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Abstract : A diatomic molecule within the framework of Bom-Oppcnhcimcr approximation is a two body problem just like hydrogen atom, 
and may be treated on similar basis by assuming a suitable form of central potential

Inspite o f dilTiculties associated with determining accurate inter-atomic potential, a simple potential expressed as power senes of 
1 (r reproduce energy levels and dissociation constants with a reasonable accuracy. The new equation of energy is consistent with isotopic shift 
and may be expressed in conventional form for low vibrational and rotational levels. The vibrational and rotational constants originate from a 
single formula, and are therefore, related to each other.
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1. In tro d u c tio n

It has become an established convention in molecular 
spectroscopy to consider the vibration and rotation of a 
diatomic molecule as two independent modes. The classical 
frequency of vibration also does not have any correlation 
with that of the rotational motion, and vibrational and 
rotational constants of a diatomic molecule are therefore, 
independent of each other.

In the conventional method, the interatomic potential is 
expanded in terms of displacement from the equilibrium 
inler-atomic position. The expansion brings about drastic 
changes in anharmonic oscillator and a non-rigid rotator 
irrespective of the original form of the interactomic potential.
The vibrational and rotational wave functions are decoupled 
except for minor perturbation of one by the other.

Though, different forms of the molecular potential have 
been suggested by a number of investigators, all of them are 
confined to the conventional picture of diatomic molecules 
[^-6]. The methods for constructing experimental potential 
curve from vibrational and rotational levels of a diatomic 

are also based upon such convention [7~10].
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However, the vibrational and rotational motions of a diatomic 
molecule are closely linked with each other and may be 
considered as manifestation of a complex motion of 
constituent atoms about the centre of mass.

Within the framework o f Born-Oppenheimer 
approximation however, a diatomic molecule is a two-body 
problem just like hydrogen atom. As such, it may be treated 
on similar basis without expressing the motion in terms of 
vibration and rotation. The wave functions and energy levels 
would be different for each diatomic molecule depending 
upon the nature of the interatomic potential, and we expect 
a better understanding of the system.

Unfortunately, the interatomic potential is not known 
a priori. It is expected to be very complicated even in the 
case of simple molecules. From general consideration, it is 
understood that the potential is electromagnetic in nature and 
tends monotonously to zero as r tends to infinity and tends 
to large values as r equals zero. Therefore, we suggest a 
tentative potential for a diatomic molecule as,

y(r) = afr + b/r^+cfr^ + dir* + ■■■. (I)
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The following discussion should be considered tentative 
due to the arbitrary nature of eq. (1). Besides, the Schroedinger 
equation does not have the exact solution, and one has to use 
perturbation technique to determine the contribution of last 
two terms in the potential. Inspite of such limitations, the 
energy equation is consistent with the requirement of isotopic 
shift, and can be expressed in conventional form of vibrational 
and rotational energy levels. Vibrational and rotational 
constants originate from the same equation, and are therefore 
related to each other. A number of such relations have been 
derived.

2. C a lc u la tio n s

(i) Wave equation :
The potential of a diatomic molecule does not contain any 
angular term, and therefore, angular part of the wave 
function is given by spherical harmonics. The radial 
component of wave function for a diatomic molecule with 
a central potential eq. (1) will be

{\! p'^)dldp{p-^dRldp)^[Xl p - \ I A - l \ r  + l)/p^]R 

= 0, (2) 
where p  -  ar, is d dimensionless variable,

A -  2aplh^a,

/•(/* + !) = /(/ + l) + 2//ft/^2

2 p\E\/a^h^ -  1/4 (since £  < 0 for bound states, we have 
£  = ~|£|), and // is the reduced mass of the molecule. We 
have assumed that the terms c/r^ and dlr^„. are small and 
may be treated as perturbation. Eq. (2) can be referred as 
unperturbed Schroedinger equation and thus has an exact 
solution. The solution is hydrogenic in nature with effective 
atomic number z = ale^ and effective angular momentum t .  
Solution of (2) may be put as

R i p ) ^  F { p ) e - P ' \  (3)

U sing pertu rbation  m ethod  [11], the  first o rd e r corrected 
energy level takes the final form .

w here  f ( p )  =
w«=0

and  the recu rsion  re lation  is

( /+ ffi +1 — A) C„
-w+l (m  +  l ) ( 2 / * + m  + 2 ) ’

| £ l -

(4)

(5)

w here  {I* + m  + \ )  = X .

A s the  se ries b reaks o f f  after fin ite  num ber o f  term s (le t 
f i ” -  p ”' \  w e have a fte r rep lac ing  m  by  n ' and A by  n.

(6)2»2«2’
w here «  =  ( « ' +  /* +  !)  is a  positive  in teger and  m ay be  
term ed  as to tal quan tum  num ber.

£ = B
(«' + /*+1)2 {«' + /*+1)3 («' + /• + l)-i (7)

Here B, C. are functions of a, b, c.... While deriving
eq. (7), we have considered /* partly as a constant term. The 
eq. (7) may be expressed in power series of («' +1/2) and 
/(/ +1); n' and / may be renamed as vibrational and rotational 
quantum number respectively. If the vibrational and rotational 
quantum numbers are small, only a few terms of the 
expansion will be sufficient for reasonable accuracy. On the 
other hand for higher vibrational and rotational levels, it will 
be advisable to use eq. (7) in its original forms.

The term 2pblh is quite large even for light molecules, 
of the order of 346991.14 for Nj in the ground state (A"' 
and therefore /* changes slowly with /, generating closely 
packed energy levels. The energy levels arc arranged as (Is,
2p, 3d, 4 / .... ), (2s, 3p, Ad, 5f,.... ), (3s, Ap, 5d,.... ). l.evek
within a bracket are closely related to each other generating 
closely packed rotation energy levels and each bracketted 
set of levels is separated from that of the other bracketted 
set like vibrational levels in the conventional sense of 

speaking.
The conventional picture of diatomic molecules is quite 

parametric, and the energy of vibration tends to (-) or ) 
infinite values as vibration quantum number is increased. For 

example, the vibrational levels of nitrogen molecule in the 
ground state (X' S p  are given by the equation ;

G(cm-')= 2358.027(« + l/2) -  14.1351 (w + l/2)‘

-0.01751 (n + 1/2)^ + 0.0001144 (w + 1/2) .̂ (8)

Eq. (8) is quartic in vibration quantum number, and in 
general, there will be four vibrational quantum numbers for 
a given energy level. For instance, vibrational levels for 
«= 11 (at 25223.31 cm-'), for n = 155 (at 25932.-75 cm '). 
and for n = 343 (at 25160.17 cm"') are close to each other. 
Out of these, levels /» = 155 and n ~ 343 are treated as 
unphysical, even though these levels are allowed by 
equation. By convention, AG = 0 decides the upper limit 
of the vibrational quantum number. Eq. (8) therefore, 
does not cany full meaning of a mathematical equation. 
Moreover, equation gives 20 percent higher dissociation 
energy. No doubt, the error can be minimized by introducing 
large number of terms in equation of energy in rather 
empirical manner. As a matter of fact, as we approach the 
dissociation limit of diatomic molecule, we have to add moK 
terms in the eq. (8) for correct description of vibrational 
levels.

We have similar problems with rotational energy le''®** 
expressed as power series of /(/ + 1). As the rotational



Table I. Ratio of for some molecules, values are in cm"'.
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quantum number is increased, one has to add extra terms in 
the energy expression. Besides, rotational and vibrational 
constants vary with energy levels. They are not constants in 
the real sense. It may be pointed out that the dissociation 
ene rg y  of a diatomic molecule as anharmonic oscillator may 
he accounted for by eq. (8) if a large number of parameters 
are included. In comparison, only a few constants of eq. (7) 
are expected to reproduce energy and dissociation levels of 
the diatomic molecule with better accuracy.

hor low vibrational and rotational quantum numbers, 
we can expand eq. (8) in power series of («' + 1/2) and 
/(/ r 1) to obtain the following molecular constants in the 
conventional sense.

Ch(o

B
(x + 0.5)2 (x + 0.5)3 (jc + 0.5)'' 

2A 3B 4C

+ —.

r/uupy,. -

(x + 0.5)3 (x + O.SY (x + 0.5)3 

3A 6 B IOC
{x  + O .S y  (jc + 0.5)3 (x + 0.5)* 

4A \0B 20C

ChcOeZg = -

(x + 0.5)3 (a: + 0.5)<> (x + 0.5)2

5 A \5B  35C
(x + 0.5)^ ^ (Jf + 0.5)2 (jc + 0.5)*

35 2CC7( B,. = —r  - , A 2.r3 at*

3/1 . 35 , 5C i-hD,. = —V  + -xr-T + -:rT dx** 2x’ 2x*
3 / 1 ,6 5 ^  IOC («)

where x- -  A -

and Ê. the electronic energy levels with n \  / -  0. On 
retaining only the first term in the set of eqs. (9), we can write 
the following approximate relations :

a)pX̂ , and (o^y^ «4/3a<..

Table 1 gives the values of cOcxJBc for light molecules. 
Average value of this ratio for molecules as shown in Table 1 
is 3.1, with standard deviation 0.3. Even such a limited 
success is rather encouraging in view of the fact that only 
one term of eq. (9) has been used for such calculation and 
we have selected a simple potential for a diatomic molecule.

(ii) Isotopic shift :
do not have experimental energy levels of a molecule 

io the form of eq. (7), hence it is impossible to verify the 
isotopic mass shift of energy levels directly. However, it can 
be shown that this equation is consistent with the requirement 
of isotopic shift, if we expand it in the conventional form 
of energy.

Molecules Electron 1C states COeX, deXjB,

‘H2 B' 'E i Opa) 83 406 26 705 3 1

30 108 2.8

1“ 3;r„ 106 0 36 2.9

0  ̂ 3^+ 91 0 35 2.6

E '!.* (2sa) 48 105 16 369 2 9

B' ' i ;  O pa) 45 679 13 605 3.3

/ ';r ,̂ (3rf;r) 39 42 14 739 26

B" ' v ; (Apa) 35 416 13 685 26

<■ ’i ;  O po) 34.51 13.856 2 5

311. E '!.* (2s<r) 30.52 10 9306 28

‘Mj B 2l+ (3da) 5 247 1.530 3.4

C (2pir) 6 454 1.899 3.4

B O da) 2 62 0 766 34

C ’̂Jtu (2pir) 3 14 0 950 3 3

T-.2 1 582 0.4975 32

’Lî H X'Y.* 23 20 7,5131 3 1

n,i 11 12 935 4.2394 3.1

“ NO 0.3576 0.11078 3.2

«Be'll X^T* 36 31 10.3164 3.5

"Be^H x'^V 20,71 5.6872 3.6

x^Tf 21.9 5.955 3.7

’’Kj c 'tiu 0.133 0.04404 3.2

The values of molecular constants derived from eq. (7), 
depends upon the reduced mass of the molecule in accordance 
with the requirement of isotopic shift. The following relations 
may be obtained easily if we retain only the first dominent 
term in eq. (9).

COe « 1 /7 ^ ,  (OeXtXlIp, 0)eyt

ocl//i2, 5 , oc \!p , a ,  ocl//|3/2. (10)

The electronic energy of a molecule also depends upon 
reduced mass as

a^h ( 11)
^ ^ ~ ~ 4 b ^  4

In eq. (11), higher terms have been neglected. The 
electronic energy therefore, depends slightly on the
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red u ced  m ass  o f  a  m o lecu le . I f  w e c o n s id e r th ree  iso top ic  

m o lecu les  o f  re d u c e d  m asses f j \ ,  f i i  and  / /3  w ith  energ ies  

E u  £ 2  an d  £ 3  re sp ec tiv e ly , eq . ( 1 1 ) leads to  the  fo llow ing  
re la tio n  ;

E j-E x (12)£ 3 - £ ,

T ab le  2  g iv es  th e  v a lu es o f  ( £ 2  -  E \)l{E y — E \)  fo r  th ree  

iso top ic  m o lecu le s  o f  H 2 in d iffe ren t e lec tro n ic  sta te s  [9].

Table 2. Hlectronic energy levels of isotopic molecules of hydrogen 
energy levels are in cm '

Electronic states 'Hj(f'i) ’Haiti's) (£2 - E\)!(E-\-E\)

B'i;(2rs<T) 91700.00 91697,2 916963 0.76

C ';r„(2pff) 100089 8 100097,2 100099 7 0.74

E 'Zg(2s(T) 100082,3 100128 1 100136.7 0.84

E 'Z e(2 p rr)  I009II0  100931.2 100935 9 0.81

a^I.gi2sar) 95936.1 95958 0 95965.4 0.74

e-’ i;(3/7(T) m m . l  \O m 4 .O 107770.8 0.18

d^ /r„{ip!r)  112700.3 112729.8 112736.0 0.83

/^IJ(4/><7) 116705 0 116640 116653 1.25

A^^„(4p;r) 118366.2 118396.7 118403 2 0.82

n^;r„(5/>jr) 120952.9 120976 9 120984 0 77

Reduced masses of 'H2, ’Hj and are 0.50391261. 1.00705111 and 
1 50802486 in A.U respectively.

T h e  av e rag e  v a lu e  fo r a ll e le c tro n ic  s ta te s  ex cep t fo r 

e O p e r )  w h ich  is p e rtu rb ed , is 0 .8  ag a in s t th e  th eo re tica l 
v a lu e  o f  0 .7 . T h e  new  eq u a tio n  fo r energy  is th e re fo re , 
co n sis ten t w ith  iso top ic  sh ift. It w ill be  fu tile  to  ex p ec t very  

accu ra te  re su lts  fo r such  s im p le  p o ten tia l fo rm , w ith  on ly  
th ree  term s. F o r such  p o ten tia l, th e re  w ill be in fin ite  n u m b er 
o f  v ib ra tio n a l en e rg y  levels and  th e  g rap h  o f  .AG vs. 
v ib r a t i o n a l  q u a n tu m  n u m b e r  w i l l  a p p r o a c h  z e r o  
a sy m p to tica lly . In the  m a jo rity  o f  th e  d ia to m ic  m o lecu les , 

o n ly  a  few  v ib ra tio n a l levels a re  de te rm in ed  ex p erim en ta lly  
an d  it is n o t p o ss ib le  to  h av e  any  d e fin ite  co n c lu s io n  ab o u t 
v a ria tio n  o f  A G  fo r h ig h  v ib ra tio n a l leve ls, esp ec ia lly  in  th e  

n e ig h b o u rh o o d  o f  d is so c ia tio n  lim it. In  ion ic  m o lecu les , A G  

d efin ite ly  a p p ro a c h e s  ze ro  a sym pto tica lly  [ 1 2 ], b u t w e do  
n o t hav e  an  e x te n d e d  g rap h  o f  th e  o th e r  n o n -ion ic  m olecu les . 

In d eed , i f  w e  in c lu d e  h ig h e r  te rm s in th e  ex p ressio n  o f  
p o ten tia l, A G  m ay  b e  ta ilo re d  to  f i t th e  exp erim en ta l g rap h  

o f  an y  d ia to m ic  m o lecu le . A  n u m b er o f  o d ie r  ap p ro x im ate  
re la tio n s  fo r  a  d ia to m ic  m o le c u le  m ay  a lso  b e  d e riv ed  from  

su ch  eq u a tio n .

(Hi) Isoelectronic molecules :

S ev era l a ttem p ts  h a v e  b e e n  m a d e  to  u n d e rs ta n d  th e  variation 
o f  m o lecu la r constan ts  fo r s im ila r m o lecu les  o r  sam e  molecule 
in d if fe ren t e le c tro n ic  s ta te s , u s in g  a  n u m b e r  o f  empirical 

ru le s  [12 ]. O n e  su ch  ru le  is th a t  r̂ eO>e sh o u ld  b e  constan t for 
d iffe ren t e lec tro n ic  s ta te s  o f  th e  sam e  m o le c u le  [ 1 2 ], The 

p re sen t p ic tu re  o f  a  d ia to m ic  m o le c u le  m ay  h e lp  in  framing 
ap p ro x im a te  re la tio n s  o f  m o le c u la r  co n s tan ts  fo r  similar 
m o le c u le s .  A s s u m in g  th a t  th e  p o te n t i a l  e n e rg y  for 

isoe lec tron ic  m o lecu les  o r  iso to p ic  m o lecu le s  a re  comparable, 

o n e  can  o b ta in  a  n u m b e r o f  re la tio n s  o f  m o le c u la r  constant 
fo r iso e lec tro n ic  m o lecu les . A c c o rd in g  to  th e  eq . (9). we 

h av e  th e  fo llo w in g  re la tio n  ;

ChBe. =
o r  B e .p  =  c ^ h y S b ^ .C .  (13)

V alu e  o f  B e .//w ill  b e  co n s tan t fo r iso e lec tro n ic  molecules 
w ith  sam e  p o ten tia l en erg y . T a b le  3 g iv es  th e  v a lu e  o f  Be p 

fo r isoelec tron ic  m olecu les N j a n d  C o , w h ich  is approximately 
co n stan t in  a  g iven  e lec tro n ic  s ta te .

Table 3. BeM for N2 and Co isoelectronic diatomic molecules.

ctronic states
N2

vA.U.)
Co
• >̂ AU)

13.9907 13 2413

10.1844 9.2189

11.4647 11.5955

11.3208 11.0488

w  >A„ 10.4883 8.6183

E^Y.1 13.4941 13.6164

c ' z t 13.7314 13.4464

03 12.1400 13.5554

fiv) Vibrational and rotational analysis :
W e hav e  fitted  v ib ra tio n a l an d  ro ta tio n a l en e rg y  levels, 
eq . (7 ) to  a n d  H 2 m o lecu le s  a s  fo r  th re e  s ta te s  JfClj;)* 

B ( ' z ; )  and  C ( ' ; r „ ) ,  a n d  h av e  b e e n  a n a ly se d  accord ing  to 
o u r  ap p ro ach  as b e lo w

E{n\ D  =  -1 .6 9 5 1  R!d  ̂ +  4 .1 2 6 4  Rtd^
- 2 .0 8 5 4  R !d\

w h ere  ( « 7 3 1 .1207  +  /* /3 1 .1207 ) 

a n d  /*(/* +  1) =  / ( /  +  1) +  14 7 0 .0 2 1 8 .

£ { " ',  /*) =  - 3 .0 2 0 4  R t d ^  +  6 .7 8 9 9  R l d ^

- 3 .2 5 9 6  Rid*,
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where r f = ( " ' / 3 1 .1 2 0 7  +  /* /3 1 .1 2 0 7 ) 

and / * ( / * + ! ) ' / ( / + » ) + ‘ 2 2 2 .7 2 3 4 .

E (n \  /*) »  - 0 .2 8 7 7  R f d ^  +  0 .7 2 6 5  R / d ^

- 4 .6 5 4 2  R/d*,

where d  =  ( « ' / 3 l . l 2 0 7  +  r / 3 l . l 2 0 7 )  

and r ( r  +  l )  =  / ( / + ! ) + 1 1 7 5 . 4 1 4 1 .

H2 (C '«■„) :

£ (« ',  /*) =  - 2 .1 3 7 4  R / i P  + 5 .0 2 6 5  R / d ^

- 2 .5 4 6 1  R /d \

where (n'/31.1207 + r/31.1207) 
and r ( /* + ! )  = /( /+  1 )+  1505.4396.

R is the  R y d b e rg  c o n stan t. (1 4 )

These eq u a tio n s  h av e  b een  fitted  w ith  100%  accu racy  o f  

the d isociation  e n e rg y  v a lu es .

3. C o n c lu d in g  r e m a r k s

The present d iscu ss io n  is  b a sed  u p o n  p o ten tia l fo rm  exp ressed  

in inverse p o w er se r ie s  o f  r  w h ich  is  a  s im p lifiy in g  assum ption  
for the p rob lem  o f  a  d ia to m ic  m o lecu le . W e ex p e c t th a t each  

molecule ra th e r e a c h  e lec tro n ic  s ta te  o f  a  m o lecu le  w o u ld  

have d ifferen t p o te n tia l fo rm  an d  a s  su ch , w e m ay  h av e  a 

better scope fo r  u n d e rs ta n d in g  m o le c u la r  sp ec tro sco p y . W ith  
these lim itations, w e  hav e  in te rp re ted  th e  v ib ra tio n a l and  

rotational en e rg y  lev e ls  o f  so m e  sim p le  m o lecu le s  H 2 and  

Hj. They have  b e e n  in te rp re ted  in  a cco rd an ce  w ith  th e  th eo ry  

developed in th e  p re se n t d iscu ss io n . O n ly  o ne  eq u a tio n  w ith

fou r co n stan ts  rep resen ts  b o th  v ib ra tio n a l and  ro ta tiona l 

levels o f  th ese  d ia to m ic  m o lecu les  w ith  g o o d  accu racy . T he 
eq u a tio n  also g iv es the  d iso c ia tio n  en e rg y  w ith  h u n d ered  

p ercen t accu racy . In  these  ca lcu la tio n s, w e have  used  on ly  
fo u r te rm s in  th e  ex p ress io n  fo r d ia to m ic  p o ten tia l. In 

conven tiona l p ic tu re , w e req u ire  e ig h t to  ten  p a ram e te rs  fo r 

accu ra te  te p re se n ta tio n  o f  v ib ra tio n a l an d  ro ta tio n a l levels o f  
a  d ia to m je  m o lecu le  and  even  th en , th e  e rro r  in d isso c ia tio n  
energy  i ^ o r e  than  2 0  p e rcen t. It can  b e  co n c lu d ed  tha t w ith  

increasinjjl n u m b er o f  te rm s and  h en ce  a  m o re  su itab le  

p o ten ia l (form, th e  p ro p o sed  m eth o d  has a  b e tte r  sco p e  o f  
y ie ld in g  Im p ro v e d  and  m o re  accu ra te  re su lts  fo r d ia tom ic  

m o lecu ltli.
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