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Abstract

The effects of non-thermal electrons and negative ions on 1on-acoustic solitary waves bounded i a finite geometry have been

mesugated theoretically using pseudo-potential technique It s found that finite gecometry of the bounded plasina has significant contribution to the
hty of the wave The structure of the solitary wave 1s then analysed as funcuion of the parameter 8 which measures the deviation from the
ilised state It 1s seen that when one considers non-thermal clectrons and negative 1ons, both compressive and rarefactive solitons are found In
ibsence of negative 10ns, sohtary wave will not exist in bounded plasma for any value of B for non-thermal electrons. But. the existence of solitary

1 possible 1n unbounded plasma 1n presence of the non-thermal electrons for large values of
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Introduction

eorcucal as well as experimental investigations on the
Xatation in plasma have been made by various authors in last
years because these are important in many physical
watons Washimi and Taniuti [1] were the first 10 study the
“-acoustic solitary waves in cold, collisionless, unmagnetised
Mana through the derivation of Korteg-deVries (K-dV)
“aton using reductive perturbation method. The solitons
"¢ 4 compression of plasma density, have positive potential
SNucture and this compressive soliton is described by the K-dV
:::‘:"“- Sl{bsequently. experimental investigations on the ion-
Suc solitary wave were performed by lkezi et al [2], Ikezi

;l. ?‘“““EFC“ [4] and others from which it was observed that
de and width are different from theoretical values. In last
m:CCndes, a lot of theoretical works on the propagation of
bustic waves have been done by various authors

| \“""‘Pﬂl\dlng Author

incorporating differcnt parameters 1n the plasma e.g. non-
isothermality [5, 6], inhomogeneity [7], temperature gradient (8],
ion-temperature [9], two-temperaturc electrons [ 10, 11], ion beam
[12, 13] ete. It 1s found that each of the above parameters has
important role on the modification of the structure of the solitary
wavcs. However, the solitary waves are found to have most
intcresting characteristics 1n a plasma in presence of negative
1ons together with positive 1ons. In a plasma consisting of
negative ions, both the compressive as well as the rarefactive
solitary wave may cxist. The detailed study of ion-acoustic
solitary wave in presence of negauve 1ons was donc by Das
| 14] and the remarkable conclusion was that negative ions may
play an effective role in order to prevent the breaking of solitary
wave into many solitons. Later, Das and Tagare | 15], Walanabe
[16] and other authors [17-19] thcoretically studicd the ion-
acoustic solitary wavc in negative-ion plasma and obtained
important results. Experimental investigations on the existence
and behaviour of ion-acoustic waves in multicomponent plasma
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with negative ions based on the theoretical observations were
madce by Nakamura ef al [20], and other authors [21-23]. It was
secn that the presence of negative ions in the plasma, give rise
10 intcresting characteristics on the propagation of 1on-acoustic
waves. The presence of streaming 1ons have also sigmficant
contribution on the excuitation of 1on-acoustic solitary waves
and double-layers in a negative-ion plasma [24-29].

Recently, Cairns et al [30] have shown that solitary waves
cxit in a plasma consisting of non-thermal clectrons with an
excess ol encrgetic particles and ions. This invesuigation was
motivated by the recent observation of sohtary structures with
density depletion made by Freja satellite [31]. Tt is to be
mentioned here that many authors have studied the propagation
of 1on-acoustic wave in a bounded plasma [32-36], but the actual
structure of the solitary wave in a bounded plasma having non-
thermal electrons has not yet been done by any author.

This paper is organized as follows The basic equations for
the plasma having cold positive ions, negative 1ons and non-
thermal clectrons 1n a bounded system are given in Section 2.
The stability of ion-acoustic waves in bounded plasma has heen
analyzed in Scction 3. In Scction 4, the expression for the
Sagdeev potential has been derived and graphically analyzed
with the vanation of the plasma parameters. The solution for the
ion-acoustic solitary waves 1in bounded plasma 1s obtained in
Section 5. The behaviour of the potental structure of the solitary
waves and the width of the solitons have been discussed in this
Section. Summary and concluding remarks of the paper are given
in Section 6.

2. Formulation

We consider a collisionless, unmagnetised plasma consisting
of non-rclativistic ions, ncgative ions and non-thermal electrons
confined in a cylindrical waveguide with its axis along the x-
axis. The basic system of equations governing the plasma
dynamics propagation can be written in the non-dimensional
parameler as

For positive 10ns and negative 1ons :

dn., o _
3 +—(ix-("'“")—0' 0

du, du _ y, d¢
-t — =———, )
ot dx Q dx
where the subscript 's' stands for s = i for positive ions, s = j for
ncgauveions , ¥, =Ly =-10 =1,0,=0.
Poisson's cquation :

B

-

P
Vz‘“a}g =re-Lw.m. 3)
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where
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is the transverse Laplacian, Q = m, Im .

In the above equations, m, m denote the masses of posiy
10ns and negative 1ons respectively. n,, n,, n, and u, e, are the
densities and the velocitics of the corresponding species 1,
the equations, the velocities are normalised by (K ﬂT‘/m')”{ he
densities by the equilibrium ion density n, and all length by (h

Debye length (KT, /47rn(,e2)”2, whereas the potential ¢ b,
K,T,/e, K, being the Boltzmann constant.

For non-thermal clectrons, we can choose the electon
distribution function as {30]

f.0)= , [+ p| -2
(1+3p) 2m2)""? d v2 ’
. 1 v? "
exp ~3 :{‘«4’ (i

where v, =(KgT, /m(,)”2 and m, is the clectron mass e
paramcter 'p' determines the presence of fast particles in the
model Therefore the electron density n, normalised to th
cquilibrium ion number density nj 1s given by the followmy
cquations

n,= (I - Po+ ﬁcp?)c“’. (4h

where f=4p/1+3p, B measures the deviation from (hed
thermalised state.
3. Dispersion relation

For linear analysis, we consider the variables in (1)-(4) &t
perturbed as

(s

u, =ugtu,, (©

- (7
0=0,+0,.

i, @

where ny,u,, and ¢, are the equilibrium values. n,
are the first order perturbed values. ¢, =0 in the cquilibnu!
state.

We assume the spatial and temporal dependencc of h

perturbed part to be of the form f(r) exp [i(kx - at)] , th“'.'f
is the wave number and ‘@' is the frequency of the wave. |
now impose the condition that electric potential on the surld
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ol the cylinder is zero i.e. §(r) =0 for r = R. Therefore, using
(5)-(7) in (1)~(4), we get the dispersion relation as

2 : 50 (2-B)
= (kR) o GI2TP)
Po 'O (0= ku ) P ®)

where p, are the roots of Jy(x) = 0. On simplification, relation (8)
gets transformed into

ak® +ak> +ark® +ak +ay =0, 9

where
ag = (2- Pl QR*,

ay = =2uy(2- B)w Q R?,
- :{(Z—ﬁ) o Rz(m2 +u(2,)—p3,, ng —(Qn,(,+n,(,)l\’2}.
a; = —{2(2—ﬁ)Qu0 R? +2wu(,Qp8n}.

1 ={P5Q0* +(2- B QR w?

and

Mo =H 0

Ly (9) has been solved explicitly to find the values of wave
number & The phase velocities and instability factors for
ditferent values of k have been calculated and plotted in Figures
lta) 1(d) for various values ol radius (R) of the wave guide and
non-thermal electron parameter ( 8 ). From Figures 1(a)-1(b), it
I\ interesting to sec that for forward going wave, the phasc
velocity (v]) decrcases with the increase of negative 1on
concentrations (";o)- Moreover, v, is higher for lower valucs of
B On the other hand, the absolute value of the phase velocity
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“igure 1(a). Variation of v,. the phase velocity of the forward going

:“t With n_ in (0, Ar*) plasma, when B is parameter for u, = 0.1. p, =
k=1, 0 =1,
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(v,) of the reflected wave increases with the increase of n,and
B . The vanation of the instability factor (k,,) with ncgative ion
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Figurc 1(b). Plot of variation ot v, the phase velocity of the backward
going wave with ny, N (O, Ar*) plasma, when B 1s parameter for u, =01
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Figure 1(c). Dependence of A, the instabihity factor on n, i (O, Ar)
plasma, for different values of B and other parameters «,=01.p =55,
R=1 o=
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Figure 1(d). Dependence of k,_ . on n, in (O, Ar*) plasma, for different
values of R and other parameters f = 0.4, u,=0.1,p =55 R=1,
w =1
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concentration (n,) for different values of B and R are shown in
Figure 1(c)-1(d). Itis observed from Figure I(c) that instability
factor (k,,) have significant variation for a particular range of
the values ( = 0.2-0.3) of negative ion concentration (n o)
Moreover, the wave is more unstable for higher values of 8
and lower values of R.

4. Sagdeev potential

In order to derive the expression for Sagdeev potential, we use
the perturbation expansions as adopted in thc linear part but we
do not linearisc the basic equations. Consequently, we obtain a
set of nonlinear cquations. At this stage, we assume that the
radial behaviour of the perturbations is described by the lowest
order Bessel function. Following Mondal et al [34], we take the
perturbed quantities to be of the form Jy(k, r) f(x,1), where

fx,t)=N (x,0),U,(x,t),.. and k; = p, /R . Integrating
the former nonlinear equations over r from 0 to R after multiplying
with r J,(k,r), we have

ON,  aU,  aN, P N

—_— —L +aN L +al L =0, (10)
ar Mo gy e g O o T Ty
o o U v
NN s yau. 20 YL 9®
a o oy ' ox Q, ox an
and
0 _Hon N
5;2‘—0’— e‘EW\ o (12)
where
_ g sqrdr
I{,’ .Igrdr'

To obtain the stationary solutions of the eqs. (10)—(12), we
have to usc the transformation £ =x- Mt where M is the

velocity of the nonlinear structure. As a result, eqgs. (10)-(12)
yield

U = N,(M-uy)
" ng+aN, (13
aU? (v,
(M -u)U, - == =(E‘]¢- (19)

Combining relations (13) and (14), one gets

N‘ = %)
: 2a¢ =172
a -1+{1- g SN 1
0, (M -uy)? @

Therefore, Poisson equation (12) takes the form

‘;;?-=¢+(l-/3¢+ﬂ¢’)e°

-Y- Yo v
T 200 -2 d¢’ (It
Qv(M‘“m)"

where V is the Sagdeev potential.

Numerical computations of Sagdeev potential V have heer,
done for a model plasma consisting of negative 10ns and non-
thermal electrons in a bounded system. In Figurei; 2(a)-2(¢). we
exhibit the form of the Sagdeev potential V as a'Yunctlon ol ¢
for different values of B,n o and M. In Figure 2(a), variation ol
Sagdeev potential has been shown for different values of ¢

4

21 Vig)

=21

44

Figure 2(a). Variation of V(¢), thc Sagdeev potential with ¢

(O, Ar*) plasma, when B 1s parameter for n, =013, a =-2.4,= 0
M = 1.63.

-1.54

Figure 2(b). Variation of V(¢) with ¢ in (O, Ar*) plasma, when "
parameter for f =03, a =-2, u4,=01, M = 1.63.
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and B and constant values of ny,. The form of the Sagdeev
polenual shows that due to particle trapping, both the
compressive and rarefactive soliton may be formed in presence

| v
.
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o\, 05

Figure 2(c). Plot of V(¢) with ¢ 1n bounded plasma for different values
of 1 the absence of negative 10ns, 1.e n o = 0, when a =-2.u,=01,
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bigure 2(d). Vanation of V(@) with ¢ 1n unbounded plasma for different
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Pigure 2(e). Change of V(¢) with ¢ in (O, Ar*) plasma, for different

t'l"z“ of mach number (M) and other parameters § = 0, n, =013, a
=01,

and absence of non-thermal electrons ( ). Moreover, it is seen
that Sagdcev potential is higher for higher values of B which
indicates that particle trapping is high for large values of 8. In
Figure 2(b), variation of V has been shown for different values
of ¢ and n, and constant values of . It is observed that due
lo increase of negative ion concentration (n 0" the amplitude of
the Sagdeev potential decreases and it has a minimum value
when the percentage of negative ion concentration (n,) is
maximum. Moreover, Figure 2(b) shows that the existence of
both the rarefactive and compressive solitary waves is possible
in presence of negative ion. The vanation of Sagdeev potentials
for different values of ¢ and B in the absence of ngin bounded
and unbounded plasma, have been shown in Figure 2(c) and
2(d) respectively. It is interesting to see that due to the presence
of non-thermal electrons but in the absence of negative-ions,
1on-acoustic solitary waves will not exist for any value of B in
bounded plasma. However, the solitary waves are found to be
present in an unbounded plasma in the absence of negative
ions for large values of B of non-thermal electrons. In
unbounded plasma, the same results are obtained by previous
authors [30]. Mach number (M) also play an importnat role for
the formation of solitary waves in a bounded plasma consisting
ol non-thermal electrons and negative ions. Variation of Sagdeev
potential for different values of @ and M for some constant
values of B and n 0 is shown in Figure 2(e). It is observed that
Vincreases with the increase of M.

5. Solitary wave solution

In oder to study the small-amplitude acoustic solitary waves in
a bounded plasma, we expand eq. (16) as a power series of ¢ .
To obtain the first-order K-dV soliton we take the terms upto ¢
from (16) and get

d*¢ 2
—=H,¢-H,
22 19— Hy¢ an
where
Qnip—n o
H ={Q2-B+ -———
=la-p O(M - uy)?
3a(Q%n, —n
Q%(M - up) (18
Eq. (17) has the soliton solution given by
1 =00, sech’(6), (19)

where

0=(H,/4)"%¢&.
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The amplitude (@, ) and the width (8, ) of the solitary waves
are given by

¢0|=3H|/2H2. 5|=' (20)

To see the effect of higher-order nonlinearity on the 10on-
acoustic solitary waves, we take the terms upto ¢3 of (16)

d? ,
‘}éf’ = Hp- Hy0? + Hip®. n
where
={(1+3B)/ 6+ - ("“’Q
Q'(M - un)
aE = 19 - L0 + Lyp*, 22)

where L| = HI, L:, = (2H2/3) and 1.3 =— (H_,/Z).

Integrating again, we gel finally the second-order potential

2L, @
v 12 :
(L -aL,L,) [2cosm?@)- 1]+ L,
The width of the second-order soliton 1s
12
Z 0.6905 1
5, = cosh™ 7 +16905 . 4)

7

(13-4, L,)”'

The structures of the solitary waves are shown in Figures
3(a)-3(b) for different values of Q (mass ratio of negative ion to
positive ion) and J. Figure 3(a) has been drawn to see the
effect of negative ions on the solitary waves in bounded plasma.
We sce that Q has dominant role on the formation of the solitary
waves. For (07, Ar*) plasma, [irst-order solitary wave is
rarefactive; but sccond-order solitary wave is compressive in
nature. For (Cl, H*) plasma, both the first-order and second-
order solitary waves are compressive, not rarefactive.

Figure 3(b) shows the solitary structure for different values
of B.1n (0", Ar*) plasma rarefactive soliton exist for first-order
but compressive soliton exist in second-order. It is important to
see that the amplitude of sccond-order compressive soliton is
higher than that of the first-order rarefactive soliton. Moreover,
for the increase oi’ B, amplitude of rarefactive soliton decreases
but the amplitude incrcases for compressive soliton. For large
values of B, compressive soliton becomes spiky. In profile of

S K Bhattacharya, S N Paul and B Chakraborty

the solitary waves, the rarefactive soliton exist for 1st order ang
compressive soliton exist for higher order. The amplitude of 1
solitary wave increases with increasing B .

T T T T T
0.3}- .
—— 18t order (¢) (0. Ar)
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Figure 3(a). Structure of the sohitary waves (both Ist-order and highe:
order) 1n plasma having (O, Ar*), (C, H*) 1ons and other parameters o

=2, u,=01, n, = 013, M =163
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Figure 3(b). Structure of the solitary waves (both lIst-order and higher-
order) in (O, Ar*) plasma for different values of B and other parametch
@ =-2u,=01ln, =013, M=172. '

The variation of width of soliton with 8 both for 1st-order
and higher order and for different values of ny is shown in
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Figures 4(a)-4(b). The width of the soliton increases with 8

and 1t has large values for higher values of n o

155 T T T T T

L 1
0 0.1 02 0.3 0.4 0.5

B
higure 4(a). Variation of width of solion (Ist-order) with 8 1n (O, Ar*),

plsma for different values of n, and other parameters o = -2, u, = 0 |,
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Birure 4(b). Variation of width of soliton (2nd-order) with B n (O,

) plasma for different values of n,, and other parameters a = -2, u, =
M =172.

b Summary and concluding remarks

i the present paper, we have theoretically investigated the
Mpagation of ion-acoustic wave in a bounded plasma
Msisung of positive ions, negative ions and non-thermal
karons, The role of negative ions, non-thermal electrons and
s of the cylinder on the phase velocity and instability of
tWaves have been graphically discussed. The dependence
Sigdeev potential as well as the amplitude of ion-acoustic
f““f)’ Waves on the plasma parameters have also been critically
XUssed. We obtained some important results as follows :

f"r a forward going ion-acoustic wave, the phase velocity
ses with the decrease of negative ion concentration and
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also for low valucs of non-thermal parameter. Both the non-
thermal electrons and radius of the wave guide play significant
roles on the phase vclocities and instability of ion acoustic
waves. lon-acoustic wave becomes more unstable in a negative
ions plasma having large valucs of f and low value of R.

From the behaviour of Sagdeev potential, it is scen that
both compressive and rarefactive solitary waves may be formed
in a bounded plasma consisting of negative ions and non-thermal
electrons. In an unbounded plasma, earlier authors showed that
both rarefactive and compressive solitary waves are formed in a
presence of positive 1ons, negative ions and warm electrons
and only compressive solitons exist in a plasma having positive
ions. In the present paper, it is seen that compressive soliton
will also cxist in an unbounded plasma system 1n presence of
non-thermal clectrons for large values of . Morcover, solitary
waves will not exist at all, in the absence of ncgative ions in a
bounded plasma having positive ions and non-thermal electrons.

Nature of solitary waves also depends on the types of
negative ions and positive 10ns present in the plasma. In (O~
Ar*) plasma, the first-order solitary wave is rarefactive but
sccond-order solitary wave is compressive. On the other hand
in (CF, H*) plasma, both the first-order and second-order solitary
waves are compressive, not rarefacuive. For the increase of the
values of non-thermal parameter f, the amplitude of the
rarefactive soliton decreases but 1t is incrcased in compressive
solitary wave. For large values of f, the compressive solitary
waves become spiky.

However, 1n our present study, we have not considered the
temperature of the ions and static magnetic ficld. Interesting
results on the stability of ion-acoustic waves and formation of
solitary waves will come out if both the effects of magnetic field
and ionic temperature are considered. Ion-acoustic waves in
bounded plasma considering the effect of inhomogeneity in the
plasma will also give some intcresting results.
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