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Cylindrical wormholes with positive cosmological constant
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We construct cylindrical, traversable wormholes with finite radii by taking into account the cut-
and-paste procedure for the case of cosmic string manifolds with a positive cosmological constant.
Under reasonable assumptions about the equation of state of the matter located at the shell, we
find that the wormhole throat undergoes a monotonous evolution provided it moves at a constant
velocity. In order to explore the dynamical nonlinear behaviour of the wormhole throat, we consider
that the matter at the shell is supported by anisotropic Chaplygin gas, anti-Chaplygin gas, or a
mixed of Chaplygin and anti-Chaplygin gases implying that wormholes could suffer an accelerated
expansion or contraction but the oscillatory behavior seems to be forbidden.
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I. INTRODUCTION

Cosmic strings are primordial objects that may have
appeared in the early Universe; these topological defects
could arise as solitons in a grand unified theory and could
be produced as a result of symmetry-breaking phase tran-
sition. If the symmetry breaking occurred after infla-
tion, the string may survive until the present Universe
[1]. Nowadays, cosmological observations suggest that
dark energy and dark matter are the main components
of the Universe, so the observed amount cosmic string
cannot lead to a dominant contribution to the Universe.
However, a non-negligible fraction would still be allowed
observationally [2]. Because cosmic strings are very mas-
sive objects, one could expect that the gravitational ef-
fects near them could have interesting consequences re-
garding the bending of light–for instance, the gravita-
tional lensing produced by a cosmic string would seem
to produce a double image of elliptical galaxies with an
angular separation of 1.9 arcsec when the dimensionless
string tension Gµ is around 10−7 [3]. Concerning the
typical values of the dimensionless string tension Gµ, the
new stringent constraints coming from the Planck mis-
sion based on the cosmic microwave background power
spectrum lead to Gµ < 1.5 × 10−7 at a 95% confidence
level [4].

As is well known, any attempt to construct thin-shell
wormholes requires the use of the cut-and-paste proce-
dure [5], [6] and works with the junction conditions as-
sociated with the gravity theory under study [7]. Cylin-
drical thin-shell wormholes within the context of general
relativity (GR) were built, and it was found that, in most
of the cases, the wormholes are supported by exotic mat-
ter, violating the energy conditions [9], [8], [10]. How-
ever, alternative gravity theories such as the DGP model
or Brans-Dicke framework are a fertile arena for trying
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to build cylindrical thin shells supported by nonexotic
matter, where the energy conditions can be fulfilled by
choosing suitably the parameters of the model, [11], [12].

A cornerstone issue of any solution of the equations
of gravitation is related to its mechanical stability. The
stability of cylindrical wormholes has been thoroughly
studied for the case of small perturbations preserving the
original symmetry of the congurations [8]. In doing so, it
was assumed that the equations of state for the dynamic
case have the same form as in the static one, and it was
found that the throat collapses to zero radius, remains
static, or expands forever, depending only on the sign of
its initial velocity [8]. The stability of wormhole geom-
etry is a physically relevant point for knowing if these
gravitational configurations could last long enough that
their traversability makes sense. For instance, wormholes
constructed by gluing two copies of a global cosmic string
with or without a curvature singularity seem to behave
in the same manner under linear perturbation: both kind
of geometries are not stable under radial velocity pertur-
bations and then no oscillatory behavior is possible [10].

In the present work, our goal is to construct a thin-
shell wormholes with cylindrical symmetry, implement-
ing the cut-and-paste procedure on cosmic strings in
spacetimes with a positive cosmological constant [13]. As
was pointed out in Ref. [13], the reason for studying
these kinds of solutions is twofold. The cosmological ob-
servations strongly suggest that the Universe is currently
speeding up due to a nonvanishing vacuum energy (dark
energy) represented by a cosmological constant Λ > 0,
which implies the existence of a cosmic horizon of size
ℓ = 1/

√
Λ. Since Λ has a very tiny value, the cosmo-

logical horizon is too large, so one might be tempted
to neglect the effect of the cosmological constant on lo-
cal physics. However, the solution reported in Ref. [13]
shows that a cosmic string with Λ > 0 would affect not
only the global topology of the spacetime but also the lo-
cal physics, indicating that the wormhole geometry will
be substantially different from those cases explored in
Refs. [8] or [10]. For instance, the impossibility of reach-
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ing the spatial infinity is related to the existence of a
cosmological event horizon; therefore cylindrical worm-
hole geometry will have a finite radius in contrast with
the asymptotically flat solutions. We are going to ana-
lyze several definitions for the flare-out condition, taking
into account the noncompact character of the geometry
[14]. When considering the analysis based on velocity
linear perturbations, we obtained that wormhole’s throat
moves at a constant velocity, so there is no emission of
gravitational waves. We will explore the nonlinear be-
havior of the wormhole throat and its stability when the
matter located at the shell is supported by anisotropic
Chaplygin gas. In the next section, without loss of gen-
erality, we will work with units such that c = h̄ = 1, and
the metric signature is (−,+,+,+).

II. THIN-SHELL WORMHOLES

The solution of Einstein’s equations, Gab + Λgab =
8πGTab, associated with a cosmic string spacetime in vac-
uum (outside the string core), is given by

ds2 = f(ρ)[dz2 − dt2] + h(ρ)dθ2 + g(ρ)dρ2, (1)

f(ρ) = cos
4

3

ρ
√
3Λ

2
, (2)

h(ρ) =
4δ2

3Λ
sin2

ρ
√
3Λ

2
cos−

2

3

ρ
√
3Λ

2
, g(ρ) = 1, (3)

where the aforesaid metric admits three Killing vectors
spanned by 〈∂t, ∂θ, ∂z〉, and the parameter δ is related to
the deficit angle [13]. The solution inside the core sur-
face (ρ = ρ0) corresponding to an Abelian Higgs cosmic
string can be obtained from Eq. (1) by simply replacing
δ → 1 and Λ → Λd = Λ + 2πGλη4, where λ stands for
the coupling in the Mexican potential, while η refers to
the expectation value of the complex scalar field, thus
|Φ| = η. Here, δ includes corrections dependent on Λ,
which we may consider as coming from the finite thick-
ness of the string but also depend on the dimensionless
string tension, Gµ, and the core size ρ0. The size of the
string is of order 1/η

√
λ, at least when the winding num-

ber is small, because the metric is flat on the string axis,
so we can approximate ρ0 by its value in flat space [13].
Taking into account the scale of symmetry breaking, η is
small compared to the Planck scale in theories of particle
physics in which cosmic strings could appear; namely, the
grand unification scale is 1016GeV, so that Gη2 ≃ 10−3.
The latter fact indicates that is reasonable to assume
that the string is small compared to the cosmic horizon.
In other words, the string size goes as ρ0 ≃ 1/mHiggs

with mHiggs ≃ 125Gev, while the observed value of the

vacuum dark energy is Λ ≃ 10−82GeV2 implying that
the cosmic horizon occurs at ℓ = 1/

√
Λ ≃ 1041GeV−1.

Therefore, we find that the dimensionless position of the
string surface xcore = ρ0

√
3Λ/2 = O(10−44) is much

smaller than the dimensionless position of the cosmic
horizon xhorizon = ℓ

√
3Λ/2 ≃ 0.86 = O(1). Using that

ρ0
√
Λ << 1 along with ρ0

√
Λd << 1, it can be shown

that the string mass per unit length is approximately
µ ≃ πλη4ρ20, whereas δ ≃ 1−4Gµ[1+Gµ+3ρ20Λ/4]. No-
tice that the deficit in the azimuthal angle corresponds
to ∆θ = 2π(1− δ) ≃ 2π[4Gµ+ 3Gµρ20Λ + 4G2µ2].
The wormhole construction follows the usual steps of

the cut-and-paste procedure [5]. Starting from a man-
ifold M described by the metric in Eq. (1) with local
coordinates Xα = (t, ρ, θ, z), we remove the region de-
fined by ρ < a, and we take two copies M+ and M− of
the resulting manifold.Then we join them at the surface
Σ defined by ρ = a, so that a new geodesically com-
plete manifold M = M+ ∪M− is obtained. The surface
Σ is a minimal-area hypersurface satisfying the flare-out
condition: in both sides of the new manifold, surfaces of
constant ρ increase their areas as one moves away from
Σ; thus one says that M presents a throat at ρ = a. On
the surface Σ, we define coordinates ξa = (τ, θ, z), where
τ is the proper time. Then, to allow for a dynamical anal-
ysis, we let the radius depend on τ , so that the surface
Σ is given by the function H which fulfills the condition
H(ρ, τ) = ρ − a(τ) = 0. As a result of pasting the two
copies of the original manifold, we have a matter shell
placed at ρ = a. Its dynamical evolution is determined
by the Einstein equations projected on Σ, that is, by the
Lanczos equations [7]

− [K b
a ] + [K]δ b

a = 8πGS b
a , (4)

where Kb
a is the extrinsic curvature tensor defined by

K±

ab = −n±

γ

(

∂2Xγ

∂ξa∂ξb
+ Γγ

αβ

∂Xα

∂ξa
∂Xβ

∂ξb

)
∣

∣

∣

∣

Σ

, (5)

with n±
γ the unit normals (nγnγ = 1) to Σ in M:

n±

γ = ±
∣

∣

∣

∣

gαβ
∂H
∂Xα

∂H
∂Xβ

∣

∣

∣

∣

−1/2
∂H
∂Xγ

. (6)

The bracket [K b
a ] denotes the jump K b

a
+ −K b

a
−
across

the surface Σ, [K] = gab[Kab] is the trace of [Kab], and
S b
a = diag(−σ, pθ, pz) is the surface stress-energy ten-

sor, with σ the surface energy density and pθ, pz the
surface pressures.
In terms of these functions the components of the ex-

trinsic curvature read

Kτ
τ
± = ± 1

2
√
1 + ȧ2

[

2ä+ (ȧ2 + 1)
f ′(a)

f(a)

]

(7)

and

Kθ
θ

±

= ±
√

1 + ȧ2
h′(a)

2h(a)
, Kz

z
± = ±

√

1 + ȧ2
f ′(a)

2f(a)
,

(8)
where the dot means d/dτ , the prime indicates a deriva-
tive with respect to a, and we have used the metric on Σ,
hab = diag(−1, h(a), f(a)) for lowering the indices. Re-
placing these expressions in the Lanczos equations, we
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obtain the surface energy density σ = −Sτ
τ and the pres-

sures pθ = Sθ
θ and pz = Sz

z :

σ = −
√
1 + ȧ2

8πG

(

f ′(a)

f(a)
+

h′(a)

h(a)

)

, (9)

pθ =
1

8πG
√
1 + ȧ2

[

2ä+ 2(1 + ȧ2)
f ′(a)

f(a)

]

, (10)

pz =
1

8πG
√
1 + ȧ2

[

2ä+ (1 + ȧ2)

(

f ′(a)

f(a)
+

h′(a)

h(a)

)]

.

(11)

A. Linear stability analysis: Energy conditions

From the above equations, we find that for the static
situation ȧ = ä = 0, the pressures and the surface energy
density satisfy the equations of state

pz = −σ, pθ = −2σ
f ′(a)h(a)

[f(a)h(a)]′
. (12)

If we are interested in small velocity perturbations, it is
licit to assume that the evolution of the matter on the
shell can be described as a succession of static states.
Thus we shall accept, as done before [8, 10], that the
form of the equations of state corresponding to the static
case is kept valid in the dynamical evolution [15]. With
this assumption, the equations above lead to the equa-
tion of motion ä = 0, and then a(τ) = a0 + ȧ0(τ − τ0),
where a0 and ȧ0 are, respectively, the initial wormhole
radius and its initial velocity. This shows that the sign
of the velocity is determined by its initial sign, that is,
after a small velocity perturbation, the throat undergoes
a monotonous evolution; no oscillatory behaviour exists,
at least under the approximations assumed.
Let us begin by examining the energy conditions [18]

in the nonstatic case. In the case of thin-shell worm-
holes the radial pressure pr is zero, and within Einstein
gravity, the surface energy density must fulfill σ < 0,
so the weak energy condition will be violated, but the
sign of σ + pl, where pl is the transverse pressure is
not fixed and depends on the values of the parame-
ters of the system. Then, the null energy condition
reads σ + pz > 0 along with σ + pθ > 0. Using Eqs.
(9-11), we find that σ + pz = 2ä[8πG

√
1 + ȧ2]−1 and

σ+pθ = [2ä−(1+ȧ2)(h′/h)][8πG
√
1 + ȧ2]−1; then, in or-

der to fulfill the null energy condition we must admit only
wormholes with ä > 0 along with ä ≥ (1+ȧ2)(h′/2h) > 0.
For static wormholes, we obtain that σ + pz = 0 and
σ + pθ = −(h′/h)/(8πG) < 0, so it is clear that the null
energy condition is not fulfilled.

B. Nonlinear dynamic for a Chaplygin gas

Now, we are going to drop the assumption of linear
perturbations, throwing away the use of the equations

of state given by Eq. (12) for studying the dynamic of
the wormhole’s throat. Instead of that, we shall assume
that matter located at the shell has an equation of state
corresponding to a Chaplygin gas [16], [17]- namely, the
pressures and the surface energy density satisfy the rela-
tions

pz = −Az

|σ| , pθ = −Aθ

|σ| , (13)

where Ai is a positive constant for the case of Chaplygin
gas and a negative one for anti-Chaplygin gas [17].

Combining Eqs. (9-11) along with Eq. (13), we obtain
the analogous problem of a particle in a one-dimensional
potential, ẋ2(t) + V(x) = 0, where we have introduced
some dimensionaless variables, x = αa and t = ατ , with
α =

√
3Λ/2. As a result of the previous procedure, the

potential can be rewritten as follows:

V(x) = 1 +
Ω sin2 x

[3− tan2 x]
, (14)

where Ω = (8πG)2(Az − Aθ)/3Λ
2 is a dimensionless

parameter and its sign is controlled by the difference
∆A = Az − Aθ. It turns out that Eq. (14) is nega-
tive definite for x ∈ (xcore, xhorizon) if Ω ≤ Ωc ≃ −1010 .
In order to continue the analysis of the dynamic of the
wormhole, we need to solve the energy conservation equa-
tion, which we will tackle next. Concerning this aim, it
is convenient to use dx = ẋdt:

± (t− t0) =

∫ x(t)

x(t0)

dx
√

−V(x)
. (15)

We numerically integrate Eq. (15) for Ω = −1010; in do-
ing so we take x ∈ [0.1, 0.8] to be far away from the string
core and the cosmic horizon as well. For the case of Eq.
(15) with (+), we find that the wormhole throat exhibits
a monotonous evolution with ẋ > 0 and ẍ = −V ′/2 > 0:
the wormhole undergoes an accelerated expansion. For
the sake of completeness, we mention the reversal sit-
uation with (−) in Eq. (15): the wormhole undergoes
an accelerated contraction, provided ẋ grows in absolute
value while ẍ takes negative values. The aforesaid facts
indicate that wormhole throats are unstable, expanding
or skrinking in an accelerated manner.

Let us make a comment concerning the matter located
at the wormhole throat. In order for the potential to be
well definite, it is needed that Ω < 0. This condition can
be fulfilled in three different ways: (i) the wormhole is
supported by Chaplygin gases so that Az > 0 and Aθ > 0
along with Aθ > Az ; (ii) the wormhole is supported by
anti-Chaplygin gases so that Az < 0 and Aθ < 0 along
with |Az | > |Aθ|; (iii) the wormhole admits the Chaply-
gin equations of state for the angular pressure [Aθ > 0]
and admits for the axis of symmetry Az < 0, provided
sign[Ω] = sign[−|Az | − |Aθ|] < 0, thus |Az| > −|Aθ|.
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III. SUMMARY AND DISCUSSION

In this paper, we have built cylindrical thin-shell worm-
holes by gluing two copies of a cosmic string’s manifold
endowed with a positive cosmological constant [13]. We
have shown that wormhole geometries do not exhibit an
asymptotic flatness behavior at large radii because the
cosmological constant implies the existence of a cosmic
horizon of size ℓ = 1/

√
Λ; thus the global topology of

wormhole-like geometries with Λ > 0 enforces that such
gravitational configurations must have finite radii always.
Taking into account the standard junction conditions

within the context of general relativity along with reason-
able assumptions about the equation of state of the mat-
ter located at the shell, we have shown that the worm-
hole throat undergoes a monotonous evolution provided
it moves at a constant velocity for the case of linear per-
turbations preserving the cylindrical symmetry. Leaving
aside the linear radial perturbations, we have examined
the full nonlinear behavior of the wormhole throat, as-
suming that the matter supporting these configurations
is a Chaplygin or anti-Chaplygin gas for the pressure
along the string axis or in the azimuthal direction; thus,
pi = Ai/σ with i = {z, θ}. In doing so, we have found
that the wormhole geometries could exhibit an acceler-
ated expansion or contraction depending on the relation
between the cosmological constant and the Chaplygin gas
coupling Ai. But most importantly, it turned out to be
that the sign of difference Az−Aθ played a central role in
analyzing the dynamic of the wormhole throat, and thus
for integrating numerically the projected field equation
as well, and determinig what kind of equations of state

could admit the tangential pressures, namely, pz and
pθ respectively. Indeed, we have found that wormholes
could be supported by pressures pz(σ) and pθ(σ) with (i)
Chaplygin-Chaplygin equations of state along with the
condition Az < Aθ; (ii) anti-Chaplygin- Chaplygin equa-
tions of state along with the condition |Aθ| < |Az |; and
finally (iii) a mix of anti-Chaplygin and Chaplygin gases
with |Az| > −|Aθ|.

Finally, we discuss the different notions of the flare-out
condition examined in the literature [14] for the worm-
hole geometry with a positive cosmological constant [Eq.
1]. For instance, the area per unit length is given by

A(a)/ℓz = 2πδ
√

f(a)h(a), so it is an increasing func-
tion on both side of the throat because A′(a)/ℓz =

(8π2δ4/
√
9Λ) sin(aα) cos5/3(aα)[3− tan2(aα)]/A > 0 for

αa ∈ (0.1; 0.8) ⊂ (xcore;xhorizon). Besides, the topol-
ogy of the throat with z fixed corresponds to a circle
with a radius function R(a) = 2πδ

√

h(a) that defines its
perimeter; this is indeed an increasing function provided
R′(a) > 0 for a ∈ (acore; ahorizon). We have shown that
both the standard areal surface and the circular radius
function reach a minimum at the position of the throat,
but the latter one is less restrictive than the former one.
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