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Abstract The instability of the plane 1nterface between two superposed viscous and viscoelastic (Walters' #) flwds in porous medium, 1n
mdiodynamics and hydiomagnetics, has been studied. The effect of a vanable horizontal magnetic ficld 1s also consideted separately. For the
powentially stable arrangement, the system is stable or unstable according as v’ < or > &/ ¢ «r;. The magnetic ficld has stabihzing cffect and completely
lbilizes certun wavenumber band &k > &° (F o' < &/ € ;). which was always unstable i the absence of magnetuc field, for the potentially unstable

anangement However, the system is always unstable for the wave number band & < & oraf v/'> 4,/ ¢ a
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1. Introdqction

The instabtlity of the plane interface separating two viscous,
Newtonian fluids when one 1s superposed over the other, under
varying assumptions of hydrodynamics and hydromagnetics,
has been studied by several authors and a detailed account of
these investigations has been given by Chandrasekhar [1]. The
stability of two superposed Walters' B viscoelastic fluids has
been studied by Sharma and Kumar [2]. The medium has been
considered to be non-porous in the above studies.

The stability of superposed viscoelastic fluids in porous
medium has importance in chemical technology and industry
When a fluid flows through a porous medium, the gross effect
s represented by the usual Darcy's law.

The present paper considers the instability of the planc
interface between two superposed viscous and viscoelastic
(Walters' B’ ) fluids in porous medium. The instability of the
plane interface between two superposed viscous and
viscoelastic (Walters' B’) fluids in porous medium is also
considered when the fluids are electrically conducting and a
vaitable horizontal gnagnetic field pervades the system.
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2. Formulation of the problem and perturbation equations

Consider a static state in which an incompressible Walters' B
viscoelastic fluid is arranged 1n horizontal strata 1n porous
medium and the pressure p and the density o are functions of
the vertical coordinate = only. The character of the equilibrium
of this ininal state 1s determined, as usual, by supposing that
the system 1s slightly disturbed and then by following its further
evolution.

Let p, p and g denote respectively the density, the pressure
and the filter velocity of the fluid. Let € k), st and g stand
for medium porosity, medium permeability, viscosity of fluid,
viscoelasticity of fluid and acceleration due to gravity
respectively. Then the equations of motion and continuity for
the Walters' B viscoelastic fluid through porous medium
(Sharma and Kumar [2]) are
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Since the density of a fluid particle moving with the fluid
remains unchanged. we have
9
e—p+(q~V)p=0. 23)
ot
Let 8p,8p,q(u,v,w) denote respectively the perturbations
in density p, pressure p and fluid velocity (0, 0, 0). Then the

linearized perturbation equations of Walters' (model B/)
viscoelastic fluid layer are

pdq - : 1 , 9
_.-—-:—Vb - é - -
- p — §6pA MW — 24)
V.q;O’ (2'5)
egu(—(c‘ip) = w(Dp). (2.6)

where £(0,0,-g) 1s the acceleration due to gravity,
d

A=(0,0,1) and D=—;.

Analyzing the disturbances 1nto normal modes, we seck

solutions whose dependence on x, v and ¢ 1s given by
exp (ik, x+ 1k, y +nt), (2.7)

where n is, in general, a complex constant; k_k_ are wave numbers

along x- and y- directions and k* = k? + k_f .

For perturbations of the form (2 7), eqs (2.4) - (2.6) yield

Jo) ) . ,
Znu=—ik,8p - —(u— 1'n)u,
enu ik, Op i (u—p'n)u

(2.8)
Py =ik 5p-—l—(y-u'n)v 29
€ ' k, ’ (29)
p ! /
—nw=-Ddp—-gép— —(u-p'n)w, (2.10)
€ ky
tk,u+ tk,v+ Dw =0, (2.11)
€ ndp = -w(Dp). (2.12)

Eliminating 8p between egs.(2.8) — (2.10) and using egs.(2.11)
and (2.12), we obtain

Z[otoDm) - ou] s [Pl um)ow)

. -gk*
~k*(pu-u n)w]=—£'—(Dp)w (2.13)

3. Twosuperposed viscous-viscoelastic fluids separated by a
horizontal boundary

Here, we consider a uniform viscous fluid of density p, and
viscosity u,, superposed over a viscoelastic (Walters' B') fluid

of density p,, viscosity u, and viscoelasticity uj, separateg
by a horizontal boundary at z = 0. Then in each of the 1y,
regions of constant p, constant 4 and constant lowe

T,
eq. (2.13) reduces to '
(D*-k*)w =0. 3.1
The general solution of eq.(3.1) is
w=Ae't + Be™ (32)

where A and B are arbitrary constants.

The boundary conditions to be satisfied in present problem
are

(1) The velocity w — 0 when z — +oo ( for the upper fluid)
and 7 — —oo (for the lower fluid).

(i) w(z) is continuous at z=0.

(i) The jump condition at the interface z = O between the
fluids. This is obtained by integrating eq.(2.13).across
the interface at z=0 and 1s \

" 1
—e-(p:Dw2 -piDwy) +:[“2DW2 - (uy ‘#;")lel

\
i 2xl)

-a-(n: -P\)wy., (3.3)

remembering the configuration that upper fluid is viscous
(Newtonian) and lower fluid is viscoelastic (Walters' B). Here,
w,, is the common value of w atz = 0.

Applying the boundary conditions (1) and (ii) to the general

solution (3.2), we can write

w, = Aek, (z<0), (34)

Ae ™, (2>0), 35

where the same constant A has been chosen to ensure the
continuityof watz=0.

Applying the boundary condition (3.3) to the solutions (3.4)
and (3.5), we obtain

=€) ey —a=0. o)
where al.Z = pl.2 ’ Vl‘z = .‘E’.. and Vl’ =£ll
P tpP, P2 |

In deriving Eq. (3.6), we have made the assumption that the
kinematic viscosities of the two fluids are equal i.e. v; = v, =V
and have put kinematic viscoelasticity v| = v’. However, this
simphifying assumption does not obscure any of the essential
features of the problem.
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(a) Stable case (P, <py) :

For the potentially stable arrangement ( p, < p,)and v < ﬁ_

all the coefficients of eq.(3.6) are positive. Therefore, botel'xolllllc
roots of €q.(3.6) are either real and negative or complex conjugates
with negative real parts. The system is thus stable in each case.
tlowever for the potentially stable arrangement ( p, < p,) and

-, the coefficient of n?in eq.(3.6) is negative. There 1s

€q,
achange of sign in the coefficients of eq.(3.6) and hence eq.(3.6)
allows a positive root. The system is therefore unstable.

We thus conclude that for superposed viscous-viscoelastic
(Walters' BY) fluids in porous medium and for the potentially
table arrangement, the system is stable or unstable according

1.
as < or> -e—'.This 18 in contrast to the stability of Newtonian

l

superposed fluids acted on by suspended particles 1n porous
medium, where the system is always stable for the stable
configuration [3].

(h) Unstable case ( p, > p,) :

For the potentially unstable arrangement (0, > p, ), the constant
term 1n eq (3.6) is negative. Eq. (3.0) has a change of sign and
hence allows one positive root. The aoccurrence of one positive
100t imphes instability of the system. Thus for the potentially
unstable case, the system is unstable for two superposed
viscous -viscoelastic (Walters' BY) fluids in porous medium,

4. Effect of a variable horizontal magnetic field

Here, we consider the static state in which an incompressible,
infinitely conducting Walters' (model B) viscoelastic fluid is
arranged in horizontal strata in porous medium in presence of a
variable horizontal magnetic field H [H(2),0,0). Let h(h h h)
denotes the perturbation in magnetic field and u, stands for
magnetic permeability, then the linearized hydromagnetic
perturbation equations, relevant to the problem, are

P 9 - 1 . 9

EA o _vep-gbpA——|pu-u'=

<3 p - 80p. k.(“ W=l

+i‘_f[(Vxh)xH+(VxH)xh], (.1
/4

V-h=0, 42)

ei—?:Vx(qu), 43)

together with eqs.(2.2) and (2.3). For perturbation of the form
(27), writing component equations and eliminating u v, h, . h,
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h,, 6p and p, eqgs. (4.1) -(4.3) together with egs.(2.2) - (2.3)
yield

g[D(pr) - kzpw] + kL[D{(y - u'n)Dw} - kz(u - p’n)w]
1

Hky 2 2,2 gk’
+——ID(H*"Dw) - =2 X
4ME[ (H>Dw) - H*w] ——(Dpw. (44)

5. Two superposed viscous-viscoelastic fluids separated by a
horizontal boundary in hydromagnetics

Here, we consider the case of two umform fluids of densities,
viscosities, viscoelasticities, magnetic fields as 0, U5, 45 (= 0),
H, (upper, viscous Newtomian fluid) and p,, u,, u;, H,(lower,
viscoelastic Walters' B/ fluid). separated by a horizontal
boundary at : = 0 in porous medium and is depicted in Figure 1.
Then in each region of constant p, constant 4, constant u,
constant H, eq. (4.4) reduces to
(D* -k )w=0 (CR))

The boundary conditions to be satisfied in the present
problem are (1) the vanishing of was 2 — +e0 and z = —eo , (ii)
continuity of w at z= 0 and (111) the jump condition. The jump

condition is obtained by integrating eq.(4.4) across the interface
atz=0and is

n 1 ,
:(P:Dwz =P Dw, )F(, +T'[/‘: Dw, —(u, - #I")le]z,o
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Figure 1. Two superposed viscous-viscoelastic fluids in hydromagnetics.
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Applying the boundary conditions (i) and (ii), the solutions
of eq.(5.1) are given by eqgs. (3.4) and (3.5). Applying the
condition (5.2) to the solutions (3.4) and (3.5),we obtain

-S4 ]rﬁ +%'-n+[2k3VA2 - gl -a))]=0, (53)

where we have put

’
K> v/ =,u_|.

o, = Vi, —
1.2 » Vi VY
P P,

V=V, =Y

(kinematic viscosities of two fluids are assumed cqual) and have
put kinematic viscoelasticity v = v’ . The Alfvén velocities of
the two fluids are assumed to be equal 1.¢.

. MH] u H;
A" - .
an(p, +py) 4n(p, +p,)

However, these simplitying assumptions do not obscure any
of the cssential features of the problem.

(a) Stable case ( P, <p,) :

For the potentially stable arrangement ( p, < p,)and v/ >
Eqa,
eq.(5.3) involves a change of sign and hence a positive root

implying thereby that the system 1s unstable. However, for the

. k
potentially stable arrangement ( p, < p)and v’ < 1 eq.5.3)
e,
does not have a change of sign and o0 has no root with positive

real part which means that the system is stable.

Thus, for superposed viscous-viscoelastic (Walters'B)
fluids 1n porous medium and for the potentially stable case, the

k
v <— or

€q,

system is stable or unstable according as

k Lo . .
Vo> This is in contrast to the stability of Newtonian

€qa,
superposed fluids acted on by suspended particles in porous
medium, where the system i1s always stable for the stable
configuration [3].

(b) Unstable case (p, >p,) :
For the potentialiy unstable arrangement (0, > p,), and
v <- -, the magnetic field has got a stabilizing effect and
cnm;ﬁgély stabilizes the system for all wave numbers which
satisfy the inequality

2k VE> gk (ay-a)),

re. k> k-

g(az _al)
2v;

where k* = sec? 0, (54

and @ is the angle between k and magnetic field H.

However, for the potentially unstable arrangement (p, > o)

the system is unstable for the wave number band k < k* ;

Vo>
€a,

6. Conclusions

The stability of two superposed viscoelastic (Rivlin-Ericksen
fluds in porous medium. in hydrodynamics and hydromagneyc,
has been studied by Sharma er al [4]. The system is found to pe
stable for potentially stable arrangement and unstable for (he
potentially unstable arrangement. The system is stable i
hydromagnetics also for the potentially stable arrangemen
However, for potentially unstable arrangement, the presence of
magnetic field stabilizes the wave number band & > k¥ which
was always unstable in the absence of magnetic field. The above
findings are also true in two superposed Newtonian viscous
fluids in porous medium. However, the results are different i
Walters' B/ viscoelastic fluids. \

This 1s 1n contrast to the stability of superposed VI;L‘Uu.s-
viscoelastic (Walters' B’ ) fluids 1n porous medium m
hydrodynamics and hydromagnetics. For the potentially
unstable configuration and for two superposed viscous
viscoelastic (Walters' B’ ) flurds 1n porous medium m
hydrodynamaics, the system is unstable for all wave numbers
whereas 1n hydromagnetics, the magnetic field has stabilizing

effectif v/ < and completely stabilizes the wave number
€qa,
band k > k*,

,g_(lh__;q_!) sec20 .

A

where k* =

. L3 .
Howcver, the system 1s always unstable if v' > —L The
€,

system is also unstable for wave number band & < k*.

For the potentially stable arrangement in hydrodynamics as
well as in hydromagnetics, the system 1s stable or unstable
ki
Ew,
viscoelastic (Walters'B’) fluids in porous medium.

according as / <or > for two superposed viscous-
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