(x, x
′) =

∫ 1

0

w(ex − 1)dw

exw − 1

∫ 1

βm

γe−(γ−1)/x′
dβ

∫ 1

µ1

q(w, µ, β)dµ

Φ2(x, x
′) =

∫ 1

0

w(ex − 1)dw

w3(ex/w − 1)

∫ 1

βm

γe−(γ−1)/x′
dβ

∫ µ2

−1

q(w, µ, β)dµ

q(w, µ, β) =

1
β2 (3µ

2 − 1)
(
1−βµ
w

− 1
)2

+ (3− µ2)

(1− βµ)2

A(x′) =
3

32
∫ 1

0
β2γ5e−(γ−1)/x′dβ

. (2.64)

These equations summarize the calculation of the relativistically correct Comptonization
spectrum of the CMBR in the limit of small τe, but with the use of the exact angular prob-
ability distribution in the scattering. Because the incident radiation field is isotropic and
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the electrons are mildly relativistic, it may be assumed that the scattering is isotropic in
the electron rest frame. Under this assumption, the scattering probability can be averaged
over the direction of the incident photon. Doing so considerably simplifies the expression
for P (s, β) [39]

Piso(s, β) =
es

(2γβ)2

{
(1 + β)es − 1 + β, 1−β

1+β
≤ es ≤ 1

1 + β − (1− β)es, 1 < es ≤ 1+β
1−β

. (2.65)

In this approximation we then have

Φiso(x, x
′) = B(x′)Φ(x, x′), (2.66)

where

Φ(x, x′) =

∫ 1

0

(ex − 1)

[
1

exw − 1
+

1

w3(ex/w − 1)

]
ζ(x, x′)dw

ζ(x, x′) =

∫ 1

βm

e−(γ−1)/x′
[(1 + β)w − 1 + β] dβ.

B(x′) =
8

3
A(x′). (2.67)

As expected, the dependence of the relativistically correct expression for the inten-
sity change Te is no longer linear; ∆I depends explicitly on x, τe, and x′ whereas that of
Eq. (2.35) depends only on x and y = τex

′. Thus, in general both x′ and τe have to be
separately specified in the calculations of exact intensity change: At a given frequency
the intensity change may assume different values for a given values of y. Moreover,
due to the exponential nature of the Planckian spectrum, a slight shift in the scattering
probability distribution to higher frequencies can cause distinguishable change between
non-relativistic and relativistic results, near the cross-over frequency, where the intensity
change vary steeply.

Raphaeli [10, 55] calculated ∆I for values of kBTein the interval 1 − 50keV (x′ =
511.0 − 10.2). To check the validity of the isotropic form for the scattering probability,
the calculations was repeated with P (s, β) replaced by Piso(s, β); although the results
differ somewhat, the isotropic approximation is generally adequate. The results are com-
pared with S-Z expression based on Kompaneets non-relativistic expression. The level
of deviation starts becoming important from kBTe > 5keV. At this temperature, the rel-
ative intensity change (∆IR−∆NR

∆NR
) is greater 20% close to the cross-over frequency and
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Figure 2.5: The spectral deformation caused by the S-Z effect in radiation in the units
ofI0. The Kompaneets approximation is shown as a dotted line. The left is for electrons
at kBTe = 5.1keV and the right is for electrons at kBTe = 15.3keV [8].

at x ≥ 11. The deviations are higher and over a wider range in x for high temperatures
and especially at higher frequencies. However, one must note that, we have neglected
the higher order terms in τe, which means that the above results are only approximate.
The main characteristic of the relativistic solution w.r.t non-relativistic case is the gen-
eral decrease of the intensity change for values of x ' 8 − 8.4 for temperature range
kBTe = 1− 15keV and an increase at higher values of x. The higher the gas temperature,
the higher is the Wien deviation deviation from that in Kompaneets case.

An important feature of the more accurate relativistic treatment is a shift in the value
of the cross-over frequency to higher values with increasing Te. In contrast, the non-
relativistic value x0 = 3.85 is temperature independent. Deviations from the latter value
are simply linear in kBTe

mc2
and indeed a good approximation, to within 0.2% in the interval

kBTe = 1− 50keV, is

x0 ' 3.83

(
1 +

kBTe
mc2

)
. (2.68)

An exact determination of x0 necessitates the full calculation of the intensity change with
the inclusion of higher-order terms in τe. A comparison of these two intensity functions,
the full relativistic and the Kompaneets approximation is given in Fig. (2.5).

To conclude this section, let us point out once again that the degree of Comptoniza-
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tion predicted by a solution of the Kompaneets equation is significantly different in the
Wien side of the photon spectrum from a relativistic calculation taking into account near-
relativistic electrons and low optical thickness. The difference between the two treatments
is not significant for a gas temperature below 5keV. Also, in the relativistic case x0 be-
comes temperature dependent in contrast to the constant value of x0 = 3.83 predicted in
the last section. A precise knowledge of this value becomes important if one needs to
decouple the kinetic Sunyaev-Zel’dovich effect from thermal Sunyaev-Zel’dovich effect.

2.5 Non-Thermal S-Z Effect

Just as scattering from thermal electrons gives an S-Z effect, so does scattering from non-
thermal electrons [58]. The spectrum of the scattered radiation in this case will differ
from that shown in Fig. (2.5) and will depend on the shape of the electron spectrum. The
calculations becomes quite involved, as the full relativistic treatment is necessary. Here,
only qualitative properties will be discussed. Energetic non-thermal (NT) electrons whose
pressure is not negligible compared to the thermal gas pressure constitute an aspect of in-
verse Compton (IC) phenomena with possibly appreciable ramifications for precision S-Z
measurements. The presence of significant energetic electron populations in many clus-
ters has been known from measurements of diffuse IC radio emission and recently also
from NT X-ray emission in a few clusters. NT electrons produce an additional degree of
Comptonization that amounts to a small intensity change (∆INT ) that must be accounted
for, particularly in the measurement of H0 from the thermal component, and peculiar
cluster velocities from the kinematic component of the S-Z effect. Relativistic generaliza-
tions of the original non-relativistic calculations to a sufficiently high level of accuracy,
provides the theoretical basis for calculation also ∆INT .

For the cluster possessing radio halos, a large amount of relativistic electrons should
also affect the S-Z effect. This non-thermal S-Z effect has been investigated recently [59].
Fig. (2.6) shows the S-Z effect spectrum of A2163 obtained from a thermal population and
from the combination of thermal and non-thermal populations. The thermal population
in A2163 has a temperature of kBTe = 12.4 ± 0.5keV and a central density of ne,TH =

6.862× 103 cm3 and a non-thermal population with ne,NT = 5× 10−5cm3 for a pressure
ratio PNT

PTH
= 0.29. It is found [58] that the non-thermal effect is negligible when compared

with the thermal S-Z effect and the main impact of this effect is a shift of the cross-over
frequency, the null of the thermal S-Z effect, to higher values. The S-Z effect is also a



40

Figure 2.6: Theoretical expectations for the spectrum of the S-Z effect in A2163. We
show the fit to the available data yielded by a thermal population (solid curve) and the
expectations obtained from a combination of thermal and non-thermal populations with
ne,NT = 5 × 10−5cm3 for a value of the pressure ratio PNT/PTH = 0.29 (dashed curve)
[58].

potentially powerful tool for clarifying the original mechanism of the HXR (hard X-rays)
excess. An interpretation of the HXR is non-thermal bremsstrahlung from supra-thermal
electrons [60], the electron population has a modified Maxwellian distribution with a
high-energy non-thermal tail.

Unfortunately, it is not easy to detect the S-Z from non-thermal electron populations
as there is a great deal of synchrotron radio emission. At low frequencies the synchrotron
emission will easily dominate over the non-thermal S-Z. At high radio frequencies, how-
ever, there is more chance that the S-Z effect could be detected, but there are still diffi-
culties separating the S-Z from the flatter section of the synchrotron radiation. A further
difficulty is that radio emitters are expected to be strongly in-homogeneous, so single dish
measurements average over a variety of different radio source structures. This implies
that the data taken might actually be produced by small variations in the electron energy
distribution function. To get accurate results observations must be made with angular
resolution comparable with the small-scale structures, which will prove difficult.
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2.6 S-Z Effect with Superclusters

Missing mass is being sought in both non-baryonic and baryonic forms. Superclusters
of galaxies, the largest known luminous structures in the universe, should hold corre-
spondingly large masses of dark matter. Their study may lead us to the structure [61] and
perhaps the constituents of dark matter [62], and their mass and kinematics probe [63,
64]. Most models of structure formation predict that superclusters contain residual intra-
supercluster (ISC) matter in the form of diffuse, hot gas at the present epoch. This ISC
gas could be either primordial [65], processed by an early generation of stars and subse-
quently ejected in winds from early massive star formation or active galactic nuclei [66,
67, 68] or stripped from merging clusters and proto-clusters. The expected temperature
of the ISC gas is about 107 − 108K [68, 69] and will remain hot, since the cooling time
for gas at the expected low density (< 10−3cm−3) is longer than the Hubble time [70]. A
measurement of the mass and extent of supercluster gas would be a useful indication of
the processes involved in structure formation.

Most work on supercluster gas has been conducted through X-ray searches. Persic et
al. [71, 72] searched for X-ray emission from superclusters in the HEAO-1 A2 data, find-
ing no evidence for emission from the gas. Day et al. [73] searched for intra-supercluster
gas in the Shapley supercluster using GINGA scans, and were able to set strong limits on
the X-ray emission. More recently, Bardelli et al. [74] have used ROSAT PSPC data to
claim that there is some diffuse X-ray emission in the Shapley supercluster between two
of its component clusters.

The thermal Sunyaev-Zel’dovich effect provides another potential probe for intra-
supercluster gas. Since this effect is proportional to the line of sight integral of ne, it
should be a more sensitive probe than the X-ray emission for studying the diffuse gas
expected in superclusters. The angular scales of the well-known superclusters are large
(degrees), so that the COBE DMR database is the best source of information on their
Sunyaev-Zel’dovich effects: ground-based work is always on too small an angular scale,
and the balloon searches do not cover such a large fraction of the sky at present.

Limits to the average Sunyaev-Zel’dovich effects from clusters of galaxies (and their
associated superclusters) were derived by Banday et al. [75] through a cross-correlation
analysis of the COBE DMR 4-year data with catalogues of clusters of galaxies. The
result, that the average Sunyaev-Zel’dovich effect is less than 8µK (95 per cent confidence
limit at 7 angular scale), suggests that these Sunyaev-Zel’dovich effects are not strong.
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Figure 2.7: The geometry for the discussion of the kinematic Sunyaev-Zel’dovich effect,
as seen in the frame of an observer at rest in the Hubble flow.

However, although population studies of this type show that average superclusters do not
contain atmospheres with significant gas pressures, the COBE DMR database can also be
searched for indications of a non-cosmological signal towards particular superclusters of
galaxies.

2.7 Kinematic Sunyaev-Zel’dovich Effect

The kinematic S-Z effect is caused by the movement of the galaxy cluster responsible for
thermal S-Z effect relative to Hubble flow. Thus, in the reference frame of the scattering
gas the cosmic microwave background will appear anisotropic which inverse Compton
scattering will cause to become isotropic again. In doing so, it causes the radiation field at
the observer to become less isotropic, and thus there is a distortion towards the scatterer
with amplitude proportional to τevz

c
, where vz is the peculiar velocity of the scattering bulk

[6, 76, 77, 78, 79, 80]. The kinematic S-Z Effect is found to have different spectral nature
than thermal S-Z effect and hence the two can be separated. The kinematic S-Z effect
is also shown in Fig. (2.1) and one can see that the optimum frequency band to observe
the kinetic effect is near the thermal null at ∼ 218GHz, thus reducing contamination
from thermal signal. In addition to thermal contamination, the kinematic effect has an
unfortunate feature of the intensity spectrum identical to the CMBR. This means that
CMBR fluctuations cannot be distinguished from kinematic S-Z effect. To derive the
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expression for CMBR temperature distortion due to the kinematic S-Z effect on can either
start with the Boltzmann equation [81, 82] or use the radiative transfer equation [8]. As in
the thermal Sunyaev-Zel’dovich effect, we will start with Boltzmann equation Eq. (2.1)
in order to investigate the collision effect. Again, the correction terms for the Bose and
Fermi statistics can be neglected. From Eq. (2.1), we have for Kinematic S-Z effect,

ṅ(θ, ν) =

∫
dp′

∫
dσ

dΩ
dΩ [n(θ′, ν ′)− n(θ, ν)] fe(p

′), (2.69)

using the assumption that the energy transfer is small and hence ν ′ ∼ ν, so that there is
no recoil and fe(p) ≈ fe(p

′).

In the simple case of an electron gas moving with constant velocity, the electron
density can be expressed as being proportional to a Dirac delta distribution fe(p) =

neδ(pe − p) which implies,

ṅ(θ, ν) = ne

∫
dσ

dΩ
dΩ [n(θ′, ν ′)− n(θ, ν)] fe(p

′). (2.70)

Using the differential Thomson cross section and an ideal Planck distribution for the pho-
ton density, one obtains,

ṅ(θ, x) = 2πne

∫ +1

−1

3σt
16π

(
1 + cos2 θ′

)
d cos θ′

[
1

ex′ − 1
− 1

ex − 1

]
, (2.71)

with x = hν
kBTγ

. Dividing n(θ, x) and integrating along the line of sight yields,

∆n(θ, x)

n
=

3

8

∫
dlσtne

∫ +1

−1

(
1 + cos2 θ′

)
d cos θ′

[
ex − 1

ex′ − 1
− 1

]
. (2.72)

Using relativistic transformation into the rest frame of the electron and the corresponding
back transformation. Assuming that the change in frequency by Compton scattering is
negligible, the frequency changes because of the change in direction of the photon is,

ν ′ = νγ2(1 + βz)(1− βz cos θ
′), (2.73)

where we have used the relativistic transformation from CMBR rest frame to electron rest
frame as,

ν̃ = νγ(1 + βz). (2.74)
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Hence,

x′ = xγ2(1 + βz)(1− βz cos θ
′) (2.75)

≈ x(1 + βz)(1− βz cos θ
′). (2.76)

A Taylor expansion of n(θ, ω′) in vz up to second order gives,

1

ex′ − 1
=

1

ex − 1
− (1− cos θ′)

xβze
x

(ex − 1)2
+O(v2z), (2.77)

where vz is the velocity of cluster in the line of sight. Eq. (2.77) can be inserted in Eq.
(2.72) giving,

∆n(θ, x)

n
≈ 3

8

∫
dlσtne

∫ +1

−1

(
1 + cos2 θ′

)
d cos θ′[

(ex − 1)

(
1

ex − 1
− (1− cos θ′)

xβze
x

(ex − 1)2

)
− 1

]
= −3

8

∫
dlσtne

∫ +1

−1

(
1 + cos2 θ′

)
d cos θ′(1− cos θ′)

xβze
x

ex − 1
. (2.78)

Because cos θ′ is an odd and 1+cos2 θ′ an even function, the part proportional to cos θ′ can
be dropped, since its integral is 0. The integration for the remaining term can be carried
out very easily and results in,

∆n(θ, x)

n
=

∆I(θ, x)

I

≈ − xβze
x

(ex − 1)

∫
dlσtne

= − xβze
x

(ex − 1)
τe (2.79)

⇒ ∆I ≈ −I0βzτe
x4ex

(ex − 1)2
. (2.80)

The fractional change in temperature is given by,

∆T

Tγ
≈ −vz

c
τe. (2.81)

This spectral form corresponds to a simple decrease in the radiation temperature as stated
by Sunyaev & Zel’dovich [83].
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It would be very difficult to locate the kinematic S-Z effect in the presence of the
thermal S-Z effect at low frequency. The ratio of the brightness temperature caused by
the effect is,

∆Tkinematic

∆Tthermal

=
1

2

(
vz
mec2

)−1

= 0.085
( vz

1000 km−1

)(
kBTe
10 keV

)−1

, (2.82)

which is small for the expected velocities of a few hundred kms−1 or less, and the typical
cluster temperatures of a few keV. However, the thermal and kinematic effects can be
separated using different spectra: indeed, in the Kompaneets approximation it is easy to
show that the kinematic effect produces its maximum intensity change at the frequency at
which thermal effect is zero.

Thus observations near x = 3.83 (218GHz) are sensitive mostly to the kinematic
effect, but in interpreting such observations it is necessary to take careful account of the
temperature dependence of the shape of the thermal Sunyaev-Zel’dovich effect’s spec-
trum, and of the frequency of the null of the thermal effect. The first strong limits on the
peculiar velocities of clusters of galaxies derived using this technique are now becoming
available as will be discussed in next section.

Clusters of galaxies produce further microwave background anisotropies through the
same space-time effect, if they are expanding or contracting [84, 85]. A contaminating
Sunyaev-Zel’dovich effect must also appear at the same time if an expanding or collapsing
cluster contains associated gas because of the anisotropy of inverse-Compton scattering,
but the sizes of these effects are too small to be detectable in the near future.

An interesting extension of this work would be to use the kinematic S-Z effect from
a radio source to measure the speed of the radio-emitting plasma. Just as for a cluster
of galaxies, the presence of a scattering medium which is moving relative to the CMBR
will produce a kinematic Sunyaev-Zel’dovich effect which is proportional to τe(vzc ), but
whereas vz should be small for a cluster relative to the Hubble flow, the velocity of the
radio-emitting plasma in a radio galaxy may be a substantial fraction of the speed of light,
and a large kinematic Sunyaev-Zel’dovich effect will be seen if the optical depth of the
radio-emitting plasma is sufficient, but the CMBR distortion will be complex and Eq.
(2.81) will be no longer valid.
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2.8 Cluster Peculiar Velocities

The kinematic S-Z effect, which is directly proportional to the radial peculiar velocity,
provides an alternative way to measure the radial peculiar velocity field. The kinematic
S-Z effect signal is independent of the redshift, so radial peculiar velocity derived from
the measurement of the kinematic S-Z effect has a redshift-independent measurement
error, unlike the distance measurements in the traditional redshift-based radial peculiar
velocity surveys. However, kinematic S-Z effect is a small signal (typically a few µK) and
spectrally indistinguishable from the primary CMBR anisotropy (around 100µK), which
makes this measurement a challenging observational effect. The thermal S-Z component,
which is 10 times bigger than the kinematic S-Z effect, also acts as a dominant source
of error for kinematic S-Z effect detection. However, the thermal S-Z signal becomes
zero at around 218GHz, which makes it possible to separate the thermal and the kinetic
components. This makes the kinematic S-Z effect a unique and powerful cosmological
tool. The peculiar velocity can directly be derived from the kinematic S-Z effect after
separating it from the thermal S-Z effect. Only a few attempts to measure the kinematic
S-Z effect have been made, because of contamination by the CMBR.

The first interesting attempts were made by Holzapfel et al. [86]. They observed
Abell2163 (z = 0.02) and Abell1689 (z = 0.183) with SuZIE at 140GHz, 218GHz and
270GHz, which includes and brackets the null in the thermal S-Z effect. They found
peculiar velocities of vz = +490+1370

−880 kms−1 for Abell2163 and vz = +170+815
−630kms−1

for Abell1689. The uncertainties are at 68% confidence and include both statistical as
systematic errors. A reanalization of all the available data for Abell2163, including new
measurements by the OVRO and BIMA S-Z effect imaging systems at 30 GHz agrees
perfectly with the values from Holzapfel et al. [87]. It is remarkable how striking the
agreement between measurements using different techniques and instruments is. Benson
et al. [88] were the first to set constraints on the bulk flow of the intermediate redshift
(z > 0.2) universe towards the cosmic dipole. They did this by using a sample of six
clusters and found a velocity limit of ≤ 1420kms−1 at a confidence level of 95%.

Transverse velocities of galaxy clusters will produce polarized signal in the scattered
CMBR. This polarization will be perpendicular to the cluster velocity and the line of
sight. Although, in frequency integrated light, the level of polarization might be difficult
to detect with the techniques presently available, the polarization has a strong frequency
dependence, increasing towards higher frequencies. For values of transverse velocity
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of 1000kms−1, and an optical depth of 0.02, the degree of polarization at 857GHz is
around 2.10−6. Since the polarization depends on the square of the transverse velocity,
and linearly on the optical depth, certain clusters should show higher polarization. Other
sources of polarization, in particular dust and synchrotron radiation, will contaminate the
signal. However filtering techniques that take into account the characteristic frequency
dependence of this polarization should allow one to extract the signal due to the kinematic
effect. Measured polarization could then be used to infer transverse velocities of clusters.
This question will be elaborated in future work.

Although the kinetic S-Z effect is hard to use because of its weakness in signal and
the contamination by primary CMBR fluctuations, this last result shows that it may be
possible to determine mean peculiar velocities on extremely large scales by averaging
over clusters.

2.9 Quasars and Kinematic S-Z effect

The intergalactic medium near a quasar must be strongly ionized by the quasar’s radiation.
These hot gas bubbles are likely to be over-pressured, and to expand into their surrounding
intergalactic medium. Thus both thermal and kinematic Sunyaev-Zel’dovich effects may
arise near quasars, and we might expect a contribution from quasars in the spectrum of
fluctuations in the CMBR [89]. It is found that the kinematic effect dominates, and can
cause local changes of ≈ 300µK in the brightness temperature of the CMBR on scales up
to ≈ 1 deg. Whether such structures are indeed present in the CMBR will be tested by the
next generation of CMBR surveys.

Sunyaev-Zel’dovich effects may also be seen from the Lyman α absorption clouds
seen in quasar spectra [90]. The expected effects are much smaller, typically only a few
µK and with angular sizes of less than an arc-minute, from the varying numbers of Lyα
systems on different lines of sight. Here again the dominant contribution to the signal is
from the kinematic Sunyaev-Zel’dovich effect, and relies on large velocities acquired by
the Lyα absorbing clouds as large-scale structure forms.

Either of these effects, or possibly a Sunyaev-Zel’dovich effect from a quasar-related
cluster with a deficiency of bright galaxies, or a kinematic effect from colliding QSO
winds [91], might explain the observations of CMBR anisotropies towards the quasars
PHL 957 [92] and PC 1643+4631 [93]. However, the reality of these detections remains



48

in some dispute until they are independently confirmed.

2.10 Observational Techniques

In order to determine the feasibility of observing a particular cluster, some assessment of
the expected S-Z signal is required. The richest clusters of galaxies typically have ye0 ≈
104 (Compton y parameter through cluster center). So for exploration of the thermal S-Z
effect, sensitivity in ∆T

T
units of around 105 is useful. In terms of brightness temperature,

in the Rayleigh-Jeans region, a sensitivity ye0 ≈ 10−5 corresponds to,

∆TRJ = 2ye0T = 55µK. (2.83)

The brightness temperature signal is smaller at higher frequencies, although work in the
secondary peak at about 350GHz (see Fig. (2.5)) may be feasible. In practice, the sensitiv-
ities in Eq. (2.83) is barely adequate for observing the thermal S-Z effect. Extra sensitivity
is always useful in the light of systematic problems with data, and also for probing quan-
tities such as the cluster luminosity function. To detect the kinematic effect a factor of
ten further improvement in sensitivity is required. Since spectral techniques must be used
to separate the thermal and kinematic effects, this sensitivity must be available in several
bands that cover a wide frequency range.

1) Radiometers

The first method used to detect the S-Z effect makes use of existing radio telescopes
on which large periods of observing time are available. These telescopes tend to have
beam-sizes of a few arcminutes at microwave frequencies, which is about the angular
size of moderately distant clusters of galaxies. While relatively little customization is
needed for this, making it relatively inexpensive, but to make accurate measurements long
observation times are needed. For example, to make a measurement with an accuracy of
10µK (brightness temperature) would take in excess of five hours. Many reliable S-Z
measurements have been obtained using single-dish systems, with random measurement
errors < 100µK, and only low-level residual systematic errors (for example from radio
source confusion).

The main problem encountered is emission from the Earth’s atmosphere, which
varies with both space and time. To account for this telescopes will tend to use difference



49

measurements by quickly switching from one location on the sky to another. Another
problem encountered is the difficulty relating the measured signal from the radiometer
to the brightness temperature of the S-Z effect. That is, there is a problem of calibra-
tion. Generally, the absolute calibration of the telescope will be tied to the observation of
planets, which can lead to a source of error.

2) Bolometers

Bolometric systems are quite similar to the radiometer measurements described in
the previous section, with greatly increased sensitivity. Furthermore, bolometric mea-
surements are of interest as they are sensitive outside the Rayleigh-Jeans part of the spec-
trum, thus providing the possibility of separating the thermal and kinematic S-Z effects.
Bolometers themselves are simply small absorbers connected to a heat sink through a
thin insulating link. When incident radiation strikes the absorber it raises its temperature,
which is then measured to extract the initial power. As each absorber is often on the order
of millimeters, an array is needed to obtain useful data.

However, a problem with this technique is the high sky brightness over which the
observations must be made. This implies that telescopes on high, dry sites or balloon
experiments are necessary for efficient observation. Also, as in radiometric work, there
is the problem of calibrating the data into absolute temperature. Again, the calibration is
typically made through reference to the brightness of planets, which limits the accuracy
of intensity measurements to about 6 per cent.

3) Interferometers

The two previous techniques are best suited for large-scale surveys searching for or
examining galaxy clusters for only moderate angular resolutions. Radio interferometry,
on the other hand, is a powerful method for making images of S-Z effects. These images
can mostly be used in comparison with X-ray emission images. Also radio interferometry
operates differently from the previous two, thus it suffers from other systematic difficulties
and can provide an independent view.

Since radio interferometers are typically designed to maximize the angular resolu-
tion there is some maximum angular scale of structure that can be imaged by interfer-
ometers. The S-Z effect for clusters of galaxies has angular scales of several arcminutes,
which will not be visible using an interferometer. As such a radio interferometer has
difficulty detecting the S-Z effect, so a smaller interferometer is needed.
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2.11 Summary

In this chapter, we presented the mathematical aspects of the Sunyaev-Zel’dovich effect
and its cosmological significance in probing large scale structure of universe. We dis-
cussed the Comptonization of the CMBR by hot electrons and derived the amplitude
and spectral dependence for both thermal and kinematic Sunyaev-Zel’dovich effect. We
started with Boltzmann equation and developed expression of Kompaneets equation for
non-relativistic case. It was found that, for Rayleigh-Jeans limit, the thermal S-Z expres-
sion is equal to −2y and thus there would be decrease in brightness temperature of the
CMBR sky towards any object containing hot gases like galaxy clusters, quasars etc. It
was interesting to see that for non-relativistic case the spectral features of thermal S-Z
effect did not dependent on the scattering medium and that too was the case in cross-over
frequency where thermal S-Z effect vanishes. We then formulated relativistic expression
of thermal S-Z effect which becomes necessary if the plasma is very hot (Te ≥ 10K).
However with the relativistic treatment of the thermal S-Z effect it was found that the fi-
nal result would depend on the temperature of the IC gas. Cross-over frequency was also
found to have a weak dependence on electron temperature in contrast to constant value
3.83 predicted for non-relativistic case. The difference between non-relativistic and rela-
tivistic case is found to be insignificant for temperature below 5keV. We also discussed the
non-thermal S-Z effect which becomes important while considering radio halos and radio-
galaxies. The additional degree of Comptonization do to these non-thermal electrons is
negligibly small when compared with thermal S-Z effect. Finally we ended discussion
on thermal S-Z effect by considering it as possible probe of superclusters which in turn
can give us information on the formation of large scale structure of the universe. Expres-
sion for kinematic S-Z effect was also obtained using Boltzmann equation, but this effect
turned out to be very small and can be accurately determined at cross-over frequency
where additional distortion due to thermal S-Z effect is absent. It was described as to how
accurate measurement of it can probe the large scale velocity fields in the distant universe.
For quasars kinematic S-Z effect dominates over thermal S-Z effect and can lead to pos-
sible probe for it. At the end of this chapter, we discussed methods of detection of S-Z
effect, and their virtues and deficiencies.



Chapter 3

Cluster Cosmology with
Sunyaev-Zel’dovich Effect and X-ray
Observations

3.1 Introduction

Galaxy clusters can be studied in order to probe the growth and dynamics of universe. We
study galaxy clusters by analyzing the electromagnetic radiation that they emit. S-Z effect
and X-ray emission are the two mechanisms mostly used for studying galaxy clusters. The
S-Z effect, which is a spectral distortion of the Cosmic Microwave Background radiation,
is proportional to the integrated pressure along the line of sight, ∆T ∝

∫
neTedl. The hot

gas of the ICM, which make up most of the baryonic mass of the cluster, also emit radi-
ation strongly in the X-ray range of the spectrum by the way of thermal bremsstrahlung.
The X-ray surface brightness scales as S ∝

∫
n2
eΛeHdl, where ΛeH is a cooling function.

Fig. (3.1) illustrates the S-Z effect and X-ray bremsstrahlung emission from clusters. Tak-
ing the advantage of the different density dependences and with some assumptions about
the geometry of the cluster the distance to the cluster may be determined [94, 95, 96, 97,
98, 99]. Using a sample of clusters at different redshifts, one can determine the curve
for angular diameter distance as a function of redshift and from this curve determine the
expansion rate of universe, H0, known as Hubble constant.

These procedures assume cluster gas to be spherical, unclumped and isothermal.
Almost all cluster, however, show departures from this simplistic model with some or
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Figure 3.1: The Sunyaev-Zel’dovich effect is proportional to the internal pressure of the
ICM integrated along the line of sight through the cluster,

∫
neTedl, where ne is the

electron number density and Te is the electron gas temperature. X-ray bremsstrahlung
emission from galaxy clusters is caused by the acceleration of free electrons by ions in
the ICM. This effect is proportional to

∫
n2
eΛeHdl where ΛeH is the cluster’s X-ray cooling

function. Source-http://physics.princeton.edu/act/papers/sfrazierJP.pdf.

large extent. Departure from this model may lead to systematic errors in the determi-
nation of different cosmological parameters. In large, unbiased sample of clusters with
random orientations, the statistical uncertainty should cancel to large degree. In this chap-
ter, we will first discuss cluster morphology with X-rays. We then describe the method
of measurement of angular diameter distances to galaxy clusters. This method employs
measurements of S-Z effect and X-ray emission from clusters. Equipped with the angular
diameter distance and redshift of a cluster a value of Hubble constant can be determined
given an assumed cosmology. The beauty of this method is that it is completely inde-
pendent of other techniques and that it can be used to measure distances at high redshifts
directly.
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3.2 Cosmology and Distance Measures

Modern cosmology has its origin in Edwin Hubble discovery of redshift-distance rela-
tionship. Using Cepheid variables as a standard candle together with spectroscopic ob-
servations of galaxies he found that the apparent recessional velocity, v of a galaxy was
related to its distance as

v = H0d, (3.1)

where H0 is the Hubble constant, typically expressed in units kmsec−1Mpc−1. Such a re-
lationship occurs naturally in the context of general relativity. The simplest cosmological
solution to Einstein field equations are not static, but imply a space-time metric which
changes as a function of time. Under the assumptions of isotropy and homogeneity, we
find that the time independence of the metric is contained in a single factor R(t) which
corresponds to overall expansion or contraction of space. It can be then shown that for
small value of d the constant H0 is simply,

H(t0) ≡ H0 =
ȧ(t0)

a(t0)
. (3.2)

In this work, we will denote the present time by t0 and the current values of dynamic
variables by H0, a0, etc. The Friedmann equation governs the dynamic evolution of a,
which for flat universe has form,

ȧ(t)2 =
8πG

3
ρma(t)

2 +
Λ

3
a(t)2, (3.3)

whereG is the gravitational constant, Λ is the cosmological constant, and ρm is the matter
density of the universe. The matter density scales inversely as the volume of the universe
so we write ρm = ρ0

a(t)3
.

Now we define the critical density of the universe (the density at which the universe
is flat) as,

ρc =
3H(t)2

8πG
. (3.4)

For convenience, we define the dimensionless density of the universe as,

Ωm =
ρm
ρc

=
8πGρm
3H2

ΩΛ =
Λ

3H2

 . (3.5)
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For our flat universe, with these definitions we can rearrange the Friedmann equation into
the form [100],

Ωm + ΩΛ = 1

H(t) = H0

(
Ωm,0

a(t)3
+ ΩΛ,0

) 1
2

 . (3.6)

Because the universe is constantly expanding, there are multiple ways to define a
distance measure. The redshift z of an object is defined as the fractional Doppler shift of
the light emitted by the object as it moves away (or towards) us. Redshift is given by

z =
νe
νo

− 1 =
λo
λe

− 1, (3.7)

where νe and λe are the emitted frequency and wavelength and νo and λo are the ob-
served frequency and wavelength. Redshift serves as a distance measure because in our
expanding universe more distant objects have higher redshifts. Redshifts can be related
to the scale factor of the universe by nothing that the wavelengths of the radiation scales
linearly with size of the universe, so that we have

λo
λe

=
1

a(t)
= 1 + z, (3.8)

where it is assumed that the observations is occurring now so that a0 = a(t0) = 1 and t
is the time to which we are looking back, which is the time of emission of the radiation.
Using Eq. (3.8) we can rewrite the Friedmann equation in terms of redshift as,

H(z) = H0

√
Ωm,0(1 + z)3 + ΩΛ,0 = H0E(z), (3.9)

where
E(z) =

√
Ωm,0(1 + z)3 + ΩΛ,0. (3.10)

Let us define a set of co-moving coordinates that do not change as the universe ex-
pands. That is, the co-moving coordinates are constant with time for an object that moves
solely with the expansion of the universe. In these Coordinates, the distance between any
two objects at a time t is given by

d(t) = a(t)Dc =
Dc

1 + z
, (3.11)
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where d(t) is the proper distance, Dc is the constant co-moving distance, and a(t) is the
scale factor. Because a0 = 1, the co-moving distance is the proper distance as measured
today.

The line of sight co-moving distance can be calculated by considering a light ray
traveling from an object to its observer as the universe expands. The light travels a dis-
tance cdt, but this distance is stretchered by the expansion of the universe. Therefore, we
integrate over all the small distances along the trajectory of the light ray from the time of
emission to the time of observation (now), obtaining the relation

Dc =

∫ to

te

cdt

a(t)
. (3.12)

From Eq. (3.8) we obtain the relation dz
da

= −1
a(t)2

. Taking the function E(z) and the
definition ofH(z) in terms of scale factor, we obtain the relation dt

a(t)
= −dz

H0E(z)
. Therefore,

the total line of sight distance is given by [101],

Dc =
c

H0

∫ z

0

dz′√
Ωm,0(1 + z′)3 + ΩΛ,0

. (3.13)

The Hubble flow is the uniform expansion of the universe. Any velocity due to motion
other than the expansion of the universe is known as peculiar velocity. The comoving
distance is constant over time between two objects locked in the Hubble flow with no
peculiar velocities. It gives us the distance as of today to an object that we are viewing,
even though we are viewing the object as it was in the past when it was closer to us.

For our study of galaxy clusters, we will be interested in transverse separation: sep-
arations between two objects at the same redshift (dz = 0) which are observed at the
same time but are separated on the sky by some angle δθ. We denote Ds the co-moving
distance perpendicular to the line-of-sight between two objects which are separated by an
angle δθ. For a flat space-time Ds = Dcδθ, so Dc relates an observed angle co-moving
separation on the sky. However, we want a distance measure that relates an observed an-
gle on the sky to the proper distance between two objects at the time the light was emitted.
To obtain this we simply multiply the co-moving distance Dc by the scale factor at the
time of emission, a(t), which is equivalent to dividing by (1 + z). This gives the angular



56

Figure 3.2: Angular diameter distance as a function of redshift. Hubble parame-
ter: H0 = 50kms−1Mpc−1 (dashed line), H0 = 70kms−1Mpc−1 (solid line), and
H0 = 100kms−1Mpc−1 (dotted line). Here Ωm = 0.26, ΩΛ = 0.74. Source-
http://physics.princeton.edu/act/papers/sfrazierJP.pdf.

diameter distance, Da [101],

Da =
c

H0(1 + z)

∫ z

0

dz′√
Ωm,0(1 + z′)3 + ΩΛ,0

. (3.14)

The angular diameter distance is the ratio of an object’s physical transverse size to its
angular size (in radians). It is useful because it converts angular separations in telescope
images into proper distance separations at the source. It will be the distance measure of
interest for this study. It has the strange property that it does not increase indefinitely
as the redshift of the object increases. Rather, at z ≈ 1.5 it turns over and begins to
decrease. This is because it is inversely proportional to the object’s size on the sky. Due
to the constant expansion of the universe, as an object’s distance from us increases and
there is a point (z ≈ 1.5) where the object will appear larger on the sky the farther away
it is because it is larger compared to the relative size of the entire universe at that time. At
this point, the angular diameter distance will begin to decrease because the angular size
will increase. Fig. (3.2) shows how angular diameter distance varies with z.

Very often it is necessary to relate a radiation flux S measured on earth to the objects
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luminosity L. In Euclidean geometry these are related as,

S =
L

4πd2
. (3.15)

One may now define the luminosity distanceDl, so that Eq. (3.15) holds true with d = Dl

for any space-time. The luminosity distance is given by

Dl = (1 + z)Dc = (1 + z)2Da, (3.16)

such that [101],

Dl =

√
L

4πS
, (3.17)

where S is the flux from the source.

3.3 X-ray Emission from Galaxy Clusters

Clusters of galaxies are luminous X-ray sources, with X-ray luminosities ranging from
1043 to 1046 erg s−1 [36]. X-ray emission is expected in ICM which contain gas at tem-
peratures in the order of million kelvins, in which the constituents particles have high
energy. As the gas cools down it emits X-rays. The emission is a combination of
bremsstrahlung and emission lines from highly ionized iron and other heavy elements
[102]. Bremsstrahlung refers to the production of radiation by the acceleration of a
charged particle when deflected by another charged particle. Therefore, the intensity of
bremsstrahlung is proportional to the gas density squared. Spectral lines are the result of
interaction between atoms and photons. Each element has its own characteristic emission
and absorption line, therefore, the analysis of line emission from the gas allows the de-
termination of its chemical characteristics [103]. For cluster temperatures kBT ≥ 2 keV,
the emissivity of thermal bremsstrahlung dominates that from emission lines, but below
2 keV emission lines dominate. ICM typically have temperatures between 107 − 108

(roughly 5− 10 keV), so it is expected that main contribution is from bremsstrahlung.

The bremsstrahlung emissivity integrated over frequencies, defined as the emitted
luminosity L pet unit volume V , is given by [104],

ε =
dL

dV
= neniΛei. (3.18)
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where fe and fi are the number densities of electrons and ions respectively (we assume
that the gas is mostly hydrogen so that ni = nH) where nH is the number density of
hydrogen gas), and Λei = ΛeH is the X-ray cooling function of the ICM in the cluster
rest frame, integrated over frequencies. The luminosity per unit area of the source can be
then obtained by integrating the emissivity along the line of sight through the ICM gas.
However, we want a luminosity per unit solid angle Ω, and changing from unit area to
unit solid angle gives a factor of D2

a (area = D2
adΩ). This yields,

L

dΩ
= D2

a

∫
nenHΛeHdl, (3.19)

for luminosity per unit solid angle. Using Eqs. (3.16) and (3.17) we have,

(1 + z)4D2
aF = D2

a

∫
nenHΛeHdl. (3.20)

The X-ray flux per unit solid angle, or X-ray surface brightness is then given by

Sx =
1

4π(1 + z)4

∫
nenHΛeHdl. (3.21)

We define µj =
ρ

njmp
, as the mean molecular weight per species j, where ρ is the gas mass

density andmp is the mass of the proton. We can then write nH = neµe

µH
in which µH is the

mean molecular weight of the gas per hydrogen ion and µe is the mean molecular weight
of the gas per free electron. Characteristic values for these mean molecular weights are
µH = 1.40 and µe = 1.17. Our final expression for the X-ray surface brightness is then

Sx =
1

4π(1 + z)4
µe

µH

∫
n2
eΛeHdl. (3.22)

3.4 Isothermal β-Model

The gas in a cluster is trapped by the cluster gravitational potential well. If the hot gas is
supported by its own pressure against gravitational inward force, it must obey the equation
of hydrostatic equilibrium. Assuming spherical symmetry, we have,

∇Pgas(r) = −ρgas∇Φ(r), (3.23)
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where Pgas(r) is the radial pressure profile of the gas, ρgas is the mass density of the gas
and Φ(r) is the symmetric gravitational potential. Next we consider the galaxies having
an isotropic velocity dispersion function,

f(~v)d~v = 4πv2f(v)dv, (3.24)

where we assume f(v) is the Maxwellian velocity distribution. The observed line of sight
velocity dispersion of the galaxies is given by,

σ2
r =

1

3

∫
d~v~v2f(~v) =

4π

3

∫
dvv4f(v). (3.25)

The factor 1
3

is present because we are only taking into account consideration the measur-
able line of sight velocity dispersion. Observationally, the line of sight velocity dispersion
is defined as,

σ2
r =

1

N

N∑
i=1

v2i , (3.26)

where the vi’s are the individual galaxy velocities and N is the number of galaxies. Let
ρgal be the mass density of the galaxies. Considering galaxy distribution to be isothermal,
so that σr is constant throughout the cluster we then define galaxy pressure Pgas as,

Pgal = ρgal(r)σ
2
r . (3.27)

We can treat the galaxies as a gas in hydrostatic equilibrium, which gives equation similar
to Eq. (3.23),

∇Pgal(r) = −ρgal∇Φ(r), (3.28)

The galaxy and gas radial distribution, ρgal and ρgas can then be directly related via the
equilibrium equations:

∇Pgas(r)

ρgas
= −∇Φ(r) =

∇Pgal(r)

ρgal
. (3.29)

Using ideal gas equation Pgas(r) = ngas(r)kBT (r), where ngas is the number density pro-
file of the gas molecules and ρgas(r) = µmpngas(r), we obtain for T (r) = T (constant)
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[105, 106, 107]

1

ngas

d((kBT
µmp

)ngas)

dr
=

1

ρgal

d(ρgalσ
2
r)

dr

⇒ dngas(r)

ngas(r)
=
σ2
rµmp

kBT

dρgal(r)

ρgal(r)
. (3.30)

Integrating

ngas = n0

[
ρgal(r)

ρgal(0)

]β
, (3.31)

where
β =

σ2
rµmp

kBT
, (3.32)

and n0 = n(0) is the central number density of gas particles. β simply is the ratio of the
specific kinetic energy of the galaxies to that of the gas and is mostly less than unity. This
clearly implies that the intra-cluster gas has more specific kinetic energy.

Typically, the X-ray surface brightness profile is well fitted by the function form
known as the β-model [107],

Sx(θ) = Sx(0)

[
1 +

θ2

θ2c

] 1
2
−3β

, (3.33)

where Sx(0) is the central surface brightness and θc = rc
Da

is the angular core radius of
the cluster, rc is the core radius. This model has been widely used to fit the X-ray images
of the clusters of galaxies[108]. If one assumes that the diffuse X-ray emitting gas in
cluster is isothermal and spherical Eq. (3.22) can be easily changed to the form of Abel
integration. Inverting the equation one can obtain the gas distribution from the X-ray
surface brightness, for the above standard β-model, Eq. (3.33) [109, 110],

ngas(r) = n0

[
1 +

(
r

rc

)2
]− 3β

2

. (3.34)

If we assume that the electron number density ne(r) follows the total gas molecule
number density ngas(r), then the electron distribution is given by,

ne(r) = ne0

[
1 +

(
r

rc

)2
]− 3β

2

. (3.35)
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This model for the electron number density as a function of radial distance from the cluster
is the isothermal β model. The mass of the hot gas present in the ICM is determined by
the integration of the gas density profile,

Mgas = 4π2ρ0

∫
r2

[
1 +

(
r

rc

)2
]− 3β

2

. (3.36)

We also have a more sophisticated cluster gas model that takes into account temperature
profile. A motivation for considering this model is to assess the biases arising from the
isothermal assumption. The assumption of isothermality of the intra-cluster medium is not
always valid as some clusters can host cool cores. The non-isothermal double β model
uses second β model component to describe the sharply peaked X-ray emission present
in the cores of some clusters [111, 112]. The density profile of the double-β model is
expressed by,

ne(r) = ne0

f [1 + (
r

rc

)2
]− 3β

2

+ (1− f)

[
1 +

(
r

r′c

)2
]− 3β

2

 , (3.37)

where the two core radii, rc and r′c describe the narrow, peaked central density compo-
nent and the broad, shallower density profile, respectively, and f represents the fractional
contribution of the narrow, peaked component to the central density ne0 (0 ≤ f ≥ 1).
This model have enough freedom to simultaneously fit the X-ray surface brightness in the
outer region and the central emission excess seen in some clusters.

Recent high resolution N-body/hydrodynamical simulations of structure formation
in standard cold dark matter (SCDM) cosmological models have strongly suggested that
the dark matter halos of clusters scales could be generally described by universal density
profile proposed by Navarro, Frenk, and white (NFW) [113, 114],

ρ(r) =
ρs

r
rs
(1 + r

rs
)2
, (3.38)

where rs and ρs are the characteristic scaling radius and density, respectively. This enables
one to predict profile of the gas and X-ray surface brightness. If one assumes that the
diffuse X-ray emitting gas in cluster is isothermal and traces the gravitational potential
define by NFW profile Eq. (3.38) and neglecting the gas and galaxy contribution to the
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Figure 3.3: Electron number density of the cluster Abell 1689 given by the X-ray surface
brightness fitting parameters plotted verses angular distance from the cluster center [105].

Figure 3.4: Resulting S-Z thermal temperature decrement profile (mK) of a cluster Abell
1689 from β-model, double β-mode and the universal density profile [105].
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gravitational potential, the NFW profile predicts an analytic form of electron density

ne(r) = ne(0)e
−α

[
1 +

r

rs

] α

( r
rs ) , (3.39)

where α =
4Gπµgasmpρsr2S

kBTgas
. We can adopt these three models i.e standard β model, double

β model and the profile from NFW dark matter halo to fit the observed X-ray surface
brightness profile Sx of the cluster, which yields the core radius rc(rs) and β(α) param-
eters. After obtaining the model parameters through fitting the X-ray surface brightness,
it is straight forward to calculate the resulting electron number density. Electron number
density of the cluster Abell 1689 from the three different models is shown in Fig. (3.3).
With the electron number density of the cluster it is easy to calculate S-Z effect. Fig.
(3.4) shows the resulting S-Z temperature decrement (R-J region) profiles of the cluster
Abell 1689 from the three models considered. The predicted effect profile from standard
β model and NFW dark matter halo are similar except the value is little deeper at center
for NFW profile.

The isothermal β-model is, however, a simple model. It provides a good fit to ob-
served cluster profiles in the intermediate range 100Kpc ≤ r ≤ 1Mpc [115], and this
range often contains enough information so that fitting the β model to the data still pro-
vide the useful information. Many recent studies of galaxy clusters still use the β-model.
They often exclude the central 100Kpc of the X-ray data in order to avoid the compli-
cated core physics in which the non-equilibrium physics dominates and they also do not
fit the model to the data in the outskirts of the cluster because the density profiles drop off
more faster in the outskirts of clusters (r ≥ 1Mpc). They fit the model to the data in the
intermediate region and then extend this fit into the other two regions, which turns out to
be a reasonable approximation in many cases. Therefore the β model can still be used for
ICM if it is applied correctly.

3.5 Determining Angular Diameter Distances and Hub-
ble Constant

We now briefly describe the method used to determine Hubble constant on the basis of
S-Z effect. As said earlier this method uses two observable quantities which are spec-
ified by the hot gas in cluster of galaxies; one is the temperature decrement ∆T

T
of the
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cosmic microwave background radiation due to S-Z effect; the other is the X-ray surface
brightness Sx of the cluster of galaxies. Theoretically from Eqs. (3.22) & (2.40) [116,
117],

Sx =
1

4π(1 + z)4
µe

µH

∫
n2
eΛeHdl (3.40)

∆TRJ = −2T
kBσt
mec2

∫
neTedl. (3.41)

It is convenient to express the electron concentration and temperature in terms of a refer-
ence electron concentration (which will be taken to be central electron concentration and
temperature here as done earlier , although the values at any fiducial point may be chosen)
and the dimensionless form factor describing the angular structure of the atmosphere in
density fn(θ, φ, ζ) and temperature ft(θ, φ, ζ),

ne(r) = ne0fn(θ, φ, ζ)

Te(r) = Te0ft(θ, φ, ζ)

}
, (3.42)

where a cylindrical angular coordinate system has been used. Here, θ is the angle from
a reference line of sight, ζ is the angular measure of distance (l = ζDa), and φ is an
azimuthal angle about reference line. Then the ΛeH may be written as

ΛeH = ΛeH0fΛ(θ, φ, ζ). (3.43)

If the intracluster medium is isothermal, then ft and fΛ will be equal to unity- temperature
and X-ray spectral emission are constant over cluster.

The expressions for X-ray surface brightness and Sunyaev-Zel’dovich effect then
becomes,

Sx(θ, φ) =
1

4π(1 + z)4
n2
e0ΛeH0Da

µe

µH

∫
f 2
nfΛdζ

≡ NxΘ1 (3.44)

∆TRJ(θ, φ) = −2T
kBσt
mec2

Te0ne0Da

∫
fnftdζ

≡ −NRJΘ2, (3.45)
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where the structural information on the cluster is contained in angles,

Θ1(θ, φ) =

∫
f 2
nfΛdζ (3.46)

Θ2(θ, φ) =

∫
fnftdζ. (3.47)

and

Nx =
1

4π(1 + z)4
n2
e0ΛeH0Da

µe

µH

(3.48)

NRJ = 2T
kBσt
mec2

Te0fe0Da. (3.49)

If Nx and NRJ can be measured from X-ray and Sunyaev-Zeldovich data, and the den-
sity and temperature structure function of the atmosphere are known, then the angular
diameter distance of the cluster can be found as,

Da =
N2

RJ

Nx

(
mec

2

kBTe0

)2
µe

µH

ΛeH0

16πT 2σ2
t (1 + z)3

. (3.50)

Alternatively, the reference density ne0 may be deduced in a distance independent manner
by eliminating Da as,

ne0 =
NRJ

Nx

(
mec

2

kBTe0

)
µe

µH

ΛeH0

8πTσt(1 + z)3
. (3.51)

Once the angular diameter distance to a galaxy cluster is determined, one can estimate the
Hubble parameter given the cluster redshift and assumed cosmology by rearranging Eq.
(3.14),

H0 =
c

Da(1 + z)

∫ z

0

dz′√
Ωm,0(1 + z′)3 + ΩΛ,0

. (3.52)

Sine the intrinsic (three dimensional) density and temperature structures of the clusters
and hence fn, ft and fΛ are unknown it is clear that a wide variety of such structures are
likely to be capable of reproducing the noise measurements of the spectrum Sx and ∆TRJ

after allowing for convolution with the response of telescope used. For this reason, some
assumptions about the forms of fn, ft and fΛ are crucial to extracting the angular diameter
distance and hence the value of H . We have briefly discussed these assumptions in the
previous section and the three main assumptions are listed below
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1) It will be assumed that the atmosphere is isothermal so that Te(r) = Te0 = Tiso,
the central gas temperature. This has a effect of factoring the temperature out of the
problem: ΛeH(Te) becomes constant ΛeH0 ≡ Λe(Te0) and fΛ = ft = 1.

2) It will be assumed that the atmosphere is spherical so that ne(r) may be written
as a function of r, the distance from the cluster center. Thus fn = fn[(θ

2 + ζ2)
1
2 ].

3) It will be assumed that the gas distribution follows β model i.e Eq. (3.35), so that

fn =

[
1 +

(
θ2 + ζ2

θc

)]− 3β
2

. (3.53)

With these assumptions about the form factors, the angles Θ1 and Θ2 are independent of
φ and may be expressed as simple functions of angular offset from the projected cluster
center, θ, core radius, θc and the energy parameter, β.

It is clear that if completely general forms for fn and ft perhaps involving substantial
small-scale density and temperature structures (clumping) are allowed, then it is unlikely
that any X-ray and S-Z effect can provide sufficient constrain on the functions for H to be
determined unambiguously. However, provided that the mean values of the density and
temperature vary slowly over the cluster, and that the amplitude and type of the clump-
ing are also not strong functions of position, strong conclusions in the value of Hubble
constant can still be obtained.

Explicitly,

Θ1 =

∫
f 2
ndζ

= θc

∫ [
1 +

(
θ2 + ζ2

θ2c

)]−3β

d

(
ζ

θc

)
=

√
π
Γ(3β − 1

2
)

Γ(3β)
θc

[
1 +

θ2

θ2c

] 1
2
−3β

(3.54)

Θ2 =

∫
fndζ

= θc

∫ [
1 +

(
θ2 + ζ2

θ2c

)]−3β
2

d

(
ζ

θc

)
=

√
π
Γ(3β

2
− 1

2
)

Γ(3β
2
)

θc

[
1 +

θ2

θ2c

] 1
2
− 3β

2

. (3.55)
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where we have used the following identity in Eqs. (3.54) and (3.54),∫
(1 + A2 +B2)−CdA =

√
π
Γ(C − 1

2
)

ΓC

(
1 +B2

) 1
2
−C

, (3.56)

where Γ is a gamma function.

From Eq. (3.44) and (3.45), we get,

Sx(θ) =
1

4π(1 + z)4
n2
e0ΛeH0rc

µe

µH

√
π
Γ(3β − 1

2
)

Γ(3β)

[
1 +

θ2

θ2c

] 1
2
−3β

= Sx0

[
1 +

θ2

θ2c

] 1
2
−3β

(3.57)

∆TRJ(θ, φ) = −2T
kBσt
mec2

Tisone0rc
√
π
Γ(3β

2
− 1

2
)

Γ(3β
2
)

[
1 +

θ2

θ2c

] 1
2
− 3β

2

.

= ∆T0

[
1 +

θ2

θ2c

] 1
2
− 3β

2

, (3.58)

where Sx0 and ∆T0 are the central values of X-ray surface brightness and S-Z temperature
change (r = 0).

Since both central temperature decrement and X-ray surface brightness are observed,
one can then combine Eqs.(3.57) and (3.58) to estimate the core radius [116] as,

rc,est =

[
∆T
T

]2
obs

Γ(3β − 1
2
Γ
(
3β
2

)2
[Sx]obsΓ

(
3β
2
− 1

2

)2
Γ(3β)

µe

µH

×

m2
ec

4ΛeH

16π
3
2 (1 + z)4σ2

t k
2
BT

2
e,fit

[
1 +

(
θ

θc

)2
]− 1

2

. (3.59)

In the above equation Te,fit is the X-ray flux averaged temperature obtained from fitting
the observed X-ray spectrum to the theoretical spectrum expected from isothermal case.
This X-ray emission weighted temperature is given by

Te,iso =

∫ rvir
0

Te(r)ΛeHn
2
er

2dr∫ rvir
0

ΛeHn2
er

2dr
, (3.60)
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where rvir is the virial radius of the cluster and its choice depends on the observer. Here,
we also can get the estimate of Da =

rc
θc

and hence the Hubble constant.

As can be seen from Eq. (3.60), the value ofH depends crucially on the assumptions
of isothermality and β-model density distribution of the cluster. Cooling flow changes
both these and so it can significantly affect the value of the Hubble constant. This will be
discussed in the last section of this chapter.

3.6 Aspherical Cluster Atmosphere

Simple limits to the effects of asphericity on the estimate of the Hubble constant can be
deduced by supposing that the atmosphere is prolate or oblate, rather than spheroidal,
with the unique axis oriented along the line of sight. This is, in a sense, the most extreme
variation of the geometry of the original spherical model: if the unique axis is oriented
in any direction, some changes in the shape of the X-ray isophotes should be measured.
However, if the unique axis lies along the line of sight, then the apparent X-ray surface
brightness (or Sunyaev- Zel’dovich effect; or galaxy distribution) will have a circular
symmetry, and it will be difficult to determine that such a distortion of the cluster exists.

If the orientation of the unique axis is along the line of sight, with the core radius of
the gas density distribution in the z-direction larger by a factor Z than the core radii in the
other two directions, the density form factor will follow[117, 118],

fn =

[
1 +

x2 + y2 + z2

Z2

r2c

]− 3β
2

=

[
1 +

θ2 + ζ2

Z2

θ2c

]− 3β
2

. (3.61)

Z > 1 corresponds to a prolate gas distribution, while Z < 1 corresponds to an oblate
distribution. With this modification, the expressions for Θ1 and Θ2 remain valid, while the
Nx and NRJ both increase by a factor of Z. Eq. (3.50) for the angular diameter distance
is also modified, and becomes,

Da =
N2

RJ

Nx

(
mec

2

kBTe0

)2
µe

µH

ΛeH0

16πT 2σ2
t (1 + z)3

1

Z
. (3.62)
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So that the value of Da calculated assuming Z = 1 will differ from the true angular
diameter distance of the cluster by a factor

Da(true)
Da(estimated)

=
1

Z
. (3.63)

If the cluster is highly prolate Z � 1, then the true angular diameter distance will be
much smaller than distance deduced on the basis of Eq. (3.50) and hence the value of
Hubble constant estimated will be an underestimate.

3.7 Recent Results on Hubble Constant

The following is a brief overview of some recent results given by the S-Z effect as given in
a review by Rephaeli [10] and some more recently published values from Mason, Meyers,
and Readhead [119], Reese et al [95], and an improved method carried out by Schmidt,
Allen, and Fabian [98].

Before 1995, the practical complications were the main cause in the varied range
in values for H0. In a review of the literature that had been published from 1990 to
1995, Rephaeli [10] listed a table with the measured values of H0 as determined from 7
separate clusters, with some duplication. There was a very wide range of values, from
approximately 24 to 82 kms−1Mpc−1, with an average of H0 = 54kms−1Mpc−1. Mason,
Myers, and Readhead [119] studied Seven clusters with z < 1 using the same method as
had been done in the previous review with a range from 36 to 102kms−1Mpc−1 and an
average of 64 kms−1Mpc−1 for a standard cold dark matter (SCDM) cosmology and 66
kms−1Mpc−1 for a flat Λ CDM cosmology. Reese et al. [95] determined distances to 18
galaxy clusters (0.14 < z < 0.78) and the final result was H0 = 60kms−1Mpc−1 for an
ΩM = 0.3, ΩΛ = 0.7 cosmology. In one of the most recent papers Schmidt, Allen, and
Fabian [98] published an improved method was presented for predicting the effect and
carrying out the observations. The main advantage to their new method was extrapolating
a pressure profile of the X-ray gas, allowing the Comptonization parameter to be predicted
precisely. Applying their method to Chandra observations of three clusters, they found
H0 = 69 ± 8 kms−1Mpc−1 for an ΩM = 0.3, ΩΛ = 0.7 cosmology. This result is in
excellent agreement with the recent value of H0 = 71.1 ± 2.5kms−1Mpc−1 from seven
year WMAP data [27].
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3.8 Systematic Errors in the Hubble Constant

The values of Hubble constant based on measurements of the Sunyaev-Zel’dovich effect
in the clusters of galaxies are systematically lower than those derived by other methods
like Cepheid variable stars. In particular, it has been found that non-isothermality, non-
spherical, clumpiness of the ICM and a host of other factors can give rise to either over
or under estimation of the Hubble constant [120, 121]. At present, the observational
uncertainties are, perhaps the biggest source of error in the determination of H0. Here we
briefly summarize a few of the uncertainties.

1) The first uncertainty in the determination of Hubble constant comes from Eq.
(3.57) and (3.58). These equations were derived under the assumption of the cluster being
infinite size. This is surely not the case, and the cluster can extend only up to some finite
size given by Rcl, and fe = T = 0 for r > Rcl. Integrating analytically, the Gamma
function in these equations must be changed to a combination of Beta and incomplete-
Beta functions. As a result, the observed values of ∆T

T
and Sx would be lower than their

estimates based on the assumption of an infinite cluster. Also, due to the the fact that the
S-Z profile is more extended than X-ray profile, it is seen that the ∆T

T
is lower by 5−10%.

However, the X-ray surface brightness is almost unchanged.

2) Another systematic uncertainty comes from the assumption of isothermality for
the cluster medium. This can lead to substantial change in S-Z effect and thus the value
of H0 [122, 123]. In obtaining Eq. (3.57) and (3.58) one assumed isothermal temperature
and if there is a temperature gradient, then the estimation of isothermal temperature would
depend on the maximum radius up to which the temperature profile is observed Eq. (3.60).
As it is difficult to obtain spectroscopic temperatures up to large radial distances, the
evaluation of Eq. (3.60) is handicapped. Another source of error is the complicated
dependence of Sx on temperature. However, it is found that this dependence is weak. It
is estimated that non-isothermality can lead to an underestimation of H0 by ∼ 20%, if the
temperature in outer parts of the cluster is lower than in the inner part [124].

3) An important source of statistical error is asphericity of the cluster atmosphere
[117, 125, 126]. As discussed in the earlier section the value ofH0 will be underestimated
if the cluster is prolate and overestimated if the cluster is oblate. Effect of asphericity of
galaxy clusters on the determination of Hubble constant can lead to an error u to 30% for
specific cases [126]. There remains the possibility that this effect can be averaged out in
an ensemble of clusters selected on the basis of integrated X-ray flux.
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4) Clumpiness of the intracluster medium can also be a source of error. The as-
sumption that goes into interpreting the observations is that density variations on scales
that are unresolved are small. However, strong clumping can affect the X-ray emissivity
(∝ n2

e) more than S-Z effect (∝ ne). It can be shown that Da(true)
Da(estimate)

= clumping factor

( <f2
e>

<fe>2 ). Hence if the ICM is significantly clumped, then H0 is overestimated. Unlike
asphericity, clumping cannot be averaged out from the cluster to cluster, since all clus-
ters do have some varying degree of clumpiness [127, 128, 129]. Clumpiness can lead to
overestimation of the Hubble constant by about 10-15% in a SCDM universe [116].

5) Measurements of thermal S-Z effect is always contaminated by the presence of
the kinematic S-Z effect. As long as they are not separated out using multi frequency ob-
servations, the kinematic S-Z effect act as an additional source of temperature distortion.
There can be over or underestimation according to relative sign of cluster velocity. In
CDM universes, cluster velocity can have a range of values between 300-400kms−1 and
hence the error due to the kinematic S-Z effect is generally less than 5%

6) Another source of uncertainty comes from inaccurate knowledge of the X-ray
Bremsstrahlung emissivity, where mostly non-relativistic expression are used. These rel-
ativistic corrections to the S-Z decrement can be important for cluster with T > 5 keV.
Hence, corrections to both Sx and ∆T

T
should be incorporated for more reliable evaluation

of H0. However, the inclusion of relativistic corrections lead to small change in the final
value of H0 of the order of ∼ 1− 2% [118].

7) The value of Hubble constant depends on our knowledge of the cosmological
parameters Ωm and ΩΛ. As long as the redshift of the clusters is less than 0.2, Da does
not change significantly with small variation in the presently acceptable values of the
cosmological parameters. For example, changing deceleration parameter from 0 to 0.5
for Clusters A665 or A2218 (having z ∼ 0.17 − 0.18) would lead to a change in H0 by
∼ 3%. For a high redshift clusters lie CL 0016+16, the changes inH0 due to the different
cosmology can be higher by ∼ 5− 10% [130, 131]

8) Loeb-Refregier effect [132] can lead to underestimation of the Hubble constant
inferred from S-Z effect. Measurement of S-Z effect takes into account the subtraction
of the background radio sources from the cluster field. The gravitational lensing by the
cluster can, however, lead to a systematic deficit in the residual intensity of the unresolved
sources behind the cluster relative to a field far from the cluster center, resulting in the over
estimation of the R-J temperature of the microwave background radiation. This gives rise
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to a systematic bias and can lead to underestimation of H0 by ∼ 5− 10%.

9) Another possible source of error comes from the possible presence of a non-
thermal component of electron population. Large scale hydrodynamics simulations of
clusters show that it may be possible to have a non-thermal pressure, close to the cluster
center, to a significant fraction of the thermal gas pressure. If this is the case, then it would
affect the determination of the dynamical mass and the cluster gas β profile and would
also add a non-thermal S-Z component to the already present thermal distortion.

10) We have studied many possible sources of errors in the determination of the
Hubble constant using S-Z effect. We now turn to another important phenomenon that will
be briefly discussed in the next section which can substantially change the temperature
structure in the innermost of a cluster, viz. a cooling flow and thus be another source of
uncertainty. Cooling flows in the cluster of galaxies is claimed to be well established fact
by now. The idealized picture of a cooling flow is as follows: initially when the cluster
forms the in falling gas is heated due to the gravitational collapse. With time this gas
cools slowly and a quasi hydrostatic state emerges. However, in the central region, where
energy is lost due to the radiation transfer faster than elsewhere, an inward ’cooling flow’
initially arises due to the pressure gradient. This can modify the S-Z decrement and act
as a systematic source of error in the determination of the cosmological parameter.

3.9 Clusters with Cooling Flows

The cooling-flow model was first proposed by Cowie & Binney[133]. Extensive reviews
can be found in Sarazin [108] and Fabian [135]. From the X-ray spectra of clusters, it
is known that the continuum emission is the Thermal Bremsstrahlung in nature and orig-
inates from diffuse intra-cluster gas with densities 10−2cm−3 − 10−4cm−3 and the tem-
perature around 107K−108K which is usually believed to be in hydrostatic equilibrium.
If, however, the density in the inner region is large enough that the cooling time (tcool) is
less than the age of the cluster (ta = H−1

0 ), then there is a cooling flow. Of course, there
will be flow only when the cooling time scale is larger than the gravitational free-fall time
scale, tdyn Thus, for the innermost regions,

ta > tcool > tdyn. (3.64)
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Due to the cooling of the gas, the pressure in the innermost parts drops, and to support
the weight of the overlaying material above some radius, rcool, an inflow takes place to
increase the density and pressure of the innermost region, giving rise to the cooling flow.
A cooling flow is thus essentially pressure driven. The gas continues to cool as it flows
inwards until the adiabatic compression of the inflowing gas counterbalances the radiative
loss. This scenario describes a gas which has an unique temperature and density profile at
each radial distances from the cluster center. But it has been seen that the gas is inhomo-
geneous. However, homogeneous flows are still a good approximation and we will follow
homogeneous cooling flow models. This implies

1) There is a single temperature and density at each r, and

2) The gas density rises inwards and gas temperature drops so that approximate
pressure equilibrium exists.

However, this simplistic picture cannot explain all the observations of the cooling
flows and one has to consider an inhomogeneous multi phase models[135, 136]. The
mass deposition rate, Ṁ , due to cooling (i.e. the accretion rate, although this is a poor
term since most of the gas does not flow in far from rcool) can be estimated from the X-ray
images by using the luminosity associated with the cooling region (i.e. Lcool within rcool)
and assuming that it is all due to the radiation of the thermal energy of the gas, plus the
PdV work done on the gas as it enters rcool,

Lcool =
5

2

Ṁ

µm
kBT (3.65)

where T is the temperature of the gas at rcool. Lcool is similar to the central excess lumi-
nosity and ranges from ∼ 1042 to > 1044ergs−1 and generally represents ∼ 10% of the
total cluster luminosity. Values of Ṁ = 50 − 100M�yr−1 are fairly typical for cluster
cooling flows. Some clusters show Ṁ ∼ 500M�yr−1 (e.g PKS0745, A1795, A2597 and
Hydra A). The main uncertainties in the determination of Ṁ lie in the gravitational con-
tribution to Lcool and the appropriate choice for ta. Assuming ta ∼ 1010yr, the estimates
of Ṁ are probably accurate to within a factor of 2. Empirically, we find that Ṁ is roughly
proportional to t

1
3
a .

In chapter 2, we investigated the prospects to detect gas bulk velocities in clusters of
galaxies through kinematic S-Z effect, which depends linearly on the velocity component
along the line of sight. Bulk motion along a line of sight will contribute to the kinematic
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S-Z term as long as their averaged velocity, in the observer frame, does not vanish. In the
case of cooling flow bulk motion the averaged velocity, in the cluster frame, along a give
line of sight vanishes in good approximation, since we assume spherical symmetric in-
fall. Thus, the cooling flow bulk motion will not contribute as such to the kinematic S-Z
effect. Indeed, the effect we consider depends quadratically on the velocity and clearly,
the averaged quadratic velocity does not vanish along a line of sight in the cluster frame.
The considered effect usually turns out to be small, since the cooling flow bulk veloc-
ities are rather small, unless in the very central regions of cooling flow clusters, where
the cooling flow approaches a sonic radius and changes from subsonic to the supersonic
regime. Nonetheless, in some favorable cases it might be of the order of some percent of
the thermal S-Z effect. In the next section we will outline the dynamics of a homogeneous
steady state cooling flow model in order to get the velocity profile of the bulk motion and
in the last section we derive the modifications to the Kompaneets equation due to the in-
clusion of bulk motion of the scatters inside the cluster frame. This will then enable us
either to obtain better determinations of the Hubble constant or more details on the state
of the cluster.

3.10 Velocity Profiles for a Homogeneous Cooling Flow
Model

We describe the bulk motion by considering a homogeneous steady state cooling flow
where the mass deposition rate Ṁ is constant, negative. No mass drops out of the flow. We
neglect the possible influence of magnetic fields, rotation, and viscosity. In this context,
the cluster is expected to be in a relaxed state, so that hydrostatic equilibrium allows us
to use as isothermal β-model. For spherically symmetry, the cooling flows can thus be
described by a set of Euler equations [137, 138, 139, 140]:

4πr2ρCFv = Ṁ

v dv
dr

+ 1
ρCF

dP
dr

+ GM(r)
r2

= 0

v dE
dr

− Pv
ρ2CF

dρCF

dr
= −ΛρCF

 , (3.66)

Where ρCF and P (r) are the gas density and pressure, respectively, in the cooling flow and
v(r) < 0 is the velocity of the inward directed cooling flow. M(r) is the gravitational
cluster mass inside the radius r and is the sum of baryons and dark matter (Eq. 3.38).
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However, we assume baryonic contribution to the total mass negligible as compared to
dark matter contribution. The internal energy is E(r) = 3

2
θ(r), with the temperature

parameter θ which defines the square of the isothermal sound speed cs:

θ(r) = c2S(r) =
kBTe,CF (r)

µmp

, (3.67)

where µ ≈ 0.63 is the mean molecular weight, mp the mass of proton and Te,CF the
electron temperature in the cooling flow and Λ(θ) is a cooling function, which is defined
so that Λρ2CF is the cooling rate per unite volume. We will use an analytical fit to the
optically thin cooling function as given by [141, 142]:

Λ(θ)

10−22erg cm3 s−1
= 4.7×

[
−
(

T

3.5× 105K

)4.5
]

+0.313× T 0.08 × exp

[(
− T

3.0× 106K

)4.4
]

+6.42× T−0.2exp

[(
− T

2.1× 107K

)4.0
]

+0.000439× T 0.35. (3.68)

This fit is accurate to within 4% for a plasma with solar metallicity 105K≤ T ≤ 108K. For
108K≤ T ≤ 109K, it underestimate cooling by a factor of the order of unity and therefore
is a conservative fit as far as the effect of cooling is concerned.

Upon Eliminating the density ρCF in Eq. (3.66) the two differential equations can
be put in a form suitable for numerical integration [137]:

dv
dr

= v

[
3GM−10rθ+ Ṁ

2π
Λ(θ)

M2v2

]
[r2(5θ−3v2)]

dθ
dr

= 2

[
θ(2v2r−GM)−(v2−θ) Ṁ

4π
Λ(θ)

M2v2

]
[r2(5θ−3v2)]

 (3.69)

These equations have singularities at the sonic radius rs, where 5θs = 3vs. A necessary
condition of singularity is that the numerators of Eq. (3.69) vanish at the sonic radius.
Therefore

rs =
3

10θs

[
GM(r) +

ṀΛ(θs)

10πθsM2

]
. (3.70)

To integrate Eq. (3.69) we have to take into account that both equations have singularities
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and

Figure 3.5: Cooling flow velocity |v(r)| and isothermal sound speed cs(r) as a function of
radius. The mass deposition rate is Ṁ = 300M�yr−1 , rcool = 100Kpc. The initial values
for the integration are v(rcool) = 15km/s and cs(rcool) = 1600km/s [142] .

at the sonic radius rs and where the cooling flow undergoes a trans-sonic transition. The
cooling flow region is limited by cooling radius rcool ≈ 100Kpc−150Kpc.

We stress that our goal is not to develop a sophisticated cooling flow model, but to
get an idea of how the cooling flow bulk motion contributes to S-Z effect. We therefore,
do not attempt to find solutions of Eq. (3.69) for the innermost supersonic region, r < rs,
where we expect shocks to be important. We then avoid the search of critical values at
rs which would have to be matched by hydrostatic equilibrium at rcool. We thus start our
integration from rcool towards rs we stop when Mach number, m = v

cs
is close to unity,

m ≈ 0.9. Reasonable initial values at rcool are: v(rcool) ≈ vT ≈ 10kms−1 − 20kms−1,
where vT is the turbulent velocity and θ(rcool) such that tcool = 5

2
θ

ρCFΛ
≤ tH . In Fig. (3.5)

we have plotted the velocity |v(r)| and the isothermal sound speed cs(r) as a function of
of the radius r. This figure illustrates clearly that the electrons are strongly accelerated in
the cluster center. Fig. (3.6) shows the corresponding electron density profile fe,CF in the
cooling flow region.
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Figure 3.6: Cooling flow electron number density nCF (r) as a function of radius. Cooling
flow parameters as adopted in Fig. (3.5) [142].

3.11 S-Z Effect with Cooling Flow Bulk Motion

The frequency dependent intensity change of the CMBR photon field ∆IK(x) after in-
tegration along the line of sight over the cluster (cl) dimension is expressed as (see Eq.
(2.35)):

∆IK(x) = I0g(x)

∫
cl

kBTe,cl
mec2

σtfcldlcl, (3.71)

where the symbols have their usual meanings.

The Kompaneets equation used describes a static scatterer, assuming that in the av-
erage the electrons are macroscopically at rest. This is no longer true for the electrons in
an accelerated cooling flow, as is described by the system of Eqs. (3.69). The Kompaneets
equation has thus to be modified in such a way, that the (macroscopic) bulk velocity of
the moving electron media is explicitly taken into account.

Psaltis & Lamb [143] gave a very detailed analysis of the Compton scattering by
static and moving media. They made a careful distinction between the electron rest frame,
the fluid frame (comoving with the fluid) and the system frame. Starting from the Boltz-
mann equation in the system frame, introducing the proper Lorentz transformation ex-
panding to the appropriate orders and assuming that the velocity distribution in the fluid
frame is a relativistic Maxwellian, They end up with the Zeroth moment of the radiative
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transfer equation, with the emission and absorption included.

Under the condition that the radiation filed (CMBR) is isotropic in the system frame,
and introducing the macroscopic electron bulk velocity v(r), the extended Kompaneets
equation becomes:

1

neσtc

∂I

∂t
=

ε

mec2
∂

∂ε
(εI) +

(
kBTe,cl
mec2

+
v2

3c2

)[
−4ε

∂I

∂ε
+ ε

∂2

∂ε2
(εI)

]
, (3.72)

where we neglected absorption, emission and induced scattering. ε is the photon energy.

For CMBR photons we have ε � kBTe,cl +
1
3
mev

2. Thus, the above equation be-
comes:

1

neσtc

∂I

∂t
=

(
kBTe,cl
mec2

+
v2

3c2

)[
−2ε

∂I

∂ε
+ ε2

∂2I

∂ε2

]
(3.73)

Eq. (3.73) shows that if the radiation field is isotropic in the system frame, Comptoniza-
tion of the bulk motion of the electrons inside the cluster is described entirely by second
order terms in v, since all first order terms in v vanish identically. The effect is clearly
different from the kinematic S-Z effect, where the cluster as a whole moves through the
CMBR radiation. This equation of course reduces to the standard Kompaneets equation
for v = 0. Thus the important point is that the effect of a non-zero velocity field gives an
additive contribution to the standard thermal S-Z effect.

This way we can express the bulk motion contribution due to the cooling flow (CF)
to the S-Z effect as follows:

∂I

∂t
=

(
∂I

∂t

)
K

+

(
∂I

∂t

)
CF

, (3.74)

where the first term on the right hand side is given by the standard Kompaneets equation
and the second term is due to the moving electron media in the cooling flow.

Relating the CMBR photon intensity field I to the occupation number n through
I = I0x

3n, we have,(
∂I

∂t

)
CF

=

[
−4x

∂

∂x
(x3n) + x

∂2

∂x2
(x4n)

]
I0
σtnCFv

2

3c
, (3.75)

where nCF is the electron number density in the cooling flows region. Integrating over
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the cluster cooling flow region and assuming a Planckian photon field for n, we find:

∆ICF (x) = I0g(x)
1

c2

∫
CF

nCF (r)σt
v2(r)

3
dlCF , (3.76)

which is the contribution due to the cooling flow bulk motion inside the cluster frame to
the S-Z effect. we see that the spectral shape g(x) of this additional term is the same as
for the usual thermal S-Z effect. This clearly makes it more difficult to distinguish this
contribution from usual S-Z effect.

The cooling flow bulk motion contribution to the S-Z effect can reach for some clus-
ters the percent level and become relevant for a correct analysis of the S-Z observations.
Especially in view of the rapid progress in the observational techniques - which will pro-
vide in the near future much more accurate measurements - one might then be capable
of observing also small deviations from the standard thermal S-Z-effect. This will then
enable observers either to obtain better determinations of the Hubble constant or more
details on the state of the cluster.

3.12 Summary

In this chapter, we discussed a joint analysis of Sunyaev-Zel’dovich effect and X-ray
emission from clusters. Taking the advantage of the different dependence on ne, S-Z ef-
fect and X-ray observations can be combined to determine the clusters cosmology. This
analysis generally assumed the cluster gas to be spherical, unclumped and isothermal.
With the X-ray emission, we modeled different structures of the intracluster medium. We
used isothermal β-model for our analysis. It provides a good fit to observed cluster pro-
files in the intermediate range 100Kpc ≤ r ≤ 1Mpc, and this range often contains enough
information so that fitting the β-model to the data still provide the useful information.
We then looked at the novel method of estimating the angular diameter distance and core
radius of the galaxy clusters using radio observations of S-Z effect coupled with X-ray
observations. These cluster distances can be combined with redshift measurements to de-
termine the value of Hubble constant. The effects of asphericity on the estimate of the
Hubble constant was also deduced by assuming that the atmosphere is prolate or oblate.
We briefly reviewed some recent results obtained from the joint analysis. We also dis-
cussed number of sources of uncertainties in the estimated value of the Hubble constant
and its effect on the determination of it. In particular, it was found that isothermality,
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clumpiness and host of other effects can give rise to either over or under estimation of
the Hubble constant. However accuracy in both systematic or statistical uncertainties will
improve drastically in the near future leading to more exact measurements. Finally, we
outlined the dynamics of homogeneous steady state cooling flow model in order to get
the velocity profile of the bulk motion. It is found that the cooling flow bulk motion con-
tribution to the S-Z effect can reach for some clusters to a appreciable level and can give
correct analysis of the S-Z observations with cooling flows which will enable us to obtain
better determination of cluster morphology.



Chapter 4

Constraining Cosmological Parameters
from Sunyaev-Zel’dovich Effect

4.1 Introduction

With the rapid development of observing techniques, the Sunyaev-Zel’dovich effect has
become one of the most powerful tools for the detections of high redshift clusters and cos-
mic microwave background anisotropy on small scales. Indeed, the redshift-independence
is the major advantage of non-targeted S-Z surveys over traditional optical and X-ray ob-
servations. This arises from the fact that the S-Z effect depends uniquely on the intrinsic
properties of the warm-hot gas associated with cosmic structures, while the photons in-
teracting with the gas come from CMBR at very high redshift z ≈ 1000. Because robust
constraints on cosmological models are provided by the most massive and distant clus-
ters, growing interest over the past years has been focused upon how well the fundamental
cosmological parameters can be constrained with non-targeted S-Z cluster surveys [144]
and S-Z power spectrum [145]. The sensitivity of the expected S-Z cluster counts and S-Z
power spectrum to the underlying cosmological model is quite impressive.

When the electron temperature Te is much higher than the temperature Tγ of the
CMBR photons, the CMBR flux change due to the presence of a cluster can be written as

Sν(x) = Sγ
νQ(x)Y

∝ Me < Te >, (4.1)

81
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where Sγ
ν = 2hν3

c2
1

(ex−1)
is the unperturbed CMBR flux,

Q(x) =
xex

ex − 1

[
x

tanh(x
2
)
− 4

]
(4.2)

and integrated Compton y parameter,

Y =

∫
ydΩ

= D−2
a

∫
ydA, (4.3)

where Da is the angular diameter distance and integration is over the projected area. It
is clear from Eq. (4.1) that the net S-Z effect depends only on the total mass of a cluster
gas and a density-weighted mean temperature. This means that for unresolved clusters
the S-Z flux is insensitive to the spatial distribution of the ICM or its temperature struc-
ture. The S-Z flux density from a cluster diminishes as a square of its angular diameter
distance. Since angular diameter distance of objects at cosmological distances, z > 1, sat-
urates to a limiting value or even decreases with increasing redshift, the S-Z flux from the
clusters does not rapidly diminish with increase in cosmological distance (see Fig. (3.2)).
Therefore, one expects an S-Z survey to detect all clusters above some mass threshold
with little dependence on redshift through angular diameter distance. Together with the
Press- Schechter [146, 147] formalism for the abundance of dark halos at different cosmic
epoch, we can eventually compare the theoritical S-Z counts and power spectra with the
observed one and demonstrate the constraints in the determination of the cosmological
parameters. The inability of cosmological models to provide the same amplitudes and
scales of the observed functions can therefore be a strong argument against the model
itself.

Apart from S-Z number counts, the power spectrum of the S-Z effect can also be
used as a probe of cosmology analogous to that from primary anisotropies. The thermal S-
Z power spectrum is fairly flat, with a broad peak at l ≈ 2000, were it begins to dominate
over the primary CMBR. The shape of the kinetic S-Z power spectrum is similar to the
thermal one but the amplitude is about 30 times smaller. Because S-Z effect has a generic
non-Gaussian temperature distribution, it could be detected in the sky by estimators sen-
sitive to skewed variance [148]. Many other secondary contributors to the temperature
anisotropy have a Gaussian distribution in amplitudes. Therefore, the negative-skewed
nature of S-Z effect may be useful in distinguished it from other sources, foregrounds and
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instrument noise. This chapter describes as to how S-Z cluster surveys and S-Z power
spectrum can be used to constrain cosmological parameters like Ωm,ΩΛ [20, 149, 150].

4.2 Power Spectrum

Let us consider spheres of radius R = ( 3M
4πρb

)
1
3 , where ρb is the mean density of the

Universe and M is some mass scale of interest. We also define the over density as,

δ(x) =
ρ(x)− ρb
ρ(x)

. (4.4)

The fractional rms mass fluctuation is,

σ =

√
< δM2 >

M
. (4.5)

While studying the temperature fluctuations of the CMBR, it was useful to expand δT
T

in
spherical harmonics. A similar decomposition of δ is also useful. Since δ is defined in
three-dimensional space (rather than on the surface of sphere), a useful expansion of δ is
in terms of Fourier components. Within a large comoving box, of volume V , the density
fluctuation field δ(x) can be written as

δ(x) =
1

V

∑
k

δ(k)exp(ik.x)

=
1

(2π)3

∫
V

δ(k)exp(ik.x)d3k. (4.6)

The Fourier coefficients δ(k) are complex quantities given, as it is straightforward to see,
by

δ(k) =

∫
V

δ(x)exp(−ik.x)d3x. (4.7)

Each Fourier component is a complex number, which can be written in the form,

δ(k) = |δ(k)|exp(iφk). (4.8)

The mean square amplitude of the Fourier components define the power spectrum:

P (k) =< |δ(k)|2 >, (4.9)
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where the average is taken over all possible orientations of k. Simple inflationary mod-
els predict that the initial power spectrum is a power-law, P (k) ∝ kn, and furthermore
that n ≈ 1 (Harrison-Zeldovich spectrum). These models do not predict the constant of
proportionality, which has to be fixed by observation. The primordial power spectrum is
believed to change during the evolution of the early Universe until the end of the epoch
of recombination by various processes, such as growth under self-gravitation, effects of
pressure and dissipative processes. The overall effect can be encapsulated in the transfer
function, T (k), which gives the ratio of the later-time amplitude of a mode to its initial
value,

P (k, z) = P0(k)
D2

g(z)

D2
g(z0)

, (4.10)

where Dg is a linear growth of perturbations. The evolution of linear perturbations back
to the surface of last scattering obeys the simple growth laws given in above equation.

If the field is Gaussian then from Eq. (4.6)

< δ(x) > = 0 (4.11)

< δ2(x) > = σ2 = constant. (4.12)

The real and Fourier-space fluctuations may be related using Parseval’s theorem,

1

V

∫
|δ(x)|2d3x =

1

(2π)3

∫
|δ(k)|2d3k. (4.13)

Averaging both sides and using the fact σ2 is constant, we obtain,

σ2 =
1

(2π)3

∫
P (k)d3k. (4.14)

Fourier k-space is assumed to be isotropic, so we can further simplify Eq. (4.14). For a
given |k| the volume element of k-space is d3k = 4πk2dk and

σ2 =
1

2π2

∫
k2P (k)dk. (4.15)

The mass function n(M), also called the multiplicity function, of cosmic structures such
as galaxies is defined by the relation,

dN = n(M)dM, (4.16)
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which gives the number of the structures in question per unit volume with mass contained
in the interval between M and M + dM . Mass functions given by numerical simula-
tions are good approximations. Yet they cover a limited volume, given by the size of the
simulation box. There is an excellent analytic description, the Press-Schechter formalism
[146]. It provides a simple but powerful way to calculate the number density of objects
of a given mass and at any redshift. The Press-Schechter (PS) formalism and its exten-
sions has been extensively studied and compared to numerical simulations [151, 152]. It
considers the emergence of collapsed objects from a primordial Gaussian random density
field.

Since the primordial density perturbations are assumed to be Gaussian fluctuations,
the phases of the waves that make up the density distribution are random, and the dis-
tribution of the over-densities ρ in spheres of radius r can be described by a Gaussian
function:

p(δ) =
1√

2πσ(M)
exp

[
−δ2

2σ2(M)

]
. (4.17)

At a given time, the fraction of points which are surrounded by a sphere of radius r within
which the mean over-density exceeds some density threshold δc is given by,

F (δc,M) =

∫ ∞

δc

1√
2πσ(M)

exp
[

−δ2

2σ2(M)

]
dδc. (4.18)

Press and Schechter suggested that this fraction be identified with the fraction of particles
which are part of a nonlinear lump with mass exceedingM . Changing variables, u = δ√

2σ
,

we can express the latter equation in the form,

F (δc,M) =
1√
π

∫ ∞

δc√
2σ(M)

e−u2

du =
1

2
erfc

(
δc√

2σ(M)

)
, (4.19)

where erfc is complementary error function. From above equation, we can obtain the
comoving number density of halos of mass M , the Press-Schechter mass function: The
fraction of the volume collapsed into objects with mass between M andM + dM is given
by | dF

dM
|dM . Multiply this by the average number density of such objects ρb

M
to get the
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comoving number density of collapsed objects between Mand M + dM ,

n(M, z)dM = 2
ρb
M

∣∣∣∣ dFdM
∣∣∣∣ dM

=

√
2

π

ρb
M2

νc

∣∣∣∣dlnσ(M, z)

dlnM

∣∣∣∣ e− ν2c
2 dM, (4.20)

where
νc(M, z) =

δc
σ(M, z)

. (4.21)

The factor 2 was inserted in order to account for the matter in under-dense regions,
which also eventually falls into over-dense ones. In order to estimate the mass function
from the Press-Schechter formalism, we need to specify σ(M, z) and δc . We can express
the variance of the density fluctuations when smoothed with the spherically symmetric
window function W (k,R) of characteristic co-moving R in terms of the power spectrum
P (k, z) of the linear density field:

σ2 =
1

2π2

∫
k2P (k)|W̃ (k,R)|2dk, (4.22)

where W̃ (k,R) is a Fourier transform of the corresponding real space window function.
A spherical top-hat form with radius R is usually adopted for the window function and
this corresponds to a Fourier-space window function,

W̃ (k,R) =
3

(kR)3
[sin(kR)− (kR) cos(kR)] . (4.23)

The value of δc has a weak dependence on Ωm. In a universe with Ωm = 1, δc = 1.68.
It has been seen that δc varies at most ∼ 4% for a range of Ωm from 0.1 to 1 [152].
Therefore, we can adopt a constant value 1.68 for δc. The Press-Schechter formalism
along with the COBE normalized P (k) have been used to calculate the number densities
of collapsed objects. We choose to identify the condensates as cluster of galaxies and try
to compute their abundances as a function of cluster mass and redshift for different set of
cosmological parameters.
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4.3 Cosmological Parameters from Future S-Z Cluster
Surveys

Tapping the cosmological potential of galaxy cluster requires large, homogeneous cluster
catalogs extending to redshifts greater than unity. The strongest constrain on dark energy,
for example, will come from the observed around z = 1 and beyond. Today there are only
of the order of 10 clusters with spectroscopically conformed redshift z > 1. The need for
a deeper and larger catalogs motivates a number of substantial observational efforts in
different wavebands.

We may search for clusters in variety of ways:

1) By their gravitational lensing of background galaxy images. With a large imaging
survey, we could search for clusters through their lensing signal.

2) By X-ray emission from their intra-cluster medium. Cluster surveys and observa-
tions in the X-ray band with satellites like ROSAT, Chandra and XMM have significantly
advanced our understanding of clusters and their evolution and have played an important
role in establishing cosmological models.

3) By the S-Z effect via Inverse Compton scattering.

Each of these techniques has its own advantages and disadvantages. To appreciate
them we should situate clusters in the standard theoretical framework that describes them
as a single, massive dark matter halos containing hot gas and galaxies with their sub halos.
Dominated by dark matter and its gravitational evolution, clusters are fundamentally de-
scribed by their halo mass and redshift. When building a cluster catalogs, therefore, one
should quantify its properties in terms of these basic parameters in order for proper com-
parison to theory. Specifically, we must accurately calculate the survey selection function
and determine the observable-mass relation, or for short, survey calibration.

Our focus here is on the method based on the S-Z effect, which possesses a number
of advantageous properties for a cluster surveying. As for X-ray observational surveys, S-
Z surveys selects clusters based on their ICM and like lensing surveys, S-Z surveys tend
to suffer from projection effects, since S-Z signal is proportional to the projected mass
density. A number of planned S-Z surveys have heightened anticipations as they prepare
to observe large areas of sky over next few years. We assume that the co-moving number
density ( dn

dM
)dM of clusters at redshift z with mass M dM

2
is given by the Eq. (4.20). The



88

Figure 4.1: The cluster redshift distribution of S-Z effect. All curves are normalized to
produce the observed local abundance of massive clusters. The redshift distribution is
sensitive to cosmological parameters. Note the inset, which shows the limiting mass of
clusters [153].

directly observable quantity, i.e. the average number of clusters with mass above Mmin at
redshift z dz

2
observed in a solid angle dΩ is then simply given by,

dN(z)

dzdΩ
=

[
dV (z)

dzdΩ

∫ ∞

Mmin(z)

(
dn

dM

)
dM

]
. (4.24)

In Fig. (4.1) we have shown the expected cluster counts for different cosmology. To
calculate the expected number of clusters per square degree as a function of redshift one
must consider several elements: the co-moving volume per unit redshift and unit solid
angle, dV

dzdΩ
, cluster abundance (co-moving number density of halos) and the minimum

observable mass as a function of redshift and cosmology, n(> Mlim, z). The cosmological
sensitivity thus comes from three elements [153].

1) Volume: The volume per unit solid angle and redshift depends sensitively on cos-
mological parameters (i.e. higher ΩΛ, or lower Ωm increases the volume per solid angle).
Left panel of Fig. (4.2) is a plot of the comoving volume element (dV (z)

dzdΩ
) versus redshift

for three cosmological models. Note the rapid increase in the volume element at modest
redshift, which is responsible for the rapid rise in the cluster redshift distribution in Fig.
(4.1). At higher redshift, the comoving volume element flattens out and eventually turns
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over. The cosmological sensitivity of the distance-redshift and volume-redshift relation
derives essentially from the expansion history of the universe E(z).

2) Number density: The number density of clusters at a given redshift depends
sensitively on the growth rate of density perturbations. This growth rate is highly sensitive
to cosmology (i.e. higher Ωm speeds the growth of density perturbations so that clusters
disappear more quickly as we probe to higher redshift). Right panel of Fig. (4.2) is a
plot of the comoving abundance of clusters above a fixed mass, where the abundance
is normalized to reproduce the observed local abundance of massive clusters. Note that
abundance differences increase dramatically with redshift and are responsible for the high
redshift (z > 1) behavior of the cluster redshift distribution (see Fig. (4.1)). Within
the linear regime, the differential equation that describes growth depends, again, on the
expansion history of the universe E(z).

3) Mass limit: The mass of a cluster, which is just luminous enough to appear
above the detection threshold, typically depends on the luminosity or angular diameter
distance as well as the evolution of cluster structure both are sensitive to cosmological
parameters. The survey yield and redshift distributions are both sensitive to the limiting
mass, as indicated in Fig. (4.3). Fig. (4.3) shows the cluster redshift distribution in a
fiducial cosmology for a limiting mass of M = 2×1014M�, and for limiting masses 10%
above and below this value.

The total S-Z flux equation given in Eq. (4.1) tells us that a flux limited survey will
have a cluster selection function that is proportional to TeNe/D

2
a(z). The angular diameter

distance relation is quite flat with redshift. Both Te and Ne are determined by the cluster
mass; in virial equilibrium the cluster mass sets the velocity dispersion, and hence the
temperature, of the cluster gas. Taken together this implies that the selection function for
a flux limited S-Z survey should be almost independent of redshift with cluster mass being
the limiting factor and the limiting mass for an upcoming interferometric S-Z survey is
expected to vary with redshift by less than a factor of 2 − 3 for z > 0.5 [154] (if there is
no cluster evolution); independent of the underlying cosmology.

The number and redshifts distribution of galaxy clusters in future deep cluster sur-
veys can thus place strong constraints on the matter density, Ωm, the vacuum energy
density, ΩΛ, and the normalization of the matter power spectrum, σ(M) [154, 155, 156,
157, 158]. The important being that the degeneracies between these parameters are dif-
ferent from those in studies of either highredshift type Ia Supernovae (SNe), or cosmic
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Figure 4.2: The comoving volume element (left) and cluster abundance above a fixed
mass (right) in three different cosmological models. The abundances are normalized to
produce the observed local abundance of massive clusters. Differences in the cluster
redshift distribution are dominated by volume at low redshift and by abundance at high
redshift [153].

Figure 4.3: The cluster redshift distribution within a fiducial cosmological model for a
mass limit of M = 2 × 1014M� and for mass limits 10% above and below this value.
The mass sensitivity of the survey yields and redshift distributions means that accurate
cosmological constraints require un- biased estimators of cluster halo mass [153].
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microwave background (CMBR) anisotropies. Using a mass threshold for cluster detec-
tion expected to be typical for upcoming Sunyaev-Zel’dovich effect (S-Z) surveys, we can
find that constraints on Ωm and σ(M) at the level of roughly 5% or better can be expected,
assuming redshift information is known at least to z ∼ 0.5 and in the absence of signifi-
cant systematic errors. Without information past this redshift, ΩΛ, is constrained to 25%.
With complete redshift information, deep (Mlim ∼ 1014h1M�), relatively small solid an-
gle (∼ 12deg2) surveys, can further constrain ΩΛ, to an accuracy of ∼ 15%, while large
solid angle surveys with ground- based, large-format bolometer arrays could measure ΩΛ,
to a precision of ∼ 4% or better [150]. Cluster surveys conducted in X-ray and optical are
usually limited in depth to z ∼ 1. However, the forthcoming Surveys should detect many
X-ray clusters out to z ∼ 2. As daunting of a task as extracting cosmological parameters
from X-ray and optical surveys may appear to be, it is important to stress that unlike fu-
ture large-scale S-Z surveys, optical and X-ray surveys have actually been conducted e.g.
ROSAT All-Sky Survey (RASS), Einstein Extended Medium Sensitivity Survey (EMSS),
and Sloan Digital Sky Survey (SDSS) and have been used to place strong constraints on
σ(M) and Ωm [159, 160, 161, 162, 163].

4.4 Cluster Mass and Thermal Energy Constraints from
S-Z Observations

The Compton y-parameter defined for thermal S-Z effect is given by

y =
kBTe
mec2

∫
σtne(r)dl, (4.25)

if we assume that ideal gas law Pe = nekBTe in the above equation to relate electron
pressure Pe to electron number density ne and temperature Te, then

y =
σt
mec2

∫
Pedl. (4.26)

From Eq. (4.26), one can see that resolved observations of the thermal S-Z effect from a
cluster can be used to constrain its electron pressure profile Pe(r). This can be related to
the total pressure as Pgas = (1 + 1

µe
)Pe, where µe = 2

(1+X)
is the mean particle weight

per electron and X is the mass fraction of hydrogen. While deep X-ray observations have
shown that the distribution of heavy elements in the ICM varies with radius [164, 165]
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and theoretical studies indicate that helium sedimentation into the cluster core will also
impact µe [166, 167] we make the simplifying assumption that µe = 1.17.

For spherically symmetric electron pressure profile Pe(r), the integrated version of
y is [168]

Ysph =
σt
mec2

∫ r

0

Pe(r
′)4πr′2dr′

=
σt(

1 + 1
µe

)
mec2

∫ r

0

Pgas(r
′)4πr′2dr′

=
σtEth(r)(

1 + 1
µe

)
mec2

. (4.27)

We have used the fact the in above equation that the thermal energy with in r is

Eth =
3

2

∫ r

0

Pgas(r
′)4πr′2dr′, (4.28)

for a mono-atomic ideal gas.

Through Eq. (4.27), one can see that the S-Z observable Ysph relates directly to
the thermal energy content of the cluster. To the extent that a cluster is virialized and
supported by thermal pressure, this quantity will closely track the gravitational energy
Ug(r) via the virial relation,

2Eth(r)− 3P (r)V = −Ug(r). (4.29)

The −3PV term, where V = 4πr3

3
is the volume at r, accounts for the non-vanishing

surface pressure and must be taken into account when solving for the mass. This term
works to reduce the amount of gravitating mass required to hold the gas within r. Using
Eq. (4.28), which derives from statistical mechanics, to relate pressure to thermal energy,
we note that the virial relation (Eq. (4.29)) is derived from the equation of hydrostatic
equilibrium [169, 170],

dPgas

dr
= −ρgas(r)

GMtot

r2
. (4.30)

Adopting the NFW profile to describe the total mass distribution (i.e baryonic + dark
matter distribution)

ρtot(r) =
ρ0

( r
rs
)(1 + r

rs
)2
, (4.31)
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the total mass within the radius r is

Mtot(r) =

∫ r

o

ρtot(r
′)4πr′2dr

= 4πρ0r
3
s

[
ln(1 +

r

rs
)−

(
1 +

rs
r

)−1
]
, (4.32)

here ρ0 and rs are respectively the normalization and scale radius of the NFW profile.
The use of an NFW profile is empirically motivated by simulations of dark matter halos,
and we note that other mass profile could be assumed and may in fact provide better
alternatives. More recent theoretical studies, for instance, have indicated that the presence
of baryons can significantly modify the mass distribution of dark matter [171, 172].

The gas mass Mgas and total mass Mtot can be related by defining the gas frac-
tion fgas = Mgas(r)

Mtot(r)
, which could be a function of Mtot, r, z, and cluster merger history.

While recently shown to be poor approximation, we make the simplifying assumption that
fgas(r) is a constant. Detailed measurements of fgas(r) typically require high significance
X-ray data, which are often insufficient or entirely lacking for clusters discovered via the
S-Z effect. The assumption of constant fgas(r) implies that

ρgas(r) = fgasρtot(r). (4.33)

Using Eqs. (4.31), (4.32) & (4.33) to solve for the gravitational potential energy, we find
[173],

Ug = (4πρ0r
2
s)

2Gfgas

[
rs

2(1 + rs
r
)2

−
∫ r

0

ln(1 + r
rs
)

(1 + r
rs
)

]
, (4.34)

where we have used the fact that the differential element of gravitational energy for a
spherical shell of gas with density ρgas(r) is dUg(r) = −GMtotdm

r
, where the mass of gas

shell is dm = 4πρgas(r)r
2dr.

Combining Eqs. (4.27) & (4.24) through Eq. (4.29), we have,

3(1 + 1
µe
)mec

2Ysph(r)

16π2Gfgasσt
= (ρ0r

2
s)

2

[
− rs
2(1 + rs

r
)2

+

∫ r

0

ln(1 + r
rs
)

(1 + r
rs
)

]
(4.35)

Through this method one can find the best fit for NFW profile parameters ρ0 and rs, for
any observationally constrained Ysph(r).

Here, we showed a method of mass determination from S-Z effect observations, ap-
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plicable in the absence of X-ray or lensing data. This method relies on the virial relation
and a minimal set of assumptions, following an approach analogous to that used for stel-
lar structure. By exploiting the virial relation, we implicitly incorporate an additional
constraint from thermodynamics that is not used in deriving the equation of hydrostatic
equilibrium. This allows us to relate cluster total mass directly to the robustly-determined
quantity, the integrated S-Z flux.

4.5 S-Z power spectrum

The anisotropy in the CMBR induced by clusters has been extensively explored since it
was first modeled by Rephaeli [174] in the context of a simple model for IC gas evolu-
tion, reflecting increased realization of its significance on arc-minute scales. Since this
anisotropy arises from the scattering of the CMBR in the evolving population of clusters,
its power spectrum and cluster (S-Z) number counts can potentially yield important infor-
mation on the properties of IC gas, the cluster mass function, cosmological evolution of
clusters and their gaseous contents, as well as some of the global cosmological and large
scale parameters. Clearly, therefore, a quantitative description of this anisotropy entails
the added need (when compared with a calculation of the primary CMBR anisotropy) of
modeling gas properties across the evolving population of clusters.

The usual approach to the calculation of the S-Z anisotropy is based on the Press-
Schechter model for the cluster mass function, n(M, z), the comoving density of clusters
of mass M at redshift z. Following collapse and virialization, IC gas is presumed to have
reached hydrostatic equilibrium at the virial temperature, with a density distribution that
is commonly assumed to have an isothermal β−profile. The mass function is normal-
ized by specifying the mass variance on a scale of 8 Mpch−1, σ8, a parameter that is
determined from the observed X-ray temperature function by using a mass-temperature
calibration. The calibration of course is limited to clusters at small redshifts. The cluster
induced anisotropy has been studied at an increasingly greater degree of sophistication
and detail and in wide range of cosmological and dark matter models beginning about
two decade ago [175, 176]. In particular, Colafrancesco et al. [177] calculated the tem-
perature anisotropy in a flat CDM model including gas evolution (based on results from
the Einstein Medium Sensitivity Survey (EMSS)). They later extended the work to other
cosmological models and estimated also that many thousands of clusters are expected to
be detected during the planned Planck survey [178]. S-Z maps and power spectra can also
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be generated directly from hydrodynamical simulation [179]. The range of cosmological
models was extended to include currently viable ΛCDM models [180, 181, 182].

The fluctuations in the temperature background due to the S-Z effect [183] from
clusters of galaxies can be quantified in terms of correlations between the fluctuations
along the line of sight separated by an angle: this gives us the angular power spectrum
of S-Z effect distortions. The fluctuations of CMBR temperature produced by S-Z effect
can be expressed simply by expanding the two point angular correlation function into
Legendre polynomials:〈

∆T

Tcmbr

(n)
∆T

Tcmbr

(n+ θ)

〉
=

1

4π

∑
l

ClPl(cos θ). (4.36)

The angular temperature power spectrum Cl can be written as the sum of two terms:

Cl = C
(P )
l + C

(C)
l , (4.37)

where C(P )
l is the Poisson contribution and C(C)

l is the clustering contribution.

The power spectrum for the Poisson distribution of objects can then be written as
[184],

C
(P )
l =

∫ zmax

0

dz
dV (z)

dz

∫ MMax

MMin

dM
dn(M, z

dM
|yl(M, z)|2, (4.38)

where dV (z)
dz

is the differential comoving volume and dn
dM

is the number density of objects.
For the number density we use the Press-Schechter formalism (Eq. (4.20)) and the volume
element is given by,

dV (z)

dz
= r(z)2

4πc

H0

[
Ωm(1 + z)3(1− Ωm − Λ)(1 + z)2 + Λ

]− 1
2 , (4.39)

where the comoving distance r(z) is [181],

rz =

{
2c
H0

[
Ωmz+(Ωm−2)(

√
1+Ωmz−1)

Ω2
m(1+z)

]
Λ = 0

c
H0

∫ z

0
dz[Ωm(1 + z)3 + 1− Ωm]

− 1
2 Λ = 1− Ωm,

(4.40)

and yl is the Fourier transform of the projected Compton y parameter.

The clustering power spectra depends on the line of sight passing through an ensem-
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Figure 4.4: The S-Z effect Poisson power spectra (thick lines) and the clustering power
spectra for galaxy clusters are shown for ΛCDM cosmology. The solid lines are for ther-
mal S-Z effect, the dashed line is for kinematic S-Z effect with vz = 400kms−1 and
the dotted dashed line is for the same with vz = 400kms−1. Here we have assumed
fg =constant [186].

ble of correlated clusters. it can be estimated as [180, 185],

C
(C)
l =

∫ z

0

dz
dV (z)

dz
P (k, z)

[∫ MMax

MMin

dM
dn(M, z

dM
b(M, z)yl(M, z)

]2
, (4.41)

where b(M, z) is the time dependent linear bias factor. The matter power spectrum
P (k, z), is related to the power spectrum of cluster correlation function Pc(k,M1,M2, z)

via Pc(k,M1,M2, z) = b(M2, z)b(M2, z)D
2
g(z)P (k, z = 0).

In Fig. (4.4) we have plotted the Poisson as well as clustering power spectra for
ΛCDM model. It is easily seen that the clustering power spectrum is much less than the
Poisson case and also falls off faster as one goes to smaller angles (small beam sizes). The
Poisson power spectra dominates at all l values greater than 100. So one can assume that
for beams comparable to the size of the richest clusters, the Poissonian approximation is
valid. The main features to be noted from this figure are:
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Figure 4.5: The S-Z Poisson spectra for different cosmological models are shown: ΛCDM
(solid), SCDM (dashed), and OCDM (dot dashed). The observational upper limits on arc
minute temperature fluctuations seen by ATCA (Australia Telescope Compact Array) and
BIMA (Berkeley Illinois Maryland Array) are also shown with filled circles [50, 186].

1) The power spectrum rises and falls with l producing a peak lpeak, which is around
4000 for the model shown (ΛCDM with fg = Ωb

Ωm
).

2) The main contribution of S-Z effect to CMBR anisotropy occurs at 1000 ≤ l ≤
20000 after the CMBR primary anisotropy becomes negligible.

3) The amplitude of the kinematic S-Z effect is more than an order of magnitude
smaller than that of the thermal S-Z spectrum.

We thus have a basic idea of the shape and size of the power spectrum of S-Z effect
from galaxy clusters. In the next section we took at the nature of the power spectrum. in
more details.
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4.6 Nature of the Power Spectrum

As is clear from Eqs. (4.38) & (4.41), both the volume element and the abundance of clus-
ters depend on the cosmological models. As a consequence the power spectrum will also
vary with the varying cosmological parameters. This can be easily seen in Fig. (4.5). In
this figure, we plot the power spectra for three different cosmological models i.e SCDM,
ΛCDM and OCDM. Since the gas physics of individual clusters are not yet known with
precision, so one cannot use S-Z effect to precisely determine the cosmological param-
eters. One can, however, use the S-Z effect to constrain cosmological parameters. The
way to do this is also straight-forward and is illustrated in Fig. (4.5). In this figure, we
have also marked the observational upper limits given by ATCA and BIMA [186]. The
ATCA and BIMA observations put upper limit of 23µk and 14.1µK respectively at ef-
fective l of 4200 and 5470. One can immediately see that the SCDM model is ruled out
and the ΛCDM is barely consistent with BIMA limits. Thus, it is difficult to have Ωm

much greater than 0.35 in a flat universe without violating observations. One has, thus,
been able to constrain the cosmological matter density parameter with a power spectrum
analysis of S-Z effect. Another point to be noted from Fig. (4.5) is that the peak posi-
tions are different for different cosmologies, with the peak being at the highest l for an
OCDM (Open Cold Dark Matter) universe. This is easy to understand since an object
would subtend a smaller angel in an open universe than in a flat one. The reason for the
small differences in the peak position between SCDM (Standard Cold Dark Matter) and
ΛCDM models is more subtle and depends on the exact nature of the angular-diameter re-
lation and the distribution of objects. To understand the power spectrum in more detailed
manner, let us concentrate on a particular model say ΛCDM model and see the effects of
mass and redshift cutoff on the power spectrum. In Fig. (4.6) we have shown the effect
of having different zmax, the maximum redshift up to which we assume there are clusters
capable of distorting the CMBR. It is easily seen that the contribution to the distortion
fro redshift beyond 3 is negligible. As one comes down in redshift, the power spectrum
at high l decreases. However, the power at l ≈ 1000 starts differing as a function of z
only for z ≤ 1. This is because lower masses are present at high redshifts and thus their
contribution gets cut off when one forces zmax ≤ 2, whereas the more massive clusters
are present mainly below z ≈ 1.
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Figure 4.6: The S-Z power spectra is plotted for different maximum redshifts: from top
to bottom the zmax are 5 (circle), 3 (thick solid line with dots), 2 (dashed line, 1 ( dash dot
line), 0.7 (dotted line), and 0.5 (solid line) [50, 186].

To see the effect of zmax more clearly, let us define the quantity C∗
l as

C∗
l =

l(l + 1)Cl/2π

< y >2
(4.42)

We have plotted C∗
l vs l for different zmax in Fig. (4.7). we have seen that there is a cross-

over of different curves at l ≈ 7000 above which the behavior of the different spectra are
similar to that in Fig. (4.6). However, below this crossover point, the trend is reversed
and C∗

l is large for lower value of zmax. There is also a trend in the peak positions of the
individual clusters, which moves to lower l values as one lowers the values of zmax

In Fig. (4.8), we have shown the effect of different values of zmax on the clustering
spectrum. compared to the Poisson case, the peak position remains almost same. this
is because the clustering spectrum depends mainly on the inter-cluster distance and the
major contributions to the clustering power spectrum comes from small redshifts.

At any epoch, one expects the temperature fluctuations to be dominated by very
rare massive clusters (see Fig. (4.9)) [186]. It is clear from the Fig. (4.9) that the main
contribution to the Poisson power spectrum comes from the clusters in the mass range of
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Figure 4.7: C∗
l is plotted for different maximum redshifts, zmax =0.5 (a), 0.7 (b), 1 (c), 2

(d), 3 (e), 5 (f) [50, 186].

Figure 4.8: The S-Z clustering power spectra is plotted for different maximum redshifts:
from top to bottom the zmax are 3 (thick solid line with dots), 2 (dashed line), 1 (dashed
dot line), 0.7 (dotted line) [50, 186].



101

Figure 4.9: The S-Z power spectra is plotted for different mass ranges: A) 1013−14M�,
B)1014−15M� and C)1014−15M�. The solid lines are for Poisson and dashed lines are for
clustering power spectrum [50, 186].

1014−15M�. The higher mass clustersM > 1015M� contribute less due to their dwindling
number densities and lower mass one M < 1014M� contribute less because their individ-
ual S-Z distortions is less due to lower Te and smaller sizes. Similar trends are seen in the
clustering power spectrum as well. Another feature that is immediately noticeable is that
higher mass contribute at lower l values and vice versa.

4.7 Cluster Gas-Mass Fraction

Galaxy Clusters being perhaps the largest gravitationally bond structures in the universe,
are expected to contain a significant amount of baryons of the universe. Moreover, due
to their large angular sizes, it is easier to observationally estimate their total mass Mt, the
gas mass Mg and hence the gas mass fraction (fg =

Mg

Mt
). These estimates can be used as

a probes of large scale structure of universe and underlying cosmological models.

The ICM contains most of the baryons confined to the cluster potential with is
roughly an order of magnitude more baryonic mass than that observed in the galaxies
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themselves [186]. The gas mass fraction (fg) is therefore reasonable estimate of the bary-
onic mass fraction of the cluster. It should be also a reasonable estimate approximation
of the universal baryon mass fraction, fb = Ωb

Ωm
, because it is not believed that mass seg-

regation occurs on the large scales from which mass clusters condense ∼ 1000Mpc3. The
cluster gas mass fraction is actually a lower limit fg ≤ fb, because a small fraction of
baryons (∼ 10%) are likely lost during the cluster formation process [187, 188] and we
cannot rule out the possibility of additional reservoirs of baryons in galaxy clusters that
have yet to be detected.

A measurement of fb leads directly to an estimate of Ωm, given a determination
of Ωb. Recent reanalysis of big bang nucleosynthesis (BBN) predictions with careful
uncertainty propagation [189, 190] along with deuterium to hydrogen ratio measurements
in Lyman α clouds [191, 192] constrain the baryon density to be Ωbh

2 = 0.019± 0.0012

at 68% confidence. Recent CMBR primary anisotropy experiments provide an additional
independent determination of Ωbh

2 consistent with the Layman α cloud results [193, 194].

The gas mass is measured directly by observations of the S-Z effect, provided the
electron temperature is known. The total gravitational mass can be measured by assum-
ing the hydrostatic equilibrium and using the distribution of gas and, again the electron
temperature. The S-Z effect derived gas mass fraction will therefore be proportional to
∆T
T 2
e

. Alternatively, the total gravitational mass can be determined by strong lensing (on
small scales) or weak lensing (on large scales) [195]. Recently there has been consid-
erable work on gas mass fractions using the total mass determinations derived under the
assumption of hydrostatic equilibrium.

The S-Z effect derived gas mass fractions have been determined for two samples
of clusters, and the results were used to place constrains on Ωm: a sample of 4 nearby
clusters [196] and a sample of 18 distant clusters [197]. Both the analyses used a spherical
isothermal β-model for the ICM. The nearby sample was observed with the Owens valley
5.5-m telescope (OVRO) at 32 GHz as a part of an S-Z effect study of an X-ray flux-
limited sample [196]. In this study the integrated S-Z effect was used to normalize a model
for the gas density from published X-ray analyses and then compared to the published
total mases to determine the total gas mass fraction. For three nearby clusters A2142,
A2256 and the Coma cluster, a gas mass fraction of fgh = 0.061± 0.011 is found; for the
cluster Abell 478 a gas mass fraction of fgh = 0.16±0.014 is reported. The high redshift
sample of 18 clusters (0.14 < z < 0.83) was observed interferometrically at 30 GHz using
OVRO and BIMA S-Z effect imaging system. In this study, the model for the gas density
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was determined directly by using the S-Z effect data, X-ray emission weighted electron
temperatures were used, but no X-ray imaging data was used. Numerical simulations
suggest, however, that the gas mass fraction at r500 (the radius inside of which the mean
density of the cluster is 500 times the critical density) should reflect the universal baryon
fraction. The derived gas mass fraction were therefore extrapolated to r500. The resulting
mean gas mass fraction are fgh = 0.081+0.009

−0.011 for Ωm = 0.3, Ω = 0.7, fgh = 0.074+0.008
−0.009

for Ωm = 0.3, Ω = 0 and fgh = 0.068+0.009
−0.008 for Ωm = 0, Ω = 0. The uncertainties in the

electron temperatures contribute the largest component to the error budget.

The angular diameter distance relation, Da(z), enters the gas fraction calculation
and introduces a cosmology dependence on the results of the high z sample. In addition,
the simulation scaling relations used to extrapolate the gas fractions to r500 have a mild
dependence on cosmology. To estimate Ωm , we need to account for the baryons contained
in the galaxies and those lost during cluster formation. The galaxy contribution is assumed
to be a fixed fraction of the cluster gas, with the fraction fixed at the value observed in
the Coma cluster, M true

g =M obs
g (1 + 0.20h

3
2 ) [187]. Simulations suggest that the baryon

fraction at r500 will be a modest underestimate of the true baryon fraction fg(r500) =

0.9×fb(universal) [188]). These assumptions lead to fb = [fg(1+0.2h
3
2 )/0.9]. Using this

to scale the gas fractions derived from the high z S-Z effect cluster sample and assuming
h = 0.7 and a flat cosmology, leads to estimate Ωm ∼ 0.25 [197].

Cluster gas mass fractions can also be determined from cluster X-ray emission in
a similar manner as from S-Z effect measurements. However, there are important dif-
ferences between X-ray and S-Z effect determined gas fractions. For example, the X-ray
emission is more susceptible to clumping of the gas, C, since it is proportional to the ICM
density squared. On the other hand, the X-ray derived gas mass is essentially independent
of temperature for the ROSAT 0.1-2.4 keV band used in the analyses [198], while the S-Z
effect derived gas mass is proportional to T 2

e .

Cluster gas mass fractions can also be measured by comparing S-Z effect derived gas
masses and weak lensing derived total masses. The comparison is particularly interesting
as both are measures of projected mass distributions. In addition, gas mass fractions
can be derived without assuming a model for the cluster structure and without assuming
hydrostatic equilibrium. Comparisons of S-Z effect and lensing data has only been done
for a few clusters to date [199]. However, as for the S-Z effect, the quality and quantity of
weak lensing observations toward galaxy clusters is rapidly increasing and several weak
lensing surveys are underway. Holder et al. [199] demonstrated that gas mass fractions
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can be determined from the analysis of S-Z effect and weak lensing measurements without
need to parameterize the ICM distribution. Furthermore, by comparing this mass fraction
with one derived by assuming hydrostatic equilibrium, it is possible to solve for the ICM
electron temperature and the angular diameter distance.

S-Z effect surveys will provide a large catalog of galaxy clusters at redshifts z > 1.
The increased sensitivity and larger angular dynamic range of the next generation of S-Z
effect instruments will allow measurements of cluster gas fractions to r500 directly, greatly
increasing the precision of the gas mass fractions. Moreover, extending the gas fraction
analyses to high redshift will enable studies of the evolution of cluster structure. It should,
for example, be straight forward to test speculative theories of dark matter decay [200].

4.8 Probing Evolution of fg with S-Z Effect

The question as to whether there is any evolution (or constancy) of gas mass fraction,
however, is still debatable, with claims made either way. For example, Schindler [201]
has investigated a sample of distant clusters with redshifts between 0.3 to 1 and conclude
that there is no evolution of the gas mass fraction. Similar conclusion has been drawn
by Grego et al. [202]. On the contrary, Ettori & Fabian [203] have looked at 36 high-
luminosity clusters, and find evolution in their gas mass fraction (in both SCDM and
ΛCDM universes). Observations suggest that, though fg of massive clusters (Te ≥ 5keV)
appears to be constant, low mass clusters with shallower potential wells may have lost gas
due to preheating and/or post-collapse energy input. It is also well known that ICM is not
entirely primordial and there is probably continuous in-fall of gas, thereby, increasing fg
with time. Thus, there is considerable debate regarding the evolution of gas mass fraction.
This section draws heavily upon the excellent work by Majumdar, S. [204].

Analytical studies and numerical simulations show that the gas density profile scales
with the total density, and that the gas central electron density may be expressed as,

ne0 = fg
2ρ0

mp(1 + X)
, (4.43)

where X= 0.69 is the average Hydrogen (proton) mass fraction and ρ0 , the central mass
density, is determined from the total mass by integrating a truncated King profile for the



105

total mass distribution,

ρ(r)

 ρ0

(
1 + r2

r2c

)− 3
2

r ≤ prc

0 r ≥ prc

, (4.44)

with p = 10. Little is known about the total mass and redshift dependence of the intra-
cluster gas from observations. Here, we adopt Colafrancesco & Vittorios model [205]
which assumes that changes in the intra-cluster gas are driven by entropy variation and/or
shock compression and heating. According to their model, the gas mass fraction may be
expressed as,

fg = fg0(1 + z)−s

[
M

1015h−1M�

]k
, (4.45)

where the normalization, fg0 = 0.1, is based on local rich clusters. We look at com-
binations of both mass and redshift dependence for a range of evolutionary models. In
particular, we look at a case of strong evolution given by k = 0.5, s = 1 (Colafrancesco
& Vittorio) [205]; k = 0.1, s = 0.5 (Ettori & Fabian) [203]; k = 0.1, s = 0.1 (weak
evolution); k = 0 (no mass dependence) and s = 0 (no redshift dependence).

Study of the primary anisotropies of the Cosmic Microwave Background can be used
to determine the cosmological parameters to a very high precision. The power spectrum
of the secondary CMBR anisotropies due to the thermal Sunyaev-Zeldovich Effect by
clusters of galaxies, can then be studied, to constrain more cluster specific properties
(like gas mass). We show the S-Z power spectrum from clusters to be a sensitive probe
of any possible evolution (or constancy) of the gas mass fraction. The position of the
peak of the S-Z power spectrum is a strong discriminatory signature of different gas mass
fraction evolution models. For example, for a flat universe, there can be a difference in
the l values (of the peak) of as much as 3000 between a constant gas mass fraction model
and an evolutionary one. Moreover, observational determination of power spectrum, from
blank sky surveys, is devoid of any selection effects that can possibly affect targeted X-ray
or radio studies of gas mass fractions in galaxy clusters.

We have plotted the Poisson S-Z power spectrum in Fig. (4.10). Clearly, the primary
feature distinguishing a non-evolutionary constant fg model from an evolutionary one is
the position of the peak. The model with a constant fg peaks at a higher l value and also
has greater power. The constant fg model peaks at l ∼ 4000. This result is in agreement
with that of Komatsu & Kitayama [180]. If one assumes that there is no evolution of fg
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Figure 4.10: The Poisson power spectra due to S-Z effect from galaxy clusters for differ-
ent fg models. The thick solid line corresponds to constant fg model, the thick dashed
line has no evolution with redshift and the thick dash-dotted line has no evolution with
total mass. The thin lines are for the cases: a) k = 0.5, s = 1; b) k = 0.5, s = 0.5; c)
k = 0.1, s = 0.5 and d) k = 0.1, s = 0.1 [204].

with redshift (i.e s = 0), the peak is at l ∼ 1100, whereas in the case of no dependence
on mass (k = 0), the peak is at l ∼ 2500. Based on EMSS data (David et al. [206]),
Colafrancesco & Vittorio [205] model fg with k = 0.5, s = 1. For this case, we see that
the turnover is at a very low l ∼ 900. Assuming a mild evolution (k = 0.1, s = 0.1), we
get the peak at l ∼ 2100. We also plotted results for (k = 0.5, s = 0.5) and (k = 0.1, s =

0.5). It is evident that the difference, in the l value of the peak of the constant fg scenario
from an evolutionary one, can range between l ∼ 1500− 3200. The position of the peak
thus is a strong discriminatory signature of any evolution of fg.

It is easy to understand the shift in the peak of the S-Z power spectrum. Let us
consider the case s = 0, i.e. fg depends only on total mass. From Eq. (4.44), this means
an enhanced reduction of fg of smaller mass clusters relative to the larger masses and so
a reduction of power at larger l’s, (since smaller masses contribute at larger l or smaller
θ). Hence, the peak shifts to a lower l. For the case k = 0, (i.e only redshift dependence),
we now have structures at high z contributing less to the power (than without a redshift
dependence). Since from PS formalism, less massive structures are more abundant at
high z, this negative dependence of fg on redshift cuts off their contribution more than
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Figure 4.11: The Clustering power spectra due to S-Z effect from galaxy clusters for
different fg models. The thick solid line corresponds to constant fg model, the thick
dashed line has no evolution with redshift and the thick dash-dotted line has no evolution
with total mass. The thin lines are for the cases: a) k = 0.5, s = 1; b) k = 0.5, s = 0.5;
c) k = 0.1, s = 0.5 and d) k = 0.1, s = 0.1 [204].

the more massive clusters. Hence, once again there is less power at high l and the peak
shifts to lower lvalue. The parametrization of Eq. (4.44) affects the larger masses less,
as evident from almost equal power seen at l ≤ 600, for all models. The net effect is a
reduction of power at smaller angular scales, and hence a shift in the position of the peak
to a smaller multipole value.

In Fig (4.11), we show the S-Z clustering power spectrum. For all models, it falls
of at a smaller l w.r.t Poisson power spectrum. Since for clustering, the peak depends
on the average inter-cluster separation, which is fixed once the cosmology is fixed, there
is no appreciable spread of the peaks in l space. The only difference is in their relative
power w.r.t each other which depends on the total gas mass available to distort the CMBR.
Addition of the clustering power spectrum to the Poisson case results in slight shift of the
peaks to lower l’s.

In Fig. (4.12), we show results for an open universe (Ωm = 0.35, ΩΛ = 0, h = 0.65).
It is clearly seen that the difference in the peak position of constant fg and evolutionary
models remain far apart (In-fact, for same parameters of k = 0.5, s = 1, the difference
increases to ≈ 4500 from that of ≈ 3000 in a flat universe). It is seen that the turnover of
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Figure 4.12: The Poisson S-Z power spectra are plotted for different cosmologies and with
different extension of the gas mass. The solid lines are for a ΛCDM, with Ωm = 0.35,
ΩΛ = 0.65, h = 0.65, and the thin lines are for OCDM with Ωm = 0.35, ΩΛ = 0,
h = 0.65. The OCDM lines have been multiplied by a factor of 10 in the plot. The solid
and dashed lines are for gas mass extending up to 10rc, whereas the dash-dotted and the
dotted lines are for extension up to 7rc [204].

the S-Z power spectrum is insensitive to the mass cutoff, since main contribution to the
anisotropy comes from clusters with 1014M� < M < 1015M�. In Fig. (4.12), we also
indicate the effect of having a more compact gas distribution with p = 7. We see that
shift in the peaks are negligible (though the height is reduced a little) and an uncertainty
as to how far the gas extends is not major. The use of a single β to model the full gas
distribution introduces little error, though a β-model fits the inner cluster regions better.
This is because the major contribution to the anisotropy comes from around the core
region, and increasing β slightly decreases the overall distortion, without touching the
peak. In conclusion, we have computed the angular power spectrum of S-Z effect from
clusters of galaxies. We have shown the position of the peak of the power spectrum to
bear a strong discriminatory signature of different fg models.
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4.9 Summary

The shape of the CMBR anisotropy (primary and secondary) spectrum is directly linked to
back ground cosmology. Thus understanding of physical mechanisms responsible for the
anisotropy spectrum and the influence of the background cosmology in the generation of
these anisotropies have led to attempts at deriving constraints on the cosmological param-
eters from the shape of CMBR anisotropy spectrum. In this chapter, we discussed meth-
ods of using Sunyaev-Zel’dovich effect in constraining cosmological parameters. One of
the methods was based on measuring the evolution of the number density of galaxy clus-
ter with redshift. We showed the cosmological dependence of Press-Schechter formalism
and how it can be exploited in future S-Z surveys to constrain cosmological parame-
ters. It was briefly discussed that measuring the evolution of the Press-Schechter number
density of galaxy clusters would be a powerful probe of some cosmological parameters;
in particular, matter density Ωm, power spectrum normalization σ(M), and the density
(and possibly equation of state) of dark energy ΩΛ. The significance being that the de-
generacies between these parameters are different from those in primary anisotropies in
the CMBR. Indeed, the redshift independence is the measure of such non-targeted S-Z
surveys over traditional optical and X-ray observations. We also discussed a method of
computing mass of galaxy clusters by determining best fit for NFW profile parameters.
Secondly, we discussed nature of S-Z power spectrum in different cosmological models.
We discussed a method of using power spectrum for different cosmologies to place con-
strains on the cosmological parameters in complimentary ways. To see this in details we
concentrated on the ΛCDM and observed the effect of mass and redshift cutoff on the S-Z
power spectrum. After discussing S-Z power spectrum in relation to cosmological pa-
rameters, we then discussed use of power spectrum as a probe of gas evolution in galaxy
clusters. It is seen that the S-Z power spectrum from clusters is a sensitive probe of any
possible evolution (or constancy) of the gas mass fraction and that the position of the
peak of the S-Z power spectrum is a strong discriminatory signature of different gas mass
fraction evolution models.



Chapter 5

Conclusions and Future Plan

5.1 Conclusions

The aim of the present work is to achieve a more profound understanding of the role of
the Sunyaev-Zel’dovich effect as a probe of the large scale structure of the universe. We
have presented an overview of the motivation for studying the S-Z effect, followed by an
explanation of the physics. With Sunyaev-Zel’dovich effect, we have constrained angu-
lar diameter distance, Hubble constant, ICM, cosmological parameters and so on. The
importance of the S-Z effect as a cosmological probe stands out since both kinds of in-
tensity changes do not depend on redshift at all, thus the successful measurement of these
changes can assist in studying cluster evolution, properties, and cosmological context in
which the cluster is observed. We may summarize our main conclusions as follows:
• Sunyaev-Zel’dovich (S-Z) effect is based on the inverse Compton scattering, which is
sensitive to the ICM. The interaction between CMBR photons and electrons guarantees
the S-Z to be an important probe of large scale structure of universe. Compton scattering
is completely understood physics, so the S-Z effect can be cleanly computed from first
principles and the importance of S-Z effects stands out because unlike other astrophysical
probes, it does not depend on the redshift. It turned out that comptonization parameter
holds all the dependence on the large scale structures.
• Detailed analysis of the Kompaneets equation, suggests that the spectral features of
the no-relativistic thermal S-Z effect do not depend on the temperature of the scattering
medium. But in the relativistic limit, there is dependence on the temperature of ICM.
However, these two formalisms are in excellent agreement with each other for electron
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temperatures Te ≤ 5keV. Non-thermal S-Z effect in radio halos, quasars etc is found to
be negligibly small as compared with the thermal S-Z effect, but must be accounted for
precise measurements of cosmological parameters.
• The thermal S-Z effect can also prove to be a potential probe for intra-supercluster gas.
Comparing such results from S-Z effect with the work already carried on superclusters
from X-ray emission can be helpful in examining ISC.
• Kinematic S-Z effect appears to be small, except for the quasars where it dominates over
thermal S-Z effect. Measurements of it placed constrains on cluster peculiar velocities,
vz. With next generation instruments, it may be possible, to measure polarization in S-Z
signals. This measurement along with kinematic S-Z effect, would then give us vectorial
velocity of clusters.
• Analysis of CMBR distortion due to S-Z effect in conjunction with cluster X-ray prop-
erties derived cluster morphology, cluster angular diameter distance and thus the estimate
of Hubble constant. This method provides a distance determination for the cluster that is
independent of cosmic distance ladder of Cephed variables or supernovae and is poten-
tially effective at high redshifts.
• We discussed possible sources of both statistical and systematic uncertainty in our mea-
surements and estimated their effect on the S-Z effect and X-ray derived cluster mor-
phology. Some are found to have negligible effect on the measurements and it turns out
non-isothermality, non-spherical, clumpiness of ICM can give rise to uncertainty in the
measurements to a large extend.
• It is found that the cooling flow bulk motion contribution to the S-Z effect can reach
for some clusters upto the percent level and thus can give correct analysis of the S-Z
observations with cooling flows. Especially, in view of rapid progress in observational
techniques, it may be possible to observe such deviations from standard thermal S-Z ef-
fect which will facilitate more exact measurements.
• Galaxy cluster catalogs are useful for cosmological studies for a number of reasons:
cluster abundance, distribution and evolution reflect the structure formation process, which
depends sensitively on certain cosmological parameters, such as the matter density Ωm,
ΩΛ and σ(M). S-Z effect will soon open the way to a new method of surveying for clus-
ters. Several ground based instruments optimized for S-Z surveying are currently under
construction and the Planck satellite will supply an almost fullsky catalog of several (104)
clusters in next few years. We examined in detail this new kind of survey based on P-S
formalism and the possible constrains in cosmological parameters.
• In the context of the upcoming surveys, we also showed that one could constrain cosmo-
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logical parameters (or cosmological models) using S-Z angular power spectrum based on
the theoretical P-S mass-redshift selection. Additionally, we estimated the contribution
from the thermal S-Z effect and kinetic S-Z effect separately to the CMBR anisotropies
and found that the kinematic S-Z signal is negligible compared to thermal S-Z effect.
• Lastly, we studied the impact of gas evolution on the expected yields from deep Sunyaev-
Zeldovich effect surveys, as well as on the expected S-Z effect contribution on anisotropy
in the cosmic microwave background in different cosmological models. We also showed
that the position of the peak of the power spectrum is a strong discriminator between dif-
ferent fg models.

5.2 Future of S-Z Effect

The Sunyaev-Zel’dovich effect has already been imaged in some ≈ 60 clusters, yield-
ing important information on such quantities as the gas mass fraction in clusters, and the
Hubble constant. Multi-frequency measurements of the effect in many more clusters are
expected in the near future when new S-Z projects - both ground based and stratospheric
become operational. In addition to the detection of the effect in a large number of clus-
ters, planned sky surveys, particularly by the Planck satellite, will likely map the CMBR
anisotropy induced by the effect. The much larger S-Z database and the measurement of
this anisotropy will greatly expand the scope of the effect as a cosmological probe due to
its strong dependence on the cosmological and large scale parameters, and the morphol-
ogy and evolution of clusters.

Since the S-Z effect survey sensitivity is such a flat function of redshift, S-Z effect
techniques should prove more effective at finding high-redshift clusters, and at locating
clusters over a wider range of gas mass, than X-ray surveys. Plausible S-Z effect surveys
are more effective at z > 1, if the clusters at such redshifts resemble those at low redshift.
However, since we know that clusters assembled relatively recently, we might expect that
S-Z-selected samples of clusters will be limited by the changing cluster sizes, gas con-
tents, and coherence, and that there will be some maximum detectable redshift at which
the gas in clusters first gains a high enough pressure to become the source of a significant
S-Z effect. The distribution of clusters by redshift can also provide useful measures of cos-
mological parameters and tests of our models of cluster heating and evolution. Follow-up
studies of a subsample of the clusters, with long X-ray observations and high-sensitivity,
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high angular-resolution, S-Z-effect mapping, should provide excellent information on the
physics of cluster formation, for example on the evolution of the cluster baryon fraction,
or the changing distribution of cluster velocities . It would also provide an ideal set of
clusters for the measurement of cluster distances and the determination of cosmological
parameters, provided that enough structure information is available to allow good models
of the gas distribution to be deduced for each cluster. It has even been shown that a com-
parison of a map of the S-Z effect with a gravitational lensing map can provide a rich set
of information on cluster properties without conducting a redshift survey.

Along with the intensity signals, the S-Z effects also contain polarization signals.
The simplest to understand is the polarization caused by multiple scatterings within the
cluster, where one expects a radial pattern of polarization with intensity ∝ τe∆I . Other
polarization signals are associated with motion of the cluster across the line of sight (with
intensity ∝ I v⊥

c
). This effect is extremely small, inaccessible to the current generation

of instruments, and generally badly confused by background structures in the CMBR.
However, this channel of the S-Z effect may become amenable to study with the next
generation of instruments.

Thus, it is amply clear that a lot about the mystery and beauty of our universe is
expected to be learnt in future with S-Z effect measurements.

Prospective Problems for Ph. D.
1) From the recent observations, the study of the temperature distribution in galaxy clus-
ters has progressed significantly. Combining with the newly revealed temperature profiles,
we can use the method shown in chapter 3 to study the real effects of the temperature
distribution on the S-Z effect and then improve the accuracy of the estimated Hubble con-
stant.
2) In addition to radio halos, there are many radio galaxies in clusters and it is found that
there exist large fraction of relativistic non-thermal electrons in them. We plan to study
the S-Z effect from these non-thermal electrons present in these cosmological structures
and try to find its cosmological significance.
3) Accretion disks contain rotating hot gases. The CMBR photons may be scattered to
higher energies by the electrons in this gas, resulting in the Sunyaev-Zel’dovich effect.
This is an area in which little work has been done but warrants a thorough investigation.
4) With the current and up coming data on the blank sky surveys we aim to place a
constrain on the Cosmological parameters by comparing observed cluster abundance and
spatial distributions with specific model calculations.
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