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Abstract We devote this research paper to construct a relationship between the average of the total number of quanta in a single-mode squeezed 
vacuum state and the mean free path of atoms of a material through which the natural light passes This relationship provides a method to measure 
fxperimentally the mean number of photons present in this mode of the quantum radiation field.
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1. Introduction
The first scientific light scattering experiment was performed by 
Tyndall [ 1], who observed the natural light scattered by particles 
whose size was small compared with the incident wavelength 
and noticed the appearance o f a bluish blue hue in the scattered 
radiation. Rayleigh [2] gave the theoretical explanation o f this 
luct, showing that the intensity o f light scattered by such 
piirticles, considered non-interacting, is inversely proportional 
to the forth power o f the wavelength. This effect accounts in 
particular, fdr the blue color o f sky, once the scattering centers 
are assumed to be the vapour molecules constituting the 
atmosphere, possessing a mean free path larger than the optical 
'''avelength.

In 1998, the author established an interesting relationship, 
''hich relates the mean number o f photons (symbolized b y  £ )  

occupied by a mode o f the natural light to the mean free path of
atoms o f the material through which the light passes [3]. 

Owning to this relationship, one can measure experimentally 
ihe mean occupation number o f photons present in a chaotic 
f‘<ild mode by measuring the mean free path (symbolized by 7).

Recently, we have defined by applying the Boltzmann 
'^^egrodifferential equation, a fu lly  quantum-mechanical P

function, [4]. By means of this function, we introduce here a 
mixed-state density operator for a single-mode squeezed vacuum 
state. This operator enabled us to define a relationship between 
the total mean number o f quanta present in a single-mode 
squeezed vacuum state o f the mode and the parameter e that 
depends on T.

In fact, we have evaluated, for two cases, the mean value o f 
the number operator a {a* and a are respectively the creation 
and annihilation operators o f a photon) [5]. It is found that for a 
single-mode pure squeezed vacuum state, this mean value is 
equal to sinh V, while it is equal to the statistical average o f this 
function (sinh^r) for the mixed squeezed vacuum state, (r is 
called the squeeze factor). This leads us to construct an 
interesting relationship that relates the average number o f 
photons present in a single-mode squeezed vaccum state and 
the parameter e  which depends on the mean free path T.

In fact, i f  one could measure experimentally the mean free 
path r , then we can formulate the number e , which is the main 
factor in the theory. Once this number is fixed, we can detennine 
owing to the constructed relationship, the mean occupation 
number of the thermal and squeezed states of the mode we are 
studying.
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2. Definitions and notations
(a)  S i n g l e - m o d e  s q u e e z e d  v a c u u m  s t a t e  :

The single-mode squeeze operator is defined by

5(r,(p) = cxp j ,
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(1)

where z - r t \ p ( 2 i(p) is called the complex factor o f the 
squeezed state. The real numbers r and (p arc known as squeeze 
factor and squeeze angle respectively. These numbers are defined 
in the range 0 < r< o o , - n  I 2 < ( p < 7 t  1 2 .  The single-mode 
.squeezed state \ r , ( p) ,  results by acting operator (1) on the 
ground stale |0) o f the mode 16-9|,

r,<p) = 5 (r ,^ ) |0 ) . (2)

The normal-ordered form o f S ( r ,  q)) can be calculated. The 
most straightforward method is to apply McCoy's theorem. This 
allows an exponential o f a polynomial in and a up to powers 
o f two to be written in the normal-ordered form. The result is 
[i0 |.

5(/", <p) = {cosh r ] exp|^-” -;^e'"'‘̂ {tanh r }  j

x e xp j- ln  (cosh £/jexpj^-~t*“ "'^{tanh '* }(« ^ ) j-  (3)

I f  we insert operator (3) into (2) and use the identity a| 0) = 0, 
then we obtain

|r,(jo) = (cosh r }  exp --^e^ '^ {tanh  r }  ) |0)- (4)

we can write (4) in the form

(5)

_ f--!-e^'’’ tanhr’
|r,(jl)) = {cosh — -------- ---------— ^(2n)!|2n);

n=0

0 < r< « > , - n l 2 < ( p < n l l . (6)

C7)

Let f l  be a unit vector coinciding with the direction of the 
velocity o f a particle when its energy is u. We introduce the 
function g(/io» w -  u )  to represent the relative probability of a 
particle being left with parameters ( O ,  u) as a result of a collision 
before which it was characterized by the pair ( Q \ u ' ) { ^ ^ ^  

-  Q M *  is the cosine o f the angle though which the particle is 
scattered). We assume that g { p ^ ,  u - u ' )  may be expressed m 
terms o f Legendre polynomials P j i P o )  such as

g (^ o ,M -« ')  = ( l /4 ; r )  ^ ( 2n  + \ )  g„ (u  - u ' )  (8)

(b) Mean number of photons present in a thermal mode :

»i=0

With

+i

gn(.U-u') = 2 ti j  dfiog(.flô  u -  u') P„ ( ^ 0  ) , (9)

where we have used the normalization condition of Legindrc 
pi^lynomials. Now, we introduce the symbols a  and P  to denote 
the integrals

a  = 27T j d u '  ( u -  u ' ) g Q { u  ~ u ') (10)
u -Y

and

M

P  = 2n  j d u ' g ^ ( u - u ) (Hi
u-Y

Now, knowing that the energy eigenstates | n)  (n = 0,1,2.3,.....)
o f a harmonic oscillator are constructed from its vacuum state 
|0) by repeated application o f creation operator as

with gQ(w -  « ') and gi (« ~ u ' )  are defined by eq. (9) for n -  0 
and 1 respectively, while Y represents the maximum energy loss 
(the maximum energy loss occurs when the particle is scatleied 
through an angle o f 180®). Accordingly, the average numbei ol 
photons present in a thermal field mode as function o f the mean 
free path 7(m), is given by 13]

E = 3 a ( l- /3 ) (12)

Since |r ,0 ) is an eigenstate o f the unitary operator (1), it is 
normalized to unity, such as

3. P-representation fo r a single-mode squeezed vacuum state
For a system in the pure state (6) corresponding to no statistical 
indetermination, the density operator p  is defined by

P  =  \ r , ( p ) { 9 , r

which is a hermitian operator. The quantum statistical expectation j 
value o f the number operator a* a  is given by [5]

< a * a  >= Tr (p a *  a ) . (14)1
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This determines the average number o f photons present in state Boltzmann integrodifferential equation [13], has been 
state (6). I f  we now substitute (6) into (13), we get reduced tn a K uiiahle fnrm n f  ii familiar secnnd-nrder nartial

x(m+n)/2

( 2 / n - l ) ! ! ( 2 n - l ) l !  

m\n\

-\V2

1 1 p = — i—  y  i t a n h ^ r j
“ sh  '• '^ 2  j

|2 m ) (2 r t l .  (15)

u s e  th e  e i_

(i\k) = ^ \ k - i )  a s  w e ll  a s  th e  c o m p le te n e s s  p rop erty  o f  the

red u ced  to  a su ita b le  fo rm  o f  a fa m ilia r  second< ord er partia l 

d ifferen tia l eq u a tio n  in  the tw o -d im e n s io n a l sp ace . T h e  so lu tio n  

o f  th is  e q u a t io n  is  ta k e n  a s  a c o m b in a t io n  o f  tw o  te r m s.  

A c co r d in g ly , it is  fo u n d  that th e  first term  has the  sa m e  p h y s ic a l  

and m athem atica l ch aracters o f  the form  o f  fu n ction  (2 1 ). D e ta ils  

are g iv en  in an earlier  p u b lica tio n  [4 ].

In d eed , it is  e a sy  to  sh o w  that for a ll v a lu e  o f  r, the real 

w eig h t fu n ctio n  (2 1 ) takes p o s it iv e  d e fin ite  v a lu es in the interval 
I f  w e  in ser t (1 5 )  in to  (1 4 )  an d  u s e  th e  e ig e n v a lu e  eq u a tio n  w h ile  it ta k es n e g a tiv e  v a lu e s  o th e r w ise  in
A _  f T l l r _ i \  nc 0/^11 siQ rh#* rnmnip.lftnftss nrnnp.rtv n f thp , , mi >  ̂ i- i ^

th e  p la n e .  T h is  fu n c t io n  d is tr ib u te s  in  p h a s e  th r o u g h  its  

d e p e n d e n c e  o n  fu n ctio n  c o s  (p. D e sp ite  o f  Q (r , tp; e) b e in g  a 

n o n -s in g u la r  fu n ctio n , it m a y  b e  c o n s id e r ed  m ore sin g u la r  than  

<5 - function, b e c a u se  c o s  <p p ro jects all the vecto r  sta tes in the  

p lan e in to  the d irec tio n  o f  the b eam  rep resen ted  by th e  w e ig h t

number sta te s  \k) (k = 0,\,  2 ) ,  th en  w e  o b ta in  

2
<a^a>=

c o sh
_ y „ ( 2 ! L z jB f l t a n h = (16)

fu n ctio n  Q(r, (p\ E)
T h e su m  o v e r  n c a n  n o w  b e  carr ied  o u t. B y  d iffe re n tia tin g

b(̂ th s id e s  o f  th e  f o l lo w in g  r e la tio n

= ( l - t a n h ^ r )  ( 17)

With r esp e c t to  tanh^ r, w e  g e t

=  i t a n h ^  r ( l  -  tanh* 0 8 )

N o w , a su b stitu tio n  fro m  ( 1 8 )  in to  (1 6 )  lea d s  im m e d ia te ly  to  

<  > =  sinh ^  r .

A c co r d in g  to  (6 ) and (2 1 ) , operator  (2 0 )  can  b e  e x p r essed  in  

term s o f  the nu m ber sta te s , as fo llo w s

P  =
( W ’ )

T IT T  X  f  f ^ ' ^ c o s ( p e x p [ 2 i ( m - n ) ( p ]
m,n~0

1 y
-  -  tanh r ]

— i
m \r i\  

x \ 2m ) { 2n \ r d r d ( p .

(c o sh  r ) ' '  re  ̂ yj(2m)\(2n)\

(23)

A ctu a lly , the in tegra l w ith  resp ect to (p can  be e a s ily  carried

. /1 I. .1,^  ou t b y  a p p ly in g  the ru le o f  in tegration  by parts, the resu lt is
We c o n s id e r  a lin ea r  su p e r p o s it io n  o f  op era to r  (1 3 )  in the y y b

lorm

P  =  n  f  dr dtp rQ{r, (p\S)\r, 
Jo J-;r/2

(20)

rn l2  f  -1 2 (“ 1)J^^^dipcosip cxp [2 i(m -« ) =

If w e  insert th e  v a lu e  o f  in tegra l (2 4 )  in to  (2 3 ) ,  then  w e  g e t  

where r dr d<p is  th e  e le m e n t  o f  area  in  the p la n e , w h ile  the g ftg ra  little  m a n ip u la tio n , th e  fo llo w in g  sim p le  torm

L n ( e )

i f -
( 2 m - l ) ! ! ( 2 n - l ) !

-iW2

m \n \

weighting fa c to r  Q(r, (p\E) a s s u m e s  th e  fo rm

Q{r,(p\£) =  “ (;r£ )’ ^'* c o s ( jp -^  [ e x p  [-r  ̂ /  £ ) j  (21)

with E d e f in e d  b y  (1 2 ) .  E x p a n s io n  (2 0 )  is  k n o w n  as th e  P- 
representation fo r  th e  d e n s ity  o p e r a to r  in  term s o f  r and  <P, T h is  

representation w a s  in tr o d u c e d  b y  G la u b e r  [1 1 ]  and Su darsh an  

1 1 2 |, in d ep en d en tly , in 19 6 3 .

In order to  preserve th e  H e r m it ia n  and un itary  ch aracters o f

P. the P -r e p r e s e n ta t io n  ( 2 0 )  m u s t  b e  rea l a n d  s a t is fy  th e  / ^ ( £ )  =  dr r (c o sh  r )  e x p (  r I e)\̂  ̂ tanh i 

normalization c o n d it io n

r l2 m ) ( 2 n |.
l - 4 ( m - n )

(25)

w h ere

(m+fi)/2

(26)

The properties of p w ill be discussed in the next section. 
Indeed, we shall see that this operator verifies all the properties 

In fact, owing to successful mathematical manipulations in of the density operators.

f "  dr dq> r Q(r, ?»;£) =  1 . (22)
Jo J-n/ 2

fa ct, owing to successful mathe__ 
addition to some physical restrictive conditions, the steady-
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4, Some properties o f p
The first simple property o f p is that its trace is unity i.e. T r (p )  
= 1. According to (25), we have

T r(p ) =  4 (T O ^ )'‘'^
( 2 /? i- l ) ! ! ( 2 n - l) ! ! 1/2

m,n-0

~{2n \ 2m ) .

m \ n \

\ - 4 { m - n y

Since the number states I it) ( k  = 0 ,1, 2....) form a complete 
orthogonal set o f vectors, the above relation reduces to

Tr(p) = 4(TO-’ )3 ,-i/2  V  ( 2 n - l ) ! !
n=a0 n!

where

/„„(£ ) = 1^ d r  r “ (cosh exp ( - r ^  tanh^ r j

(27)

(28)

which follows from (26) for m = /?. Now, we insert (28) into the 
right side o f (27) and then we use expansion (17), to obtain

Tr(p) -  4(;rf^)"*^^ d r  Qxp /  €) . (29)

Using integration by parts, the right side o f (29) becomes

, 2 / 2 / \ d r  r  exp { - r  / £) =

This allows us to write (29) as 
Tr(p) = l .

3 >,1/2
(30)

(31)

(2/|pl2A:> =  4 ( ;r f^ r ' '^
( 2 w - l ) ! ! ( 2 / i - l ) ! !

m \n \

1/2

^ c c (32)

(2 /|p |2*) = 4(7re-’ )3x-l/2 (2/ - l ) ! ! ( 2 i t - l ) ! !
l \ k \

1/2

\ - 4 ( l - k ) 2 •

(33)

that the o ff diagonal elements o f the matrix (2/|p|2il) are all 
negative and the absolute values o f these elements decreases 
by increasing the value o f the difference between / and k. On 
the other hand, since 1 -  4 (/ -  ^)^ reduces to 1 for / = k, the 
diagonal elements o f matrix (33) are given by

{2l \ p \ 2k )  = 4(n£’ ) - ‘'2 /« (£ ).
k \ (34)

Expression (34) shows that the diagonal elements of matrix 
(33) are all positive definite numbers as they must be.

Since the weighting factor Q(r, <p\ e )  is subject to the 
normalization condition (22), operator (20) is hermitian. In 
addition, the trace o f this operator is equal to 1 and its diagonal 
elements are all positive definite. Thus, operator (20) possesses 
the necessary characters o f the density operators [14, 15J.

5. The mean o f photons present in a quantum state
As we know, the operator that represents the number of ph^ons 
present in a quantum state is a ^ a  [5]. Therefore, the mean nuniber 
o f photons present in the mixed-state (25) denoted by <N>, is  
given by

< N > = = T r ( p a ^  a ) .  (35)

I f  we substitute (25) into (35), then we get

< N  >= 4 ( n e ^ y ' ' ‘ ^
m,n=0

L n ( e )
1 - 4 ( m - n )

( 2 / « - 1 ) ! ! ( 2 m - 1 ) ! !  

m \ n !

- (2 m )5 ^ ,.

Thus, the sum o f the eigenvalues o f p (which represents 
probabilities) must be equal to 1. This result emphasizes the 
important role o f the weight function (21) in the theory of 
quantum radiation field.

The matrix elements o f operator (25) are given by

where the eigenvalue equation a \ k )  = J k \ k )  has been used. 
Also, i f  we use the properties o f 5^^ , the mean number <M> 

reduces to

r l .  n!
(36)

fi=0

I f  we use the properties o f 5 -  f u n c t i o n ,  (32) reduces to the 
form

Inserting the value o f I n n ( ^ )  given by (28), into the righi 

hand side o f (36), we obtain the expression

OD 2
<N>=  8 (7T f^)“ *'  ̂ \hr—— exp ( - r ^  / £ )

-^0 cosh r

Since each o f / and k takes only integer values or zero; the 
quantity ] -  4 (/ -  k ) ^  is always negative for  l ^  k -  This indicates

The sum over n  in the right hand side o f (37) may be carried 
out by using (18), which allows us to have

< N  > =  4{ n e ^ y ^ ^ ^ j ^ r  r ^  exp ( - r ^  /£)sinh^ r . (38
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Now , integral (3 0 )  a ssu res the norm alization  condition

4(;rf^)“’' ^ p r r ^ c x p ( - r ^ / f )  = l ,  w h ic h  m e a n s  that the

function 4 ( ; ie ^ )" ^ '^ r ^ e x p ( - r ^ /f )  m ay be considered  as a 

normalized density. Thus, expectation value (38) may be written

as 116),

< N  >=^sinh^ (39)

where (s\r\h^ r^ denotes the m ean value o f  sinh^ r  .

Relation (1 9 ) sh ow s that sinh^ r , w h ich  still depends on r 

(that varies from 0  to «»), defin es the m ean number o f  photons 

piesent in pure state (13). W hereas, according to (39 ), the mean 
number o f  p h oton s p resen t in the m ixed  state (2 0 ) is the 

expectation value o f  sinh* r , w h ich  is sim ply  a number as it 

must be. Thus, w h ile  the m ixed  slates supply us som e interesting 
information about the structure o f  the fie ld  o f  photons, the pure 
stale fails to do so.

Indeed, sin ce  the function  s in h ^ r  is independent o f  the 

phase angle (p, relation (3 8 ) can be written as

< / V > = |  ^ ^ d ( p j l i r r Q ( r , ( p \£ ) s i r \ h ^ r , (40)

< N >= j  

Inhere £ is defined  by ( 12) Le.

exp (42)

In fact, the objective o f  this job  is to construct relationship  
(42), which allow s fixing the mean number o f  photons in a single* 

m ode squeezed vacuum  state as function o f  £ that depends on  

the mean free path 7 , w hich can be m easured experim entally.

7. Concluding remarks
From  the resu lts ob ta in ed  a b o v e , w e  can c o n c lu d e  so m e  

interesting remarks as fo llo w s : (i) A relation betw een  the 

w eighting factor (21) and Glauber-Sudarshan's P function f 15-
17], can be easily  found. For this purpose, let us write here the P 
function as

/('■) = —  exp ( - r  / C ); 0  <  r ■< «>,
K f (43)

where £ denotes the m ean number o f  photons occupying this 

m ode [3]. A ccordingly, w e can write function (21) in the form

C?(Mp; f )  = cos (p f \ r ) . (44)

The w eighting factor Q (r, <p\ e) is given  by (21) and satisfies 

the norm alization cond ition  (2 2 ). In fact, relations (38) and 

(40) are identical. To se e  this, it is su ffic ien t to insert the value 

1)1 (?(r, (p; e ) g iven  by (2 1 ), into the right hand side o f  (40) 

and then integrate w ith respect to (p to obtain back the relation 

(38)

16. Mean number of photons as function of the mean free path
Inorder to find the relationship betw een  the average o f  the total 
ijuanta <N> present in the m ixed -state (25 ) and the mean free 

111 r, it IS su fficient to carry out integral (38). This integral may 

I be written again in the eq u iva len t form

h  /V >= 2{7iÊ ŷ ^̂  dr r̂  e x p ( - r “ /  f )  (cosh  2r  - 1 ) .  (41)

The integral in the right hand sid e  o f  (41) can be easily  carried 

I nui, to give

Function f\r)  denotes the derivative o f  / ( r ) ,  defined by 

(43), with respect to r. R elation (44) relates Q(r,(p\ e) with the 

derivative o f  Glauber-Sudarshan's F -funciion.

(ii) A ccording to (42), the m ean number o f  photons present 

in a .single-m ode squeezed vacuum state is (£ + l / 2 )e x p (c )  -  

1/2 , where e represents the mean number o f  photons present in 

the chaotic or thermal state o f  the m ode. This show s clearly, 
that a squeezed field is very dense com paring with a chaotic  

field . Thus, squeezing is an effect, which may occur in fields  

with high intensity. In this sense one m ay also say that the 

sq ueezing effect is a m acroscopic quantum -m echanical effect. 
This fact has been show n by W alls [0] and recently by D aoud  

[18].

(lii) It is clear that when T vanishes, the parameter

£ =
3 a ( l - ^ )

£ = — i —
3 a ( l - ^ ) J o

T̂ hus, (4 2 ) w ith  £ g iv en  by the a b ove  integral is the desired  

*̂̂ Iat[onship that relates the m ean num ber o f  quanta present in a 

î '^^gle-mode sq u eezed  vacuum  state and the m ean free path
\ M

tends to zero. In this ca se , the m ean occu pation  num bers 
o f  both chaotic  and sq u eezed  vacuum  states o f  the m ode  

vanish.

(iv ) A ccording to (4 2 ), the expectation  value o f  energy  

contained in the squeezed  vacuum  state is equal Aca(£ + l / 2 ) 

exp{£) (£U denotes the angular frequency o f  the field  m ode). 

This energy tends io ho) 12 as £ tends to zero. This lim it is 

the en erg y  co n ta in ed  in the vacu u m  state  o f  a quantum  
field m ode. T his assures the fact that the squeezing is a pure 

quantum effect.
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