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Abstract

: We have calculated Einstein 4-coefficients for rotational transitions in the ground vibrational state of the Si;C molecule

between the rotational energy levels up to 21 cm™!. The cocfficients are used to calculate the mean radiative lifetime of the levels. These
A-coefficients may be used as input parameters for analyzing the spectra of Si,C, as and when it would be observed in an astronomical object The
transitions 7¢7 = 6,6 (5.34 GHz) and 8,4 — 7,7 (14.74 GHz) may play important role for the search of the Si,C molecule in astronomical objects.
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1. Introduction

Two molecules, SiC and SiC,, comprising silicon and carbon
atoms have already been observed in astronomical objects
[1-4]. SiC, is an a-type asymmetric top molecule. Einstein
A-coefficients for rotational transitions in the ground
vibrational state, and in the vibrationally excited 5 state of
8iC, have been calculated by Chandra and Rashmi [5], and
Chandra and Sahu [6], respectively. A number of lines in the
observed spectra of astronomical sources are still unidentified.
As per speculations [7,8] some of these lines may come from
8i,C, Si,C;, Si; or Si, molecules. Very little information
about these molecules is known. Theoretical studies of
§i,C have, however, been carried out by a number of authors
[9--12].

Since the temperature in astronomical objects, in general,
is rather low, the probability of observation of Si,C through
its rotational transitions is larger than that through its vib-
rotational ones. In the event of the observation of Si,C in an
astronomical object, Einstein A-coefficients for rotational
transitions in the ground vibrational state of the molecule
would be one of the input parameters required for analyzing
the spectra. Therefore, in the present investigation, we have
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calculated Einstein 4-coefficients for rotational transitions in
the ground vibrational state of Si,C molecule.

2. The Si;C molecule —asymmetric rotor

Geometry of the Si,C molecule is shown in Figure 1 wherc
the angle a is obtuse. The axis of symmetry for the molecule,
si

Si

Figure 1. Geometry of the Si,C molecule.

lying in its plane, is denoted by 1. Another axis, lying in the
plane, perpendicular to the axis 1 and passing through the

centre of mass is denoted by 2. We have one more axis,
denoted by 3, perpendicular to the plane and passing through
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the centre of mass. The moments of inertia about these three
(principal inertial) axes are

I, =56r?sin? a/2,

I = —11—6,78-42 cos? af2,

Iy= 56r2[l -~—:—‘,%cos2 a/2].

Since a is an obtuse angle, therefore I, < I, < I,. As per
convention, the three principal inertial axes are named a, b
and c in a manner such that the moments of inertia about
them, /,, I, and I, repectively, satisfy the condition I, < /,
< I.. Thus, obviously, the electric dipole moment (1 = 0.904
Debye) of the Si,C is along the b-axis of inertia. Further, all
the three moments of inertia are different, I, # /, # I.. Hence,
it is a b-type asymmetric top molecule. The molecular
constants 4, B and C are given by

h? h?
T2, T

Energy of a rigid rotor is given by

h2

A T

B and C=

P, P2
25, T3

p?
E(A,B,C)=-§7"-+
a

AP2 + BR} + CP?
= 2 , O]

where P,, P, and P. are components of angular momentum,
so that

P2 =P2+ P2+ P}=J(J+Dh2,
where J is rotational quantum number.

For a spherical top molecule, 4 = B = C, and the energy
of a rotational level with quantum number J is given by
E(W)=J( + 1)B.
Here, rotational energy levels have (2/ + 1)-fold degeneracy.
For a prolate symmetric top molecule 4 # B = C (the axis

of symmetry is the a-axis), and the energy of the rotational
level, denoted by Jx,, is given by

E(Jy,)=J(J+1)B+K2(4-C),

where K, is the projection of J on the axis of symmetry a,
and it can assume (2/ + 1) values. For a given J, the level
with K, = 0 is the lowest one. Further, all the levels with X,
# 0 have a two-fold degeneracy as the energy does not
depend on the sign of K,.

For an oblate symmetric top molecule 4 = B # C (the axis
of symmetry is the c-axis), and the energy of the rotational
level, denoted by Ji , is given by

E(Jx,)=J(J+1)B-K2(A-C),

where K. is the projection of J on the axis of Ssymmetry, ¢
and it can assume (2/ + 1) values. For a given J, the leye|
with K. = 0 is the highest one. Further, all the levels wig,
K. # 0 have a two-fold degeneracy as the energy does ny
depend on the sign of X..

For asymmetric top molecule, unlike symmetric top
molecules (prolate and oblate), there is no preferential
axis, and the molecular intertial axes, a, b and ¢ may be
identified with the space-fixed axes, x, y and z in six ways
(Table 1).

Table 1. The six representations of molecular fixed axes a, b and ¢
identified with the space fixed axes x, y, and z and the parameters F, G,
and H for the representations.

r r o oonr ur
x b c c a a b
y c b a c b a
z a a b b c ¢
F (x-12 («x-D2 0 0 (x+ 12 (x+1)2
G 1 1 x x -1 -1
H —~Hx+D2 &+h2 1 -1 (k=12 ~x-1N

For two scalars o and p, eq. (1) gives
E(cA+p,0B+p,0C +p)=cE(A,B,C)+pJ(J+1). (2)

Now, we choose

a-i— and —_ALC_
=A-C P="4-C"
so that
cA+p=1, oﬂ+p=3—@-;':’-'z,——£-=x,
and oC+p=-l,

where « is known as Ray asymmetry parameter, which is
—1 for prolate top molecule, and +1 for oblate top molecule.

Energy levels for an asymmetric top molecule are denoted
by Jx,.x. or J,, where a pseudo quantum number 7, given by
r = K, — K., can assume (2 + 1) values ranging from -/
to J. For a given J, the lowest level corresponds to 7= -/J.
1t shows that the level Jx, «_ lies in between the prolate level
Jx, and the oblate level Jx., depending on the value of «
Thus, from eq. (2), we have

= =—2_
EQx,~-DN)=E(x)= ~-C E(A,B,C)
_A+C
A-C
and thus energy of an asymmetric rotor is given by

A+C
2

J(J+1)

E(A,B,C)=E(J,)=

J(J+1)

A-C
2

+ E(x).
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For computation of E(x), the matrix elements may be
written as [13,14]

Exx = FJ(J+1)-(F-G)K?,
Exxs2 =O05H[J(J +1)- K(K £1)]"

x [J(I+1)= (K £ 1K +2)]"2,

where K is projection of J on the molecular fixed axis of
quantization. Values of the parameters F, G, and H, which
depend on the representation, are given in Table 1.

3. Symmetry properties of wavefunctions of asymmetric
rotor
The ellipsoid of inertia for an asymmetric rotor has a four-

group ¥(a, b, c) symmetry with character table for the species
A, Ba, By and B. given in Table 2. Wavefunctions for

Table 2. Character table of V(a, b, ¢) group, and evenness (¢) and oddness
10) of K, and K, for the symmetry spccics

Symmetry species E e c Cs Ky K.

1 1 1 1 1 e e
B, 1 1 -1 -1 e 0
A 1 -1 1 -1 4 [4
B, 1 -1 -1 1 (] e

rotational energy levels of an asymmetric top molecule can
be expressed as [13-15] :

J
A = Asm = Zax' Y kMY s
A

where ¥ epp, =—J%[¢_,KM +(=1)7 @ygm), for K =0,

= Grom for K = 0,

where y is 0 or 1, @;x's the wavefunctions for symmetric
top molecule and g are expansion coefficients.

The wavefunctions ¥y have the following
characteristics with respect to the four group M(x, y, 2) :

E : vimy >V¥um?,

Ci: wamy = (D5 y uys

C: wamy = Dy ey

Ci: wamry = DXy xuy.
These relations help in assigning the symmetry species of
H(x, y, 2) for even and odd values of K and y as given in
Table 3. With the help of Tables 2 and 3, the energy levels
and the energy matrix may be divided into four sub-matrices
E'. E, O* and O-. E and O refer to the even and odd values
of K, and the prefices + and — correspond to the even and
0dd (0 and 1) values of y, respectively. The sub-matrices are
given by [13-16]
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Table 3. Assignment of space symmetry species with the sub-matrices.

Sub-matrix K 1% J+y Symmetry species
Jeven Jodd Jeven Jodd
E* e e e 0 A B
E- : e o o e B, A
0*: o e e 0 B, B,
O': o ) ) 3 B, B,
i
H Eqp V2Eq 0
4
" E*(k)= V2E,  Ep Ex
0 Ey Eqq
Ey Ey
E E
E-(x)= 24 44
Enw+Eq Ey 0
E E E
0 () = 13 33 35
0 Eys  Ess
En-Eqn Ey; 0
E E E
0 ()= 13 w B
0 Eys  Ess

and the division of the levels for J up to 3, for example, are
given in Table 4. Energy of a rigid asymmetric rotor does

Table 4. Division of cnergy levels into four sub-groups, £*, £, O, and
O for the six representations

J K, K. T I r 1 mwoonreonr
o o0 o0 0 E E E E E £
0 I -1 E* £ 0 o o0 o
110 o o E E 0 0
1 0 1 O o o o E*  E*
2 0 2 2 B E B B E E
1t 2 4 o 0 o 0 E
I 1 0 o 0 E E 0 O
2 E E 0o 0O 0 0
2 o0 2 E E E E E E
3 0 3 3 E E 0O 0 0 0
1 3 -2 o o0 E E 0 O
1 2 -1 0o 0 o O E E
2 2 0o E E E E E E
2 1\ E E O 0O 0 o
3 1 2 0 0 E B O O
3 0 3 0 0 0 0 E B
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not depend on the representation. However, the wavefunctions
(expansion coefficients) depend strongly on the
representation. This division into sub-matrices helps in the
way that for a given J we have not to find out eigenvalues
and eigenfunctions of a square matrix of order (2/ + 1), but
to solve four sub-matrices, £*, E, O* and O of orders given
in Table 5.

Table 5. Order of submatrices

Submatrix J even J odd
E* 'l'J+2 l.l+l
SU+2) SU+D
E- l.l ‘l‘J 1
2 2(—-)
o* -l'.l l.l+l
2 2( )
o -I'J -]"J+]
2 2( )

4. Eigenvalues and eigenfunctions of energy sub-matrices

For a given J, eigenvalues and eigenfunctions (i.e., the
coefficinets a}}* ) of sub-matrices are calculated. For example,
for J = 3, there are 2, 1, 2, and 2 levels belonging to EY,
E, O', and O sub-matrices, respectively. Thus, orders of
sub-matrices £, £, O', and O for J = 3 are 2, 1, 2, and
2, respectively. Sub-matrices of orders 1 and 2 can be solved
analytically also. The eigenvalues do not depend on the
representation, and their values for J up to 3 is given in
Table 6.

Table 6. Eigenvalues for the level.

J K, K. Eigenvalue
0 0 0 0
1 0 1 x—1
| 1 0
1 0 x+ 1
2 0 2 2[x - (&® + 3)7]
1 2 k-3
1 1 4«
2 1 x+3
2 0 2[x + (& + 3)7]
3 0 3 Sk =3 - 2[4x2 + 6k + 6]
| 3 2[x - (& + 15)'7]
1 2 Sk + 3 - 2[4x* - 6k + 6]
2 2 4x
2 1 Sx~3 + 2[4x® + 6k + 6]
3 1 2[x + (2 + 15)17]
3 0 Sx+ 3+ 2[4x2 - 6k + 6)2

Eigenfunctions depend on the representation and analyticy
expressions for the expenasion coefficients up to J = 3 4,
given below [15] :

J=0 E* a =1
J=1 E a} =1,
o aft =1,
o a,’" =1
J=2 E  a =1,
o ah =1,
o gl =1,

L [VG=F7+3R7 +(G- F)]"2

E" ag' /4
VZ[(G-F)2 +3H?]

. H|[J(G=F) +3H7 - (G - F)]m

YT HfAG- P 3]

(VG- +3m -G-p)]"

V2[(G-F+3a2])"

. |HI[J(G~ P +3H +(G - F)]”2

HVZ[(G- F)? +312 )"

aj? =

a

J=3
1/2
. [VG=pTism +(G-F)]
E' ap'=° 74 ’
V2[(G-F)? +15H?]
12
- F)? 2 _(G~F
a;‘=—|H|[‘[(G F) +15H (Gw )] |
HV2[(G - F)? +15H?)
172
N _[\/(G—F)Z +I5H2 ~(G- F)]
“ Z[G-Fyr+isH2]
. H[JG=F+ 1587 +G-F)]"
T G- FraisE ]
o

12
[2/aG-F)T 62 +FH—GH)+(4G-4F-—3H)]

ap' = 4
2[4(G-F)2 +6(H? + FH-GH)|

12
A Jm[z,ﬁ(c-r)l+6(H2+FH-GH)-(4G-4F—3H)}

a3' ]

112[4(6-1-*)2 +6(H? + FH—GH)]'M
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Ay —
a]z__

[2 4(G-F)? +6(H? + FH-GH) —(4G-4F - 311)]"2

14 ’

2[4(G-F)? +6(H* + FH~GH))

A
a3 =

H[2JAG=F)? +6(H? + FH-GH) + (4G ~4F ~31)] "
H2[4(G-F)? +6(H? + FH~GH)) A

0 af‘ =

2JH(G—-F)? +6(H? — FH+GH) +(4G-4F +3H))|

2[4(G-F)? +6(H? - FH+GH)]"

IH[2J4(G= F)2 +6(H? ~FH+GH)—(4G~4F+3H)]
H2[4(G~F)? +6(H? - FH+GH)"

|2J3(G=F)? +6(H? ~FH+GH) -(4G~4F+3H)]"2
’ ]w

2[4(G - F)? +6(H* - FH +GH)

A
[

w;{zJ«o F). +6(H? - FH+GH) +(4G - 4F+3H)]
H2[4(G~F) +6(H? - FH+GH)]”‘

mally, the wavefunctions for asymmetric top molecules can
be written as [17,18]

A m(a,By)= "2;42- ZS’: kD (@.B.y),

K=-J

where @, f3, yare the Eulerian angles specifying the orientation
of the molecule, D{, is the Wigner D-function and the

expansion coefficients g7, are given as

1
gg,K =—J—2.=a;? for K > 0,
1
=(-1)7 7—501{! for K < 0,
=aff for K = 0.

3. Distortional effects

Treatment of asymmetric top molecules discussed so far is
for the rigid rotor case. However, owing to the rotational
motion, the molecule is distorted and the energy levels are
affected [19). Energy of the level J, is therefore given by

Ero=BQ +EQ + B +ED 45,
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where E§) is energy of the rigid molecule, and E{), E),

ED, ES) are various order corrections :
ED F-A,02(J+ 1) - A J(J+1)(P2)- Ar(PH)

$28 60 (J + D[ Wy, ~(P2)]-26 koW, (P2)-(P2)),

R

E i- LyJ3(J41)° + Hye J2(J +1)2(P2)
*HK,J(J+1)(P4)+ Hy (PS)+2h;02(J +1)?
iu [Wse =(P2)]+ 2hiar (0 + 1) [W) (P2)-(PH)]
“2hxolW(rt)-(PS)],

E = LixJ*(J +1)2(PA)+ L, J(J +1){PS)

+Lg(P¥)+2ico{ W, (PS)-(PP)].

59 = {2} 2o 22) ().

2ED —(B+CO)J(J+1)
24-B-C

24A-B-C
B-C

J

(Pr)= > (glu) K"

K=-J

where o= s Wt ==-

The distortional constants A4,, 4, Ak, 8, O, H, Hy,
HKJ, HK, h_;, h_"(, hK, LJK, Ly, LK, IK. PK, and Px arec
derived form the observed spectra of the molecule. Values
of rotational and some distortional constants for Si,C
molecule, received from Spielfiedel [20], are given in Table 7.
(The distortional constants which are not given in the Table
are zero.)

Table 7. Rotational and distortional constants of Si,C in MHz.

Parameter Value
4 61130.41277
B 4382.68308
C 4089.17195
4, 000819
Arx -0.62125
A 14.71947
& 0.00128
O 0.03239

6. Selection rules for radiative transitions and
probabilities for the allowed transitions

From the symmetries discussed in Section 3, for b-type

asymmetric top molecule (e.g., Si:C molecule), radiatively
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allowed transitions are governed by the selection rules
[17,18] :

J:AJ=0, %],

k,, k. : even, odd &> odd, even (ortho-transitions,)

even, even «> odd, odd  (para-transitions.)

Thus, the molecule is divided into two independent species,
called ortho and para. For radiative transitions between the
rotational levels given by 4,4, and A4, the dipole moment
matrix elements are

(/‘x)z J-AJ't‘MtuaxAJerQ »
(/‘y>=IAJ'r'Mﬂ0)'A.Ier-Q,

(/“:) =IAJ'r'M!‘0: AJerQ,

where u is the electric dipole moment of the molecule, and
0, 6, and 6, are direction cosines of the electric dipole
moment.

In the first right (/") representation, where the axis of
quantization is along the a-axis of inertia. For the transition
J'w=J,, the line strength S(J',.-J.) is given by

2,1 p2J+]

SUte=d)=(us) +(my )+ = 52D
4 2
o Dt lsteaCt + et}

K=-J

where C’s are the Clebsch-Gordan coefficients [21]. Einstein
A-coefficient for the transition J'..— J, is given by

, _ 6ArA3S(JL = )
A(Jr = Jr) = A2 )

where v is the frequency of the transition, 4 the Planck’s
constant, and ¢ the speed of light.

7. Results for Si,C and discussion

The required values for the molecular constants and
distortional constants for Si,C molecule have been provided
by Spielfiedel [20] and are given in Table 7. The value of
electric dipole moment 4 = 0.904 Debye has been obtained
from Spielfiedel [20].

The computed value of the Einstein A-coefficients for
rotational transitions between the levels up to 21 cm™! are
give in Tables 8 and 9 for ortho and para species, respectively.
The Einstein A-coefficients are used for computing the mean
radiative lifetime of the level :

1
T, = .
Y, AV )

(&)

Table 8. Einstein A-coefficients for rotational transitions in ortho.gj,c

Jor J ot AGY ST oJ o Aey
1 1 1 -1 995x107 2 -1 1 -1 13x10¢
2 1 1 1 208x10 2 1 2 -1 89Ixyps
2 -1 3 -3 729%10° 2 1 3 -1 132x)9¢
3 01 2 -1 188x10° 3 03 2 1 Lllxqge
3 -1 3 -3 626x107 3 01 3 <1 128x1¢°
3 03 3 -3 LIIx10? 3 3 3 1 305108
3 1 4 -3 154x10%¢ 3 03 4 -1 303x10+
4 3 3 -3 203x10* 4 -1 3 -1 209x10?
4 1 3 -3 313x10° 4 1 3 1 980x10°
4 -1 4 -3 122x107 4 1 4 -1 428x10
4 -3 5 -5 B7IxI0® 4 -1 5 -3 152x1p
4 1 5 -5 162x10° 4 1 5 -1 513x10¢
S -1 4 -3 190x10 5§ -3 5 -5 108x10¢
5 -1 5 -3 123x109 5 -1 6 -5 1.56x10+
6 -5 5 -5 3.07x10 6 -3 5§ -3 177-10°
6 -3 6 -5 1.17x10°* 6 -3 7 -5 993x107
7 -7 6 -5 3.03x10"1° 7 3 6 -5 197x]0°
7 -5 7 -7 1.05x10°¢ 7 -3 7 -5 L12x10°
7 -3 8 -7 995x107 B8 -7 7 -7 441x10%
B -5 7 -5 204x10° 8 -5 8 -7 123x10°
8 -5 9 -7 615x107 9 -9 8 -7 306<10*
9 -5 8 -7 227x10° 9 -7 9 -9 117x10¢
9 -5 9 -7 LI13x10° 9 -5 10 -9 689x107
10 9 9 -9 625x10% 11 =11 10 -9 [1.88>107
11 -9 11 -11 133x10¢

Table 9. Einstein A-coefficients for rotational transitions in para-Si,C
Jor J o AT o J 1t AGH
1 0 0 0 973x107 1 0 2 -2 121x107
2 2 10 209x10° 2 0 2 =2 10110
2 2 2 0 884x10 2 2 3 -2 1L13x10°
3 -2 2 -2 -159x10% 3 0 2 0 187x10°
302 2 -2 732x1010 3 2 2 2 piixio!
3 00 3 -2 L12x10° 3 2 3 0 305x10°
3 -2 4 -4 320x10° 300 4 -2 149x10*
3 2 4 -4 393xipM 3 2 4 0 3.03x10°
4 0 3 -2 185x10° 4 2 3 0 980xI0"
4 -2 4 4 104x10¢ 4 0 4 -2 L19x10°
4 2 4 -4 468x10° 4 2 4 0 428x10¢
4 0 5 -4 162x10¢ 4 2 5 -2 513x10¢
5 4 4 -4 253x10¢ 5 -2 4 -2 188x10"
s -2 5 -4 128x10° 5 4 6 -6 29010
5 -2 6 -4 143x10¢ 6 2 S5 —4 182x10°
6 4 6 -6 100x10% 6 -2 6 -4 LlixI0*
6 2 7 -6 115x10¢ 7 6 6 -6 365x10°
7 4 6 -4 191x10° 7 4 7 -6 120xi0"
7 4 8 -6 801x107 8 -8 7 -6 664x107
8 4 7 -6 211x10° 8 6 8 -8 110x10¢
8 4 8 -6 112x10° 8 -4 9 -8 837x107
9 -8 8 -8 528x10% 9 6 & -6 219x10°
9 6 9 -8 126x10 9 -6 10 -8 449107
10-10 9 -8 864x10° 10 -8 10 -10 1.23x10°
11 =10 10 -10 7.32x10¢
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The calculated values of the mean radiative lifetime of the
levels are given in Table 10. It is interesting to note down

[able 10. Energy and mean radiative hifetimes of the rotational levels

J o Eem™y  T() J o Eem') T
Y 0 0 000 -

13 168 - 2 -2 084 -

| 1220 101x10° 1 0 225 9.14x10°
7 - 280 767>10° 4 4 280 -

3 -] 338 1.60x10f 2 0 283 993x10°
55 420 - 32 363 616%108
4 =3 473 491x10° 4 -2 482 058x|
§ -3 625 9.23x10° 6 -6 593 -

6 -5 173 326x10° S5 4 610 395x10°
77 791 330x10° 6 -4 793 99710’
21 873 322108 2 2 873 3Ux]0¢
Vo1 98T 3.02x10¢ 30 957 319x10¢
7 -5 995 054x10 7 -6 967 274»10°
4 -1 1069 289104 8 -8 1016 151x10"
§ -7 1189 227x10° 4 0 1069 312x10¢
S -1 1209 304104 § -2 1209 303x10¢
9 9 1270 327x107 § -6 1224 907~10°
6 -3 1352 328 <108 6 -2 1352 329104
47 1483 §S8x10° 9 -8 1439 190~10¢
73 1550 3.14<108 7 .4 1550 313104
-9 1717 160x10° 0 -100 1552 1lex107
§ -5 1776 300x10% 0 -8 1770 811<10"
-1l 1862 $31x100 8§ -4 17.77 301x10¢
V31940 691 x10° 32 1940 691107
v -5 2032 289x10¢ 11 =10 2023 137x10¢
41 2052 686x10° 9 6 2030 286x10*
1 -9 208 7.54~10° 4 2 205 686<10°

that there are no downward radiative transitions from the
20, 301, dos, Sos and 646 levels. Further, the lifetime of the
levels 707, 848, 905, 100'10 and 1 ]0‘” is largef than that of the
adjacent levels. The Einstein A-coefficients for rotational
transitions 77 — 6, (5.34 GHz) and 805 — 717 (14.74 GHz)
are 3.0 x 105 and 6.6 x 102 5™, respectively. These two
transitions, particularly in the low density regions, may play
an important role for the search of the Si;,C molecule in
astronomical objects.
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