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Abstract : In  this communication we have discussed the synchronization o f  tfiaos in  Jerk dynamical system. We have in particular 
applied three techniques fo r synchronization o f  chaos namely ; ( i) complete replacement (CR), ( i i)  feed back and ( i i i)  adaptive control 
lecbniques (ACA). The stab ility  o f  the synchronization in all the aforesaid methods have been discussed in detail.
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I. Intiwluction
Synchronization o f  c h a o s  h a s  a ttra c te d  c o n s id e ra b le  in te rest 
among re sea rch e rs  d u r in g  last d e c a d e  d u e  to  its p o ten tia l 

application in c o m m u n ic a tio n  [1 -3 ] .  T h e re  is  n o  p o ss ib ility  
lor two chao tic  sy s te m s  to  b e h a v e  in a  sy n ch ro n ized  w ay . 

One of the m a in  fe a tu re  a s so c ia te d  w ith  th e  d e fin itio n  o f  
chaotic m o tio n  is  its  s e n s i t iv e  d e p e n d e n c e  o n  in i t ia l  

conditions. T h e re fo re  sy n c h ro n iz a t io n  is n o t fe a s ib le  in  
chaotic sy s tem s b e c a u se  it is  n o t p o ss ib le  in  rea l p h y s ica l 

systems to  re p ro d u c e  e x a c tly  id en tic a l in itia l co n d itio n s  an d  
system p a ram e te rs  o f  tw o  s im ila r  sy s tem s . W e  can  b u ild  

nearly iden tica l sy s te m s  b u t th e re  is  a lw a y s  a  te ch n o lo g y  
mismatch and  n o ise , im p e d in g  th e  e x a c t re p ro d u c tio n  o f  th e  

parameters a n d  in itia l c o n d it io n s . T h u s  an  in f in ite s im a l 
; difference e ith e r  in  a n y  o n e  o f  th e  sy s tem  p a ra m e te rs  o r  in 

initial cond itions o f  th e  tra je c to rie s  w ill e v e n tu a lly  re su lt in 

I die d ivergence o f  th e  tra je c to rie s .

Recently a  n u m b e r  o f  a lg o r ith m s  h a v e  b een  su g g es ted  

m literature [4 - 8 ]  fo r  sy n c h ro n iz a tio n  o f  c h a o s  a n d  h av e  
' successfu lly  a p p lie d  th e o re tic a lly  an d  ex p e rim en ta lly  

; '0 various ch a o tic  sy s te m s  lik e  R O ssler, L o ren z , L o g is tic  
' equation, C h u a  C irc u it, d o u b le  sc ro ll o sc illa to r  an d  laser
systems etc.

In this p a p e r  w e  d is c u ss  th e  sy n c h ro n iz a tio n  o f  n e w ly  

i ‘*®''®loped ch a o tic  sy s te m s  [9 ,1 0 ] in v o lv in g  J e r k  equa tion .

J e rk  e q u a tio n  is an  o rd in a ry  th ird  o rd e r d if fe ren tia l e q u a tio n  

in o n e  rea l sca la r d y n am ica l v ariab le . T h e  fu n c tio n a l fo rm  o f  

th e  je rk  eq u a tio n  is x  = j ( x , x , x ) , h e re  x  is ra te  o f  ch an g e  
o f  acce le ra tio n  an d  is ca lled  je rk . W e  w ill c o n s id e r  h e re  

fo llo w in g  fo rm  o f  J e r k  e q u a tio n

X + A x  + X = G {x ) ,  (1)

w h ere  G (x)  is a  lin ea r p iece w ise  fu n c tio n . W e  w ill c o n s id e r  

G (x)  =  I jc I -  2  th ro u g h o u t th is  p ap e r. O th e r  fo rm s  o f  G (x)  
th a t ex h ib it ch ao tic  m o tio n  a re  g iv e n  in th e  re fe re n c e  [9]. 

U n d e r certa in  re s tric tio n s  je rk y  d y n am ics  can  b e  in te rp re ted  
a s  th e  d ire c t  e x te n s io n  o f  o n e -d im e n s io n a l N e w to n ia n  

d y n am ics  (x  = F )  o f  a  p a rtic le  o f  un it m ass  w h e re  th e  fo rce  
F  is a d d itio n  o f  ( i)  an  in s tan tan eo u s  fo rce  th a t in v o lv es 

fr ic tio n a l fo rce  { - A x )  an d  th e  m o tio n  in  q u a d ra tic  p o ten tia l
t

an d  (ii)  a n o n  lo ca l fo rce  F„/ =  J G { t)d t  o r  m e m o ry  te rm  th a t

in teg ra te s  o v e r p o sitio n a l h is to ry  o f  m o tio n . W e can  s im p ly  

s a y  th a t  J e r k  e q u a t io n  r e p r e s e n ts  d a m p e d  h a r m o n ic  
o sc illa to r  d riv en  by  a  n o n  lin ea r m e m o ry  te rm  in v o lv in g  

in teg ra l o f  G {x) i.e.

ii+  A x +  x

I

= j G ( t ) d t . (2 )

W e w o u ld  a lso  like  to  m en tio n  h e re  th a t  th e  s ix  d im e n s io n a l 

so la r w in d  d riv en  m ag n e to sp h e re  io n o sp h e re  (W IN D M I)
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m o d e l [ 1 1 ] c an  b e  re d u c e d  to  eq . ( 1) b y  u sin g  rea so n ab le  

ap p ro x im a tio n s  a n d  o n ly  d iffe ren ce  w o u ld  be  in  th e  fo rm  o f  

G (x). S p ro tt [9 ] h a s  sh o w n  th a t eq u a tio n  ( 1) show s b ifu rca tio n  
ro u te  to  ch ao s  in  th e  p a ra m e te r  ran g e  0 .55  < A  < 0 .8 . F o r 

A  = 0 .6  ch ao tic  a ttra c to r  is sh o w n  in F ig u re  1 a  a n d  m ax im u m  
L y ap u n o v  sp e c tru m  fo r  th e  ra n g e  0 .5 5  <  <  0 .8  in s tep  o f

0 .001  is sh o w n  in F ig u re  1 b. W e p re se n t in  S ec tio n  2 , o u tlin e  
o f  th e  sy n ch ro n iza tio n  m e th o d s , w h ich  w e  h av e  u sed  fo r 

o u r  p re se n t w o rk . In  S ec tio n  3, th e  re su lts  a n d  th e  im p o rtan ce  
o f  th e  p re se n t c a lc u la tio n  fo r  th e  J e rk  d y n a m ic a l sy s tem  a re  

d is c u s s e d .

X =  f { x , y , z ) ;  y  =  g ( x ,y , z y ,  z  =  K x , y . z ) . (3)

a>

F igure  1. Chaotic behavior o f  the Jerk  dynam ical system  {eq. (1 ) } :  
Frame (a) shows chaotic attractor corresponding to control parameter 
value A «  0.6 and Frame (b) the maximum Lyapunov exponent as a 
function o f  control parameter A in the range O.SS < A < 0.8.

2. T h e o ry

-A n u m b e r o f  m e th o d s  h a v e  b een  su g g es ted  so  fa r  in  lite ra tu re  

fo r  sy n ch ro n iza tio n  o f  ch ao s  like  co m p le te  rep lacem en t, 
fe e d b a c k  u s in g  o n e  w a y  a n d  d if fu s iv e  c o u p lin g , a c tiv e  

p ass iv e  d e c o m p o s itio n , a d ap tiv e  c o n tro l a lg o rith m , ad d itio n  

o f  ex te rn a l n o ise  etc . W e re fe r  th e  re a d e r  fo r  d iffe ren t m e th o d s 

fo r sy n ch ro n iza tio n  o f  c h a o s  to  th e  fo llo w in g  re fe ren ces  [3 - 
8 ]. W e  d is c u ss  in th is  sec tio n  in  b r ie f  d ie  b a s ic  co n c e p t an d  

s tab ility  c rite r io n  o f  co m p le te  re p la c e m e n t [4], fe ed b ack  [5 ] 

a n d  a d ap tiv e  co n tro l te ch n iq u es  [6 ] fo r  sy n ch ro n iza tio n .

2 .J . C o m p le te  R e p la c e m e n t (C R ) te c h n iq u e  :

T h is  m e th o d  w as su g g e s te d  b y  P e c o ra  a n d  C a rro ll [4 ]. W e 

d iscu ss  th e  m e th o d  in  b r ie f  h e re  b y  co n s id e rin g  a  n o n lin e a r  
d y n am c ia l sy s tem  h a v in g  th re e  v a ria b le s  x, y  a n d  z . T h e  
ev o lu tio n  o f  th e  sy s tem  is g iv en  in  te rm s  o f  f lo w  fu n c tio n s  

f ,  g  an d  h  a s  :

In  c a se  o f  co m p le te  re p la c e m e n t te c h n iq u e  w e  start with two 

id en tica l ch ao tic  sy s tem s h a v in g  sam e  sy s tem  parameters 
(b u t n o t ex ac tly  sam e  in itia l c o n d itio n s ) an d  completely 

rep lace  o n e  o f  th e  v a riab le s  in o n e  sy s tem  by  its counterpart 
in  th e  o th e r  sy s tem . W e c o n s id e r  d riv e  a n d  response  systems 
w h ich  a re  g iv en  as :

x i = f ( x ^ , y i , z ^ ) ,  X2 = X f ,

y \  ^  g ix i ,y u 2 } %  a n d  h  = g ( x 2 , y 2 . 22), (4)

2 l =  .y ,Z l)  22 =  H X 2 ,>'2 .2 2  )■

W e so lv e  s im u ltan eo u sly  d riv e  an d  re sp o n se  system s given 

b y  eq . (4 ), fo r  r -► oo lead s to  |y i  - y a  I an d  [ 2 | -  zj | -> o 
an d  w e  end  u p  th e  c o n s tra in t y i  =  y 2 a n d  zj = zj. For 
u n d e rs tan d in g  th e  s tab ility  o f  th e  ab o v e  synchron iza tion  we 
p e rfo rm  a  tran sfo rm a tio n  to  a  n ew  se t o f  coord inates

y i = y - y 2 and  Z i =  Zi - Z2 

yil =  y i  + yz a n d  Z|| “  Z| +  Z2

in  w h ic h  th r e e  c o o r d i n a t e s  ( x i ,  y ||,  z\\) a re  on the 

sy n ch ro n iza tio n  m an ifo ld  a n d  ( y i ,  z i )  o n  tran sv erse  manifold. 
F o r a  s tab le  sy n ch ro n iza tio n  w e  n e e d  zx  ->  0 and y i  -> 0 

as r ->  00. TTius th e  p o in t ( 0 , 0 ) on  th e  tran sv e rse  manifold 
m u s t  b e  a  f ix e d  p o in t .  W e  o b ta in  o n  a p p ly in g  the 

tran sfo rm a tio n s  in  e q u a tio n  (4 )  th e  re la tio n .

h e re  D F  is  Jaco b ian
dF ,

(5)

T h e  so lu tio n s  o f  the  eq. (5)

co n v ey  u s  a b o u t th e  d iv e rg e n c e  a n d  c o n v e rg en ce  o f two 
in itia lly  n e a rb y  tra je c to rie s , so  w e  tre a t re sp o n se  subsystem 
(y2> 22) as a  sep a ra te  sy s tem  d riv en  b y  x \  an d  calculate the 
L y ap u n o v  ex p o n en ts . T h ese  e x p o n e n ts  d e p e n d  on  xi and 

h e n c e  c a lled  c o n d itio n a l L y ap u n o v  e x p o n e n ts  (C L E 's). If ah 
th e  so lu tio n s  are  n eg a tiv e  th en  b o th  tra je c to rie s  converge 
an d  sy n ch ro n iza tio n  is p o ss ib le , h en ce  n eg a tiv ity  o f  all the 
C L E 's  is a  n ece ssa ry  co n d itio n  fo r  s tab le  synchron iza tion .

2.2. F e e d b a c k  te c h n iq u e  :

F eed b ack  m e th o d  h as  b een  u sed  b y  m a n y  re sea rch e rs  (Singer 
e t  a l  [12 ], C h en  an d  D o n g  [1 3 ], P y rag as  [1 4 ])  f o r  co n tro l of 

chaos. W e can  a ch ie v e  sy n ch ro n iza tio n  b y  u s in g  combination 
o f  P eco ra  a n d  C a rro ll te c h n iq u e  [4] an d  fe e d b a c k  m ethod for 

co n tro llin g  ch ao s  [5 ]. W o c h o o se  a  d riv e  v a riab le  from the 
d riv e  sy s tem  a n d  fe e d b a c k  c o n tro l is  a p p lie d  to  th e  response 
sy s tem . T h e  feed b ack  co n tro l is d ire c tly  propOTtional to the 
d iffe ren ce  o f  a  d y n a m ic a l v a ria b le  frtm i d r iv e  an d  response 
sy s te m s . W e  c o n s id e r  th e  th r e e -d im e n s io n a l dynamic®* 
sy s tem  a s  g iv e n  in  eq . (3 )  a n d  th e  c o r r e sp o n d in g  drive and 
re sp o n se  sy s tem s a re  g iv e n  a s  :
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X2 = / ( X 2 , y 2 ,Z2 ) - c ( X i - X 2 ) ,

= g ixu y i  .^ 1) • and >-2 = (̂̂ 2̂ .^2 .^2) .  (6)

ji = h ( X i , y ] , z \ ) 22 = f t ( X 2 , y 2 ,Z2 ) .

Iiere c is co u p ling  s tre n g th . W e  so lv e  s im u lta n e o u s ly  d riv e  
1 response sy s te m s  as g iv e n  in  eq . ( 6 )  an d  fo r r -► <» 

, to i JC| -  X2 I a n d  I y i  -  I a n d  I Z| -  Z2 I 0. T he  

;quation o f  s tab ility  fo r  th e  a b o v e  sy n c h ro n iz e d  sy s tem  is

jiveti by

^3

= DF.

.^3.
(7)

;cre ( ^ i ,^ 2 . # 3 )  » U i “ >' 2 . Z | - 2 2 )  a n d  D F  is
dF,

acobian . T h e  so lu tio n s  o f  th e  eq . (7 )  c o n v e y  us

/eatherthe sy n c h ro n iz a tio n  is  p o ss ib le  o r  no t. I f  a ll so lu tio n s  
rt‘ negative th e n  sy n c h ro n iz a tio n  is s tab le . A s co u p lin g  

unstanl c a lso  o c c u rs  in th e  e q u a tio n  o f  s tab ility  so  it 
ffects the s tab ility  o f  sy n c h ro n iz a tio n .

3 Adaptive control technique :
1 both techn iques d is c u sse d  so  fa r  w e  h ay e  co n sid e red  th e  
lentical sy n ch ro n iza tio n  o f  tw o  id en tic a l c h ao tic  sy s tem s 

wmg sam e sy s te m  p a ra m e te r . A  c o m p lic a te d  s itu a tio n  
ises when th e  sy s te m  p a ra m e te rs  a n d  in itia l co n d itio n s  are  

ffcrenl for bo th  th e  sy s tem s . In such  a  c ase  sy n ch ro n iza tio n  
I be achieved b y  u s in g  c o m b in a tio n  o f  fe e d b a c k  [ 1 2  14] 

id adaptive c o n tro l te c h n iq u e s  [6 ,1 5 ,1 6 ] . W e d iscu ss  the  
ethod in b r ie f  b y  c o n s id e r in g  a  n o n lin e a r  d y n am ica l system  

ilh three v a riab les  x , y  a n d  z  an d  a  sy s tem  p a ra m e te r  //. T he  
olution o f  th e  sy s tem  in te rm s  o f  flo w  fu n c tio n  /  g  an d  
are given as :

this techn ique  w e  s ta r t w ith  tw o  c h ao tic  sy s tem s h av in g  

trie functional fo rm  b u t in itia l c o n d it io n s  an d  sy s tem  
rameters are  d if fe re n t. In  re sp o n se  sy s tem  w e a p p ly  an 

ditional d y n a m ic s  o n  th e  sy s te m  p a ra m e te r  so  a s  to  
ptively e v o lv e  a s  d r iv e  sy s tem . T h e  d riv e  an d  re sp o n se  

stems w ill be

' " H X i , y i , Z i , ^ ] ) ,  *2  = ^ f i X 2 , y 2 , 2 2 , M l ) - < ^ - i X \ - X 2 ) ,

~ s i x ^ , y ^ , z ^ , f { ^ ) ,  m d  y 2 =  g ( x 2 , y 2 , 2 2 ^ F 2 ) >  (^)

“ *(•*! .>'1, 2 l , M i )  2 2 = K X 2 , y 2 ,22  ,M2 ) .

F2 = - S . { f i 2 - t i \ )

'■ solve s im u lta n e o u s ly  d irv e  a n d  re sp o n se  sy s tem s g iv en

(9), fo r r oo lead s to  | jfi -  X2 1, \ y \  - y i  U  21 -  2 2 1 
- » 0 .

T h e  c o n d itio n  fo r  s tab le  sy n c h ro n iz a tio n  is  th a t  th e  rea l

p a rt o f  all e ig en v a lu e s  o f  Jaco b ian  m a trix  D F  =  ~  sh o u ld

b e  n eg a tiv e , h e re  (^ i , ^2, «  (^1 -  ^ 2, y \  - y i ,  z \ -  Z2.
-  / i2). •

3 . R e su lts  f  n d  d is c u ss io n s

In th is sec tio n  w e p re sen t th e  re su lts  o f  o u r  c a lc u la tio n  o f  
id e n tic a l s y n c h ro n iz a t io n  u s in g  c o m p le te  re p la c e m e n t , 

fe e d b a c k  m d  a d a p tiv e  c o n tro l  te c h n iq u e s  in  th e  J e r k  
eq u a tio n  { w .  (1)}. W e are  co n s id e rin g  th e  ch a o tic  case  
c o r r e s p o n d ^ g  to  th e  co n tro l p a ra m e te r  v a lu e  A  ^^0.6 an d  w e 
h av e  taken  I ie re  x  =  y  and  y  ~ 2 .

In F igu lb  2 w e h av e  sh o w n  the  re su lts  u s in g  co m p le te  

re p lacem en t o f  x -v a riab le . It m ay  be seen  from  F ig u res  2 a  
and  2 b tha tja s  / in creases th e  d iffe ren ce  b e tw een  y -v a r ia b le s

Figure 2. Identical synchronization of chaotic Jerk dynamical system 
{eq,(I)} using complete replacement of x-variablc : We show in Frame 
(a) time history of the >-variablcs of the drive and response systems 
and in Frame (b) the dittercncc between j/-variables o f the drive and 
response systems as a function of time. In Frames (c) and (d) we depict 
the same features as in Frames (a) and (b) except that it is for z- 
variablcs. Trajectories o f the drive and response systems in x>'-planc 
arc shown in Frame (e) and in ^drzly-plane in Frame (f).

o f  d riv e  an d  re sp o n se  sy s tem s v an ish es . S im ila r b e h a v io u r  

is d iscu ssed  in F ig u res  2 c  and  2 d  fo r  z -v a riab les . In F ig u re  
2 e w e have  sh o w n  th e  tra je c to rie s  o f  the  d riv e  an d  re sp o n se  

sy s tem s in th e  xy -p la n e .  W e sec  th a t th e  d riv e  an d  re sp o n se  
s ta rt w ith  d if fe re n t in itia l co n d itio n s  b u t a f te r  so m e  tim e  
bo th  co n v e rg e  to  th e  sam e  tra je c to ry . A  b e tte r  v iew  has 
been  sh o w n  in F ig u re  2 f  in w h ich  w e  h av e  p lo tte d  th e  
tra je c to ry  in th e  A y A z-p la n e  {i.e, d if fe re n c e  p la n e )  th is  is  a  

sp ira l e n d in g  a t a  f ix ed  p o in t (0 ,0 ).

W hen  w e  u se  th e  c o m p le te  re p la c e m e n t o f  y  a n d  z 

v a ria b le s  th e  sy n ch ro n iza tio n  is n o t p o ss ib le  b e c a u se  o f  
s ta b il i ty  c o n d it io n s . In  T ^ b le  3*1 w e  h a v e  s h o w n  th e  

c o n d it io n a l L y a p u n o v  e x p o n e n ts  (C L E ’s )  fo r  d if f e re n t  
co m b in a tio n  o f  d riv e  v a riab le s  a n d  re sp o n se  su b sy s te m s  in 

J e r k  e q u a t io n .  I t  is  c l e a r  f r o m  th e  T a b le  3 .1  t h a t
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sy n c h ro n iz a tio n  is o n ly  p o ss ib le  w ith  co m p le te  re p la c e m e n t 
o fx '-v a r ia b le .

T a b le  I .  C o n d itio n a l Lyapunov l:xponcnts (C L L 's ) lo r  d iffe re n t 
combinations o f  drive variables and response subsystems.____________

X 4 Ax X ^  G { x ) ; G(x) -  | jr | ~ 2 , /I -  0 6

Drive variable Response subsystem Conditional Lyapunov 
exponents

y

2

xz

xy

-0  3, -0 .3

0 8 X \ 0~\ 0.0

0  0 , 0.0

F igure  3^ Identical synchronization o f  chaotic Jerk dynamical sy*stem 
(eq. (1)) using feedback technique (coupling strength c »  10) w ith x  as 
a drive variable. We show in Frame (a) time history o f the X-variables 
o f  the drive  and response systems and in Frame (b) the difference 
between x-variables o f  the drive and response systems as a function o f  
time. In Frames (c) and (d) we depict the same features as in Frames (a) 
and (b) except that it  is for y-variables. In Frames (e) and (f) we have 
depicted the same features as in Frames (a) and (b) except that it is for 
z-vartables.

In F ig u re  4 w e  h a v e  p re se n te d  th e  re su lt o f  id en tica l 
sy n c h ro n iz a tio n  u s in g  c o m p le te  re p la c e m e n t (F ig u re s  4 a  an d  
4 b )  an d  feed  b ack  te c h n iq u e  (F ig u re s  4 c  an d  4 d )  w h en  th e  

p a ra m e te r  fo r  th e  d riv e  a n d  re sp o n se  sy s tem s d if fe r  b y  5 %
i .e .  At! «  0 .6  a n d  A r  ^  0 .6 3 . W e  o b se rv e  th a t th e  sy s tem  is 
p a rtia lly  sy n c h ro n iz e d  a n d  re sp o n se  v a ria b le s  rem a in  w ith in  
n e ig h b o rh o o d  o f  th e  d riv e  v a ria b le s . In F ig u re  S w e  h av e

p re se n te d  th e  re su lt o f  th e  n o n -id e n tic a l synchronizat  ̂
u s in g  a d ap tiv e  co n tro l a lg o r ith m  a n d  x  as a  drive variable!

In F ig u re  3 w e  h a v e  sh o w n  th e  re su lts  o f  id en tica l 

sy n c h ro n iz a tio n  u s in g  fe e d b a c k  m e th o d  and  jc as a d rive  
v a ria b le  w h e re  c o u p lin g  s tren g th  c  ^  10. In F ig u re  3 a  w e 

h a v e  sh o w n  th e  tim e  h is to ry  o f  x -v a r ia b le s  o f  d riv e  and  
re s p o n se  sy s te m s  a n d  in F ig u re  3 b  th e  d if fe re n c e  in  x- 

v a ria b le s  o f  d r iv e  a n d  re sp o n se  sy s tem s as a fu n c tio n  o f  
tim e . S im ila rly  F ig u re s  3 c  an d  3d  fo ry -v a r ia b le s  an d  F ig u res  

3e  a n d  3 f  fo r  z -v a r iab le s . W e p re d ic t th a t sy n ch ro n iza tio n  is 

o n ly  p o ss ib le  w ith  c  >  0 .7 9 9 . B y  u s in g  y  an d  z  as a  d riv e  

v a ria b le  fo r fe ed b ack , sy n ch ro n iza tio n  w ill n o t b e  s tab le  as 
th e  C L E ’s b e c o m e  p o s itiv e  fo r th e se  co m b in a tio n s .

F igure  4. Identical synchronization o f  chaotic Jerk dynamical systet 
{cq. (1)) when system parameter for-drive and response systems differ 
by 5% ie . A j ^  0 6 and A^ «  0.63. Frames (a) and (b) show the absolut 
value o f  the differences between y  and r-vartables o f  drive and respons 
systems by using complete replacement o f  ^-variable. Frames (c) ani 
(d) are respectively same as Frames (a) and (b) except for use o f feedbaci 
technique and x as a drive variable.

----

.8 ^

-r-

<•)

F ig u re  6. N on-identica l synchronization o f  chaotic Jerk dynamte^ 
system  {cq, ( I ) }  when drive and response systems have different vaiH 
o f  system parameter by using adaptive control a lgorithm  and x as 
drive variable (c =■ 5 and (J -0 .0 2 ) : Frame (a) shows the diffei*"^ 
between x-variables o f  drive and response systems as a function of u 
Frames (b), (c) and (d) arc same as Frame (a) except that it is ot) 
variable, z-variable and system parameter respectively.
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5 and 0.02)* W e p re d ic t th a t fo r  o n ly  ce rta in  ran g e  
f , and S  v a lu es  s y n c h ro n iz a tio n  is p o ss ib le .

In the p resen t a n a ly s is  w e  h a v e  d is c u sse d  n u m e ric a lly  
,̂> synchronization o f  c h a o tic  J e r k  d y n a m ic a l sy s te m s  u sin g  
ivc response, fe e d b a c k  an d  a d a p tiv e  c o n tro l te ch n iq u es . 
,rk dynamical sy s te m s  a re  v e ry  s im p le  a n d  it is v e ry  ea sy  
, construct c irc u it re p re se n ta tio n  o f  th e s e  sy s te m s  u s in g  

,istors. d iodes a n d  o p e ra tio n a l am p lif ie rs . T h ese  c ircu its  
oduce ch a o tic  s ig n a ls  fo r  a  c e r ta in  ra n g e  o f  c o n tro l 
irameter. T h is  p ro p e r ty  m a k e s  th e s e  sy s te m s  u se fu l fo r  
jplication o f  c o m m u n ic a tio n  p u rp o s e  a s  an  in fo rm a tio n - 
jaring m essage can  b e  h id d e n  w ith in  c o m p lic a te d  s tru c tu re  
the chaotic c a rr ie r . T h is  c h a o tic  c a rr ie r  s ig n a l m ay  be  

constructed a t  th e  r e c e i v e r  u s in g  s y n c h r o n iz a t io n  
chniques and su b tra c te d  fro m  th e  tra n sm itte d  s ig n a l (h id d en  
cssage + ch ao tic  c a rr ie r) . T h e re fo re  w e  w ill be  left w ith  

ily o u r h id d e n  s i g n a l .  In  t h i s  a n a l y s i s  w e  h a v e  
monstrated sy n c h ro n iz a tio n  o f  th e  J e r k  d y n a m ic a l syfstem  
using s im ple  te c h n iq u e s . H o w e v e r, it is v e ry  ea sy  to  

troduce n o is e  f o r  s u c h  ty p e  o f  c i r c u i t s .  H e n c e  
nchronization o f  th e s e  sy s te m s  su b je c te d  to  co m m o n  n o ise  
ill also be an  im p o rta n t is su e  fo r  c o m m u n ic a tio n . W e h av e  
ken in the p re se n t s tu d y  th e  sa m e  fo rm  o f  G (x )  fo r  bo th  
e transmitter an d  re c e iv e r . H o w e v e r, th e re  is a  p o ss ib ility  
synchronization w h en  th e  tr a n sm itte r  an d  re c e iv e r  h av e  

lYcreni form s o f  G (x ).  T h e  in v e s tig a tio n  u s in g  d if fe ren t 

rms o f G(x)  is in  p ro g re s s  a n d  w ill b e  re p o r te d  e lsew h e re .
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