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Nichols algebras over groups
with finite root system of rank two II

Istvdn Heckenberger and Leandro Vendramin

Communicated by Gunter Malle

Abstract. We classify all non-abelian groups G for which there exists a pair (V, W) of
absolutely simple Yetter—Drinfeld modules over G such that the Nichols algebra of the
direct sum of V and W is finite-dimensional, under two assumptions: the square of the
braiding between V' and W is not the identity, and G is generated by the support of V
and W. As a corollary, we prove that the dimensions of such V' and W are at most six.
As a tool we use the Weyl groupoid of (V, W).

Introduction

In the theory of Hopf algebras, deep structure results have been achieved since the
introduction of the Lifting Method of Andruskiewitsch and Schneider [5]. The aim
of the method is to classify (finite-dimensional) pointed Hopf algebras. The idea
of it is to generalize Lusztig’s approach to quantum groups [21].

The Lifting Method is based on the understanding of the structure theory of
certain braided Hopf algebras which are known as Nichols algebras. In Lusztig’s
setting this is the algebra f, also known as U, (n4). Motivated by the first clas-
sification results of finite-dimensional Nichols algebras of diagonal type [6, 23],
a complete solution was obtained by the first author [14]. The tool for the latter
classification was the Weyl groupoid and the root system of a Nichols algebra of
diagonal type, which was discovered in [13] using the theory of Lyndon words
and PBW bases [20]. The Weyl groupoid was also used by Angiono to determine
the defining relations of finite-dimensional Nichols algebras of diagonal type [8].
These results have far reaching consequences in the theory of Hopf algebras such
as the classification of finite-dimensional pointed Hopf algebras with abelian
coradical of order coprime to 210 (see [7]), and the proof of the Andruskiewitsch—
Schneider conjecture for pointed Hopf algebras with abelian coradical [9].

In order to understand the structure of Nichols algebras of non-diagonal type,
the Weyl groupoid of a Nichols algebra of diagonal type was generalized further
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in several successive papers such as [4], [19], [16] and [15]. The first applications
of this generalization were powerful enough to study pointed Hopf algebras in
some cases where the coradical is a finite simple group [1,2]. The difficulties in
extending these results, and scientific curiosity, ask for a better understanding of
finite-dimensional Nichols algebras of semisimple Yetter—Drinfeld modules over
arbitrary groups.

In [15] H.-J. Schneider and the first author introduced a method to study the
Weyl groupoid of a Nichols algebra over a Hopf algebra with invertible antipode.
The main achievement of the paper was a description of (ad V)" (W), for two
Yetter—Drinfeld modules V, W, in terms of the braiding. Also, a family (I';),>2
of groups was introduced as candidates admitting finite-dimensional Nichols
algebras, and the finite-dimensional Nichols algebras over I'; with finite root
system of rank two were determined.

Roughly speaking, in this paper we prove that any non-abelian group G
having a finite-dimensional Nichols algebra with an irreducible finite root system
of rank two has to be an epimorphic image of I';, I'3, I'4 or another group 7. As
a corollary, we obtain that the dimension of the subspace of primitive elements of
such a Nichols algebra has dimension at most 12. For the precise statement we
refer to Theorem 4.5 and Corollary 4.6. These claims are expected to become very
useful in different ways. For example, the study of Nichols algebras of tuples of
irreducible Yetter—Drinfeld modules usually requires a good understanding of the
rank two case. Further, our results combined with the methods in [1, 2] can be
used to obtain strong restrictions on the support of an irreducible Yetter—Drinfeld
module with finite-dimensional Nichols algebra over a group.

In order to obtain more precise claims on Nichols algebras over G, one has
to perform detailed calculations about (ad V)™ (W) and (ad W)™ (V), m > 1, as
in [15, Section 4]. These calculations lead then to the classification of finite-
dimensional Nichols algebras with finite root system of rank two, see [17, 18].

Our method is based on the Weyl groupoid. Let V, W be absolutely simple
Yetter—Drinfeld modules over G such that the pair (V, W) admits all reflections
and the Weyl groupoid W(V, W) is finite. By [4, Theorem 3.12, Proposition 3.23],
this is the case if the Nichols algebra of V' @ W is finite-dimensional. We prove
that there exists an object of ‘W(V, W) which has a Cartan matrix of finite type.
Thus we have to analyze the consequences of (ad V)?(W) = 0, (ad W)*(V) = 0.
We obtain restrictions regarding decomposability, size and further information
on supp V' and supp W. In particular, Theorem 4.4 tells that for a pair (V, W)
of Yetter—Drinfeld modules over G such that (ad V)(W) # 0, (ad V)?(W) =0
and (ad W)*(V') = 0, it must be the case that supp V U supp W is isomorphic
to one of five quandles, all of size at most six. Our results are based on Propo-
sition 5.5 claiming the non-vanishing of (ad V)™ *! (W) under some assumptions



Nichols algebras with finite root system of rank two 3

on the structure of supp V' and supp W. It is an interesting fact that for this
proposition and for many of its consequences we do not need to assume that V'
and W have finite support or that their supports are conjugacy classes. There-
fore Proposition 5.5 and its consequences can also be used to deal with Nichols
algebras of arbitrary tuples of irreducible Yetter—Drinfeld modules over groups.

The structure of the paper is as follows. First we recall some facts on groups
with abelian centralizers, quandles and their enveloping groups in Sections 1 and 2.
In Section 3 we prove with Corollary 3.2 that connected Weyl groupoids of rank
two admitting a finite irreducible root system have an object with a Cartan matrix
of finite type. Section 4 is devoted to the study of Nichols algebras over groups.
After discussing some technicalities, we formulate our main results, Theorem 4.5
and Corollary 4.6. In Section 5 we give a step-by-step proof of Theorem 4.4.

1 Preliminaries

1.1 Groups with abelian centralizers

Recall from [22] that a group has abelian centralizers if the centralizer of every
non-central element is abelian. The following definition goes back to Hall [12].

Definition 1.1. Let G and H be two groups. We say that G is isoclinic to H
if there exist isomorphisms ¢ : G/Z(G) - H/Z(H) and 1 : [G,G] — [H, H]
such that if g1,82 € G, hy,hy € H, and {(g; Z(G)) = h; Z(H) for i = 1,2,
then n[g1, g2] = [h1, h2]. In this case we write G ~ H.

It is clear that the relation of isoclinism is an equivalence relation. The following
lemma is due to Hall [12, p. 134].
Lemma 1.2. Let G be a group and K <1 G. The following hold:
() G/K ~ G/(KNIG.G)).

2) If K C|G,G] and G ~ H for some group H via the maps ¢ and 1, then
n(K) < H and G/K ~ H/n(K).

The following lemma was proved in [22, Lemma 3.4]. For completeness we
give a proof in the context of this paper.

Lemma 1.3. Let G and H be groups and assume that G ~ H. If G has abelian
centralizers, then H has abelian centralizers.

Proof. Let he H\ Z(H) and let hy,h;y € H". Since G ~ H, there exist ele-
ments g, g1, 82 € G such that {(gZ(G)) = hZ(H) and {(g; Z(G)) = h; Z(H)
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fori = 1,2. Further g & Z(G) since h ¢ Z(H ). Then

1= [ hi] = nlg, &l

and hence g; € G§. Therefore

1 =nlg1.g2] = [h1, ha]

and H" is abelian. O

1.2 Quandles

Recall that a quandle is a non-empty set X with a binary operation > such that

e themapg; : X — X, j +— i > j,isbijective foralli € X,

civ(jrk)=(>Gvrj)>(irk)foralli,j ke X,

e ip>i=iforalli € X.

The bijectivity of ¢; can be expressed by the existenceof amap <: X x X — X

suchthat i > j)<i = j =i (j <i)foralli,j € X. Then
ko(@<j)=(krvi)atk>j), (<j)<k=(>G<k)<(j<k) (1.1)

foralli, j,k € X. A crossed set is aquandle X suchthatforalli,j € X,i>j = j
implies j >i = i. Unions of conjugacy classes of a group with the binary opera-
tion of conjugation are examples of crossed sets.

Notation 1.4. In what follows, we use the following notation.

(1) To describe a finite quandle X we may assume that X = {1,...,n} for some
n € N and then write X : ¢ @2 -+ @, to denote the quandle structure on X

given by ¢1, ..., ¢n.

(2) Let G be a group and g € G. The quandle structure on the conjugacy class
of g in G will be denoted by g©.

The inner group of a quandle X is the group Inn(X) = (¢; : i € X). We say
that a quandle X is indecomposable if the inner group Inn(X) acts transitively
on X. Also, X is decomposable if it is not indecomposable.

Remark 1.5. Crossed sets of size at most three are well known. If X is a crossed
set and 1 < |X| <2, then X is trivial (or commutative), that is, i > j = j for
all i,j € X. If |X| =3 and X is non-trivial, then i > j = k for all pairwise
different elements i, j, k € X. Hence X ~ (12)83.
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Remark 1.6. Using the classification of transitive groups of small degree, inde-
composable quandles of small size were classified (up to isomorphism) in [24].
The list of indecomposable quandles of size < 6 is

{1} - id,
(12)% 1 (23) (13) (12),
(123)24 1 (243) (134) (142) (123),
Aff(5,2) : (2354) (1534) (1452) (1325) (1243),
Aff(5,3) : (2453) (1435) (1254) (1523) (1342),
Aff(5,4) : (25)(34) (13)(45) (15)(24) (12)(35) (14)(23),
(12)54 1 (23)(56) (13)(45) (12)(46) (25)(36) (16)(24) (15)(34).
(1234)54 : (2436) (1654) (1456) (1253) (2634) (1352).
Let X be a quandle and let Gy denote its enveloping group
Gx = (x;j:i € X)/(xixj = xjp;x; foralli, j € X).
This group is Z-graded with deg(x;) = 1 foralli € X.
Remark 1.7 (Universal property). For any group G and any map f : X — G
satisfying f(x > y) = f(x) f(») f(x)™! there exists a unique group homomor-

phism g : Gy — G such that f = god, where d: X — Gy, i — Xx;, see for
example [3, Lemma 1.6].

Let X be a finite indecomposable quandle. By [11, Lemmas 2.17 and 2.18],

lpil _ _lojl
i =X

forall i, j € X. This implies that the subgroup

X

K= (x¥iex)

is cyclic and central. The finite enveloping group is the finite group Gy = Gy /K,
see [11, Lemma 2.19]. Let 7 : Gx — Gy be the canonical surjection.

A quandle X is said to be injective if the map 0 : X — Gy, i — x;, is injec-
tive. For example, the group Gy can be used to test indecomposable quandles
for injectivity.

Lemma 1.8. Let X be a finite indecomposable quandle and let u € Gx. Then the
following hold:
(1) The restriction of 7 to the class u°X is a quandle isomorphism.

3 _
(2) X is injective if and only if X — Gy 5 Gy is injective.
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Proof. Let v € Gy and assume that ¥ and v are conjugate. Then u and v have
the same Z-degree in Gy . Now, if 7u = 7v, then u = vx;"k”'| for some m € Z.
The Z-graduation of Gy implies that m = 0 and hence u = v. Thus (1) is proved.
Now (2) follows from (1). O

Corollary 1.9. Let X be a finite indecomposable quandle and
M = max{|O| : O is a conjugacy class of Gx ).

Then every conjugacy class of Gx has at most M elements.

Lemma 1.10. Let X be a finite indecomposable quandle. Then Gx ~ Gy.

Proof. Let w : Gy — Gy be the canonical surjection. Since the elements of the
group [Gy, Gx] have degree zero,

ker 7 N [Gx.Gx] = (x/!ly N [Gx.Gx] = 1.
Then the claim follows from Lemma 1.2 (1) with G = Gy, K = kerx. O

We conclude the subsection on quandles with two technical lemmas needed for
the proof of our main result.

Lemma 1.11. Let X be a crossed set, Y < X be a subset, and
CY)={ieX:ivj=jforalljeY}.

Assume thatY UC(Y) = X. Then X >Y =Y.

Proof. Let p,q € C(Y)andi € Y. Then

(prq)ri=pr@ri)=pri=i
and hence
CY)>C(Y)<C(Y).
Since Y > C(Y') = C(Y) by the definition of C(Y) and since X =Y U C(Y), we
conclude that
X>CY)cCy).
Sincei <« p =i <q =i, we obtain similarly that
CY)<C¥)CC(Y) and C(Y)<X CC(Y).

Hence X >C(Y)=C(Y)and X > (X \ C(Y)) = X\ C(Y).

Let k € Y N C(Y). Then we have i >k = k for all i € Y since k € C(Y),
andi >k =k foralli € C(Y) since k € Y. Since Y U C(Y) = X, we conclude

that X > {k} = {k} for all k € Y N C(Y). This and the first paragraph imply
that X > Y =Y. |
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Lemma 1.12. Let X = Y; U Y, be a finite quandle, where Y1 and Y, are disjoint
Inn(X)-orbits. Assume that there exists an isomorphism of quandles g : Y1 — Y»
and that Y1 is commutative. Then the quandle X is isomorphic to the quandle
structure on {1, ...,2n} given by

m+1---2n) ifl<i<n,
wi = . . (1.2)
1---n) ifn+1<i<2n.

Proof. Without loss of generality we may assume that Y7 = {1,...,n} and that
Y>={n+1,...,2n}. Foralli € Yy and j € Y> the permutations ¢; and ¢; com-
mute, since supp ¢; € Y and supp ¢; < Yj. Further,

Vv = 0j0ig; " = o
As @ = @; forall k € Y1 by the commutativity of Y7, we conclude that ¢; = ¢
forall i,/ € Y since Y7 is an Inn(X)-orbit.
Since Y7 and Y, are isomorphic, we have ¢; = ¢; for all i,/ € Y5. Since Y] is

an Inn(X)-orbit, it is a ¢, 4 1-orbit and hence for all j € Y5 the permutation ¢; is
a cycle of length |Y7|. This implies the claim. o

2 Groups with finite-dimensional Nichols algebras

Here we introduce the groups that realize the examples of decomposable quandles
which are essential for our classification. These quandles are

Zp' 1 (243) (134) (142) (123) id,

737 (24) (13) (24) (13),

z3':(23) (13) (12) id,

737 1 (23)(45) (13)(45) (12)(45) (123) (132),

Z3% 1 (24)(56) (13)(56) (24)(56) (13)(56) (1234) (1432).
First we study the dimension of group representations.

Lemma 2.1. Let G be a group, x € G, and d € N. Suppose that [G : G*] is finite.
If dimg V' < d for any finite-dimensional absolutely simple K G*-module V, then

dimg U < d|[G : G*]

for any finite-dimensional absolutely simple K G-module U. In particular,
dimg U < [G : G*]

if G* is abelian.
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Proof. We may assume that the field K is algebraically closed. Let U be a simple
KG-module with dimg U < co and let V' be a simple KG*-submodule of U.
Then U = KGYV is an epimorphic image of KG ®kgx V and dimg V' < d, and
hence dimg U < d[G : G¥]. Now the second claim follows, as finite-dimensional
absolutely simple modules of abelian groups are one-dimensional. |

2.1 Thegroup T
Let us consider the group
T = (z) X (X1,X2,X3,X4 : X; Xj = Xg,(j)Xi» 1, ] €{1,2,3,4}),

where {¢; : 1 <i < 4} is the set of permutations that defines (123)*4. This group
is not nearly abelian, see [15, Definition 3.1], since the commutator subgroup
[T, T] is not cyclic. For example [x1, x2] and [x1, x3] do not commute. (One can
prove that [T, T] >~ Qs, the quaternion group of eight elements.)

Example 2.2. Let Z;’l = x{ U zT, see Notation 1.4(2). Then the group 7 is
isomorphic to the enveloping group of Z ;’1.

Lemma 2.3. Let G be an epimorphic image of T. Then the following hold:
(1) G has abelian centralizers.
(2) Every conjugacy class of G has at most six elements.

(3) Every finite-dimensional absolutely simple KG-module has dimension at
most four.

Proof. By Lemma 1.3, we may replace G by a group which is isoclinic to G.
Let K < T with G = T/K. By Lemma 1.2 (1) we may assume that K C [T, T].
Let X = (123)A4.Since T ~ Gy and Gy ~ Gy by Lemma 1.10, T/K ~ Gy /L
for some L <1 Gy by Lemma 1.2 (2). Now Gy =~ SL(2, 3) and the only non-trivial
normal subgroups of SL(2, 3) are its commutator subgroup and its center. Since
all quotients of SL(2, 3) have abelian centralizers, claim (1) holds.

To prove (2) we use Corollary 1.9, as every conjugacy class of SL(2, 3) has at
most six elements. Then Lemma 2.1 and (1) and | X| = 4 imply (3). i

2.2 The groups I',
Let n € Nx>5. Recall from [15] that
T, =(g.he:hg =cgh, gec =€ g, he =ch, € =1).

(These groups were denoted by G, in [15].) Any element of I',, can be written
uniquely as e’hfgk, where 0 <i <n—1 and j,k € Z. By [15, Section 3], the
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conjugacy classes of I';, are
ZFn = {2}, (gz)'" ={e™gz:0<m <n—1},
)" =Wz, eI hi 2y, (hgz)™ = {Mhgz 0 <m <n—1),
where z € Z(I'y) = (e_lhz,h",gz) and1 < j < % The centralizers

(Tn)8% = (e 1h% g "), (Tn)"8% = (7' h2 hg W), (Tw)'% = (e, h, g?)
are abelian. The commutator subgroup is [, [',] = (€).

Now we show four examples of decomposable quandles.

Example 2.4. Let 22> = h™> U g™, Then Z2"? ~ DDy, the dihedral quandle of
. 2,2 .
four elements. The enveloping group of Z5"~ is

(X1,X2,X3,X4 1 XiXj = Xp;_j(mod4)Xi» 1, J €1{1,2,3,4}} >~ I'p.
The isomorphism is given by x| +> g, x2 — h.
Example 2.5. Let Z;”l = g3 U {eh}. Note that ¢h € Z(I'3). The enveloping
group of Z ; 1is isomorphic to
(z) X (X1,X2,X3 1 XiXj = X2;— j(mod3)Xi» I, ] €{1,2,3}} = I3,
The latter isomorphism is given by z > €h, x| > g, x2 > €g and x3 — €2g.

Example 2.6. Let Z ;’ 2 = g73 U hT3. The enveloping group of Z ; 2is isomorphic
to I's.

Example 2.7. Let Z 2’2 = gT'+ U hT+. The enveloping group of Z 2’2 is isomorphic
to I'4.

Lemma 2.8. Let G be an epimorphic image of Ty for some n > 2. Then the
following hold:

(1) G has abelian centralizers.
(2) Every conjugacy class of G has at most n elements.

(3) Every finite-dimensional absolutely simple K G-module has dimension at
most two.

Proof. Let p: T, — G be the canonical map. If €k € ker p for some k > 0,
then G is also an epimorphic image of I'x. Since [[';, [';] = (€), we may assume
that ker p N [, I'y] = 1. Hence '), ~ G by Lemma 1.2 (1). Therefore claim (1)
follows from Lemma 1.3, since I',, has abelian centralizers.

Claim (2) follows from the description of conjugacy classes of I',. Finally (3)
follows from Lemma 2.1 since £ has two elements. |
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3  Weyl groupoids of rank two

Let us consider the map

n:7Z - SL(2,Z), n(c) = (j _1).

0
A finite sequence (c1,¢2,...,¢,), n € N, of positive integers is a characteristic
sequence if n(cy)---n(cy) = —id, and the entries of the first column of the

matrix 7n(cy)---n(c;) are non-negative integers for all i < n. We denote by 4™
the set of characteristic sequences. By [10, Lemma 5.2],

(c1,¢2,...,¢n) € AT, cr=1,n>4
3.1
< (c1—1,c3—1,cq4,...,Cn) e AT,
Lemma 3.1. Let (c1,¢a,...,cn) € AT. Then n > 3 and there exists an index i

withi € {1,...,n} such that

e ¢, =1landci+1 €{1,2,3},

or

e ¢, =1landci—1 €{1,2,3},

where cy = ¢, and cp+1 = 1.
Proof. Let (c1,¢2,...,cp) € AT.Ifn < 3, then we have (c1,....cy) = (1,1, 1)

by [10, Proposition 5.3 (4)]. Hence we may assume that n > 3. By [10, Corol-
lary 4.2], there exists an i € {1,...,n} such that ¢; = 1. Further,

(¢j,Cjt1s... Cn,C1 ... Cjm1) € AT forall j € {l,...,n}

by [10, Proposition 5.3 (2)]. Also, ¢; = 1 implies that ¢;_1,c;+1 > 1 by (3.1).
Therefore, without loss of generality we may assume that ¢ = (by, b2, ..., by),
where b; = (¢j1.1,¢i2,1,....¢im; 1, Cim;+1) and ¢;; > 2 forall 1 <i <r and
1<j<mi+1l,orc=1(d,1,...,dn,1)withn =2m,dy,...,dn > 2.
Assume first that ¢ = (by,bo,...,b;). Then m; > 2 for at least one i. By
applying (3.1) several times we obtain that (b{, b5, ...,b;) € AT, where

bl/ - (Cil - lsci2_296i3_27"'scimi _2»Cim,~+1 - 1) fOrall 1 El E r.

Since (b},b},.... b)) € AT, by [10, Corollary 4.2] there exists ani € {1,...,r}
suchthatcjy —1 =1orcim,+1 —1 = 1lorc;; —2 = 1forsome j € {2,...,m;}.
Then the lemma holds.
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Now assume that ¢ = (dy,1,d>,1,...,dm, 1), n =2m. If d; = 2 for some
1 <i < m, then we are done. Otherwise, after applying (3.1) m times we obtain
that (dy —2,d» —2,...,dm —2) € AT. Hence there exists an i € {1,...,m}
such that d; — 2 = 1. This implies the lemma. |

Cartan schemes of rank two, their Weyl groupoids and their root systems were
studied in [10]. An indecomposable Cartan matrix C € Z2*? of finite type is
a matrix of the form (_262 _261 ), where c1,¢c2 € N, 1 < c1cp < 3.

Corollary 3.2. Let € = C({1,2}, A, (pi)ie(1,2)> (C%)aca) be a connected Cartan
scheme admitting a finite irreducible root system (R%),e4. Then there exists an
element a € A such that C* € Z>*? is an indecomposable Cartan matrix of

finite type.
Proof. Leta € A,n = |Ri|,a1,...,a2n € A, c1,...,c2, € N such that

azr—1 =(p2p1)" "N(@), a2 =p1(p2p1) " (a),

S — a2r—1 ) — a
Cor—1 =—¢C15" Cor = —Ch1"

for all » € {1,2,...,n}. Then (c1,...,cp) € AT by [10, Proposition 6.5]. By

Lemma 3.1, there exists an i such that ¢; =1 and ¢;j4+1 € {1,2,3}, or ¢; = 1
and ¢;—1 € {1, 2, 3}. This implies the corollary. O

4 Nichols algebras over groups

Recall that a Yetter—Drinfeld module over a group G is a KG-module

V=@V

geG
such that hVg C thh—l forall g,h € G.

Lemma 4.1. Let G be an epimorphic image of one of the groups T, I's, T4 or T.
Then every finite-dimensional absolutely simple Yetter—Drinfeld module over G
has dimension at most Six.

Proof. Any simple Yetter—Drinfeld module over G is uniquely given by a con-
jugacy class @ of G and an irreducible representation p of the centralizer of
an element of (. In this case, dim IV = |@|deg p. Hence the claim follows from
Lemmas 2.8 and 2.3. m|

For the study of Nichols algebras over groups the Weyl groupoid of a tuple
of simple Yetter—Drinfeld modules plays an important role. For the definition we
refer to [15].
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Theorem 4.2. Let 8 € N, let H be a Hopf algebra with bijective antipode and
let M = (My,..., My), where each M; is a simple Yetter—Drinfeld module
over H. Assume that M admits all reflections and that the Weyl groupoid W(M ) is
finite. Then B(M ) is decomposable and admits a finite root system of type €(M).

Proof. By [15, Corollary 2.4], 8(M) is decomposable. Then the theorem be-
comes precisely [15, Theorem 2.3]. |

For any Yetter—Drinfeld module V' over a Hopf algebra H with bijective
antipode let [V'] denote the isomorphism class of V. The first step in the proof
of Theorem 4.5 will be the following claim.

Proposition 4.3. Let H be a Hopf algebra with bijective antipode. Further, let
M = (M1, M3) be a pair of simple Yetter—Drinfeld modules over H. Assume
that M admits all reflections and W(M) is finite. If (id — cpr,,pm,¢M, ,M5) 7 O,
then there exists a pair N = (N1, N2) of simple Yetter—Drinfeld modules over H,
such that [N] = ([M1]. [N2]) € W(M) and 1 < aly'al¥! < 3.

Proof. Since the pair M admits all reflections and (id — car,, pm, CMy,M5) 7# O,
the set of real roots of W(M) is irreducible. Therefore the proposition follows
from Corollary 3.2. m|

Theorem 4.4. Let K be a field, G be a non-abelian group, and V and W be
two Yetter—Drinfeld modules over G. Assume that G is generated as a group by
supp(V @ W), supp V and supp W are conjugacy classes of G, (ad V)2(W) = 0
and (ad W)*(V) = 0. If (id — cwyveyw)(V @ W) # 0, then supp(V & W) is
isomorphic to one of the quandles
4,1 522 53,1 3.2 4,2

Zp 257237, 23" and 2,7,
and G is isomorphic to an epimorphic image of the corresponding enveloping
groups T, I'p, I'3, '3 and Ty, respectively.

Before proving Theorem 4.4 we turn our attention to some consequences.

Theorem 4.5. Let K be a field, let G be a non-abelian group, and let V and W
be finite-dimensional absolutely simple Yetter—Drinfeld modules over G. Assume
that G is generated by supp(V & W), the pair (V, W) admits all reflections, and
the Weyl groupoid of (V, W) is finite. If (id — cw,ycv.w)(V @ W) # 0, then G is
isomorphic to an epimorphic image of I'y, for some n € {2,3,4} or T. Moreover,
dimV <6anddimW <6.
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Proof. Proposition 4.3 implies that after changing the object of 'W(V, W), and
possibly interchanging the roles of V' and W, we may assume that (ad 1)(W) # 0,
(ad V)2(W) = 0 and (ad W)*(V) = 0. Theorem 4.4 implies that the group G
is an epimorphic image of I',, for n € {2,3,4} or an epimorphic image of 7.
After applying reflections to the pair (V, W) we obtain new pairs (V’/, W) of
absolutely simple Yetter—Drinfeld modules over G. Thus the claim follows from
Lemma 4.1. o

Corollary 4.6. Let K be a field, let G be a non-abelian group, and let V and W
be finite-dimensional absolutely simple Yetter—Drinfeld modules over G. Assume
that G is generated by supp(V & W) and that B(V & W) is finite-dimensional.
If (d—cwyecyw)(V@W) #0, thendimV < 6 and dim W < 6.

Proof. Assume that B(V @ W) is finite-dimensional. Then (V, W) admits all
reflections by [4, Corollary 3.18] and the Weyl groupoid is finite by [4, Propo-
sition 3.23]. So Theorem 4.5 applies. o

5 Proof of Theorem 4.4

The key of our proof is Proposition 5.5 which allows us to construct non-zero
elements of (ad V)™(W) for any two Yetter—Drinfeld modules V' and W over
a group G and for any m € N under some assumption on G. Then we split our
analysis into two parts depending on the question whether supp V' and supp W
commute. Finally, we prove Theorem 4.4 in Section 5.4.

In the whole section, let G be a non-abelian group and let V = @5 Vs
and W = @,g W: be Yetter-Drinfeld modules over G.

5.1 General considerations

Lemma 5.1. Let G be a group, and g, h € G. Assume that G is generated by g€
and h®. Then G = AB, where A = (g%), B = (h), and

AB ={ab :a € A, b € B}.
Proof. Letr € g% and s € hC. Writing s7 = r(r~'sr) we conclude that
206 = 16 gG.

From this the claim follows. O

Recall that S, € End(V ®"), where n € N, denotes the quantum symmetrizer.
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Lemma 5.2 ([16, Proposition 6.5]). Let n € N. Then
(ad V)*(W) =~ (S, ® id)T,,(V®" @ W),
where T, € End(V®" ® W) is defined by
Ty = (d— ¢ yi1Cn—tn-c12) - (id—cp i Cn1,0)(d = €7 iy ).

Lemma 5.3 ([15, Theorem 1.1]). Let go = 0, X) " = W, and

¢m = id — cpem-ngw.y Cy.yem-new + (id ® @m-1)c1,2.

XV = om(V ® Xpmo1)

forallm > 1. Then

(Sn+1 Q@ idw)Th+1 = gnt1(dy ® Sy ® idw)(idy ® Ty)
and ad V)" (W) ~ XV forall n € N,.

Let m € Ng. Recall that an element of V®™ @ W has degree (r1,...,Im,S),
where r1,....rp,s € G, ifitis containedin V;;, ® -V}, @ W.
Letry,ra,...,1m € supp V and s € supp W, and write

Qm(rl,...,rm,s) = (Sm®1d)Tm(Vr1 ®"'®Vrm ®WS) g V®m®W

Although the vector space V®™ ® W is graded by (supp V)™ x supp W, the sub-
space O (71, ..., m,s) is usually not graded. Fort € V®™ ® W we write supp ¢
for the set of d € (supp V)™ x supp W, such that the homogeneous component
of t of degree d is non-zero. We let

supp Q = {supp? : 7 € O}
for all subspaces Q C V@ @ W.

Remark 5.4. Let m € N. By Lemma 5.2, we have (ad V)™ (W) = 0 if and only
if supp Om(r1,...,rm,s) =0forallry,...,ry €suppV,s € supp W.

Proposition 5.5. Let m € Ng. Further, let py,..., pms¥1,--.,'m € supp V and
Pm+1, S € supp W such that

(P1.-- s Pms Pm+1) € SUpp Qm(ri, ... Im,S).
Let p e suppV andi € {1,...,m + 1} and assume that
pi>p#p, pj>p=pforall jwithi <j<m+1, (5.1)
pEipj 1< <myU{(pjtipjsa--pmt)” B pi i1 <j<i} (52)
Then (p>p1,....p>Pi—1, P: Pis-- -+ Pms Pm+1) € SUPP Qmi1 (P F1s oo T, S).
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Proof. Lett € Qu(ry,...,rm,s) and let p € supp V. By Lemma 5.3, we have
mr1(v®1t) € Omy1(p.71,....7m,s) for all v € V,,. Moreover, ¢p+1(v ® )
is a sum of non-zero homogeneous tensors of degrees

(P> Pl PP Dj_1 P Pjee-v s P P 1) 53
(P> DYoo s P> D1 PP} Pt P PP B Do s PP Poys P> Ppagr)

with 1 < j <m + 1, where (p}.....Pp. Pyyt1) € suppt. By the assumption
on pi,..., Pm, Pm+1, the tuple

(p>Pp1,.... P> Pi1, D Pis Pi+1s---s Dms Pm+1) (5.4)

appears among the degrees in (5.3). It suffices to show that it appears exactly once.
We split the proof into several cases.
Assume first that (5.4) is equal o (p> py..... P> Pi_, P. Pjs---+ P+ Prt1)

for some j € {l,...,m + 1}. There are three cases to consider. First, if j < i,
then p > p; = p and hence p = p;, a contradiction to (5.2). If j =i, then we
obtain p; = p; for all / € {1,...,m + 1} which gives us just the tuple we are

looking at. Finally, if j > i, then p = p;_1, again a contradiction to (5.2).
Now assume that (5.4) is equal to

(P> P s PP D1 PP} Pt P P PP Do s PV Py PP Pryg1) (5.5)

for some j € {1,...,m + 1}. Again there are three cases to consider.
If j > i, then

prpe=piforallk € {j,j+1,...om+ 1}, ppi-ppi>p=pj-1.

By (5.1) we conclude that p) = py forallk € {j, j+1,...,m+1}and p = p;_.
If j =i, then

pop, =prforallk e{i,i+1,....om+1}, ppi- ppi1>p=p.

We conclude from (5.1) that p; = py forallk € {i +1,....m+1}, p> p; = p;
and pp} > p = p. This implies that

pivp=(p>p)ep=ppip~'vp=ppj>p=p.

a contradiction to (5.1).
Finally, assume that 1 < j < i. Then pp} D1 > P = pP>pj,or

(P> P (P> pii) (P> Pry1) > P = P> pj.
We conclude from this and the equality of (5.4) and (5.5) that

(p>pj+1)---(p> pi—1)ppi -+ Pm+1>p = p> pj.
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The latter is equivalent to

PPj+1°"Pi—-1pPi "  Pm+1> p = p> pj,

which after cancelling p > gives a contradiction to (5.2). o

Remark 5.6. If m = 0, then Proposition 5.5 reads as follows. Let s € supp W
and p € supp V and assume that s > p # p. Then (p,s) € supp Q1(p,s).

Corollary 5.7. Let m > 1. Assume that the following hold:

(1) the quandle supp V' is indecomposable or supp V = Y1UY> is a decomposition
into Inn(supp V)-orbits, and x > Yy = Y5, x > Yo = Y; forall x € supp W.
) (@dV)™(W) # 0, (ad V)" 1(W) = 0.

Then
2m — 1 if supp V and supp W commute,
|supp V| = .
2m otherwise.
Proof. By (2), there exist ri,...,7m,p1 ..., pm €suppV, s', pm+1 € supp W
andt € Qp(r1,...,Fm,s") such that

(P1s---» Pm+1) €suppt and @py1(v®1) =0
forall p € suppV, v € Vp. Let

Y ={pj: 1 <j <m}U{(pj41Pj+2 " Pm+1) > pj: 1 < j <m}.

Then |Y| < 2m. Moreover, if r > s = s for all € supp V, s € supp W, then we
have p;l}H > pm = pm and hence |Y | < 2m — 1. Therefore it suffices to prove
that Y = supp V.

By Proposition 5.5, any element p € supp V' with p ¢ Y satisfies p; > p = p
forall j € {1,...,m + 1} and hence supp V' =Y U C(Y). By Lemma 1.11, Y is
Inn(supp V')-invariant. Thus ¥ = supp V if supp V is indecomposable. If supp V'
is decomposable as in (1), then pj,, and p;lﬂrl > pm are in different components
of supp V' by (1). Therefore the Inn(supp V')-invariance of Y implies again
that Y = supp V. O

Corollary 5.8. Let r1,72,r3,74 € supp V and s € supp W. Assume that supp V
and supp W commute, (r3,r4,s) € supp Q2(r3,ra,s), and

ra € Ars,ra,ry >3, Fo > Iy # 1y, (5.6)
ri € Arabrara a1y oty Lo rs), 1 ra # ra (5.7)

Then (ad V)*(W) # 0.
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Proof. Let (p1, p2, p3) = (r3,r4,5) € supp Q2(r3, 14, s). By assumption, condi-
tions (5.1), (5.2) withm =i = 2, p = rp are fulfilled:

* r4> Ty FE 12,

e SD>ry =rp,

° ry §Z{r3,r4,r4_1 >r3}.
Hence (rp > 13,712,714, ) € supp Q3(r2, 73,4, 5) by Proposition 5.5.

Now let (p1, p2, p3, pa) = (ra>13,72,74,5) € supp Q3(r2,73,74,5). Then
(p3pa) ' o pa=ry' oo, (papspa) e pr=ryl e,

By assumption, conditions (5.1), (5.2) withm =i = 3, p = r; are fulfilled:

* p3>p#p,

* pa>p=p,

* p €{p1. p2. p3. (p3pa)~" > p2, (P2p3pa) ™" > pr}.
Hence (rirp>r3,r1>ra,r1,r4,8) € supp Qa(ri,r2,73,r4,s) and therefore we
have (ad V)*(W) # 0 by Remark 5.4. ]
Corollary 5.9. Assume that

* [supp V| =5

e supp V and supp W commute,

s (@dV)(W) #0,

e x>y F#yforallx,y €suppV.
Then (ad V)*(W) # 0.

Proof. Since (ad V')(W) # 0, there exist elements r4 € supp V and s € supp W
such that Q(r4,s) # 0. Then (r4,s) = supp Q1(ra,s). Let r3 € supp V' \ {ra}.
Then r3 > r4 # r4 and hence (r3,r4,s) € supp Q2(r3, r4,s) by Proposition 5.5.
Since [supp V| > 5, there exists an r, € supp V withry ¢ {rs, r4, r4_1 >r3, Fa>r3}.
By assumption, r; > r4 # r4. By construction,

r3 ¢ {ra>rar,ra b rary L ors),  r3vra £ ra.
Thus Corollary 5.8 with r; = r3 implies that (ad V)*(W) # 0. |
Corollary 5.10. Let r1,r2, 73 € supp V and s € supp W. Assume that the follow-
ing hold:

(1) ra>r3 #rs,

() r1 €{rsra>ra, r3>ra,r3, s by, 57!

>ra},



18 I. Heckenberger and L. Vendramin

B) spra,s>r3 & {ra,ri},
4) ri>s#sorr>ri#rs.
Then (ad V)*(W) # 0.
Proof. Let (p1, p2) = (r3,s). Then (p1, p2) € supp Q1(r3,s) since s > r3 # r3.
Conditions (5.1), (5.2) withm = 1,i =2 and p = rp are fulfilled: po > p # p
and p=ry ¢ {r3,s_1 > r3}. Thus we have (rp > r3,ra,s) € supp Q2(r2, 73, )
by Proposition 5.5.

Let (p1. p2, p3) = (r2 > r3,72,5) € supp Q2(r2,r3,s). Then conditions (5.1)
and (5.2) withm = 2,7 = 3 and p = r3 are fulfilled: s > p # p,

r3 €4{p1. P2, 03 b p2, (p2p3) 't e pi} = {ravrara,s o, sT b sl

Hence (r3rp > r3,r3 > 1o, 13,5) € supp Q3(r3, ra, r3, s) by Proposition 5.5.
Finally, let (p1, p2, p3, pa) = (rara>r3, r3>rz,r3,5) € supp Q3(r3,72,73,5)
and let p = rq. Then

pitepy=s""ors,
(p3pa) ' pr=s""oro,
(p2p3pa) ‘e pr=s'vr3

and hence

P EAp1,p2.p3, P3>3, (p3pa) ™" > pa, (p2p3pa) ™' > pik
Since pa> p # p or ps> p # p by (4), Proposition 5.5 with m = 3 implies
that Q4(r1,73,72,73,5) # 0. Hence (ad V)*(W) # 0 by Lemma 5.2. o

Corollary 5.11. Assume that
e supp V is an indecomposable quandle,
e (adV)(W) #0, (adV)*(W) = 0.
Then supp V' is isomorphic to one of the following quandles:
{1}, (12)53, (12)54, (123)24, Aff(5,2). Aff(5,3), Aff(5,4), (1234)5+. (5.8)

Proof. Corollary 5.7 yields that [supp V| < 6 and Remark 1.6 applies. o

5.2 Commuting supports

Let g,h € G. Assume that supp V = g%, supp W = h%, G = (g% UhC) and
that g% and 79 commute. We conclude an implication of (ad V)2(W) = 0 and
(adW)*(V) =0onV and W.
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Lemma 5.12. The quandles gG and h® are indecomposable.

Proof. Tt is sufficient to prove the claim on 4#%. By Lemma 5.1 and since g@
and h© commute, we obtain that

he =G h=(h% (g% vh=(h%>h=Inh%>h.
Thus 4 is indecomposable. |

Lemma 5.13. Assume that (ad V)(W) # 0 and (ad V)2(W) = 0. Then g% = {g).

Proof. This follows from Corollary 5.7 with m = 1 using Lemma 5.12. |

Proposition 5.14. Assume that
(@d V)W) #0, (@dV)>(W)=0 and (adW)*(V)=0.
Then g% U hO is isomorphic to 233.’1 or Z;‘Jl.

Proof. First, we have g¢ = {g} by Lemma 5.13. Further, 1% is indecomposable
by Lemma 5.12. and |h%| > 2since G = (g% U h¥) is non-abelian. Corollary 5.7
implies that |1¢| < 5. Thus, by Corollary 5.11, S is isomorphic to one of the
quandles (12)53, (123)44, Aff(5,2), Aff(5,3), Aff(5,4). Assume that 2 is one
of the quandles Aff(5,2), Aff(5,3), Aff(5,4). Then |hC| =5and x> y # y for
any x, y € h% with x # y. Thus (ad W)*(V) # 0 by Corollary 5.9 and the propo-
sition follows. o

5.3 Non-commuting supports

In this subsection let g, h € G. Assume that gh # hg, supp V = g€, supp W = h¥
and G = (g% U hC). Then for all s € hC there exists an element r € g& such
that rs # sr. We determine some consequences of the equations (ad V)?(W) = 0
and (ad W)*(V) = 0.

Lemma 5.15. Assume that (ad V)2(W) = 0. Then the following hold:

(D) gG is commutative.

2) g% #h°.

3) g% =(h%) >

(4) Let s € hC. Then there exist r1,r2 € gG such that (ps|gG = (ry r2).

(5) h*> g = g and (gh)* = (hg)>.

6) Forallm e Z,{x € g% : x> (g™ h) £ g"vh)={g. hv>g)
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Proof. (4) and (1) First, |g%| > 2 and |h%| > 2 since gh # hg. Let r| € g€
and s € h¥ such that s > rq % rq. Then (r1, s) € supp Q1 (r1, s) by Remark 5.6.
Let p € g9, Assume that p ¢ {ri,s~ ! >ry}. Since Q2(p,r1,s) =0 because
of (ad VV)?(W) = 0, Proposition 5.5 implies that s > p = p = ry > p. Then

Pslge = (r1 s7isrp)

which is the claim in (4). The equation r; > p = p implies that ry > rpy = rp for
allrp € gG. Thus (1) holds.

(2) If g% = h¥, then G = (g%) is commutative by (1), a contradiction.

(3) Lemma 5.1 and (1) yield that

g9 =Grg= () g% rg=%rg
(5) From (1) we know that g > (h > g) = h > g and hence
hgh>g=h*>g =g,

where the second equation follows from (4). This implies (5).
(6) By (1), gG is commutative. Thus it suffices to prove the claim for m = 0.
The latter follows from (4) with s = & since gh # hg. |

Lemma 5.16. Assume that (ad V) (W) = 0 and that h commutes with g > h. Then

the following hold:

(1) Forallme Z, (h>g)> (g™ > h) = g™ o h.

@ (g% >h=(g)vh

Proof. First we prove (1). By Lemma 5.15 (1), gG is commutative. Thus it suffices

to consider the case m = 0. Now (h > g) > h = hg > h = g > h by assumption.
Now we prove (2). Lemma 5.15 (4) and (1) with m € {—1, 0}, imply that
@O ehcihuig g heg (he ) Yo h Slh goh g ' b hy.

Now write (g%) = UmeNO Am, where Ay, = {xfEl ---x%l . x; € g9). Tt suffices

to show that A,, >h C (g) > h for all m € Ny. We proceed by induction on m.

The case m = 0 is trivial and the case m = 1 was just proven. Let now m € N

and assume that A,, > h C (g) > h. Using the induction hypothesis and the fact
that gG is commutative, see Lemma 5.15 (1), we obtain that

Ams1>h = () b (A > h)
S @D > (g)eh) = (g)> (g9 v h) S (g) > h.

This implies (2). O
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Lemma 5.17. Assume that (ad V)2(W) = 0 and h® is commutative. Then g€ Uh®
is isomorphic to Z;’z.

Proof. Lemma 5.15 (4) implies that ghg > h = h. Since h¢ is commutative, we
have hg > h = g > h and hence h = ghg > h = g2 > h. Therefore

W = (g% (h%) > h = (g% > h=t{hgw>h)

by Lemmas 5.1 and 5.16(2) and since 4¥ is commutative. Recall that g© is
commutative by Lemma 5.15 (1) and that 42 > g = g by Lemma 5.15 (5). From
Lemma 5.1 we obtain

g% =) g% b g= ()b g=(hgrh)pgC (g hrg=1{h>g.gh

Therefore g = {h>g, g} and g¢ U hC ~ Z§’2 as quandles. |

Lemma 5.18. Let x, y € h¥ such that x > y = y. Assume that

e yoz #zforallz € h9\ {x,y)},

* ¢xlgc = (1) for somer,s € g% r#s.
Then ¢ylo6 = (rs).
Proof. Since x,y € h¥ and @x|gc = (rs), there exist elements a,b € g% such
that gy |, = (a b). Assume that (a b) # (r s). Then |{r, s, a,b}| = 4since ¢x|,6
and ¢y| 6 commute. Let z = r > x. First, z = r > x # x since x >r # r. Sec-

ond, r > x # ysince pz|g¢ = (rr>s) # (ab). Hence y >z # z by assumption,
a contradictionto y > (r>x) = (y>r)> (y>x) =r > Xx. O

Lemma 5.19. Let x, y € hC be elements such that y = Px|gc and ¥y = @yle6.
Assume that (ad V)2(W) = 0 and that x, y generate the quandle hC. If yr, = vy,
then |g%| = 2. Otherwise |g%| = 3 and Yx ¥y # Yy Vx.

Proof. By Lemma5.15 (1) and (4), gG is commutative and there exist g1, g2 € gG
such that ¥ = (g1 x > g1) and ¥, = (g2 y > g2). Assume now that

{g1. x> g1.82.y > g2} = 4.

Then |g%| > 4. On the other hand, Lemma 5.1 and the commutativity of g€ imply
that

g% =Grgr = (%) (g% g1 = (W) g1 = (x,y)> g1 = {g1.x> g1}, (5.9)

a contradiction to |[g¥| > 4. Hence |{g1.Xx > g1. g2,y > g2} < 3 and the lemma
follows by two calculations similar to (5.9). O
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Lemma 5.20. Assume that (ad V)2(W) = 0 and that hC is decomposable. Let
e =v,U.--U Y be the decomposition of hC into orbits of the inner group
of hC. Thenk =2and x> Y] = Y2, x> Yo = Y| forall x € g%.

Proof. First, h¢ = g hG = (g Y)U---U (g Y;) is a decomposition into
Inn(h%)-orbits:

(gry)e(goY)=go(ypY)=gnY; forallyeh® 1<i<k.

Thus ¢, permutes the orbits Y71, ..., Y. Since g% = (h9)>g by Lemma 5.15 (3),
each x € gG permutes the Inn(hG)—orbits Yy, ..., Yg in the same way as g does.
Let Y C 1 be the Inn(h%)-orbit of 1. As G is generated by g€ U hC and h€ is
a conjugacy class of G, we conclude that

W =YU(grY)Uu---U(rF1sy).

By Lemma 5.15(5), ghg>h = handhence h € Y N (g?>Y). Thus g2 Y =Y
and hence h¢ =Y U (g > Y) since h€ is decomposable. ]

Lemma 5.21. Assume that (ad V)2(W) = 0 and (ad W)*(V)) = 0 and that h® is
decomposable. Then gG UhC is isomorphic to Z; 2 or to Zi’z

Proof. By Lemma 5.20, hG = Y; U Y,, where Y7 and Y, are the Inn(hG)—orbits
of hG. Moreover, x > Yi=Y,andx>Y, = Y; forall x € gG. Thus Corollary 5.7
implies that |hC| < 6. There are two cases to consider.

Assume first that ¥ is non-commutative. Then we have Y| >~ Y, ~ (12)S3
by Remark 1.5. Let r3 € Yy, o € Yy \{r3}and ry € Y2\ {g7 > r3, g7 > o).
By Corollary 5.10 with s = g, (ad W)*(V) # 0, a contradiction.

Assume now that Y7 is commutative. By Lemma 1.12, the permutations ¢;
deﬁning hC are given by (1.2). Further, x > y # y and hence y > x # x for all
X € g ,V € hS. But @ylga is a transposition for all y € hC by Lemma 5.15 (4),
and hence |g%| = 2.

If |Y1| = 1, then 29 is commutative and g€ U hG o~ Z by Lemma 5.17.
Suppose next that | Y| = 2. Then we have ¢ ~ Z by Lemmal 12.Leth’ € Yq
with i’ # h. Since ghg >h = h by Lemma 5. 15 (5) and since hg > h 75 g h,
we conclude that g >h#h og=(Mhg>hh'grh'),and ppg = (pg . There-
fore g0 U h¥ ~ Zy 42,

Finally, assume that |Y1| = 3. Letrp € Y1. Then rp > x # x forall x € Y5, by
Lemma 1.12. Takers € Yo \ {g> 2, g "> rmyandry € Y1\ {ra>rp, g7 o3l
Then (ad W)*(V) # 0 by Corollary 5.10 with s = g, a contradiction. |

Lemma 5.22. Assume that h*> > g = g. Then h?> > (g > h) = g > h. In particular,
hC is not isomorphic to any of (123)A4, Aff(5,2) and Aff(5, 3).
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Proof. The first claim follows from the definition of a quandle. Since / and g > h
are fixed points of (pi |6 , the second claim follows from Remark 1.6. o

Lemma 5.23. Assume that (ad V)2(W) = 0 and (ad W)*(V)) = 0. Then h9 is not
isomorphic to Aff(5, 4).

Proof. Assume that h¢ ~ Aff(5, 4). Then h¢ can be generated by two elements x
and y with x # y. By Lemma 5.15(4), ¢x|,¢ and ¢y|,c are transpositions. By
Lemma 5.19, either |g¢| = 2 or |g%| = 3, Px|g6 # @ylgc. Assume the second

s
case. Let z € g% such that x >z # z, y > z # z. Then

xpz#ypz, xp(yrpz)y=yp>z, yr(Xxpz)=x>Z.

Therefore
XYXYXDzZ=YyD>ZF#XD>Z=YXyxXybz,

a contradiction to xyxyx = yxyxy in G. Hence |gG| =2.

Now g >z # z for all z € h¥ and therefore we may assume that g3 > h # h.
Moreover, for all z;, z, € h¥ there exists an element z € 2% such that z>z, = z5.
So let r, € h¥ such that 7, > h = g > h and let r3 = h. Since ghgh = hghg by
Lemma 5.15 (5), we conclude that rp > r3 # r3, g > ra # ra, g > ra 7 r3 since

(gl>r2)l>(gl>h):gl>(r21>h):gzbh;ﬁg_lbh:hb(gbh)

and g > r3 & {ra, r3}. Moreover, r3ro > r3 = hg h = g~ ! > r3, and hence there

exists an 7y € hC \ {r3rp>r3,r3>ry,r3,8 ' >ra, g b r3). Since ry > g # g,
Corollary 5.10 with s = g implies that (ad W)*(V') # 0. This is a contradiction
and hence hC % Aff(5, 4). |

Lemma 5.24. Assume that (ad V)2(W) = 0 and (ad W)*(V) = 0. Then h° is
neither isomorphic to (1234)S4 nor to (12)84.

Proof. Assume that h9 ~ (1234)S4 or h9 ~ (12)S4. Let r3 € h% and s € g€
with s > r3 # r3, and let x € he \ {r3} with r3 > x = x. It suffices to show that
s>r3=x, sbx =rs, and @g|,c # (x73). Indeed, let o € hC \ {r3, x} with
s>ry #rpandletr) € he \{rara>r3, r3>ry, 73,5 1 >r3, s~ > rp). Then we
have ry > r3 # r3since r; # r3and r; # s~! > r3 = x, and hence Corollary 5.10
contradicts to (ad W)* (V) = 0.

Now we show that s >r3 = x and s> x = r3. First, ¢r;|pc and ¢x|gc are
transpositions by Lemma 5.15 (4). If ho ~ (1234)84, then r32 >(s>r3)=s>r3
and garz2 |, has only r3 and x as fixed points. Hence we obtain s > r3 = x and simi-
larly s > x = r3. If h¥ ~ (12)54, then Lemma 5.18 implies that Pr3lge = @x|g6-
Hence r3x > (s > r3) = s > r3. Since ¢, ¢x |6 has only r3 and x as fixed points,
we conclude that s > r3 = x and similarly s > x = r3.
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Now we show that there exists an element y € A9 \ {r3, x} such thats > y # y.
If h¢ ~ (1234)S4, then Lemma 5.19 implies that |g%| < 3 and the claim holds. If
hG ~ (12)54, then let z € h% \ {r3, x}. Then r3, x and z generate K as a quan-
dle. Recall that

Or3lge = @xlge = (sx>s).

If pz|g6 = (ab) with [{s, x > s5,a,b}| = 4, then |g9| = 2 by a calculation similar
to (5.9) of Lemma 5.19, a contradiction. Otherwise | gG| < 3 as in the proof of
Lemma 5.19. Then again y > s # s for four or six elements y € hC. o

Proposition 5.25. Assume that (ad V)2(W) = 0, (ad W)*(V) = 0. Then g% Uh®

.. . 2,2 3,2 4,2
is isomorphic to 25", 23" or Z,".

Proof. First, g9 # h% by Lemma 5.15 (2).
If 4G is commutative, then

gG Uh% ~ Z%’Z

by Lemma 5.17.
If hC is decomposable, then

gGuUn’ ~ Z§’2 or g9 UR® ~ Zi’z

by Lemma 5.21.

Finally, suppose that 2@ is non-commutative and indecomposable. In this case
Corollary 5.11 implies that 2C is isomorphic to one of the non-commutative
quandles of (5.8). Since 72 > g = g by Lemma 5.15 (5), Lemmas 5.22-5.24 imply
that h¢ ~ (12)S3. Then |g%| = 2 or |g9| = 3 by Lemma 5.19 and g is commu-
tative by Lemma 5.15 (1). If |g¥ | = 2, then g>x # x forall x € ¢ and hence o
is a three-cycle and ¢p g = (phgog(p;l = <pg_1. Thus

gG Uhl ~ Zg’z.

If |g¢ =3, then (g>h)>g =g (h>g) = h>g. Then Lemma 5.15 (4) im-
plies that
Pgrhlge = @nlge = (gh>g),

a contradiction to Lemma 5.19 and |g¥| = 3. o

5.4 The proof of Theorem 4.4

Let g € supp V, h € supp W. Then supp V = g€, supp W = h© by assumption.
Let X = g% UhC.1f g% and hC commute, then

o 731 o 741
X_Z3 or X_ZT



Nichols algebras with finite root system of rank two 25

by Proposition 5.14. Otherwise, g% and 2% do not commute and

X~73" o X~Z3? or X~2737

by Proposition 5.25. The enveloping groups of the quandles Z;’l, Z; 2, Z;”l,

3,2
Z;

and Zi’z were computed in Section 2. Hence the theorem follows from the

universal property of the enveloping group, see Remark 1.7. |

Bibliography

(1]

N. Andruskiewitsch, F. Fantino, M. Grafia and L. Vendramin, Finite-dimensional
pointed Hopf algebras with alternating groups are trivial, Ann. Mat. Pura Appl. (4)
190 (2011), no. 2, 225-245.

N. Andruskiewitsch, F. Fantino, M. Graiia and L. Vendramin, Pointed Hopf algebras
over the sporadic simple groups, J. Algebra 325 (2011), 305-320.

N. Andruskiewitsch and M. Grafia, From racks to pointed Hopf algebras, Adv. Math.
178 (2003), no. 2, 177-243.

N. Andruskiewitsch, I. Heckenberger and H.-J. Schneider, The Nichols algebra of a
semisimple Yetter—Drinfeld module, Amer. J. Math. 132 (2010), no. 6, 1493-1547.

N. Andruskiewitsch and H.-J. Schneider, Lifting of quantum linear spaces and
pointed Hopf algebras of order p3, J. Algebra 209 (1998), no. 2, 658-691.

N. Andruskiewitsch and H.-J. Schneider, Finite quantum groups and Cartan matrices,
Adv. Math. 154 (2000), no. 1, 1-45.

N. Andruskiewitsch and H.-J. Schneider, On the classification of finite-dimensional
pointed Hopf algebras, Ann. of Math. (2) 171 (2010), no. 1, 375-417.

1. Angiono, A presentation by generators and relations of Nichols algebras of diago-
nal type and convex orders on root systems, J. Eur. Math. Soc. (JEMS), to appear.

I. Angiono, On Nichols algebras of diagonal type, J. Reine Angew. Math. 683 (2013),
189-251.

M. Cuntz and I. Heckenberger, Weyl groupoids of rank two and continued fractions,
Algebra Number Theory 3 (2009), no. 3, 317-340.

M. Graiia, I. Heckenberger and L. Vendramin, Nichols algebras of group type with
many quadratic relations, Adv. Math. 227 (2011), no. 5, 1956-1989.

P. Hall, The classification of prime-power groups, J. Reine Angew. Math. 182 (1940),
130-141.

1. Heckenberger, The Weyl groupoid of a Nichols algebra of diagonal type, Invent.
Math. 164 (2006), no. 1, 175-188.

I. Heckenberger, Classification of arithmetic root systems, Adv. Math. 220 (2009),
no. 1, 59-124.



26

1. Heckenberger and L. Vendramin

[15]

[16]

[17]

(18]

(21]

[22]

(23]

(24]

I. Heckenberger and H.-J. Schneider, Nichols algebras over groups with finite root
system of rank two I, J. Algebra 324 (2010), no. 11, 3090-3114.

I. Heckenberger and H.-J. Schneider, Root systems and Weyl groupoids for Nichols
algebras, Proc. Lond. Math. Soc. (3) 101 (2010), no. 3, 623-654.

I. Heckenberger and L. Vendramin, Nichols algebras over groups with finite root
system of rank two III, preprint (2013), http://arxiv.org/abs/1309.4634.

1. Heckenberger and L. Vendramin, Nichols algebras over groups with finite root
system of rank two IV, preprint (2013), http://arxiv.org/abs/1311.2881.

1. Heckenberger and H. Yamane, A generalization of Coxeter groups, root systems,
and Matsumoto’s theorem, Math. Z. 259 (2008), no. 2, 255-276.

V. K. Kharchenko, A quantum analog of the Poincaré—Birkhoff-Witt theorem (in
Russian), Algebra Logika 38 (1999), no. 4, 476-507; translation in Algebra Logic 38
(1999), no. 4, 259-276.

G. Lusztig, Introduction to Quantum Groups, Modern Birkhduser Class., Birkhiuser,
Boston, 2010.

D. M. Rocke, p-groups with abelian centralizers, Proc. Lond. Math. Soc. (3) 30
(1975), 55-75.

M. Rosso, Quantum groups and quantum shuffles, Invent. Math. 133 (1998), no. 2,
399-416.

L. Vendramin, On the classification of quandles of low order, J. Knot Theory Rami-

fications 21 (2012), no. 9, 1250088.

Received November 4, 2013; revised April 15, 2014.

Author information

Istvan Heckenberger, FB Mathematik und Informatik, Philipps-Universitit Marburg,
Hans-Meerwein-Straf3e, 35032 Marburg, Germany.
E-mail: heckenberger@mathematik.uni-marburg.de

Leandro Vendramin, FB Mathematik und Informatik, Philipps-Universitit Marburg,
Hans-Meerwein-Strafe, 35032 Marburg, Germany.
E-mail: lvendramin@dm.uba.ar


http://arxiv.org/abs/1309.4634
http://arxiv.org/abs/1311.2881
mailto:heckenberger@mathematik.uni-marburg.de
mailto:lvendramin@dm.uba.ar

